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We consider the problem of estimating the density fx of a latent variable X using replicated observations con-
taminated by additive errors. Unlike the classical setting, these errors depend on X, which makes standard Fourier
deconvolution techniques inappropriate, and we suggest instead a basis expansion approach. Using a basis of Leg-
endre polynomials, we show that it is possible to express the unknown coefficients of the expansion in terms of
invertible equations of moments of the observed data. We deduce a nonparametric estimator of fx which attains
optimal minimax convergence rates in the case where the errors are conditionally Gaussian. To implement our
density estimator in practice, we introduce data-driven approaches for choosing a truncating parameter and com-
puting an upper bound to the support of fx . We illustrate the numerical performance of our estimator on simulated
examples and on replicated data from the National Health and Nutrition Examination Survey. We show how to use
the same ideas in related errors-in-variables regression problems and to estimate the variance function.
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1. Introduction

The problem of estimating a curve nonparametrically from data observed with measurement errors has
received a lot of attention in the literature. In the classical setting, for the n individuals in the sample,
we observe J noisy replicates of a variable X in the form

Wij=Xi+eij, i=1,...,n, j=1,...,J, (L1.1)

where the unobserved X;’s are i.i.d. with unknown density fx, and independent of the unobserved
i.i.d. g; ;’s with even density f¢. The g; ;’s are often referred to as measurement errors, but model (1.1)
is also used when X; is a latent variable measured indirectly through the W; ;’s. A typical example
is when X; is the long-term trend of a quantity that changes every day (e.g. pollutant concentration,
activity level, food intake) and the W; ;’s are measurements of that quantity taken on J days.

In model (1.1), the density fy of the W; ;’s satisfies fi (w) = fx * fe(w) = ffx(x)fg(w —x)dx.
Letting ¢x, ¢w and ¢ . denote the characteristic functions of X;, W; ; and g; ;, we deduce that

if ¢ (1) 0 forall 7 € R, then ¢x = dw /b and fx (x) = (27)~! / e pw ())ds(t)drt.  (1.2)

Motivated by this result, nonparametric estimation procedures of X-related functions are often based on
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deconvolution kernel estimator of fx by deconvolving the kernel density estimator (KDE) of fy, [18]
and [10] for errors-in-variables local polynomial regression estimators, [14] who estimated f. from
the W;_;’s, or [4] for estimating the error variance under constraints on fx. See [29], [9], [39] and the
references therein for more comprehensive overviews.

While those techniques can be extended to the case where the &; ;’s are independent of the X;’s but
not identically distributed [see 15,16,26], it has been argued that independence between X; and &; ;
is too strong and could be relaxed by assuming that &; ; = 07(X;) U; ;, with o an unknown smooth
positive function and U; ; ~ fy , so that fyy (w) = f fx(x) fu{(w=x)/o(x)}/o(x)dx.[35], and their
improved version in [33], suggested Bayesian semiparametric estimators of fx designed for this relaxed
model, using splines or normal mixtures with priors on the coefficients. Their methods work well in
the normal mixture examples they considered but are generally not consistent.

Constructing a consistent nonparametric estimator of fy is challenging in this case: since &; ; =
o (X;) U; ; is not independent of X;, (1.2) does not hold, and ¢x cannot be disentangled from ¢ .. follow-
ing the standard deconvolution approach for model (1.1). Another common way to obtain a nonparamet-
ric estimator of a density fx that belongs to a space ¥ is to use a series expansion fx = 3.7 fx @k
where the ¢ ’s are known basis functions of ¥ and the fx ’s are unknown coefficients. Then if we
can construct consistent estimators of the fx x’s, we can deduce a consistent estimator of fx. However,
when ¢; ; depends on X;, the fx x’s often depend in a complex way on fx, o-(X) and fy, and it is not
clear how to estimate them from the W; ;’s. We show that if we take a basis of scaled Legendre poly-
nomials, then the fx x’s can be obtained by inverting equations whose only unknowns are moments
estimable from the W; ;’s, and use this result to develop a consistent nonparametric estimator of fx.
While our main focus is on fx, we show that the same ideas can be used to construct a nonparametric
estimator of the function o and that they can be applied to the errors-in-variables regression problem.

Related models and their extensions to the regression and multivariate settings have also received
increasing attention in the literature; see e.g. [34] for a Bayesian procedure in the multivariate case, and
[32] and [25] for Bayesian and semiparametric procedures in the regression case. Model (2.1) also falls
into the more general class of so-called nonclassical measurement errors which have been analyzed in
the regression context (i.e. when an additional variable related to X is observed) in, for example, [22].

Other different but related problems include the one from [2], who consider a scaled version of the
model in the case where X > 0 and o (x) = v/x is known, and the ones from [1] and [3], who consider a
multiplicative error model. There also exist general approaches for measurement errors when the data
come from certain algebraic groups, see e.g. [24] or [23].

This paper is organised as follows. We introduce our model, assumptions and basis expansions in
Section 2. In Section 3 we describe our strategy for constructing a nonparametric estimator of the den-
sity fx, and establish the asymptotic theory for its statistical risk in Section 4. In Section 5 we suggest
a data-driven procedure for implementing our estimator, and in Section 6, we suggest an approach
for computing it when the support of fx is unknown. Numerical simulations and application to data
from the National Health and Nutrition Examination Survey (NHANES) are provided in Section 7. In
Section 8, our density estimator is extended to the case where we have more than two replicates per
individual. We also show that a similar procedure can be used to estimate the function o and in related
errors-in-variables regression models. Proofs and technical details are deferred to appendices.

2. Model and challenges

We consider nonparametric estimation of the unknown density fx of a continuous variable X, but we
only observe repeated contaminated data W; ; coming from the model
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with o an unknown smooth positive function, the unobserved X;’s and U; ;’s totally independent,
X; ~ fx , fx and o? square integrable and fyy known and symmetric around 0. We let W, X and U
denote generic versions of W; ;, X; and U; ;.

The dependence between &; ; = 0(X;) U; ; and X; increases the difficulty of constructing a non-
parametric estimator of fx from the W; ;’s. In particular, we cannot apply standard deconvolution
techniques since they require independence of X; and &; ;. For example, under (1.1), the standard de-
convolution KDE of [7] and [36] discussed in the introduction relies on (1.2), which does not hold under
(2.1), and it is not clear how to/if one could find an inversion formula useful for a kernel estimator.

An alternative is to use an orthogonal series expansion, which we describe next for square integrable
densities. For any continuous random variable 7', let Sy denote the support of its density fr and assume
that fx C L,(7), the set of square integrable functions on an interval 7 2 Sx. Letting ¢g, ¢1, . . . denote
an orthonormal basis of Ly(I'), write fx = 3" fx, x ¢k, where the fx i ’s are unknown coefficients. A
series estimator of fx is defined by fx = Zf:o fx, Pk, where K = K(n) — oo as n — oo is a truncating
parameter and the fAX’ x’s are consistent estimators of the fx i’s.

Constructing the fx,k’s is easy in the error-free case: since fx x = f o (x) fx (x)dx = E{pr(X)},
we can simply take fx,k =n"! 2, ¢x(X;). However, they cannot be computed in the error case
since the X;’s are not available. In the classical error model at (1.1), [21] showed that, if fx is com-
pactly supported and has been rescaled so that Sx € 7 = [0, n], taking the ¢;’s to be sequences
of sin(r-) and cos(r-) for r = 1,2, ..., one can estimate the fx i’s consistently from the W; ;’s. For
that particular basis, the fx_x’s are sequences of 61, = 7~ 'E{cos(rX)} and 6,, = x~'E{sin(rX)}, for
r=1,2,... and since in their case g; ; is independent of X;, then E{sin(rW)} = n6,,E{cos(re)},
E{cos(rW)} = 70, E{cos(re)} and they deduce estimators of 6, and 6,, from the empirical ver-
sions of the moments E{sin(rW)} and E{cos(rW)}. However, in our model at (2.1) and with that ba-
sis, we have E{sin(rW)} = E[sin(rX) cos{rUo (X)}] + E[cos(rX) sin{rUo (X)}] and E{cos(rW)} =
E[cos(rX)cos{rUo (X)}] — E[sin(rX) sin{rUo (X)}], from which we can extract neither 81, nor 6,,.
This example illustrates that a challenge in our case is to find a basis for which we can find an
inversion formula expressing the fx i’s in terms of the distribution of W. [35] have considered a basis
expansion of this type (albeit non orthogonal); they used a spline basis with a fixed K, a method which
they refer to as flexible parametric. However, it is not clear how to/if one could obtain an inversion
formula from which to construct consistent estimates in that basis, and instead, [35] proposed Bayesian
estimators. While their method can work well in some cases, it produces estimators that are generally
not consistent. In the next section we construct an orthogonal series estimator of a compactly supported
density fx and suggest a basis from which we can derive consistent estimators of the fx ’s.

3. Methodology for estimating fx

In this section, assuming that fx is supported on Sx C [Ax, Bx] with Ax and By finite, we introduce
an orthogonal series estimator of fx that can be computed from the W; ;’s generated by model (2.1).
Note that while it is common in statistics to assume that densities are supported on R, many variables
representing real phenomena take their values in a compact set. Following [21], we assume first that
[Ax,Bx] is known. Without loss of generality, [Ax,Bx] = [—1,1], so that fx € Lo([-1,1]); see
Section 6 for more general cases.

We propose to take the ¢ ’s to be orthonormal polynomials. With that choice, the fx i’s are linear
combinations of moments of X. Since the moments of W can be expressed as sums of products of
moments X, o-(X) and U, this suggests that it may be possible to find an inversion formula expressing
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and || f]| = ( f_ 11 )12 We use the basis of Legendre polynomials scaled by the factor y/k + 1/2, that is

or(x) =25k +1/2 Z( )((k”_l)/z) xf, k=0,1,2,..,

with ((k”)]: D/ 2) the generalised form of the binomial coefficient. For k =0, 1,2, ..., the ¢’s form an
orthonormal basis of L,([—1, 1]), so that we can write

1
=3 fo ke ks (3.1)

where we used the fact that ¢y = 4/1/2 and {(fx, o) = +/1/2, and where, for k > 1,
k+¢-1)/2
Fe={fx k) =25 Vk+1/2 Z( )(( * & )'E(X[)~ (3.2)

Therefore, and since E(X?) = 1, to estimate fx .k it suffices to estimate E(X0) fort=1,... k.

This problem might seem trivial at first sight: since W; ; = X; +¢; j, it may seem that we can deduce
the E(X?)’s from the E(W)’s, which can be estimated from the W;, ;’s. However, while this is true
in the classical model at (1.1), it is not possible in our case because X; and &; ; are not independent.
Specifically, using (2.1), for any integer £ > 1 such that u, = E(U?) is finite, we have

EW)= ) (K)E{X"‘“cr“(X)}uK = ( ! )E{Xf‘2“<r2“(X)}uzK, (3.3)
K 2k
k=0,..., 4
since u, =0 for « odd. In (3.3), for each ¢, E(Wf) can be estimated from the W; ;’s, but the right hand
side comprises [£/2] + 1 unknowns: BE(X?) and B{X~2%c2%(X)}’s for k = 1,...,|£/2]. Thus there
are too many unknowns in (3.3) and we can’t identify the E(X?)’s from the E(W!)’s.

Now computing moments of W alone does not exploit the relationship between W; 1 and W; 5. Yet,
considered together, these could contain useful information since they are two replicates of the same
X;. To consider these jointly, we write (2.1) in the matrix form C; = A;B;, where C; = (W; 1, W; 2)
and A; = (X;,0(X;)) are independent row vectors and B; is a 2 X 2 matrix with jth column equal
to (1, Ui’j)T, for j = 1,2. Then to obtain equations in the E(X‘;)’s we seek to estimate, we use the
mixed-product property of the Kronecker product to get

EC®! = EA® BB, (3.4)

where A®{ denotes the £-fold Kronecker power of a matrix A. There are many redundancies and
zeros in (3.4), which induces only | £/2] + 1 unique equations corresponding to the unique elements
]E(W[ kaz) (k=0,...1£/2]) of ]ECi®’€, and it suffices to study those equations.

To do this, let W, and W, denote generic W; ;1 and W; 5. Since X and U are independent, applying
the changes of variables t = k + k’, r = ¢/2 and r’ = k/2, we deduce from (2.1) that for 0 < v < | £/2],

v {-v

BOW{Wy) = ZZ( )( p )ukuk/E{x"—K—K’aK+K’<x>}

Kk=U k=0
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min(Z,v)
- Z Z (:) (f ~ V)ﬂkui-KE{X""’ai(X)}

4
1—K
i=0 k=max (0,i—{+v)

i
- Z Z Hk <y {i-k<l- v}(:) (f: V)ukui_KE{Xf’—iai(X)}

K
i=0 k=0

Le2r r
£ —
= Y- se-w ) " N2 BT S (X)), (3.5)
=0 =0 2r'J\2r = 2r’

since u; = 0 for all j odd. Combining (3.5) for v=0,...,[{/2], we obtain |£/2] + 1 equations with
|£/2] + 1 unknowns: E(X?) we want to estimate, and E{X!~2" 02" (X)} forr=1,...,|£/2].

Since we can estimate E(Wf"’W; ) from the W; ;’s, this suggests that we could estimate E(X?) by
inverting the | £/2] + 1 equations induced by (3.5). To check whether this is the case, let

Mw (0) = (E(Wf)vE(Wf_1W2), e ,]E(W]w/z]wzlf)/ﬂ)) ’
Mx o (€)= (E(X[),E{O'Z(X)Xf‘z}, . E{c2ler] (X)X€—2L£/2J})T,

and let My (€) be the known (| £/2] + 1) x (|£/2] + 1) matrix with (v + 1,7 + 1)th element

,
My vi1 41 (6) = VZB 1{2r" <v}l{2r —=2r" <t -v} (2:,) (2:7__;,)#2#/1%—%' , (3.6)

forr,v=0,...,[£/2]. Using (3.5), we get
Mw (6) = My () Mx, o (0) . (3.7)
In Lemma 1 in Section 4, we will show that for any integer k > 1, if uy is finite then, for £ =1,. ..k,
My (€) is invertible (3.8)

sothatfor{=1,...,k,

Mxo ()= {Mu (O} Mw (0). (3.9)

Defining the (| £/2] + 1)-dimensional vector ey » = (1,0,...,0), we deduce that for £ =1,...,k,

-1
px.c =B(X) =eo e {Mu ()} Mw(0). (3.10)
For¢=1,...,k, we can estimate My (£) by the empirical moments
. LSO (vt et re/211e/2)\"
Mw (0=~ D (Wi’l,Wi,l Wia.... . wPwl ) , 3.11)

i=1

and since My (¢) is known, we propose to estimate ux ¢ by

ﬁxg,g =€p.¢ {Mn(f)}_l /\A/(Vg ) (3.12)




6

Letting fix o = ux,0 = 1, for any integer k > 1 such that u is finite, we can estimate fx i by

Fox =25\ k+1/2 Z( )((k”_l)/z) fx.c 3.13)

Finally, if K is a truncating parameter such that g is finite, we can estimate fx by

(K]

+ D wi fxkc gns (3.14)

k=1

fx=

N —

where wy = I{k < K}+(K+1-k)-1{K < k < K+1}.If K is an integer, these are the hard-thresholding
weights wi = 1{k < K}. There can be some advantages in allowing K to be non integer, taking the last
weight wig to be fractional, which truncates the sum less abruptly; see our data-driven implemen-
tation in Section 5. For example, wix1 = (K + 1~ [K]) is close to 0 if [K] ~ K and close to 1 if
[K]~ K + 1. In what follows, when we want to highlight the dependence of fx on K we use the
notation fx(o;K).

Remark 1. The general framework with Kronecker moments we used to find the equations for estimat-
ing the E(X?)’s opens the perspective to treat broader classes of statistical inverse problems when the
product of two independent random matrices is observed and the distribution of one of them is known.

4. Theoretical properties

In this section we study theoretical properties of fx at (3.14). We first prove (3.8), and derive a lower
bound on the singular values of My in the case where U ~ N(0, 1), which will be useful to derive
convergence rates in that case.

Lemma 1. (a). When fy is symmetric around 0 and U has € finite moments, My (v) is invertible for
v=1,...,L (b). Moreover, if U~ N(0,1), for all [£/2] + 1 columns vectors x, we have |My (€) x|> >
14 £|x| / C*, where C* =237 16" - r12/(2r)12.

Next, we study the behaviour of the mean integrated squared error

1
MISE, (f) = B / e = e @1

in the case where fx belong to F (¢, m), the class of functions f whose support is included in [-1, 1],
which are m times continuously differentiable on (-1, 1) and satisfy the Sobolev condition || f ™ ||2 <
c. In the next theorem we provide a general upper bound of MISE,, which is valid for any sample size
n, and then give a more specific upper bound in the case where U ~ N (0, 1).

Theorem 1. For any given integer m > 1, let fx be the estimator at (3.14) computed with [K] > m.

(a). If fu is even and gy < oo, then letting Wy ¢ = (Wlfl,Wf w, 2,...,W1rﬂ/2]W1L’£2/2J)T and

lolleo = SUp (1,17 0 (x), for any finite positive constants ¢ and d we have

sup MISE, (fx) < c-{1+m/(LK]+3/2)} - [ [(LK]+3/2-)72

eeFle.m) ol
IX 5 SO too= i=t
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(b). If U ~ N(0, 1), for any finite positive constants ¢ and d we have, for C* is as in Lemma 1,

sup MISE, (fx) < c-{1+m/(|K]|+3/2)}- ]_[(LKJ +3/2-0)72
fxeF(em).|lollosd i=1
! (K]
+;~C* wi k2 (k+1/2) - (6+4d)** - (2k - 1)11.
k=1

In Theorem 1 (a), the first and second terms on the right hand side of the inequality are upper
bounds to, respectively, the squared bias and the variance of fx. The upper bound to the variance
depends on the matrices My (1),..., My ([K]), which change with fyy and so are difficult to study.
Using Lemma 1 (b), in Theorem 1 (b) we provide a more explicit upper bound in the particular case
where U ~ N(0, 1), which is often considered one of the most important ones from a practical point a
view.

It is well known in the deconvolution literature that, in the Gaussian error case, minimax convergence
rates of nonparametric curve estimators are logarithmic. For example, in the classical model at (1.1),
that rate is (logn)™", see [17]. In the next theorem, we show that the convergence rate of fx is also
logarithmic, but it is faster than (logn)™™ because in our case, fx is compactly supported; see [20],
[28] and [19] for similar phenomena.

Theorem 2. For any given integer m > 1, if U ~ N(0,1) and fx at (3.14) is computed with K = K,, =
Lco(logn)/(loglogn)] for some constant cqy € (0, 1), then for any finite positive constants ¢ and d, as
n — oo we have

sup MISE, (fx) = O{(logn/loglogn) ™"} .
Sx €F(c,m),|lollo<d

In Appendix A.3, using results from [28] and [16], we prove that the convergence rate in Theorem 2
is minimax optimal. As in the homoscedastic case (e.g. [31]), our estimator can converge at polynomial
rates if fx is supersmooth. Specifically, consider the case where fx belong to the class of infinite-
fold differentiable functions G(c,&) = Nps1 F (cm!?¢,m), where ¢ > 0 and £ € (0, 1). Then taking
K = K,, such that K,,! < n'/3-2¢) and noting that G(c,&) € F(cm!*¢,m) for m = cq - K, with ¢ > 0
sufficiently small, we deduce from Theorem 1(b) that the convergence rate of the supremum of MISE,,
over G(c, &) has the upper bound nX for all y <2(1—-¢&)/{2(1 -¢) +1}.

Remark 2. Consistency of the estimator fx requires that K — co as n — oo, which requires that all
moments of U are finite. However, in practice, n and K are always finite, and to compute fx we only
need U to have [K] finite moments. Theorem 1, which is valid for all n, provides an upper bound of]
the MISE of fx in that finite sample setting.

Remark 3. In applications, most variables naturally take their values on a non-compact set, but it can
be of theoretical interest to discuss the case where the support of fx is unbounded. We start by proving
that fy is identifiable in this case as long as it fulfils some conditions which are satisfied by, e.g.,
normal densitie pecifically, assume the conditions of Lemma 1(a) so that all moments of X in mode




(2.1) are identified. If, in addition, the moments of X do not grow too fast, in the sense that

lim sup c* EB|X|F/k!=0forallc>0,

k—o00

then the characteristic function ¢x of X can be expanded into a power series that converges point-
wise on the entire real line, with coefficients uniquely determined by the moments of X. Since ¢x
uniquely determines fx, we deduce that under those conditions, fx is identifiable even if its support
is unbounded. While our estimator is designed for compactly supported fx, it is technically possible
to extend it to this unbounded scenario. As discussed by [6] in a homoscedastic measurement error
problem, even if fx has unbounded support, in finite samples, X1, ..., Xj, cover only a finite range that
increases with n. Similar to their case, it can be shown that our estimator is consistent if, for each n, we
estimate fx by the estimator of its restriction over a finite interval that grows sufficiently slowly with
n. See Section 4.1 in [6] for more details, and [28] for similar results. As in [6] and [28], in this setting
our estimator will converge more slowly than the rates from Theorem 2.

5. Data-driven choice of K

The choice of K is crucial for good performance of fx in (3.14). This estimator achieves optimal L,
rates if computed with K = Ko(fx) = argming MISE,, (fx), with MISE,, at (4.1) applied to fx, but
Ko(fx) is not computable in practice and we need a data-driven rule for choosing K. In this section,
assuming that the data have been rescaled so that Sy = [—1, 1], we suggest an approach inspired by
[15]’s bandwidth selector. In Section 6 and Appendix B.3, we extend it to the case where Sx is un-
known. Similar to [13]’s SIMEX procedure, our approach involves simulating noisy versions of the
W;,;’s, tracking the impact of the noise on K, and extrapolating back to find a suitable K for fx. As
usual, we perform the search for K on a finite set of integer values, 7k say.
Our method requires estimating the density of the averages Wl = (W; 1+ W;2)/2, which is equal to

1 f—
Fron = [ )= frl o . )

o(x)

where fﬁ: fU/Z * fu/z, since WiZ X; + O’(Xi)Ui, with ﬁl’ = (Ui,l + Ui’z)/z.
Since we cannot compute Ko( fx ), we start by choosing a K, K ( fy) say, suitable for estimating f3;
by the estimator obtained by plugging max{ fx (-; K),0} into (5.1), that is

w—=X

1
fW,Leg(W;K) = [1 max{ fx (x: K),0} }dx, (5.2)

Opilot (x) v { a'pilot (x)

where we replaced the unknown o by a pilot parametric estimator &y described in Section C.1.
Unlike for fx, we have access to error-free data from Sy (the Wi’s). Therefore, we can also compute

a standard KDE fW xpg Of Sy from the W;’s [37]. Since fW kpE 18 constructed from error-free data,

it is usually closer than fW Leg 1O Sy » which motivates us to choose

UW N N
Rfig) =avgming [ (fig 1oy 04350 = Fi () . (53)
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where [Lw,Uw ] is a large subset of the support of fy that excludes the tails where both estimators
are too unreliable. Namely,

Lw =min{-1.2, min W; + 0.15(min W; — max W;)}, (5.4)
Uw =max{1.2, max W; +0.15(max W; —min W;)} , (5.5)

where the values +1.2 ensure that [ Ly , Uw ] is significantly larger than Sx € [-1,1].
Now f37 is a smoothed version of fx, and so R( fy7) 1s generally too large for fx. Inspired by [15],
we construct an approximation C of the factor Cx = Ko (fx)/K ( f37)» and approximate Ko(fx) by

K=Ck -K(fi7)- (5.6)

Note that K is not necessarily an integer, and instead of truncating it to its integer part, we found we
got better results by using the fractional w K1 defined below (3.14).

To obtain Ck, similar to [15] we mimic Ko(fx)/K(fs) by Ko(fx+)/K(fy=), where fx+ (resp.,
fy=) is the density of a contaminated version X* of X (resp., W* of W). Paraphrasing [13], X* and W*
are generated from the data such that W* measures W in the same way as X* measures X. Therefore
we can expect that Ko(fx)/K( fw) = Ko(fx+)/ K( Jy=)- Unlike fx, we can choose fx+ so as to have
access to both error-free data X ~ fx~ and contaminated W -’s. We can compute two estimators of]
Jfx+: the standard KDE from the X;’s and our Legendre serles estimator from the W* s, and we can
estimate Ko( fx+) by minimising a distance between those two estimators, which is not possible for
Ko(fx)-

It is easy to choose contaminated version X’s of the X;’s to which we have access from the data
and which mimic the X;’s: we can take Xl* = W,-. However, since we will also need to compute the
Legendre estimator of fx» from contaminated versions of the X’s, we must choose fx+ so that Sx- C
[-1, 1], whereas Sy 2 [—1,1], and can even be unbounded if fy is supported on R. To ensure that
our choice satisfies Sx+ C [—1, 1], we rescale the Wl-’s, and then keep only the rescaled values that

are in [—1,1], creating in that way a sample X7, ..., X, of size ny <n of X* values that satisfy our
requirements; see Appendix C.2. Then to create contaminated versions W/ j of the X’s by mimicking
the contamination process of the X;’s, fori=1,...,n; and j = 1,2, we generate i.i.d. U;‘j ~ fu and

take W* ;= =X'+o" (X! )U* where 0" = Opilot-

Constructed like this, the (X*, ; 1, [’2) s mimic the (X;, W; 1, W; 2)’s but for the (X*, ; 1, [’iz)’s,
both the error-free X; and their contaminated versions WZ j are observed, so that we can compute both
the standard KDE fx+ kpg using the X}’s, and the version fx+ of fx at (3.14) obtained by replacing
the W; ;’s by the Wi*’ j’s. Since fx+ kpg is computed from error-free data, it converges to fx- faster
than fx-. Similar to [15] and [13], we generate B such samples by taking, for b=1,...,B, Wl*J b=
X +o* (X*)U* , where the U* p s are L.id. ~ fy. For each b, we compute a version fX*’b of fx+
from the W b ’s, and compute a data driven version Ko ( fx+) of Ko(fx+) by taking

R 1&g ! R R
Ko(fx+) =argming . 7 EZ /] [ max{ fx-(x;K),0} —fx*,KDE(x)]zdx. (5.7)
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Next, letting f3= denote the density of W', = Z?:l W*; i.b/2, we mimic (5.3) by taking

B U*

N . 1 W,b ~

K(f=) = argming ¢ 7, 3 E /L W Leg.p (¥ K) = fW,KDE,h()C)}2 dx, (5.8)
b=1 W.b

with L’{,V b and U;jv b like Lw and Uw in (5.4) and (5.5) but with the Wi’s replaced by the Wl.* b’s, and
fW Leg,b and fW kpE.p defined as fW Leg and fW kpg» but with the W; ;’s and W;’s replaced by the
W*; j.b’s and W7, ’s. We take Cx = Ko(fx+)/K(fy) in (5.6).

6. Case where Sy ¢ [-1,1]

6.1. Rescaled data and estimator

Using (3.2), our procedure estimates the coefficients fx_ by estimating the E(X?)’s. However, if Sx ¢

[—1, 1], then (3.2) does not hold because, for £ > 0, f_ 11 x¢ fx (x) dx # E(X?). To apply our estimator in
the case where Sx C [Ax, Bx] € [-1,1], where [Ax, Bx] is either Sx if we know it, or else a bound
we have on Sy, we need to rescale the W; ;’s by computing

W, =W —w/A=X]+0"(X)Ui;.i=1,....n,j=12, 6.1)

where X! = (X; —p)/4, o'(X])= o (X]A+u)/A, 1=(Bx —Ax)/2 and u=(Bx +Ax)/2.
(6.2)

With these transformed data, we have Sx» C [—1,1] and the fx’ ’s in the expansion fxr =1/2 +
ey fx .k - @k satisfy (3.2) with X replaced by X”. Therefore, we can estimate fx by

[K]
~ 1 ~
fx (- K)= >t kz_; Wk - fx’ k Pk » (6.3)

with f/';(/, x computed as fx,k in (3.13), but replacing there X by X’ and with the estimators computed
from the Wl.'j’s instead of the W; ;’s. Finally, we estimate fx (x) by fx (x;K) = A e {(x =)/ ;K ).

6.2. Importance of the bound on Sy

In the orthogonal series literature with compactly supported functions, it is standard to assume that we
have an upper bound [Ax, Bx | to the support of the curve to estimate, even when the data are observed
with errors [see e.g. 21]. Then the data are rescaled for the support of the rescaled curve to be a subset
of the interval on which the series is constructed, like we did in Section 6.1. In real applications, using
physical limitations of the process under study, we can often find such an upper bound.

In theory, any crude bound [Ax, Bx ] usually suffices to obtain a consistent estimator; for example,
in our case, all we need of Sx- for fx/ at (6.3) to be consistent is that Sx- C [—1, 1]. However, a crude
bound often entails poorer practical performance of estimators. For example, in our case, if [Ax, Bx]|
is crude, Sx- \ [—1, 1] is large and fx- spends significant effort estimating fx-(x) = 0 on that region.




Conditionally heteroscedastic variances 11

coefficients fx ; we can estimate well is restricted by the sample size n. Since, for a same K, fx can
capture more details of fx if we have a tighter bound [Ax, Bx] on Sx, then the tighter the bound, the
better the performance of our estimator. To get a good bound to Sx, we could estimate the left and right
endpoints of Sy, say by Lx and Rx, and take [Ax, Bx] to be a slightly enlarged version of [f, X, Iéx],
to ensure that Sy C [Ax, Bx], which is needed for the rescaled estimator at (6.3) to be consistent.

Developing a formal method for estimating the endpoints of Sx and proving its consistency would
require more work than is reasonable within this paper. Even in simpler homoscedastic error settings,
entire papers have been dedicated to this problem [e.g. 11,12,27], and their method cannot be directly
applied to our heteroscedatic context. Therefore, in Section 6.3 we propose an informal approach (with-
out theoretical justification) for getting an upper bound to Sy, with which (6.3) already worked well in
our numerical work. We leave the development of a more sophisticated procedure for future work.

6.3. Upper bound to Sy and final estimator of fy

To construct an upper bound [Ax, Bx] to Sx, we proceed in two steps:

(1) In Appendix B.1, we calculate a crude bound [Ax 1, Bx,1] easily computable form the data.

(2) In Appendix B.2, using the Wi”j’s in (6.1), temporarily taking there Ax = Ax 1 and By = Bx 1,
we obtain a pilot undersmoothed estimator fx/’ p of fx+ by computing (6.3) with a too large K. If
the bound [Ax 1, Bx 1] is too crude, fx- vanishes on a large boundary region of [-1,1], where
fxr, p usually oscillates a lot. We construct a more precise bound [Ax 2, Bx 2] to Sx by detecting
these boundary oscillations, and update our bound [Ax |, Bx 1] to [Ax 2, Bx 2]

Then, we compute the W/ ;’s in (6.1) with [Ax, Bx] = [Ax 2, Bx 2], and the estimator fx (-, K) at
(6.3) of fx+ with K = K chosen from the data using a generalised version of the method in Section 5; see
Appendix B.3. For x € [Ax, Bx|, we estimate fy (x) by fx (x) = fx (x; K) obtained from fx/(-,K) as
explained below (6.3). We make a final refinement by checking if fx has large spurious oscillations near
Ax and By. Specifically, our final estimator of fx is fx truncated to the interval [A;(, By ] obtained

by removing from [Ax, Bx ] the boundary regions where f;} oscillates widely; see Section B.4.

7. Numerical properties

7.1. Simulations

'We applied our method to data W; ; simulated from model (2.1) with four densities fx supported on
Sx =[-1, 1] and defined by

fi(x) =15f(15x +15)/F(30) - 1{x € [-1,1]}, with £ a x*(30) density and F(x) = [ f:

fr(x) =1.25f(1.25x + 1.25)/F(2.5) - 1{x € (-1,1]}, with F(x) = foxf and f a density from
an odd Burr BX model (see [5]) with parameters (v,8,y,m) = (0.4,0.95,2.5,2), defined on R*
by fo,0.9m = vOmy AT 5, (T, +n;,m)_l_€ with Tl = (1 = gm)”s Ty = 1 — Ty,
7y,m(W) = 2ym*wgim (W){1 = gm(w)}*~" and g,n(w) = exp{-(mw)*};

) =25-(x+D2+0.)(x - D2 Hxe [-1,1]}

fa(x) = f(x)/f_l1 f(u)du-1{x € [-1,1]}, with f=0.6¢_0302+0.4¢03,0.2 and ¢, , the density
of a N(u,v?).

For each fi, k=1,...,4, we tookza(x) = crexp (x/2), with ¢ so that the noise-to-signal ratio
R = Var {0 ' ' S e generated W; ;
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Table 1. Simulation results for fx with unknown Sx and fx garkar: median (interquartile range) of ISEx 103 for
densities f] to f4, computed from 200 samples.

fx NSR Ix fX,Sarkur
n =250 n =500 n=1000 n=5000 n=250 n =500 n=1000 n=5000

10% 13.50(15.65) 7.65(9.25)  435(6.35)  1.20(1.35) 20.90(19.35)  14.40(11.05)  9.15(7.20) 3.45(2.25)
0% 197002617)  1040013.62) 555(823)  160(2.22) 24.60(25.55) 17.60(16.98)  11.85(7.02)  5.25(5.22)
10% 24.55(17.35) 15.20(10.70) 11.55(9.68)  4.85(3.50) 30.20(19.82) 24.75(14.10)  18.30(11.10)  8.80(4.43)
2 209 3080(19.77)  23.50(11.40)  15.70(11.57)  7.70(5.98) 38.30(29.85) 30.55(22.58) 26.70(14.90)  15.85(8.65)
10% 14.65(1143) 9.45(6.65)  5.70(3.73)  3.30(2.60) 3595(25.10) 26.10(16.73)  17.30(9.32)  9.90(4.80)
B 0% 264519.23) 18.90(1620) 11.65(938)  5.60(3.32) 45.60(31.60)  37.95(23.18)  27.55(18.43)  17.50(9.90)
10% 26.85(21.27) 16.50(13.15) 8.25(6.62)  3.55(2.90) 16.60(16.85)  7.00(7.47) 3.403.12)  0.65(0.60)
fa 0% 3875(19.83) 2485(18.82) 16.60(1135)  635(5.50) 22.30(22.05)  11.35(11.05)  4.50(5.35) 1.00(0.80)

- == Qozs

- == Gz

RSN == ozs

1.0 15

density(x)
00 05 10 15

density(x)

density(x)

00 05 10 15

00 05

density(x)
density(x)
density(x)

00 05 10 15
00 05 10 15
00 05 10 15

-1.0 -0.5 0.0 0.5 1.0 -1.0 -05 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

Figure 1. fx = f3 (—) and quartile estimated curves for JTX (first and second columns) and fX,Sarkar (third
column) computed from 200 samples of size n = 250 (first row) or 1000 (second row) when NSR = 10% (first
column) or 20% (second and third columns).

i=1,...,nand j = 1,2 from model (2.1) for all combinations of the above densities fx, NSR, and
sample sizes n = 250, 500, 1000 and 5000, and with U; ; ~ N(0, 1) (see Appendix D.1 for simulation
results where we misspecified fy by assuming that the U; ;’s are averages of two uniforms).

We estimated fx with our fully data-driven procedure, under two scenarios. In the first, we treated
Sx as known, took [Ax, Bx] = [—1, 1] and obtained the estimator fx (-, K) with fx at (3.14) and K
at (5.6). In the second, we treated Sx as unknown, computed an upper bound [Ax, Bx] to Sx using
the approach from Section 6.3 and used the estimator f;( = f;}(g K) defined below (6.3), with K at
(B.2). In both cases, since a density is always non negative, we truncated negative values to zero. That
is, we used max( fX,O) and max(ﬁ(,O), but to simplify notation, below we denote these truncated
estimators by fx and f~X To compute K, we used the search grid 7x = {3,4, ..., 13} and computed all
standard KDEs with a plug-in (PI) bandwidth and a standard normal kernel (see [37]). To illustrate the
usefulness of our consistent nonparametric estimator over approximation methods, we also computed
[33]’s semiparametric Bayesian estimator fX, Sarkar- Lhe latter works really well when fx can be well
approximated by a small number of normal mixtures, like density f4. On the other hand, we will see

that it can also produce undersmoothed estimators in other scenarios. |
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Figure 2. fx = f4 (—) and quartile estimated curves for fx (first row) or fx sarkar (second row) computed from
200 samples of size n =500 (first column), 1000 (second column) or 5000 (third column) when NSR = 10%.
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Figure 3. fx = f| (—) and quartile estimated curves for fX (first column), fX (second column) and fX,Smkax
(third column) computed from 200 samples of size n = 500 when NSR = 20%.

Let fx denote any of those estimators. To assess their performance, for each configuration above we
generated 200 samples of W; ;’s, applied fx to each sample and computed the integrated squared error

ISE = / 1 (fx — fx)?, obtaining 200 ISEs (one per sample) per configuration and estimator.

Table 1 shows the median and interquartile range of the 200 ISEx103 for our estimator fX with
unknown Sx and fX Sarkar; s€€ Table 2 in Appendix D.1 for a comparison of fx with the version
fX of our estimator for the case where Sx is known. As could have been expected, since fX Sarkar
uses a normal mixture to model fx, it significantly outperformed both versions of our estimator when
fx = fa, where fx and fX tended to underestimate the height of the peaks. However, our estimators
worked better in the other three cases, where fX,Sarkar tended to overestimate the height of peaks of
fx . All three estimators improved as sample size increased and as NSR decreased. In many cases, fx
(which requires knowing Sx) gave better results than fx (which does not know Sx). However, in some
cases, the tail correction from Section 6.3 (which we only applied to fx) was so effective that fx even
outperformed fx, for which we did not remove spurious boundary oscillations.

To visualize these results graphically, next we show, in some settings, fx along with three estimated
curves corresponding in each setting and for each estimator, to the samples that gave the first, second
and third quartiles out of 200 ISEs computed as above. We refer to these curves as quartile estimated
curves, and use the notation g 25, (resp., go.5 and gg_75) for the curve corresponding to the first (resp.,
second and third) quartile. _

In Figure 1, we compare fx and fX Sarkar i the case where fx = f3, n =250 or 1000, and NSR = 10%
or 20% In this case, fX outperformed fX Sarkar» which was able to identify the two modes of fx but
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Figure 4. fx = f> (—) and quartile estimated curves for fX (first column), fX (second column) and fX,Smkax
(third column) computed from 200 samples of size n = 500 (first row) and 5000 (second row) when NSR =20%.

nomial approximation since f3 is a polynomial, and so in Figure 2, we consider an example favourable
to fX,Sarkap We compare fx and fX,Sarkar when fx = fi (a truncated normal mixture), with NSR =20%
and n = 500, 1000 or 5000. In this case, fX,Sarkar worked the best, although f;( which is consistent, gave
reasonable results. As expected, both estimators improved as » increased.
To illustrate the loss incurred by computing an upper bound to Sx from the data, in Figure 3 we
compare fX that assumes SX known and its version fx with unknown Sx, for density f; when NSR
= 10% and n = 500. While fX worked the best, fX performed only slightly worse. Here too, fX Sarkar»
also shown in Flgure 3, overestimated the height of the mode of fx. Likewise, in Figure 4 where we
depict fx, fx and fX Sarkar for dens1ty J> when NSR =20% and n = 500 or 5000, we see that while the
estimators improved as n increased, fx,sﬂkar looks like a sharpened version of fx, even for n = 5000.
Overall, these examples illustrate that, in finite samples, non consistent approximation methods such
as fx,Sarkar can give a very good approximation to fx, especially in smooth multimodal situations, but
can also lead to biased estimators in other cases (e.g. with overestimated peaks in the case of fX,Sarkar)-
On the other hand, our consistent estimator f;( can work very well in finite samples, but for smooth
multimodal densities such as fj, it can be outperformed by an approximation method such as fx,Sarkar.

7.2. Application to NHANES data

We analysed nutrition data from the 2017-March 2020 Pre-Pandemic Dietary NHANES dataset (see
[30]), which includes detailed daily intake information collected from 2017 to 2020. Our interest was
in the ratio of dietary fibre (in grams) over energy intake (in 10* kcal) for individuals who reported
positive intakes on two 24-hour dietary recall (24-HR) interviews. For the ith individual, we took
W;,; = m(dietary fibre; ;/energy; ;) in (2.1), where m(x) = 2(+/x — 1) is the Box-Cox transformation
with parameter 4 = 1/2 and dietary fibre; ; and energy; ; are the ith individual’s reported dietary fibre
and energy intake at the jth 24-HR, fori =1,...,nand j = 1, 2. Our goal was to estimate the density fx
of the transformed long-term ratio intake X; from the sample of size n = 10, 341 obtained after deleting
the outlying individuals for which W; ; > gw .75 + 2IQR, with IQR = §w 0.75 — §w ,0.25 and §w o the
empirical a quantile of the W; ;’s.

We computed our estimator fX implemented as in Sectlon 7.1 and fx Sarkar, assummg that U; ; ~
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Figure 5. Comparison of three estimators of the density of transformed fibre/energy ratio for NHANES data: naive
Fi xo (KDE), fx (NEW) and fx sarkar (Sarkar).

with PI bandwidth, which ignores the measurement errors. The three estimators are shown in Figure 5.
Unsurprisingly, we see that fy and fX Sarkar Were both sharpened versions of the naive KDE, which
is consistent for the smoothed out version f3 of fx. While we do not know the true density of the

population, in this example, fX,Sarkar seems to be undersmoothed, similar to the simulated examples
shown in Figures 1 and 4, displaying two modes of dietary fibre consumption instead of one for fx.

8. Other extensions
In this section we show how to extend our method to the case where more than two replicates are

observed per individual, and we show that the same ideas can be used to estimate the variance function
o2 and in the related errors-in-variable regression estimation problem.

8.1. Case with more than 2 replicates

To extend our procedure to the case with J > 2 replicates W; ;, j =1,...,J per individual, we apply it
to a sample of averages (V\l//,-’l, V\l//,-,z) defined, fori =1,...,n, by

_ L 12 5 _ L 12
Wil=——— » Wij=X;+0(X)U 1, where U1 = ——— Y Ui,
i1 |-J/2-| ]Z_; i,] i O-( t) i,1, where U; 1 |-J/2-| ]Z_; il
W; W;. i = X; + 0 (X;)U; », where U; U
i,2= J— |—J/ 1 Z i,j i 0-( l) i,2, where U; o = J_ |—J/ -| Z i,2-

J=1J/21+1 J=[J/21+1

To do this, for j = 1,2, let Wj and l\]/j denote generic Vvi/i,j’s and l7i,j’s. Similar to (3.5), we have

I .
EWWY) =Y D svi{r -2 <0 - V}( )( )

= 2r =2r’

% E(ﬁ%}")E(l\ler—Qr/)E{Xf—Zro_Zr (X)} ,
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so that we can write My (€) = My (€) Mx, o (€) for Mx, o (£) as in Section 3, if we define
My (0) = (BW)).E(W W), .. B(WPTWL2))

and let My (€) be the known ([€/2] +1) x ([£/2] + 1) matrix with (v + 1,7 + 1)th element

r f_
Mg vt (O = Z 1{2r’sv}l{zr—zr’sf—v}(;,)(b_zv )E(U BT,
r’=0

Letting MW(Z) =plyn (Wfl,W‘) "W 2 ,Wl.rﬁ/z]VVViL;/zJ)T, we can estimate fx by fx at

(3.14), where fx 1 is deﬁned by (3.13), takmg there fix ¢ equal to fix ¢ = eo s { M (5)}_1 MW(K).
For a finite number J > 2 of replicates, the rates of convergence for this version of our estimator
are identical to those for the case where J = 2. It is theoretically interesting to consider the asymptotic
behaviour of the estimator when J — oo as n — co. Consider for simplicity the case where J is even,
so that for j = 1,2, we can write Wi,j =X; +5'(X,~)5i,j, where o = \/2/_.]0' and Ui,j = \/mﬁi,p Then
the ﬁi, j’s are i.i.d. random variables with mean zero and variance 1, and if J/ — co as n — oo, we have
[0 |l = O as n — oo. Therefore, the asymptotic regime where J — oo as n — oo is a particular case
of the small error setting where we observe J =2 replicates W; 1 and W; » fori =1, ...,n as in model
(2.1), and o is such that || ||cc — 0 as n — co. For the sake of completeness, in Appendix A.4 we study
the MISE,, of our estimator in the latter setting. However, in that case, our estimator is not needed as
many well established estimators can be applied, such as SIMEX methods or standard deconvolution
estimators designed for homoscedastic errors. Indeed, while those methods are not consistent when
||l 7 0 as n — oo, they are consistent when ||o||cc — 0 as n — oo (see e.g. [8] for results on small
error variances).

8.2. Variance estimation

We can extend our procedure for estimating the function o2 in (2.1). Assume that fx € L,[—1, 1] and
let h:= 0?2 - fx.If o is bounded, then & € L,([—1,1]) and we can express & as h = Yeo Pk - @k, with

= (b = 25+ 172 Z()(("” V) Bxtor).

To estimate £, it suffices to estimate S, = E{X‘c2(X)} for £=0, 1, .. .. Similar to (3.10), using (3.9), if

Wes is finite we have S¢ = ey g0 {Mu (€ + 2)}_1 My (£+2) for £=0,1,..., where €] ¢4, denote the
(L£/2+ 1] + 1)-dimensional row vector whose second component equals 1 and all others are 0. Taking
Mw asin (3.11), for £ =0, 1,. .. such that u,, is finite, we can estimate S, by

Se=erra {Mu(L+2)} " Mw (£+2). 3.1)

Then we can estimate hg by

—2’<\/WZ( )((k+€_l)/2) Sy (8.2)




Conditionally heteroscedastic variances 17

Finally, we can estimate o? (x) by

(K]
0 (x) = h(x)fmax{ fx (x).£/2). where h= 3 whhi- gr. (8.3)
k=0

with fx as in (3.14), whi=Ul{k<K}+(K+1-k)-1{K <k <K+ 1} and where K is a truncation
parameter and £ > 0 is a ridge parameter that prevents the denominator from getting too close to zero.

We can extend the result of Theorem 2 to the estimator 6-2 of o2 = h/ fx on intervals [a,b] € Sx
such that infye[q 5] fx (x) 2 {. That is, similar to nonparametric curve estimators that take the form
of a ratio of two curve estimators (e.g., kernel regression estimators), we can derive properties of -2
in regions where the denominator fx of &/ fx is sufficiently far from zero. Specifically, we prove the
following theorem in Appendix A.2.

Theorem 3. For any given integer m > 1, if U ~ N(0, 1) and &2 at (8.3) is computed with K = K, =
Lco(logn)/(loglogn)] for some constant cy € (0,1), and [a,b] C Sx is an interval such that { <
infycrq,p] fx (x), then for any finite positive constants ¢ and d, as n — oo we have

b
sup E/ |62 (x) - a'z(x)|2dx = 0{(logn/loglogn)™>"}. (8.4)

Sx.fx o2eF(c,m),llolle<d

Computing 62 in practice requires choosing K and . Proposing a sophisticated data-driven selection
rule of these parameters, appropriate for the estimation of o2, is beyond the scope of this paper, but
in Appendix D.2, we report a small simulation study where we used simple rules, described there, to
select ¢ and K. There, instead of assuming that the support Sx is known, we estimated an upper bound
[Ax, Bx] to it as in Section 6.3 and applied the estimator of o> to the data rescaled as at (6.1).

8.3. Errors-in-variables regression

Assuming again that that fy € Ly[—1, 1], the same ideas can be used to estimate some bounded regres-
sion curve g(x) = E(Y|X =x) fromi.i.d. observations (W; 1,W; 2,Y;),i=1,...,n, where the W; ;’s are
as in (2.1) and the Y;’s are independent of the U; ;’s and have two finite moments. In the same spirit as
above, we write g = ¢ fx / fx and express g fx = X0 (8/x )k - ¢ » Where

k
(eron=tesip =2 VEF2 Y (1) (“F TV mxecn . e
=0

We estimate E{X g (X)} by E{X%g(X)} = ¥, ¥;/n. To estimate E{X’g(X)} for £ > 1, similar to
(3.5) we have Myw (€) = My (£) Myx ,+(€) for £=1,2, ... such that u, is finite, where

Myw () = EXW)EYW W), Ew[ 2Tt
Myx .o (€) = (B(YXE),BE{Yo? (X)X 72),... . B{yo?L¢/2] (X)X€—2L€/2J})T.

We can estimate My w (£) by

. 1 ¢ - ey le2\T
Myw(g)zZZY,—(Wﬁl,wﬁllwﬂ,...,wif’l/ 1WiE2/ J) ,

1=1
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and under (3.8), we deduce an estimator of E{X¢g(X)} for £ > 1 by taking
A 71 A
E{X g(X)} =eo,j {Mu (O} Myw (0).

Finally we can estimate g by & = g fx/fx, with fx in (3.14) and gfx = Z,EIEO] We k - (g}‘X)k Ok,
where (g}x)k is obtained by replacing E{X%g(X)} in (8.5) by E{X’g(X)} and where wek = 1{k <
K}+(K+1-k)-1{K <k < K+ 1} with K a truncation parameter.
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Appendix A: Technical arguments

A.l. Proofs of the main results

Proof of Lemma 1. (a). Write x as x = (x(0),... ,x(€/2'|))T. For any vector v = (v(0),...,v(£))"
such that v(2r) =x(r) forr=0,...,[£/2] and v(r) = 0 for odd r, we have

e/2] L/2] 5
MO My @x= ) | D 2 OMy 1,01 (0)

v=0 =0
/2] el
. . . . vf {—v 2
=2 | YooY i svni-2j<e-n ) ), T i
. - 2jJ\2i =2j
v=0 =0 j=0

—

Lj2] ¢

= Z Zv(r)zr: Hek<vil{r—-k<t- v}(:)(f:::),uk,ur_,(

v=0 r=0 k=0

2

(Note that this results holds even if v(r) # 0 for odd r, since pp,—, =0 when r is odd, because
Ur—x =01if r — x is odd and p, =0 if « is odd. However putting v(r) = 0 for odd r will be convenient
for some calculations below.)
Moreover,

4 4

5 S St etz

v=[£/2]+1 r=0 k=0

2

-1¢/2]-1 ¢

= Z |Zv(r) Zr: {r—«" <€—-v}1{K < v'}(f:::) (::)MV—K’/JK'

v'=0 r=0 k’'=0

2

<My (6" My (O)x,
where we used the changes of variable v’ = — v and k” = r — k. Therefore,

2

I3 I3 r
XMy (0" My (O)x > %Z)Zv(;’) Z H{k<v<k+t- r}(:) (f : v),u,(,ur_,(
v=0

K
r=0 k=0

AN N N
:5;)(V) ‘;)U(r)(r)KZ:OI{KSVSK+£_r}(K)(V—K)ﬂK'ur_K

Now for all coefficients a,,, v =0,...,¢, and all 6 € R, using the Cauchy-Schwarz inequality we have

Sieeo TG L) () ot S5l Sl

2

= v=0 v=0

Moreover,

14
v=0

2 ¢
0" v A N[O p2v N
0 <20 6% = (2+260%),
)4 v
v=U
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so that

Taking

B £ t rl <y <iil r\(t—-r
o= un(f) Yty <) i,

we deduce that,

14 -2
2 "My (0 "My (O)x =) (i) o>

l l r
ZZUPR ZHVZU(F)(f)Zl{KSVSK+€—r}(:)(i:;)#K#r_K2.(2+202)—€
R Ty=0 r=0 k=0
£ ! r r K+l—1 {7 V2 by
o DICCETW DY D S Gl T CRE T
feR =0 r k=0 K V=K VoK
P Lol o e S
O€eR r=0 r k=0 Kk v=0 v
_¢ (1 +9)2 1 ri2
=2 ;El( 1+92) )EZ ()( ) (1+9 'TIELb) : A1)

where we used the fact that 3}~ (g "6 = (1+6)".
Therefore, and since as long as we take 6 > —1 away from —1, the contribution of the term (1 +
6)?/(1+ 6?) is strictly positive, then letting r = 8/(1 + ), x My (O)T My (€)x = 0 implies that

¢

Do) (f)E{zU1 +(1-0Uy}" =

r=0

for all ¢ > t¢, for some finite 7y > 0. The left side of this equation is a polynomial in ¢ of degree < ¢.
The leading monomial t* has the coefficient v(¢) - E(U; — U,)¢, which must be equal to zero. For odd
¢, this is satisfied by definition of v since then we have v(€) = 0. For ¢ even, since E(U; — Us)t >0,
we must also have v(€) = 0. Thus v(£) =0 for both £ even and odd, which implies that the leading
monomial is #~!, which has the coefficient v(¢ — D( Zf])E(U | — Up)t~!. Treating again the odd and
even case separately, we deduce that v(£ — 1) = 0. The same argument can be iterated to show that
v(r) (f)E(Ul —Up)" =0forr=0,...,¢ from which we deduce, treating r odd and r even separately as
above, that v(r) =0 for r =0,..., ¢ and, hence that v = 0. Thus, My is invertible.

(b). In the particular case where U, Uy ~ N(0, 1), using the fact that

1+6% )

(1402
leU}

Us ~ N[0

U1+

14+4 140
I+ I+
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the rth moment of this term vanishes for odd r and equals

0 1 r 1+62 \r/2
E(—U +—U) =(—) (r=1)1,
140 T 140 2 avo2) 7V

for even r. Combining this with the result (r — 1)!! = r!/(2"/2(r/2)!), and letting

w(r) = “(r)(f)(r;z)("ﬂ)!, for even r,

0, for odd r.

u=~(1+62)/(1+6)2>+1/2for60>—1, u*=V2u > 1and k= 1/u*, we find that (A.1) is equal to

¢ s
2 2
2 sup | Y w27 R = sup ()] Y w2 Y
uz1/N2 =0 =l =
¢
= sup ‘Zw(r)Z r il
k€[0,1] =0
£ RS
= sup ‘Zw(f—j)ZJ_EKJ|
k€[0,1] =0

¢
2
sup ‘ E w(f—j)ZJ_[Kf‘ .
ke[-1,1]7 55

(A.2)

In the last step we have used the fact that either all terms with even exponent or all terms with odd
exponent in the above polynomial in k vanish because v(£ — j) =w (£ — j) =0, for £ — j odd, i.e. for j
even (if £ is odd) or for j odd (if ¢ is even). Working with a symmetric interval in k will be useful later
when we apply Markov brothers’ inequality.

Now taking « = 0, a first lower bound for (A.2) is 47¢ - w2(¢). To find a second lower bound we
use Markov brothers’ inequality and Taylor’s theorem for polynomials. For this, let P(«) = Zizo w(l—

7)277¢ . k/ be the polynomial of order £ in «x and note that for all i = 1,...,¢, the derivative of or-
- . i gl N~ -l i s c

der i with respftct to k is e.:qual to P (k) = z!vzjziw({’ — )27 - /7 /(j —i)!, which is such that

SUP,e[-1,1] [P (k)| > |PD(0)] =il|w(€—i)|2~¢. By Markov brothers’ inequality we have

Qi-DN sup  [PD)| < (P -1D)(*=22)-(>=(1i-1)7) sup [P®¥)]
kel[-1,1] ke[-1,1]

which implies that

NRi-DwE=-DREE< PP - 1) =22 - (- (-1)?) sup |P(x)],

ke[-1,1]

that is

i - D) w(l =)
S P >
up P2 ) (2= DD

—1
KE[—I,1]
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B 2020 = D) w(f =)

-1 =2)- (L= -D))x L+ D)(+2) - (£+i-1)
Qi = DI (=D =D w(€ -]

- O(+i—1)!

- 112 = D= D))
== DR o

where we have used (2i — 1)!! = (2i — 1)!/{2"1(i = 1)!} . Thus

2hi _1VI2(p _ 12
sup [P(R)2 > 41 (w2 (¢ -y “ZZ DI D!

ke[-1,1] 52(f+i—1)!2
e\ oe-i \? 2(2i = )12(L - i)1?
—41=C2p i ) £)2—i/2)1?
a Z)(f (t-1)/2 (€/2=if2) C+i—1)12
12 12 2 120p _ 12
_41 _¢ 2(5_1) £ (5 l). ( /2_ /2)‘21 (2l 1) (f l).
(€—=0)12012 (€2 —i/2)1* E2(0+i—1)12
—1)12 P V12 = )12
:41751)2(6 _ l) (f l) (2l 1) (f l)
(€/2=i/2)12 (G -1D)12(+i-1)2
=i (2i-1\ (€+i—-1\)2
—al=C20p _ i (
v l)<(€/2—i/2)! A }
foralli=1,...,¢ for which £ —i is even. We use the inequalities
(“’._ 1) < 2+l (2'._1) > 471V,
i i
and conclude that for alli =1, ..., for which £ —i is even,
- i~1/7ff2 ) £—i)! 2
25410200 _ (5 l)! 4 /‘/; _-lgi=20. 200 ( 1)!
K:[‘_l?,l]lp('(” 24T ’){(5/2—i/2)z 2f+i—1} AT l)<(€/2—i/2)!} :

We use this term as well as 4¢ - w? () to get lower bounds on (A.2); and these bounds can be endowed
with weights By, ..., B¢ so that (A.2) is larger or equal to

14
PPNV o I N B (e 2
16 ;u (t z){(m /2)'} /3,/25[
for all non-negative coefficients By, . . ., 8¢. We choose

= (€/2-i/2)17 - 47 {(¢ - )17},

for all i such that € — i is even; and 3; = 0 otherwise. As

4 )
DB <47t 16" 222,
=0 =0
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the lower bound is equal to

L£/2]

€ (o)
Y R e-iy ) Y672 () = 14 Z (i) / ZW 22t
i=0 r=0

as claimed in the lemma. O

Proof of Theorem 1. (a). For k > [K], define wi =0 and fx,k = 1. By Parseval’s identity with
respect to the orthonormal basis {¢y }x, we have

0 ) (K]
MISE, (fx) = ZE|Wk - fx,k|2 = Z [WkE(fx.x) — fx,k|2 + Z wi Var(fx k). (A3)
k=1 k=1 k=1

We study the squared bias (first sum in (A.3)) and the variance (second sum in (A.3)) terms separately.
For the squared bias term, it follows from (3.10) and (3.12) that E(fix ¢) = E(X!) fort=1,...,[K].
Therefore, E(fx k) = fx.x for k=1,...,[K] and we have

wiB(fx k) = fal —Zwk—l) fRx= Z e = D2f3 - (A4)

k=K |+1

Next we derive an upper bound for (A.4) in terms of ||f(m) |I>. To do this, for k =1,2,... and j =

1/2

.,m,letsy =k+1/2and pk (Pk, fX’)). Below (A.8), we will prove that for k > m, we have

m
[0]y2 - m 2
(pk ) Ssz(J) k+2] m) l_[Skl' (A-35)
j=0 i=1
Therefore, for k > m,

m
1 2 -1 m 2
ka_sk (P ) <2" msk Z(]) k+2] m) l_lsk =i

j=0 i=1

m m
_ m _
=2 mZ(sk+2j—m/sk) : (]) (prszjoms f3)? l_[skzt
j=0 i=1

<27 (Skem/sk) ( )(<Pk+2] m Iy >>2]_[skl
j=0

Using Parseval’s identity and the binomial theorem, we deduce that
m m 00
S B Gklseem) ]‘[sk 2D g 7 I
k=|K J+1 oV =K+

so that

©0 m
Y, FeusMMP sup (srenfsi)- [ s
>

k=|K |+1 >[K|+1 i=1
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Therefore, and since fx € ¥ (c,m), the right hand side of (A.4) satisfies

i (e = D23 < IA™IP - sup (wk—1)2-{1+m/<k+1/2>}-]ﬂ[(kﬂ/z—i)—2

k=|K |+1 k2K |+1 i=1
SC-{1+m/(LKJ+3/2)}-1_[(|_KJ+3/2—1')‘2. (A.6)
i=1
1K1

For the variance term in (A.3), we need to bound }, w2 % Var ( fX x)- Now, letting
— (wl -1 (/2] L€/2\T
Wi = (Wl,l’Wl,l W1,2""’W1,1 W1,2 )

and using the Cauchy-Schwarz inequality and the bound

|((k+€k_1)/2)‘S1’ Ve=1.... k. (A7)
we have
k ’
Var(fx’k)=%4k(k+1/2) Z (1;)((1«+fk— 1)/2)(5)((“51(_ 1)/2)
£,0'=1

~cov{eg,¢ {MU(l’)}_1 Wi,e,e0,r {/\/lu(é”)}_l Wi}
k
S%“k(" + 1/2)[2 (l;) {Eleo.c {My(0)}~ Wl,f|2}l/2]zs (A.8)
7=

where the sums start from ¢, ¢’ = 1 since the terms for £ =0 and ¢’ = 0 are deterministic. The proof of]
part (a) follows by combining (A.3), (A.6) and (A.8).

It remains to prove (A.5), note first that since all non scaled Legendre polynomials ¢y (x)szl/ 2 are
equal to 1 at x = +1, then by integration by parts similar to [38], we find

P 2sic) = pl Y @sp) =2 / (522 or1(0) = s Porn (0} £ (1) dx

] : 1/2 .
:E/l {gokJrl(x)SkJrl — @ ()5, /} (])(x)dx=p,[<”,

where in the last step we used the fact that non scaled Legendre polynomials satisfy 2s,1</ 2(pk(x) =
ki{290;<+1 (x) - skl/lzga;< | (x), for all x € (=1, 1). Using the result (a — b)? < 2a? - 2b?, it follows that

(0% < (2 1@st_) + (021 2st,) .

We complete the proof of (A.5) by induction. Specifically, for £ =0, for all k£ > 0 we have

g PRI

i=1
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so that (A.5) holds for all £ > £ =0. Now assume (A.5) holds for ¢; then, for k > £+ 1, we have

¢
27 Z( ) k+2] 5)2 nskzl

i=1

¢
14 4
—t-1 [¢+1] 2 -1 [£+1]
<2 Z(j)(pk+2j—[ ) sk+2] e- 11_[sk it2 Z(]) Pls2j- —ex1) Sk+2j £+1H5k i
7=0

14

_n—t-1 [¢+1] 72 [£+1] 2 -2
=2 {(pk 0—1) " SkZe- 1+Z( ) Prszj-e-1) sk+2] - 1}1_[%—1‘

i=1
£+1
—£—-1 [€+1] 2 -2
+2 Z( )( k+2v€1) Sk42y—— 11_151”

i=1

£
6) Jlea1 g 2
(J)(pk+2j—€ 7S k+2] —t- I}Hsk—i

i=1

Mm

-1 [€+1] \2
=2 {(kt’l)kt’l-"

1l
—

J
4

4 [e+1] |2 2
(V )(pk+2v 1) Sktav-c- 1H—Isk i
1

i=1

MN

—-1 [6+1] \2
+2 {(pk+t’+1) Sk+t’+1 +

<
Il

{+1

£
S 1 R G () B il [ e ety

i=1 Jj=1

+1
(I T RGNS o (W IR el

i=1 j=1

£+1 41 [£+1] £+1
_ ~—(L+1) +
=2 Z( )( k+2f—(f+1>) l_[sk i

which proves that (A.5) holds for all k£ > m.
(b). 1In the particular case where U ~ N (0, 1), applying Lemma 1 with x = My (£)~'W; ¢, we have

leo.e {Mu (0} Wi < |[IMu @} Wi ff < cr-e-af - fwi [

Moreover,
, Ll
E[Wi | = Z E(W) - B(WD) < (L6/2)+ 1) -BWH)) < (L€/2] +1) - E(1 +d|UD*
v=0

< (Le/2)+ 1) - (1+d)* - (26 -1,
since |[X| <1 as., ||0]|e < d and ppe = (2¢ — 1)!!. We deduce (A.8) and the binomial theorem that

k

Var (fx.x) S% C ARk 1/2) - (’;)(2+zd)"}2 L2k = 1)1
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I

<—-C* - (6+4d)?F - K2 (k+1/2) - (2k - D). (A.9)
n

The proof of part (b) follows by combining (A.3), (A.6), (A.9) and (A.8). O]

Proof of Theorem 2. Note that

{(L+m/(LK)+3/2)} - | |(LKI+3/2-0)72= O(K~2m),
i=1

as K — oo for any fixed m > 1. The variance term in Theorem 1 (b) has the following upper bound:
1 (K]
-.ct Zkz(k+ 1/2) - (6 +4d)* - (2k — )N
n k=1
1 1 .
<—-DK.K! < = V2nKexp{K(logD +logK - 1)} = O(n7"),
n n

for some finite constant D > 0 sufficiently large, and all ¢, > co, and where we used Stirling’s approxi-
mation. This provides the desired convergence rate. O

A.2. Proof of Theorem 3

Recalling that 6-2(x) = h(x)/max{fx (x),/2} and o> = h/ fx, we write Efab ’&z(x) -o? (x)|2dx =
I+ 11, where

b

I=E / 17.00) fe () — h@) e P £ ) f22 () - T () = £/2) di.
b 5 A

11:15/ [2h(x)/¢ - ()| - W fx (x) < {/2} dx.

Recalling the definition of MISE,, (fx) and letting MISE,, (h) =E | ‘1 |A(x) - h(x)|2dx, if [|07]|oo
and fx € ¥ (c,m), we can bound / by

<d

b
[<2E / |R(x) fx (x) = h () fx O 2 () £ () - 1{fx (x) = £/2} dx
b R - A
+2E / |h(x) fx (x) = h(x) fx (O] g2 () fir2 (x) - H{ fx (x) > £/2} dx

i b
S%E/a |A(x) —h(x)izdx + % sup ot (x) E/a | fx (x) —fx(x)|2dx

x€la,b]
<const.{MISE,, (k) + MISE,, (fx)},

where here and below, const. denotes a generic constant.
To bound 71, recall that fx(x) > £ on [a,b], so that for all x € [a,b], fx(x) < /2 implies that
| fx (x) = fx (x)] > £/2. Therefore, we can write

8 b 5 b 5 5 R
11 < ?E/ |h(x) — h(x)|>dx + 2/ [2h(x)/¢ = o (0)|" - P{Ifx (x) = fx (x)| > ¢/2} dx, (A.10)
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where by Markov’s inequality, the second term in (A.10) is bounded by
8 4 2 b A 2
S s @ @ -1P)E [ @) - )l dr.
¢ x€la,b] a
We deduce that if ||o||e < d and fx € F (¢, m), then
11 < const.{MISE,, (h) + MISE,,(fx)}.

Now under the conditions of Theorem 2, we have

sup MISE, (fx) = O{(log n/loglog n)—2m} ,
IxeF(e,m),|lollo=d

and a similar result can be established for MISE,, (k) when U ~ N(0, 1). Specifically, following the
proof of Theorem 1 but with the following modifications: replace the wy’s by the wy, i’s; start the
sums from k& =0 and from ¢, ¢’ = 0 (for the variance term); in the covariance in the line above (A.8),
replace £ and ¢’ by £ +2 and ¢’ + 2, respectively, and ey , and e ¢ by e ¢4» and e;_¢4o (this does not
have any impact on the bound), the following result can be established: for any given integer m > 1, if
[K] = m then for any finite positive constants ¢ and d we have, for C* is as in Lemma 1,

m

sup MISE,, (h) < ¢-{1+m/(|K] +3/2)}']_[(qu +3/2-0)72
fxo2eF(c,m),||o|lo<d i=1
! (K]
+ ;-C*-16(1+d)4 Zwi’k-(k+2)2(k+l/2) (6 +4d)* - 2k +3)11.
k=0

Using the proof of Theorem 2, we deduce that if K = K, = | ¢o(logn)/(loglogn)] for some constant
co € (0,1), then as n — o,

sup MISE,, (h) = O{(log n/loglog n)fzm} .
fxo2eF(c,m),|o|lw<d

Together with the above bounds on [ and /1, this implies that

b
sup E 6 (x) — o (x)["dx =0{(logn/loglogn)~""} .
[ W -orwfa=of o)

fx.fxo2eF(c,m),llollo<d

A.3. Optimality of rate given in Theorem 2

In this section we prove that the rate given in Theorem 2 is optimal. For this, it suffices to prove that, in
the model at (2.1) with U; ; ~ N(0, 1), for a subset of functions fx € ¥ (c,m) and for some functions
o such that |||l < d, where ¢ and d are positive constants, no nonparametric estimator constructed
from the W; ;’s converges at a rate faster than O{(log n/loglog n)‘2m}. Since the lower bound for
estimators in the case where o is known is smaller or equal to that in the case where o is unknown,
it suffices to prove this in the case where o is known. With this in mind, consider the particular case

b}
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(L1) withJ =2 and g; ; ~ N(0, 0'(29), which is a particular case of the model considered by [16]. In [16],
it was proved that in that setting, the sample of averages

(Wi +Wi2)/2=X;+ (&;,1+6i2)/2, i=1,...,n

is a sufficient statistic for fx. Therefore, lower bounds of the convergence rate of nonparametric es-
timators in model (1.1) with J =2 and &; ; ~ N(0, o%), over a subset of functions fx € ¥ (c,m), are
equal to those in the model where we observe Y1, .. .,Y, such that

Y;=X; +V;, Vi~N(0,02/2). (A.11)

Such a lower bound was established in Theorem 2 of [28]. Specifically, Theorem 2 of [28] with § =0
and S, =1 (i.e., taking in that theorem the support of fx to be included in [—1,1]) establishes the
existence of a subset of ¥ (¢, m), with m > 1, such that no estimator of fx in that subset can converge
at a rate faster than (logn/loglogn)~>", which proves that the rate in our Theorem 2 is optimal.

Note that Theorem 2 of [28] was established for densities fy that do not include normal densities,
but an inspection of the proof in that paper shows that the same lower bound holds in the case where V;
is normal. The only change required in that proof is the proof of (28) in [28], which in our case should
be established for & = fy, the density of a N (0, 0"2,) for 0"2, = 02/2. That is, in our case we should
prove that

/ = fu) * fv (Ol dx =0(n™). (A12)

where f,,(x) = fx (x) + @n(Qx, * ¢b,)(x), and Qg and ¢p,, (x) = by@(b,x) are functions defined in
[28] (taking there S,, = 1 and ¢ = 0) which satisfy

(1) ()] < O(D)lte/ (K, = )" for j=0,1, (A13)

l@ft(t/b,)| < 1and |(¢f?)"(1)| < 1 for all 1, for sequences K;, — oo, @, — 0 and b, — oo as n — co.
To prove this, following (29) of [28], but taking there & = fy/, we have

/I(fx—fn)*fv(X)Idx

. /
omx{ ¥ [ - Y ep-odyar)

(j:5)=(0,0),(1,0).(0,1)

:O(an){ D / (@)D (0 exp(-E ) d[}l/z

(4.5)=(0,0),(1,0),(0,1)

Now for (j, k) =(0,0),(1,0) and (0, 1), using (A.13), we have

L e \2Kn) »
/ (@)D 0 P exp(-a 1) di = 0{ (== / P exp (-0 1) i}

n=J
:0[{2(7(n—j+k)—1}”{m}2(7@,—j)}
=0( {M}“Fﬁk{m}zm—ﬂ) ’ "
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where we used the fact that for n large enough, we have

2(Kn—Jj+k) -1 }Wn_j"‘k) ‘

e

(2(7(n—j+k)— 1)!! < 0({

Since, for n large enough, (A.14) takes its maximum value when (j, k) = (1,0), we deduce that for
(7,k)=1(0,0),(1,0) and (0, 1), as n — oo,

(A1) = 0| {d (%, = 1)} 7%

where d| = 0"2, /e. Recalling that a;,, = 0(1), we deduce that

J 105 = o)+ i @)l =0ty (K, = 1) 1702 <o gy (K, = 1) 0

Taking K, = 1 + clogn/loglogn for some constant ¢ > 0 as in equation (32) from [28], for n large
enough we have

(a1 (56, ~ 1) (7072 =exp | 12T

log{d (%, — D}

1 1
=exp{— clogn | (dlc ogn)}
2loglogn loglogn
clogn loglogn) —c/4 —c/4 _1
< —_ X = 1 C/ = C/ :0
_exp( 3loglogn > exp(logn™'") =n (n)

if ¢ > 4. This proves (A.12) and the rest of the proof of Theorem 2 in [28] can be continued as in [28].

A.4. Small error setting

In this section we discuss the behaviour of the MISE,, (fx) of our estimator studied in Theorem 1 in the
case where ||02|loo — 0 as n — oo, and compare it with the MISE,,(fx) in the error-free case where
o = 0. We assume throughout this section that the conditions of Theorem 1 hold.

Since the bias of the estimator is not affected by the error, we can bound the bias term of MISE,, (fx)
by (A.6). However, in the case where ||0%]|co — 0 as n — co, we can provide a refined version of the
upper bound to the variance term at (A.8). Specifically, letting

Lexe) 2] ,
C(g’gl) — Z E{X€+[ —2ra_2r(X)}
r=1
Le211L'/2]
X Y 2 AMUOF L MU @O - AMU(C+ O gt (ALS)

q=0 q'=

below we show that we have

k ’
VaI(fX,k)Z%Var{(pk(X)}+%4k(k+l) Z (k)((k+fk— 1)/2)(§,)((k+fk— 1)/2)C(€,€I)
=1

(A.16)
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While the first term of the above equation is of order n~!, the second term is very difficult to analyse.
In the error-free case where o =0, C(£,¢’) =0, so that Var (fx ¢) = O(n~!). Combining this with
(A.3), (A.4) and (A.6), and recalling that ||¢z (X)|| = 1, we deduce that in the error-free case, we have

(K]

sup  MISE, (fx) <c-{1+m/(LK]+3/2)}- [ [(LK]+3/2-D72+ ) w}
Fx €F(c,m) i=1 k=1

N fxlleo -

S |—

Taking K = n'/@m*D) " we deduce that when o = 0, SUP e (c,m) MISE, (fx) = O (n=2m/(2m+1)y
which is the fastest possible convergence rate of the MISE,, ( fx) towards zero in the error-free case.
When ||0%]|eo > 0, C(£,¢’) does not vanish but if ||o2||c — O sufficiently fast as n — oo, then
C(¢,¢") is so small that the second term of (A.16) is negligible compared to the first. In that case, if K <
n!/m+D) e have SUP 4 e (c,m) MISEn (fx) = O(n=2m/(2m+1)y as in the error-free case. However, it

would be technically very challenging to establish the rate at which ||o||e should tend to zero for
this error-free rate to be achieved. This is because the second term of (A.16) is too complex to be
analysed precisely, given the quadruple sum (in ¢, ¢’, ¢ and ¢’) and the inverse of the matrices My (£)
and My (£’) within those sums. For the same reason, when ||0%||c — 0 but the second term of (A.16)
is not negligible compared to the first, determining the rate at which MISE,, (fx) — 0 is a technically
hard problem which we leave open for future research. However, we conjecture that polynomial rates
of convergence can only be achieved if ||0%||.c — O exponentially fast as n — co.

Proof of (A.16). Recall from the equation above (A.8) that

k .
Var(fx’k)=%4k(k+l/2) Z (k)((k+£’—1)/2)(k)((k+f 1)/2)

P ¢ k t k

-cov{eg ¢ {/V(U({’)}f1 Wie,e0.0 {/\/(U(f')r1 Wie}.
Now we have

cov{eg {MU(f)}_] Wie.eo {/\/(U(f')}_1 Wi}
Le/2) 12 S
=2 D MU o MU g - cov (W) W, Wi T W)
q=0 g'=
/2] 1¢2)
= > DL MO MUy BT OWE)
=0 q'=0

£— f,— ’ ’
- (BW, WY,) - (BW, (T WEL)E (A.17)
Since
(g9 \ _ _
E(W, 'Wio) = Mw (O} g1 = {MU(Z)MX,(T(Z)}Q+1’
then (A.17) is equal to

Le/211¢'/2]
DT My O} MU} - IMU (4 )My o (E+) ) grgran

0 1—0)
q=v 49 =Y
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Le/2]1¢'/2]
= 0 D MU O MU (@)L - MU (OMx o (0} gt My (EYMx o (€) ) g

q=0 ¢q’=0
L(e+)/2] , Le/211¢'/2]
= 3, BT 0L 3N (Mo} M@
r=0 q=0 q'=
X AMu (€ + )} grgronrat | = (BX) (BXT). (A.18)

Now according to (3.6) we have { My (£+¢")}444'+1,1 = 1 for all g, ¢". This also implies (when £ + ¢’
is replaced by ¢) that

My () (1,0,...,007 =(1,1,....,D)T.

Combing this with the invertibility of My (£), we deduce that ZLL]‘; /02J My (f)};lﬁ1 =1, so that

Le/2)1e'/2)

My (O MU @} - MU+ ) g = 1.
4 . »q q
q= q’'=

Therefore, using the notation at (A.15), (A.18) can be written as cov(X?¢, X +cC(e, l).
Recalling the definition of ¢y above (3.1), we deduce that

k)((k+£— 1)/2)(k)((k+€’— 1)/2

¢ k 0 k ) {cov(x?, X% +C(€,€’)}

k
Var (fx k) =%4k(k+ 1/2) > (
,0=1

k ’
:%.Var{gok(X)}+%4k(k+l) 3 (")(("”‘”/z)(")((“f _1)/2)C(£,€’).

2/ 21\ k % k

O

Appendix B: Case with a data-driven upper bound to Sy
B.1. Crude upper bound

Here we describe how to construct a rough upper bound [Ax j, Bx,1] to Sx. Although Sx C Sw,
Ax | =minj<;<p, j=1,2 Wi,j and Bx | = max|<;<n,j=1,2 W;,j are generally too crude to be useful; for
example, if Sy =R (e.g., if U ~ N(0, 1)), then |Ax ;| and Bx | — oo as n — co. On the other hand,
for @ > 0 sufficiently small, we have Sx C [qw o, gW ,1-o], Where gw o denotes the a quantile of W.
This motivates us to take Ax 1 =gw 0.001 —Ar and Bx 1 = §w 0.999 + Ay, with §w o the empirical «
quantile of the Wi,j’S, AL =fiw — LIAW,O.OOI, Ay = qAW’0_999 - Aw, and fiw = n-! Z?:] Wi. Here, we
use an expanded version of the interval [Gw 0.001, §w.0.999] for cases where fy is skewed to one side,
applying an asymmetric correction Ay or Ay, which is larger on the skewed side. Except perhaps in

ara R
d O marginal pra al 1n A
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B.2. Refined upper bound

Next we describe a procedure for refining the upper bound [Ax 1, Bx,1] to Sx from Appendix B.1.
For this, let Wi”j, X/, uand A as in (6.1) and (6.2), taking there Ax = Ax | and Bx = Bx,1. If Sx C
[Ax.1,Bx,1] (see Remark 4 below otherwise), then Sx’ C [—1, 1] and we can compute the Legendre
polynomial estimator of fx- at (6.3). Since fx» =0 on [—1,1] \ Sx-, then on that range, fx-(-;K)
estimates the constant value 0, and unless [Ax 1, Bx 1] is a relatively tight upper bound to Sx, fxr (+K)
typically oscillates around zero there. This is particularly true if K is larger than the optimal K for
estimating fx- by fx/(-;K) because then fx(-;K) is undersmoothed and the oscillations are more
pronounced. We exploit these oscillations to refine [Ax 1, Bx,1]. To choose such a large K, we take

Ri(figr) = argming ¢ 7, D (Bo) (@ =y ) (B.1)
@€{0.001,0.002,0.998,0.999 } ’

where g7 , is the (interpolated) empirical @ quantile of the Wi”s and AW Leg (x)= f_ ); fW Leg(-; K),
with fW Leg defined like fW Leg in (5.2) but replacing there W, X and Opilot by W’, X’ and é'l;
Section C.1.

We define an undersmoothed pilot estimator of fx by fX/, p = Fxr{ R ( f7)}- Similar to K( )
in (5.3), K, is typically too large for estimating fx- because it targets Jy7- Here we use K, instead of

ilot from

R ( fW) because (B.1) focuses on the tails of the estimator of fy, which we found works better when
the focus is on the boundary, like here.

As noted above, if [Ax 1,Bx 1] is a crude upper bound to Sx, we can expect fxr, p to oscillate
around zero on [—1,1] \ Sx-. We detect those oscillations near the boundary as follows:

1. Find xpmax = argmax el-1,1] fAX/, p (x). If Xmax is not unique, let xmayx, (resp., Xmax,) be the smallest
(resp., largest) of them; otherwise, let Xmax;, = Xmax, = Xmax. If it exists, let x;, be the largest
—1 <X < Xmax, (resp., xg the smallest xpax, <x < 1) such that fx- ,(x) = 0; otherwise, take
xr, =-1 (resp., xg = 1).

If fx is unimodal, then typically Sx’ C [xr,xr]. If fx is multimodal with well separated modes,
fx’,p may oscillate in an area between the modes, and x; and/or xg may correspond to that
area (whereas our goal is to detect oscillations near the boundaries of Sx’). In that case, often

N . 1 A . . .
f;ZR max{ fx- p(x),0} dx is much smaller than f_l max{fx’ p(x),0} dx, which can be exploited to dis-
card the area between two modes, as follows:

2. Compute r = fx);R max{ fx: ,(x),0} dx/ ffl max{ fx: ,(x),0} dx.

3. If r > 0.7, do not change x;, and xg. If r < 0.7, we are likely to be in a multimodal situation
with mode(s) to the left of x;, or to the right of xg. If fx- has a mode to the left of xp (resp.,
to the right of xg), then [—1,x.] (resp., [xg, 1]) will contain a significant part of Sx+ and IE =

/_ )iL max{ er, p(x),0} dx (resp., Iy = fx lR max{ fxr, p(x),0} dx) will typically be quite large. We
identify a potential mode of fx- to the left of x, or the right of xg, depending on which of 7;" and
I is the largest, and recompute x7, or xg accordingly. Namely:

o If I]’: > IE, compute Xmax,I = argmaxxe[_l’xL)er,p (x) (if xmax,z is not unique, take the
largest one). Replace xz, by be the largest —1 < x < xpmax, 1. such that fX/, p(x) =0if it exists;
otherwise take x; = —1.

o If I < I}, compute Xmax,R = argmaxxe(xR’l]fX/,p (x) (if xmax,r is not unique, take the
largest one). Replace xg by the smallest xypax, g < x < 1 such that fxf, p(x) =0 if it exists;
otherwise take xg =1
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e Once x, or xg has been updated as above, return to step 2.

Finally, we take our upper bound to Sx- to be [Ax/, Bx’]| = [xL,xr]. Recalling the notation u and A
from Section 6.3, our final upper bound to Sx is [Ax 2, Bx 2] = [u+1Ax/,u+ABx/].

Remark 4. In unusual cases where Sy ;(_ [-1,1], Ax’ and Bx- are usually close to —1 and 1. There,
while (6.3) is not a consistent estimator of fx-, it can usually provide a reasonable approximation.

B.3. Choosing K in practice

Here we show how to extend the method from Section 5 to the case where we compute an upper bound
[Ax,Bx] to Sx from the data, and compute the estimator fx- (-, K) at (6.3) from the rescaled data Wi” j
defined in (6.1), with A = (Bx — Ax)/2 and u = (Bx + Ax)/2. The main differences between this case
and the one in Section 5 are that (1) we need to rescale the data at each step of the procedure, and (2)
to mimic the process of the real world, in the SIMEX world we also need to estimate the support of the
SIMEX data. We proceed as follows.

First we compute K ( fy777) for estimating the density f37 of Wl’ = (Wl.” Lt Wi’,z) [2=X/+0'(X] YU,
where U; ~ fg=Jup*fupando’ asin (6.1). We take Ie(fW) as at (5.3), replacing there and in (5.2),
W, X and Gypilor by W, X’ and &éﬂm defined in Section C.1. Next, to construct an approximation C’K
of Ck = Ko(fx')/K( fy7), we mimic Ko(fx+)/K(fy) using artificial data (X", Wl W]]) created
from the Wi”j’s in a way that mimics the (X/, Wi”l, Wl.’,z)’s as follows:

1. Fori=1,...,n1, mimic the X;’s by taking Xl* defined in Appendix C.2, with n; < n defined there.

2. Fori=1,...,ny, and j = 1,2, generate i.i.d. U;.k’j ~ fu and mimic the W; ;’s by taking Wi*,j =
X +o" (Xl.*)U;"j, where 0" = Gl = /lé-éﬂot{(x — )/},

3. Compute an upper bound [Ax+, Bx+] to Sx+ using the approach from Section 6.3, replacing there
the W; ;’s by the Wi*’j’s. Let A* = (Bx+ — Ax+)/2 and u* = (Ax+ + Bx+)/2,and fori=1,...,ny,
and j = 1,2, mimic the X;’s and W/ ;’s by taking X" = (X} —p*)/2" and Wl.':;f =(W;;—u)/2".

As is Section 5, we generate B such samples Wi"’;f’b’s, b=1,...,B by repeating steps 2 and 3 B
times. In step 3, this requires recomputing an upper bound [Ax~ p, Bx+ 5] to Sx+ for each b. Instead,
to speed up computations, we use the same bound [Ax+, Bx+] for all b, obtained as follows: we compute
AX*,b and BX*,b for b = 1,2,3 and take Ax* = AX*,bl,bz = Zbe{bl,bz} AX*,;,/Z and Bx* = BX*,bl,bz =
Sbeiby.by) Bx+.p/2, where 1 < by < by <3 minimise Ype(p, 5,y {(Ax=,b — Axe by by)? + (Bxr b —
BX*,bl,bz)z}. Thus we average the two most similar bounds and discard the most dissimilar one.

Finally, we take Cx = Ko (fx++)/K( f7=), where Ro(fx++) and K ( fy7=) are defined as in (5.7) and
(5.8) but with X, W and W* replaced by X', W’ and W’-*. We approximate K ( fx-) by

K=Ck -K(fi)- (B.2)

B.4. Truncating the estimator

As described in Section 6.3, after computing the estimator f;}(-,l%) on [Ax,Bx] =[Ax 2, Bx 2], we
check if it has large spurious oscillations near Ax and Bx. If it does, we truncate it to an interval
[Ay, B;] C [Ax, Bx], chosen by searching for unusually large values and oscillations near Ax and
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1. Let M =maxye[ay,By] f;((x), and let mg = (Ax + Bx)/2, the centre of [Ax, Bx].

2. If E((AX) > max{M /20, f;((AX +Ax)}, f;( is unexpectedly large and decreases near Ay, so we
look for the oscillation closest to Ax by finding the smallest m, € (Ax,mgp] such that f (m L) <
IIlll’l{fX (mp —Ax), fX (mp +Ax)}. If no such my, exists or fx (Ax) < max{M /20, fX (Ax +Ax)},
weletmy =Ax.

3. Proceed similarly near the right boundary: if fX(BX) > max{M /20, f;}(BX — Ax)}, search for
the largest mg € [mg, Bx ) such that f~(mR) < min{f;((mR - Ax),f;((mR + Ax)}. If no such mpg
exists or fx (Bx) < max{M /20, fx(Bx — Ax)}, let mg = Bx.

This produces a shrunk version [my,,mg] of [Ax, Bx] which avoids the most obvious spurious oscil-
lations nearest to Ax and By ; we further shrink [my,mpg] to [A;, B;r(] obtained by applying steps 1 to
3 from Appendix B.2, but replacing there —1 by mp, 1 by mg, fAX/,p(x) by ﬁ((x) - 1{x € [mr,mg]},
X’ by X and [xz,xgr] by [AL,B;].

Appendix C: Further numerical details

C.1. Pilot estimator of o’

We construct a pilot estimator of o’ defined below (6.2), assuming that the variables were rescaled as at
(6.1)=(6.2). If they were not rescaled, we take W/ i= Wi, j» X/ = X; and 0’ = o in the description below.
Since the pilot estimator is only used to choose K and refine the upper bound to Sx, it only needs to
be a rough approximation to o~’. We use a parametric estimator based on the potentially misspecified
form 0'pllot (x) = |a + Bx| for some parameters a and S to estimate. Noting that, for £ =0, 1,.. .,

E{0 5o (X) - X'} = o®E(X") + 2aBE(X" ") + BPE(X"T), (C.1)
we estimate « and S8 by solving

{Sio +2/1X' 10"18+MX' 2B2 (C 2)
S’ =aPfix 1 +2fixr 0B+ fixe 357

where §’g, ¢ >0 and fix’ ¢, ¢ > 1 are defined like Sg at (8.1) and Iy ¢ at (3.12), but with W; ; and X;
replaced by W/ j and X;. Exploiting (C.1) with £ =2, if we find multiple solutions to (C.2), we choose
the one that minimises |$’, — i X2 2o =2y 3B - fix, 48| If (C.2) has no solution, we use instead

the constant model o/, (x) = a; then E{o""%, (X’)- X’} = «®E(X’?) and we estimate @ by & = S’l/2

pilot pilot

C.2. Creating the X’s

We describe how we construct the Xl?“s used in Section 5 (resp., B.3) from the data.
To construct the X;’s in Section 5, we have two requirements: (1) mimic the X;’s, which suggests

taking X;‘ = Wl as they are more concentrated than the W; ;’s around the X;’s, and (2) ensure that Xl.* €

[—1,1], which is usually not satisfied by the W;’s. To satisfy (2) we could think of rescaling the W;’s
so that they all lie in [—1, 1], but if fyy is not compactly supported, then f3 and its rescaled versions
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those that aren’t. We proceed as follows. First, we compute the empirical quantiles ag = g7 1/n) and

bo =47 1_;,/(my Of the Wi’s, where ji = XL 1{W; < -1} and jo = ¥, 1{W; > 1}; then we take

W; ifag > —1and by < 1;
— | Wi/laol ifag<—1and by < 1;
Wb if ag > —1 and by > 1;

W;/{(by—ap)/2}  ifag<—1andbg> 1.

Computed in this way, most W;’s are in [-1,1]. Let n; = pI I(W; € [-1,1]): wlog, reorder the Wi’s
so that the first n; are in [—1, 1]. We take Xf, e X,’:l to be these first n; reordered W;’s.

For Section B.3, we generate the Wi”s like the W;’s above except that we replace W; by WI/ Wiog,
reorder the W/’s so that the first ny are in [~1, 1]. These mimic the X/’s at (6.2), thatis X/ = (X; —u) /A,

where A = (Bx — Ax)/2, u=(Bx + Ax)/2 and [Ax, Bx] is the upper bound to Sx computed from
the data. Therefore, fori=1,...,n1, we mimic the X;’s by taking X;‘ = /lWl.’ +u.

Appendix D: Additional simulation results
D.1. Estimation of fx

Table 2 shows the median and interquartile range (IQR) of the 200 ISEx10? for the two versions of
our estimator: fx (which assumes known Sx) and fx (which does not assume known Sx) in the case
where U ~ N(0, 1). To examine the performance of our estimator with fy; misspecified, we also applied
fx and f;( to the samples generated as in Section 7.1 with U ~ N(0, 1), but this time we computed
those estimators under the incorrect assumption that U = Z%’:l V¢ /2 with the V;’s i.i.d. U[-V6, V6].
The results shown in Table 3 illustrate that while the estimators performed worse in this case with
misspecified fy7, the ISEs remained reasonable compared to the correctly specified case from Table 2.

Table 2. Simulation results for fX (known Sx) and f;( (unknown Sy ): median (IQR) of ISEx103 for densities
f1 to f4, computed from 200 samples with fi; correctly specified.

fx NSR fx Ix
n=250 n =500 n = 1000 n=5000 n=250 n =500 n = 1000 n=5000
¥ 10%  12.65(16.28)  7.20(11.25) 4.00(4.25) 1.10(1.10) 13.50(15.65)  7.65(9.25) 4.35(6.35) 1.20(1.35)
I 20% 177021.33)  9.85(15.63)  5.75(9.03)  1.75(1.80) 19.7026.17)  10.40(13.62) 5.55(823)  1.60(2.22)

10%  24.05(19.50) 14.65(15.08)  6.95(8.12) 1.55(1.52) 24.55(1735)  15.20(10.70)  11.55(9.68)  4.85(3.50)
2 0% 2825(18.67)  20.40(18.15) 9.20(13.68)  2.80(4.20) 30.80(19.77) 23.50(11.40)  15.70(11.57)  7.70(5.98)
10% 12.90(1718)  7.00(11.42)  410(5.90)  0.90(1.33) 14.65(11.43)  9.45(6.65)  5.70(3.73)  3.30(2.60)

B3 20%  1945(1830)  1015(1448)  5.10(8.85) 1.50(4.62) 26.45(19.23)  18.90(16.20)  11.65(9.38)  5.60(3.32)
~10%  22.65(19.22) 13.65(11.70) 8.45(5.87)  2.65(4.62) 26.8521.27) 16.50(13.15) 8.25(6.62)  3.55(2.90)
T 200 3580(24.88) 26.20(19.45) 16.30(14.85) 8.10(5.37) 38.75(19.83) 24.85(18.82) 16.60(11.35)  6.35(5.50)

D.2. Estimation of o2

Computing the estimator &> at (8.3) requires choosing the smoothing parameter K, and the parameter
hich prevents the . I ) . - .
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Table 3. Simulation results for fx (known Sx) and fx (unknown Sy ): median (IQR) of ISEx103 for densities
f1 to f4, computed from 200 samples with fi; misspecified.

fx  NSR Ix fx
n="250 =500 n=1000 n=5000 n=250 =500 n=1000 n=5000
10% 13.95(17.90)  7.10(13.48) 4.50(6.72) 1.10(1.10) 15.30(15.93)  7.85(9.23) 4.55(5.92) 1.30(1.40)
N 200 194502125 132001832) 745(1250)  1.90(2.35) 20.25(26.20) 9.85(14.77)  6.95(10.40)  1.85(2.45))
. 10%  25.85(17.92) 17.40(17.88) 8.30(11.22) 2.05(2.15) 26.70(18.23)  16.55(13.78)  12.00(9.05) 5.20(5.52)
f 20%  32.75(22.40) 25.90(21.22) 17.05(18.65) 5.55(7.82) 30.80(21.00)  22.95(12.05) 15.65(12.58) 8.80(9.18)
. 10% 14.45(15.10)  7.40(11.20) 4.65(6.82) 1.20(8.35) 14.60(11.88)  9.45(6.73) 5.85(4.03) 4.00(3.25)
f3 20%  33.05(55.25) 20.75(28.80) 12.55(17.38) 4.00(10.52) 29.45(29.85) 21.70(20.58)  14.30(17.33)  7.75(10.00)
. 10%  25.40(16.25) 15.40(13.8) 8.60(6.85) 2.40(3.12) 26.75(19.15) 16.75(12.82)  8.80(6.82) 3.80(2.90)
14 20%  32.95(24.7) 25.05(17.77) 17.60(13.95)  7.55(7.45) 40.95(22.45)  27.05(20.05) 16.05(15) 5.85(5.90)

selection rule of these parameters is beyond the scope of this paper. However, to illustrate the estimator,
we ran a simulation study where we computed &2 using simple rules for choosing £ apd K.

For ¢ we took the maximum value of a normalised version of the density estimtator fx in a tail region
determined by two empirical quantiles, as follows. Let f; = f)}' / /_ 11 f;, where f;g = max(fx,0) and fx
at (3.14) is computed with K from Section 5. We took £ = min(/}, £>), where | = 2maxyx<g; () f; (x),
b= Zmaxxqufl/(zm f; (x),and, forO<a <1, gq= F}l(a) with Fx (x) = f_to f}(u) du.

To compute /1 and fx in (8.3), motivated by the fact that > = i/ fx can only be estimated reasonably
well where fx is not too small, we chose K by minimising an estimator of the integrated squared
error /_ ll{fz(x) — h(x)}? dx, which naturally puts a small weight on regions where fx is small, since

h=02fx. Since f_ ]1 h?(x) dx does not depend on K, minimising f_ 11 {h(x) — h(x)}?* dx with respect to
K is equivalent to minimising f_ 11 {h(x)}*dx -2 f_ 1] h(x)h(x) dx with respect to K. Noting that

1 1 K K
/1 {h(x)}2 dx - 2/1 h(x)h(x) dx = Z wh oy - 22 Wik - R b (D.1)
- - k=0 k=0

where wy, = 1{k <K} +(K+1—-k)-1{K < k < K+1} asin Section 8.2, we estimated the second term
of the right hand side of (D.1) by the cross-validation estimator n~} ?:1 lefzo Whk fzk,_i ﬁk,i , Where
ﬁk,,i and ﬁk, ; denote, respectively, the estimator h k at (8.2) computed without the i-th individual and
with only the i-th individual. Then we chose K to be the first local minimum of

K n K
A~ 2 ~ ~
CVK)= Y Wiy == 3 > Wik i
k=0 i=1 k=0

To illustrate the estimator 62, we applied it to data generated as in our simulation study in Section

7.1, for fx = f, and fx = f4. Recall that for each fi, we had o (x) = cg exp (x/2), with ¢, so that the
noise-to-signal ratio NSR = E{c>(X)} /Var(X) was equal of 10% or 20%. Instead of assuming that we
knew Sx, we estimated an upper bound [Ay, Bx] to it as in Section 6.3 and applied &2 to the data
rescaled as at (6.1), where we chose K and { as described above.

In each case we applied &> to 200 samples and for each sample we computed the integrated squared
error ISE = /a b (62— 0%)?, this time on an interval [a, b] with a and b, respectively the 0.025 and 0.975

theoretical quantiles of fx (recall that the denominator of 62 is fx, and so we cannot go too far in the
ails of fx or else the denominator gets too close to zero). In Figure 6 we show, on the interval [a, b
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Figure 6. True o2 (—) and quartile estimated curves for &2 when fx = f» (first row) or f4 (second row) computed
from 200 samples of size n = 500 (first column), 1000 (second column) and 5000 (third column) when NSR = 20%.

and for the cases where fx = f», fx = f4 and NSR =20%, o2 and three estimated curves corresponding
to the samples that gave the first, second and third quartiles out of 200 ISEs computed as above. We
refer to these curves as quartile estimated curves, and use the notation g 25, (resp., go.5 and g 75) for
the curve corresponding to the first (resp., second and third) quartile. We can see that the estimator
performed reasonably well. As expected, it improved as n increased and performed better in areas
where fx and o were larger.
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