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A stable zero frequency surface integral formulation for E and H

Derek Y. C. Chan*,1,2, Evert Klaseboer3 and Qiang Sun4

Abstract—The frequency domain Maxwell’s equations in linear homogeneous media are re-cast as 4
scalar Helmholtz equations: 3 for the Cartesian components of the electric field, E and 1 for the scalar
function (r · E), with identical equations for the magnetic field, H. Their surface integral equation
solution involves only the Green’s function, G(r, r′) = exp(ik|r − r′|)/(4π|r − r′|) but can be written
in a form with bounded integrands. Solving with the Nyström quadrature method with quadratic
area elements gives a linear system for E and H on the boundary directly. Hypersingular dyadic
Green’s function and surface currents do not feature. This simpler direct approach is stable in the long
wavelength limit, unaffected by the zero frequency catastrophe in the EFIE and MFIE formulations.

1. CURRENT STATUS OF COMPUTATIONAL ELECTROMAGNETICS

The purpose of this Letter is to advocate a simple approach to computational electromagnetics using
surface integrals that works directly with the electric, E and magnetic, H fields. The surface integrals
have bounded integrands that facilitate simple and accurate implementation. More importantly
the formulation is free of the numerical instabilities that arise in the long wavelength limit in
existing formulations that use surface currents. Hopefully this Letter will encourage further technical
developments that will make this field-only approach to be truly competitive.

Current surface integral based computational electromagnetics draws on the fundamental
theoretical framework of Stratton and Chu [1]. The subsequent development by Poggio-Miller-
Chang-Harrington-Wu-Tsai (PMCHWT) established the basic methodology that underpins modern
applications [2] and research [3] in computational electromagnetics. In spite of the well established
nature of the current formulation, it is still worthwhile revisiting some of its key features as motivation
for this work.

To provide background and context, consider the simplest example of the electric field integral
equation (EFIE) formulation of the scattering of an incident field Einc(r, ω) in the frequency, ω domain
by a perfect electrical conductor (PEC) in a medium with permittivity, ε and permeability, µ. The
basic task is to solve the surface integral equation for the induced surface current density, J(r, ω) that
is required to cancel the tangential component of the incident field on the PEC surface [2, 3]

n(r0)×Einc(r0, ω) = −iωµ n(r0)×
{∫

S

[(
I +

1

k2
∇∇

)
G(r, r0)

]
· J(r, ω) dS(r)

}
(1)

G(r, r0) ≡
exp(ik|r − r0|)

4π|r − r0|
(2)

and k = ω
√
εµ is the wave number with harmonic exp(−iωt) time dependence. The points r and r0

are located on the surface of the PEC and n(r0) is the surface unit normal at r0.
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The hypersingularity of the dyadic Green’s function,
[
I + k−2∇∇

]
G(r, r0) at r = r0 in (1) means

that the integral is interpreted as a Cauchy principal value with a Hadamard finite part. In the long
wavelength limit of ka → 0, where a is a characteristic length scale of the problem, (1) becomes
numerically unstable. This is also referred to as the ‘zero frequency catastrophe’ [3, 4, 5]. It originates
from the continuity equation between the surface charge and the surface current that results in a ratio of
two quantities that both approach zero in the k → 0 limit [5]. It has been suggested that this breakdown
cannot be avoided in formulations with E and H and “...to retrieve the electrostatic and magnetostatic
solutions, one has to go back to ‘the drawing board’...” [4] – and we attempt to do so here.

Away from the k → 0 limit, the method of solving (1) is well-documented [2, 3]. To ensure charge
conservation, it is standard practice to represent the unknown surface current density, J(r, ω) by Rao-
Wilton-Glisson (RWG) basis functions and solve (1) for the expansion coefficients. Values of the electric,
E and magnetic, H fields are obtained as a post-processing step by integrating over the surface current,
J(r, ω). The hypersingular nature of the integrals inherent in the EFIE means that special steps must
be taken to handle the divergences when calculating field values on or near the PEC surface [2].

This long wavelength instability or zero frequency catastrophe is an important issue, for example,
in miniature antenna design and in microphotonics where key physical dimensions are often smaller
than the wavelength of light. In surface enhanced Raman spectroscopy, accurate quantification of field
strengths and field gradients at surfaces that amplify the photo-chemical response of molecules adsorbed
on the surface of small particles or surfaces with small geometric features is critical.

The current solution to the k → 0 instability is to work in terms of the scalar, φ and vector
potentials, A that are related to E and H by E ≡ −∇φ + iωA and µH ≡ ∇ × A [4, 5, 6]. The
surface integral equations for φ and A in terms of the surface current, J only involve the less singular
Green’s function, G in (2) and do not exhibit the long wavelength instability of the field based integral
formulation. However, this decomposition of E and H is not unique. There are a number of choices or
gauges for (φ,A) although all will give the same result for E and H. In different gauges, the potentials
φ and A do not in general propagate at the same velocity. Their velocities can be infinite or even
complex, and thus the potentials φ and A are not measurable quantities [7, 8, 9, 10].

In spite of the established state of the art, basic physical questions can be raised about the complex
state of the current theory and the associated numerics of computational electromagnetics. Unless the
surface of a PEC has mathematically sharp corners, the electric field on and near the surface is well-
defined and is finite at all wavelengths of the incident field, and in particular in the long wavelength
limit. A theoretical formulation of computational electromagnetics should therefore be able to reflect
this without mathematical challenges such as hypersingularities and numerical instabilities in the long
wavelength limit that do not have a direct experimental equivalent. Ideally, one should also be able to
solve directly for E and H without involving intermediate quantities such as J , φ and A.

2. WAVELENGTH STABLE FIELD-ONLY SURFACE INTEGRAL FORMULATION

In the study of the oscillations of a viscous spheroid in 1881, Lamb [11] noted that a general divergence
free vector field, E that satisfies the wave equation

∇2E + k2E = 0, ∇ ·E = 0 (3)

with a constant wave number k, is equivalent to the system

∇2E + k2E = 0, ∇2(r ·E) + k2(r ·E) = 0 (4)

where r is the position vector. Equation (4) can be derived from (3) using the vector identity

2 ∇ ·E ≡ ∇2(r ·E)− r · (∇2E). (5)

The system in (4) has been used to develop analytical solutions of Maxwell’s equations in spherical
geometry by Thomson, Mie and Debye [12]. However, as noted in the previous section, modern surface
integral formulations are instead mostly inspired by the fundamental work of Stratton and Chu [1].

In terms of computational electromagnetics, (4) for E (or for H) is a system of 4 coupled scalar
Helmholtz equations: for the 3 Cartesian components E = (Ex, Ey, Ez) and the scalar function:
p ≡ r · E = xEx + yEy + zEz (or for H = (Hx, Hy, Hz) and q ≡ r · H = xHx + yHy + zHz).
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Consequently, the solution of Maxwell’s equations can be cast as the solution of the following system of
4 coupled scalar Helmholtz equations:

∇2ϕ+ k2ϕ = 0, ϕ = (Ex, Ey, Ez, p) or (Hx, Hy, Hz, q) (6)

consistent with the usual boundary condition on the continuity of the tangential components of E and
H. Therefore, the only numerical tool needed to solve (6) is the surface integral method for the scalar
Helmholtz equation.

The novel features of writing Maxwell’s equations in the form of 4 coupled scalar equations for the
Cartesian field components and the scalar function (r ·E) or (r ·H) as in (4) or (6) are:

(i) Surface integral solutions of the scalar Helmholtz equation are readily available so that numerical
implementations are straightforward.

(ii) The familiar boundary conditions on the continuity of the tangential components of E and H are
used directly as part of the solution.

(iii) By working directly with E and H in the surface integrals, no special effort is required to obtain
accurate values of the field at or near boundaries (see below for details).

(iv) As no additional quantity such as the current or scalar and vector potential needs to be introduced,
the post-processing step has been eliminated.

(v) In the long wavelength limit of k → 0, these equations reduce to the electrostatic or magnetostatic
solution without instability, so this formulation in terms of E and H is not affected by the zero
frequency catastrophe.

The above features of the field-only formulation are reasonable expectations of a robust theoretical
description of the physical problem. Apart from the singularity associated with the Green’s function, G
given by (2) that will appear in a conventional surface integral solution of the scalar Helmholtz equation
in (6), there are no hypersingular terms. However, as we shall see in the next section, even this singularity
in G can be removed analytically to give surface integral equations that have bounded integrands. As
a result, surface geometries can be represented using quadratically curved surface elements (combined
with quadratic shape functions), that together with the elimination of divergent integrands, can provide
for a more accurate representation of the boundary shape and yield higher precision for the same number
of degrees of freedom used to discretize a problem compared to using planar surface elements.

By moving away from the surface current paradigm, our approach is able to work directly with the
field components and eliminate the long wavelength instability. This is a worthwhile trade-off in order
to be able to represent the physics of the problem with a more robust theoretical framework.

Before considering the numerical solution of (6), it is worth recalling that in the analytical Mie
solution of the scattering of a plane wave by a dielectric sphere [13, 14], E and H are expressed as first
and second derivatives of 2 scalar functions u and v. These are the Debye potentials that each obey the
Helmholtz equation. That the solution can be expressed in terms of 2 unknown functions is consistent
with the observation that the divergence free condition means that only 2 of the 3 components of the
wave equation in (3) are independent. Unfortunately, the complex relation between the Debye potentials
u, v and the fields E, H renders it unsuitable to use surface integral methods to solve the Helmholtz
equations for u and v in general geometries.

3. NON-SINGULAR SURFACE INTEGRAL EQUATIONS

The conventional boundary integral equation for the solution of the scalar Helmholtz equation (6) is,
(suppressing the frequency, ω dependence)

c(r0) ϕ(r0) +

∫
S
ϕ(r)

∂G(r0, r)

∂n
dS(r) =

∫
S

∂ϕ(r)

∂n
G(r0, r) dS(r) (7)

where ∂/∂n ≡ n(r) · ∇ is the normal derivative at r, where the outward normal is n(r). The constant,
c(r0) is the solid angle at r0 that depends on the local geometry. For planar surface elements, c(r0) = 2π,
but for curved elements, c(r0) has to be calculated from the local geometry of the curved element that
complicates the use of non-planar surface elements. In this formulation both integrals are divergent at
r = r0, but these divergences are integrable and can be handled analytically.
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(a) (b) (c)

Figure 1. The electric field lines around a dielectric sphere of radius, a and a dielectric oblate ellipsoid
with semi-axes (2a, 2a, a) in the limit k → 0: (a) sphere at kouta = 0.001, kina = 0.002, b) ellipsoid at
kouta = 0.001, kina = 0.002, and c) sphere at kouta = 0.001, kina = 0.005. For ellipsoids, the interior
field lines are parallel, but not in the same direction of the imposed field [19].

In fact, we can do better by making the integrands bounded as well as eliminating the solid angle,
c(r0) by rewriting (7) as [15]∫

S

[
ϕ(r)− ϕ(r0)g(r)− ∂ϕ(r0)

∂n
f(r)

]
∂G(r0, r)

∂n
dS(r) =∫

S

[
∂ϕ(r)

∂n
− ϕ(r0)

∂g(r)

∂n
− ∂ϕ(r0)

∂n

∂f(r)

∂n

]
G(r0, r) dS(r) (8)

where the functions f(r) and g(r) satisfy the Helmholtz equation. By requiring f(r) and g(r) to have
the following special values at r0 [15]:

f(r0) = 0, n(r0) · ∇f(r0) = 1, g(r0) = 1, n(r0) · ∇g(r0) = 0 (9)

will ensure that both integrands in (8) are bounded as the terms in [· · ·] will cancel the divergence from
G and ∂G/∂n as r → r0 in (8). Both forms of the surface integral solution of the Helmholtz equation
in (7) and (8) relate ϕ and ∂ϕ/∂n. The electromagnetic boundary conditions will be imposed for a
complete system of equations that can be solved.

For example, for the electric field, we have ϕ = (Ex, Ey, Ez, p) so (8) will involve the unknown
functions ∂Eα/∂n, (α = x, y, z) that also appear in ∂p/∂n ≡ ∂(r ·E)/∂n = n ·E + r · ∂E/∂n. There
are of course corresponding functions for the magnetic field, H. Therefore the solution of (8) will
give the field components of E and H as well as their normal derivatives ∂E/∂n and ∂H/∂n. The
boundary conditions on the tangential field components can be expressed readily in terms of values of
the Cartesian components on the boundaries.

4. IMPLEMENTATION AND EXAMPLES

The linearity of the Maxwell’s equations means that for a given incident field, we can just solve the
surface integral equations for the scattered field. The desingularized surface integral equation (8) can
be converted to a linear system at points on the boundary by Nyström collocation with the unknowns
{Eα, Hα, ∂Eα/∂n, ∂Hα/∂n}, (α = x, y, z) on the boundaries. Explicit expressions for the linear system
have been derived for PEC [16] and dielectric [17] boundaries. This formulation has also been used to
describe the space-time evolution of the scattering response of an object due to an incident plane wave
pulse [18]. For our examples below, we choose f(r) = (1/k) sin[kn0 · (r−r0)], g(r) = cos[kn0 · (r−r0)],
with n0 ≡ n(r0), although other choices for f(r) and g(r) that satisfy the Helmholtz equation and (9)
can also be used.

In electrostatics, the field lines outside a dielectric sphere are distorted in the vicinity of the sphere
but the internal field has a constant direction that is parallel to that of the imposed field. In contrast,
for a dielectric ellipsoid, the internal field also has a constant direction, but it will be along a different
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(a) (b) (c)

Figure 2. The magnitude, direction and phase of the near field, E around an oblate dielectric ellipsoid
with semi-axes, (2a, 2a, a), due to incident fields: (a) (E0, 0, 0), kout = (0, 0, kout); (b) (E0, 0,−E0)/

√
2,

kout = (kout, 0, kout)/
√

2 and (c) (0, 0, E0), kout = (kout, 0, 0), with kouta = 6.0, kina = 7.5 in all cases.

direction to that of the imposed field [19]. We will use these well-known results as graphic demonstrations
that our formulation reduces correctly to the electrostatic or long wavelength limit as k → 0.

In Fig. 1, we show results for electric field lines around a dielectric sphere and a dielectric oblate
ellipsoid of relative permittivity 4 and 25. The external wave number is taken be to a small value of
kouta = 0.001, where a is a characteristic dimension of the objects. It is clear that the solution of (8)
gives the near field as well as the expected constant direction expected for the interior field. In Fig. 2,
we show results for the near field inside and outside a dielectric oblate ellipsoid at different directions
relative to an imposed plane wave at finite k. The different focusing effects, the size of the focal point
as well as the magnitude and phase of the near E field can be readily obtained from our non-singular
surface integral formulation in (8). All results were obtained using 642 nodes (or degrees of freedom)
that correspond to using 320 quadratic area elements to represent the surfaces [16, 17].

5. CONCLUSIONS AND PERSPECTIVES

By “going back to the drawing board”, we developed a surface integral formulation for the solution of
Maxwell’s equations in E and H that is completely stable numerically in the long wavelength limit.
It is based on writing the Maxwell’s equations in terms of the Cartesian components of E and H and
the scalar functions (r · E) and (r ·H) the solution of which are coupled scalar Helmholtz equations
expressed as surface integrals. This scheme is independent of the choice of the origin of the coordinate
system as can easily be verified by adding a constant vector to r.

Technically, this formulation does not use the hypersingular dyadic Green’s function nor surface
currents. Furthermore, the surface integral solution of the scalar Helmholtz equation has been cast in a
form in which the integrands are bounded. This facilitates the use of simple Nyström quadrature and
quadratic surface elements that can represent surface geometry more accurately than planar elements.
For the same number of degrees of freedom this yields considerably higher numerical precision.

Therefore, the present wavelength stable field-only formulation in working directly with surface
field values merits further study and hopefully wide adoption because it does not contain mathematical
singularities that in themselves do not have obvious physical counterparts.

Although the feasibility of this approach has been demonstrated for PEC [16] and dielectric
scatterers [17] as well as time domain transient responses [18], efficient computational methods still
need to be developed to make this approach competitive. Possible advances can be in the direction
of developing more efficient representations of the surface integrals as a linear system, more efficient
methods of numerical solution based perhaps on a suitable iteration scheme or the use of fast multipole
methods for large problems. The fact that this formulation gives a representation of the problem that
is numerically stable and free of mathematical singularities (that have no obvious physical counterpart)
could be a very attractive alternative to the computational electromagnetics community.
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