A Design-Adaptive Local Polynomial Estimator
for the Errors-in-Variables Problem -

Aurore Delaigle, Jianging Fan, and Raymond J. Carroll

Abstract: Local polynomial estimators are popular techniques for nonparametric re-
gression estimation and have received great attention in the literature. Their simplest
version, the local constant estimator, can be easily extended to the errors-in-variables
context by exploiting its similarity with the deconvolution kernel density estimator.
The generalization of the higher order versions of the estimator, however, is not
straightforward and has remained an open problem for the last 15 years, since the
publication of Fan and Truong (1993). We propose an innovative local polynomial
estimator of any order in the errors-in-variables context, derive its design-adaptive
asymptotic properties and study its finite sample performance on simulated exam-
ples. We provide not only a solution to a long-standing open problem, but also
provide methodological contributions to error-in-variable regression, including local

polynomial estimation of derivative functions.

Keywords: Bandwidth selector, Deconvolution, Inverse problems, Local polynomial,

Measurement errors, Nonparametric Regression, Replicated measurements.

*Aurore Delaigle is reader, Department of Mathematics, University of Bristol, Bristol BS§ 1TW, UK and De-
partment of Mathematics and Statistics, University of Melbourne, VIC, 3010, Australia. Jianqing Fan is Frederick L.
Moore’18 Professor of Finance, Department of Operations Research and Financial Engineering, Princeton University,
Princeton, NJ 08544 (E-mail: jqfan@princeton.edu). Raymond J. Carroll is distinguished professor, Department of
Statistics, Texas A & M University, College Station, TX 77843 (E-mail: carroll@stat.tamu.edu). Carroll’s research was
supported by grants from the National Cancer Institute (CA57030, CA90301) and by award number KUS-CI-016-04
made by the King Abdullah University of Science and Technology (KAUST). Delaigle’s research was supported by a
Maurice Belz Fellowship from the University of Melbourne, Australia, and by a grant from the Australian Research
Council. Fan’s research was supported by grants from the National Institute of General Medicine RO1-GM072611 and
National Science Foundation DMS-0714554 and DMS-0751568. The authors thank the editor, the associate editor,
and three referees for their valuable comments that helped improve a previous version of the manuscript. Address for

correspondence: Aurore Delaigle, Department of Mathematics, University of Bristol, Bristol BS8 1TW, UK



1 Introduction

Local polynomial estimators are popular techniques for nonparametric regression es-
timation. Their simplest version, the local constant estimator, can be easily extended
to the errors-in-variables context by exploiting its similarity with the deconvolution
kernel density estimator. The generalization of the higher order versions of the estima-
tor, however, is not straightforward and has remained an open problem for the last 15
years, since the publication of Fan and Truong (1993). The purpose of this paper is to
describe a solution to this long-standing open problem: we also make methodological
contributions to errors-in-variable regression, including local polynomial estimation
of derivative functions.

Suppose we have an i.i.d. sample (X1,Y)),...,(X,,Y,) distributed like (X,Y") and
we want to estimate the regression curve m(z) = E(Y|X = x) or its vth derivative
m®)(z). Let K be a kernel function and A > 0 a smoothing parameter called the
bandwidth. When X 1is observable, at each point z, the local polynomial estimator of
order p approximates the function m by a pth order polynomial m,(z) = > 7 _, B x(2—
z)*, where the local parameters 3, = (B.0,...,0:p) are fitted locally by a weighted

least squares regression problem, via minimization of

n

> [ = my(X)] KX — ), (1.1)

j=1
where Kj(z) = h™'K(x/h). Then m(z) is estimated by m,(z) = BLO and m®)(z)
is estimated by ﬁzl(f’) (x) = u!@},,; see Fan and Gijbels (1996). Local polynomial
estimators of order p > 0 have many advantages over other nonparametric estimators
such as the Nadaraya-Watson estimator (p = 0). One of their attractive features is
their capacity to adapt automatically to the boundary of the design points, thereby
offering the potential of bias reduction with no or little variance increase.

In this paper, we consider the more difficult errors-in-variables problem, where the



goal is still to estimate the curve m(x) or its derivative m®)(z), but the only obser-
vations available are an i.i.d. sample (W1,Y1),...,(W,,Y,) distributed like (W, Y),
where W = X 4 U with U independent of X and Y. Here, X is not observable and
instead we observe W, which is a version of X contaminated by a measurement error
U with density fy. In this context, when p = 0, m,(X;) = f,0 and a consistent es-
timator of m can simply be obtained after replacing the weights K} (X; — ) in (1.1)
by appropriate weights depending on W;; see Fan and Truong (1993). For p > 0,

however,
p
mp(X;) = Bor(X; — )
k=0

depends on the unobserved X;. As aresult, despite the popularity of the measurement
error problem, no one has yet been able to extend the minimization problem (1.1)
and the corresponding local pth order polynomial estimators for p > 0 to the case
of contaminated data. An exception is the recent paper by Zwanzig (2007), who
constructed a local linear estimator of m in the context where the U;’s are normally
distributed, the density of the X;’s is known to be uniform U|0, 1], and the curve m
is supported on [0, 1].

We propose a solution to the general problem and thus generalize local polynomial
estimators to the errors-in-variable case. The methodology consists of constructing
simple unbiased estimators of the terms depending on X; which are involved in the
calculation of the usual local polynomial estimators. Our approach also provides an
elegant estimator of the derivative functions in the errors-in-variables setting.

The errors-in-variables regression problem has been considered by many authors in
both the parametric and the nonparametric context. See for example Fan and Masry
(1992), Cook and Stefanski (1994), Stefanski and Cook (1995), Ioannides and Alevi-
zos (1997), Koo and Lee (1998), Carroll, Maca and Ruppert (1999), Stefanski (2000),
Taupin (2001), Berry, Carroll and Ruppert (2002), Carroll and Hall (2004), Stau-



denmayer and Ruppert (2004), Liang and Wang (2005), Comte and Taupin (2007),
Delaigle and Meister (2007), Hall and Meister (2007) and Delaigle, Hall and Meister

(2008); see also Carroll et al. (2006) for an exhaustive review of this problem.

2 Methodology

In this section, we will first review local polynomial estimators in the error-free case,
in order to show exactly what has to be solved in the measurement error problem.

After that, we give our solution.

2.1 Local polynomial estimator in the error-free case

In the usual error-free case (i.e. when the X;’s are observable), the local polynomial

estimator of m®*)(z) of order p can be written in matrix notation as
m{)(z) = vle, (X TKX)"' XKy,

wheree,,, = (0,,...,0,1,0,...,0) with 1 on the (v+1)th position, y " = (V3,...,Y,),
X = {(Xi = 2)} cicpo<jcp and K = diag{K,(X; — x)}. See for example Fan and
Gijbels (1996), page 59.

Using standard calculations, this estimator can be written in various equivalent
ways. An expression that will be particularly useful in the context of contaminated
errors, where we observe neither X nor K, is the one used in Fan and Masry (1997),
which follows from equivalent kernel calculations of Fan and Gijbels (1996, page 63).
Let



n

Sp() :lZ(th_x>kKh(Xj—x), T () :%Zn:n(le;z>kKh(Xj—x).

Jj=1

Then the local polynomial estimator of m®*)(x) of order p can be written as

7%1(3”) (z) =vih e, 1S, 'T,.

2.2 Extension to the error-case

Our goal is to extend 7’7\11(9”) (x) to the errors-in-variables setting, where the data are
a sample (W1, Y1),..., (W,,Y,) of contaminated i.i.d. observations coming from the

model

Y; =m(X;) +ny, W= X;+U;, E(nlX;) =0, 1)
with Xj ~ fX and Uj ~ fU,

where U; are the measurement errors, independent of (X;, Y}, 7n;), and fy is known.

For p = 0, a rate-optimal estimator has been developed by Fan and Truong
(1993). Their technique is similar to the one employed in density deconvolution
problems studied in Stefanski and Carroll (1990), see also Carroll and Hall (1988). It
consists of replacing the unobserved K3 (X; —x) by an observable quantity L, (W, —x)
satisfying

E[L,(W; — 2)|X;] = Kn(X; — ).

In the usual nomenclature of measurement error models, this means that L,(W; — z)
is an unbiased score for the kernel function Kj(X; — ).

Following this idea, we would like to replace (X; — z)FKj(X; — x) in S, and
Tonx by (W, — )k Ly, (W; — ), where Ly (z) = h™'Li.(x/h), and each Ly potentially

depends on h and satisfies
B{(W; = 2" Lia(W; = 2)|X; } = (X; = @) Ka(X; ). (2.2)
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That is, we propose to find unbiased scores for all components of the kernel functions.

Thus, using the substitution principle, we propose to estimate m®)(z) by

~

fle(j’) (z) =vlh e, S, 'T,, (2.3)

where S, = {§n7j+g(x)}0§j,g§p and T, = {T\mo(x), . ,1/:71,19(:6)]»T with

n

Spilz)=n""Y" (Wj — x>kLkz,h(Wa’ — ),

, h
7j=1

~ n W, — x\k

To(z) :n—121/j< L ) Lin(W, — ).
j=1

The method explained above seems relatively straightforward but its actual imple-
mentation is difficult, and this is the reason that the problem has remained unsolved.
The main difficulty has been that it is very hard to find an explicit solution Ly (-) to
the integral equation (2.2). In addition, a priori it is not clear that the solution will
be independent of other quantities such as X, x, and other population parameters.
Therefore, this problem has remained unsolved for more than 15 years.

The key to finding the solution is the Fourier transform. Instead of solving (2.2)

directly, we solve its Fourier version

E ¢{(Wj—x>kLk,h<wj—x>}(t)‘Xj] = DXy K (X, -} (), (2.4)

where, for a function g, we let ¢, denote its Fourier transform, while for a random
variable T', we let ¢ denote the characteristic function of its distribution.

We make the following basic assumptions:

Condition A:
[ |ox| < o0; ¢u(t) # 0 for all ¢; gb%) is not identically zero and [ \(ﬁ%) (t)/pu(t/h)|dt <
oo forall h > 0and 0 </ < 2p.



Condition A generalizes standard conditions of the deconvolution literature, where
it is assumed to hold for p = 0. It is easy to find kernels which satisfy this condition.
For example, kernels defined by ¢ (t) = (1 — )7 1;_y 5(¢), with ¢ > 2p, satisfy this
condition.

Under these conditions, we show in the appendix that the solution to (2.4) is

found by taking Ly (in the definition of Ly ;) equal to
Ly(u) = u_kKU,k(u),

o T [ e

In other words, our estimator is defined by (2.3), where

:S'\n,k(x) = nfl Z KU,k,h<Wj — l’) and T\n,k(x) = nil Z }/jKU,k,h(VVj — $>, (25)
j=1

j=1
with Kygn(z) = h'Kyg(z/h). Note that the functions Ky x depend on h, even
though, to simplify the presentation, we did not indicate this dependence explicitly

in the notations.

In what follows, for simplicity, we drop the p index from T?L,(f)(x). It is also

convenient to rewrite (2.3) as
p ~ A~
) () = Wy SR (@) T (),
k=0

where S”*(z) denotes the (v + 1,k + 1) element of the inverse of the matrix S,,.

3 Asymptotic normality

3.1 Conditions

To establish asymptotic normality of our estimator, we need to impose some regularity

conditions. Note that these conditions are stronger than those needed to define the
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estimator, and to simplify the presentation, we allow overlap of some of the conditions,
e.g., compare condition A and condition (B1) below.

As expected because of the unbiasedness of the score, and as we will show pre-
cisely, the asymptotic bias of the estimator, defined as the expectation of the limiting
distribution of m™) (x) —m®)(z), is exactly the same as in the error-free case. There-
fore, exactly the same as in the error-free case, the bias depends on the smooth-
ness of m and fx, and on the number of finite moments of Y and K. Define
m2(u) = E[{Y — m(z)}*|X = u]. Note that, to simplify the notation, we do not
put an index z into the function 7, but it should be obvious that the function de-
pends on the point x where we wish to estimate the curve m. We make the following

assumptions:

Condition B:

(B1) K is a real and symmetric kernel such that [ K(z)dz = 1 and has finite mo-
ments of order 2p + 3 ;

(B2) h — 0 and nh — oo as n — oo;
(B3) fx(x) >0 and fx is twice differentiable such that Hf)(g)HOO < oo for j=0,1,2;

(B4) m is p+3 times differentiable, 72(-) is bounded, ||mY||, < 0o for j =0,...,p+
3, and for some 1 > 0, E{|Y; — m(z)|*""|X = u} is bounded for all .

These conditions are rather mild and, apart from the assumptions on the conditional
moments of Y, they are fairly standard in the error-free context. Boundedness of
moments of Y are standard in the measurement error context; see Fan and Masry
(1992) and Fan and Truong (1993).

The asymptotic variance of the estimator, defined as the variance of the limiting
distribution of Mm®)(z) — m®(x), differs from the error-free case since, as usual in

deconvolution problems, it depends strongly on the type of measurement errors that



contaminate the X-data. Following Fan (1991a,b,c), we consider two categories of
errors. An ordinary smooth error of order (3 is such that

lim t°¢y(t) = ¢ and th+m P47 (t) = —cf (3.1)

t——+oo

for some constants ¢ > 0 and § > 1. A supersmooth error of order § > 0 is such that
do[t|™ exp(=[t]7/7) < ou(t)] < duft] exp(—[t|°/7) as |t] = o0, (3.2)

with dy, di, 7, By and (1 some positive constants. For example, Laplace errors,
Gamma errors and their convolutions are ordinary smooth, whereas Cauchy errors,
Gaussian errors and their convolutions are supersmooth. Depending on the type of the
measurement error, we need different conditions on K and U to establish the asymp-
totic behavior of the variance of the estimator. These conditions mostly concern the
kernel function, which we can choose; they are fairly standard in deconvolution prob-
lems, and are easy to satisfy. See for example Fan (1991a,b,c) and Fan and Masry

(1992). We assume:

Condition O (ordinary smooth case):
|64 |]oo < 00 and for k = 0,...,2p+1, ||¢%] |0 < 00 and [ [|t)7 + [t]°~1] |¢% (1)] dt <
oo and, for 0 < k. k' < 2p, [ [t??|6} (t)] - [¢} (1) dt < oo.

Condition S (supersmooth case):

¢k is supported on [—1,1] and, for k =0, ..., 2p, ||gbg]§)||oo < 00;

In the sequel, we let § = S,,, p = [WK(u)du, S = (uk+g)0<w<p, S =

(Mk+é+1)0§kve§pa p= (Hpt1, - - a/‘L2p+l)T7 po= (fps2, - 7:u2p+2)T7 and, for any square

integrable function g, we define R(g) = [ ¢*. Finally, we let 5™/ denote the (i +1,j +



1) element of the matrix S~!f*(z) and, for ¢ as in (3.1),

x _ K K — 23
o <( 1) 27r02/|t| ¢ ( )dt>0§k,kz'§p'

Note that this matrix is always real since its (k, k&)™ element is zero when k + &’ is

odd, and i* % = (—1)*=#)/2 otherwise.

3.2 Asymptotic results

Asymptotic properties of the estimator depend on the type of error that contaminates
the data. The theorem below establishes asymptotic normality in the ordinary smooth

€rror case.

Theorem 3.1. Assume (3.1). Under Conditions A, B and O, if nh?**?**! — oo and

nh?t* — oo, we have

m®¥)(z) — m®¥)(z) — Bias{m®

@} £y, 1)

var{m®(x)}
_ . (W) (72 fx) * fu(x) 1
where var{m®(z)} = e] ;878" S e, 2 (2ynh2ere + 0<nh2ﬁ+2”+1>’ and

(a) if p— v is odd

vl
(p+1)!

Bias{in(x)} = e),, S m®D (@) P g o),

(b) if p— v is even

| /
Bias{m")(z)} = eLlS_lﬁﬁ m® (z) + (p + 2)m(p+l)(x)§§—g; hP 2y
1 Z (p+1) fx(v) p2—v p+2—v
VJrlS SS l'l'<p+1) * ( )fX(x)th +O<h+ )

From this theorem we see that, as usual in nonparametric kernel deconvolution

estimators, the bias of our estimator is exactly the same as the bias of the local
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polynomial estimator in the error-free case and the errors-in-variables only affect the
variance of the estimator. Compare the bias formulae above with Theorem 3.1 of Fan
and Gijbels (1996), for example. In particular, our estimator has the design-adaptive
property discussed in section 3.2.4 of that book.

The optimal bandwidth is found by the usual trade-off between the squared bias
and the variance, which gives h ~ n~1/@8+20+3) if p _ 1 is odd and h ~ n~1/@F+20+5)
if p — v is even. The resulting convergence rates of the estimator are, respectively,
n~(PHI=V)/2642043) if 1 is odd and n~(P+H2=¥)/(2642045) if 1 is even. For p = v = 0,
our estimator of m is exactly the estimator of Fan and Truong (1993), and has the
same rate as there, that is n=2/(2%*% (remember that we only assume that fy is
twice differentiable). For p = 1 and v = 0, our estimator is different from Fan and
Truong (1993), but it converges at the same rate. For p > 1 and v = 0, our estimator

converges at faster rates.

Remark 3.1. Which p should one use? This problem is essentially the same as in
the error-free case (see Fan and Gijbels, 1996, section 3.3). In particular, although, in
theory using higher values of p reduces the asymptotic bias of the estimator without
increasing the order of its variance, the theoretical improvement for p — v > 1 is not
generally noticeable in finite samples. In particular, the constant term of the domi-
nating part of the variance can increase rapidly with p. However, the improvement
from p— v =0 to p— v = 1 can be quite significant, especially in cases where fx
or m are discontinuous at the boundary of their domain, in which case the bias for
p — v =1 is of smaller order than the bias for p — v = 0. In other cases, the biases of
the estimators of orders p and p + 1, where p — v is even, are of the same order. See

sections 3.3 and 5.

Remark 3.2. Higher order deconvolution kernel estimators. As usual, it is possible

to reduce the order of the bias by using higher order kernels, i.e., kernels that have
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all their moments up to order k, say, vanishing, and imposing the existence of higher
derivatives of fy and m, as was done in Fan and Truong (1993). However, such
kernels are not very popular, because it is well known that, in practice, they increase
the variability of estimators and can make them quite unattractive. See for example
Marron and Wand (1992). Similarly, one can also use the infinite order sinc kernel,
which has the appealing theoretical property that it adapts automatically to the
smoothness of the curves, see Diggle and Hall (1993) and Comte and Taupin (2007).
However, the trick of the sinc kernel does not apply to the boundary setting. In
addition, this kernel can only be used when p = v = 0, since ¢%) =0Vl > 0, where
it can sometimes work poorly in practice, especially in cases where fx or m have

boundary points, see section 5 for illustration.

The next theorem establishes asymptotic normality in the supersmooth error case.
In this case, the variance term is quite complicated and asymptotic normality can
only be established under a technical condition, which generalizes Condition 3.1 (and
Lemma 3.2) of Fan and Masry (1992). This condition is nothing but a refined ver-
sion of the Lyapounov condition, and it essentially says that the bandwidth can not
converge to zero too fast. It should be possible to derive more specific lower bounds
on the bandwidth, but this would require considerable technical detail and therefore
will be omitted here. In the next theorem we first give an expression for the asymp-
totic bias and variance of M) (x), defined as, respectively, the expectation and the
variance of h™"v!Z,, the asymptotically dominating part of the estimator, and where
Z,, is defined in (A.3). Then, under the additional assumption, we derive asymptotic

normality.

Theorem 3.2. Assume (3.2). Under conditions A, B and S, if h = d(2/~)"/?(Inn)~/8
with d > 1, then

11



(i) Bias{m®)(z)} is as in Theorem 3.1 and var{m™) (x)} = o(Bias*{m™) (x)});

(it) In addition, if, for U, defined in the appendiz at equation (A.5), there exists
r >0 such that, for b, = h?/Cr19 BU2|] > C}f?(a)h?PHA<1/2 "1 exp (%),
with 0 < C7 < oo independent of n, then we also have

m¥)(z) — m®¥)(z) — Bias{m®(z)

2 N.),
var{m® (z)} 0.1

When h = d(2/7)"?(Inn)~'/# with d > 1, as in the theorem, it is not hard to see
that, as usual in the supersmooth error case, the variance is negligible compared to the
squared bias and the estimator converges at the logarithmic rate {log(n)}~(+1=+)/8
if p — v is odd, and {log(n)}~®*2=)/8 if p — v is even. Again, for p = v = 0, our
estimator is equal to the estimator of Fan and Truong (1993) and thus has the same

rate.

3.3 Behavior near the boundary

Since the bias of our estimator is the same as in the error-free case, it suffers from the
same boundary effects when the design density fx is compactly supported. Without
loss of generality, suppose that fx is supported on [0, 1] and, for any integer k£ > 0 and
any function ¢ defined in [0, 1] which is & times differentiable on ]0, 1[, let g* (2) =
g®(0F)- Liz—0} + g™ (17)- Liz=1y + ¥ (z) - Lio<z<1}- We derive asymptotic normality
of the estimator under the following conditions, which are the same as those usually

imposed in the error-free case:

Condition C:
(C1)—(C2) Same as (B1)-(B2);
(C3) fx(x) > 0for z €]0,1] and fx is twice differentiable such that Hf)(g)Hoo < oo for
j=0,1,2;
12



(C4) m is p + 3 times differentiable on ]0, 1[, 72 is bounded on [0, 1] and continuous
on |0, 1[, |[[mYW||e < 0o on [0,1] for j = 0,...,p+ 3 and there exists n > 0 such
that E{|Y; — m(z)[**"|X = u} is bounded for all u € [0, 1].

We also define py(z) = ff;};)/h 7" K (z)dz, Sp(z) = (Mk+k/(x))0§k,k’§p’ w(r) =

{kp41(2), -+, piopia ()} T and

0<kk'<p

S (z) = { / P2 —u+ he) fx (@ — u+ he)Kup(2) Ky (2) fo (u) du dz}

For brevity, we only show asymptotic normality in the ordinary smooth error case.
Our results can be extended to the supersmooth error case: all our calculations for
the bias are valid for supersmooth errors, and the only difference is the variance,
which is negligible in that case.

The proof of the next theorem is similar to the proof of Theorem 3.1 and hence is
omitted. It can be obtained from the sequence of Lemmas B.10 to B.13 of Delaigle,
Fan and Carroll (2008). As for Theorem 3.2, a technical condition, which is nothing
but a refined version of the Lyapounov condition, is required to deal with the variance

of the estimator.

Theorem 3.3. Assume (3.1). Under Conditions A, C and O, if nh***?+1 — oo and
nh*** — 00 asn — oo, and e, Sz' (x)S5(x) S5 (z)e, 1 > C1h™28 for some finite
constant Cy > 0, we have

m®) (z) — mW)(z) — Bias{m™(z)}

£ N(0,1
var{m®)(z)} 0.1

vl
(p+1)!

~ (v T — * — (V!>2 1
and Var{m( )(.7:)} = ey+1SBl(x)SB(a:)SBl(a:)e,,H fX + O(nh%””“)'

where Bias{fﬁ(”)(x)} = eI+1S§1($)H($) m(p+1)(x)hp+1—u + o(hPY)
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As before, the bias is the same as in the error-free case, and thus all well known
results of the boundary problem extend to our context. In particular, the bias of the
estimator for p — v even is of order h?T'=¥  instead of hPT27¥ in the case without a
boundary, whereas the bias of the estimator for p — v odd remains of order hP*17,
as in the no-boundary case. In particular, the bias of the estimator for p —v = 0 is of
order h, whereas it is of order h? when p — v = 1. For this reason, local polynomial
estimators with p — v odd, and in particular with p — v = 1, are often considered to
be more natural.

Note that since, in deconvolution problems, kernels are usually supported on the
whole real line (see Delaigle and Hall, 2006), the presence of the boundary can affect
every point of the type x = ch or x = 1 — ch, with ¢ a finite constant satisfying

0 <c¢<1/h. For x = ch, it can be shown that

!
Bias{im(2)} = e,,, 85" (x)u() ﬁm@*”(o*)hﬁl—v +o(h ),
p !
whereas if x = 1 — ch, we have
!
Bias{m")(2)} = e, 85" (v)p(x) ﬁm@m(rmfm—v + o(RPF17Y).

4 Generalizations

In this section, we show how our methodology can be extended to provide estimators
in two important cases: (a) when the measurement error distribution is unknown;
and (b) when the measurement errors are heteroscedastic. In the interest of space we

focus on methodology and do not give detailed asymptotic theory.

4.1 Unknown measurement error distribution

In empirical applications, it can be unrealistic to assume that the error density is

known. However, it is only possible to construct a consistent estimator of m if we are
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able to consistently estimate the error density itself. Several approaches for estimating
this density fy have been considered in the nonparametric literature. Diggle and Hall
(1993) and Neumann (1997) assume that a sample of observations from the error
density is available and estimate f; nonparametrically from those data. A second
approach, applicable when the contaminated observations are replicated, consists in
estimating fy from the replicates. Finally, in some cases, if we have a parametric
model for the error density fy and additional constraints on the density fyx, it is
possible to estimate an unknown parameter of fi; without any additional observation,
see Butucea and Matias (2005) and Meister (2006).

We give details for the replicated data approach, which is by far the most com-
monly used. In the simplest version of this model, the observations are a sample of
iid. data (Wj1, Wjs,Y;), j =1,...,n, generated by the model

Vi =m(X;) + 1, Wi =X;+Upr, k=1,2, E(n;|X;) =0, (1)
with X; ~ fx and Uy, ~ fu, |
where the Uj;,’s are independent, and independent of the (X;,Y;,n;)’s.

In the measurement error literature, it is often assumed that the error density,
fu(;0) is known up to a parameter 6 which has to be estimated from the data. For
example, if & = var(U), the unknown variance of U, a /n consistent estimator is

given by
6 =1{2(n— 1)}y (Wi — Wip = W1 +TW5)?, (4.2)

where W, = n~! > =1 Wjk. See for example Carroll et al. (2006), equation (4.3).

Taking ¢y (;8) to be the characteristic function corresponding to f(;8), we can ex-
tend our estimator of m® to the unknown error case by replacing ¢y by gbU(;é\)
everywhere.

In the case where no parametric model for f; is available, some authors suggest

using a nonparametric estimator of fy. For general settings, see Li and Vuong (1997),
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Schennach (2004a,b) and Hu and Schennach (2008). In the common case where the
error density fy is symmetric, Delaigle, Hall and Meister (2008) propose to estimate
ou(t) by ggU(t) = |n7! >y cos{it (W — ng)}‘I/Q. Following the approach they use
for the case p = v = 0, we can extend our estimator of m®) to the unknown error
case by replacing ¢y by ggU everywhere, adding a small positive number to qu when
it gets too small. Detailed convergence rates of this approach have been studied by
Delaigle, Hall and Meister (2008) in the local constant case (p = 0), where they show
that the convergence rates of this version of the estimator is the same as that of the
estimator with known f;, as long as fx is sufficiently smooth relative to fyy. Their

conclusion can be extended to our setting.

4.2 Heteroscedastic measurement errors

Our local polynomial methodology can be generalized to the more complicated set-
ting where the errors U; are not identically distributed. In practice, this could happen
when observations have been obtained in different conditions, for example if they were
collected from different laboratories. Recent references on this problem include De-
laigle and Meister (2007,2008) and Staudenmayer, Ruppert and Buonaccorsi (2008).
In this context, the observations are a sample (W1,Y7),...,(W,,Y,) of i.i.d. obser-
vations coming from the model
Yy =m(X;) +n;, W;=X;+U; E(]X;) =0,

(4.3)
with Xj ~ fX and Uj ~ fU]-7

where the U;’s are independent of the (X;,Y;)’s. Our estimator cannot be applied
directly to such data because there is no common error density fi7, and therefore K

is not defined. Rather, we need to construct appropriate individual functions Ky,
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and then replace §nk(x) and 7, k() in the definition of the estimator, by

sH —n_lzKU ka(W; — ) and ﬁsz;( —n_leKU k(W —x), (4.4)

j=1
where we use the superscript H to indicate that we are treating the heteroscedastic
case. As before, we require that E{:S'\fk(x)]Xl, ooy X} = Spk(x) and E{ﬁfk(x)]Xl,
S Xn} =Thx(x).
A straightforward solution would be to define Ky, ;. by

kl

Ko ale) =g [ ol 0) o (—4/)

where ¢y, is the characteristic function of the distribution of U;. However, theoretical
properties of the corresponding estimator are generally not good, because the order
of its variance is dictated by the least favorable error densities, see Delaigle and
Meister (2007, 2008). This problem can be avoided by extending the approach of
those authors to our context, that is by taking
oo [ A
™ n Zj:l ‘¢Uj (t/h)|

Alternatively, in the case where the error densities are unknown but replicates are

available as at (4.1) we can use instead
A 712KU kh l’) and T —n ZYKU kh ) (45)

where W; = (W, + Wj2)/2 and

k
K ( ) —k 1 —itx g()( ) dt
Ujk o € -1 Z et (Wji—Wj2)/2

adding a small positive number to the denominator when it gets too small. This is a

generalization of the estimator of Delaigle and Meister (2008).
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5 Finite sample properties

5.1 Simulation settings

Comparisons between kernel estimators and other methods have been carried out by
many authors in various contexts, with or without measurement errors. One of their
major advantages is that they are simple and can be easily applied to problems such
as heteroscedasticity (see section 4.2), nonparametric variance or mode estimation
and detection of boundaries. See also the discussion in Delaigle and Hall (2008). As
for any method, in some cases, kernel methods outperform, and in other cases, are
outperformed by, other methods. Our goal is not to re-derive these well known facts,
but rather to illustrate the new results of our paper.

We applied our technique for estimating m and m(Y to several examples compris-
ing curves with several local extrema and/or an inflection point, as well as monotonic,
convex and/or unbounded functions. To summarize the work we are about to present,

our simulations illustrate in finite samples:

e the gain that can be obtained by using a local linear estimator (LLE) in the
presence of boundaries, in comparison with a local constant estimator (LCE);

e properties of our estimator of m* for p = 1 (LPE1) and p = 2 (LPE2);

e properties of our estimator when the error variance is estimated from replicates;

e the robustness of our estimator against misspecification of the error density;

e the gain obtained by using our estimators compared to their naive versions (de-
noted respectively by NLCE, NLLE, NLPE1 or NLPE2), which pretend there
is no error in the data;

e the properties of the LCE using the sinc kernel (LCES) in the presence of

boundary points.
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We considered the following examples: (i) m(z) = z®exp(z?/1000) cos(z) and
n ~ N(0,0.6%); (ii) m(x) = 2zexp(—10z*/81), n ~ N(0,0.2%); (iii) m(z) = 2,
n ~ N(0,1.2%); (iv) m(x) = x*, n ~ N(0,4%). In cases (i) and (ii) we took X ~
0.8X7 + 0.2X5, where X; ~ fx,(z) = 0.18752%1[_9 9 (x) and X» ~ U[—1,1]. In cases
(73i) and (iv) we took X ~ N(0,1).

In each case considered, we generated 500 samples of various sizes from the dis-
tribution of (W,Y), where W = X + U with U ~ Laplace or normal of zero mean,
for several values of the noise-signal-ratio var(U)/ var(X). Except otherwise stated,

we used the kernel whose Fourier transform is given by

Orc(t) = (1= t%)% - 11y (1) (5.6)

In order to illustrate the potential gain of using local polynomial estimators without
confounding the effect of an estimator with that of the smoothing parameter selection,
we used, for each method, the theoretical optimal value of h; that is, for each sample,
we selected the value i minimizing the Integrated Squared Error ISE = [{m®)(z) —
m®)(x)}? dz, where m) is the estimator considered.

In the case where v = 0, a data-driven bandwidth procedure has been developed
by Delaigle and Hall (2008). For example, for the LLE of m, Ny, and Dy, in section
3.1 of that paper are equal to Ny = fn72§n70 — fn’1§n71 and Dy = §n72§n70 — 5721’1,
respectively; see also Figure 2 in that paper. Note that the fully automatic procedure
of Delaigle and Hall (2008) also includes the possibility of using a ridge parameter in
cases where the denominator Dy () gets too small. It would be possible to extend
their method to cases where v > 0, by combining their SIMEX idea with data-driven
bandwidths used in the error-free case, in much the same way as they combined their
SIMEX idea with cross-validation for the case v = 0. Although not straightforward,

this is an interesting topic for future research.
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Figure 1: Estimated curves for case (ii) when U is Laplace, var(U) = 0.2 var(X) and
n = 500. Estimators: local linear estimator (LLE, top left), local constant estimator
(LCE, top center), the naive local linear estimator that ignores measurement error,
(NLLE, top right) and the local constant estimators using the sinc kernel (LCES,
bottom left); and box plots of the ISEs (bottom center). Bottom right: Box plots of
the ISEs for case (i) when U is normal, var(U) = 0.2var(X) and n = 250; data are
averaged replicates and var(U) is estimated by (4.2).

5.2 Simulation results

In the figures below, we show box plots of the 500 calculated ISEs corresponding to
the 500 generated samples. We also show graphs with the target curve (solid line)
and three estimated curves (¢, g2 and g¢3) corresponding to, respectively, the first,
second and third quartiles of these 500 calculated ISEs for a given method.

Figure 1 shows the quantile estimated curves of m at (i7) and box plots of the ISEs,
for samples of size n = 500, when U is Laplace and var(U) = 0.2 var(X). As expected
by the theory, the LCE is more biased than the LLE near the boundary. Similarly,

the LCES is more biased and variable than the LLE. As usual in measurement error
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Figure 2: Estimates of the density function m® for curve (iv) when U is Laplace,
var(U) = 0.4var(X) and n = 250, using our local linear method (LPEL, left) and
the naive local linear method that ignores measurement error (NLPEL, center), when
data are averaged and var(U) is estimated by (4.2). Right: box plots of ISEs, var(U)
estimated by (4.2). Data averaged except for boxes 3 and 5. Box 2 wrongly assumes

Laplace error.

problems, the naive estimators which ignore the error are oversmoothed, especially
near the modes and the boundary. The box plots show that the LLE tends to work
better than the LCE, but also tends to be more variable. Except in a few cases, both
outperform the LCES and the naive estimators.

Figure 1 also shows box plots of ISEs for curve () in the case where U is normal,
var(U) = 0.2var(X) and n = 250. Here we pretended var(U) was unknown, but
generated replicated data as at (4.1) and estimated var(U) via (4.2). Since the error
variance of the averaged data W; = (W;; + Wj2)/2 is half the original one, we applied
each estimator with these averaged data, either assuming U was normal, or wrongly
assuming it was Laplace, with unknown variance estimated. We found that the
estimator was quite robust again error misspecification, as already noted by Delaigle
(2008) in closely connected deconvolution problems. Like there, assuming Laplace
distribution often worked reasonably well. See also Meister (2004). Except in a few
cases, the LLE worked better than the LCE, and both outperformed the LCES and
the NLLE (which itself outperformed the NLCE — not shown here).
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Figure 3: Estimates of the derivative function m®) for case (iii) when U is normal
with var(U) = 0.4var(X) and n = 500, using our local linear method (LPE1, top
left) and local quadratic method (LPE2, top center) assuming that U is normal,
using the LPE1 (top right) and LPE2 (bottom left) wrongly assuming that the error
distribution is Laplace, or using the NLPE2 (bottom center). Box plots of the ISEs
(bottom right). Data are averaged replicates and var(U) is estimated by (4.2).

At Figure 2 we show results for estimating the derivative of curve (iv) in the case
where U is Laplace, var(U) = 0.4 var(X) and n = 250. We assumed the error variance
was unknown and we generated replicated data and estimated var(U) by (4.2). We
applied the LPE1 on both the averaged data and the original sample of non averaged
replicated data. For the averaged data, the errors distribution is that of a Laplace
convolved with itself, and we took either that distribution, or wrongly assumed that
the errors were Laplace. We compared our results with the naive NPLE1. Again,
taking the error into account worked better than ignoring the error, even when a
wrong error distribution was used, and whether we used the original data or the
averaged data.

Finally Figure 3 concerns estimation of the derivative function m() in case (i)
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when U is normal with var(U) = 0.4var(X) and n = 500. We generated replicates
and calculated the LPE1 and LPE2 estimators assuming normal errors or wrongly
assuming Laplace errors, and pretended the error variance was unknown and esti-
mated it via (4.2). In this case as well, taking the measurement error into account
gave better results than ignoring the errors, even when the wrong error distribution
was assumed. The LPE2 worked better at the boundary than the LPE1, but at the
interior it is the LPE1 that worked better.

6 Concluding Remarks

In the 20 years since the invention of the deconvoluting kernel density estimator and
the 15 years of its use for local constant, Nadaraya-Watson kernel regression, the
discovery of a kernel regression estimator for a function and its derivatives that has
the same bias properties as in the no-measurement-error case has remained unsolved.
By working with estimating equations and using the Fourier domain, we have shown
how to solve this problem. The resulting kernel estimators are readily computed, and
with the right degrees of the local polynomials, have the design adaptation properties

that are so valued in the no-error case.
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A Appendix
A.1 Derivation of the estimator
We have that
(=) (-} () = / e (X; — 1) Kn(X; — 2) du
:hkeith /e—ithuukK(u) du

ik pitX; ¢9{c) (—ht),
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where we used the fact that ¢\ (¢) = i [ ¢"uF K (u) du. Similarly, we find that

— I ] k
¢{(W]‘—1‘)kLk7h(Wj—1‘)}<t) =1 kh’ke tW] (bgk)(_ht)

Therefore, from (2.4) and using E[e®™i|X;] = ¢"Xigy(t), Ly satisfies

Oy (—ht) = 9 (=ht) /du (1)
From qb(ka) (t) =" [ e™u” Ly(u) du and the Fourier inversion theorem, we deduce that

Pk () = % / et (1) dt = % / =G0 (1) by (—t/h) dit.

A.2 Proofs of the results of section 3

We show only the main results and refer to a longer version of this paper, Delaigle,
Fan and Carroll (2008), for technical results which are straightforward extensions of
results of Fan (1991a), Fan and Masry (1992) and Fan and Truong (1993).

In what follows, we will first give the proofs, referring to detailed Lemmas and
Propositions that follow. A longer version with many more details is given by Delaigle,
Fan and Carroll (2008).

Before we provide detailed proofs of the theorems, note that, since §”’k,k =

0,--- ,p represents the (v + 1) row of S, we have

p
ZSV’kSn,k—i-j =0, ifj#vandlifj=v.

k=0

Consequently, it is not hard to show that
(W)Y (@) —m ()] =

where

. ~ P m(]) ) ~
Toue) = Toale) = 30 5 0), (A2)
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Proof of Theorem 3.1. We give the proof in the case where p — v odd. The case p—v
even is treated similarly by replacing everywhere S**(z) by S**(z) — hS"*.

From (A.1) and Lemma A.1, we have

h ()" HmW (x) — m"(2)} =Z,(x) + Op(hT3), (A.3)
where
Zn(w) = 8" (@)Ts (). (A.4)
k=0

We deduce from Propositions A.1 and A.2 that the Op(hP™?) term in (A.3) is negligi-
ble. Hence, h*(v!)~[m®)(z) — m®¥)(z)] is dominated by Z,, and to prove asymptotic
normality of m®)(x), it suffices to show asymptotic normality of Z,. In order to do

this, write Z, =n~' Y"1 | U, ;, where

Un,z' = n,t + Qn,ia (A5)
p
Py =) 8" @){¥; — m(a) Kypn(W; — ),
k=0
~\ k ;mY)(z)
Qn,i = — Z Z S () i Kupyjn(Wi — ).
k=0 j=1 ’

As in Fan (1991a), to prove that

> i1 Unj —nEUn;

= N(0,1), (A.6)
v/nvarU, ;

it suffices to show that for some 1 > 0,

. E ‘Un 1 ‘2+77
lim .
Nn—00 nn/2[E U,f 1} (2+m)/2

~0. (A.7)

Take 1 as in (B4) and let x(u) = E{]Y —m(z)]*""|X = u}. We have

EIPu 7 = [ [ sto)

<Ch™ """ max || Kyl - / | Ky (w) > du < Ch~PETD=1=n,
0<k<p

Ep: hLSR () Ky, (f’f——z_“> ‘2” Fx (V) for(u) dudv
k=0
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from Lemma B.5 of Delaigle, Fan and Carroll (2008), and where, here and below, C'

denotes a generic positive and finite constant. Similarly, we have

m(z ( ) 2+4n

KUk-I—j h(W — J}) = O(hl_’g(2+n)),

E|Qn,j |2+n _ SV k;

k=0 j=1

and thus E|U,, ;|**" < Ch=PEm—1-n,
For the denominator, it follows from Proposition A.2 and Lemma B.7 of Delaigle,
Fan and Carroll (2008) that

E[U; ;] = W=7 2 (@) (7 fx) * fu(2)e, ;1871 8" S eyan = Ch* {1 + o(1)}.

We deduce that (A.7) holds and the proof follows from the expressions of E(U, ;) and
var(U, ;) given in Propositions A.1 and A.2. O

Proof of Theorem 3.2. Using similar techniques as in the ordinary smooth error case
and Lemmas B.8 and B.9 of the more detailed version of this paper (Delaigle, Fan
and Carroll, 2008), it can be proved that (A.3) holds in the supersmooth case as well,
and under the conditions of the theorem, the Op(h*™3) is negligible. Thus, as in the
ordinary smooth error case, it suffices to show that, for some n > 0, (A.7) holds.

With P, ; and @, as in the ordinary smooth error case, we have
E|P,i|>t" <Ch ™" max ||Kp|™, - /|KU7k(u)|2du
0<k<p

<SCRPEH= N exp{(2 +m)h =7 7},

E|Qn """ <Ch max /|Km<: ()7 dy < CR=ED  exp{(2+m)h ™7 /73,

1<k<

with Oy = fy-1{y < 1/2}, where, here and below, C' denotes a generic finite constant,
and where we used Lemma B.9 of Delaigle, Fan and Carroll (2008). It follows that
E[UZ") < ChP%@+W=1=1exp{(2 + n)h~? /v}. Under the conditions of the theorem,
we conclude that (A.7) holds for any n > 0 and (A.6) follows. O
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Lemma A.1. Under the conditions of Theorem 3.1, suppose that, for all 0 < k < 2p,
we have, when p—v is odd, (nh) Y2 {R(Ky)}? = O(hP*1) and when p— v is even,
(nh) "V R(Kyy)}'/? = O(hP+?). Then,

p p

> S @) T () = R (@) Ty (x) + Op (PP, (A.8)

k=0 k=0

where RV (x) = SY*(x) if p— v is odd and R¥*(x) = S"*(x) — hS"*(x) if p — v is
even, and where S™ denotes fk(m)f)}%x)(s_lgs_l)i,j.

Proof. The arguments are an extension of the calculations of Fan and Gijbels (1996),
pages 62 and 101-103. We have

T:(2) = B{T} 1 (x)} + Op [y/var{T2,(x)}].

By construction of the estimator, F [ﬁifk(x)] is equal to the expected value of its error-
free counterpart Ty () = Tox () — 220_o b7 (j) ~'mW) (2) Sy y(2), which, by Taylor

expansion, is easily found to be

(p+1)
BT (@) =" ) (@)t b7

(p+1)!
(P+1)( ) (P+2)( )
m x m x
+ [— () 4 ——2
Since K is symmetric, it has zero odd moments, and thus E[T}; , (x)] < h** if k4 p

(p+1)! Fx (@) | rgpya B2 + o(RPT2). (AL9)
is odd and E[T;k(x)] = hP*2 if k 4 p is even. Moreover,

var{ T, (x)} = var {To () — m(w)S, 4 (x) - Z B (7)) m 9 () S () }

:O[var{fmk(x) - m(x)gnk(x)}] +0[ Z Var{§n7k+j (2)}]

—O{R(Kyy)/(nh)} + Of Z R(Kuyjix)/(nh)},
where we used

~

var( T () = m(2) S p(@)] <(nh*) " E[{Y — m(2) K, {(W - 2)/h}]
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—(nh?) " E(B[{Y = m(@) K (W —2)/h}|X])
=) B (T(X) K3, {(W - 2)/h}] X])

i) [ [ )82 40+ u— )/} e o) dy du
<(nh) 7|72 x|l R (K1)

and results derived in the proof of Lemma B.1 of Delaigle, Fan and Carroll (2008).

Using our calculations above, we see that when k + p is odd,
T u(x) = ek 4 op(PHY)
whereas, for k + p even,
Tr . (2) = eoh?*? 4+ op(hPH?),

where ¢; and ¢, denote some finite non zero constants (depending on x but not on n).
Now, it follows from Lemmas B.1 and B.5 of Delaigle, Fan and Carroll (2008) that,
under the conditions of the lemma, S = fx(2)S + hf(2)S + Op(h?). Let T denote

the identity matrix. By Taylor expansion, we deduce that
={fx()S + hfy ()8} + Op(h?)
=(I + hfi(0)fx' ()87 8) 'S 5! (@) + Op(h?)
=S~ [ (2) = hST'SS T [y (2) () + Op(h?).
Thus we have S = §% — b8 + Op(h?), where, due to the symmetry properties

of the kernel, S* = 0 when i + j is odd, whereas S/ = 0 when i + j is even. This

concludes the proof. O

Proposition A.1. Under Conditions A, B and O, we have, for p — v odd

!
(p+1)!

EWh"7,] = eV_HS 7 m(p+1)(a:)hp+1_V + o(RPTFY)

and, for p — v even,

(p+ 2)m(p+l)(x)f/X—(:U) + mPt) ()| R

EWh"2,] = V+1S .U( Fx ()

V!
p+2)!
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_ S 1SS mp+1 fX(x) hp+2—u +O hp+2—1/ ]
Proof. From (A.4), we have E[Z,] = Y)_  R"*(x)E[T} (x)], where E[T}(x)] is

given at (A.9) . It follows that

- gy )

Z Tl)fX(x)Nk+p+lhp+l

k=

m®+D (¢ . m®+2) -
+ Z Sz/k: [ = 1() )f (%) + @Té)')fx(m)] ,uk+p+2h

d (p+1)
y m x
- E Sy’k(w)@Tl()RfX(ﬂf)MHthpH +o(h"*?).
k=0 ’

Recall that S”*(z) = 0 unless k + v is even and $**(z) = 0 unless k + v is odd, and
write k+p=(k+v)+(p—v). f k+viseven and p — v is odd, or if k4 v is odd
and p — v is even, then k + p is odd and thus py1pi2 = 0. If K+ v is odd and p — v

is odd, or if £ + v is even and p — v is even, then using similar arguments we find

Prtp+1 = 0. L

Proposition A.2. Under Conditions A, B and O, we have

—v 1gxg-1e W) (T fx) * fulx) 1
var(vlh™ Z,) = e,,187' 8" 5 e, 12 (z)nh?B+2v+1 + O<nh25+zy+1>'
Proof. Let U, as in the proof of Theorem 3.1. We have
var(U, ;) = var(Py;) + var(Qn.) + 2 cov(Pri, Qn.i)-

We split the proof in three parts.
(i) To calculate var(P,;), note that

EH{Y; — m(z)}Kypn(W; —2)] = /{m(x + hv) — m(z) }o" K (v) fx (2 + hv) dv
=0(h),
and, noting that each Ky is real, we have,
E{Yi=m(@)} Kuxn(Ws = 2) Ko (Wi — 2)]
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:/E[{Yi —m(2)}*|X = 0] E[Kun(Wi — 2) Kuw n(W; — 2)| X = 0] fx(v) dv
// V) Kypn(v+u—2)Kypp(v+u—2z)fuu)fx(v)dudo
07t [[ P2z - Kt >Kw< o) (o 4+ b — ) dudz
b B ) ¢ folw) (D9 o [P 00 0 dt o),
where we used (B.1) of Delaigle, Fan and Carroll (2008), which states that
Tim h? / Kak(v)KU,k/(v)g(x — hv) dv
—irt )LD [ ol o) a
with ¢ as in (3.1). Finally
cov [{Y; = m(a)} Kupn(W; — x), {Y; m(x)}Kw (Wi — )|
h I L) fola) ()T [P 008 1) dt o),
and thus

var(P, ;) =h™ "1 (1 f stk )SYH ()85 o + o(h™7).

ook =
Now (5*9,...,5"P) = e} ,S7! f5'(x),which implies that
var(P) =h™ 71 [ (2) (7 fx) * fu(2)e, 1 8718 S ey + (R,

(1) To calculate var(Q,;), note that E{Kyr;n(W; — 2)} = [*"TK(©v)fx(z +
hv)dv = O(1) and |E{Kp x4 jn(Wi — ) Kypr 1y n(Wi — 2)}| = O(h=?71), by Lemma
B.6 of Delaigle, Fan and Carroll (2008), which implies that

cov{Kuksjn(Wi — @), Kypsy (Wi — )} = O(h™71)

and var(Q,,;) = O(h=2%*1), which is negligible compared to var(B,).
(i73) We conclude from (i) and (4¢) that var(U, ;) = var(P,;){1+ o(1)}, which proves
the result. ]
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B Supplementary material of the long version of

the paper — not for publication

B.1 Ordinary smooth errors

Lemma B.1. Under Conditions A and B, if R(Kyy)/(nh®) — 0 as n — oo, we have

Sn(@) = fx (@) + b (@) s + Op(h*) + Op{y/ R(Kuy)/(nh) }.

Proof of Lemma B.1. By construction of the estimator, we have

-~

E[Spi(z)] = /(u — )W K (u — 7) fx (u) du
_ / Fi(@ + Bt K (v) do
= fx (@) + Py (@) ppr + O(h?).
Let Vi(z) = Kyp{(W — x)/h}. Then
~ 1

var[S, ()] = WE[V;E(@]

1

- B @)

where
BIVA@)] =h [ K2 () + ) du < bl fr o RO
We deduce that var [§nk(x)} = O{R(Kyy)/(nh)} + O(n™"') and

~ ~ ~

Sn’k<l’) :E[Sn,k(l’)] + Op( Val"[Smk(ZL’)])

=[x (@) + hfy (@) g + O(h*) + Op{y/ R(Kux)/(nh) }.

[
Note that, it follows from (3.1) that there exists M > 0 such that, for all |t| > M,
S < lou(t)] < 2t~
Pl < 6ty 1) < 21| >
The next six lemmas are useful to prove the main results.
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Lemma B.2. Suppose that th Moo < o0, Hd) P < o0, Gult) # 0 for all t,
1641]o < 00 and [ [1t° + [P [|6% ™ (1) + oW (1)|] dt < 0o. Then, we have

h?P| Ky k(2)|? < emin(1, |z]72).
Proof. By integration by parts, we have, for all &k
L[ e O)
K —k: —itx K dt
uil®) =50 /6 du(—t/h)

O S B A () NS W YT c (31t 2AL)
= iz / e T i / Ty S PR

=I+11,

where

k+1)
—ztx dt‘
27Ty;c\ ‘ / t/h

|¢“‘?“<>|dt+ 1 iG]
2w|x| aearn 100 2w 2] Susamn G0 (t/h)]
1 1 aslOl]
) o dt + dt
<l oo gy [ OOl o |
<L D (1)) dt + hP 2 #1700 (1)) dt
|| [t|<Mh ’ ‘ [t|>Mh
<h—+h B2
2] rx\
<ch~ s
|:cr

For the second integral we have

—ztcc (t ( t/h‘
“ ol \h‘/ b (—t /) g
6% (1)] - |63, (t/h)] 1 6% (1] - |} (t/h)]
<2w|x\h/|t.gm ERODIE d”zmmfwh oumpE

oy 1 (k)
< ot 0ol o Ol [ 1o 0l




dt

L] / [0 ()] - 2¢5[t/h| !
2rc| x|l = nin %hﬁ/h\_%

<Clz|™ + Ch™P|z|™
<Ch™ Pz,
where, here and below C' > 0 denotes a generic finite constant. We conclude that
WP\ Kyi(2)|? < Cla| ™2
On the other hand we also have that

Kui()l < o ’¢U(t/h)|

O

Lemma B.3. Suppose that ||¢9§)||OO < 00, ¢u(t) #0 for allt, [ ]t|5|¢ (t)] dt < 0.

Then, we have

lim 7P Ky (o) =i~ —/ e 1|4 (

n—oo

Proof. We have

(k)
R0 maxy<an |05 (1)] 2 0w
hole ¢U(t/h) < h? min|t\<M |¢U(t)‘ 1{\t|§Mh} + Z|t|ﬁ|¢K (t)|1{|t\>Mh}

maxy<u |9 (1)]
minp < | ()|

2 k
Lizan + - 1710 ()],

which is integrable, and where, here and below, C' > 0 denotes a generic finite constant
and with ¢ given in (3.1). We deduce by the Lebesgue dominated convergence theorem
that

k
lim W’ Kyp(z) = lim i—kpe L / e_mi dt
n—o0 ’ n—o0 2T ( t/h)

—k 1 —itx ’t‘B¢K ( )
= e <rt|/h>%y< 7y Heny

—k_ / —ztx|t|ﬁ¢




Lemma B.4. Assume that the conditions of the above two lemmas are satisfied for k
and k' and let K,(z) = h** Ky (x) Ky (x) and g a bounded function. Then we have

at any continuity point x of g

nh—{glo hw/Kak(v)KU,k/(v)g(x — hv) dv
e, yewd(@) 1 28 (k) o(K)
=ik P EE e il 00 0) i (B.1)
with ¢ as in (3.1).

Proof. 1t follows from Lemma B.3 that

] —k—Fk' 1 —itx k —itx K’
lim Ko) =i s [P 0 de [ o 0
We also have, from the last line of the proof of Lemma B.2 that

sup | K, ()] < K*(x)

where K*(z) = C'min(1, |z|~2) is such that [ K*(z)dz < oo and lim, . [2K*(z)| =
0, and C' denotes a generic finite constant. Therefore, from Lemma 2.1 of Fan (1991a),

we have, at any point  of continuity of ¢

—pw9(@) 1 —itx (k) 1 —isz (k')
i c? / <27T /6 |t|ﬁ¢ ®) dt) (% /6 |S|ﬂ¢K () ds> dr
: : 1 '
=i R (—1)7F —gg) o / #7050 ()05 (t) dt.
O

Lemma B.5. Suppose that || || < 00, ¢u(t) # 0 for all t, [[t]%¢% ()] dt < oo
and [ t|2%)¢\ (1)|2 dt < 0. Then, we have

| Kuklloe < Ch™" and /K(Q],C < Ch?%

for some finite constant C.



Proof. We have

0]
Kip(o)] <— | ——£ -~ dt
Hos)l <5z | Toult/m)
1 6D g (240l
27 Jj<mn [pu(t/h)| 27 Sy nn [Pu(t/h)
| 1 " 1 6% (t)]
< inf |pp(t 1—/ oW (@) dt + — LR
\t|§M| o(®) 27 \t|§Mh| < (1) 2m |t|>Mh §|t/h|_ﬁ
<o elason [ el
[t|<Mh [t|>Mh
<Ch+ Ch™"
<Ch™",

with ¢ as in (3.1) and where C' denotes some generic finite constant. The proof for

the other result is similar and requires application of Parseval’s theorem. Il

Lemma B.6. Suppose that, for j =k and K, ||¢(I§)||oo < 00, ¢y(t) #0 for all t, and
Ik |t|2ﬁ|¢(lz)(t)|2dt < 00. Then, we have

’/KU,k(U)KU,kI(v) dv’ < Ch™%
for some finite constant C'.

Proof. Follows from Lemma B.5, if we note that

| / Ku () K (v) do

2
< /|KU,k(v)|2dv/|KU7k/(v)|2dv:O(h_‘m).
]

Lemma B.7. Suppose that K is real and symmetric and such that, for all0 < k, k' <
’ 2
p, [1t22160 )] - |6% (1) dt < oo and )Zi:o i_kS”“”“(b%)(t)‘ > 0 on an interval

included in [—1,1]. Then, if the error is ordinary smooth of order 3 > 0, we have
e,.,S7'S* S e, 1 > C,

for some finite positive constant C'.



Proof. Under the conditions of the theorem, we have

p k'
- * — v v ! _1 !
eaﬁlsswm:§js“%*M§E%F/W%?w%WMt

k,k'=0

1
= |28
27?02/| |

>0.

P 2
Z i~k gLk k) (t)‘ dt
k=0

B.2 Supersmooth errors

Lemma B.8. Suppose that ¢y is supported on [—1,1], ||¢§?)||oo < oo, and ¢y (t) #0

for all t. Then, we have
1Kuklloe < CH? exp(h™/7) and /K?J,k < Ch2% exp(2h~7 /)

for some finite constant C' > 0 and where

Ba = o - 1{Bo < 1/2}. (B.2)
Proof. We have, for a constant M > 0 large enough,
(k) (k)

1 t 1 t

21 Jjy<nan 19U (t/h)] 27 Jn<p< 19u(t/h))|

. g 9 ! 65 (1)
< inf |pp(t 1—/ oW (1) dt + — dt

\t|§M| u(t)] 2T \t|§Mh| i ()] 27 Mh<|t|<1 %0|t/h|50 exp(—[t/h|?/7)
<o [ jdP@ld Chteh ) [

[t|<Mh Mh<|t|<1

where C' > 0 denotes some generic finite constant, and the conclusion follows from

Cft-% ], = 0(1) if By < 1
/ [t dt = ¢[m(1)];,, = O{ln(h)} = O(h%) i Gy =1
Mh<|t|<1
CtPot1],,, = O(h o+t if Gy > 1.
The proof for the other result is similar and requires Parseval’s theorem. O
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Lemma B.9. Suppose that ¢k is supported on [—1,1], ¢y (t) # 0 for all t, and, for
j=k and K, ||gz§§?||Oo < 0o. Then, we have, for By as in (B.2),

‘/Kka(U)KU’k/(v) dv‘ < ch?*% exp(2h_5/v).

Proof. Follows from Lemma B.8, if we note that

| [ Keato)Keato) o] < [ s v [ 1Kpate) o

B.3 Proofs of the results of section 3.3

Let Zy, = S0 _o " (@) T (@), Ty p(x) = Ti(@) = 320_g b (1) ') (2) Sppss () and
where S% () denotes the (i + 1,7 + 1)th element of S5*(z)fy' (z).

Lemma B.10. Under conditions A,C and O, if e).,Sg'(z)S5(z)S5' (z)e 41 >

C1h=28 for some finite constant C; > 0, we have

—v _ T -1 * -1 (V!)2 1
var(Wh ™ Z,) = el S5 (2) S5 (2) S5 (2)ev i +0<nh2ﬂ+2v+1>'

Proof of Lemma B.10. We calculate the variance of Z, = n™'Y_"  U,;, where we

used the notation U, ; = P, ; + Qn, with

Py =Y S (@){Y; — m(2)} Kypn(Wi — x)

~\ k Y (x)
Qni=—Y_ Y S (a)l Kvpeajn(Wi — ).

|
k=0 j=1 J:

We have var(U,, ;) = var(P,;) + var(Q,;) + 2cov(P,;, @Qn.i). We split the proof into
two parts.

(i) To calculate var(P,;), note that

B{Y; — i)} Kuon (Wi — 2)] = b / (i) — ()} (u — ) Ky (u — ) fc (u) du



/{m (z + hv) — m(z) W K (v) fx (z + hv) dv

and
B[V @)} K (We = 2) Ko (Wi — )
= // (2 + he — u)Kuu(z) Ko (2) fo(u) fx (@ + hz — w) dudv.
Finally
cov [{Yz‘—m( VI Ky (Wi — 2), {Y; — m(z) } Ky n (Wi — x)]
=h! // 722 4 hz — u) Ky (2) Ky (2) fu(u) fx (2 + hz — u) dudo{1 + o(1)}

and thus

var(P, ;) //MZ (z+hz—u)| ZS”’“ VKuk(z )} fo(w) fx (x4 hz —u) dudv{l + o(1)}.

k=0

Now (S%,...,5") = e, S5 () f'(x) + O(h), which implies that
var(Po;) =52 (x)el 1S5 (2)S () S5 (@)ews1{1 + o(1)}.
(¢7) To calculate var(@,,;), note that
E{KusnWi = )} = [ K@) (o + ho)do = O(1)
and
E{ Ko (Wi = 2)KarayaWi = )} = 17 [ Ko (0)Kuaoa (0 ol + o) do,
which implies that

coV{ Kukjn(Wi — 2)], Kupryjon(Wi — )}

7 [ Kiaes(0) Kooy (0) (o + ) o1 + (1))
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and

> (9) 5 ()
l,k Y L aomW () m) (z)
var(Qn;) = E E SYE(x)SYF (z) T 7 i

ke, k' =0 5,5/ =1

x coV{ Kukjn(Wi — @), Kupjn(Wi — )}

Z Z Syk: Sl/k/ )h]—l-j/m(J)( )m(Jl)(:E)

k,k'=07,5'=1 ']' ']/'
« ! / Ko (0) Ko o0(0) fur (2 + ho) dof1 + o(1)}
—o(h ),

which is negligible compared to var(P, ;).

O
Lemma B.11. Under conditions A and C, we have
=3 mP* ) (z) - pt1 pH1
E[T, x(2)] = TES] o Ix @k (1) A7+ o(RPT).
and
T m®Y (z)
E(Z,) =e, S5 (z)u(z) EPESR RPHL 4 o(RPTY).
D !
Proof. Same as in the error-free case, see Fan and Gijbels (1996). ]

Lemma B.12. Under the conditions of Theorem 3.3, suppose that, for all0 < k < 2p,
we have (nh)"Y2{R(Kyx)}*? = O(hP™). Then, we have

p
> S M) {Z S"H (@) T (@) H1 + op(1)}.
k=0
Proof. Similar to the proof of Lemma A.1, except that, here, for all k, f;k(x) =

c1hP™ + op(hPT1), with ¢; # 0 some finite constant. Therefore,

p p

3SR (2) = 3 5 @) T (@) + op{Tr, (2)),

k=0 k=0



whereas
p

> S @) T (@) = T (2) + op{T (2)},

k=0

with ¢y # 0 some finite constant, which proves the result.

Lemma B.13. Under Conditions A and C, if R(Kyy)/nh — 0, we have

Sui(@) = Jx(@)(@) + Op(h) + Op {1/ R(Kux)/(nh) }.

Proof of Lemma B.13. We have

E{S,1(z)} = / Fx(z + )" K (v) dv
(I-z)/h
-/ L U@ O K ) de

=fx(2)ui(z) + O(h).

Take Vi (z) = Kyp{(x — W)/h}. Then we have

B[S ()] = BOVE()} — o[ BV}

where
E{Vi(2)} h/K u) fw(x + hu) du

<hsup fir(o) [ |Koza(uf? du

o B0
=2r P E) [ @ mE
—h O{R(Kus)}

and we conclude as in the continuous case.
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