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Abstract: Assessing the variability of an estimator is a key component of the pro-
cess of statistical inference. In nonparametric regression, estimating observation-error
variance is the principal ingredient needed to estimate the variance of the regression
mean. Although there is an extensive literature on variance estimation in nonpara-
metric regression, the techniques developed in conventional settings generally cannot
be applied to the problem of regression with errors in variables, where the explana-
tory variables are not observable directly. In this paper we introduce methods for
estimating observation-error variance in errors-in-variables regression. We consider
cases where the variance is modelled either nonparametrically or parametrically. The
performance of our methods is assessed both numerically and theoretically. We also
suggest a fully data-driven bandwidth selection procedure, a problem which is noto-

riously difficult in errors-in-variables contexts.

Keywords: Bandwidth, kernel estimation, nonparametric curve estimation, non-

parametric regression, parametric model, statistical smoothing, variance estimation.

Short title. Variance estimation.



1 Introduction

In the standard measurement error-free setting, determining the variance of an esti-
mator of a nonparametric regression mean consists in estimating a function 7 > 0 from
data (X,Y) that are generated by the regression model Y = g(X)+7(X)Y2 ¢, where ¢
and X are independent variables, € has zero mean and unit variance, and, apart from

1/2 ¢ is gener-

smoothness assumptions, g is completely unspecified. The quantity 7(X)
ally referred to as observation error, and 7 is the observation-error variance. A variety
of methods have been developed for treating this problem, but simple techniques that
enjoy good theoretical properties are generally founded either on differencing values
of Y that correspond to nearby values of X, or on residual-based approaches.

In this paper we consider estimation of 7 in the more complex, nonparametric

errors-in-variables setting. Here the data (W1,Y),..., (W,,Y,) are generated by the

model
W=X+U, Y =ygX)+7(X)"2¢, (1.1)

where U, € and X are independent random variables, g and 7 are smooth, unknown
functions, 7 > 0, F(¢) = 0, F(e*) = 1 and the distribution of U is known.

In this context, since values of X are not observable then the popular variance-
estimation methods discussed above cannot simply be modified to provide consistent
estimators of 7. We shall develop alternative approaches based on deconvolution
techniques and describe their performance. Their properties will be discussed in cases
where 7 is estimated nonparametrically, as a function, and also when 7 is assumed
to have a parametric form. In both settings we shall give convergence rates, and in
parametric cases we shall show that our estimators are root-n consistent, provided the
variance function is a sufficiently smooth functional of the unknown parameters. Our
numerical work will attest to the good performance of the suggested new methodology.

Estimation of the observation-error variance is an important tool for statistical
inference. In the errors-in-variables context, as in the measurement error-free case,
knowledge of 7 is essential if we are to assess the variability of nonparametric estima-
tors of g such as, for example, the deconvolution-kernel estimator of Fan and Truong
(1993). Indeed, the asymptotic variance of this estimator depends on the densities
fu and fx of U and X, respectively, and on g and 7. Since fy is known, and a vari-

ety of methods for estimating fx and ¢ are readily available, then the only missing



ingredient is 7. Thus, estimation of 7 in (1.1) is central to characterising empirically
the accuracy of estimators of g.

Properties of nonparametric estimators of 7 follow relatively easily from known
results in the problem of estimating g, whereas their counterparts in the case of
parametric models are more difficult to determine. These differences, apparent for
both methodology and theory, arise because of the nonstandard way in which, in the
parametric case, we must combine an infinite-parameter model for g with a finite-
parameter model for 7.

In the measurement error-free case, the variance estimation problem has been
addressed by many authors; see, for example, the work of Rice (1984), Gasser et
al. (1986), Miiller and Stadtmiiller (1987), Buckley et al. (1988), Hall and Marron
(1990), Hall et al. (1990), Miiller and Stadtmiiller (1992), Seifert et al. (1993), Neu-
mann (1994), Miiller and Zhao (1995), Ruppert et al. (1997), Dette et al. (1998), Fan
and Yao (1998), Lavergne and Vuong (1998), Miiller et al. (2003), Munk et al. (2005),
Sheehy et al. (2005) and Tong and Wang (2005). The nonparametric estimators of
g, T and fx that we use can be expressed in such a way that, when U in (1.1) is
identically zero, they collapse to standard kernel estimators of those functions. In the
measurement error-free setting our nonparametric estimator of variance also reverts
to techniques that have been employed before.

There is a substantial literature on estimation of the regression mean, g, in errors-
in-variables problems. The book by Carroll et al. (2006) is an excellent entry point
to this work. Earlier contributions to nonparametric or semiparametric methodology
include those of Carroll et al. (1996, 1999), Kim and Gleser (2000), Lin and Car-
roll (2000), Stefanski (2000), Devanarayan and Stefanski (2002), Linton and Whang
(2002), Carroll and Hall (2004), Schennach (2004b), Delaigle et al. (2006), Huang et
al. (2006) and Delaigle and Meister (2007).

Parametric errors-in-variables regression has also received considerable attention
in the literature. References include Stefanski and Carroll (1987), Hsiao (1989),
Stefanski (1989), Gleser (1990), Nakamura (1990), Cook and Stefanski (1994), Carroll
et al. (1996), Cheng and Schneeweiss (1998), Taupin (2001), Li (2002) and Schennach
(2004a). See Fuller (1987) and Carroll et al. (2006) for a more extensive list of
references.

Sections 2 and 3 will introduce our nonparametric and parametric estimators,



respectively. Their theoretical properties will be outlined in section 4. In preparation
for an account of numerical properties in section 6, section 5 will discuss bandwidth
choice. The methods proposed there will be used throughout our applications to
simulated data. Finally, the appendix will give theoretical arguments behind the

results stated in section 4.

2 Nonparametric estimators of 7

2.1 Main estimation procedure

Known results in the problem of estimating ¢ imply simple sufficient conditions for
identifiability of 7. Indeed, if (a) the distribution of € has finite fourth moment and
zero mean, (b) the characteristic function of the distribution of U does not vanish
except at isolated points, and (c) g and 7 satisfy Holder smoothness conditions, then
the function g defined by g(x) = E(Y'|X = x) is identifiable, because it is consistently
estimated in the model at (1.1) using, for example, the methodology suggested by Fan
and Truong (1993). Likewise, if (a)—(c) hold then m(z) = E(Y? X = x) is identifiable
in the model where W = X +U and Y2 = ¢g(X) +2g(X) 7(X)'/? ¢, because it can be
consistently estimated using the same technique. Moreover, using the second identity
in (1.1) we see that we can write m = g?+ 7. Combining these properties we see that
7 is identifiable from data generated by (1.1), provided that conditions (a)—(c) above
hold.

Suppose we have a dataset D = {(W1,Y1),...,(W,,Y,)} on (W)Y, generated by
the model (1.1). As implied by the identifiability arguments in the previous para-
graph, to construct a nonparametric estimator of the variance function 7 we can first
construct nonparametric estimators g and m of the regression curves g(z) = E(Y|X =
r) and m(r) = E(Y?|X = x). Then we can take our nonparametric estimator of T

to be
7 = max (7,0), where 7 = i — g°. (2.1)

Estimation of g and m are two nonparametric errors-in-variables (or deconvolu-
tion) regression problems: in both cases the goal is to estimate a function E(V|X)

from data on (W, V), where W = X + U is a contaminated version of X. Several



nonparametric estimators have been developed in the literature, but one of the most
recent methods is the local polynomial deconvolution estimator of Delaigle, Fan and
Carroll (2009). To define their estimator, let K be a symmetric kernel function inte-
grating to 1 and with compactly supported Fourier transform ¢. Also, let ¢y denote
the characteristic function corresponding to the density fiy of U, and h > 0 be a band-
width. The gth order local polynomial deconvolution estimator of E(V|X = x), with
g > 0 an integer, is defined by

E(V|X =z) = (1,0,...,0)S;'T,, (2.2)

where S, = {S,.j+1(%) }o<jr<q and T, = {T0(2), ..., Tn4(x)}T, and with, for k =
0,1,...,2q,

1 - SL’—W]' 1 - .T—Wj

[eow /ou(-t/mde. (2.4)

. 1
Li(u) =1 k%

Replacing V; in (2.3) by Y; and Y]?, respectively, (2.2) provides the local polynomial
deconvolution estimators g and m of g and m, respectively.
Note that a version of 7 in cases where X is observed directly, without measure-

ment error, was given by Yao and Tong (1994).

2.2 Correcting for negativity

The estimator 7 is simple and straightforward, but in cases where m—g? takes negative
values, T projects them to zero, which could sometimes be viewed as an unattractive
property. In those cases, an alternative, “smoother” way to correct for negativity is

to use the estimator
7 = E{max (m! —3™,0) | D}, (2.5)

where m! and §' denote the versions of m and g, respectively, computed from a
resample of size n, drawn by sampling randomly, with replacement, from D. The
estimator 7, which can be thought of as being motivated by Breiman’s (1996) bagging
method, is a little more complicated, but when the true 7 is bounded away from zero it

less often takes the default value zero. Indeed, it vanishes if and only if, for all possible



resamples drawn from D, m! < g2, Note that we introduce the alternative estimator
7 only as a way to correct for negativity more smoothly than simply truncating to
zero. See also Figure 4 in section 6 for an application. In particular, there is no
asymptotic gain to be expected from 7 compared to 7. We shall show in section 4

that the two estimators are first-order equivalent.

3 Parametric estimator of 7

3.1 Background

Although we treat g from a nonparametric viewpoint, we may wish to use a paramet-
ric model, say 7 = 7(- | 0), for the variance, as is sometimes done in the measurement
error-free case. For example, the homoscedastic context where 7(z) = 6 is a constant,
is commonly assumed in nonparametric regression. Log-linear variance and polyno-
mial models are also in use in the measurement error-free case. See, for example,
Miiller and Zhao (1995), who survey literature on the topic, and Fan and Gijbels
(1996, p. 146). Other work using polynomial (including linear) and log-linear models
for the variance function includes that of Hasbrouck (1986), Finkenstadt et al. (2002)
and Meyer (2005). Linear models are often fitted in response to either empirical evi-
dence or physical considerations that indicate that measurement error variance is in-
creasing or decreasing as a function of the explanatory variable. Sometimes quadratic
models are used to reflect evidence that the rate of increase or decrease is varying.
The method we present below, valid in the case of models with measurement error,

is not restricted to these situations and can be used in general parametric contexts.

3.2 Estimator

Let 7 = m — ¢* be the nonparametric estimator of 7 defined at (2.1), using gth
order local polynomials of m and g, and let # € R? be the parameter of interest.
Our estimator of # relies on the following main idea: estimate 6 so as to make the
parametric estimator of 7 sufficiently close to its nonparametric version 7. Below, we
give the definition of our estimator which results from this idea. The details leading
to our definition are deferred to section 3.3. Also, to simplify the presentation we

assume throughout that the distribution of U is symmetric, and so ¢y is real-valued.



Let d = det(S,), with S,, defined below equation (2.2), and put ™ = §d and
7 = md. We suggest choosing 6 = f to solve the equation S(#) = 0, where both

sides are p-vectors and

S(0) = / {(’I:;-C/i)(l’) — 7712(:6) —7(x|0) c?(x)} (x| 0)w(z)dx, (3.1)

7(z|0) = (0/90) T(x | 0) is a p-vector, w denotes a nonnegative, compactly supported
weight function, and e , ;;l and 7% denote the diagonal-free versions of C/P, ?26/[ and
72. Here we mean that d?,P>d and 71 each comprise terms of the type " . | for
some k > 0, where the summands involve the products L;, {(x —W;,)/h} ... L; {(z—
W)/ h} for some ji,...,jr between 0 and ¢, and their diagonal-free versions are

those where these sums are replaced by » . Lt iy

Example 1 (Formula when 7 is based on local constant estimators of m and g).
When nonparametric estimators of g and m are taken to be local constant, that is

when ¢ = 0, we have

-~ 1 - ZL’—Wj

d(x)—%' Lo( . ), (3.2)
7=1

- 1 < x— W, . I o z— W,

Tl(x):%;YjLo( . ]>, TQ(ZE):%;}/J»L()( . ]) (3.3)

and S(f) = 0 can be written as:

S 1= - (e} (T ) Lo ) £ 6) wle) d o,

J17#72

Example 2 (Estimator when 7(z | 0) is a polynomial). In this case, § = (6y,...,0,)"
is a p-vector, 7(z|0) = 61+ 60 x+ ...+ 0, 2P and the estimator takes a particularly
simple form. Since 7(z|6) = (1,x,...,2P~1)T, the equation S(f) = 0 has the form
MO —V =0, where M = (M;;)1<ij<p is a p X p matrix with components equal to
M; = [ d(x)z™2w(x)de, and V = (V4,...,V,)T is a p-vector whose components
equal V; = [ {(7;21)(1‘) — 7% (z)}a’ " w(z) dr. Thus, as long as M is invertible, we
can write our estimator in the familiar form 8 = M~1V. Note that, although the
formula does not depend explicitly on the order ¢ of the local polynomial estimators

of m and ¢, the estimator ) depends on ¢ through 75, d and 1.
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As in the nonparametric case, once we have obtained the estimator é\, we need to
correct for negativity of the variance estimator 7(z; (/9\) As in section 2, we can do that
in at least two ways. The first, simplest way is to take max{0, 7(x; 5)} The drawback
of this approach is that it projects negative values to zero in a rather abrupt way.
An alternative and smoother way of correcting for negativity is to use the resampling

procedure of section 2.2, that is to take

7(x; 5) = B[ max {7(z; gT), 0} | D], (3.4)
where @ denotes the version of 6 computed from a resample of size n, drawn by
sampling randomly, with replacement, from D. Although we will not study theoretical
properties of this estimator, it can be proved, as in the nonparametric case, that it
is first-order equivalent to the estimator 7(x; (/9\) For a numerical comparison of the

two ways to correct for negativity, see Figure 4 in section 6.

3.3 Motivation of the estimator

To understand the motivation for our estimator, first consider estimating 6 by the

vector which minimises the following least-squares criterion:

Ay(0) = / (F@) — (] 02 v1(z) da (3.5)

where vy is a weight function. In its most general form at (3.5), the least-squares
distance A;(#) is simple to understand, but it involves the ratio of random variables,
which is not particularly attractive. To overcome this problem, take v; = dt vy for a
function v,. Then, recalling that 7 = m — g2, where § = ?1/6/1\ and m = ?Q/c/l\, (3.5)
becomes

2

Ag(e):/{@(@ J(x)—?f(x)—f(me)c?(x)} va(z) da, (3.6)

which no longer involves a ratio. Next we take the diagonal-free versions of 75 c?, T2
and d? (it can be proved, employing arguments similar to those we use in our proofs,
that this improves the theoretical properties of the resulting parametric estimator),

so that (3.6) becomes

26) = [{rad)(e) = 72w) = (0| 0) @)} vale) da.



To find the value of 6 that minimizes As(6), it remains to differentiate A,(#) with

respect to the vector 6. Proceeding that way, we get

/ {(77500(96) — 2 (z) — 7(x|0) cP(x)} d*(z) (] 0) va(x) dz = 0.

Defining w = vy d* we deduce that 6 solves S(6) = 0, where S(6) is given by (3.1).
To appreciate why removing diagonal terms can improve performance it is instruc-
tive to consider a much simpler problem, where we wish to estimate ¢ = E{f(X)}
(with X denoting a random variable with density f), using data X3,..., X, drawn
from the distribution with density f. One approach would be to construct a con-
ventional kernel density estimator, J/C\, evaluate it at X;, and average this quantity
over i = 1,...,n. It is readily seen that the diagonal terms contribute an amount
¢ = K(0)/nh to this estimator, where K denotes the kernel function and h is the
bandwidth. Of course, ?' bears no relationship to the value of v, and if this term is
removed then the performance of the estimator is improved. The same phenomenon
is observed in a number of other problems, including the one treated in our paper:
to first order, diagonal terms contribute only to bias, and their removal improves

performance. In the case of our problem we obtain root-n consistency if the diagonal

terms are dropped, but not otherwise.

4 Theoretical properties

4.1 Properties of 7, defined in (2.1)

Properties of our nonparametric estimator 7 at (2.1), using gth order local polyno-
mial estimators of m and g, follow easily from the results of Delaigle, Fan and Carroll
(2009). As usual in deconvolution problems, the asymptotic behaviour of the estima-
tor depends on the type of error that contaminates the data. Generally a distinction
is made between ordinary smooth and supersmooth errors. The latter are such that
the characteristic function ¢y decreases exponentially fast in the tails, and for these
errors it is well known that estimators converge at slow logarithmic rates. For the
sake of brevity we give only properties of our estimator in the ordinary smooth case,

where ¢y decreases polynomially fast in the tails. That is, we assume that the error



density fy is such that ¢y satisfies
do (1+ [t))™ < |¢u ()] < di (L +[t])™ for all t € R, (4.1)

for constants d; > dy > 0 and o > 1/2. Properties of our estimator in the super-
smooth case can be derived easily from Delaigle, Fan and Carroll (2009).

We assume the same regularity conditions as Delaigle, Fan and Carroll (2009).
More precisely, let 75(z) = var(Y?|X = ) and ¢x(t) = F(e™). We assume that the
following conditions are satisfied:

Condition A:

(A1) ¢u(t) # 0 for all ¢;

(A2) h — 0 and nh — o0 as n — o0;

(A3) [lox| < oo and fx is twice differentiable and ||f)(g)||Oo < oo for 7 =0,1,2;
(A4)

A4) 7 and 15 are bounded; m and g are ¢ 4+ 3 times differentiable such that, for
j=0,....,¢+3, |ImYP||w < oo and ||g")||.e < oo; and, for some n > 0,
E{]Y; — g(z)*""|X = u} and E{|Y;> —m(z)|*""|X = u} are bounded for all u;

(A5) K is a real and symmetric kernel such that [ K(z)dxz = 1 and has finite mo-
ments of order 2¢q 4+ 3; for £ = 0,...,2¢ + 1, ||¢(Kk)||oo < oo and [ {]t|* +
1"} 0l (1) dt < 005 and, for 0 <k, k' < 2q, [ P16 (0] - [0 (8)] di < oo

and ¢9§) is not identically zero.

Asymptotic properties of our estimator are given in the next theorem. The proof

is omitted since it follows from Delaigle, Fan and Carroll (2009).

Theorem 4.1. Assume that the errors satisfy (4.1). Under Condition A, for each x
for which fx(x) >0,

(1) if q is even and h = const. n~1/(2a+2a+5) " then
T(x) =7(z) + O, (n_(q+2)/(2a+2‘”5)) ; (4.2)
(i1) if q is odd and h = const. n~'/(2a+24+3) " then

F(x) = 7(x) + O, (n~ 4T/ Cot2at3)) (4.3)

10



Although the asymptotic rates given by the theorem improve as we increase ¢,
in practice increasing ¢ implies an increase in the variance of the estimator, and the
versions of the local polynomial estimator that work the best are the local constant
and the local linear ones. In our numerical work we use the local linear version of the
estimator.

Note that Theorem 4.1 describes the behaviour of the estimator at (2.1) in the
case where the design density is continuous; in this context, the rates are the same
(i.e. n=2/ (2a+5)) whether we use the local constant estimator (¢ = 0, corresponding
to the estimator of Fan and Truong, 1993) or the local linear estimator (¢ = 1) to
estimate m and ¢g. In the case where fx is compactly supported and is not continuous
at the boundary of its support, these rates deteriorate to 7(z) = 7(z)+0,(n/(2e+3)
in the local constant case and remain 7(z) = 7(x) + O,(n~%/(22*9) in the local linear

case.

Remark 1. As already noted in Delaigle, Fan and Carroll (2009), as usual in non-
parametric smoothing, many variants of these theoretical results exist. For example,
in the local constant case we could use high order kernels, or even the infinite order
sinc kernel. When fx, m and g, and their relevant derivatives, are continuous on
the whole real line, the sinc kernel has the advantage that it adapts automatically to
the smoothness of the curves, in the sense that it produces an estimator with bias
determined by the level of smoothness of the curves rather than by the kernel. See e.g.
Diggle and Hall (1993) and Comte and Taupin (2007). However, when the curves
have boundary points, the sinc kernel loses its theoretical advantages. In practice, the

sinc kernel tends to suffer from problems such as the Gibbs phenomenon.

4.2 Properties of 7, defined in (2.5)

Under sufficient assumptions, it can be proved that the estimators 7 and 7 are first-
order equivalent. We give the conditions and state the result for the case where m
and ¢ are estimated by a local constant estimator (¢ = 0). The arguments can be
extended to the more general version of the estimator where 7 is based on ¢th order

local polynomial estimators with ¢ > 1. Assume that:

11



T, in (2.5), is computed as 7 = B~ 3", max(m) — §i2,0), where ) and

ZJ\Z are both computed from Dg for 1 <b < B; DI, e ,DL are resamples

of size n drawn by sampling randomly, with replacement, from D; the (4.4)
B resamples are independent, conditional on D; and B = B(n) diverges

with n at such a rate that, for all sufficiently large n, B < n“® where

0 <y < o0.

Assume too that

|01 /|ou ()] < Co (L+[t))~, (4.5)

where C) denotes an arbitrarily large positive constant; this condition generalizes
condition A,,,;(i) of Fan (1991a). Under these assumptions, the following theorem

holds. A proof is given in appendix A.2.

Theorem 4.2. Under the conditions of Theorem 4.1, if (4.4) and (4.5) hold, then

at each point x for which fx(x)7(x) >0, we have
F(x) — 7(x) = 0, (n 19 . (4.6)

Theorem 4.2 shows that the estimators 7 and 7 are first-order equivalent, since
the rate at (4.6) is faster than that rate at (4.2). It can also be proved that in cases
where fx(x) > 0 but 7(x) = 0, 7(x) generally has higher asymptotic bias than 7(x),
although smaller asymptotic variance. In this setting the distributions of 7(x) and

7(z) are not asymptotically normal.

Remark 2. Condition (4.4) implies that B is no more than polynomially large as a
function of n. This restriction is imposed to ensure that very unusual resamples, for
example resamples that consist only of a single data value, arise only with particularly
small probability. It protects against aberrations that would affect first-order properties
of T when, for example, the resample is such that the denominator of T gets too close
to zero. The condition on B could be avoided by introducing a ridge parameter in the

denominator of T.

4.3 Theoretical properties of the parametric estimator

Under sufficient regularity conditions, the parametric estimator introduced in section

3 has the standard parametric root-n convergence rates, despite the fact that some

12



quantities involved can be estimated only nonparametrically. As in the previous
section, due to the complexity of the arguments in the general local polynomial case,
we state the conditions and results in the local constant case, where g = 0.

Let || - || denote the usual Euclidean metric on p-variate space, let §y be the true
value of 6, write fx for the density of the design variable X in (1.1), and define the

p X p matrix

My = /fX | 00) #(x | 00)T w(x) da (47)
We assume the following conditions:

Condition B:

(B1) the weight function w, in (3.1), is bounded, nonnegative and vanishes outside a

compact set;
(B2) K is bounded and symmetric, ¢y is compactly supported, [(1+|z|*)|K (z)|dz <
oo where & is a positive integer, [ K =1 and [ 27 K(x)dz =0 for 1 < j < &;
(B3) the variance model 7(x |6) has d; + 2 > 4 derivatives with respect to 6, where

each derivative is bounded uniformly in z in the support of w, and in 6 such
that ||0 — 6y]] < C, for some C' > 0;

(B4) for an integer dy > 1, each of the functions fx, g, 7(-|6y) w and 7(x|60y)w
has max(ds, k) derivatives, uniformly bounded on compacts; and each of the
functions fx, fx g, fxm, 7(-|6y)w and 7(x|6y) w has max(ds, k) absolutely

integrable derivatives, where integration is over the whole real line;
B5
B6
B7
B8

|¢u(t)| > const. (1+[t[)~ for all real ¢, where 0 < v < do — 1, and sup fy < oo;
E{g*"(X)} + E{m*(X)} < 00 and E(&?) < oo;

the p X p matrix M, in (4.7), is nonsingular;

(
(
(
(

~— ~— ~— ~—

for k as in (B2), and €, denoting a positive sequence such that n'/?e, — oo as
n — 00, the following properties hold: h = h(n) — 0 as n — oo, h* = o(n~/2),

n~t h21%20) 5 0 as n — oo, and €t h~0+29) 5 0 as n — oo,

Note that, for each o > 0 and each sequence ¢,, we may choose « (the order of the
kernel, K’; see (B2)) and d; and dy (which determine the smoothness of the model and
of the weight function w; see (B3) and (B4)) so large that (B8) holds for bandwidths
h that enjoy a variety of different orders of magnitude, and such that the condition

o < dy — 3 in (B5) obtains. Under these assumptions, the next theorem shows that

13



our parametric estimator has the usual \/n rate of convergence. Its proof is given in

appendix A.3.

Theorem 4.3. Assume that Condition B holds. Then: (i) With probability converg-
ing to 1 as n — oo, there exists at least one solution 0 of the equation S(0) = 0
satisfying |0 — 6ol| < €n, where S(6) is as at (3.1). (ii) There exists a positive
semi-definite, symmetric matriz ¥ such that, for any such solution, n'/? (@\— o) is

asymptotically normal N(0,Y).

Under stronger conditions than those imposed in the theorem it can be proved
that, with probability converging to 1, a solution of S(f) = 0 exists and is unique.
However, even with the assumptions in Theorem 4.3, any of the solutions identified
there has the same first-order properties as any other, and so none is preferable to
any other in a first-order sense.

The covariance matrix ¥ is identified in Step 7 of the proof in section A.3. In
the particular case where the variance function 7 is a polynomial, where (with prob-
ability 1) the equation S(6) = 0 has a unique solution, part (i) of the theorem is not
relevant. Part (ii), where 0 is taken to be the uniquely defined estimator, holds under
conditions B if assumption (B3) is dropped and if the constraint e h—(+20) 5 0 ig

removed from (BS).

5 Bandwidth selection

As for any smoothing method, the success of our estimators relies heavily on using
an appropriate smoothing parameter. Data-driven bandwidth selection in errors-in-
variables regression is particularly challenging, and the approach suggested here is
based on bootstrap methods and the simulation-extrapolation algorithm (Cook and
Stefanski, 1994; Stefanski and Cook, 1995). It has points of contact with a method
developed by Delaigle and Hall (2008a) in a different setting. The main similarity
is that we borrow the SIMEX method, but there are more than a few dissimilarities
because, in the current problem, we are estimating a variance function rather than a

regression mean.
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We develop two new simulation-extrapolation type bandwidth selectors, based
on estimating the mean integrated squared error, denoted by MISE, and the mean
squared error, or MSE, of estimators at higher levels of errors. Given the difficulty
of developing bandwidth procedures in the errors-in-variables context, our new band-
width selectors are of independent interest. They can be applied to other errors-in-

variables problems.

5.1 Bandwidths for the estimators in section 2

Let hopt denote the bandwidth that minimizes weighted mean integrated squared
error, MISE = E [(7 — 7)?w, where w is a weight function. Estimating hep by
directly attempting to estimate the MISE would be very difficult, so we develop an
alternative approach. The idea is to create samples which contain higher levels of
errors, develop estimators of bandwidths associated with two corresponding variance
estimation problems, and then, using the relation that exists among the various levels
of errors, deduce an estimator of hgp. Higher-level versions of the variance problem
are created as follows:

1. Generate a sample U7, ..., U from the error density fi;, and construct the sample
Wi, .., Wy where Wr =W; + U for j =1,...,n.

2. Generate a sample U™, ..., U from fy, and construct the sample W™, ... W>**
where Wi =Wr+ Ui for j=1,...,n.

= _ (g™)? corre-
sponding to the new data, where ¢*(z) = E(Y |W = z), m*(x) = E(Y?|W = z),
g*(x) = EY|W* = z) and m**(z) = E(Y?|W* = ). Let 7* and 7 denote

3. Define the variance functions 7% = m* — (¢*)? and 7 = m

the deconvolution estimators of 7% and 7°* from the contaminated data (W},Y})
and (W;*,Y}), respectively, and let hj,, and h%; be the bandwidths that minimize
MISE* = E [(7* — 7*)? w* and MISE™ = E [(7** — 7**)? w**, respectively, where w*
and w** are weight functions.

Unlike the original problem, in these two problems with higher levels of errors the

“measurement error-free data,” (W,Y’) and (W*,Y) respectively, are available, and

thus we can construct standard measurement error-free, difference-based estimators
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71 and 755 of 7F and 7*; see section 6.1 for details, and see Rice (1984), Buckley et
al. (1988), Hall et al. (1990), Miiller and Stadtmiiller (1992) and Seifert et al. (1993)
for discussion of that method. Being based on a conventional regression problem with
no errors in variables, these estimators converge to the correct values at a much faster
rate than do 7* and 7**, and so can be used, to first order, to represent the “truth” in
a model for the more difficult, errors-in-variables regression problem for which 7* and
T were Computed. With this in mind we estimate MISE* and MISE™ by I/SJ\E*(h) =
147 (z;h) Y2 w*(x) de and ISE  (h) = [{75(x) — 7*(2;h)}2 w*(z) dz. To
avoid too strong dependence of the particular resamples generated, we repeat steps 1
and 2 B times, to generate B resamples; we calculate ISE and ISE™ for each of the B
samples, to obtain I/SEZ and I/SEZ*, b=1,...,B; and we take MISE = B! > ISE;
and MISE = B~'Y>, ISE}.

From there, to obtain an estimator of hp, the idea, which we borrow from the
simulation-extrapolation algorithm, is that W** measures W* in the same way that
W* measures W and W measures X, so that we can expect the relation between

haye and hy

opt t0 be similar to the relation between R and hop, that is hgs /by ~

hs oo/ hopt- Motivated by these ideas, we propose estimating hop; by ﬁopt = (hgpt) / his
This last step relies on the fact that h opt and h*pt are asymptotic to constant multiples
of the order of the optimal bandwidth, and the ratio ( i)’ / hiyg is also asymptotic
to that order. See also Remark 3. Rigorous theoretical justification can be obtained
using arguments similar to Delaigle and Hall (2008a,b). Practical implementation is

illustrated in section 6.

Remark 3. (Justification of bandwidth-choice rule). Note that both h opt and h*l*)t are
selected to minimise mean integrated squared errors in simulated errors-in-variables
problems. Since, by construction, the latter problems share the same values of a and
q as the original one, they enjoy the same rates of convergence, n~Y2at2a+3) 4f 4
is odd and n~Y/(et24+5) if o is even, of the optimal bandwidth. Therefore, the ratio
( o) /h % also has this rate. This was established by Delaigle and Hall (2008a,b) to
be the case in a related setting, and indeed the property is at the heart of the widely

used SIMEX method for solving deconvolution problems. The constant multiplier will
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generally not be the optimal one, and in fact, obtaining the optimal constant seems to
be an especially challenging empirical problem, perhaps without a practicable solution.
Howewver, the constant determined by the ratio (ﬁ;pt)z/ﬁggt seems to be satisfactory in

many Settings.

5.2 Bandwidths for the estimator in section 3

Using ideas similar to those in the previous section, we suggest choosing the band-
width required to calculate 0 as follows. For b = 1,..., B, the steps are as follows:
1-2: same as in section 5.1.

3. Define the variance functions 7% and 7** as in section 5.1. Let 7(- | 6*) and (- | 6**)
denote the parametric deconvolution estimators of 7* and 7** from the contaminated
data (W, Y;) and (W:*,Y]), respectively.

4. Let 7(- | 6%) and 7(- | %) denote measurement error-free, difference-based paramet-
ric estimators of 7 and 7%, based on the data (W;,Y;) and (W}, Y}), respectively.
5. Find the bandwidths hZ,, and %%, that minimise B~ Y, ISE; and B~'Y", ISE;*,
where ISE* = [{7(-|6*) — 7(- |85)}2w* and ISE* = [{7(-|6*) — 7(-|03)}2 w*,

*k

respectively, where w* and w** are weight functions. Take ﬁopt = (/f;;pt)Q /ﬁopt.

6 Numerical properties

6.1 Details of implementation

For all methods, every nonparametric estimator used anywhere in the estimation pro-
cedure (to calculate the bandwidth and to calculate the estimator itself, and for our
nonparametric estimator as well as for the nonparametric difference-based estimator)
was a local-linear estimator (that is, we took ¢ = 1 everywhere). For the bandwidth

*k

selectors of section 5, we took w* = w with ¢ denoting the ath

- 1[‘1(‘)4,/0257‘1(%75}’
empirical quantile of a variate 7" and 1, the indicator function of the interval [a, b].
For the method of section 5.1, we used the nonparametric difference-based estimator
with cross-validation bandwidth, constructed from the data (W}, D;)i<i<p—1 where

D; = 0.5(Yy) — Yji11))?, with [¢] denoting the index of the ith order statistic of W.
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We used the same approach for the * data. For the bandwidth selector of section 5.2
we used the parametric version of this difference-based estimator. To speed up cal-
culations, all nonparametric estimators used to calculate bandwidths were computed
after binning the data.

For the kernel K in our nonparametric procedures we used the one suggested by
Delaigle, Fan and Carroll (2009), that is, we took the kernel with Fourier transform
Or(t) = (1 — %)% 11—y 5j(¢). See Delaigle and Hall (2006) for discussion of kernels in
deconvolution problems. For the parametric method of section 3.2 we took w(x) =
o~ L{(z — p)/o} Jd(x), with L the biweight kernel L(z) = 15/16(1 — 22)? - Loy (),
= (g% + aVe9) /2, 0 = (%99 — qi01)/2 and d as in section 3.2.

6.2 Simulation settings

We applied our nonparametric estimators to several regression models. In each case
we generated 200 samples from model (1.1), using one the following variance functions

(listed in increasing order of complexity):

o ni(z) =1;

e 7(x) = max(0.92 + 0.6, 0);
e 73(x) = max(1.5x + 0.1,0);
e 74(x) = (1.5z +0.1)%

o 75(x) = 22% — 2z + 0.75,

which we combined with one of the following regression curves (also listed in increasing

level of complexity):

(z) :

(z) = 1/(1+eXp{ 5z —1/2)});
o g3(z) = 1/(1+exp{ 10(x — 1/2) }),

(z) = 1)

() =

I

1/(1+ exp{—5(z — 1/2)
0.45sin(27x) + 0.5.
In each case we took € ~ N(0,1) and X ~ N(0.5,0.1) or X ~ UJ[0,1]. Finally, we
took U to be Laplace.

We calculated our estimators for each generated sample. To illustrate the im-

portance of taking the error into account we also calculated naive estimators, that
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is, estimators that pretend there is no error in the data. We also calculated ideal
estimators, that is, estimators which use the non contaminated observations X;. Of
course, these estimators are not available in practice, but they illustrate the impact
that measurement errors can have on the quality of estimators. To summarize, in our

numerical work we calculated the following estimators:

1) Our nonparametric local linear estimator, which we denote by NPE;
2) Our parametric estimator, which we denote by PE;

) The local linear difference-based nonparametric estimator based on the data
Wi, Di)1<i<n—1, which we denote by naive NPE;
4) The naive parametric difference-based estimator, which is the parametric version
of the naive difference-based method and which we denote by naive DBPE. This
method is often used in practice because it has good theoretical properties and does
not need a bandwidth;

(5) The naive version of our parametric estimator, obtained by using the data (W;, Y;)
but setting U = 0 everywhere else in the formulae of our estimator. We refer to this
as the naive PE;

(6) The ideal parametric difference-based estimator, which is the same as the naive
DBPE, except that we use the measurement error-free data (XM, Di)i<i<n—1. We
refer to this as the ideal DBPE;
(7) The ideal version of our parametric estimator, obtained by using the data (X;, Y;)
and setting U = 0 everywhere in the formulae of our estimator. We refer to this as
the ideal PE.

Note that, although the DBPE is widely used in the measurement error-free case,
partly because of its simplicity and also because it does not need a bandwidth, our
results showed that in a high proportion of regression models the measurement error-
free version of our estimator (i.e. ideal PE) worked better than its difference-based
counterpart (ideal DBPE). Similarly, we found that the naive DBPE often gave better
results than the naive PE. This complicates the comparison between our estimator
and the naive methods, as in practice we would not know which of the naive DBPE

and the naive PE is the best estimator. Thus, comparing our method in each case
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Figure 1: Estimation of 7, when ¢ = g4, X ~ N(0.5,0.1). Top: naive NPE, bot-
tom: our NPE. Left: (n,NSR) = (500,0.2), middle: (n,NSR) = (250,0.2), right:
(n,NSR) = (250,0.1).

with the best of the two naive methods systematically biases the comparison in favour
of the naive estimators.

The performance of estimators, 7 say, was calculated via integrated squared er-
ror, ISE = fol (7 — 7)2, except in the constant case 7 = 1 where we used squared
error. In the figures we show the estimated curves corresponding to the quantiles
Go.15,90.15, G025 - - - s Qo.9 Of the 200 calculated integrated squared errors. The true func-

tion 7 is always represented by the thick solid curve.

6.3 Simulation results

In each figure, the goal is to illustrate one (or more) of the properties of the various
estimators. Note that the findings discussed here were also supported by box plots.
To keep this section to a reasonable length, we discuss these only briefly in the text,
in cases where the graphs are not clear enough to compare the performance of the
methods. A summary of the important properties is given at the end of this section.

Figure 1 illustrates the improvement one can get by taking the error into account

20



Figure 2: Quantile curves for the estimation of 73 when g = g5, X ~ N(0.5,0.1),
n = 250 and NSR = 0.2, using the naive NPE (top left), our NPE (top centre), our
PE (top right), the naive DBPE (bottom left), the naive PE (bottom centre) or the
ideal PE (bottom right).

when calculating the nonparametric estimators. We compare our NPE and the naive
NPE, by showing the quantile curves for estimating the variance function 75, when the
regression curve is g4, X ~ N(0.5,0.1), n = 250 or 500, and the noise to signal ratio
NSR = var(U)/var(X) is equal to 10% or 20%. The graphs show a clear superiority of
our estimator compared to the naive one. They also demonstrate that the estimator
improves as the sample size increases and the NSR decreases.

Figure 2 shows the quantile curves when estimating 73, when g = g5, X ~
N(0.5,0.1), n = 250 and NSR = 0.2. Here, the goal is to compare all the esti-
mators. We see that the results improve when using our NPE compared to the naive
NPE, but also that our parametric estimator (PE) improves the NPE. The graphs
also show that the naive parametric estimators (naive DBPE and naive PE) are either
much more biased or much more variable than our PE. The quantile curves for the
ideal PE shown here demonstrate that, in this case, the impact of measurement errors

on the quality of our PE is not very severe (although it may not be clear from the
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Figure 3: Quantile curves for estimation of 75, when g = g1, X ~ U|0, 1] and n = 500,
using our NPE when NSR = 20% (top left); our in the case when NSR = 0.1, using
our NPE (top center), our PE (top right), the naive PE (bottom left), the naive
DBPE (bottom center) and the ideal PE (bottom right).

graph, the ideal estimator did give smaller ISEs than our PE).

Figure 3 illustrates the same properties as Figure 2, but this time for the case
where the variance curve is the quadratic curve 75, and g = ¢g;. This case is quite
difficult because of the valley in the shape of the variance curve, and estimators have
a tendency to overestimate the valley. The estimators did not work very well for
n = 250, and we show the results for n = 500 and NSR = 10%. In this case, the
naive NPE worked so poorly that, instead of showing its quantile curves, we show
those for our NPE when NSR = 20%. As above, we see that a smaller NSR implies
a better estimator, our PE substantially improves our NPE, and ignoring the error
(that is, using the naive estimators) results in estimators that are much more biased.
In this difficult case, the impact of the measurement errors is very noticeable: the
ideal PE is significantly better than our PE.

Figure 4 shows results for estimating 7, parametrically, when g = g4, X ~

N(0.5,0.1) and NSR = 0.2, for sample sizes n = 250 and n = 500. In this case

22



Figure 4: Estimation of 74 when ¢ = g4, X ~ N(0.5,0.1) and NSR = 0.2. Quantiles
curves for the our PE when n = 250 (top left) or when n = 500 (bottom left), our
resampling corrected PE when n = 250 (top center) or n = 500 (bottom center), the
naive PE for n = 250 (top right) or n = 500 (middle right), the naive DBPE when
n = 250 (middle left) or n = 500 (bottom right), or the resampling corrected DBPE
when n = 250 (middle center).

the variance function takes values close to zero for x close to zero, and, as a result,
the estimators of 7(x) often took negative values when x was close to zero. To correct
for this problem we considered the two approaches discussed at the end of section
3.2. That is, we either truncated the estimator to zero or used (3.4), where the ex-
pectation was computed as the average of values computed from B resamples, as in
(4.4). In the figure we show the results of both approaches. When using the second

approach, we took B = 100 resamples. We can see that, overall, both approaches

23



Figure 5: Estimation of 74 when g = g4,, X ~ N(0.5,0.1) with NSR = 0.2, n = 250
(top) or n = 500 (bottom), and pretending that the variance is linear. Quantile

curves for the naive DBPE (left), the naive PE (middle) and our PE (right).

to correcting for negativity gave similar results, but the resampling method did this
correction in a smoother way. As usual, the figure also illustrates the improvement
of our estimator as the sample size increases, and its superiority to the two naive
parametric approaches (although the larger bias incurred by the naive estimators is
more easily seen for the larger sample size, n = 500).

In Figure 5, we continue to consider parametric estimation of 74 when g = gy,
X ~ N(0.5,0.1) and NSR = 0.2, but this time we wrongly assume that 7 is a linear
curve. Our goal is to see whether, even when the variance model is misspecified, using
an error-corrected estimator can improve on the naive estimators. In particular we
want to see whether the line fitted by our PE will be closer to that fitted by the naive
methods. Here, to correct for negativity, we simply truncated the fitted lines to zero.
The plots of the quantile curves and the box plots (not shown here) both show that
in this case, too, taking the error into account can bring significant improvement over
the naive estimators, whose fitted lines are more biased than for our estimator.

Finally, in Figure 6 we show boxplots for estimating the constant variance 7,
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Figure 6: Boxplot for the estimation of 7 when g = g» (top) or g = g3 (bottom), and
when (n,NSR) = (250, 10%) (left), (n, NSR) = (500,10%) (center) and (n,NSR) =
(500,20%) (right). In each graph, the first boxplot is for the naive DBPE, the second
is for the naive PE, the third is for our PE, the fourth is for the ideal DBPE and the
fifth is for the ideal PE.

0.00
0.00

when g = g5 or g3, for various sample sizes and NSR. In most cases (except for
(n, NSR) = (250, 10%) when g = g5), our PE worked better than the naive estimators,
and we can see that it even worked better than the ideal DBPE. As already mentioned
several times, in other cases it is the ideal DBPE that worked better than the ideal
PE, and this makes the comparison of our method with the naive estimators difficult.
For example in this case, if we were to compare our PE with the naive DBPE, we
would find a dramatic improvement, but if we were to compare it with the naive PE,
we would find that our estimator improves the naive one by a much smaller amount.

Of course, we could not present the results of all our simulations, and above we
only discussed partial results. In our complete set of simulations, we also found that
our estimators systematically improved as sample size increased and/or the NSR
decreased. Further, we found that our parametric method almost always improved
substantially at least one of the two naive methods, and usually improved both.

Depending on the case, it was either the naive DBPE that we beat by a significant
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amount, or the naive PE. Thus, the comparison between our estimator and the naive
approach is not easy. Since in practice we would not know which of the two naive
methods we should use, to be fair, we should almost choose randomly one of the two

naive approaches.

7 Conclusion

We have considered an important, but particularly difficult and unexplored, problem
of variance estimation in the context on nonparametric errors-in-variables regression.
We have proposed nonparametric and parametric variance estimators and have de-
rived their asymptotic and finite-sample properties. We have also proposed a new
bandwidth selector that is of independent interest, since it can be used in more gen-
eral errors-in-variables contexts, where constructing a good data-driven bandwidth is

particularly challenging.

A Appendix

A.1 Summary

This appendix contains the proofs of Theorems 4.2 and 4.3. The proofs are given in
the case where m and g are local constant estimators (¢ = 0). In the proofs we shall

use the notation vy = fx g and r, = fx m.

A.2 Proof of Theorem 4.2

Let D be as in section 2.2, let D be a resample drawn from D, let fA'X have the
definition of d in the special case at (3.2), write j/} and ?’\;r-, 7 = 1,2, for the versions
of ]/”\X and 7}, respectively, when the latter are computed from D' rather than D, put
At = ]/c} — J?X and A; = ?;L —7; for j = 1,2, and let £ = {(n) denote a sequence
of positive constants. Here and below, all estimators are understood to be evaluated

at x. The first step is to prove that, for all integers p > 1,
P(|AT| > 0) = 0{ (n b2+ 52)"’} . (A.1)
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By Rosenthal’s inequality,

2p D1 -
(s p) < 2 {3

j=1

r—WN\")Y? & z— W\ |*
L J }: L J

where Dy, D,, ... will denote generic positive constants not depending on n, and D,

depends only on p. Hence,

D L " —W. 2N7 N W 2p—r)
BIAT) < G 2 {ZELO(x h j) } ELo<x h j)
r=0 ~ j=1 =

p—1
< Ds Z (nh2ett) ™" (nh)2=P) pp1=2-"e 4 D, (nh2e+1) 7

=0

p—1
= Djy Z (nh)rﬂ (nha+1)—2p 1 Dy (nh2a+1)—p

r=0
<p Dy (). (A2

To obtain the second inequality in the sequence leading to (A.2) we used the fact that
(nh)=2 32, E|Lo{(z — W;)/h}[> = O{(nh***!)~'}, this being an upper bound to the
variance of fy, and the property that for s > 2, > ElLo{(z—W;)/h}|* = O(nh'=>*),

the latter identity being a consequence of the bound
[Lo(u)| < Dy h™ (14 Jul) ™, (A.3)

which we shall shortly derive. Result (A.1) follows on combining (A.2) and Markov’s
inequality.

Let Agb] denote the version of Af, defined in the first paragraph of the present
section, when the dataset D is replaced by the bth resample, DZ, drawn from D. (We
introduce square brackets around the subscript in Afb} so as not to confuse Afb] with
A}, defined in the previous paragraph.) Since (A.1) holds for all p > 0, and (4.4)
implies that B = O(n?s) for some D5 > 0, then provided ¢? = n¢ (n h?*™1)~! for some

e > 0, we have, for a positive number p that can be taken arbitrarily large:

P( max |Agb}| > €> =0(n” ") =0(n"") forall Dg>0. (A.4)

1<b<B
Therefore, by Taylor expansion,
mT:?_EZ?QJrA;:?ngA;{ Af }
fx o fx+Af fx ’
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g HHIRAAA ) 286 (),
f3 fx
where, here and below in this paragraph, the remainders O,(-) are of the stated order
uniformly in all B of the resampled datasets D' = DZ. (To see that the order of the
remainder terms is as stated, note that, since B is of polynomial size in n, then (A.4)
implies that the probability that either |A}| or |Af| is larger than ¢ for one or more
of the resamples DT, equals O(n~?) for all D > 0. Therefore the remainders, which
represent quadratic terms in the two respective Taylor expansion and so equal O, (¢?),

are of that size uniformly in all B simulated values of the resample D'.) Hence, since
Pi@) = ri(x) + Op(ly) and  fx(x) = fx(x) + Op(to) (A.5)
where (2 = (n h**™1)~1 < (2 and since fx(z) > 0, then
=l — gt =7+ Al (A.6)
uniformly in Df = DZ for 1 < b < B, where

Al =al+o{(1all+ 1al +(alPp) e+ 2}

AL:%(A;—%AT)—?—;(M—;—;AT)

(To derive (A.5) note that the second identity there is conventional, and follows for
example from arguments of Delaigle et al. (2009), who show that the identity gives the
exact rate of convergence of fy () to fx(x). The first identity is proved in the same
way (and again gives the exact convergence rate), since 7; has the same construction
as fX except that a weight Y; is incorporated into the series. See Example 1 in
section 3.2, where (3.2) gives a formula for 07(:1:), which is identical to fx(.ilﬁ) in that
setting, and (3.3) gives formulae for 7 (z) and 7 (x).)

Write A;b for the version of A;r- when Dt = 'DZ, and let £ denote the event that
|7 — 7] < 37, ie that $ 7(z) < 7(2) < 3 7(x) where, by assumption, 7(z) > 0. Since
7 — 7 in probability then P(£) — 1. If £ holds then by (A.6),

B

- tl=| 5 2 max0) - )

b=1

B

1
_ ‘E 3 {max(7 + Al 0) — 7}
b=1
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4B
+ B Z |AJ?Eb|I(|A§b| >37)
b=1

B
14
+op{m =37 (Al + 1AL+ IALf)}
b=

1
4 B
£ ST IALIT(AL > 7). (A7)

Conditional on D, ", AL) is a sum of independent random variables with zero mean
(that is, E(Al,|D) = 0 for each b), and from this property it can be proved that
B, Al = O,(B™Y24,) = 0,(fy), since we assumed that B = B(n) — oo,
Similarly, B~ 37, (|AL |+ AL +|ALI2) = 0,(6) and B 3, AL I(|AL] > 17) =

0p(lp). In relation to the last of these results, note that if s > 0 is fixed then
B
1
B Z AL T(AL] > s) = 0y | E{|AL | 1(AL, | > 5)}] = OP{E’ALF} =0, () -
b=1

Combining these results with (A.7), and noting that ¢* = 0,(¢y) provided that €, in
the definition of ¢, is chosen sufficiently small, we deduce that |7 — 7| = 0,({p). In
view of our choice of h (see Theorem 6.1) the latter result is equivalent to (6.9).

It remains to prove (A.3). From Conditions (A5) and (4.1) it follows that, uni-

formly in x,
1
2 | Lo()| < C / 61(8)] (1 + [t/h])* dt < Dy b (A.8)
-1

Conditions (A5), (4.1) and (4.5), and an integration by parts, imply that
O (t) Sult/h) —h™" ¢ (t) ¢y (t/h)

1 1 /U h
<o, | {’%(t/ 2l +h‘rbe(<i//h)>l|2}dt

< Doh /Ol/h {(1 ) fbl(fj):) } dt < Dh=.  (A.9)

a

Result (A.3) follows from (A.8) and (A.9).

A.3 Proof of Theorem 4.3

Step 1: Approximation to S(0).
The goal of this step is to develop an approximation to S(#) which is simpler than
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S(0) to analyse. In the second part of this step, we illustrate our approximation in
the particular case where the variance is a polynomial. Throughout the proof we shall

use the notation

L(z |wy,wy) = L0<$ _hw1> L0<$ —w2> :

Also, to avoid too complicated notations in this proof, we redefine S() to be n(n —
1)h2S(). This has no impact on the derivation of the results, as S(6) = 0 is equivalent
to n(n — 1)h?S(0) = 0. Remember, too, that we are giving the proof for the case
g = 0 (see example 1 in section 3.2). With this in mind, and since conditions (B1)

and (B3) hold, we can write:

SO =Y / {Yﬁ ~ YY), — ij 70 (6, eo>} L(x | W), Wj,)

J1#j2
dy
X { > 7t 90)} w(z) dz
k=1

0= 0 Y (14 12) [ 1L W) (o)

ji1#2
where
S 0 (@ ]0,00) = (2] 6o) + (0 — 06)" (x| 6)
k>0
+5(0—00)" 7 (x]60) (0 —00) + -,
> 7E (@10, 60) = #(w] 60) + 7(x | 6o) (0 — o) + ...

k>1
denote Taylor expansions of 7(z | #) and 7(x | #), respectively, in terms that are of sizes
160 — OoF; 7 (x| 6y) is the p x p matrix of second derivatives of 7(z |6) with respect
to 0; and, for £ = 1 and 2, ), is a random variable satisfying P (|| < C) =1, with C'
denoting a constant depending only on the bounds to the d; + 2 derivatives of 7(x | 9)
with respect to 6. (Recall from (B3) that those derivatives are bounded uniformly in

the compact set on which w is supported.) Therefore,

d1
SO) = So@) + 3 10—l % / (Y2 = Y3 Y — (2 |60)} ann(a)

J1#j2

+ a(2)| L(w | Wi, W) w(a) da
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+ Q06 SN (14 ) /|L(x|le,Wj2)lw(x)das,

J1#£j2
(A.10)
where
So0) = 3 [0 = VY = vl |00} L | W5, W3) 7 ) o)
J1#£j2
+ [ZZ /{Yﬁ — Y5, Y, = 7(x|60)} L(x | W, Wy,) 7(x | ) w(x) d

J1#72
ST [ W W) e 60) e 60) () | 6 60).
J1#72
(A.11)
and the vector-valued functions aq; and agy are uniformly bounded and have, respec-
tively, dy + 1 — k and d; + 2 — k bounded derivatives on the real line.
To understand the above calculations in a simple context, take the particular case
where the variance is polynomial, that is 7(z|6) = 6; + 62 + ... + 6, 2P~" and

F(z]0) = 7(x|0) = (1,2,...,2P~1)T. There, we find
T(x]0) =0+ 0z + ...+ 0,27 =7(x|0) + (0 — 0p) (x| ).

Therefore, it follows from the definition of S(6) at (3.1), where, as indicated above,
we redefine S(6) to be n(n — 1)h2S(0), that in that case,
SO =% [V -5 Yo~ rlalth) - (0 - 607 (z | 60)}
Nn#j2

X L(x | Wy, Wi,) 7 (2 | 6o) w () da

:ZZ /{Yﬁ - Y;i }/}2 - T(x | 90)}L($ | le,VVjQ)f(fL‘ | 90) W(ZE) dx

J1#72

-3y /L(a: | W,y W) 7 (x| 60)7 (2| 60)T w(z) dz x (6 — ).

J1#j2

Thus, in this case, S(#) is exactly equal to Sy(6).

Step 2: Approximation to S(6) — Sy(0).

The calculations at the end of Step 1 show that in the polynomial case we have exactly
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S(0) = So(f). However, in more general cases, Sy(#) is only an approximation to S(#),
and the goal of this step is to assess the magnitude of S(6)—S5(#). The approximation
is given at (A.24) below.

As a prelude to deriving it, let a denote a uniformly bounded function with support

equal to that of w, and define

51 = ZZ/ L(z | W, Wy,) dx (A.12)

J17#72
=> >y, / (x| W;,, Wy,) da, (A.13)
J1#£72
- Y v, / Lix | W;, W) d (A.14)
J1#J2

We shall develop bounds for F(S?) for £ = 1, 2 and 3, giving details of the arguments
only in the relatively complex case ¢ = 3. Now, each S, can be decomposed into

2

“quadratic,” and “linear (projection)” components. (In the case ¢ = 3 see (A.15) and
(A.16), below, for quadratic and linear components, respectively, and when ¢ = 2
see (A.20) for the quadratic component, and (A.21) and (A.22) for the two linear
components.) We bound the quadratic and linear components separately, noting that
the method in the case of quadratic components will be used again in Step 4.

Given a random variable R with finite mean, let (1 — E) R denote R — E(R) and
put (1 — E)S3 = S31 + 2 S32, where 2 S35 equals the linear projection of (1 — E) S3
and S3; is defined by differencing:

6 ZZ/ [ Ly, Lo(x —thl) Lo(x —thg)

J1#j2

() (e ()
+ {EYLO(x _hW) }2] dz , (A.15)
Sap = (n — 1)Zn: /a(x)E{YLO<$ _hW) } (1-E) {Yj Lo(x _th) }dx.

(A.16)

Since Yj = ¢(X;) +7'/%(X;) &; and W; = X; +Uj then, recalling that m = g* + 7 and

noting, from the definition of Ly, that [ L3 < const. h~2* for 0 < h < 1, where « is
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a 0 Z 1, A2
2
/ Lg) < const. b2, (A.17)

Also, since the function | fx g| is bounded (see (B4)) then |E[g(X;) K{(x—X;)/h}]| <

' ) )]

n_3E(S ( [ x) Eqg(X (
< const. h* (1 + h™>%). (A.18)

a1 2) {0

Therefore, in the case ¢ = 3,
(nh)"*var(Sy) = O(n™> pm21F2) 4 h_(1+20‘)) . (A.19)

Write Sy = S91 + So2 + Sa3 where
x— W
521:ZZ/a($) [szlLO( - 11)
J1#j2
x— W, —
() el
- e ()
e () fes
h
L




Provided that F(e?) < co and E{m?(X)} < oo (see (B6)) the arguments leading to
(A.17) and (A.18) give: n™* E(S3,) = O(h***) and n™° max;_p 3 £(S3;) = O(h*~>).
This leads quickly to (A.19) in the case ¢ = 2, and a similar approach implies that
result when ¢ = 1. Note too that, for ¢ = 1,2,3, E(S,) = O{(nh)Q}, and therefore
(nh)=2 E(S;) = O(1). Combining this result with the versions of (A.19) for ¢ = 1,2, 3

we deduce that:

the coefficient of Qy in (A.10), multiplied by (nh)™2, equals O,{||6—
Ool|? (n=t h=(F20) 4 =1/2 p=(420)/2 L 1)} "yniformly in 6 satisfying |6 —

A.23
6y]| < C, where C > 0 is as in (B3). ( )
Observe too that

ZZ (1 + YJ21) / |L(z | Wy, Wj,)|w(z) d
J1#£J2
x—W; 1/2 r—W. 1/2
o S 0 [a( )| fa(5)
J1#£72
< const. Z Z 1 + Y2 1 + hfZa) — Op(n2 h172a) .
J1#j2

Therefore the coefficient of Q3 in (A.10), multiplied by (nh)™2, equals O,(||0 —
Oo|| M+ A=(+29)) uniformly in 6 satisfying ||@ — 6y]| < C. Combining this result
with (A.10) and (A.23) we deduce that:

S(0) = So(6) + (nh)* A(f) where, uniformly in 6 satisfying |0 — 6y < C,

AB) = 0,([|0 — 0o Mn + |0 — o || h=0+299) €' > 0is as in (B3), and

A\, = n- Lt~ (H20) 4 =172 p=(1420)/2 4 1 (A.24)

As mentioned earlier, in the particular case where the variance is polynomial we have

S(0) = Sp(#) and therefore A(6) = 0.

Step 3: Solving the equation S(0) =
Here we show that the equation S(6) = 0 can be written in a simpler form, specifically
(A.30) below, provided that the bandwidth satisfies (A.29).

Recalling the definition of Sy(f) at (A.11) we deduce that

(nh)™2 Sy(0) = V — (M — N) (0 — 6y), (A.25)
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where M and N are p x p matrices, V is a p-vector,

nh ZZ/ $|W]1’VV]2 (ZE|90) ($|90> ( ) 5

J1#72

nhZ ZZ/{ 31 J2_T($|‘90)}L ‘VV]NW]2> (x|00) (:E)dq:7

J1#£72

nh ZZ/{ Yj, Jz_T(x‘HU)}L( | Wi, Wi,) (x| 6p) w(zx) da .

J1F52
We shall show in three stages, respectively in Steps 4-6 below, that n'/? (V —EV)
is asymptotically normally distributed with zero mean and finite variance. Similar

arguments can be used to prove that
M — E(M)=oy(1), N—E(N)=o,1). (A.26)
Define
— [ K st = hydu, 6(w) = [ Kw) (afx)a ~ ) du.
_ / K () (m fx) (@ — hu) du. (A.27)

Since the kernel K is of order x (see (B2)) then, in view of the smoothness assumptions

(B4), ¢o(x) = fx(z) + O(h"), and so
(1-n)" /¢0 [ 00) #(x | 00) w(z) da
/fX (2] 60) (x| 60) w(x) dz + O(h")
Similarly, since é1(z) = (fx 9)(x) + O(h*) and ¢(x) = (fx m)(z) + O(h), we have:
(1) BOV) = [ {6ale) bula) — 63(a) = 2]60) ()} 7| B0) () da
=0(h"),

and (1 —n Y"1 E(V) = O(h*). Combining the results from (A.26) down, and as-
suming that h = h(n) converges to zero sufficiently fast to ensure that h* = o(n~=/?)
(see (B8)), we deduce that M = My + 0,(1), where M, is as at (4.7), N = 0,(1) and
E(V) = o(n~/?). Hence, by (A.25), the equation Sy(#) = 0 can be written as:

V — BV — {My+0,(1)} (6 — 6) = 0,(n""/?), (A.28)
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uniformly in 0 satisfying [|§ — 6y|| < C. From (A.24) and (A.28) we deduce that if €,
denotes a sequence decreasing to zero, then, provided that
h = h(n) converges to zero sufficiently fast to ensure that h* = o(n=/2),

but so slowly that e, (n=t h=(1#20) 4 p=1/2 p=(1420)/2) 4 cdi p=(1420) (o (A.29)

the following is true:

the equation S(#) = 0 can be written as V —EV —{My+o0,(1)} (0 —6,) =
0,(n"1/2), uniformly in 6 satisfying ||0 — 0| < €,. (A.30)

Step 4. Decomposing n'/2(V — EV) into its projection plus a negligible
remainder.

Put V — E(V) = V1 + V5 where, defining
V(jasia) = / Y2 Y, Y, — 7(x ] 60)} Lia | Wy, W) (x| 6) wo(e) dor,

and writing F; for the sigma-field generated by (U;, X;,Y;), we have:

1 o
Vi= DB Y [V(th)

N#j2
— B{V (ju. ) | Fin} = BAV (1, 2) | Fin} + BV (i, 32)}]

Vo= om0 [BVGI) I Y+ BVG.DIF) -2 E(VL2)]. (a3

J=1

and j' is taken to be any integer not equal to j. We show in the present step that
E(VZ) =o(n™"). (A.32)
It follows that Vi = 0,(n"1/2), and thence that
V—E(V)=Va+0,(n'?). (A.33)
To derive (A.32), note that
(1=n) " E(R) = (n2") " B[V(1,2)
~BVL2)|R) - BV(12)| B} + E(V(1.2)}]
<4 (n2h") " E{V(1,2)?}.
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At this point we recall the arguments used to bound the quadratic components in
expansions of Sy, Sy and Sy during Step 2. The quantities Sy are defined at (A.12)—
(A.14), the quadratic components of Sy and S3 are given at (A.20) and (A.15) re-
spectively, and the arguments used to bound the mean squares of those components
can be employed here to prove that (n2h*)~* E{V(1,2)?} = O(n~? h=2(422)) " (Com-
pare (A.17), which implies that (nh)~* E(S2%) = O(n=2 h=2(142)) and note that an
almost identical argument gives (nh)~™* E(SZ,) = O(n~? h~2(1+22)); see the paragraph
below (A.19).) Therefore, provided that

h = h(n) converges to zero so slowly that n=! h=20+2%) 0 (A.34)

(A.32) and hence (A.33) hold.

Assumption (B8) is included in the intersection of (A.29) and (A.34). Therefore,
combining (A.30) (which is implied by (A.29)) and (A.33) (which follows from (A.34))
we deduce that if (B8) holds then:

the equation S(f) = 0 can be written as Vo — {My + 0,(1)} (0 — 6y) =
0,(n~1/%), uniformly in 6 satisfying ||0 — 0o < €. (A.35)

Step 5. Asymptotic variance of n'/2 V.
Recall the definitions of ¢g, ¢1 and ¢2 at (A.27), and that V3 is given by (A.31). In

this notation,

E{L(x|W; W;)| F;} = LO(QE _th) E{K(x ;X) }

= ho(z) LO(‘C _hwj),

B{Y? L(x|W;,Wy) | F;} = Y} E{L(z |W;, W) | F;}
—hY2¢o() (1: Wj)

E{Y} Lix | W}, Wy) | i} = Lo( ) { ( X>}
~ o) a2 ).

E{Y; Yy L(x | Wy, W) | Fy} = YjL0<x _th) E{g(X)K<$;zX)}
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whence
Qs = B{V(j,i) | Fy} + BV (i'.j) | F5)
[ {6ul) + Y7 60(0) = 2% 6n(2) — 2702 60) (o)}

x Lo (‘” _hWJ') P |0)w(x)dr.  (A.36)

Note too that, by (B4):

the functions ¢g, ¢1 and ¢, are absolutely integrable, where the integrals

are bounded uniformly in A, and ¢y = fx + o(1), ¢1 = fx g+ o(1) and

¢ = fxm+o(1) as h — 0; and moreover, these properties continue to

hold if ¢, ¢1 and ¢o, and the functions on the right-hand sides of each  (A.37)
of the equations, are replaced by their jth derivatives, for 1 < j < ds,

where dj is as in (B4).

(Here we have used the fact that [ |K| < oo; see (B2).) Therefore,
BQ) = 1| [ {oala) 4 m(X) ) — 240X 61(0) ~ 2702 80) )}
r—XY\ .
X K< h ) 7(z | 6) w(x) dm}
=21 [ {60(o) éa(e) = 63(0) — 7(z | o) 6} (0) } 7| Bo) () da

—2h2/{m —g()—7x|00}fx 7(z | 6y) w ()d:c+o<h2)

—o(?), (A.38)

since 7 = m + g%

The definition of V5 at (A.31) implies that
(1-n"Y Vo= h2 Z — EQ,). (A.39)
Below, we use this formula to develop an approximation to E(V,V,'). By (A.38),

nE(VaVy') +o(1) = h* E(Q:1Q7)
=h E([/ {cbz(w) + Y2 go(2) — 2 ¢1(x) — 27(x | 6o) cbo(:c)}
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« L0<I _hW> | B0) w(z) dx}

X [/{¢2(x)+Y2¢o(x)—2Y¢1(:c) —27(x | 6o) (bo(:c)}

« LO(“" _hW) | B0) w(z) da:} T)
— W // { (1, Ta, )Lo(xlzw)L()(xQ;W)}dxldxg
= [[[ [ (== ) m(= =)

X fx(x) fu(u) dry dey dx du
= /// w(w—i—hvl,w—l—hvg,x) Lo(’Ul) L0<U2)
X fx(z) fu(w — ) dvy dvg dx dw, (A.40)

where the p X p matrix of functions ¢ is given by

vlarvrna) = B ([oalen) + {a(e) + 74(0) & onlo)
= 2{g(z) + 72(2) e} 61(w1) — 27(x) Go(1) | 7z | 9) (i)
< ((|@alea) + {o(@) + 7 (@) e} do(a2)
= 2{g(o) + 7)) ulo) — 27(0) dnlaa)] x| ) (o)) |

= ((g 1/141(901)%2(5152)1/%3(95))) ; (A41)

the notation ((p)) refers to a p x p matrix for which a general component has the same
form as p, and the quantities 1y are functions. (To obtain the last line in (A.40) we
changed variable as follows: z; = x +u+ hv; for j = 1,2, and u = w — x.)

To establish that each component of the p x p matrix represented by the four-fold
integral on the right-hand side of (A.40) is uniformly bounded, we replace ¢ (x1, z2, )
there by any one of the components 1y (1) s (x2) 1es(x) at (A.41). For notational
simplicity we write the latter product as 1y (z1) ¥a(x2) 13(z), and note that the re-

spective component of the matrix of integrals at (A.40) then becomes:

I()r, 2, 93) = / Y3(z) fx () fu(w —z {/% w+hv1)Lo(U1)dvl}
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« { / Wn(w + hvs) Lo(uy) va} drdw,  (A42)

the absolute value of which is bounded by:

[ [ s sxte) fotw = o] [ ortw o) Loen) dvy
/ ba(w + hvy) Lo(vs) dvs| d duw
:/ ‘/wlw—i—hv)Lo /w2w+hv)L0()dvd
< w0 ] [/{/w (w+ hv) Lofo >dv}2dw] "
where y(w) = [ [a(z)| fx () fi(w — ) dr. It follows from (B3) (B4) that sup x

is bounded7 uniformly in n (note that y depends on h = h(n)) and in all forms of
)3 = 1y3 in the representation (A.41).

By Plancherel’s identity,

/{/¢kw+hv)Lo }dw_/yg t)|*dt,

where & denotes the Fourier transform of & and &.(w) = [x(w + hv) Lo(v) dv.
Also,

_ / / exp(itw) d (1w + h) Lo(v) dv duw

_ / / exp{it (w+ hv) — ihtv} ¥ (w + ho) Lo(v) dv dw
_ / exp(ita) vn(x) dz - / exp(—ihtv) Lo(v) dv

=y (1) L' (—ht) = 0" (t) o5 (1) dxc(ht)

where 1} denotes the Fourier transform of 1. Combining the bounds from (A.42)

down we deduce that

2

1/2
[1(1, 102, 03)| < (sup x) (sup |¢x|) (27)~ H {/ ¢51(t)|2dt} . (A.43)

If each component of each of fx, g, 7(- | 6p) w and 7(- | fy) w has dy absolutely integrable
derivatives (see (B4)) then the same is true of each function vy appearing in (A.41);

and it remains true in the limit, as n — oo (meaning here that h — 0), in the sense
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that the integrals of the absolute values of each of the first dy derivatives of each
component of each of fx, g, 7(-|0y)w and 7(-|6y)w are bounded as h decreases.
(The functions v, ¥; and ¥y at (A.27) depend on h, but they and their derivatives
also satisfy (A.37) as n — o0.) In consequence, the respective characteristic functions

Yt of 1y all satisfy
|[gr| < const. (1 + [¢])~%. (A.44)

If dy > o+ 3, which is ensured by (B5), then it follows from (A.44) and the inequality
|pu ()| > const. (1 + [¢])~ (this too is guaranteed by (B5)) that [ [oE!(t) ¢y ()] dt
is bounded uniformly in k, ¢ and h. Hence, by (A.43), |I(¢n, e, Ye)| is bounded
uniformly in 1 < ¢ < £, where {; is as in (A.41), and so, by (A.40) and (A.42),

each component of h™* E(QQ7), or equivalently of n E(V,V,), is

(A.45)
bounded as n — oo.

Calculating the limit of n E(V,V,'), as n — oo, requires only minor modification
of the argument above, as follows. For k = 1,2, replace [ g (w + hvyg)Lo(vy) dvog, by

the limit of that quantity as n — oo, which, for almost all w, is given by

lim L / Y (1) [ Lol /B) Y dt = Jim o / e GE (D) (ht) b (1)

h—0 27
1

“or

ey ()/ g (t) dt,

where (1) = limy_ e (t). Write o for the version of 1, at (A.41), when each
[ Wox(w + hog)Lo(vg) duy, in (A.42) is replaced by its limit. Then, arguing as above,
we deduce that the limit (as n — 00) of (11,12, 13) is finite and therefore,

nEWVVy) =h™ E(Q:1QF) + o(1)

- X = //w(w,w,:v) fx(@) fu(w —x)dedw, (A.46)

where ¢(w, w, r) = E(SST), with

1

S =[gm [ m) @) fov(t) o+ {g(w) + 7w 002 5 [ o) /ot d

= 2{glo) + 72w 80) 2} 5 [ g O/ oul0) dt
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—27(x| b)) % /e_itwgbx (t)/ou(t)dt| (x| Oy) w(x). (A.47)

Step 6. Central limit theorem for n'/? V.
In view of the representation (A.39) of V5, and of the property that n=* E{h~> > (Q—
EQ;)}? converges to a finite limit as n — oo (see Step 5), it suffices to establish the

version of Lindeberg’s condition here, i.e. to show that, for each € > 0,
E{[n 2| 1(|h 2 Qi > n¥/?€)} — 0 (A.48)

as n — oo. We shall prove that (A.48) holds if h satisfies (BS).
Using the representation (A.36) of @; we deduce that ||Q:] < C; (1 + Y?) A7,
where C > 0 is a constant. Therefore the left-hand side of (A.48) is bounded above by

E{Hh_2 Q1H2 [(1 +Y12 > C’in/Q h1+o¢)}7

where Cy = ¢/C}. If h satisfies (B8) then n'/2 h1*2% — oo, implying that n'/2 p1+ —
0o. Therefore it suffices to prove that
E[|h2Qq|)> I{m(X1) > cor € > c}| can be made arbitrarily small,
uniformly in n, by choosing the constant ¢ > 0 sufficiently large. (A.49)
Since Y and U, in the model at (1.1), are independent random variables then this
can be done using the method in Step 5. Specifically, in all stages in the derivation
of bounds to the components of the p x p matrix F(Q;Q7), multiply the argument

of the expectation throughout by the random variable
J=IH{m(X))>c}+ 1€ >c),

so that we bound instead the components of E(QQ7.J). In the string of identities
leading to (A.40), multiply the arguments of the expectations by J, leading to a ver-
sion of (A.41) in which each component of the p x p matrix of functions ¢ has the
same general form, representable as a sum of products of three functions of the indi-
vidual variables x1, xo and z as at (A.41). The argument leading to (A.43) produces
the same bound as before, except that now the factor (sup x) (sup |¢x|) (27) ! on the
right-hand side of (A.43) can be replaced by a positive number a(c) that decreases to
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zero as c increases. Therefore (A.45) continues to hold, except that h=* E(Q,Q7) is
replaced by h™* E(Q,QTJ), and the bound is multiplied by a(c). In particular, our
bound for each component of h=* F(Q,QT.J) is multiplied by the factor a(c). This
leads quickly to (A.49).

Step 7: Conclusion.

Condition (B8) prescribes the range of values # in which we search for a solution
of the equation S(#) = 0. Provided we confine attention to that region, (A.35) and
(A.45) imply that with probability converging to 1 a solution exists in the range. This
establishes part (i) of the theorem. Result (A.35) connects the vector V, directly to
a solution 0 of the equation S(f) = 0, and through this linkage, and the asymptotic
normality derived in Step 6, part (ii) of the theorem follows directly. The limiting
covariance matrix ¥ is identified by (A.35), (A.46) and (A.47), and is given by ¥ =
Myt My, where My is as at (4.7) (see also (B7)) and ¥, is as in (A.46).
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