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Dynamic Forces Between Two
Deformable Oil Droplets in Water
Raymond R. Dagastine,1,2 Rogério Manica,1,3 Steven L. Carnie,1,3 D. Y. C. Chan,1,3

Geoffrey W. Stevens,1,2 Franz Grieser1,4*

The understanding of static interactions in colloidal suspensions is well established, whereas
dynamic interactions more relevant to biological and other suspended soft-matter systems are less
well understood. We present the direct force measurement and quantitative theoretical description
for dynamic forces for liquid droplets in another immiscible fluid. Analysis of this system
demonstrates the strong link between interfacial deformation, static surface forces, and
hydrodynamic drainage, which govern dynamic droplet-droplet interactions over the length scale of
nanometers and over the time scales of Brownian collisions. The results and analysis have direct
bearing on the control and manipulation of suspended droplets in soft-matter systems ranging
from the emulsions in shampoo to cellular interactions.

M
uch of the ability to produce advanced

materials relies on a well-developed

understanding of surface forces. Static

interactions between surfaces have been studied

for decades (1–3), but a comprehensive quanti-

tative understanding of dynamic interactions in

biological and other suspended soft-matter

systems is still being developed. These dynamic

forces are the basis behind manipulating and

controlling soft-matter systems, such as com-

plex fluids or emulsions, in formulation and

processing. The challenge in understanding lies

in both the quantitative measurement and the

ability to predict dynamic droplet-droplet in-

teractions, which are more complicated than

the analogs in solid particulate suspensions.

The experimental and theoretical analyses

presented in this work describe the dynamic

interactions between two deformable oil drop-

lets. The general methodology presented in this

study is applicable to all soft-matter systems

and opens another dimension to the observable

forces in collisions arising from Brownian

motion.

The interactions between droplets common

to emulsions with droplet radii, between 10 and

100 mm, have been difficult to measure experi-

mentally. Atomic force microscopy (AFM) has

been used to examine the equilibrium interac-

tions between a rigid probe particle and a single

bubble or droplet in this size range (4–6). In

addition, one study has examined the hydro-

dynamic interaction between a single oil droplet

and a rigid probe particle with a semiquanti-

tative analysis (7). However, these studies lack

a specific relevance to the dynamic interactions

between soft matter, such as emulsion droplets,

where every interface is deformable. Recent

developments have allowed for direct force

measurement of the interactions between drop-

lets with radii of the order of 40 mm (8) and

the development of a quantitative model for

these systems (9, 10). By comparing the mod-

el to experimental observations on these

intermediate-size drops, this study has developed

an understanding of dynamic droplet-droplet

interactions in a region where deformation,

hydrodynamic drainage, and interaction forces

are all important.

The droplet size range in this study is

bracketed by droplet sizes that have largely

decoupled deformation, surface forces, and

hydrodynamic drainage effects. For droplet radii

below 10 mm, the droplet internal pressure is

large enough that equilibrium surface forces

dominate the interaction over deformation and

hydrodynamic effects. For droplet radii above

100 mm, there is a large body of work that uses

interferometry to measure interfacial profiles,

with time (11) between approaching capillaries

at either constant velocity (12) or constant force

(13). The deformation and hydrodynamic drain-

age effects in this larger droplet regime are

mostly decoupled from equilibrium surface

forces in a two-stage process (14). The results

of the present study provide considerable in-

sight into how to quantitatively model droplet-

droplet interactions for this intermediate droplet

size and, more important, how the traditional

concepts of drainage as a two-stage process

are not appropriate for droplet sizes relevant

to real emulsions. This may have considerable

implications with respect to improving the

design and operation of emulsion processing

equipment.

Two decane droplets with radii of 43 and 90

mm, in solutions of an anionic surfactant, so-

dium dodecyl sulfate (SDS), and 1 mM sodium

nitrate, were immobilized on an AFM cantile-

ver and substrate (Fig. 1A). The dynamic in-

teraction force between these oil droplets as a

function of piezo drive motion of the substrate

for a series of approach and retract velocities of

the piezo actuator is shown in Fig. 1, B to D.

The SDS adsorbed at the oil-water interface

controls both the interfacial tension and the

surface charge at the interface, where both of

these effects are well characterized for the

decane-SDS-water system (15). It is not possi-

ble to decouple interfacial deformation and

separation distance from these data without

interpretation through modeling. Therefore, it is

standard practice to assign an arbitrary origin

for piezo motion; in this case, the origin is set at

the highest measured force (16, 17).

The approach and subsequent retracting

curves show a strong dependence on the piezo

velocity. The approach curves show a hydro-

dynamic repulsion due to film drainage be-

tween the surfaces with a dynamic behavior

slower than the time scale of the measurement.

The magnitude of the attractive well in the

retracting curve is a function of velocity. The

time required for the oil droplets to restore upon

retraction is a result of the fluid film thickening

and the pressure profile between the droplets

resisting fluid flow on a time scale longer than

the time scale of the measurement. The veloc-

ity range spans the likely velocities of an emul-

sion droplet of comparable size undergoing

Brownian motion. For example, the root mean

square velocity due to Brownian motion of an

oil droplet with a radius of 40 mm is

1Particulate Fluids Processing Center, 2Department of
Chemical and Biomolecular Engineering, 3Department of
Mathematics and Statistics, 4School of Chemistry, Univer-
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approximately 7 mm/s in water at room

temperature (9). The measurements demon-

strate that hydrodynamic interactions between

droplets in this size range are not insignificant

even when describing emulsion stability,

where equilibrium forces are commonly

assumed to dominate.

A quantitative analysis of these data and

determination of the interfacial separation re-

quire development of an approach based on the

augmented Young-Laplace equation and the

methods developed for static or equilibrium

force measurements between a rigid particle

and droplet (17) or between two droplets (18).

The dynamic problem contains three disparate

length scales: the droplet radii, on the order of

50 mm; the axial length scale of the interaction

forces, from 10 to 100 nm; and the radial

length scale of the interaction, on the order of

1 to 5 mm. A more robust model is required to

treat these disparate length scales and incor-

porate the static forces with the hydrodynamic

drainage behavior at a deformable interface

(7, 9, 10). The lubrication approximation is

used to describe the forces across the thin film

between the droplets and neglects the hydro-

dynamic drag on the droplet outside this lateral

interaction area. This requires low capillary

numbers (Ca 0 mV/s), which span 10j6 to

10j8 for this system, where V is the droplet

velocity, s is the interfacial tension, and m is

the viscosity.

The two main coupled partial differential

equations are the standard Reynolds drainage

equation and the normal stress balance:

¯h

¯t
0

1

12mr

¯

¯r
rh3

¯p

¯r

� �

p þ PðhÞ 0 2s

Ro

j
2s

r

¯

¯r
r
¯h

¯r

� �
ð1Þ

where h(r,t) is the interdroplet separation, p is the

hydrodynamic pressure, P is the equilibrium

disjoining pressure, and R
o
is the harmonic mean

of the unperturbed droplet radii on the cantilever,

R
1
, and the substrate, R

2
. The position of the

interfacial profile must be calculated for each

droplet. A no-slip boundary condition is employed

at the aqueous solution–oil interface for the

drainage between the droplets in the presence of

surfactant, SDS. This assumption is supported by a

number of theoretical and experimental studies

(15, 19, 20) that suggest that the adsorption of

surfactant molecules on the interface is sufficient

to arrest momentum transfer across the interface

and prevent any internal flow in the droplets.

This study differs from previous work in two

respects. First, one droplet is immobilized on a

cantilever that has an added degree of freedom

and that must be incorporated into the drainage

equations (9, 10). Second, the treatment of the

boundary conditions for the velocity of the

interface at large radial distances is far more

rigorous in accounting for changes in inter-

facial deformation. The traditional approach

assumes that the velocity matches the velocity

of the drive actuator (in this case, the piezo) at

a large radial distance, r
max

, where the inter-

action forces are insignificant (12, 20). The

previous studies do not account for the constant

volume constraint of the droplet in the velocity

calculation. A dynamic interaction results in a

time-dependent deformation of the droplet_s
inner region, which results in a time-dependent

bulge of the droplet_s outer region and changes

the velocity at r
max

(9, 10). Details on the

calculations, methods, and boundary conditions

are presented elsewhere (21).

For a comparison of experimental data of the

AFM measurable quantities, force and piezo

drive motion, with theoretical calculations, sev-

eral independently measured experimental pa-

rameters are required, including the interfacial

tension and the contact angles of the droplets on

the piezo drive and the cantilever (21). The dis-

joining pressure for this system was calculated on

the basis of the numerical solution to the Poisson-

Boltzmann equation to describe the electrostatic

double-layer repulsion between the negatively

charged surfactant-laden interfaces. The surface

potential required for this calculation was previ-

ouslymeasured for the decane-SDS-water system

to be –100 mV from an electrokinetic study (15).

The comparison of the model output and the

experimental data is shown in Fig. 1, B to D. The

one parameter determined from the fit of the

Fig. 1. (A) A schematic
of the experiment be-
tween two oil droplets,
one immobilized on the
cantilever and the other
immobilized on the sub-
strate of an atomic force
microscope. (B to D)
The dynamic interaction
force F versus piezo drive
motion DX between two
decane droplets in aque-
ous solution in the pres-
ence of SDS at a series
of approach (open sym-
bols) and retract (filled
symbols) velocities (green
circles, 2 mm/s; blue tri-
angles, 9.3 mm/s; red
diamonds, 28 mm/s) over
a range of SDS concen-
trations: (B) 0.1 mM, (C)
3 mM, and (D) 10 mM.
The points refer to the
experimental data, and
the solid lines are the
calculated force curves
from a comprehensive
model of the dynamic
droplet interactions.
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model to the data is the only unknown in the

system, the initial starting separation distance h
o
.

Each force curve is an independent measure-

ment, and the starting distances vary from 20 to

50 nm at a given SDS concentration, as shown

in Fig. 1, B to D, where the total piezo drive is 2

mm and h
o
ranges from 1.75 mm to 1.89 mm. A

sensitivity study shown in fig. S1 demonstrates

that a 100-nm change in initial starting distance

results in a 20% change in the maximum

measured force and the position of the mini-

mum. This analysis leads to a resolution in the

determined distance of È20 nm over 2 mm, or

an accuracy better than 1% in separation.

Although the agreement is notable, a dis-

cussion of the impact of the experimental error

on the comparison with the theory is warranted.

The independently measured parameters men-

tioned above all have an experimental uncer-

tainty, but the largest source of error on these

force data is the experimental error in the

calibration of the cantilever spring, constant

with an accuracy of 10% (22). A sensitivity

study has shown that the theory is sensitive to

statistically significant errors in each of the

above parameters, but a comparison of the im-

pact of all these errors on the theoretical

calculations offers a more practical comparison

to the experimental data. The gray regions in

Fig. 2, A and B, are bounded by the maximum

and minimum experimental uncertainties for all

these parameters for a velocity of 28 mm/s. The

agreement shown for the 3 mM SDS case is

typical for all the concentrations and velocities

where the experimental data are centered on the

theoretical predictions. The only exception is

the 10 mM case, where the data are on the edge

of the parameter bounds. The critical micelle

concentration for SDS is approximately 8 mM.

The disjoining pressure calculation only ac-

counts for the effect of micelles on the solution

ionic strength and not any possible additional

effect on the disjoining pressure.

Two features of these force data can now be

explained by using the validated model to de-

velop a larger understanding of what occurs at

the interface during the drainage process. First,

drop coalescence caused by an ever-present van

der Waals force is not observed, even though a

significant attractive force is observed between

these droplets. Second, the smoothly varying

minima exhibit a strong dependence on the ap-

proach and retract velocities.

It has been shown for the static interactions

for these droplet sizes that repulsive forces are

always observed experimentally for all SDS

concentrations (18). Modeling of the static sys-

tem has shown that the interface flattens at the

radial center of the film as the interdroplet dis-

joining pressure approaches the Laplace pres-

sure of the droplets (18). The phenomenon

limits to a finite separation distance according

to the relation P(h
l
) 0 2s/R

o
, where h

l
is this

limiting distance, which is commonly on the

order of nanometers for the experimental sys-

tems studied (18). For this static system, the

limiting distance is always larger than the length

scale of the van der Waals attraction; therefore,

attraction is never observed. For the dynamic

case, the flattening of the droplet occurs on the

approach curve whenever the normal pressure is

on the order of the droplet Laplace pressure,

regardless of the contribution to the pressure

Fig. 2. The dynamic interaction force F versus piezo drive motion DX between two decane droplets
in aqueous solution in the presence of SDS at approach and retract velocities of 28 mm/s at (A) 3 mM
and (B) 10 mM SDS concentrations. The gray region represents the impact of the uncertainties in the
theoretical calculations from independently measured parameters required for the calculations
compared with the experimental data (points) plotted on the same graph.

Fig. 3. Model calculations of droplet and pressure profiles for the 9.3 mm/s approach and retract
velocity for 0.1 mM SDS concentration at four times, t1 through t4, in a 430.2-ms measurement.
The four times are t1 0 199.6 ms (solid line), t2 0 215.1 ms (dotted line), t3 0 223.7 ms (dashed
line), and t4 0 240.9 ms (dotted and dashed line). (A) The interfacial separation h as a function of
radial distance r. (B) The total pressure between the droplets as a function of radial distance.
Pressure is in dimensionless units, scaled by s/Ro. (C) The disjoining pressure, P, from only the
equilibrium or static forces between the droplets as a function of radial distance. (D) The pressure p
from only the hydrodynamic drainage effects as a function of radial distance.
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from either equilibrium surface forces or hydro-

dynamic drainage. This is shown in Fig. 3A for

the 10 mM SDS case at a series of times in the

measurement conducted at a speed of 9.3 mm/s.

The interdroplet separation in Fig. 3A flattens at

the time closest to the largest repulsive force,

marked t
2
, 215.1 ms into a 430.2-ms measure-

ment. The total pressure in Fig. 3B is a combi-

nation of the component contributions shown in

Fig. 3, C and D. The strong positive pressure in

Fig. 3B at time t
2
corresponds to the flat region

in the interface profile in Fig. 3A.

The closest approach for the entire dynamic

interaction event occurs in the retraction as

shown at time t
3
, 223.7 ms. The total radial

pressure profile exhibits more features than any

other curve in the time sequence in Fig. 3B, with

a reversal from positive pressure at small radii to

negative pressure at larger radii. This is due to

the combination of pressure with different length

scales from a positive equilibrium surface force

at these interfacial separations and the negative

hydrodynamic drainage pressure, as shown in

Fig. 3, C and D. In contrast to the case involving

only equilibrium interactions, for the dynamic

interaction situation the closest approach, and

hence opportunity for droplet coalescence to

occur, can take place as the droplets move apart.

Ultimately it is clear that at velocities similar

to those experienced through the Brownian

motion of these droplets in solution, the con-

tributions from hydrodynamic and surface forces

are strongly coupled, and the relative length

scales of these forces will influence which

component dominates the interaction. The ab-

sence of a dimple in the interfacial profile when

compared to drainage studies for larger droplets

(12, 14, 20, 23, 24) is a product of both smaller

droplet size and low deformation. The control of

the velocity and interfacial tension in the

experiment allows one to vary the relative effects

so as to probe the situation where either surface

force or hydrodynamic drainage can dominate the

interactions behavior. For example, at even higher

velocities, about twice those of the Brownian

motion, the interfacial profile looks similar, but

the contribution to the total pressure is then

dominated by hydrodynamic drainage.

The thinning of the film in the radial center

between the droplets at higher forces creates a

remarkable coupling of the motion of the two

droplets, which enhances the development of the

smoothly varying minimum in the retract curve.

The droplet velocity as a function of time at the

axial and the edge positions of the droplet on the

cantilever, for the 10 mM SDS concentration at

28 mm/s, is shown in fig. S2. As the two droplets

approach, the displacement of the center of the

interface slows as the film thins, and the two

interfaces become stationary for small radial

distances near the turnaround point. The axial

center of the top droplet continues to lag behind

the motion of the rest of the droplet, even at the

beginning of the retract motion. The axial center

of the top droplet then decouples its motion from

the other droplet and accelerates to a velocity

faster than the piezo drive with a recoiling

motion before returning to rest. This behavior

is described in the validated model without

invoking interfacial rheological effects.

The agreement between the experimental data

and the quantitative model identifies a number of

important points related to describing interaction

dynamics in liquid-liquid systems. This agree-

ment is achieved by using the traditional no-slip

boundary condition. This is contrary to what

might be expected on the basis of some experi-

mental observations of liquid drainage between

rigid hydrophobic surfaces. One possible expla-

nation is that the surface roughness of the oil-

water interface ismuch smaller than that on a rigid

surface, where deviations between theory and ex-

periments have led to a heuristic correction to

drainage models, referred to as a slip length. The

quantitative visualization of the interfacial and

pressure profiles provides a means of under-

standing the dynamic contributions from indi-

vidual components in the physics of the

interactions. The behavior of the droplet profile,

pressure, and velocity upon the retraction presents

an opportunity to probe systems possessing in-

terfacial rheological characteristics and the impact

of these on dynamic droplet-droplet interactions.
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Tyrannosaur Life Tables:
An Example of Nonavian Dinosaur
Population Biology
Gregory M. Erickson,1* Philip J. Currie,2 Brian D. Inouye,1 Alice A. Winn1

The size and age structures for four assemblages of North American tyrannosaurs—Albertosaurus,
Tyrannosaurus, Gorgosaurus, and Daspletosaurus—reveal a pronounced, bootstrap-supported
pattern of age-specific mortality characterized by relatively high juvenile survivorship and
increased mortality at midlife and near the maximum life span. Such patterns are common today in
wild populations of long-lived birds and mammals. Factors such as predation and entrance into the
breeding population may have influenced tyrannosaur survivorship. This survivorship pattern can
explain the rarity of juvenile specimens in museum collections.

L
ittle is known about the population bi-

ology of nonavian dinosaurs. Did these

animals show survivorship patterns

akin to extant living dinosaurs—the birds,

like the dinosaurs_ cousins the crocodilians,

or were they similar to more distantly related

ecological analogs? Here, we use the age and

size distribution from a death assemblage of

the North American tyrannosaur Albertosaurus

sarcophagus to produce an age-standardized

ecological life table for a nonavian dinosaur

population.
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Supporting Online Material  
 
Materials and Methods 
 

A Digital Instruments Multimode AFM, Nanoscope IIIa AFM controller, and 
commercially available fluid cell and o-ring were used for all experiments.  Silica nitride 
contact cantilevers (Veeco Metrology) were sputter coated with 1 nm of chromium and 
then 10 nm of gold, and then hydrophobized according to (S1).  Cantilever spring constant 
was 0.12 N/m, measured according to the method of (S2).  The bottom substrate was a 
nitric acid cleaned glass slide, sputtered coated with 1 nm of chromium and 20 nm of gold 
and then hydrophobized as above.  The droplet was immobilized on the bottom substrate 
according to the method developed in (S3).  The droplet was attached to the cantilever in 
aqueous solutions of sodium dodecyl sulfate (BDH Laboratory Supplies, SDS) using a step 
motor controlled syringe (World Precision Instruments, Inc.) injecting nanoliter volumes of 
n-decane (Aldrich chemical) through a glass capillary (inner diameter ~ 10 µm).    All 
solutions contained a background electrolyte of 1 mM sodium nitrate.  The SDS 
concentrations were changed in situ where each solution was given 30 minutes to thermally 
equilibrate before any data were taken.  The oil droplets were positioned first using the 
course stepping motor, and then using the piezo tube fine control.  The force curves (an 
approach and retract force-distance cycle) were taken at a series of scan rates at eight 
different approach speeds varying from 2 µm/s to 28 µm/s.   Force curves were measured 
between the droplets at SDS concentrations of 0.1, 1.0, 3.0, and 10 mM.  At the end of the 
experiments, the droplets were flushed from the system and force curves between the 
substrate and cantilever were recorded to determine the detector sensitivity of the AFM 
photodiode.  The undistorted radii of the droplets on the cantilever and the substrate were 
estimated to be 43 µm ±2 µm and 90 µm ±2µm, respectively, from CCD camera 
measurements.  The AFM photodiode voltage was converted to cantilever deflection using 
the detector sensitivity determined at the end of the experiment and then converted to force 
via F k dc= ∆ , where kc is the spring constant of the cantilever.   

Interfacial tension was measured using the pendent droplet method with a DataPhysics 
OCA 20 Tensiometer and axisymmetric droplet shape analysis software.  The interfacial 
tension for this system is also well characterized and ranges from 39 mN/m to 8 mN/m(S4).  
Sessile droplet contact angle measurements of decane droplets on the glass substrate in 
aqueous surfactant solutions were made using the same system.  The contact angle of the 
droplet on the piezo drive was determined from this macroscopic contact angles, 
approximately 50o, whereas the cantilever droplet is treated with a pinned contact line on 
the sharp edge of the cantilever with a droplet contact angle of approximately 130o. 

The model requires that the time scale of the droplet response to deformation must 
be much faster than the time scale of the approach speed of two droplets(S5).  In addition 
the hydrodynamic model employs new boundary condition at large r distances derived from 
the constant volume constraint fop the droplets given (S5) by: 
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where kc is the cantilever spring constant and G and Fi  are defined as  
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where G is an integral over the product of pressure and the interfacial profile and Fi  is a 
function of contact angle, θi, and radii, Ri, of each droplet.  The numerical calculation of the 
hydrodynamic drainage model using the above boundary condition employs the methods of 
lines and the central difference method to construct a system of differential algebraic 
equations(S5).   
 
 
 
 
 
 
 
 
 
 
 

 
Fig. S1. Force profiles the approach and retract velocity is V= 28µm/s and the ionic 

strength is matched to the 3 mM SDS case for three different starting positions, h0 
= 1.67 µm (solid line), 1.77 µm (dashed line) and 1.87 µm  (dash-dot line).  The 
electrostatic double layer surface potential was  mV, and the piezo 
displacement, cantilever spring constant, droplet radii, contact angle and interfacial 
tension matched the experimental conditions for the 3 mM SDS measurement. 
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Fig. S2. Velocity as a function of time at the axial position (solid line) of the droplet and 

the piezo drive velocity (dashed line) for the approach and retract traces of the 
force curve for 28 µm/s at an SDS concentration of 10 mM.  
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