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Dynamic force measurements have been made between an oil drop and a silica particle in surfactant and sucrose
solutions with viscosities that range up to 50 times that of water. These conditions provide variations in the shear rate
and the relative time scales of droplet deformation and hydrodynamic drainage in a soft matter system. The results
obtained indicate that soft deformable boundaries have a natural response that limits the maximum shear rate that can
be sustained in thin films compared to shear rates that can be attained in films bounded by rigid boundaries. In addition,
to extend boundary slip studies on rigid surfaces, we use a smooth deformable droplet surface to probe the dependence of
the boundary slip on fluid viscosity without the added complications of surface roughness or heterogeneity. Imposing a
Navier slip model to characterize possible slip at the deformable oil-sucrose solution interface gives results that are
consistent with a slip length of no larger than 10 nm over the range of solution viscosity studied, although an immobile
(zero slip length) condition at the oil-sucrose solution interface is perfectly adequate. In high viscosity solutions,
cantilever motion at high scan rates induces a significant cantilever deflection. Amethod has been developed to account
for this effect in order to extract the correct dynamic force between the deformable drop and the particle.

1. Introduction

The transport of liquids of various viscosities confined near
soft surfaces is of increasing interest because of its fundamental
relevance in processes as diverse as the motility of biological
cells to the formulation and transport of structured emulsions.1

In microfluidic devices, the use of soft boundaries provides
a potential solution for drag reduction to minimize energy
expenditures2 and offers a novel dimension for manipulating
localized flow.3 These types of innovations are seen as crucial for
high throughput applications in which the benefits of a quanti-
tative understanding of the hydrodynamic boundary conditions
for flow at soft surfaces have not been fully explored.4 The
manipulation of flow properties and boundary conditions in soft
matter systems offers a newdegree of flow control thatmay not be
possible with rigid boundaries. Furthermore, changes in viscosity
affect the response time scales associated with soft material
deformations from hydrodynamic perturbations, drag reduction

schemes,2 molecular and interfacial transport,5-9 and hydro-
dynamic boundary conditions.2,4,6

In quantifying boundary slip using direct force measurements
with the atomic force microscope (AFM), sucrose solutions of
varying concentrations have been the liquid of choice because
they maintain Newtonian liquid behavior over a large range of
viscosities.10-15At solid surfaces, flowbehavior in regimes of high
shear rates in which boundary slip effects may bemore prominent
can be explored by increasing the fluid viscosity. However, at soft
boundaries, geometric deformations that arise in response to stresses
from the flow fieldmayprovide a natural regulatingmechanism that
limit the range of shear rates that can be attained. As a consequence,
boundary slip phenomena that may be observed at rigid boundaries
may not be manifested at soft interfaces.

To describe and quantify possible boundary slip at the fluid-
solid interface, the Navier slip model postulates that for a
Newtonian fluid, the tangential velocity u ) at the fluid bound-
ary (with unit normal n) is proportional to the local tangential
shear stress:2,16 u ) = bn 3 [ru þ (ru)T] 3 (I - nn). The parameter
b, called the slip length, encapsulates details of the interaction
between the fluid and the solid boundary. At fluid-solid
boundaries, the no-slip or fully immobile boundary condition
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corresponds to b = 0, while partially mobile interfaces are
characterized by a nonzero slip length.

For fluid-fluid interfaces, the effects of changing viscosity at
boundaries of simple soft material such as drops and bubbles can
be quantified by examining the behavior of the tangential stress
across the interface. Across an ideal clean fluid-fluid boundary
where the interface is fullymobile, the tangential stress is expected
to be continuous across the interface where the velocity of the
fluid adjacent to the interface in each phase is moving at the same
speed. The presence of mobile surface-active materials at the
interface can provide a tangential gradient in the interfacial
tension that will give rise to a jump discontinuity in the tangential
shear stress.17 If the gradient of the interfacial tension is suffi-
ciently high, the interface becomes immobile and the hydro-
dynamic boundary condition at such an interface will be the same
as that at a fluid-solid interface that obeys the no-slip condition.

There is often confusion when using the terminology of a “no-
slip” boundary condition for a fluid-fluid interface. For a fluid-
fluid interface, a fully mobile interface, where the adjacent tan-
gential velocities of the two fluids are equal, satisfies the “no-slip”
condition, as the tangential velocities are proportional to the local
tangential shear stress for Newtonian fluids. For a fluid-solid
interface, when there is a partial or full mobility at the interface,
then the tangential velocities are not proportional to the local
tangential shear stress (since a solid is not moving, but the fluid is)
and there is slip at a surface. In this paper, we describe fluid-fluid
interfaces as eithermobile or immobile and only use the term “no-
slip” to refer to the scenario where the tangential velocity of the
fluid-solid or fluid-fluid is zero where in both instances the
interface is immobile.

In contrast to all previous slip studieswith theAFM,10,11,13,15,18,19

our objective is to use the smooth deformable fluid-fluid interface
of a droplet in aqueous solution as a simple model system to
examine slip. We quantify flow conditions of fluids with a range of
viscosities when they are confined by smooth deformable bound-
aries. The known deformation characteristics of the fluid-fluid
interface and its relative sharpness allow us to make confident
estimates of the possible effects of boundary slip at smooth soft
surfaces. In particular, it offers a way to quantify boundary slip
without complications that may be due to surface roughness,10

heterogeneities,20 or effects due to liquid structuring at surfaces.
Toquantify dynamic effects of viscosity on forcemeasurements

using theAFM,we investigate the time dependent force between a
smooth solid silica colloidal probe particle and a smooth deform-
able oil drop in relativemotion in aqueous solutions. The solution
viscosity can be varied by a factor of over 50 through varying the
sucrose concentration. The quantitative behavior of the dynamic
force is determined by the boundary conditions at the solid-
sucrose solution and oil-sucrose solution interface that control
the flow of the solution in the gap between the particle and the
oil drop. However, this gap, of the order of tens of nanometers
thick, is large compared to the dimensions of the sucrosemolecule
(<0.9 nm) so the aqueous solution can still be regarded as a
continuum.We use a silica particle probe as one of the interacting
surfaces because the hydrodynamic boundary condition on such a
hydrophilic surface has now been established unambiguously.13

All experimental results reported in this paper are taken with the
same cantilever and colloidal probe particle.

2. Experimental Method

InAFM forcemeasurements, a piezoelectric actuator is used to
move the end of the cantilever toward or away from the substrate
to vary the separation X(t) (Figure 1, inset) between the particle
on the cantilever tip and the oil drop on the substrate. The
interaction between the particle and the drop will cause the
deflection of the cantilever to change as the cantilever is moved.
This deflection can be converted to the force between the particle
and the drop via Hooke’s law, once the cantilever spring constant
has been determined. However, in regimes of high scan rates and
at high viscosities, the cantilever will also deflect as a result of the
hydrodynamic drag exerted on it as it is being driven by the
piezoelectric actuator.Wehave developed amodel to characterize
cantilever deflections that result from hydrodynamic drag that is
separate from deflections due to interaction between the particle
and the drop. This is particularly important since the piezoelectric
actuator actually moves the cantilever with a variable velocity
with the result that such deflections can potentially be misinter-
preted as a variable force between the particle and the drop.

Anatomic forcemicroscope (AsylumResearch, SantaBarbara,
CA)wasused tomeasure the dynamic force between a tetradecane
oil drop in aqueous sucrose solution with a silica colloid probe
particle of radiusRp= 25( 2 μmglued on the end of a cantilever
(Veeco MLCT Series) whose spring constant, K=0.039( 0.004
N/m, was calibrated by the Hutter-Bechhoefer method.21 The
shear viscosity, μ, of the sucrose solution was varied by up to
50 times that of water by increasing the sucrose concentration to
60%. The sucrose solution also contained 5 mM of the anionic
surfactant sodium dodecyl sulfate (SDS), which is below the
critical micelle concentration of 8 mM. Force measurements were
takenwith the probe particle carefully alignedwith the apex of the
sessile oil drop of undeformed radius Rd = 107 ( 2 μm on the
substrate.

A forcemeasurement run comprised anapproachbranch, as the
cantilever was moved toward the oil drop by piezoelectric actua-
tor, followed by a retract branch, when the cantilever was moved
away from the drop. The position, X(t) (Figure 1, inset), of the
cantilever was monitored by using a linear variable differential
transformer (LVDT). The nominal speed or scan rate of the
piezoelectric actuator was varied from less than 1 μm/s up to
20 μm/s. At a set scan rate, the actuator velocity was observed to

Figure 1. Measured forces (∼1% of acquired points are shown)
between a silica colloid probe and the tetradecane oil drop in
sucrose solution with 5 mM SDS versus relative cantilever dis-
placement,ΔX at a scan rate of 1 μm/s. Experiments are compared
to predictions of the Stokes-Reynolds-Young-Laplace model
with the immobile boundary condition at the oil drop (---)
and the analytic high force formula given by eq 8 (- - -). For clarity,
results at different sucrose concentrations have been offset verti-
cally. The upper (lower) data points of each set are the forces on
approach (retract). Inset: Schematic diagram of the cantilever with
colloid probe and oil drop on the substrate.
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vary by up to (50% during the approach and retract runs (see
Figure 2), so values of the instantaneous velocity, dX(t)/dt, were
used in all data analysis and modeling.

Time variations of the cantilever deflection can be converted to
the interaction force between the colloidal particle probe and the
tetradecanedrop.However, at high scan rates andhighviscosities,
the cantilever also deflects as a result of its motion. Such deflec-
tions are additional to that caused by interaction between the
particle probe and the drop, and they need to be subtracted from
the measured total cantilever deflection in order to derive the
dynamic force between the particle and the drop.

The SDS adsorbs onto the surface of the tetradecane drops and
creates a negative surface charge.22 Thus, there was a repulsive
electric double layer repulsion between the oil drop and the
negative silica particlewhichwas sufficient toprevent particle-oil
drop coalescence. The range of the repulsive electrical double
layer interaction was not expected to affect the long-ranged
hydrodynamic interaction.23 The adsorbed SDSwas also expected
to dominiate the influence of low concentrations of adventitious
surface active species that generally exist at oil-water interfaces.
The surface potential of the silica sphere as a function of sucrose
concentration was determined by fitting a electrical double layer
model to the sphere-plate AFM force measurements performed
using silica spheres from the same batch as the spheres used in the
droplet measurements. The tetradecane droplet zeta potential is
based on electrokinetic measurements in SDS solutions.22 These
values are not expected to deviate significantly, as the SDS ismuch
more surface active than the sucrose.

Properties of the system and parameters used in analyzing
experimental results are given in Table 1. The pendent drop
technique was used to measure interfacial tensions with SDS up
to 30% sucrose, but the method was not accurate at high
viscosities. Therefore, the interfacial tension of the 5 mM SDS
and 40%or 60% sucrosewas estimated using the high force result
in eq 8 (see later). These estimates are also consistent with an
extrapolation of a Frumkin isotherm model fit to the lower
concentration sucrose-SDS data.

3. Theoretical Analysis

As the particle and drop dimensions are many tens of micro-
meters whereas interaction between the particle and the oil drop is
only significantwhen their separation is of order tensofnanometers,

the hydrodynamic problem can be treated in the lubrication ap-
proximation.25 The experimental setup has axial symmetry and can
be described by coordinates (r, z) so the time evolution of the
separation h(r,t) between the particle and the oil drop (see Figure 1,
inset) can be described by the Stokes-Reynolds equation:26
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where p(r,t) is the hydrodynamic pressure in the sucrose solution
between the oil drop and the particle. Whereas this equation allows
for different Navier slip lengths at the particle, bp, and at the oil
drop, bd, wewill set bp=0 since we know that the no-slip condition
holds at the particle surface.13

The separation between the particle and the oil drop during
the course of the dynamic interaction is described by the Young-
Laplace equation:27
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where the oil-sucrose solution interfacial tension, σ, is assumed
to be constant and the disjoining pressure, Π(r,t), accounts for
surface forces such as electrical double layer repulsion and van der
Waals attraction that are of relatively short-range compared to
hydrodynamic interactions. Equations 1 and 2 are both referred
to as the Stokes-Reynolds-Young-Laplace (SRYL) equations,
which together with appropriate initial and boundary conditions
can be solved by the method of lines25,28 from which the dynamic
force,F(t), between the particle and the oil drop can be calculated:

FðtÞ ¼ 2π

Z ¥

0

r½pðr, tÞþΠðr, tÞ�dr ð3Þ

Axial symmetry considerations require the spatial derivative of
the pressure and the separation to be zero at r= 0: ∂p/∂r= 0=
∂h/∂r. In the lubrication limit, the initial separation between the
particle and the undeformed drop has the parabolic form,

hðr, t ¼ 0Þ ¼ ho þ r2=Ro, Ro
- 1 � Rp

- 1 þRd
- 1

� �
ð4Þ

Figure 2. Left axis: Time dependence of themeasured (b,∼1%of
the acquired data are shown) and predicted (red dashed line) appa-
rent force, Fapparent, and the predicted interaction force, F, accord-
ing to the SRYL model with immobile boundary conditions (blue
solid line) andwith a slip length of 10 nmat the oil-sucrose solution
interface (blue dashed line) at a scan rate of 20 μm/s in 40% sucrose
solutionwith 5mMSDS.Right axis: Piezoelectric drive speeddX/dt
(pinkdashed line) andcentral filmvelocitydh(0,t)/dt (teal solid line).

Table 1. Properties of the Experimental System and Parameters Used

in Modeling at 5 mM SDS and Different Sucrose Concentrations

sucrose (%) 0 20 40 60
interfacial tension, σ ((2 mN/m) 16 8.0 9.0a 10a

viscosity, μ (Pa s)24 0.001 0.0019 0.0058 0.052
silica sphere surface potential

((10 mV)
-40 -25 -25 -25

tetradecane droplet zeta potential22

((10 mV)
-100 100 -100 -100

spring constant, K ((0.004 N/m) 0.039
radius of drop, Rd ((2 μm) 107
radius of sphere, Rp ((2 μm) 25
contact angle of drop,23 θo ((5�) 50�

aDerived by fitting using eq 8.
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The initial distance of closest approach, ho, between the particle
and the drop can be set experimentally to be in the range of
1-6μmina force run. Its precise value canbedetermined towithin
(0.01 μm by requiring the model to fit the entire force curve. Far
from the central axis, where rf¥, the pressure vanishes as p∼ r-4

and this condition is implemented as27 r(∂p/∂r) þ 4p = 0.
For measurements in low viscosity liquids, the dynamic force,

F, between the particle and the drop is obtained from the mea-
sured cantilever deflection, S, and the cantilever spring constant,
K, by applyingHooke’s law: F=KS. However, at high scan rates
and in high viscosity solutions, the cantilever also deflects due to
hydrodynamic drag when it is being moved by the piezoelectric
actuator.We expect that, under Stokes flow, this deflection,Sdrag,
will be proportional to the actuator velocity, dX/dt, and the
viscosity, μ, of the solution and inversely proportional to the
cantilever spring constant, K:

Sdrag ¼ -C
μ

K

dX

dt
ð5Þ

The sign convention in eq 5 is such that a positive deflection
corresponds to an apparent repulsion between the particle and the
drop. The constant, C, can be determined from the force curve at
large separationswhendropdeformation is negligible and its value
will depend only on the geometric properties of the cantilever.

Following earlier work,25,28-33 we use the constant volume
constraint to obtain the following boundary condition at the
outer limit of the solution domain, r = rmax, if the three phase
contact line of drop on the substrate is assumed to be immobile:
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Here, θo is the contact angle of the undeformed drop on the sub-
strate. On the other hand, if the drop on the substratemaintains a
constant contact angle, θ, this boundary condition would be
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The derivations of eqs 6 and 7 are given in the Appendix.
However, we should note that cantilever drag also affects the
form of the large r boundary condition, eq 6 or 7, for the SRYL
equations that determine the dynamic interaction between the
particle and the deformable drop.

At low scan rates and in the regime when the repulsive force
between the particle and the drop is high so that the approach and
retract force data overlap, the force, F, versus relative cantilever

displacement, ΔX (up to an additive constant), has the following
approximate analytic form27

ΔX ∼ F

4πσ
log

FRo

8πσRd
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This result is independent of viscosity or details of the disjoining
pressure as long as it is sufficiently repulsive to prevent coales-
cence. It provides a useful check between theory and experiment.
Furthermore, the interfacial tension, σ, of the drop determined
from this result can be compared to values that have been
measured independently.23,34

4. Results and Discussion

Low Scan Rates, Variable Viscosity. Results for the force,
F, versus relative cantilever position, ΔX, at a low scan rate
(1 μm/s) are shown in Figure 1 for 0%, 20%, and 40% aqueous
sucrose solutions, where, for clarity, only about 1% of measured
data points have been plotted. At this low scan rate, cantilever
deflection due to hydrodynamic drag is negligible. However, the
almost 6-fold increase in solution viscosity over this sucrose
concentration range enhances the hydrodynamic interaction
and gives rise to the growth of the size of the hysteresis loop
between the approach and retract branches of the force. At these
low scan rates, the SRYL model gives excellent agreement bet-
ween theory and experiments, particularly with regards to the
region around the force hysteresis using the no-slip and immobile
hydrodynamic boundary condition, corresponding zero slip
lengths: bd = 0 = bp, at the particle and at the deformable
tetradecane drop. Earlier AFM studies9,23,28,34,35 examining the
presence ofMarangoni flows, electrokineticmeasurements,22,35,36

or larger scale drainage studies studies37,38 have shown that a very
low concentration of surfactant is sufficient to give rise to an
immobile interface. In this work, at the concentration of 5 mM
SDS in the sucrose solution, which is below the CMC value of
8 mM, the surface coverage is around 90% saturation22 and thus
an immobile interface is expected for this oil and surfactant
system.

In the high force region (>2 nN) where the approach and
retract data overlap, the force, F, as a function of displacement,
ΔX, dependence can be fitted to the high force analytic result
(dashed lines) given in eq 8.26,27 The fitting procedure also allows
the interfacial tension of the tetradecane drop at various sucrose
concentrations to be determined (Table 1). The interfacial ten-
sions obtained this way agreed with available values determined
by the pendent drop method. This high force analytic result does
not depend on the detailed form of the repulsive disjoining
pressure,Π(r,t), as long as the particle and the drop are prevented
from coalescing.
High Scan Rates, Variable Viscosity. At higher scan rates,

and particularly at high solution viscosities, it is important to
quantify separate contributions to the observed deflection, S, of
the cantilever due to interaction between the particle and the drop
and due to hydrodynamic drag on the cantilever. Significant
cantilever deflection due to hydrodynamic drag is evident even
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when the colloid probe is far from the oil drop, particularly at high
viscosities. Hitherto, this drag force has been assumed to be
constant and its value is estimatedbyusing anadditive constant to
enforce a zero force at large separations.13,39However, linearity of
the hydrodynamic problem suggests that the cantilever drag force
should be proportional to the velocity of the cantilever and the
solution viscosity. In section 3, we indicate that cantilever drag
has to be taken into account in formulating an appropriate
boundary condition for the SRYL model.

We can define the measured apparent force, Fapparent, as the
product of the observed cantilever deflection, S, and the cantilever
spring constant, K. This can be written as the sum of a separation-
independent cantilever drag force,Fdrag, and the interaction force,F:

Fapparent � KS ¼ Fdrag þF ¼ -KSdrag þF
¼ Cμ dXðtÞ=dtþF ð9Þ

Wedetermine thevalueof the constantC=(6.0(0.6)� 10-3m for
our cantilever, from experimental results in a 40% sucrose solution
at 20 μm/s during 0 < te 0.04 s (Figure 2) when the particle is far
from the oil drop and deformation is negligible. In this regime, the
analytical formofF=-(6πμRo

2/h)(dX/dt) (without deformations)
can be used. The value of C so obtained is then used to analyze all
other data obtained with the same cantilever at different scan rates
and different viscosities.

In Figure 2, we compare experimental apparent force data,
Fapparent, in a 40% sucrose (with 5 mM SDS) solution at 20 μm/s
predicted using the solution of the SRYLmodel given in eqs 1-6.
We see excellent quantitative agreement with the no-slip bound-
ary condition at the oil-water interface. From this comparison,
we can extract the interaction force, F, between the particle and
the deformable drop. The effects of the cantilever drag are
significant in regimes where the film drainage velocity is high,
as measured by the rate of change of the central film thickness,
dh(0,t)/dt. FromFigure 2, the filmdrainage rates are highnear the
rise of the repulsive region during the approach phase and near
the hydrodynamic attractive minimum during the retract phase.
The effect of using aNavier slipmodel at the oil-sucrose solution
interface with a slip length of 10 nm on the interaction force, F, is
also shown in Figure 2. Although the level of precision of the
experimental results can accommodate a slip length between 0
and 10 nm, we have no other compelling reason to conclude that
slip occurs in our system.

In Figure 3, we compare experimental apparent force data,
Fapparent, and predictions from the SRYLmodel at the scan rate of
20 μm/s for three different sucrose concentrations that span a
6-fold change in the viscosity. Similar comparisons at lower scan
rates showequally goodagreement between experiment and theory,
again with the immobile boundary condition on the oil drop.

The shear rate at the oil-sucrose solution interface at different
radial positions in the film of sucrose solutionbetween the particle
and the oil drop is shown in the inset of Figure 3 corresponding to
different times marked on the force curve during particle-drop
interaction in a 40% sucrose solution. The sign of the shear rate
depends on whether the sucrose solution is being expelled from
between the oil drop and particle during the approach phase or
being sucked in to fill the space between the oil drop and the
particle during the retraction phase. The magnitude of the shear
rate remains at less than 6200 s-1. The reason for the modest
magnitude of shear rate is that the deformability of the oil drop
provides a natural limiting mechanism. As the particle is driven
toward the drop, the repulsive hydrodynamic pressure will

increase. When this pressure approaches the Laplace pressure
of the drop, the oil-sucrose solution interface will begin to
deform and flatten, and thereby increase the effective interaction
area between the particle and the flattened drop. This enhanced
hydrodynamic repulsion is sufficient to prevent the particle from
further approaching the oil-water interface. We can see this from
the calculated rate of change of the central separation at r = 0:
dh(0,t)/dt, between the drop and the particle shown in Figure 2
(continuous line, right ordinate). During the period 0.10 s < t <
0.16 s, dh(0,t)/dt is small so the separation between the particle and
the drop is nearly constant while the force changes significantly in
both magnitude and sign. These changes are accompanied by
changes in the flow direction of the intervening sucrose solution
as reflected in the change in sign of the shear rate (Figure 3, inset).

Interestingly, after the force reaches the attractive minimum
during the retraction phase at tg 0.16 s in Figure 2, the surface of
the oil drop separates very quickly from the particle and attains a
local speed of ∼60 μm/s, almost twice that of the speed of the
piezoelectric actuator. At the corresponding force minimum in
Figure 3, point C, the shear rate has the largest magnitude
(Figure 3, inset).
Highest Solution Viscosity. At the highest sucrose concen-

tration of 60% (Figure 4) where the solution viscosity is over 50
times that ofwater, we can only drive the cantilever at amaximum
speed of 3 μm/s as we need to keep the cantilever response within
the linear regime. To demonstrate the effects of incorporating a
nonzero slip length at the oil-sucrose solution interface, we also
show calculated values of the interaction force that include slip
lengths of 10, 100, and 1000 nm at the oil-sucrose solution
interface in Figure 4. From this, we conclude that if we wish to
allow for the possibility of a nonzero slip length at the deformable
tetradecane-sucrose solution interface, a slip length of 10 nm
wouldbe anupper bound. Indeed, the present comparisonbetween
theory and experiment does not provide compelling evidence of a
nonzero slip length. Similar comparisons at other sucrose concen-
trations lead to the same conclusion (see also Figure 3).
Additional Observations. From the results in Figures 2-4,

we note the following:
(i) For times t g 0.7 s, which is just after the force

maximum at point A in Figure 4, the retraction
phase has commenced and the particle is being
pulled away from the oil drop by the piezoelectric
actuator.Nevertheless,we see in the inset ofFigure 4
that because the oil drop is deformable, the sucrose

Figure 3. Time dependence of the experimental apparent force,
Fapparent (points), at three different sucrose concentrations (in
5 mM SDS) and at a scan rate of 20 μm/s. Comparison with the
SRYLmodelwith immobileboundaryconditionsat theoil-sucrose
solution interface (lines). Inset: Shear rate at the oil-sucrose solu-
tion interface at 40%sucroseas a functionof the radial coordinate, r,
corresponding to times keyed to the force curve in the main figure.

(39) Craig, V. S. J.; Neto, C. Langmuir 2001, 17, 6018–6022.
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solution film between the particle and the oil drop
continues to thin until point C (t ∼ 0.9 s) where the
sucrose film reaches aminimum thickness of around
h ∼ 25 nm (curve C inset Figure 4).

(ii) As the sucrose solution is over 70 nm thick around
point D (Figure 4), the physical origin of the force
minimum is therefore due entirely to hydrodynamic
interactions across a film of sucrose solution con-
fined between the silica particle and the deformed
surface of the oil drop. Repulsive electrical double
layer interactions and attractive van derWaals forces
are negligible at such separations. For such thick
films (compared to the size of the sucrose molecule,
∼0.9 nm), the sucrose solution can certainly be
treated as a continuum Newtonian fluid character-
ized by a constant shear viscosity.

(iii) In allowing for a slip length of up to 10 nm at the
deformable oil-sucrose solution interface, the dis-
cernible difference with the immobile interface result
occurs at around the force minimum, point C in
Figure 3 andpointD inFigure 4.The shear rate in the
film at these points is large (Figure 3, inset) because
the deformable oil-sucrose solution interface is re-
ceding rapidly from the particle (Figure 2, for dh(0,t)/
dt, continuous curve, right ordinate). Thus, with the
addeddegreeof freedomofdeformability,we see that
the effects of boundary slip is most noticeable at high
shear rates, which does not necessarily occur when
the film thickness is at a minimum as expected for
flowbetween rigid boundaries. The highest shear rate
therefore occurs at a point controlled by a combina-
tion surface deformability, effective area of interac-
tion, surface separation, and interfacial velocity.

(iv) The detailed analyses developed here for the hydro-
dynamic drag on the cantilever have up to a 15%
effect on measurements at higher viscosities and
velocities. It is interesting tonote thatmost slip studies
using an AFM on rigid surfaces have not considered
accounting for the deflection of the cantilever in this
fashion, even though recent studies that examine slip
between hydrophilic surfaces report anomalous dif-
ferences between different types of cantilevers12 with
no definitive explanations, but where the character-
istic drag on the cantilever may differ.

(v) The use of aNavier slipmodel at the surface of the oil
drop involves a further simplification. If there are
mobile surfactants at the oil-sucrose solution inter-
face, one should take into account hydrodynamic
flow both in the sucrose solution in between the oil
drop and the particle as well as in the interior of the
oil drop. These two flow fields will be coupled at the
interface by a tangential stress balance condition that
involves local tangential gradients of the interfacial
tension and convection and diffusion of the mobile
surfactants.6,9 Whereas the formulation of such a
detailed model is available, the additional technical
complexity involved in implementing this model is
quite significant.7The present studyusing the simpler
Navier slip model does not provide compelling evi-
dence for a slip length larger than 10 nm, or about 10
times the dimensions of the sucrosemolecule. Indeed,
a zero slip length is still able to describe the experi-
mental results very well. In addition, mobility of the
surface is unlikely given we have approximately 90%
saturation of the oil-sucrose solution interface with
surfactant. In a noncreeping flow regime, where
higher shear rates may be possible, interfacemobility
may become a more important factor.

5. Conclusions

Using a well-characterized system of an oil drop in a sucrose
solution as a model soft smooth interface for which the dynamic
behavior is dominated by hydrodynamic interactions, we are able
to demonstrate that boundary slip can manifest as a Navier slip
length of nomore than 10 nmor about 10 times themolecular size
of the sucrose molecule under the combined effects of interfacial
deformations and a 50-fold variation in solvent viscosity. This is a
reasonable expectation since the slip length should reflect char-
acteristic length scales at the fluid interface. The ability of the oil
drop to deform suggests that soft systems provide a natural
mechanism to limit shear, which will have implications in the
possibility of using soft material tominimize energy requirements
in massively parallel microfluidic operations.
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Appendix

The total deflection, S, of the cantilever is caused by fluid drag
arising from cantilever motion (dX/dt) and by the interaction

Figure 4. Time dependence of the experimental apparent force,
Fapparent (b), the interaction force, F, from the SRYL model with
no-slip boundary conditions (blue solid line) and with slip lengths
ranging between 10 to 1000 nm at the oil-sucrose solution inter-
face (blue dashed line). Inset: Separation between the deformable
oil-sucrose solution interface and the particle as a function of the
radial coordinate, r, corresponding to times keyed to the force
curve in the main figure.

Figure 5. Schematic diagram of the particle-drop geometry in the
atomic force microscope.
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force, F, between a particle and drop. The fluid drag contribution
to the deflection, Sdrag, will be proportional to the piezoelectric
actuator velocity, dX/dt, and the viscosity, μ, of the solution and
inversely proportional to the cantilever spring constant, K:

S ¼ Sdrag þF=K ¼ -Cðμ=KÞðdX=dtÞþF=K ðA1Þ
whereS>0corresponds to repulsion and the constantC depends
on the cantilever geometry.

From the geometry of schematic atomic force microscope in
Figure 5, we have

X þS ¼ zp þ hþ zd ðA2Þ
Differentiation with respect to t and noting that particle shape, zp,
is constant gives

dh=dt¼ dX=dtþdS=dt- 0- dzd=dt

¼ dX=dt-Cðμ=KÞðd2X=dt2Þþ ð1=KÞðdF=dtÞ- dzd=dt

ðA3Þ
If the three phase contact line of the drop on the substrate is

pinned at a constant position during interaction, then at a
position r = rmax that is outside the interaction zone the drop
shape has the form given by eq 21 of Carnie et al.25
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where θo is the contact angle of the undeformed drop on the
substrate. Thus, the boundary condition at r = rmax, with canti-
lever drag with the pinned contact line boundary condition, is
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On the other hand, if the contact angle the drop on the
substrate is constant during interaction, the boundary condition
at r = rmax can be deduced from eq 25 of Carnie et al.25 to be
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The relative magnitude of the new term involving (d2X/dt2)
term in eqs A5 and A6 can be estimated by the standard scaling
used in this problem in terms of the capillary number:Ca= μV/σ,
where V is the scan rate

h ∼ RoCa
1=2; t ∼ ðRoCa

1=2Þ=V ;

r ∼ RoCa
1=4; F ∼ ðσ=RoÞðRoCa

1=4Þ2

With this scaling, the various terms in eq A5 have the order:

dh

dt
∼ dX

dt
∼ 1

2πσ

dF

dt

� �
1þ 1

2
log

rmax
2

4Rd
2

 !
þ 1

2
log

1þ cos θo
1- cos θo

� �2
4

3
5∼Oð1Þ

1

K

dF

dt

� �
∼ Oðσ=KÞ

C
μ

K

d2X
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∼ OðC=RÞðσ=KÞCa1=2

Using the estimated value of C ∼ 6 � 10-3 m from experimental
data and using upper bound estimates for μ∼ 5� 10-3 Pa s andV
∼ 20 � 10-6 m/s and system parameters R ∼ 50 � 10-6 m and
system parameters σ ∼ 50 � 10-3 N/m, K ∼ 40 � 10-3 N/n, we
find

C
μ

K

d2X

dt2
∼ OðC=RÞðσ=KÞCa1=2 ∼ 0:14

which is around a 14% effect, assuming the scaled (d2X/dt2) is of
order 1. The effect of this cantilever drag term will be smaller at
lower viscosities or scan rates.

In implementing this cantilever drag contribution to the
boundary condition at rmax, we use the cantilever displacement
function, X(t), measured by the LVDT in the AFM. This
function, available as a list of data points, exhibits a sharp jump
in the value of dX(t)/dt at the commencement of the retract phase.
As a result, the value of d2X(t)/dt2 has an apparent jump
discontinuity which is simply an artifact of the discrete nature
of data trace of X(t). This then results in a small jump disconti-
nuity in the predicted value of the apparent force just after the
commencement of the retraction phase. This technical deficiency
can be corrected if finer sampling of the displacement function,
X(t), is available.


