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Abstract

We use the lace expansion to prove asymptotic formulae for the Fourier transforms of the r-point
functions for a spread-out model of critically weighted lattice trees in Z¢ for d > 8. A lattice tree containing
the origin defines a sequence of measures on Z?, and the statistical mechanics literature gives rise to a
natural probability measure on the collection of such lattice trees. Under this probability measure, our
results, together with the appropriate limiting behaviour for the survival probability, imply convergence
to super-Brownian excursion in the sense of finite-dimensional distributions.
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1 Introduction

A lattice tree in Z% is a finite connected set of bonds containing no cycles (see Figure 1). Lattice trees
are an important model for branched polymers. They are of interest in statistical physics, and perhaps
combinatorics and graph theory. We expect that our results are also appealing to probabilists, since there
is a critical lattice tree weighting scheme and a corresponding sequence of measures that are believed to
converge (in dimensions d > 8) to the canonical measure of super-Brownian motion, a well-known measure in
the superprocesses literature. The main result of this paper establishes asymptotic formulae for the Fourier
transforms of the so-called r-point functions, which goes part way to proving this convergence result. The
2-point function ¢,(x), is (up to scaling) the probability that a (critically weighted) random lattice tree
containing the origin, also contains the point = € Z¢ at tree-distance n from the origin.

Lattice trees are self-avoiding objects by definition (since they contain no cycles). It is plausible that the
self-avoidance constraint imposed by the model becomes less important as the dimension increases. Lubensky
and Isaacson [23] proposed d. = 8 as the critical dimension for lattice trees and animals, at which various
critical exponents cease to depend on the dimension and take on their mean-field values (with log corrections
when d = 8). Macroscopic properties of the model should be similar to a simpler model, called branching
random walk, that does not have the self-avoidance constraint. A good source of information on critical
exponents for lattice trees (self-avoiding branched polymers) is [7]. There are few rigorous results for lattice
trees for 1 < d < 8. The scaling limit of the model in 2 dimensions is not expected to be conformally
invariant, so that the class of processes called Stochastic Loewner Evolution (SLE) (see for example [27]) is
not a suitable candidate for the scaling limit. Brydges and Imbrie [3] used a dimensional reduction approach
to obtain strong results for a continuum (i.e. not lattice based) model for d = 2,3. Appealing to universality,
we would expect lattice trees to have the same critical exponents as the Brydges and Imbrie model.
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Figure 1: A nearest neighbour lattice tree in 2 dimensions.

In high dimensions much more is known. Let pp. (z) = >, t,(z). Hara and Slade [9], [10] proved the
finiteness of the square diagram y_, . pp.(z)pp.(y —2)pp.(2 —y)pp. (2) for sufficiently spread-out lattice trees
for d > 8, and for the nearest neighbour model for d > 8. With van der Hofstad [8], they showed mean-field
behaviour of p, (z) for a sufficiently spread-out model when d > 8. Derbez and Slade [6] studied sufficiently
spread-out lattice trees containing exactly N bonds (hence N + 1 vertices) under the same critical weighting
scheme, and in dimensions d > 8. They verified (in the sufficiently spread-out setting) a conjecture of
Aldous [2] that says that in the limit as N goes to infinity (with appropriate scaling), one obtains a random
probability measure on R? called integrated super-Brownian excursion (ISE). The ISE is essentially what
one gets from integrating super-Brownian excursion (whose law is the canonical measure of super-Brownian
motion) over time and conditioning the resulting random measure to have total mass 1. In this paper the
total mass is unrestricted and the temporal component of the trees and limiting process is retained.

Results of Hara and Slade (see for example [24]) show that for d > 4, self-avoiding walk (SAW) converges
to Brownian motion in the scaling limit. This is achieved by proving convergence of the finite-dimensional
distributions and tightness. In this case tightness follows from a negative correlation property of the model.
Note that, almost surely, Brownian motion paths have Hausdorff dimension 2 A d and are self-avoiding in 4
or more dimensions.

With appropriate scaling of space, time, and mass, critical branching random walk converges weakly
to super-Brownian motion (see for example [25]). One version of this statement is that u, == Ny (as
(sigma-finite) measures on the space D(Mp(R?)) of cadlag finite-measure-valued paths on R?), where u,, €
Mp(D(Mp(R?)) is an appropriate scaling of the law of the correspondingly scaled branching random walk,
and Ny is a sigma-finite measure on D(Mp(R?)), called the canonical measure of super-Brownian motion
(CSBM). Denote by X; a measure-valued path with law Np. The supports of the measures Y}, ;) = ft';l Xds

and Y[, ;) = LZ?’ Xsds have no intersection in dimensions d > 8 if t3 > ¢; (Np-almost everywhere) [5]. This
is the appropriate way to say that SBM is self-avoiding for d > 8. We might expect that critical lattice trees
(described as a measure-valued process with appropriate scaling) converge weakly to CSBM in the same
sense as branching random walk, for d > 8.

In this paper we use the lace expansion to prove asymptotic formulae for the Fourier transforms of
quantities called the r-point functions, for critical sufficiently spread-out lattice trees in dimensions d > 8.
Holmes and Perkins [21] prove that these formulae, together with an appropriate asymptotic formula for the
survival probability, imply convergence of the model to CSBM in the sense of finite-dimensional distributions.
Tightness and the asymptotics of the survival probability remain open problems. Similar results have been
obtained for critical spread-out models of oriented percolation [18], [13], [14] and the contact process [16] above
their critical dimension (see also [11] and [12] for ordinary percolation). For a comprehensive introduction
to the lace expansion and its applications up to 2005, see [26].



Figure 2: A nearest neighbour lattice tree in 2 dimensions. The backbone from x to y of length n = 17 is
highlighted in the second figure.

1.1 The model

We proceed to define the quantities of interest. We restrict ourselves to the vertex set of Z.
Definition 1.1.

1. A bond is an unordered pair of distinct vertices in the lattice.

2. A cycle is a set of distinct bonds {viva, vavs, ..., vi_1v;, viv1 }, for some l > 3.

3. A lattice tree is a finite set of vertices and lattice bonds connecting those vertices, that contains no
cycles. This includes the single vertex lattice tree that contains no bonds.

4. Let r > 2 and let z;, i € {1,...,7} be vertices in a lattice tree T. Since T contains no cycles, there
exists a minimal connected subtree containing all the x;, called the skeleton connecting the x;. If r =2
we often refer to the skeleton connecting x1 to T2 as the backbone.

Remark 1.2. The nearest-neighbour model consists of nearest neighbour bonds {x1,z2} with x1,x2 € 7% and
|z1 — z2| = 1. Figures 1 and 2 show exzamples of nearest-neighbour lattice trees in 72

We use Z4 to denote the nonnegative integers {0,1,2,...}.
Definition 1.3.

1. For # € Z% let T(&¥) = {T : x; € T,i € 1,...,1}. Note that T(x) always includes the single vertex
lattice tree, T' = {x} that contains no bonds.

2. For T € T (o) we let T; be the set of vertices x € T such that the backbone from o to x consists of i
bonds. In particular for T € T (o) we have T, = {o}. A tree T € T (0) is said to survive until time n if
Tn # 0.

3. For x = (x1,...,24—1) € 741 and @ € Z’:l we we write X € Ty if ©; € T),, for each i and define
Tﬁ(i) = {T S T(O) 'X € Tﬁ}.

If we think of T' € 7 (o) as the path taken by a migrating population in discrete time, then 7; can be
thought of as the set of locations of particles alive at time i. Figure 3 identifies the set Ty for a fixed T'.
Similarly 73(X) can be thought of as the set of trees for which there is a particle at x; alive at time n; for
each 1.

In order to provide a small parameter needed for convergence of the lace expansion, we consider trees
consisting of bonds connecting vertices separated by distance at most L for some L > 1. Each bond is



Figure 3: A nearest neighbour lattice tree T in 2 dimensions with the set T; for i = 10.

weighted according to a function D, supported on [—L, L]d with total mass 1. The methods and results in
this paper rely heavily on the main results of [8] and [17]. Since the assumptions on the model are stronger
in [8], we adopt the finite range L, D spread-out model of that paper. The following definition and the
subsequent remark are taken, almost verbatim from [8].

Definition 1.4. Let h be a non-negative bounded function on R* which is piecewise continuous, symmetric
under the Z%-symmetries of reflection in coordinate hyperplanes and rotation by 5, supported in [—1, 1]d, and
normalised (f[_l 1) h(z)d%z =1). Then for large L we define
h(z/L)
erZd h(l‘/L) '

Remark 1.5. Since ), zah(x/L) ~ L% using a Riemann sum approximation to f[_l 1) h(z)d%z, the as-

D(z) = (1.1)

sumption that L is large ensures that the denominator of (1.1) is non-zero. Since h is bounded, ) ya h(x/L) ~
L also implies that

C
1Dl < 7

We define 0? = > _|z[*?D(x). The sum >__ |x|"D(x) can be regarded as a Riemann sum and is asymptotic

to a multiple of L" for r > 0. In particular o and L are comparable. A basic example obeying the conditions
of Definition 1.4 is given by the function h(x) = 27d[[_171]d($) for which D(z) = (2L +1)™¢ Ii_ 1, 1jenza(2).

Definition 1.6 (L, D spread-out lattice trees). Let Qp = {x € Z¢ : D(z) > 0}. We define an L,D
spread-out lattice tree to be a lattice tree consisting of bonds {x,y} such that y —x € Qp.

The results of this paper are for L, D spread-out lattice trees in dimensions d > 8. Appealing to the
hypothesis of universality, we expect that the results also hold for nearest-neighbour lattice trees. However
from this point on, unless otherwise stated, “lattice trees” and related terminology refers to L, D spread-out
lattice trees.

Definition 1.7 (Weight of a tree). Given a finite set of bonds B and a nonnegative parameter p, we define
the weight of B to be

Won(B)= [] »Dy- =),
{z,y}€B

with Wy, p(0) = 1. If T is a lattice tree we define
Wyp,n(T) = Wy,p(Br),

where By is the set of bonds of T.



Definition 1.8 (p(x)). Let
(@)= Y Wpp(T).
)

TeT (z

Clearly we have pp(0o) > 1 for all L,p since the single vertex lattice tree {o} contains no bonds and
therefore has weight 1. A standard subadditivity argument [22] shows that there is a finite, positive p. at
which )" pp(x) converges for p < p. and diverges for p > p.. Hara, van der Hofstad and Slade [8] proved the
following Theorem, in which O(y) denotes a quantity that is bounded in absolute value by a constant times

Y.

Theorem 1.9. Let d > 8 and fir v > 0. There ervists a constant A (depending on d and L) and an Ly
(depending on d and v) such that for L > Ly,

I, (d—8)A2 12
L+ O\ v @ +O<W> : (1.2)

Constants in the error terms are uniform in both x and L, and A is bounded above uniformly in L.

A
ch(x) = 0'2(‘.%’ v 1)d—2

We henceforth take our trees at criticality and write

W() =Wp.p(-), and p(zx) = pp.(2). (1.3)

It was also shown in [8] that p.p(0) <1+ O (L2*") and

plz) < C (Ixzo + o (fjﬁ 1)d2> , (1.4)

where the constants in the above statements depend on v and d, but not L.

1.2 The r-point functions

In this section we define the main quantities of interest in this paper, the r-point functions, and state the
main results.

Definition 1.10 (2-point function). For ¢ >0, n € N, and x € R? we define,
ta(@:Q)=¢" Y WI(T). (1.5)
TeT,(o,x)
We also define t,(x) = t,(x;1).

Definition 1.11 (Fourier Transform). Given an absolutely summable function f : ZHr=1 5 R, we let
~ . r—1
fR) =20 oy et =1 ks f(Z) denote the Fourier transform of f (k; € [—m,7]).

In [17] the authors show that if a recursion relation of the form

n+1
Far1(k;2) = ) (ks 2) frs1-m(k; 2) + ensr (K 2) (1.6)

m=1

holds, and certain assumptions S, D, E, and G on the functions fe, ge and e, hold, then there exists a critical
value z. of z such that f,(k,z.) (appropriately scaled) converges (up to a constant factor) to the Fourier



transform of the Gaussian density as n — oo. In [15] this result is extended by generalizing assumptions E
and G according to a parameter 6 > 2, where the special case § = d/2 with d > 4 is that which is proved in
[17]. In Section 3.1 we show that ¢, (k;() obeys the recursion relation

n+1
tni1(k;¢) = Z Tn1(k; O)CPeD (k) tng1—m (k5 €) 4 Fng1 (k3 €),
m=1

where m,,(z;() is a function that is defined in Section 3.1. After massaging this relation somewhat, the
important ingredients in verifying assumptions E and G for our lattice trees model are bounds on 7, using
information about p(x) and #;(k; ) for I < m. The quantities 7,,_1(k;¢) are reformulated using a technique
known as the lace expansion, which is discussed in Section 2 and ultimately reduces the problem to one of
studying certain Feynman diagrams. As in some of the references already discussed, the critical dimension
d. = 8 appears in this analysis as the dimension above which the square diagram

pW(0) =" p(@)p(y — x)p(z — y)p(2)
T, Y,z
converges.

The parameter ¢ appears in (1.10) as an additional weight on bonds in the backbone of trees T' € 7, (z).
Those trees are already critically weighted by p. (a weight present on every bond in the tree) as described by
Definition 1.7 and (1.3) and exhibit mean-field behaviour in the form of Theorem 1.9. One might therefore
expect a Gaussian limit for ¢, with ¢ = 1. The following theorem is proved using the induction approach
of [15], together with a short argument showing that the critical value of ¢ obtained from the induction is

Ce=1.

Theorem 1.12. Fiz d > 8, ¢t > 0, v € (0,1 A %52) and § € (0,(1 A %52) — 7). There ezists a positive
Lo = Lo(d) such that: For every L > Ly there exist positive A and v depending on d and L such that

A I Y k2 |
thtJ < rUZTL) = Ae” 2d -+ (@) <n + O TL(S + O (nt Y 1)% y

with the error estimate uniform in {k € R : [k|* < Ct~'log(|nt] vV 1)}, where C = C(v) and the constants
in the second and third error terms may depend on L.

More generally, we consider lattice trees containing the origin and r — 1 other fixed points at fixed times.

Definition 1.13 (r-point function). Forr >3, i € N'~! and % € R¥=D we define

thE) = > W(I). (1.7)

TETH(R)

To state a version of Theorem 1.12 for r-point functions for > 3 we need the notion of shapes, which
are abstract (partially labelled) sets of vertices and edges connecting those vertices, with special binary tree
topologies.

The degree of a vertex v is the number of edges incident to v. Vertices of degree 1 are called leaves.
Vertices of degree > 3 are called branch points. There is a unique shape for r = 2 consisting of 2 vertices
(labelled 0, 1) connected by a single edge. The vertex labelled 0 is called the root. For r > 3 we have
H§:3(2j —5) r-shapes obtained by adding a vertex to any of the 2(r — 1) — 3 edges of each (r — 1)-shape, and
a new edge to that vertex. The leaf of this new edge is labelled r — 1. Each r-shape has 2r — 3 edges, labelled
in a fixed but arbitrary manner as 1,...,2r — 3. This is illustrated in figure 4 which shows the shapes for



Figure 4: The unique shape «(r) for r = 2,3 and the 3 shapes for r = 4.

r = 2,3,4. Let X, denote the set of r-shapes. By convention, the edges in a € ¥, are directed away from
the root. By construction each r-shape has r — 2 branch points, each of degree 3.

Given a shape o € %, and k € RO~V we define #(a) € R34 a5 follows. For each leaf j in a (other
than 0) we let E; be the set of edges in « of the unique path in o from 0 to j. For i =1,...,2r —3, we define

r—1
0) = kilye,)- (1.8)
j=1

Next, given « and § € R(zr % we define S(a) € Rg’*l) by

Gila) = Z Si-

leE;
Finally we define _
Ry(a) = {7+ 5(0) = T},
This is an (r — 2)-dimensional subset of Rfr_3). For r = 3 we simply have
Ri(a) = {(s,t1 — s,ta — 5) : s € [0,81 A ta]}.

It is known [1] that for r > 2,0 < t; < ty--- < t,_1 and ¢p(x) = e,

r—1 2r—3

IEACPIEDS / [T as, (19)

7j=1 aeX,
where Xy(¢) = [ ¢(z)X;(dx), and Ey, denotes integration with respect to the sigma-finite measure Ny. For
r = 3 this reduces to At , ) )

1/AL2 s k7 (t1—s) k5 (tg—s)
/ e e e s, (1.10)
0

Theorem 1.14. Fiz d > 8, and 6 € (0, (1 A %58)). There exists Ly = Lo(d) > 1 such that: for each L > Ly
there exists V =V (d, L) > 0 such that for every t € (0,00)("~ 1), r>3,K>0, and | k| < K,

o k _ o r=277—2 A2r—3 l(")sl 1

X,
where the constant in the error term depends on t,K,6 and L, and HRHOO is the supremum norm sup; |k;|.

Theorem 1.14 is proved in Section 4 using a version of the lace expansion on a tree of [19]. The proof
proceeds by induction on r, with Theorem 1.12 as the initializing case. Lattice trees T' € T5(X) can be classi-
fied according to their skeleton (recall Definition 1.1). Such trees typically have a skeleton with the topology
of some « € ¥, and the lace expansion and induction hypothesis combine to give the main contribution to
(1.11). The relatively few trees that do not have the topology of any « € 3, are considered separately and
are shown to contribute only to the error term of (1.11).



1.3 A measure-valued “process”

Let Mp(R?) denote the space of finite measures on R? with the weak topology and B(D) denote the Borel
o-algebra on D. For each 7,n € N and each lattice tree T', we define a finite measure X Z’T € Mp(R%) by

n

1
T _ E
Xg = VAn Oz, (1.12)
r:VvolnzeT;

where 6,(B) = I.ep for all B € B(RY). Figure 3 shows a fixed tree T' and the set T} for 4 = 10. For this T
the measure X[ _, assigns mass (VA%n)~! to each vertex in the set Tio/Vvo?n = {z : Vvo2nz € Tio}. We
extend this definition to all t € RT by

nT _ vn,T
X" =xnl

so that for fixed n and T', we have {Xf”T}tZO € D(Mp(RY)).
Next we must decide what we mean by a “random tree”. We define a probability measure PP on the
countable set 7 (o) by P({T}) = p(0)*W(T), so that

_ SresW(T)

P(B) (0) , B C T (o). (1.13)
Lastly we define the measures p,, € Mp(D(Mp(R))) by
fin(H) = V Ap(0)nP ({T XM e, € H}) . He B(D(Mp(RY)). (1.14)

The constants in the definition of y, have been chosen because of (1.9), (1.11) and the relationship

r—1 r—1 -
n n,T VAp(o)n . k
J= j=

Given a measure-valued path X = {X;};>0 let S(X) = inf{t > 0: X;(1) = 0} denote the extinction time
of the path. It is known [21] that convergence of u,, to Ny in the sense of finite-dimensional distributions for
dimensions d > 8 follows from Theorems 1.12 and 1.14 together with the conjectured result for the survival
probability p,(S > €) — No(S > €). It is also known [21] that Theorems 1.12 and 1.14 imply the following
Theorem, in which {X}'} denotes a process chosen according to the finite measure u, and {X;} denotes
super-Brownian excursion, i.e. a measure-valued path chosen according to the o-finite measure Ng. We
also use D to denote the set of discontinuities of a function F. A function Q : Mp(R%)™ — R is called a
multinomial if Q(X) is a real multinomial in {X1(1),..., X,n(1)}. A function F : Mp(RY)™ — C is said to
be bounded by a multinomial if there exists a multinomial @ such that |F| < Q.

Theorem 1.15. There exists Ly > 1 such that for every L > Lo, with u, defined by (1.14) the following
hold:

For every s,\ >0, m > 1, t € [0,00)™ and every F : Mp(R")™ — C bounded by a multinomial and such
that NO(X{G DF) =0,

—

En, [FOE)X2()] - Bx, [FEDX.)], and (1.16)

Eu, [F(Xf)f{xgu)»}] — En, [F( q{)f{xsu)»}} : (1.17)



The factors in Theorem 1.15 involving the total mass at time s, are essentially two ways of ensuring that
our convergence statements are about finite measures. In particular these factors ensure that there is no
contribution from paths with arbitrarily small lifetime.

The remainder of this paper is organized as follows. In Section 2 we explain the lace construction that
will be used in bounding diagrams arising from the lace expansion. We apply the lace expansion to prove
Theorems 1.12 and 1.14 in Sections 3 and 4, assuming certain diagrammatic bounds. These bounds are
proved in Sections 5 and 6 respectively.

2 The lace expansion

The lace expansion on an interval was introduced in [4] for weakly self-avoiding walk, and was applied to
lattice trees in [9, 10, 6, 8]. It has also been applied to various other models such as strictly self-avoiding
walk, oriented and unoriented percolation, and the contact process. The lace expansion on a tree was
introduced and applied to networks of mutually avoiding SAW joined with the topology of a tree in [19]. It
was subsequently used to study networks with arbitrary topology [20]. In this section we closely follow [19]
although we require modifications to the definitions of connected graphs and laces to suit the lattice trees
setting. In Section 2.1 we introduce our terminology and define and construct laces on star-shaped networks
of degree 1 or 3. In Section 2.3 we analyse products of the form [],,c y[1+Us] and perform the lace expansion
in a general setting. Such products will appear in formulas for the r-point functions in Sections 3 and 4.

2.1 Graphs and Laces

Given a shape a € ¥, and 7 € N?"~3 we define N' = N(«, 7) to be the skeleton network formed by inserting
n; — 1 vertices into edge ¢ of o, i = 1,...,2r — 3. Thus edge 7 in o becomes a path consisting of n; edges in
N.

A subnetwork M C N is a subset of the vertices and edges of N such that if uv is an edge in M then
u and v are vertices in M. Fix a connected subnetwork M C N. The degree of a vertex v in M is the
number of edges in M incident to v. A vertex of M is a leaf (resp. branch point) of M if it is of degree 1
(resp. 3) in M. A path in M is any connected subnetwork M; C M such that M; has no branch points.
A branch of M is a path of M containing at least two vertices, whose two endvertices are either leaves or
branch points of M, and whose interior vertices (if they exist) are not leaves or branch points of M. Note
that if o € M1 C M is a branch point of M; then it is also a branch point of M. Similarly if v € M; C M
is a leaf of M then it is also a leaf of M. The reverse implications need not hold in general. Two vertices
s,t are branch neighbours in M if there exists some branch in M of which s,t are the two endvertices (this
forces s and t to be of degree 1 or 3). Two vertices s,t of M are said to be adjacent if there is an edge in M
that is incident to both s and t.

For r > 3, let b denote the unique branch neighbour of the root in . If r = 2, let b be one of the leaves
of N. Without loss of generality we assume that the edge in o (and hence the branch in N') containing the
root is labelled 1 and we assume that the other two branches incident to b are labelled 2,3. Vertices in N/
may be relabelled according to branch and distance along the branch, with branches oriented away from the
root. For example the vertices on branch 1 from the root 0 to the branch point b neighbouring the root (or
leaf to leaf if r = 2) would be labelled 0 = (1,0), (1,1),...,(1,n1) =b.

Examples illustrating some of the following definitions appear in Figures 5-6.

Definition 2.1. Let M C N.

1. A bond is a pair {s,t} of vertices in M with the vertex labelling inherited from N. Let Exq denote
the set of bonds of M. The set of edges and vertices of the unique minimal path in M joining (and



Figure 5: A shape « € X, for r = 4 with fixed branch labellings, followed by a graph T on MV (e, (2,4,3,1,1)),
and the subnetwork Ay(T").

Figure 6: A graph I' € G(N) that contains a bond in R.

including) s and t is denoted by [s,t]. The bond {s,t} is said to cover [s,t]. We often abuse the notation
and write st for {s,t}.

2. A graph on M is a set of bonds. Let Grq denote the set of graphs on M. The graph containing no
bonds will be denoted by ().

3. Let R = R denote the set of bonds which cover more than one branch point of M (see Figure
6). If r < 3 then R = 0 since in this case M C N cannot have more than one branch point. Let
QXAR ={T € Gr : TNRa =0}, i.e. the set of graphs on M containing no bonds in R.

4. A graph T' € Gpq is a connected graph on M if Uger(s,t] = M (i.e. if every edge of M is covered by
some st € I'). Let G§J* denote the set of connected graphs on M, and Q’XAR’CO" =grn QX/IR.

5. A connected graph I' € G§* is said to be minimal or minimally connected if the removal of any of its
bonds results in a graph that is not connected (i.e. for every st € I', '\ st ¢ G3*).

6. GivenI' € G and a subnetwork A C M we define T'|4 = {st € ' : s,t € A}.

7. Given a vertexv € M and T’ € Gy we let Ay(T') be the largest connected subnetwork A of M containing
v such that T'|4 is a connected graph on A. In particular A,(0) = v. Note that if Ay and Ay are
connected subnetworks of M containing v such that I'| 4, is a connected graph on A;, then A1 U Ay also
has this property.

8. Let 5}{/ be the set of graphs I' € QX/R such that Ay(T') contains a vertex adjacent to some branch point
b # b of N. Note that this set is empty if r < 3, since then N contains at most one branch point. Note
also that if b is adjacent to another branch point of N, then 5}{[ = QX[R, since Ap(0) = b.

For A € {0,1,3}, i € N2, let SﬁA denote the network consisting of A paths meeting at a common vertex
v, where path ¢ is of length n; > 0 (i.e. it contains n; edges). This is called a star-shaped network of degree
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Figure 7: Two graphs on each of Sg and 85’4 47y The first graph for each star is connected. The second is

disconnected. The connected graph on 85’4 47) is a lace while the connected graph on S is not a lace.

A. By definition of our networks N(a, ), with @ € N>'=3_ for any I € QX/R \ &%, Ap(T) contains at most
one branch point and is therefore a star-shaped subnetwork of degree 3 (if it contains a branch point), 1, or
0 (if Ay(T) is a single vertex). A star-shaped network S} of degree 1 containing n edges may be identified
with the interval [0,n], since it contains no branch point. We therefore sometimes write S[0,n] for S!. Note

that the “missing” star-shaped network S? ) of degree 2 may be identified with the star shaped network

) (n1,n2
Sm +ng* 3

Figure 7 shows graphs on each of S and S( 1AT)" The first graph in each case is connected, while the
second is disconnected.

Definition 2.2. Fiz a connected subnetwork M C N, containing more than 1 vertex. Let T’ € QX/[R’CW be

given and let v be a branch point of M if such a branch point exists. Otherwise let v be one of the leaves of
M. Let T% C T be the set of bonds s;t; in T' which cover the vertex v and which have an endpoint (without
loss of generality t;) strictly on branch M. (i.e. t; is a vertex of branch M. and t; # v). By definition of
connected graph, TV will be nonempty. From TV we select the set T for which the network distance from
t; to v is maximal. We choose the bond associated to branch M. at v as follows:

1. If there exists a unique element s;t; of Te'™™ whose network distance from s; to v is maximal, then
this s;t; is the bond associated to branch M, at v.

2. If not then the bond associated to branch M. at v is chosen (from the elements T'e™*" whose network
distances from s; to v are mazimal) to be the bond s;t; with s; on the branch of highest label.

Definition 2.3 (Lace). A lace on a star shape S = S5,
L € G&" such that:

with i € N®, A € {1,3} is a connected graph
o [f st € L covers a branch point v of S then st is the bond in L associated to some branch S, at v.
o If st € L does not cover such a branch point then L\ {st} is not connected.

We write L(S) for the set of laces on S, and LN (S) for the set of laces on S consisting of exactly N bonds.

See Figure 7 for some examples of connected graphs and laces. We now describe a method of constructing
a lace Lp from a given connected graph I', on a star-shaped network S of degree 1 or 3. Note that the only
(connected) graph on a star-shape of degree 0 (i.e. a single vertex) is the graph I' = ) containing no bonds,
and we define Ly = 0.
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Definition 2.4 (Lace construction). Let S be a star-shaped network of degree 1 or 3. In the latter case, b
is the branch point, otherwise b denotes one of the leaves of S. Fix I" € QER’Con. Let F be the set of branch
labels for branches incident to b. For each e in F,

o Let s{t] be the bond in I' associated to branch S. at b, and let b, be the other endvertex of Se.

o Suppose we have chosen {s{t{,...,sjt;}, and that UL_,[s5t¢] does not cover b.. Then we define

ti,y =max{t € Sc: 3 s € Se,s <p t such that st € '},

2.1
S{y1 = min{s € S : stf,; € '}, 21)

where max (min) refers to choosing t (s) of mazimum (minimum) network distance from b. Similarly
s <p t if the network distance from t to b is greater than the network distance of s from b.
e We terminate this procedure as soon as b, is covered by U'_;[s¢t¢], and set Lr(e) = {s§t5, ..., s¢t¢}.

Next we define

Lpr = eEFLF(e).
Given a lace L € L(S) we define
C(Ly={ste Es\L:Lp,s =L} (2.2)

to be the set of bonds compatible with L. In particular if L € £(S) and if there is a bond s't' € L (with
s't" # st) which covers both s and ¢ (i.e. [s,t] C [s't']), then st is compatible with L.

The following results (with only small modifications required for the different notion of connectivity) are
proved for star-shaped networks in [19].

Lemma 2.5. Given a star shaped network S = 8?, A € {1,3}, and a connected graph T' € G"(S), the
graph Lt is a lace on S.

Lemma 2.6. Let T" € QgR’Con. Then Lr = L if and only if L C T is a lace and '\ L C C(L).

See Figure 8 for an example of a connected graph I" on a star-shaped network of degree 3, and its
corresponding lace Lr.

2.2 Classification of laces

Definition 2.7 (Minimal lace). We write Ly,in(S) for the set of minimal laces on S.

A lace L on a star shape S of degree 1 (or equivalently 2) is necessarily minimal by Definitions 2.3 and
2.1. For a lace on a star shape of degree 3 this need not be true. See Figure 9 for an example of a minimal
and a non-minimal lace for A = 3. A non-minimal lace contains a bond st that is “removable” in the sense
that L \ {st} is still a lace. In general such a bond is not unique. One can easily construct a lace on a
star shaped network of degree 3 for which each of the bonds sity, ..., s3t3 covering the branch point satisfy

L\ {sit;} € L(S).

Definition 2.8 (Acyclic). A lace L on 83 is acyclic if there is at least one branch S, (called a special branch)
such that there is exactly one bond, st in L, covering the branch point of S® that has an endpoint strictly on
branch Se. A lace that is not acyclic is called cyclic.

12



Figure 8: An illustration of the construction of a lace from a connected graph. The first figure shows a

connectea grap on a star . € 1mtermedlate ngures snow eachh o e Lr(e) 1or e € 'y, while
ted graph I’ tar S, ., ny)- The intermediate fi h h of the Lr(e) fi F, whil

the last figure shows the lace Lr.

Figure 9: Basic examples of a minimal and a non-minimal lace for A = 3. For the non-minimal lace, a
“removable” edge is highlighted.

Figure 10: Basic examples of a cyclic and an acyclic lace.
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It is obvious that in the above definition, st is the bond in L associated to branch S.. In addition, it is
immediate from Definition 2.8 that for a cyclic lace, the bonds covering the branch point can be ordered as
{sptr : k=1,...,3}, with ¢} and s;4; on the same branch for each k (with s4 identified with s;). See Figure
10 for an example of this classification.

Let £9V(S) be the set of laces L € £V (S), such that L\ {s°t¢} € LV71(S), where s¢t¢ is the bond in L
associated to S.. Let

Lot —qr e N

mwn

—1(8) : 3st with LU {st} € LN (S), st associated to S, for L U {st}}, (2.3)

min

and observe that Eejzv 1

Le LoVt , define

mwn

is a subset of the (acyclic) laces with two bonds covering the branch point. Given

PE(L) = {st: LU {st} € L5N(S), st associated to S, for L U {st}}. (2.4)
Using U to denote a disjoint union, as shown in [19],

L£N(S) goLeﬁe,Nﬂ(S) stepe(ry 1L U {st}}. (2.5)

min

The set P¢(L) can be totally ordered firstly according to distances from the branch point and then by branch
numbers. The following Lemma is proved in [19].

Lemma 2.9 ([19], Lemma 6.4). Given a lace L € L&Y' and st € Pe(L),

mwn

C(LU{st}) =C(L) U {ij € PE(L) : ij < st}. (2.6)

2.3 The Expansion

Here we examine products of the form [[ g [1 + Us). Following the method of [20], we write

H [1 + Ust] - H [1 + Ust] - H [1 + Ust] (1 - H [1 + Ust]) . (2'7)

steE steEx\R steEx\R steR

Define K(M) = [[yeg,, \R[l +Ust]. Expanding this we obtain, for each possible subset of Eaq\ R, a product
of Ug for st in that subset. The subsets of Ex(\ R are precisely the graphs on M which contain no elements

of R, hence
> 1] Ues (2.8)
FGQXAR stel’
where the empty product [],,.o Ust = 1 by convention. Similarly we define

JM) = > ] Us (2.9)

Feg;[RqCOn stel’

If M is a single vertex then J(M) = 1. If S is a star-shaped network of degree 1 or 3 then

=Y Y [m= X Moe Y 1 v

LeL(S)Teggn: stel LeL(S) stel reggm: s't’el'\L

Lr=L Lr=L (2 10)
=S e ¥ Mow-Y 5 Tow IT i+t
LeL(S) stel I'cC(L) s't’el” N=1LeLN(S)steL s't'eC(L)
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where the second to last equality holds since for fixed L, {I' € G¢" : Ly = L} = {LUT" : T" C C(L)} by
Lemma 2.6. The last equality holds as in the discussion preceding (2.8) since expanding [] srec(r) (14 Ugy]
we obtain for each possible subset of C(L), a product of Uy, for st in that subset.

In Section 4 we will have Uy € {—1 0} whence

’ < Z H U.St Z [1+Us/t/]. (211)
LeL(S) steL s't'eC(L)

We use (2.5) and (2.6) to bound the contribution to (2.11) from non-minimal laces (containing N > 3 bonds)
as follows,

oo IT -0« ] 0+vel< > J1-U« >, -U; ] [1+U

LeLeN(S)steL  s't'eC(L) LecoN-Y(s)st€L  iGePe(L)  s't'eC(LU{ij})
< Y TLve I1 vl ¥ vy T et
LecoN-ls)steL  seC(L) GEP(L)  ij/€PE(L):

i'5' <ij
(2.12)

Now using the fact (e.g. see [19]) that

0< > Uy 11 L+TUppl=1- J] D+Ua <1, (2.13)

ijePe(L) i'j'ePe(L)dj' <ijg stePe(L)

the last line of (2.12) is bounded by

> I -0« II B+Ual

LEﬁfr}]i\;:l(S) stel s't’'eC(L)

Summing over e € {1,2,3}, we see that the contribution to (2.11) from non-minimal laces containing N
bonds is bounded by 3 times the contribution from minimal laces containing N — 1 bonds. This will be
important as we will only need to bound the diagrams arising from minimal laces in Section 4.

2.3.1 Recursion type expression for K(N)

Recall that A" = A (a, ) where a € ¥, and 7 € N*"=3, for some r > 2. If r = 2 then let b be the root of N.
Otherwise let b be the branch point neighbouring the root of . In each case let S be the largest connected
subnetwork of N containing b and no vertices that are adjacent to any other branch points of N (Sy, v could
be empty or a single vertex). Observe that for any graph I' € G R\ &b Ar> the subnetwork A (I') contains no
branch point of A/ other than b (if » > 3) and hence is a star shape of degree 0, 1 or 3.

Definition 2.10. If M is a connected subnetwork of N then we define N'\ M to be the set of vertices of N
that are not in M together with the edges of N' connecting them. In general (N'\ M) U M contains fewer
edges than N, and N'\ M need not be connected. However if M C Sy, then N'\ M has at most 3 connected
components (at most 1 if r = 2) and we write (N'\ M);, i = 1,2,3 for these components, where we allow

(NAM); =0.

Definition 2.10 allows us to write

K(N) = Z HU8t+ZHUst

regyR\et, stel reg}, stel
3 (2.14)
S Y eIl X I v+ X 0w
Abc&j,;l“egff" stel  i=1 Fieg(_/\fR\A)i sitiely reet, stel’
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where the sum over A is a sum over connected subnetworks of N containing b and no vertices adjacent
to any other branch points of A'. Some of the (N \ A); may be a single vertex or empty and we define

ZF«LEQ@ HsitiGFi Usiti =1. Deﬁning E(b) (_/\[) — ZFGER[ HstEF Usta we have

3
KEWN)= Y JAT[K(WN\A))+EOW).
ACS =1
be A

(2.15)

Depending on N, the first term of (2.15) may be zero since Sy, may be empty. The fact that for any A
contributing to this first term, the subtrees (N \ A); are of degree r; < r is what allows for an inductive
proof of Theorem 1.14.

If 7 = 2 then NV contains no branch point. In this case we may identify the star-shaped network S'(m)
with the interval [0, m] and (2.14)-(2.15) reduce to

K([0,n)) = > J([0,m])K ([m + 1,n)), (2.16)

m<n

which is the usual relation for the expansion of K(-) on an interval for this notion of connectivity (see for
example [8]). Otherwise b is a branch point of ' and we let K()) = 1, and I; = I;(N) be the indicator
function that the branch ¢ is incident to b and another branch point b;. Therefore for a fixed network A
such that Sy, is nonempty, n; — 2l = n; — 21 (N) is equal to either ny — 2 (if branch 2 is incident to b and
another branch point b;) or n;. Then (2.14)-(2.15) give

3
EWN)= > Y JSa) [[KN\Sa)i)+ EOW), (2.17)
mi1<ng mo<ng—2I[s i=1
m3<ng—2I[3
where Sy is a star-shaped network satisfying
{n if m =0,
) s if m; # 0 for all 4,

S = S[0,m;) if m; # 0 and m; = 0 for j # i, (2.18)

Sl—mj,m;] if j >4, mj #0, m; #0, and my, =0 for k # 1, j.

In the case where there is another branch point b. that is adjacent to b in A (so that ng or ng is 1), the sum
over at least one of ms, m3 in (2.17) is empty. However note that this case contributes to the term E®)(N),
as required.

3 The 2-point function

In this section we prove Theorem 1.12 using an extension of the inductive approach to the lace expansion of
[17]. The extension of the induction approach is described and proved in a general setting in [15]. Broadly
speaking there are two main ingredients involved in applying the results of [15]. Firstly we must obtain a
recursion relation for the quantity of interest, the Fourier transform of the 2-point function, and massage
this relation so that it takes the form (1.6), with each f;, ¢g; having continuous second derivative in a
neighbourhood of 0 and fo(k;2) =1, fi(k;2) = zﬁ(k), e1(k; z) = 0. Secondly we must verify the hypotheses
that certain bounds on the quantities f,,, for 1 < m < n appearing in (1.6) imply further bounds on the
quantities g, €m, for 2 < m < n + 1. This second ingredient consists of reducing the bounds required to
diagrammatic estimates, and then estimating the relevant diagrams.
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Figure 11: The first figure is of a lattice tree T' € 7,,(z) for n = 17. The second figure shows the backbone
w, while the third shows the mutually avoiding lattice trees Ry, ..., R, emanating from the backbone.

In Section 3.1 we prove a recursion relation of the form (1.6) for a quantity closely related to the Fourier
transform of the 2-point function. In Section 3.2 we state the assumptions of the inductive approach for a
specific choice of parameters corresponding to our particular model. In Section 3.3 we reduce the verification
of these assumptions to proving a single result, Proposition 3.6. Assuming Proposition 3.6, the induction
approach then yields Theorem 3.7, which we show in Section 3.4 implies Theorem 1.12. The diagrammatic
estimates involved in proving Proposition 3.6 provide the most model dependent aspect of the analysis and
these are postponed until Section 5.

3.1 Recursion relation for the 2-point function

Recall Definitions 1.4, 1.6, and 1.8. Also recall from Definition 1.10 that the two point function is defined as

ta(; ) =¢" Y W(T)

TeTh(z)

Now T € T,(x) if and only if T is the union (as a set of vertices and edges) of an n-step (self—avoiding)
walk w from o to x together with a collection of mutually avoiding branches R; € 7 (w(i)),i =0,1,...,n (see
Figure 11). Let
—1, fR,NR;#0

0, otherwise. (3.1)

Ust = U(Rs’ Rt) = {

Then [[)<sci<nll + Us] is the indicator function that all the R; avoid each other. Summarising the above
discussion and using the fact that the weight W (T') of a tree factorises into (bond) disjoint components (see
Definition 1.7) we can write,

=2 W) 3 WR) D, W) ), Wk ] 04U

al’wo‘:;c Ro€T (w(0)) R1€T(w(1)) Rn€T (w(n)) 0<s<t<n

where the first sum is over random walk paths of length n from 0 to z. To simplify this expression, we abuse
notation and replace (3.2) with

=" Z W(w H Z W (R;) H [14+Usl. (3.3)

w:0—T, 1=0 R; €7 (w(i)) 0<s<t<n
|w|=n

Recall Definition 2.1 and the discussion following it. The set of vertices [0, n] corresponds to the set of vertices
of N(a,n), where « is the unique shape in 5. Since this A contains no branch points, we have R = () and
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therefore from Section 2.3 we have [[o< <, [1 + Ust] = K(N) = K([0,n]). Hence

=" Y W(w H > W(R)EK([0,n)). (3.4)
Twﬁ—}g: 1=0 R; €T (w(7))

Definition 3.1. For m > 0 we define

() =¢" Y Ww) ][] W (R;)J ([0, m]). (3.5)
TJJ‘HI i=0 R;eT (w(i))

Note that for m = 0 this is simply ZRO&T(O) W(R;) = p(o), if x = 0, and zero otherwise.

Definition 3.2. The convolution of functions f;, i = 1,...n is defined as the function

(fl*f2* *fn Z Z Z fl Y1 Hfz Yi — Yi— lfn(x_yn 1)

Y1€LY Yo €2 yn_1€Z4
at all points © where this converges.

We often write f(™(z) for the n-fold convolution convolution of f with itself, e.g. f®(z) = (f *
The following recursion relation is the starting point for obtaining a relation of the form (1.6).

f)(z).

Proposition 3.3. For z € Z¢,
n+1 €5 C Z Tm * (peD * tnfm)($; C) + Tpt1 (55; C) + P(O)(CPcD * tn)(x; C) (3'6)
m=1

Proof. Firstly recall that t,, and D have finite range. Similarly, the bound (2.11) and the fact that there are
only finitely many laces on S([0,7]) for each n shows that |7, (2;¢)| < en¢™D™) (z) for some ¢, depending
on n but not z. In particular each m,(z; () also has finite range and therefore all of the convolutions in (3.6)
exist for all x.

By definition

n+1
() =" Y W [ D) W(R)K((0,n+1)). (3.7)
o i=0 R;eT (w(i))
Equation (2.16) gives
K([0,n+1]) = K([1,n+1]) + Zn: J([0,m)) K (jm + 1,n + 1)) + J([0,n + 1)). (3.8)
m=1

Putting this expression into equation (3.7) gives rise to three terms which we consider separately.

1. The contribution from graphs for which 0 is not covered by any bond: We break the backbone from 0
to x (a walk of length n 4 1) into a single step walk and the remaining n-step walk as follows.

n+1
YT W [ DY) WR)K([Ln+1]
i i=0 R, €T (w(i))
-~ (3.9)
= > W(R) DY D W) >, Ww)[[ D WER)K(Ln+1),
Ro€T (o) yEQp w107, w2y —T, i=1 R;€T (wa(i—1))

|w1|= |wa|=n
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where K[1,n + 1] depends on Ry,..., R,41 but not Ry. Therefore using the substitutions R;- =Rjn
this is equal to

0) > > (W) Y. "Ww)[] D WR)K(0,n)

yEQp Wit o—>y w2:Y—T, 7=0 R;ET(wg(j))

|wi]= |w2|=n (3.10)
) Y pelDW)tn(x — y;¢) = p(0)peC(D = tn)(x).
y€Qp
2. The contribution from graphs which are connected on [0,n + 1]:
n+1
¢ WL DD WR)I(0n+1]) = w3 Q) (3.11)
w:0—&, =0 R; €T (w(1))
|w]=n+1
3. The contribution from graphs which are connected on [0, m] for some m € {1,...,n}: We break the

backbone from 0 to x (a walk of length n+1) up into three walks, of lengths m, 1 and n—m respectively

n+1 n
ST ww ] wr) Y J0,mKm +1,n+ 1)
wio—2, i=0 Ri€T (w(i)) m=1

|w|:n+1

YEY Y W (H > W(Ri)) Joml | S Weo)|x (312
)

m=1 uw v W1:0—uU, =0 R, €7 (w1 (3) woiu—,
Jwi|=m |wa|=1

n+1
S Wws) | ] > W(R) | K[m+1,n+1].
W3:v—T i=m+1 R;€T (w3 (i—(m+1)))

|ws|=n—m

Now [0,m] and [m + 1,n + 1] are disjoint, so J([0,m]) and K ([m + 1,n+ 1]) contain information about
disjoint subsets of {R; :i € {0,...,n + 1}}. Using the substitutions R = Rjm1 this is equal to:

SYY Y e (H > W<R>) 0.
m=l u v Wio—u 1=0 R; €T (w1(1))

ot |=m
pelDw—u) Y W (ws) f[ S W(R)) | K[0,n—m] (3.13)
P 6 e Gt
= Z Z Z Wm(“? g)chD(U - u)tnfm(x — U C) = Z (7Tm * peCD * tnfm)(x; C)
m=1 u v m=1
O
Dividing both sides of (3.6) by p(0) and taking Fourier transforms, we get
?n k; = Tm (ks A %\n—m k; Tn k; A %\n k;
) 5 B ptorcp Dy ) 4 P oy Dy
m=1
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Definition 3.4. For fized ¢ > 0, define
1) z = p(0)Cpe-
2) folk;z) =1, fi(k;z) = gi(k; 2) = 2D(k), and e1(k; z) = 0.

3) Forn > 2,
o) = ?n(kvc) DN 7Tn71(k76)z/\
i) = S g hi = TS B -
en(k; z) = gn—1(k; 2) [tlp(f;)o —2D(k)| + W’;}é;)o
We note from (3.14) with n = 0 that since to(z) = p(0)I,—0, we have #(k) = p(0) and
t1(k; C) B - Q)
00) D(k) = 0) (3.16)
Therefore for n > 2
)= TR Q) | T (ki C)
en(k7 ) - gn—l(ka ) p(O) + p(o) . (317)

For n > 3 this is

Tn—2(k;Q) 750 Tk Q) | (ki)
p(o) '

Lemma 3.5. The choices of fm, gm, em above satisfy (1.6).

en(k;z) =

Proof. This is an easy exercise using (3.14).

3.2 Assumptions of the induction method

The induction approach to the lace expansion of [17] is extended in [15] with the introduction of two pa-

rameters 6 and p* and a set B C [1,p*]. In this section we apply the extension with the choices 6 = %,

d
p* =2, B={2} and we define § = L 7" = L~%. We have already shown in Section 3.1 that for our choices
of fmn, gm,em as given in Definition 3.4,

n+1
fnJrl(k; Z) = Z gm(k; Z)fnJrlfm(k; Z) + €n+1(k; Z) (n > 0)7
m=1
with fo(k; z) = 1. The assumptions of [15] in our lattice trees setting are as follows.

Assumption S. For every n € N and z > 0, the mapping k — f,,(k; 2z) is symmetric under replacement of
any component k; of k by —k;, and under permutations of the components of k. The same holds for e,(-; 2)
and g,,(-; 2). In addition, for each n, |f,,(k; 2)| is bounded uniformly in k € [~7, 7]¢ and z in a neighbourhood
of 1 (which may depend on n). The functions f, and g, have continuous second derivatives with respect to
k in a neighbourhood of 0 for every n.

Assumption D. As part of Assumption D, we assume that:
(i) D is normalised so that D(0) = 1, and has 2 + 2¢ moments for some € € (0,1 A 458), i.e.,

> [2[**D(x) < oc. (3.18)

xC€Z4
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(ii) There is a constant C' such that, for all L > 1,

|D]joo < CL™Y, — o?=0% <CL?

(iii) Define a(k) = 1 — D(k). There exist constants 7, ¢, c2 > 0 such that

all?[k[? < a(k) < L2k (|klloo < L71),

a(k) >n  ([klle > L7,
alk) <2-n (ke l[-m,7]%).

For h : [-m, 7] — C, we define

d 92
2 _
Vhiko) = Y Sah(k)
7=1 J k’:kfo

The relevant bounds on f,,, which a priori may or may not be satisfied, are that

~ K
ID?fn(52)ll2 € ——=»  1fm(052)] S K, |V2f(0;2)] < Ko®m,

2m4

for some positive constant K. Recall that
d
8 =0L"2.

(3.19)

(3.23)

(3.24)

(3.25)

Assumption E. There is an interval I C [1 — «,1 + o] with a € (0,1), and a function K — C¢(K), such
that: if (3.24) holds for some K,L > 1, z € I and all m with 1 < m < n, then for this K, L and z, and for

all k € [-m,7]? and 2 < m < n + 1, the following bounds hold:

lem(k; 2)| < Co(K)BM™ T, Jem(k; 2) — em(0:2)| < Ce(K)a(k)Bm™

Assumption G. There is an interval I C [1 — o, 1+ o] with o € (0,1), and a function K — Cy(K), such
that: if (3.24) holds for some K,L > 1, z € I and all m with 1 < m < n, then for this K, L and z, and for

all k € [~7m,7]? and 2 < m < n + 1, the following bounds hold:

lgm (k3 2)| < Cy(K)Bm ™5, [V2gm(0;2)| < Cy(K)o>Bm™

d—6

|8zgm(0; Z)| < Cg(K)ﬁme7

9m (ks 2) = g (05 2) — (k)0 292, (0; 2)| < Cy(K)Bak)*m= 7"+,

with the last bound valid for any €' € [0, €).
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3.3 Verifying assumptions

Assumption S: The quantities f,(k;z), n = 0,1,... are (up to constants) the Fourier transforms of ¢, (z, {),
and hence have all required symmetries since D does. Similarly the 7, are symmetric, so that the quantities
Jn, €n also have the required symmetries. Now fy = 1 is trivially uniformly bounded in k£ and z < 2. Recall
that S tn(2;¢) < (Cpe)"p(0)" 1S, DM (z) = (Cpe)™p(0)™ !, where D™ denotes the n-fold convolution of
D. Then for n > 1, |fu(k,2)| < p(0) 13, ta(z;¢) < (Cpep(0))™ = 2™ so that f, is bounded uniformly in
k € [-m, 7% and 2z in an n-dependent neighbourhood of 1. Continuity of the second derivatives holds for
each n as the quantities in question are Fourier transforms of functions with finite support. An immediate
consequence of Assumption S is that the mixed partials of f,, and g, at k = 0 are all equal to zero.

Assumption D: By Definition 1.4 and Remark 1.5, (3.18) and (3.19) hold trivially. The remaining conditions
(iii) are verified in [17].

We therefore turn our attention to verifying assumptions E and G. Recall from Definition 3.4 and (3.17)
that for n > 2, g, and e, could be expressed in terms of the quantities 7, for m < n. In Section 5 we will
prove the following proposition.

Proposition 3.6 (7, bounds). For every K > 1 there exists Lr(K) > 1 such that: if (3.24) holds for all
L > Ly, and m < n with this K, for some Ly > L and z € (0,2), then for this K,z and each L > Ly,
m<n+1 andq € {0,1,2},
C(K quﬂz_%v

5 laffen s 0)) < ST (3.26)

X m 2 4
where ¢ = p(o)~'ptz, the constant C = C(K,d) does not depend on L, m and z, and v > 0 is the constant
appearing in Theorem 1.9.

We choose v < 1 in (1.4) so that 2 — %” > 1 and therefore 52_% <pg= L~%. We now direct our efforts

towards verifying assumptions E and G, in the case where the conditions in Proposition 3.6 are met.

Assumption E: Suppose that there exist K > 1, Ly > Lr(K) and z € (0, 2) such that (3.24) holds for this
K,z and all L > Ly and 1 < m < n. Fix such an L. Since Ly > L,(K), Proposition 3.6 holds for L > L.
Recall that e1(k; z) = 0 and observe from (3.17) that

~ o m(k; Q) | ma(k; Q)
R0 00 ‘SZ

lea(k: 2)| = 7?2(’“0‘ < C’“ﬁ‘f (3.27)

272

where we have applied Proposition 3.6 with |7, (k; ()| < >, |mm(2; ()|, and have also used p(o) > 1. Similarly
for3<m<n+1,

YR PN Dy LR | [T (R )
o) = [0 0+ [P C5C) (325
< CEFE gyt  CUNVE RIS |
p(0)2(m—2)"2 plo)ym = mz

Thus we have obtained the first bound of Assumption E. It follows immediately that for all m > 1,

|em (k; 2) = em(0; 2)] < lem(k; 2)| + [em(0; 2)] <

)

C'(K)* T
d—4
m 2

for all m > 2. By (3.21) this satisfies the second bound of Assumption E for ||k|s > L~!. Thus it remains
to establish the second bound of Assumption E for ||k|| < L™!, for which we use the method of [19].
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Let h : Z¢ — R be finitely supported and symmetric in each coordinate and under permutations of
coordinates. Then h(k) =) cos(k-x)h(x) and

> > n > B o7 |/’<f|2 27
(h(k) - h(O)‘ < |h(k) = 2(0) — 5 - V2h(0)| + ‘v ‘
‘ - (3.29)
= Z <cos(k x)—14 = (k x) > h(z)| + ‘V ‘
There exists a ¢ > 0 such that for all 5 € [0,1], | cos(t) — 1 + 3t < ct*>*27. Thus
~ k
]h(k) ‘ < oz \(k - )22 h(z)| + ‘ i ‘vQ ‘ (3.30)
In particular choosing n = 0 we get
(k) = B(0)| < CIRE Y [ 2h(@)]. (3.31)

Now e, (k; 2) — e (0; 2) is equal to

T (k; C)
p(o)

By (3.31) and Proposition 3.6 with ¢ = 1 we have |7, (k; () — 7 (0; Q)| < C(K)\k|202627%m7%. Therefore
lem (k; 2) — em(0; 2)| is bounded above by

T1(k; Q) — m1(0;¢) . i (k5 ) — Tm (0 C)

(gn-1(k; 2) = gn-1(0;2)) (0) p(0)

+ gnfl(o; Z)

= (k- 2 27%“ 232-%
m-106:2) = g1 (052 TAE g 0 P TEE  clob T
p(0) (0) plo)m 2 (3.32)
2% 2 2
< SV (s 052) = a0+ gm0 2) P + ).
p(o) m 2
Recalling that g1 (k;z) = 2D (k) we have
28 2 2
lea(k; z) — e2(0;2)| < C(Il?(f) (Za(k‘) + z|k|?0? + |];:|d;6 > . (3.33)
For m > 3, recall that g,,—1(k; 2) = ﬂm%o()ko D(k) which gives
g1 (k:2) = g1 (052)] < 5 [[m (€)= Fn2(0: QID(O) + (k) Fn2(0: )|
- _sy (3.34)
LG k[P0 252 N C(K)a(k)gi
(m—2)"" (m—2)z

Therefore for m > 3,

2 232-% 2 6v 2 2,2 6v 2 2
em(hs2) = en(0:2)] < (- (L Ly S0Pt AT P L 'k'fe>- (3.35)
(m—-2)2 (m—2)z (m—2)72 mz
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Both (3.33) for m = 2 and (3.35) for m > 3 are bounded above by C”(K)a(k:)ﬁm_% for ||k|eo < L™! by
(3.20) and the fact that 02 ~ L? (see Remark 1.5).

Assumption G: Suppose that there exist K > 1, Ly > L;(K) and z € (0,2) such that (3.24) holds for this
K,zand all L > Ly and 1 <m < n. As for Assumption E, we may apply Proposition 3.6 to obtain for this
K,zandall L> Lo, 2<m<n+1,

pR / 28
C)Pt P (3.36)

p(o) ’ " plo)(m—1)F mT

(g (k: )| = | 2D (k) 7=

which gives the first bound of Assumption G.
For the second bound we note that by symmetry the first derivatives of 7, and D vanish at 0. Hence for
m > 2,

= V21 (0) + o1 (0)V2D(0)|

9200 0:2)| = |7 [zﬁw)ML 0

p(0) —ol  plo) 2.7
: (Cw)te | cu)Et L) _ ) e (337
= + d—4 a T‘
p(o) m 2z m 2z m 2
This verifies the second bound of Assumption G.
Next for m > 2, we have that
- =D(k) Tm-1(k:)\ D(k)
gm(k;z) = Tm—1(k; C =2" ( -
(2) = fin1(0)70) ) o)
where M does not depend on z (or ¢). Therefore
~ ~ 6v
_1 [(Tm—1(k; Q) D(k) ~ D(k)| _ C"(K)B*~ ¢
s gm(k; 2)| = |mz""1 <7T 1 (ks > = \m7_1(k; < , 3.38
0-gm(k: ) | S5 ) o Q) < S (3.39)
which proves the third part of assumption G.
For ||k|ls > L~1, (3.21) applies and we have that for m > 2,
C/K 2—%’ C/K 2—37” C/K 2—%’
9 (k:2) = 90 (0: ) — alk)o~292g,,(0s2)] < ST CRITE gy CUOT
T gt m (3.39)
K ~d
< a(ryp7_*
m 2

since a(k) > 7, and where the constant depends on 7. This satisfies the final part of assumption G for
[klloo > L1
For ||k|looc < L™!, we again use the method of [19]. By the triangle inequality we bound |g,,(k;z) —
gm(0;2) — a(k)o~2V2g,,(0; 2)| by
|2

m(k;2) = gm(0;2) = 5 - V2gm(0; 2)| +

i
— 57| 1V7am(0; 2)]. (3.40)

Recall that for m > 2, g, (k; 2) = G

of (3.29), to the symmetric function 7,,_1 * D. Choosing = € we see that the first term of (3.40) is bounded
by

)(Wm)(k‘) On the first term we apply the analysis of the first term

2O " a2 (g = D) ()], (3.41)
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with the constant independent of ¢/. By Holder’s inequality

1—¢€ 14e

Y1272 (1 % D) ()] < (Z | (i1 % D)(%)\) (Z ]| (-1 D)(ﬂ?)!) : (3.42)

x T

Applying Proposition 3.6 with ¢ = 0 gives
C(K)3* %
—4 .

D T # D)(@)| <Y [mm-1(y)] Y D@ —y) < (3.43)

m 2

We now apply Proposition 3.6 with ¢ = 0,2 together with the inequality (a + b)* < 8(a* + b*) to get

> J2)*|(m -1 * D)(z)] <8 (Z I mm @)D D@ =) + > [mm1(@)| D o —y[*D(x - y))
<c (Z @) + |wm_1<y>|a4> (3.49)
) Yy

oA O (K

S—— a5
m 2

Note that we have used Remark 1.5 to obtain ) |z|"D(x) < Co” with the constant independent of L (it

may depend on r). Putting (3.43) and (3.44) back into (3.42) we get

S @2 1 (2)] < (CW) ’ (CWW> i < ‘72(1+€,)C(K)52_7. (3.45)

d—4 d—8
m 2 m 2

Combining (3.45) with (3.41) gives

2 bv
‘gm(k; Z) - gm((); Z) - |2]€C|iv29m(0§ Z)' < C(K)

5

m

K2 C) T alk) e

/ - d—6_ ’

(3.46)

i (o
d—6
2

52—

when ||k|| < L~!. This satisfies the required final bound of Assumption G.
It remains to verify this bound for the term inside the second absolute value in expression (3.40). For
this term we write
a(k) _ IK®
o? 2d

1

o2

D(k) — D(0) — ZLv2D(0)| (3.47)

and proceed as for the first term to obtain

1-D(k) |k}
o2 2d

k 24-2¢’ k 2+42¢’
< S o2 () < P pa0se)
x

Together with Proposition 3.6 with ¢ = 1 this gives
C(K)32~ % o2 (|k|12L2)1+¢
|V29m(0;z)] < ( )ﬁd_e (‘ | 2) ’
m 2 o

L
2d

(1= Byo

which satisfies the required final bound of Assumption G for ||k|| < L~!.

We have now verified that Assumptions S,D,E,G all hold, provided L > L, i.e. assuming that Proposition
3.6 holds. Thus assuming Proposition 3.6, we may apply the induction method of [15] and obtain the following
theorem.
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Theorem 3.7. Fizd > 8, v € (0,1A%8) and § € (0, (1A %58) —). There exists a positive Lo = Lo(d) such
that: For every L > Lg there exist A', v, 2. depending on d and L such that the following statements hold:

()

~ 2 1
0) "'t ( i ) e [1+O<||)+O< )] 3.48
AT Vo sl % = (3:45)
with the error estimate uniform in {k € R%: 1 — D(k/vvo®n) < yn~'logn}.

(b)

_VQtAn(O;ﬁpc) _wn[HO( : )]

n . Zc i)
tn (07 p(o)pc) Lin

(c) For everyp>1,

D%, () S =
,0( )pc D Lpn2p/\
(d) The constants z., A" and v are all 1 + O (L_%> and
= 1 oy m(0; z¢ o V2 m(05 Z¢
1:ng0'zc, A = + 2 om(0320) v:—zm_lvg (0; z) (3.49)

> ome1 Mgm (05 2c) 023 et Mg (05 2¢)

In particular, provided Proposition 3.6 holds, the induction method shows that there exists Lg, K > 1
such that (3.24) holds for all m and all L > L for this K. The induction method itself is rather complicated
but is logically structured as follows: Firstly we find the functions C, and Cy in Assumptions E and G, as
appears in the verification of these assumptions for large L above. The induction method then defines a host
of constants including K, that are independent of L, but depend on the functions C,, C,. It also identifies
Linqg > 1, depending on these constants, for which it is required that L > L;,4 to advance (3.24). One then
chooses Ly = L V Ljng, so that Proposition 3.6 holds and the advancement of (3.24) for all L > Lg for our
chosen K.

3.4 Proof of Theorem 1.12

In this section we show that Theorem 1.12 follows from Theorem 3.7(a). Comparing the two theorems and
setting A = A’p(0) (recall that (. = 2.p(0)"!p. 1), it is clear that to prove Theorem 1.12 it is sufficient to
prove the following two lemmas. The first incorporates the continuous time variable ¢ into the asymptotic
formula (3.48), while the second confirms that our artificially introduced parameter ( is trivial.

Lemma 3.8. Ford, v, 6 and Lo as in Theorem 3.7, there exists a constant Cy = Cy(d,~) > 0 such that

~ k |k k|2t 9 1
[nt] 5
vo’n’ n n’ (ntv1)2

with the error estimates uniform in {k € R : |k|> < Cot~'log(|nt| v 1)}.

Zc

Lemma 3.9. The critical value (. = o(olpe —
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Proof of Lemma 3.8. The statement is trivial for |nt] = 0, so we assume that |nt| > 1. Incorporating a time

variable into (3.48) by n+— |nt], k — ky/ % we have that ﬂmJ (ﬁ, CC) is equal to

N fey/ ) 200 2 1-6
foy | G | = 45 140 <W> ol 1) (3.50)
vo?|nt| n Int| T

where the error estimate is uniform in

nt]

Vvo?|nt]

We leave it as an exercise to show that there exists a constant Cp such that {k : [k|*> < Cot~tlog(|nt|)} C H4,
and thus (3.50) holds with the error estimate uniform in {k : |k|*> < Cplog(|nt])}. Since |nt| < nt in the

first error term of (3.50), and
k| [nt]\ _ o (1K
2d t n ) © n )’

we have proved Lemma 3.8. O
Proof of Lemma 3.9. The susceptibility, X(z) is

Ean(O;z):Z ZC” ZZW = x(0), (3.51)

n T TeTy(x)

H,;={kecR':1-D < v|nt| " log|nt|

_ k2| nt] _|k[%
e 2dn — e 2d

IN

where ¢ = zp(0)~'p;!. By Theorem 3.7 there exists a (. such that

Z > W(T)— A>0, (3.52)

T TeTy(x)
so that

GY X wm) —
T TET,(x) G
Thus the radius of convergence of X(¢) is ¢c > 0. Since 3,y (|z] V 1)%=% ~ M, it follows from Theorem
1.9 that x(1) = oo which implies that (. < 1.
For ( <1, ("ty(z) < e~clOll (x) which implies that

> Cta(@) < VO Y (VO tm(a Z e~ ©Oll (3.53)
T T m>n
which goes to 0 as n — o0o. Hence (. > 1 and the result follows. 0

Assuming that Proposition 3.6 holds, we have now verified Lemmas 3.8 and 3.9, and hence we have proved
Theorem 1.12. We postpone the proof of Proposition 3.6 to Section 5.

4 The r-point functions

We have shown Gaussian behaviour (Theorem 1.12) of the 2-point function with appropriate scaling in
Section 3. We now wish to prove the analogous result for r-point functions, Theorem 1.14. The proof is by
induction on r, having already verified the initializing case » = 2 in Section 3. We use the technology of the
lace expansion on a tree [19] as expressed in Section 2, and prove the result assuming certain diagrammatic
bounds. The diagrammatic estimates are postponed until Section 6.
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4.1 Preliminaries

Recall from Definitions 1.3 and 1.13 that for fixed » > 2, n € Z:_l and X € R we have
Ta(X)={T€T(0): %€y, i=1,...,7r—1}
and

TeTx(X)
where we may have x; = x; and n; = n; for some ¢ # j. For T' € 7 (o, z), let T.., be the backbone in 7" from
0 to z.
Definition 4.1 (Bare tree). For i € Z'7! and % € Zi(r_l), a lattice tree B is said to be an (@i, X) bare tree
if B € Ta(X) and U;_| B..x, = B. We let B(},X) denote the set of (i, X) bare trees. If B € B(ii,X) then we
write Tg = {T € T (0) : B C T} for the set of lattice trees containing B as a subtree.

Since every T € Tx(X) has a unique minimal connected subtree (UI_;T..x,) connecting 0 to the x;,

1=1,...,r —1, we have
HE = > > W(I) (4.1)

BeB(n,x) TeTp
The degree of a vertex x € B is the number of bonds {a,b} € B such that either a = z or b = z.

Definition 4.2 (Branch point). Let B € B(n,X). A vertex x € B is a branch point of B if there exist i # j
such that x; # o and X; # o are distinct leaves (vertices of degree 1) of B and B..x; N Bo.x; = By

As they are defined in terms of the leaves of B € B(n, X), branch points of B depend on B but not the
set B(n,X) of which B is a member. In particular if B is also in B(f’, X’) then our definition gives rise to
the same set of branch points. By definition, a branch point that is not the origin must have degree > 3. It
is clear that the number of leaves# o is at least 1 plus the number of branch points, so if B € B(n, %) for
% € Z4 =1 then B contains at most r — 2 branch points.

Definition 4.3 (Degenerate bare tree). For fired r > 3, n € Zi_l and X € RV g bare tree B € B(i, X)
is said to be non-degenerate if B contains exactly r — 2 distinct branch points, each of degree 3, none of which

is the origin. Otherwise B is said to be degenerate. We write Bp(n,X) for the set of degenerate trees in
B(n,Xx) and set By, (n,X) = B(h,X) \ Bp(n, X).

Clearly from (4.1) we have

HE= > D> WD+ > > W) (4.2)

BeBS, (#,%) T€Tp BeBp (%) T€Tn

Definition 4.4. Let B € B(n, X). Two distinct vertices y, y* in B are said to be net-neighbours in B if the
unique path in B from y to y* contains no branch points of B other than (perhaps) y, y*. A net-path in B
s a path in B connecting the origin or a branch point in B to a net-neighbouring branch point or leaf in B.

Lemma 4.5. Fizr >3, 01 e N1 % e 741,

1. If B € B} (i, X) then B consists of 2r — 3 net-paths joined together with the topology of o for some
o € X,

2. If B € Bp(n,X) then B contains fewer than 2r — 3 nonempty netpaths and fewer than r — 2 branch
points that are not the origin.
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Proof. By induction on r. For r = 3, the nondegenerate bare trees satisfy the claim since they contain
exactly one branch point, of degree 3. All degenerate bare trees have fewer netpaths as there can be at most
one branch point and it can only be the origin. Suppose the result holds for all " < r.

If B € B}, (1, %) then B contains r — 2 branch points, each of which is of degree 3, none of which is the
origin. This implies that the x; are all distinct leaves, and not the origin (otherwise B € B(@’,X’) for some
n e Z’:z and X' € Z%"=2) but has r — 2 branch points). Let z # 0,x,_1 be the unique branch point in
B net-neighbouring x,_1. Removing the netpath B..x, , \ Bz, we have that = is a vertex of degree 2 in
B* = B\ (Bwsx,_, \ Bwsz) and therefore B* contains r — 3 branchpoints, each of degree 3, none of which is
the origin. Thus B* € B ((ny,...,n,-2),(x1,...,X,—2)). By definition of a netpath and the fact that z is
not a branch point of B*, we see that B* contains two fewer netpaths than B. By the induction hypothesis,
B* consists of 2(r — 1) — 3 net paths joined together with the topology of a* for some o* € ¥, _;. Therefore
B contained 2r — 3 netpaths joined together with the topology of o € ¥,._1, where « is the shape obtained
by adding a vertex to the edge of a* corresponding to the unique net-path in B* containing z and adding
an edge to that vertex.

Suppose instead that B € Bp(f, X). If any x; = 0 or x; = x; then B € B(#/,X’) for some @i’ € Z'? and
%' € 7% =2) and the result holds by the induction hypothesis. Otherwise we use the same decomposition as
for part 1, and let the degree of the branch point z # 0 be [. If [ = 3 then B* above is a degenerate bare
tree and the result hold by induction. If [ > 3 then B* contains one fewer netpath and the same number
of branch points as B. By induction B* € B ((ni,...,n,-2), (x1,...,X,_2)) contains at most 2(r — 1) — 3
netpaths and (r — 1) — 2 = r — 3 branch points that are not the origin. Therefore B contained at most 2r — 4
netpaths and r — 3 branch points that are not the origin. O

We have thus far been dealing with descriptions of trees specified only up to the location of fixed points x
at distances n from the origin. We now introduce further notation of the form ¢, 7 that refers to displacements
and lengths of the netpaths of a bare tree.

Definition 4.6. Let M = M(@) be any network containing | labelled edges joined together with arbitrary
topology with n; — 1 € Zy wvertices being added to edge j for each j € {1,...,l}. Let B € B(n,X). We say
that B has network shape M if B and M are graph isomorphic and for each i the graph isomorphism maps
leafi of M to x; (where xg =0). For i = (y1,...,y2r—3) € Z%, we define Tp(§) to be the set of lattice trees
T € T (o) such that there exists X, 1 and B € B(n,X) such that

1. TelIp,
2. B has network shape M, and

3. if the endvertices of netpath B; are uj,v; € Re, where B, C B, then vj —u; = y;, for each
j=1,...,2r —3.
We then define
tu(@) = Y, W(T). (4.3)

TeTMm(Y)

By ignoring the interaction between the branches emanating from different net-paths in each B with
network shape M and using Lemma 5.10 with [ = 1 and ¢ = 0, it is easy to prove that

> tm() < K. (4.4)

We wish to rewrite (4.2) in terms of a sum over underlying network shapes that describe the possible
bare trees connecting the x; and 0. For a fixed shape a € 3, (with fixed but arbitrary edge labelling) and
neE N%:f?’, we let M («, ) be the abstract network shape obtained by inserting n; — 1 vertices onto edge j of
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Figure 12: The seven possible degenerate shapes for » = 3. The second (resp. third) shape is only a possible
candidate for the shape of B € Bp(n, X) if ny > n; (resp. ny < nj).

Figure 13: A shape a € ¥4 with labelled edges, and a nearest neighbour lattice tree T € Ty(q,7) (y) for
n = (3,5,7,72), v = ((2,—-1),(-2,-3),(2,3),(3,4),(2,0)). Also T" € Tz(X) where n = (17,12,8) and
x = ((7,6),(6,2),(0,—4)). Note for example that y1 + y3 + y4 = 1.

a,j=1,...,2r — 3. Each edge j of a has two vertices ji,j2 in « incident to it. We define branch N; of N
to be the smallest connected subnetwork of N that contains the vertices j1, jo.

Suppose T' € Tpr(q,7)(%), with corresponding X, @i, B as in Definition 4.6. Since B has shape N (o, i),
we may label the netpaths {Bi,..., Ba,_3} of B according to the edge labels {1,...,2r — 3} of a. Let
E; = {j : Bj C B..x,} denote the set of labels of edges in the unique path in « from the root to leaf i. By
definition we have >, y; = x; and 3, nj = n;. See Figure 13 for an illustration of this.

Lemma 4.5 implies that if " € 7p for some B € B}, (0, X), then T' € Ty(q,5)(9) for some a € %,
i € N3, ¢ e 742 =3) gatisfying ZjeEi n; = n;, ZjeEi yj = x4, 1 € {1,...,7 —1}. On the other hand
suppose T' € Tyr(q,7) (). Let x; be the vertex in T' corresponding to leaf i of @, i = 1,...,7 — 1, and let n;
be the number of edges in T..,,. Then T € T5(X) by definition. Choosing B = U:;IITWXZ., it is easy to see
that B € B(n, X) and T' € 7. Finally since N'(a, ) contains r — 2 distinct branch points, each of degree 3
(of which none are the origin), B must also have this property and thus B € B}, (i, X).

For fixed o € ¥,, i € N"! and % € 241 we write Y en to denote the sum over {7 € N2r=3 .

> jer, :}ni, i=1,...,r =1}, and } ;o to denote the sum over {§ € 742r=3) . dojer Yi = Xiy, 1=
1,...,7—1}. Then
> Swm-YYY Y wm 49
BGBCD(fI,i) TeTp acX, 1550 g«%i TeTN(a,ﬁ) (g)

Definition 4.7 (Degenerate Shape). For r > 3, let 3, be the set of rooted trees & such that the root is
labelled 0 and

1. & contains fewer than 2r — 3 edges, and fewer than r — 2 branch points (vertices of degree > 3) that are
not the root, and

30



2. for each i € {0,...,r — 1} there exists a vertex in & with label i, and each leaf (vertex of degree 1) of &
has labels from the set {0,...,r —1}.

We calla € 3, a degenerate shape. Clearly there are only finitely many degenerate shapes for each fized r.
See Figure 12 for the set X3.

By Definition 4.3 and Lemma 4.5, if B € Bp(f, %) for some @i € Z', ' and % € Z%" =V then B has the
topology of some a € %,. For a € &, consisting of I < 2r — 3 edges and 7 € N! we define D(&, 77) to be the

abstract network shape obtained by inserting n; — 1 vertices onto edge j of &, j = 1,...,l. Then
2 2 X WMs) 3> > WD
X BeBp(ax)TeTp acy, ﬁé»ﬁ/\x g&gfe%@m(ﬁ) (4.6)
= D(a,i) (0)

Note that for any given i € N"~! we may have many @ € ¥, for which the set {7 : @ % @} is empty.

Recall the definition of £ from (1.8). The main result of this section is the following theorem.
Theorem 4.8. Fizd > 8, v € (0,1 A %2) and 6 € (0, (1 A %52) —~). There exists Lo = Lo(d,v) > 1 such
that: For each L > Lg there exists V = V(d, L) > 0 such that for everyr > 2, a € %, 1 € N3 R > 0,
and & € [—-R, R)?r=3)d,

2r—3 _x2

~ R 9 193 H 4(”7]) QTZ_?’ 1 QTZ_B \H\anl._‘s
t/\/(a,ﬁ) (> = Vr_ A " (& 2d n + O Ty + O —_— 5 (47)
Vaolon i =1 m,? j=1 "

J

where A and v are the constants appearing in Theorem 1.12 and the constants in the error terms may depend
on r and R.

In view of (4.2) and (4.5) we have that

=X Y Y tven @+ 3 3w

A€, AR GOR % BeBp(i,%) TeTp

—Z“"‘ZZZW §) + o (k).

a€Xr 740 795%

(4.8)

The following Lemma 4.9 will be used to show that the contribution $ from degenerate trees gives rise to an
error term.

Lemma 4.9. For allk € [—w,q](r—l)d’
SR (R)| < Crlli)15 . (49)
Proof. Let | = l(@) be the number of edges in &@. Applying (4.4) to D we obtain

Therefore, (4.6) implies that

Gkl < Y DK < Y AIGPET < Gl (4.11)

aeY, 7%i acxs,
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The second inequality holds since an _ is a sum over at most r — 3 temporal locations of branch points
which are not the origin, each of which must be smaller than |fi]| oo by definition. O
Recall that Ej is the set of edges of the unique path in o from 0 to leaf j. Then x; = Z?;Ig Yiluer;

and
2r—3 2r—3 r—1 2r—3

r—1
> kjox; = Zk Z Yluer;y = Z Y- Zk Liepy = Z Y- KL =R -7, (4.12)
Jj=1 Jj=

where x; was defined in (1.8). Thus the first term on the right of (4.8) is equal to

IIDIPILD RNTIVEDD ZZ CUinan@ =D D Iven®) (413

€y g% X €Yy 750 €, 750

This becomes clearer if we consider the case r = 3, for which there is a unique shape « (which we suppress
in the notation for ), and a single branch point. If we denote the spatial location of the branch point by y
then

Il1 /\n2
/?nl ny) k17 k2 Z Z ’Lkl e ezkz-X2 Z t./\/'(n,nl —n,ng—n) (y’ X1 —Y,X2— y)
S . (4.14)
+ ¢ﬁ( )7

where informally one may think of ng53 as consisting of the n = 0 and n = n; A ny terms missing from the
sum over n. The first term on the right of (4.14) is equal to

(nl/\ng)—l

Z Z Z eZ‘(kl.(Xl_y)—HQ.(XQ_y)-i_(kl—’—kz).y)t/\/(n,n1 —n,nz—n) (y, X1~ Y, X2 — y)

n=l XXy (4.15)
(nl/\ng)—l

= Z %\N’(n,n1 —n,n2—n) (K‘la K2, 53)-

n=1

Recall from (3.2)—(3.3) and the fact that (. = 1, that we were able to express the critical 2-point function

= > Ww H o W) [ +U,

w:0—T, 1=0 R; €T (w(7)) 0<s<t<n
lw|=n

as

using the notation [, o RrieT (@) W) [o<s<i<n [1 + Ust] to represent

Y. W(Ro)-- Z W(R) I [o+udl.

Ro€T (w(0)) R,eT (w 0<s<t<n

The product [ [[1+ Uy incorporates the mutual avoidance of the branches R; emanating from the backbone w
(which is a random walk), and we analysed this product using the lace expansion. For higher-point functions,
the backbone structure in question may be interpreted as a branching random walk, with the temporal (resp.
spatial) location and ancestry of the branching given by N (7, «) (resp. %).

Definition 4.10. Fiz N (ii,«). We say that w is an embedding of N into Z¢ if w is a map from the vertex
set of N into Z® that maps the root to 0 and adjacent vertices in N to D(-) neighbours in Z%. Let Qn (i) be
the set of embeddings w of N into Z¢ such that the embedding w; of branch i has displacement ;.

32



We now generalise (3.3) to the r-point functions. For a collection of lattice trees {Rs}scnr, define

—1, if RyN Ry #( (as sets of vertices)

0, otherwise. (4.16)

Ust = U(R37 Rt) = {

Recall (Definition 2.1) that Exr = {st : s,t € N, s # t}. Also recall that a vertex s € N is uniquely described
by a pair (i,m;), where 7 is an edge in o and m; < n;. We write [,z ERseT(w(S)) as shorthand notation

for
Ro€T (w(0) R 1y €T (w(1,1) Ra2) €T (w(1,2)  Rar_gmy,_5)€T (W(2r—3,n2r—3))

It follows from (4.3) that

tan@ = Y. Ww][ Y Wy ] 1+l (4.17)

wWEQN () SEN Rs€T (w(s)) bEE N
since any combination (w € Qar(¥), {Rs}sew) such that the Rs are all mutually avoiding lattice trees,
uniquely defines a lattice tree T € Tyr(q,5)(%) and vice versa.
4.2 Application of the Lace Expansion
We now apply the expansion described in Section 2.3. Let
D= >, Wl > Wk (H [1+Ub}> (1— 11 [1+Ub]>- (4.18)
weQN (7)) seEN Rs€T (w(s)) beRe beR

Then by expressions (2.7) and (4.17) we can write

@ = Y, W [ > WERIKWN) - R (), (4.19)

weQN (7)) sEN RseT (w(s))

where K(N) = [[,cre [1 4+ U,]. We will see shortly that QASZ\Z/(F;’) is an error term. Another such error term

comes from
= > wwll > w®yd IIuv. (4.20)

weQN (7)) seN R,€T (w(s)) regh, bel’

where b is the branch point neighbouring the origin and 5}{[ is defined in part 8 of Definition 2.1.

Recall the definition of a branch from the second paragraph of Section 2.1. Let 7, = (n1,n92,n3) be the
vector of branch lengths for branches incident to b and let G = G(N) C {2, 3} be the set of branch labels for
branches incident to b and another branch point of M. Define Hz, (N) C Z3 and Hj, (N) C Z3 by

—, i=1,23tn{m :m; <n; —2,1 € G
3 yod ) (4.21)
{rﬁogmlgn“ i:1,2,3}ﬂ{n‘i:mi§ni—2,i€G})\Hﬁb

Note from (2.17) that Hz, U ﬁﬁb = {m:my < ny,mg < ng — 2I,mg < ng — 2I3} and that this is empty if
n; = 1 for some i € G. Equations (2.14)—(2.17) give an expansion for K (N') which yields

=2 Wl > wr) 3 JEm) H (W 82(7)):)

weN (¥) sEN R.€T (w(s)) mGHﬁb =1 (4.22)

+ O () + OXr () — SN(D),
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Figure 14: An example of graphs on N («, ) with @ € X5 a shape with edge labels shown at the bottom
and 7 = (3,4,4,3,6,4,3). The first graph contains an edge in R so contributes to ¢*. The second graph
does not contain such an edge but branch 2 is covered so this graph contributes to ¢°. In the third graph,
branches 2 and 3 are not covered, but ng —2>mgp =2 > 2 = % and this graph contributes to ¢”.

where

) = Z W [T Y. W) Y. J(S*0m H (N\ S2(m));) - (4.23)

weQN (Y seEN R.eT (w(s)) me'Ha i=1

See Figure 14 for an illustration of these definitions. In accordance with Definition 2.1, the first term on the
right side of (4.22) does not contribute in cases where b is adjacent to another branch point of N (Which
implies that 7 > 4 and ny A ng = 1). For r = 3 there is only one branch point, b, hence ¢4.(§) = - ¢ (7)) =
Lemma 4.11 below states that in fact for large 7i_o = infi<j<2,_3n;, all the terms gZ)N, ngN and qu are error
terms, so the main term in (4.22) is

Qo) (F) = tnr(ai) (F) — DX () — OR () + SR (D), (4.24)
which is the first term on the right of (4.22). Taking Fourier transforms of (4.22) or (4.24) we obtain
i (7) = Qu () + (7) + O3 (R) — O (R). (4.25)

Lemma 4.11. The error terms defined in (4.18), (4.20) and (4.23) satisfy

2r—3 3 3
SR@ =0 =], S =0(Y =] Sl Z . (4.26)
i =1 n;* 7 i=2n; 2 7 i1

where the constants implied by the O notation depend on r.

The proof of Lemma 4.11 involves estimating diagrams and is postponed until Section 6.

4.3 Decomposition of Qs

In this section we show that Q) can be expressed as a convolution of a function 7 ; and functions ¢,s;, where
the NV are network shapes with «; € Y, and r; <7 for j =1,2,3. This permits analysis by induction on r

and ultimately we prove that @ A~ can be expressed as a Gaussian term plus some error terms.
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We first define the quantity 7,;(@) and then the constant V' appearing in Theorem 1.14. We then
state some bounds on the function 7 ; () in Proposition 4.13 that are the main ingredient for the proof of
Theorem 1.14. The proof of Proposition 4.13 is postponed until Section 6. The convolution expression for
QN (¥) appears in Lemma 4.14, and the corresponding expression for the Fourier transform appears in (4.39).
Finally we express @ n as a Gaussian term plus some error terms in (4.40). These error terms are bounded

in Section 4.4.

Definition 4.12. Suppose S;; is a star-shaped network of degree A € {1,3} defined by branch lengths M as
in (2.18). Let it € Z2%. We define

(@) = > o [T Y. Ww)I(Sy), (4.27)
WGQSA?(u) ’LES]M RZET( ))
where Q- aj) ) 18 empty if ug # o (k # 4,j) and otherwise is the set of embeddings of S[—M;, Mj]
into Z¢ such that the first, (M; + 1), and last vertices of S[—M;, M;] are mapped to u;, the origin and
u; respectively. Similarly Qgo ar, @) i empty if uj # o or up # o (j,k # i) and otherwise is the set of
embeddings of S[0, M;] into Z¢ such that the first and last vertices of S[0, M;] are mapped to the origin and
u; respectively. Finally an(ﬁ) is empty if any u; # o and otherwise is the map of the single vertex Sg to the
origin (whence m5(1) = p(0)I{i—g))-
By (2.10) we can write

SH=>> TIv I 1+uvy

N=1 LeﬁN(S%) beL  b'eC(L)

S0t Y TIew T oo

N=1 LelN( SA beL b’eC( )

(4.28)

(@)= ) > ww [] Z W(R)H(—Ub) I t+u. (4.29)

LGEN(Sﬁ)wGQS%(a) ze5A R,eT (w beL b'eC(L)
Note that 771\]\77[(17) > 0 since —U, > 0. We also define
3

V= Z Z ZFM H i—vi)ngzzﬂﬂ(ﬁ)- (4.30)
M U

MeZ3 uecZ3e gez3d =
The following Proposition is proved in Section 6 and is the main ingredient for the proof of Theorem 4.8.
Proposition 4.13. There exist C > 0 (independent of L) and BN(M) such that for N > 1 and q € {0, 1},
Y luy P (i) < (N?0%(|M]|oo) ! By (M), (4.31)

ueZ3d

where @ = (uy,ug, us),

) . 284179
>N BMM)g%, j=1,2,3, and

N=1 M:Mj>n] I:n]}

o0 10-d,q (4.32)
— - — 2 .

>N Y Ml By (i) < C {Hn\oo L ifd#10

N=1  jNi<i log [|n)los,  if d = 10.
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Given M € Hz, (such that Sy C N), 7 € ZC =34 and ¢ € Z3¢ we define N = N, (M) = (N \ S;3)s
(see Definition 2.10). We write B v~ for the set of labels of branches in N C N that were not incident to
the branchpoint b neighbouring the Toot in N, and g; for the vector of y; such that j € B N Then we define

Yo, = (Yi — Vi, Ui)- (4.33)

Lemma 4.14. For j € Z(*=34 gnd i € N¥—3,

N (o) (9) = Z ZWM HPCZD i — U t/\/ (Yo, )- (4.34)
MeHz, U
Proof. First from (4.22) and (4.24) we have

3

Nen@= > Y. W] > WR)JISM)[[EN,). (4.35)

MeHﬂb wEQN () sEN Rs€T (w(s)) i=1

However, as in the proof of (3.6) for the two point function, we may split up the branching random walk
w € Qu () into 4 branching random walks (some of which may be empty) to obtain

Yo Wwy=> > Ww HZpC (v — u;) Z W (w;). (4.36)

wGQN(g) 78 WEQSJW@‘) =1 v; WZEQ z)

’L

Trivially,

II > wwy=]1] > WR s)ﬁH S W), (4.37)

SEN R,€T(w(s)) 5€8y; Re€T (w(s)) i=1 5N~ Ray €T (wi(s1))

(3

where the products of the form s € N~ are products over vertices in the network shape N ™.
Since by definition, N~ and Sy; are vertex disjoint (i.e. have no vertex in common), equations (4.35)-
(4.37) show that Qr(a,m)(%) is equal to

Yo > ww I X WISy | x

MeHﬂb s L‘JEQS]M(U‘) SESA[ RSET( ())

3
1> peDwi—w) > W) [[ D WERIKWN) (4.38)

i=1 v; wi €9\ (Fv;) 8i €N Ry, €T (wi(si))
> 2 mald HPcZD i = i)t (F);
]\ZGHﬁb i
as required. O

Given & € [, 7|> 3 we let &° = (K1, k2, k3), and i} denote the vector of x;, for branches i of N (labels
inherited from A'). Then

3
m Il ik (vj—uj) 'LN"yvj.

Il
Ql

36



It follows from Lemma 4.14 that
3 o~
Qu(R) = #ii () TT peD ()i (7). (4.39)

Finally, recall (3.49), (4.30), and the fact that A = A’p(0). We write

27”—3 Kz R )
Qu(R) = V=2 T Aem2am™ + £2(R) + EX(R) + E(R) + €Y (R), (4.40)
=1

where the & are defined by

I GENY (H(ﬁ(%z)—1)> P m (R [ tw; (7)),
ieH

Ec{1,2,3} \leE
E#0

MeHz J=1
g (4.41)
3 2r—3 2
d/z =~ _ N n 2% - o
EFNR) =p2 Y, FgO) ([t (7)) — v [] Aemzmer ],
MeHz, j=1 =1
2r—3 2
EF\L/(—») _ VT—3 H Ae—inlo vp3 Z 7/1\_1\7[(6)
=1 M¢H;,

The first term is obtained by writing lA?(/@j) = <1 + (ﬁ(n]) — 1)), the second is obtained by writing 7 (7°) =

(ﬁM(G) + (7 7(RY) — %1\7[(6)0 and so on.

4.4 Bounds on the €&,

In this section we prove bounds on the quantities (4.41), as stated in Lemma 4.15. All of these terms will
turn out to be error terms in our analysis and in general rely on estimates for 7 ; () such as those appearing
in Proposition 4.13. Each term except £ will also use naive bounds of the form appearing in (4.4).

Using (4.32) with n; =1,

oo
=~ Prd — 7 _8v 1
2 [FaF)l= 2 3 3 my(@ <) ) By(M) < (OB )z, (4.42)
M#0 N=1pjxG N M
where the constant C' is independent of L. In particular since %6(6) = p(0), this proves that V = p(0)p? +
O(F*~ %),
Lemma 4.15 (£ bounds). For all &,

3 3
- o 1
EPRy =012 Z /@? , EYR)=0 Z — (4.43)
i=1 '
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d
(W 20 VO’), ifd£10
O (|R|2o?log [|n)|) , if d = 10,

E0(R) = (4.44)

Proof. For | ¢ E we bound H?Zl tANj (K7) and 35 7 (R?) by constants using (4.4) and (4.42). This leaves

us with
D/—
EZ®I<c Y [T alsy).
Ec{1,2,3} jeE
E40
For each nonempty E we may bound all but one of the a(k;) by 2, giving |E2(R)| < ngzl a(kj). In
particular since a(r;) < 2 this quantity is also bounded by a constant C’. If ||r|ls > L™, then there exists
a constant ¢ > 0 depending only on C’ such that C’ < ¢||&?||2L? as required. If ||x;|lc < L™!, this bound is
obtained from (3.20). This proves the first claim of the Lemma.
For the second claim, we bound each exponential in the definition of £ (4.41) by a constant, leaving

ey (Rl <c

M¢H

Next we observe that M e Hyp only if M; > % for some j € {1,2,3}, or nj < 2 for some j. In the latter
case, the required bound is trivial, while in the former case it follows from Proposition 4.13.
For the last claim, we bound the #y; by a constant and apply (3.31) (with 3d rather than d) with

RY = (K11y- s K1dy K21, »K2.dy K31, - -, K3,4) to bound the difference %M(ﬁ) — %M(/_{b). In doing so we
obtain
~ (R~ (=b b ~ (=
#(0) = Fg (@) S CIRP Y ul? [F (@] (4.45)
wez3d

This gives us

Em) <c Z B2 D Juy (7 (4.46)

wezZ3d

Applying Proposition 4.13 we obtain

£d#)

<C Y |RRO?|M | N2 By (M) < CF* 7

M<iib

d
b |2 2 =b Vo) if d 1
{m ) it 10 )

|5°[202 1og ||71°]| 0o, if d = 10,

as required. 0
It follows immediately from Lemma 4.15 that

- 2 2 3 2
EP(7) (“2> ~0 (W) ~0 (W) , (4.48)

0]
RS T

and

)
SO

) (4.49)
0 < |72 1og || [|o ) , if d = 10.

vn

von
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4.5 Proof of Theorem 4.8.

We prove Theorem 4.8 by induction on r (or equivalently on the number of branches 2r — 3 in ). For r = 2
recall that A = A’p(0), so (as in the proof of Theorem 1.12) we have by Theorem 3.7 and Lemma 3.9 that

~ K n2"1 K:in 1
A L :Ae—zdn+o< )+o L 4.50
o (7o) % = 450

1

with the error terms uniform in {x € R : |x|?> < Cylogn;}. This yields the required result for 7 = 2.
Now fix 7 and N' = N(a,7) with a € ¥, and 77 € N> =3 and assume the theorem holds for all r; < 7.
By (4.25) and Lemma 4.11, we have that

2r—3 1

~ R R
t +0 —_—
N <\/va n) QN <\/va2n> ; nld%s

KQ n
Next from (4.40), (4.48)—(4.49) and (4.43), we have that Qa (ﬁ) is equal to V" 2[[] 3 Ae~2an plus

the error term (4.49) plus

, R 3 K2 5001
gind < i > +o|=—=—2L)+0 —
" \Vveln n ]Zl nj%g

Since § < 4 8 A1 in the statement of Theorem 4.8 we have 10 dv (0 < 1—¢ and these error terms satisfy

the error bounds of the Theorem. It therefore remains to show that E%Hd ( &) is an error term of the

required type.
From (4.41) we have

3 3 2r—3
Nl ny

ind K .3 _‘ r—3
&l <m>—pc > #(0) H ( wn) 1% HAe 2 | (4.51)

. _

MeHnb =

If Hy, = 0 then S}an = 0. By the induction hypothesis applied to r; < r, we have

2, |ﬂ*‘2n*(1—5)

—~ R ) 1 : .
J VTim2 A28 H S Z Z Jt gl
t./\/-ji ( v0.2n> = J A J g e 2 + O - n*dgs + O - n ) (452)
eB, eB, .- n. cB, . _
N; N jl N;

where the sums and products are over branch labels of branches in /\/'j*. For M € Hj,, for every j € {1,2,3}
we have % < nj; < ny. This enables us to replace n; by n; if necessary in the error terms of (4.52).
Additionally since M & Hj, we have r = Z?zl(m — 1), or equivalently Z?zl r; =1+ 3 (see Figure 15) and

3 7* 2r—3 w2n 3 20 A 2r—3 2r—3 519 (1-9)
5 () vt T [ o [ +o< P >
/7 e i ]]e " = |-
j=1 n 1=4 j=1 =1 n, > =1 "
(4.53)

%

Thus, H?:l f/\/j (\/:UTn) V- 3Hl2r13Ae T is equal to
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Figure 15: An illustration of the relation Z?Zl r; = r + 3 resulting from the decomposition of a network A
into AV;, when M e Hjy,. The 3 extra vertices generated by this decomposition are indicated.

2r—3 2 3 20, 2r—3 2r—3 412 (1-9)
3 .9 3 King 5 (nJ 1\4,) N n; 1 ‘/1‘ nl
Vi S [ e o ([[e 2w — H e 2@ | + 0O Y =< |+0 L) (454)

=4 j=1 = n,
Next using a telescoping sum and the inequality e — e < C(b — a) for b > a > 0 we see that

2 (n I\/I ) 3 N? 2 5 (n

3
H S e g ST e N P (T i [[e ™5™
2dn € 2dn = € 2dn e 2dn 2dn e 2dn

j=1 =1 \j<l g>l (4.55)

3 2 3
SCZM [ = (= M) :Cz 2dn
=

Collecting terms and applying Proposition 4.13 we have

o
LM
l\J
%
]
M
3)
Elz
§

+

a
M7
& =
_l’_

6
/\N

e

_w
\j

()
" voin

NM'Hﬂ =1 MNn
© : (4.56)
3 |E|2n%vo 23 2r—3 ‘E‘Qn(lf(s)
_ l l
oyt o (X L) ro (X )
=1 =1 n;? =1

Since 1 — § > %ﬂl V 0 these are all error terms of the required form. We have now advanced the induction
hypothesis and therefore completed the proof of the theorem. O

4.6 Proof of Theorem 1.14.

From (4.8) and Lemma 4.9 we have

A [k ; o k
i (m) 2 2 e <@>+%ﬂ (m)

a€Xr 72| nt|

=S A () o (D),

a€Xr 7% nt|

(4.57)
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with 7 = (a, k) as defined in (1.8). Theorem 4.8 may be applied to the first term, giving

2r—3 _,45 n; 2r—3 1 2r—3 ’g|2n156
(A=) -5 X e T o (S ) oo (ST
TV €Ty 78 i) j=1 =1 n;* =" (458)

ﬁGNQT—S

4 2o (TEIESY
n

Considering the first error term, note that

11178 = Z dlfs + Z 378 < Z Z dlfg + ¢ d—8 Z 1
>, = = e

7| nt | an ﬁ«%tnﬁj: an ﬁgﬂnﬂi nj2 mg“"‘g”“ ﬁg‘_’@ﬂ: njz HLntJHoo ﬁ&tn_EJ:
nj<llntlllce ny> oo nj=m ;> Inillleo
1 ~ r—2—4=8 ( -~ p_9_d=8
< > = Y, l+lntlls ? <Clln Jlloo Okl + I nk o™
mllnllee 2 0 k).
- 2 nj=m

(4.59)

~ (10-d -
where if d = 10 we interpret the quantity || |[nt] ||£><> V0 o log(|nt]). In the last step we used the fact that

since |nt| is fixed, the sum over 7 <% [nt] : n; = m is a sum over temporal locations of r — 3 branch points.
Since |X,] is a finite quantity depending only on r, the first error term in (4.58) is

r—2 i
n" 0 <n5>

where the constant in the error term depends on r and t.
The second error term in (4.58) is

|,<;’2 1-6 . 1”{2{7(;175
D3 O( >:n 20<\ 1 ) w60

aEX, % | nt|

where we have used (1.8) with K]2 <(r—1)XC (k Lieg, ) :
The third error term is already of the form n"" 2(9( ) where the constant depends on t. Thus it
remains to show that for each o € %,

-3 7,$2 j 2r—3 K25 1
Z Hezd 7 n’ 2/ H T ds _0(115>’ (4.61)
ntl: 1
ﬁeNLWt—J3 ”

where the constant depends on t, 7 and K. We rewrite the left hand side as

2r—3 _HQ . 2r— 3 2
7 7J _rjle)Tsy
Z He " 24 ds). (4.62)
n->|_ntj j=1 Ri(a) -
ﬁENQT—?)



Observe that the left hand term inside the absolute value is the Riemann sum approximation to the integral
on the right, with the approximation breaking Ri(«) into cubes of side %, and the error in the approximation
arising from boundary cubes. The set R;(«) is a convex r — 2 dimensional subset of R?" 3. As such there are
at most C;n"~3 boundary cubes in the discrete approximation, each of volume ﬁ, where C] is a constant

depending on ¢ and r. Since the integrand (and summand) is uniformly bounded by 1, the contribution to
the left hand side of (4.62) from the boundary terms is O (%) where the constant depends on ¢ and r. Within
each cube of side % we have, for all §in that cube,

K2 s K2
<—J‘s——J—(’) 2.
2d ™7 n n

By a telescoping sum representation (as in (4.55)) we see that for all §in that cube,
2r—3 k2 .. 2r—3 2 2

—Si(ng _"j* ‘/{‘

e ( n ) — e =0 .
11 11 (")

Using I'i <(r—1) Z;;% (k:jIleEj)Q, this verifies (4.61) and hence proves the Theorem. O

’“?h §J
e2d n —e 2d

5 Diagrams for the 2-point function

Proposition 3.6 was needed to advance the induction argument for the 2-point function in Section 3. In this
section we estimate various diagrams arising from the lace expansion on an interval (star-shaped network of
degree 1) and prove a more detailed result, Proposition 5.1. We first introduce some definitions and notation
that will be used throughout this section, and prove various lemmas giving bounds on the building blocks of
the diagrams for the r-point functions. In Section 5.1 we prove Proposition 5.1 assuming Lemmas 5.4, 5.6,
and 5.7. Lemmas 5.6, 5.7 and 5.4 are then proved in subsequent sections. Throughout the remainder of this
paper, unless otherwise specified, C denotes a constant that depends on d and K but not on L, m, z, or N.
It may change from place to place without explicit comment.

Let 7, (x;¢) be defined by (3.5), with Ug given by (3.1). Recall that mo(x;¢) = p(0)Iz=0, and writing
Ust = (—1)(—Usg) in (2.10) we have for m > 1,

7"'m(aj; C) :gm Z (_1)N Z Z W(w) H Z W(RZ) H [_Ust] H [1 + Us’t’]' (51)
N=1 LeLN([0,m]) 9:97% =0 R; €T (w(7)) steL s't’eC(L)

|w|=m

The sum over N is finite, since a lace on [0, m] can contain at most m bonds. We define

(@) =¢C" Y > W(w H > W(R)H[U] [T [0+Us, (5.2)

LecN ([0,m]) T)wi’:_;s =0 R; €T (w(i) steL s't'eC(L)

and from (5.1) we have for m > 1 that 7, (;¢) = S %_; (=1)N 72 (z; ¢) and hence |7, (z;¢)| < S p 7 (25 €).
Therefore, when (3 is sufficiently small, Proposition 3.6 follows immediately (by summing over N) from the
following Proposition.

Proposition 5.1. Suppose the bounds (3.24) hold for somen > 1, z* € (0,2), K > 1, L > Ly and every
m < n. Then for that K, L, and for all z € [0,2*], m <n+1 and q € {0,1,2},

o2a (C,@z 6”>N
29 N/ ..
ijm Il (2:¢) < Tem— (5.3)

m 2
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Figure 16: Feynman diagrams for MT(,})(a, b,z,y), Amims(a,b,z,y) and Ay, o(a,b,x,y). A jagged line be-
tween two vertices u and v represents a quantity Ay, (v —u). A straight line between two vertices u and v
represents the quantity p(v — u).

where ¢ = z(p(0)pe) ™", the constant C = C(K,d) does not depend on L, m, z, N, and where v > 0 is the
constant appearing in Theorem 1.9.

Define hy,(u) = hp(u; ) by
(?p2(D * ty—g * D)(u), if m>2
him(u) = 4 (peD(u), if m=1 (5.4)
I{u:o}a if m=20,
where to(u) = p(0) [{y—o}-

Definition 5.2. For g € {0,1}, m € Z; we define sm 4(z) = |2[*hy(z). Forl > 1 we define 57(7?@) q(l)(:z:) to
be the [-fold spatial convolution of the sy, q,-

Definition 5.3. Forr € {0,1}, let ¢.(z) = |x|* p(z). Forl e {1,2,3,4}, let cbg()l)(x) denote the l-fold spatial
convolution of the ¢, (whenever this exists for all x), and define ¢ (z) = Iy

Lemma 5.4. Let] > 1, and k € {0,1,2,3,4}. Let ) € ZL and m = 22:1 m;. If the bounds (3.24) hold for
1<m<nandz € [0,2] then for allm < n+1 and z € [0,2], and for all ¥ € {0, 1}* such 2(k+3F_ ;) <8,

2kv

! k R RSN G/1c ! . ,
HS,(ﬁ)(U,q(l) * ¢,(:'(IZ) oo < m2= 4+ i g2 a2 J)jv and Hsfﬁ)(l)ﬂ“(l) lh < Cim>= %2 %, (5.5)
m_ 2
Definition 5.5. Let
M (a,b,2,y) = ho(x — a)p® (@ +y - b), (5.6)
and
hony (Y = @)y (z — y)pP (b — ), ma # 0,
Ay mo(a, bz, y) = i s @) ( - (5.7)
himy (x —a)p(y —x)pP(b—y),  my=0.
We recursively define
N N-1
Mf(ﬁ )(a, b,x,y) = ZAml,mQ(a, b,u,U)M((mgv__)vmwil)(u,v,x,y). (5.8)

U,

The diagrammatic representation of these quantities appears in Figures 16 and 17.
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(7)(

Figure 17: An example of an “opened” Feynman diagram, M
The jagged path from 0 to = represents the backbone.

Lemma 5.6. Set ug = a and usy_1 = x. For every N > 2, and m such that m; > 0 for each odd i,

2N—-1
MS (a,b,2,y) Z > [H hmi(uz‘—uz’—l)] > plvr = b)plon — (x +y))x

UZN —2 =1 V1., UN

I D ew - w-1)p(vig2 —wi)p(vr —wr) | %

1>2:m;=0 w

H (p('l)é - ul)I{l even} + p(’U% - ul)I{l odd}>

1<I<2N —2:
mz,mz+1750

_Z (ma,.. 7m2N 3)<avb7uvv)Am2N717m2N72 (x7y7u7v>'

We also make use of the following notation. Let

2N-1
H%:{mEZile Z m; =m, maj > 0,mg;_1 >0

=1

For general N > 2 we let

. 2m . 2
E%Z{mGH%:mg—leS}, Fg:{mEH%Im2N2+m2N1S

3

and for N = 2 we also define

G2 = {m e M2 : (m1Vms) <ms}.

m

Note that for N > 3, EN U FY = HY and for N =2, E2, UF2 UG? =H2,.
Lemma 5.7. For q € {0,1,2} and N > 1,

Z\x|2q7r Z Z]w\QqM ) (0,0,z,0).

z meHN T

Observe that there are two disjoint paths in the diagram MfﬁN)(

diagram MT(ﬁN) (
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a,b, x,y) arising from the lace expansion.

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

a,a,x,0) from a to x (each having
displacement x — a), corresponding to taking the uppermost path and the lowest path. In the opened

a,b, x,y), the corresponding uppermost path may be from b to x or from b to x +y depending



on m. Similarly the right endpoint of the lowest path depends on m. We define z = Z(m,z,b,y) and
z = g(’rﬁ,% a)?/) by

__ {x—b if #{ma; : my; # 0} is odd L {x+y—a if #{ma; : mg; # 0} is odd (5.14)

z+y—b if #{mg; : mg; # 0} is even ’ rT—a if #{mq; : may; # 0} is even.

5.1 Proof of Proposition 5.1

In this section we prove Proposition 5.1, assuming Lemmas 5.4 and 5.7. We prove the three cases ¢ =0, 1,2
separately, by induction over V.
Case 1: ¢ = 0. Our induction hypothesis is that

2— 82\ N
Z supZM( )abxy) %. (5.15)

E'HNaby T m= 2

In view of Lemma 5.7 with ¢ = 0, this clearly implies Proposition 5.1 with ¢ = 0.
For N =1 note that

SupZMl (a,b,z,y) —suth (z—a)p®P(z+y—b)

aby ", aby ",

(5.16)
=sup} hn(@)p? (@ 4y —bta) =supd_h(2)p? (@ + 2).

s dy
Applying (5.5) with { = 1, kK = 2 and all ¢; = r; = 0, this is bounded by Cﬁd,f as required.
2

m
For general N, we consider separately the contributions to (5.15) from EY and FY, and in the case
N = 2 also the contribution from G2,. By (5.8) we have

Z supZM (a,b,z,y) = Z Z Z supZAm1m2(abuv)

GENab’y z m1<2— m2<—7m mEHiX (1m1+m2) a:b
N—-1
xsupZMq%, )(u,v,x,y)
y x
= Z Z supZAml ms (@, b, u, v)
<2y <2y 0w (5.17)
N—
X Z sup ZMfﬁ, 1)(u',v',x,y)
)/ N—1 u' o'y T
m eHm*(Wqumz)
6v
062—7 N-1
S D i -2
2m 2m a’b u,v (m - (ml +m2)) 2

where we have applied the induction hypothesis in the last step. Since mj + mo < 27“1 in the range we are
summing over, the last line of (5.17) is bounded by

C %
3 2 ( ﬁ Z Z SUPZAm1,m2(avb7uvv)‘ (5.18)

a
m1<2—m m2<—7m1 ’ u,v
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Finally we split the sum over ms into the two cases me = 0, mo > 0 to get

Z Z sup Z Ay my(a,byu,v) = Z sup Z B, (1 — a)p(v — u)p® (b — v)

mi1 <2 mo< 2 —my @0 my <2 @b
+ Z Z supz hml (U - a)hm2 (u - v)p(Z) (b - u)
m1<2m O<m2<——m1 L
4v
Cﬁ —d cp*a e
Yy iy oy N e
mlSQTm ml m1<2m 0<m2<2m —m1 [ml + m2] 2
(5.19)

where we have applied (5.5) with all ¢; = r; = 0 in the penultimate step and the fact that d > 8 in the last
step . Combining (5.17)—(5.19), we get the desired bound

2-%\N
Z supZM( abxy)ﬁ%. (5.20)

meEy “PY w m2

Similarly using the symmetry of MT(T@N) (in the form of the second equality of (5.9)) and writing n; for

maon_1 and no for mon_o we get

Z supZM( (a,b,z,y) Z Z Z supZ:AnLn2 (x,y,u,v)x

a,b, u’
mEFN Yoz n1<,—n2<—fn1 E'Hﬁ,1 ibl no Y T, (5 21)
sup E Mq/ (a,b,u,v").
a,b,v’

Using translation invariance of A, n,(z,y,u’,v) we proceed as in (5.17)—(5.19) to get

Z supZMN abxy)g(cﬁz%)]v,

eFNab,y = m 2

as required.
It remains to prove the bound (5.15) for the sum over 17 € G2,. Note that in this case ma # 0 and so
Mg) (a,b,z,y) is equal to

Z ;0(2)(() - U)hrm (u - a)hm—(mﬁ-ms)(v - u)hmB (1‘ - U)p(Q)(x +y- u) (5'22)

We break the sum over m € an according to which of m; and mg is larger and note that mg = m—(mj+ms).

By symmetry of Mrg)(a, b, x,y) and translation invariance we have

Z supZ:]W2 (a,b,z,y) <2 Z Z SUPZMQ (a,b,7,y)

meG2, aby mg<7F mi<ms: @by g
m—mi>ms3

<2 Z Z sup Z P (u)hmf(m1+m3) (U - u) X (5.23)

ma<y mi<ms: by u,v
m—mi>ms3

suthmg (. —0)pP(z+y—u),

uv
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where in the last step we have subtracted a from each vertex and correspondingly changed variables (i.e. we
have used translation invariance). This is bounded by

D S S S ) o S )

! !
mg<g mi<ma: YULv g
m—mi>ms3

(5.24)
Applying (5.5) to both terms in the brackets, (5.24) is bounded by

opd opd <ﬁ2—* L _(op iy !
DDY = Y Y =< Y Gy

m3<% mi1<ms: (m - m3) 2 m32 m3< mi1<ms m32 m3<% m3
m—mi>ms3

and we have the desired bound since d > 8. This completes the proof of Proposition 5.1 for ¢ = 0. O
Case 2: ¢ = 1. Our induction hypotheses are that

2( 32— \N
Z supZ\z| MN ab,x,y)gw, and

HN a,by T m 2
e \s (5.26)
) a*(Cp )N
Z supZ\z\ M (a,b,z,y) < f.
EHN ) 7y x m 2
In view of Lemma 5.7 with ¢ = 1, these clearly imply Proposition 5.1 with ¢ = 1.
For N =1, the first statement of (5.26) is
20032~ \N
supZ]a:+y—b| B (2 — a)p® (z 4+ y — b) < % (5.27)

aby ", m 2

Writing p@®(z +y —b) = 3., p(u — b)p(x +y — u) and using |z +y — b|?> < 2(Ju — b> + |z + y — ul?), (5.27)
is bounded by

2supz¢1 u—"bp(z+y—u)hnm (x—a)—l—QSupr u—">b)p1(z+y— u)hm(x —a). (5.28)
aby aby

Applying (5.5) to each term with [ = 1, k = 2, ¢ = 0 and exactly one r; = 1, (5.28) is bounded by

o2(CB* 41/) —%% as required. The second statement for N =1 is
2 C 2-SV\N
sup 3" 12 — afPhn( — a)p® (& +y — 1) < T (5.20)
aby m 2

which follows immediately by applying (5.5) with [ =1, k=2, ¢ =1 and all r; = 0.

For the inductive step, for each statement of (5.26) we break up the sum over m € H)\ into sums
over m € E , M € FN, and when N = 2, also m € G2 For the contribution from m € E,J,\Z we write
1z2 < 2(|z,4\2 + |za|?) where

(x —u,u —b) , if #{ma; : maj # 0} is odd and my > 0

(2ar.%0) = (x+y—uu—">) |, %f #{ma; : ma; # 0} %s even and mg > 0 (5.30)
(x —v,v—0) , if #{mg; : mg; # 0} is odd and mg =0
(x+y—v,vo—>) , if #{mg; : mg; # 0} is even and my = 0.
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Thus

sup Z M( )ab:ﬂy <2 sup Za|* Ay m abuvM(a, )u,v,m,y
> supy [z 1ma

eENab’y x WmeEEN ’b7yacuv

+2 Z supZAmlmZ(a b, u,v)|znr \QMQ, )(u,v,x,y).

eENaby:Euv

(5.31)

As in (5.17) the first term on the right of (5.31) is equal to

B 32 % \N-1
2 Z Z supZ|zA|2Am1,m2(a,b,ujv) (€5 ) —

<y ab (m — (m1+mg)) 2

Z Z supz 1Z412 Ay mg (@, b, u, ).

a,b ww

m1<2—m mo

ﬂzfﬁ—” N1 (5.32)

SC(

m1<— m2<——m1

We now proceed exactly as in (5.18)—(5.20) except that we use (5.5) with exactly one r; = 1 (instead of all
r; =0 as we did in (5.19). This yields an upper bound on (5.32) of 02m(Cﬂ27%)Nm7%.

For the second term on the right of (5.31) note that by definition, z); is either z’ or 2/, the displacement
of the upper or lower path of MW= (u, v, z,y). We proceed exactly as in (5.17)—(5.19) except that the
induction hypotheses give a bound

325 \N-1
3 sup 3 ear MGV ay) < 02T
M EHm— (my +mg),N— LYY g (m — (my +;n2)) 2 (5.33)
282\ N1
< o2m (Cp~a)

T (m— (4 mg) T

which contains an extra factor of o?m compared to that appearing in (5.17). We now proceed exactly as in
(5.18)-(5.20) to get a bound on the second term on the right hand side of (5.31) of an(Cﬂ%%)Nm*%.
This verifies the induction step for the first bound of the induction hypothesis (5.26).

As in the ¢ = 0 case of Proposition 5.1, the bound

2(0132—%\N
S sup Y [EPMLY (a,b,2,y) < % (5.34)

TﬁEF/,\[a’b’y x m 2

follows by symmetry.

When N = 2, the contribution to (5.26) from m € G2, is easily bounded as in (5.23) by applying (5.5)
with exactly one of the ¢; or r; = 0. This gives the desired bound of 02(062_%)2771_% as required. By
induction, the proof of Proposition 5.1 for ¢ = 1 is complete. O

Case 3: ¢ = 2. Our induction hypothesis is that

mGHNaym m 2

ot 2-82\ N
3 s Y MY b ) < T (5.35)

In view of Proposition 5.7 with ¢ = 2, this clearly implies Proposition 5.1 with ¢ = 2. The proof of (5.35) is
very similar to the proof of (5.26) so we just present the main ideas.
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The N =1 case follows from (5.5) with { =1, k = 2, ¢; = 1 and exactly one r; = 1. To bound

> SUPZ\Z\ 22M Y (0,0, 2,y), (5.36)

EEv[\l 77y x

we use the expansions |22 < 2(|- 2+ |- *) and |z|> < 2(] - |* + | - |?) yielding 4 terms instead of the two in
(5.31). One such term is

4 Z sup Z 24?2417 Ay ms (a, b, u,v)Mr%]Yfl)(u,vja:,y), (5.37)

) a
meE% ’ 7y x’u77‘)

on which we use the ¢ = 0 case of Proposition 5.1, and (5.5) with ¢; = 1 and exactly one of the r; = 1. For
two of the remaining three terms arising from (5.36) we use the ¢ = 1 case of Proposition 5.1 and (5.5) with
exactly one of ¢; = 1 or some 7; = 1. The remaining term arising from (5.36) is

437 sup Y Ay s (a, 0,0, 0)[Z P12 PMG Y (u, 0,2, ), (5.38)

AeEN YOV zuw

which we bound using the induction hypothesis and (5.5) with all ¢;, 7; = 0. Collecting the 4 terms we obtain
the bound \
ol C,B277U 2
Z SUPZ‘Z| ‘Z‘ M ) (a7 b,xz,y) < %- (5.39)

EEN77yx m2

The contribution from 77, € FY also obeys the bound (5.39) by symmetry, while the contribution from
m € G2, when N = 2 is handled as for the ¢ = 1 case of Proposition 5.1 except that we have exactly two of
the g;,; equal to 1 when we apply (5.5). This completes the proof of Proposition 5.1 for ¢ = 2, and hence
completes the proof of Proposition 5.1. O

5.2 Proof of Lemma 5.6

For the first equality of (5.9), we prove the result by induction on N and leave the reader to verify the easiest
case, N = 2 (consider the two cases mg > 0, my = 0).
For N > 3, if my > 0 then by inserting (5.9) for N — 1 into (see (5.8)),

M (a,b,2,9) = " Ay g (a,byuz, un) MY Y

" (m3,...,;maN—1 (U27u17$7y)

u2,ul

we see that M%N)(a, b, z,y) is equal to

Z (hml(ul a)hm, (ug — u1) ZP vy — b)p(v2 _U2> (Z Z [H i—ui_l)] X

UL,U2 V1 UgN-—2 L 1@

> ooz —u)pon = (@+9) | [T Do plwr —w-)p(vnz —w)p(vg —wp) | (5.40)

V2., UN 1>4:m=0 w;

H (p(vé - UZ)I{I even} + p(v% - ul)I{l 0dd}> > .
3<I<2N-2:
my,my4170

Reordering the sums and using the fact that ms > 0, this is precisely the right hand side of the first equality
of (5.9) in the case mg > 0.
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If my = 0 then by inserting (5.9) for N — 1 into,

Mr(ﬁN) (a7 b, z, y) - Z Am1,m2 (a, b7 Uy, w2)M((7]r\L[3, 1),m2N )(uh w2, T, y)
U, w2

we have that MT(ﬁN) (a,b,x,y) is equal to

Z Z( my (U1 — a)ho(ug — up) Zp vy —b)p (wg—ul)p(vg —w2)> X

U, w2 u2 v1

(Z 2 [H u)] x 7 ploase —wa)p(on — (@ +))

UN-2 L 1@ V2,...,UN

I D e(w - w-1)p(vig2 —wi)p(vr —wi) | X 11 (P(U% — )l even) + p(Vrgs — )l odd}) )

1>4:m;=0 wy 3<I<K2N-—-2:
my,mi4170

(5.41)

Reordering the sums and using the fact that mo = 0, this is precisely the right hand side of the first equality of
(5.9) in the case mg = 0. The second equality is the same by symmetry of the expression for M%N) in the first
equality, by considering the cases mony_2 > 0 and maoy_o = 0 and separating the terms ! = 2N —-1,2N—-2. [

5.3 Proof of Proposition 5.7
We prove the stronger result that

N (x;¢) < M (0,0,z,0). (5.42)
Recall the definition of 7Y (z;¢) from (5.2).

For N =1 there is only one lace L = {Om} on [0, m] and every other bond is compatible with {Om}, so
by (5.2)

)=C" > W(w H Y W(R)[-Uoml [] 1+U))

o =0 R;€T (w(i)) b£0m
m—1
S Wk Y WRWUsnl(¢" 3 W W) [10+u).
RoeT(0) R €T (z) wio—x z:1 Ri€T (w(i) b£0m

|wl=m

(5.43)

Note that everything in this expression is non-negative. Now —Uom = I{r)nR,, 0} SO 7l (z;¢) is nonzero if
and only if there exists v € Z% such that v € Ry N R, and therefore

>, Wik > W =Uom] <D >, W(k) > ZP PU=2). (5 4y

Ro€T(0) Rn€T (x v RoeT(0,v) RmeT(a:,v)

If m = 1 then the term in brackets in the last line of (5.43) is (p.D () as required. For m > 2, [, ,,[1+0U;] <
[l1<s<t<m—1[1 + Us] and letting y1 (resp. y2) be the location of the walk w after 1 step (resp. m — 1 steps)
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Figure 18: The Feynman diagram corresponding to the lace containing one bond. The jagged line represents
the quantity h,,(z), while straight line between 0 (resp. x) and v; represents the quantity p(vi) (resp.

plz —w1)),

Figure 19: An example of the Feynman diagrams arising from the lace expansion. A jagged lines from wu;_q
to u; represents the quantity A, (u; —u;—1) (derived from the backbone from 0 to z). A straight line between
two vertices u and v represents the quantity p(v —u) (derived from intersections of branches emanating from
the backbone).

we have
m—1
S U W(Ri) T +07<) 0> peD(y1)¢peD(m — y2)
Tw(\):_)n:i Z:1 R;eT (w(i) b£0m Y1 Y2

2y W 1:[ TZ W(R)]Z[[HUb]

w'iy1—yo (@' ()
|w'|=m—2

=hp(x).
(5.45)

Combining (5.43)—(5.45) gives the desired result for N = 1. See Figure 18 for the diagrammatic representation
of this bound.

For N > 2 the reader should refer to Figure 19 to help understand the following derivation. Firstly
L € £N([0,m)]) if and only if L = {s1t1,...,sntn} where sy = 0,ty = m and for each i, s; < s;41 < t; < Si12.
Hence from (5.2), 7 (x;¢) is equal to

N
oYY W H > WR)[[I-Uan] ] D+ (5.46)
{s1t1,.. sNtN}m_—*nf i=0 R; €T (w(3)) i=1 bec(L)
€L ([0,m])

Everything in this expression is nonnegative, and every bond b = st such that s; < s <t < 89, or ty_1 <
s<t<ty,orsiy; <s<t<t,ort;<s<t< siio,is compatible with L = {s1t1,...,sytn}. Therefore
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(5.46) is bounded above by

m N
¢y W]l Y W) [[-Ualx
{s1t1,...sNtN} “’Jw(‘):nf =0 R; €7 (w(i)) =1
LM ([0.m]) (5.47)
N-1 N-2
II o+o) I o+w ] II n+wl Il I ‘+ul
bE(Sl,SQ) bG(tN_l,tN) i=1 be(si+1,ti) 7=1 be(tj,5j+2)

where for b = st we are using the notation b € (a,b) to mean a < s <t < b.
For L = {s1t1,...,snty} € LN([0,m]) we define m(L) € Z2¥ ! by

my =382 —0, mon_1=m—1tn_1, Mo =1t; —Siy1, M1 = Si41 — ti—1. (5.48)

Then mo; > 0, moi—1 > 0 and Z?ivfl m; = m, so m € HY. Similarly for any m € HY we define
L(m) = {sit1,...,sntn} € G([0,m]) by

2 2l—1
s1=0, tn =m, ti=Y my, i=1,...,N-1, s;=Y» my, 1=2,...N. (5.49)
Jj=1 Jj=1

Then for each 4, s; < s;41 < t; < si12 so that L(m) € £N([0,m]). Thus (5.48)(5.49) defines a bijection
between £V ([0, m]) and HY.
We break up the sum over walks w in (5.47) according to the subintervals defined by {sit1,...,sntn}

and obtain
Y Ww = > > W(w) > W (wan—1) %

wio—T UL,...,UaN—1 W1:0UL W2N—1U2N -2
|wl=m |w|=s2—s51 |w|=s2—351
N-1 N-2 (5.50)
H E W(wgi) H E W(w2j+1).
g=1 W24:U22—17U2; j=1 W2j41:u2;—=U2541
|wai|=ti—sit1 |wajt1]|=sj42—t;

Then under this scheme, [[i” 3" p. c7 (@) W(I) becomes

m;—1
> oWk ] > WERim) [T Y. Wy |, (5.51)
Ro€T (0) 1<G<2N—1: \ Ry m,; €T (wi(ms)) J=1 R; ;€T (wi(j))

m;#0

where w;(m;) = w;, (wan—1(man—1) = ) and the product over i ensures that if some s; = t;_; then we do
not count the tree emanating from this vertex twice. Similarly the term Hf\;l[—Usiti] = Hf\;l IR, AR, 20}
becomes

(I{miﬂ} + f{mi:O}f{Ri,mi:Ri_l,mi_l}) X
N-2 (5.52)

I{RoﬂRzmg¢@}I{R2N73,m2N_3ﬂR2N71,m2N_17%} H I{Rzl—l,mm,lﬁRQl+2,m2l+2¢@}‘
=1

Note that (5.52) contains no information about R;; for 0 < j < m;. Lastly we have that the second line of
(5.47) becomes
2N -1

11 II  lrore-o |- (5.53)

i=1 \1<s<t<m;—1
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Combining (5.47) with (5.50)—(5.53), and writing ug = 0, uan—1 = x we have that (5.47) is equal to

Z Z Z W R() H Z W(Rz,ml) (I{mﬁé(]} + I{mi=0}I{Ri7mi=Rif1,mi71}) X

@ mEHN RyeT (o) 1<i<2N-1: Ri,miET(Ui)
m;#0
N-2
[{ROHRng#Q}I{RZN—S,m2N73mRQN—l,m2N71#g} H I{R21*17m21—1mR2l+2’m21+27ﬁ®}X (5.54)
=1
2N—1 m;—1
| T well S wo[ T fnones
i=1 wil3ui|71_’ui J=1 R; ;€T (wi(5)) 1<s<t<m;—1
wi|=m;

The last line of (5.54) is H?ivl_l P, (wi — u;—1) by definition.
For any collection of trees {R;,, : 1 <i < 2N — 1} for which (5.52) is nonzero we choose v; € Z%, i =
1,..., N as follows.

(a) I{ROQRZmz#@} = 1 if and only if there exists a v; € Z% such that v; € Ro N R3m,. This means that
Ry € T(0,v1) and Ram, € T (u2,v1).

. . . . . . d

(b) Similarly I{RzN—3,m2N73mR2N—1mgNT17é®} = 1 if and only if there exists a vy € Z% such that vy €
RQN_37m2N73 N RQN_17m2N71. This means that RQN_37m2N73 (S T(UQN_Q,UN) and RQN_17m2N71 S
T (x,v1).

(c) For each i € {3,...,2N — 5} such that i is odd, I(r, . AR 5. L0y =1 if and only if there exists
Uz+3 € Z% such that vz+3 € Rim; N Riy3m,,;- This means that R;,, € T(UZ,U2+3) and Riy3m;,; €
T(uz+3, vits ) where 7 + 3 is even.

2

Now if m; = 0 (in particular this forces i to be even) then hy,, (u; — w;—1) in (5.54) is nonzero if and only if
u; = uj—1. In addition Ig, =Rt} = 1 if and only if R;,,, = Ri—1,m, ,- By the above construction we

have that v: € Ry, and vise € Ry_1m;_,, 1.€. v1,0112,% € Rym,. For T' = Ry, let Tyjvsy, and Ty,
2 2 2 2 9 o
denote the backbones in T joining the specified vertices. Then there exists a unique w; € T such that

Ty O Tz = T (5.55)
2

Collecting the above statements we have that

> WR) ] > WRim) (I{mﬁéO}+f{mi:O}f{Ri,mi:Rifl,mifl})X
Ro€T (o) 1<i<2N—-1: \ R;m, €7 (u;)
m;#0
N-2
I{ROORQ,mQ#@}I{RQN—3,m2N73mRZN—l,m2N717&@} H I{R2l—1,m21_1ﬂR21+2,m21+275@}
=1
(5.56)
XY wm Y Wt d [T Y Wik
U Ro€T (o,v1) RoN—1,myp_, €7 (z,0N) l:leORl’mleT(ul,v%,vH_Tg)

H Z W<Rl,ml) I{l even} + Z W(Rl,ml) I{l odd}

l:m;#0 Ry m €T (w,vy) Rimy €T (wi,v143)
mi417#0 2 2
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Now observe that ZRGT(%W) W(R) = p(y2 — y1) and

> W(Rm)<> Y. WE) >, W[R) > W(Rs)

Rl,ml GT(’U,[,’UL U142 ) wy R GT(UZ,U)Z) RQ GT(wl 7UL) R3€T(wl,v 1+2 )
2 Tz 2 Tz (5.57)

= plw —w)p (v1 —wi)p(vigs —wy).
w1 2
This completes the proof of (5.42), and hence Proposition 5.7. ]

5.4 Diagram pieces

In this section we first prove Lemma 5.4 assuming the following two lemmas, which we prove later in this
section.

Lemma 5.8. Let k € {1,2,3,4} and 7% € {0,1}* be such that k + Zle r; < 4, then there ewists C > 0,
which may depend on k, ¥ and d, such that

& . ‘ 00_2 Yoy IBQ——
Z ¢;(2) () < Cmk+2 Tyo.ku+2z7“g’ and sup ¢F(k)( x) < TS e (5.58)
0<e|<ymL jwl>vmL mo 2
Let [x] = |z| V 1. In order to prove Lemma 5.8, we will need the following convolution result which is

proved in [8].

Proposition 5.9 ([8] Prop. 1.7(i)). If functions f,g on Z¢ satisfy |f(x)| < [z]~* and |g(z)| < [2]7° with
a>b> 0, then there exists a constant C depending on a,b,d such that

Clz]~?, ifa>d

5.99
Clz]?*=*t  ifa<d and a+b>d. (5.59)

[(f xg)(@)] < {
Lemma 5.10. Suppose the bounds (3.24) hold for 1 < m <n and z € [0,2]. Then for all z € [0,2], | > 1,
7€ {0,1} and mW¥ ¢ Zl+ such that > m; =m < n+ 1, there exists C > 0 which may depend on 1, § and d
such that

2306 32,0 di
I Co 6°m I . .
550 o lloe < g o and [5Gy ol < CoPEemE e, (5.60)

5.4.1 Proof of Lemma 5.4

Clearly in view of Lemma 5.10 we need only prove the first inequality with & > 1.

. ! k . ! k o
By definition ||s7(ﬁ)(,)7§(l) * gbg(;z) | is equal to sup, ., 57(73(” q“<l)( u)gbf:(,z) (u) which is equal to

l
sup Z Sfﬁ)(l),qm( )d)*(k) ) + sup Z ~(z) ~(z> )¢-°(k)()

" >V " ul<vimE
k l .

< swp () D sl go@ = w) sy (@) D 40 (w) (5.61)

|u/|>\/7 = , .

|u\>\/ﬂ |U|§W

LCo?Zng Co2 Tt g2m> a
- Ud 2’:€Zrd Co? 2 im2di 4 d gm Cmbtlrighv+22r;,

m me

where we have applied Lemma (5.8) and Lemma (5.10) in the last step. Collecting terms we get the result. [J
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5.4.2 Proof of Lemma 5.8

We first prove by induction on k£ > 1 that for k and 7 as in the lemma,

k
(k) ¢
gbm)(x) < Z Li(2—v) [x]d—Qj—QZm' (5.62)
J=0

For k =1 (5.62) for A1 € {0,1} follows easily from (1.4). For k > 1 we write

1
(k) DI c ¢
b7 (@) = Z¢ (s )@ =) £ DY Sy RIS S (5.63)

using the induction hypothesis with Proposition 5.9 and the fact that k£ + > r; < 4 in the last step. With a
different constant, (5.63) is bounded by

k
> ¢
= LJ(2+V d 2j-2F 7

as required.
Therefore we have

k

k 2423
C C fL) ¥ k4" ry _kv+25 1
PR 2 GO Ess S e s O
0<|z|<y/mL 3=0 0<]z[</m. j=

(5.64)
which proves the first bound of Lemma 5.8. Similarly,
k . h0— 2kv
C C 00,22 T ﬂQ b
sup¢ (x) < sup - - - < . —— - < e
2| >/mL F(k) ]E%|x|>fL Li(2—v) [l’]d_2]_22” = Li2—v) (\/mL)d 2j—2>"r; md 2k 222 j

(5.65)
which proves the second bound of Lemma 5.8. 0

5.4.3 Proof of Lemma 5.10

We prove the result by induction on I.
For [ = 1 we use induction on m. For [ =1 and m = 1 we have h;(x) = (p.D(x) and hence

C
Il < S = 087, Il < C.
Using the fact that D(x) = 0 for |z|?> > dL?,
1
sup [2?h(z) < CL? 5 < Co?2,
and by (3.19)

> |afha (@ <CZ|3:|D ) < Co?.

T
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This proves the result for the case [ =1, m = 1.
The cases [ = 1 and m < 6 are dealt with as follows

Cﬁ
D(u)D(v — wty_o(z —v) <CL Y D) ty_olz—v) < Cp%<
-2 2o =) S CL T DT sl —0) < O <
|22, Z 22D (u)D(v — w)tym—o(z — v) (5.66)
2 —d 2 Co®p?
<CL*Y  D(u)D(v — u)ty—z(z —v) + CL™> " D(u)|z — v*tm_a(z —v) < ——,
u,v u,v 'TTZ§

where we have used the assumed bounds (3.24) and the fact that m < mg = 6 in the last step in each case.
Similarly using the assumed bounds (3.24) we have for all m <n+ 1,

th(a}) :ZD(u) ZD(U —u) Ztm_g(x —v) <K

(5.67)
Z |22 hy () <C Z D(u)D(v — u) | L? Z tm—2(z —v) + Z |z — vt _o(z —v)| < Co?m.
For | =1 and 2m > 6 we write
2 >~ o OB
hom () < C(ha % hp) (2) < Cllhmlz = Cllhmlz < R (5.68)
m)2

where we have used Parseval’s equality and the assumed bounds (3.24). Similarly for [ =1 and 2m+1>7
we write hopmt1(x) < C(D * hy, % hyy,) () and proceed as in (5.68). This establishes the result for [ = 1, and
all m <n+ 1 when ¢ = 0. Using this result with (3.24) it follows that

C 2
|22 hom () < C [ulhp (u)hi (z — ) + C’Z B (W)@ — w2 (2 — u) < p _Ko’m, (5.69)
m (2m)2
and similarly for |2|?hgp41(z). This completes the proof for [ = 1.
! 1 -1
For [ > 2 we have sfﬁ)(%m => . 35713@1 (u)s%m%?..’ml)’(q%_ql)(x —u). If my > 3,
-1 Co?0 32mn ! C02 X i i 32
lsS golloo < 1550 gl 5 gy 11 S g Co? P imEima i < T
m?2 m?2
(5.70)
as required. Similarly if m; < 7,
l l
I-1) Co?Xim2tiB2mPie @ Cg2X 9> i 32
1500 colloo < 1858 111150mn o) annq I < Co?m® . < —
m?2 m?2
(5.71)
as required. This completes the proof of the first bound of Lemma 5.10 for all [.
For the second bound of Lemma 5.10, we have
l -1 R U R U
|’S£ﬁ)(l)’q(l)||1 < Hsg’g’qlHlHngzf--,mz),(qz,...ql)Hl < C oM O g2 L=z Gy i=n Ui < 00'22221%77121:1%, (5.72)

as required. This completes the proof of the second bound of Lemma 5.10, and thus completes the proof of
Lemma 5.10. O
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5.5 Diagrams with an extra vertex

Now that the induction proof has been completed, all of the previous diagrammatic bounds hold for all m
when L > L.

We say that a diagram B has an extra vertex (than A) on some p if A and B are the same diagram
except that one component p(z) in diagram A is replaced with p(®(z) in B. We say that a diagram B has
an extra vertex (than A) on some hy, if A and B are the same diagram except that one component Ay, (z)
in diagram A is replaced with hyy * hy,, _m(2) in B. When we consider the diagrams arising from the lace
expansion on a star-shape of degree 3 we will encounter diagrams with an extra vertex on some p or hy,.
We bound the contribution from all such diagrams by repeating the inductive analysis used in the proof of
Proposition 5.1. We do not show all the details but the main ideas are as follows. A

We let n denote the location along the branch where the extra vertex is located. If n = 3 "7_, m; for some
1 < j < 2N — 2 then the extra vertex is on the p emanating from the backbone at n, or a p incident to that
p (of which there are at most two). If n =0 (resp. n = m) then the extra vertex is on the first p (resp. last
p) in the diagram, or the p incident to it. Otherwise the extra vertex is at position n on the backbone (i.e.

on some Ay, ). Given MT(?LN) (a,b,z,y), let MT(ﬁN)’n(a, b, x,y) denote the corresponding diagram with an extra
vertex at n.
We prove by induction on N that

2-82\N
S Y s S M0 b gy < G (5.73)

HEHN n<m W0V g

For N =1 the left hand side of (5.73) is

—a)p® _ —a)p® _
3y 2};5;(% % hn—n) (2 — a)p®) (& +y — b) + 22}2523; hn(z — a)p® (2 +y — b). (5.74)
Using (5.5) with [ =2, k =2 and all ¢;,r; = 0, the first term in (5.74) is bounded by
0527%’ CﬂQ*%’
> T ST
O<n<m T 2 m 2
Similarly using (5.5) with [ = 2, £ = 3 and all ¢;,r; = 0, the second term is bounded by Cﬂ%%mf%.

d—6

Adding these together we get a bound of CﬂQ_%m_T which satisfies the first bound of the induction
hypothesis with N = 1.
For general N > 2 we bound

Z Z sup Z M%N)’n(a, b,x,y),

AeEN n<m @Y

by using (5.8), and splitting the sum over n < m into sums over n < mj + mg : n # mq, and n > my + mo,

and the final case n = m;. In each case the extra vertex is either on A,,, y, or M }?f,vfl)

. In the former case
we use the ¢ = 0 result in the proof of Proposition 5.1 on the M%Y_l) part and (5.5) (increasing k or [ by

one due to the extra vertex) on the A7, . part. In the latter case we use the induction hypothesis on the

M%Y_l)’n part and (5.5) on the Ay, m, part. The contributions from 7 € FY and m € G?, are dealt with
as usual.
Similarly we prove
2 2-8v\ N
N), o (Cp* d
> Y s Yl aPA e bry) < TP .19

mEH% ngmaﬂbvy €T m 2
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Note the factor |z — a|? in (5.75) rather than [Z| or |z|. This is to avoid the situation that could arise of
having a convolution of four p’s with one of them having an extra factor |u|? on the same diagram piece.
This would violate the condition k + Zle r; < 4 in Proposition 5.4. Using |z — a|? instead, we will use the
path along the backbone from a to x rather than the top path or bottom path, and the induction argument
goes through as before.

6 Diagrams for the 3-point function

In this section we bound the diagrams arising from minimal laces on a star shape S;; of degree 3, in order
to bound the left hand side of (4.31) when ¢ = 0. In an attempt to minimize the size of an already large
paper, we do not give as many details as in Section 5. As in the case of the two-point function, one can prove
an explicit upper bound for the contribution to (4.29) from minimal laces in terms of diagrams consisting of
convolutions of p and h,,, using the definition of a lace L and the fact that any bond b; ¢ L that is covered
by a bond by € L is compatible with L. The formula is long and the notation becomes messy, so that such
a formula is not particularly informative. For fixed N, fixed N; and Ny (the number of bonds strictly on
branch 1 and 2 respectively) and fixed topology of bonds covering the branchpoint (plus one extra bond in
some cases), minimal laces are in 1-1 correspondence with collections ni;, i, m,. The m indicate vertices
along the backbones of each branch at which there are lattice trees intersecting the lattice trees emanating
from other such vertices.

The essential idea that one should take from this section is that there is a finite collection of basic diagrams

D](é), such that all diagrams arising from laces on Sy; can be described recursively by connecting (to some

D](é[)) subdiagrams of the form A..(-,-,-,-) as in (5.7-5.8). These basic diagrams are the “opened diagrams”
obtained from laces where all bonds cover the branch point of S; (such laces therefore contain at most 3
bonds), and sometimes those laces with one extra bond. Therefore the majority of this section is devoted to
the bounding of the so-called basic diagrams contributing to (4.29), using decompositions of the diagrams
into subdiagrams. One can of course decompose a given diagram in many different ways, obtaining many
different bounds. We saw in Section 5 that the usefulness of a particular decomposition/bound depends on
the relative sizes of the m; of the h,,, in a given diagram. Therefore the relevant decompositions of the basic
diagrams are different depending on the topology of the lace and on the specific location of the endpoints of
the bonds in each lace. They are done in such a way that the same decomposition can easily be extended
to general diagrams with the same topology of bonds covering the branch point, usually due to the existing
bounds that we obtained from diagrams arising from the lace expansion on an interval in Section 5.

We now proceed to estimate the diagrams arising from the lace expansion, with N, Nj, Ny and the
topology of bonds covering the branchpoint all assumed to be fixed (hence N3 is also fixed).

6.1 (Minimal) Acyclic laces with two bonds covering the branch point

Without loss of generality we may assume that branch 3 is a special branch for which the bond s3t3 in L
associated to branch 3 has s3 on branch 1 and is not the bond in L associated to any other branch. We first
consider the diagrams arising from acyclic laces consisting of only two bonds (see Figure 20).
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Figure 20: The two topologies of acyclic laces with 2 bonds, their corresponding diagrams and decomposition.

The decomposition of the first diagram depends on the relative size of My — my and M as follows:

Z thl (hM2 (z2) * p?) x hM1—m1) (u) (hM3 * p(z)) (u)

mi<Mp u
TS e ) 0 9 )
m1 <M uw
€Y (2w g, ) (0) 4P S Bt (01 W) supy, (har, * p12) (a4), My > My —
m1<M 1 ’ SUPy/ Zrz ha, (€2) SUPy/, (hMQ * 9(2) * hM1—m1) (xh —u'), My < M; —
- cpE cpr

d—4"

Wi I+ Ma) 2 My v (M —my)] 2
(6.1)

by using Lemma 5.4 three times.
The decomposition of the second diagram depends on the relative size of Ms and M3. When My > Ms
we use

D sy % p) () (o, * ) (w) (s # p2) () < (s 9+ sy ) (0) sup (Pasy = p) (u)

u

CﬁQ—— 052—%’ _ CIBQ—%’ Cﬁ?—%’ (62)

6

M,z (Mi+ M) T Myt My T ppE

by using Lemma 5.4 twice.

For general acyclic laces with only two bonds covering the branch point, there may be a bond strictly on
branch 1 which strictly covers, or has an endpoint the same as, one or more of the bonds covering the branch
point. This gives rise to a number of different possible diagrams. We select three laces whose diagrams and
associated decompositions illustrate the idea in Figure 21. When this bond exists but does not cover the
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Figure 21: Three examples of acyclic laces with 2 bonds covering the branch point and more than two bonds
in total and their diagrams (only one of the two topologically distinct possible diagrams for the third lace is
shown).

endpoint on branch 1 of the bond associated to branch 3 (e.g. see the first diagram in Figure 21 and the
first column of Figure 22), the decomposition is the same as the first diagram of Figure 20 except that we
use the bounds on diagrams in Section 5 rather than just using Lemma 5.4. In doing so we obtain a bound
on the contribution from such laces of

(CF )t cgpmteyye_(CETONT (DY (©FTHY
A4 ¢ 1 = — =% 6 —,
my<ny, [ma+ Ms] 2 [My Vv (My —mq)] 2 (M + M3)%Mg ? My (Ms + Ml)%

when My — mq > My (see the first diagram of Figure 22), and the same bound (but with Ny and N;
switched) when M; —m; < M,. Note that we have broken the sum over m; into the regions m; > M;/2
and M; —my > M/2 to obtain the last expression.

When there is a bond strictly on branch 1 that strictly covers endpoints of both bonds covering the
branchpoint (e.g. see the second diagram in Figure 21 and the second column of Figure 22), the decomposition
changes slightly, where it now depends on the relative size of My and Mj3. This decomposition gives the bound

(Cp>E )N 1 (CpHN 1

= < — (6.4)
[Ma v Ms] 2 T, [Mh+ (Mo A Ms)]

d—4 — d—4
7 [Mav M|z o T
where N = No+ 1+ (N1 + N3 +1)= N3+ 1+ (N;+ Ny +1).

When there is a bond strictly on branch 1 that shares an endpoint with one or both of the bonds covering
the branch point, the corresponding diagrams can all be decomposed in a similar fashion. The decompositions
give rise to subdiagrams that are exactly one of those arising from laces on an interval, or such a diagram
with an extra vertex on some p. Since we have appropriate bounds on such diagrams this brings no new
difficulties and therefore we do not present all cases. An example of this is the third lace of Figure 21, which

60



Figure 22: The first (resp. second, third) column shows the decompositions of the first (resp. second third)
diagram of Figure 21. Apart from the second column, these are the same as the decompositions in Figure
20.

is decomposed according to whether Ms or Ms is larger as in the third column of Figure 22. This gives a
bound of
(CB— )N L (A
d—4 d—6 S d—4 d—6 (65)
[MyV Ms]" 2 [My + (Ma AMs)] 2" [Ma Vv Ms]'2 pp 2

where N = No+ 14 (N1 + N3+ 1) = N3+ 1+ (N; + N2 + 1) and we have used the bounds for a diagram
with an extra vertex on some p as in Section 5.5. In general our bound on the diagrams arising from acyclic
laces consisting of N bonds (with N and Nj fixed) with two bonds covering the branchpoint, is a sum over

permutations of branch labels and of all the bounds listed above, with precisely N factors of 062_87”.

6.2 (Minimal) Acyclic laces with 3 bonds covering the branch point

Figure 23 shows the topologies of the (minimal) acyclic laces consisting of exactly 3 bonds covering the
branch point, while Figure 24 shows the diagrams arising from these acyclic laces.
Figure 25 shows the decomposition of the first diagram in Figure 24. The diagram is decomposed into
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Figure 23: The 5 different topologies (exhaustive up to permutations of branch labels) for acyclic laces with
3 bonds covering the branch point.

Figure 24: The three different diagrams for acyclic laces with 3 bonds (at least two strictly) covering the
branch point (see the top row of Figure 23), followed by the diagram arising from the acyclic laces with 3
bonds (exactly one strictly) covering the branch point (bottom left lace of Figure 23) and the two diagrams
arising when all three bonds meet at the branch point (bottom right lace of Figure 23).
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Figure 25: The decomposition of the first diagram in Figure 24 into subdiagrams depending on which of M3,
mj, mj or my is large

My — ma, mg, My —m; —
subdiagrams depending on which of the M; (and m;, m}) are largest.
o3 % C32% )2
M3 largest : b dj G )d,
12 <y (M4 M)z
Cp? )
M2 largest : 74 Z Z A Ml,mQ,Mg)
M= ma<Ma/2mi<M;
n cp? Z B> ot
d —4 x1d=8"
[M] 2 ma>Ma/2my,mi <M [ml + M3] [M2 —mgy+ M — - ml] 2 (6 6)
My largest : Z Z Al 2) (m, Ma, M3)
] m<2M1/5 ma<Ms
_&v 8v
B S S s
d -8
[M]2 S0, /3 my <y ma<ity [T + Ms] 5" [My —my —mj + My — mo) 3
2 %’ 062_%/
P
mf + My — mg] 2

d
2
Here (and elsewhere in this section), A®)(m;y,mo, m3) denotes the bound on diagrams arising from acyclic

YYD
[M]2 10, 531, /3 m3 <0y ma<iy m1+m2+M3] My -

laces on S; containing exactly two bonds.
Figure 26 shows the decomposition of the second diagram in Figure 24. The diagram is decomposed into
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Figure 26: The decomposition of the second diagram in Figure 24 into subdiagrams depending on which of
M3, My — mga, ma, My —my1 —m], m] or my is largest.

subdiagrams depending on which of the M; (and m;, m]) are largest.

24 2 6
M3 largest : cb dj; M,
M]T mi<M; My + M) T
M largest : i Z Z A®(My, ma, M)
] m2<M2/2m1<M1
LSS ot op>
a —4 d—8
(M2, S0t 2 my <y [M1 + M) [My — ma + My —my] 2 ©7)
cpE ’
My largest : Ld_i Z Z A(Q)(m,Mg,Mg)
[M] = m<2M; /3 ma<Mo
cp 052*4*” g%%”
ey D DRED DD s
[M]2 S0, 3 my<ady ma<ity [M1 + Mﬂ C My —my —m + M)z
o2 Cp2E 052—%”
=D DR DD ; =
[M]2 m1>My /3 mi<Mi ma<M; [ma + MB} [Ml —mj + My —my] 2

Figure 27 shows the decomposition of the third diagram in Figure 24. The diagram is decomposed into
subdiagrams depending on which of the M; (and m;) are largest. When m; is the largest we choose a
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Figure 27: The decomposition of the third diagram in Figure 24 into subdiagrams depending on which of

m1, or myq is largest.

M3, My — ma, ma, My —

Figure 28: The decomposition of the fourth, fifth and sixth diagrams in Figure 24 into subdiagrams

decomposition depending on which of M3 or M7 — m; is larger.
C32~% (082 %)?
M3 largest : B dj; (€54 )d76
[M]7=2" [My + Ma] =
cp*~T op* 7
d—4

CprF
2 X [M3] [M1+m2] 2

M, largest : Y
[M] = ma<My/2mi <M
CﬂZ 6“ ﬂg,i
+ d Z Z d—8 *
[M]2 m2>M2/2 m1 <My [ml + Mg] 2 [M2 — ma + Ml ] 2
- 6.8
Mylargest s — 33" Ay, My, 28 (05
[M] 2 m1 <M1 ma<Ms
ﬁQ_% 062_%/

s VD
d—2 d—4 d—8
[M} 2 m1>M;/2: ma<Ms [Ml - ml} 2 [M2 + M3] 2
My—mi1>Ms3

v 6v
cpd cpd op
=) DRSS -
[M} 2 m1>M;/2: ma<Ms MS] [M2 _m2] 2

My—mi1<Ms3

Figure 28 shows the decomposition of the fourth, fifth and sixth diagrams in Figure 24. The resulting

65



bounds are

v 4v
| cpd cpE  opd
fourth diagram, ——— Z a1

(M) S, [My =] 27 [My ]
0/62—%’ Cﬁ2_% 062—%'

a—6

[M3) 5" [Mo] =" [M1] 5"

(6.9)

fifth and sixth diagrams,

The same decompositions above extend immediately to all minimal acyclic laces with 3 bonds covering
the branchpoint. This is due to the fact that any bond strictly on branch ¢ can only cover one endpoint of
one bond covering the branchpoint (the bond associated to branch i), and on each branch there is at most
one such bond (it exists precisely when N; > 0). In most cases the decomposition gives rise to subdiagrams
which are either diagrams that we already bounded for the two-point function, such diagrams with an extra
vertex, or diagrams that we already bounded for the (acyclic) laces with only two bonds covering the branch
point. The exceptions to this rule are the decompositions of the diagrams when mg, my, or mj are largest.
For the acyclic laces consisting of only 3 bonds (each covering the branchpoint), one of the subdiagrams
arising from the decomposition was of the form sup, har,—m, * b Mj—m; * p(4) (a), where we used Lemma 5.4

to bound this by 0527%[]\& —m; + M; — mj}f%. For the general (minimal) acyclic laces with 3 bonds
covering the branchpoint, one must show that this bound can be generalized when one adds NV; and N; bonds
strictly on branches i and j to obtain a bound (CB%~ @ )N+Ne+1[Af; — i, + M; — mj]f%. This is easily
done either directly by induction on N; and Na (e.g. as in the proof of Proposition 5.1) or by decomposing
the resulting larger diagram into further subdiagrams appearing in Section 5 (in some cases containing an
extra vertex on some p).

In general our bound on the diagrams arising from (minimal) acyclic laces consisting of N bonds (with
N7 and N fixed), with three bonds covering the branchpoint, is a sum over permutations of branch labels
and of all the bounds listed above, with precisely N factors of 062_%/.

6.3 (Minimal) Cyclic laces

Figure 29 shows the topology and decomposition of the diagram arising from the cyclic laces (with exactly
3 bonds). Without loss of generality, we may assume that M = Mj, and we obtain the bound

cp*—d @)
7(1;4 Z Z A (m17M27M3)+
[M] 2 m1§M1/2m2§M2 (610)

4v

LD DD DD e e o

d—4 d=8"
[M]2 , SH 2 ma<y ma<is (M2 + Ms] 2 [My —my + Mz — mg] 2

As for the (minimal) acyclic laces with 3 bonds covering the branchpoint, the decompositions of the diagrams
of general (minimal) acyclic laces do not change. In the case of m; > M; /2 we must again use the additional
diagrammatic estimate discussed near the end of Section 6.2.

In general our bound on the diagrams arising from cyclic laces consisting of N bonds, is a sum over
permutations of branch labels and of the bounds listed above, with precisely N factors of C' ﬁz_%u.

6.4 Proof of Proposition 4.13

We prove the result first for ¢ = 0. Recall (4.29) and that (from Section 2.3) the contribution to (4.29) from
nonminimal laces containing N > 3 bonds is bounded by a constant times the contribution from minimal
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Figure 29: The topology of the minimal cyclic lace with 3 bonds, it’s corresponding diagram, and the
decomposition, with M; assumed to be large.

laces containing N — 1 bonds. Since 3N/4 —1 > 1/2 when N > 3, and using a small factor (C’ﬂQ_%V)N/4
(when f is sufficiently small) to perform the sum over N, it is enough to prove the bounds of Proposition
4.13 (with (05278 )Y instead of (Cﬂsz)l/ 2) for the contribution from minimal laces containing exactly N
bonds. Keeping N fixed and summing over the possible values of N7 and N» gives a factor of at most N2,
which can be absorbed into the constant multiplying 3 since N? < 2. We may therefore assume that N;
and Ny (and hence N3) are fixed. As we discussed at the beginning of Section 6, the contribution to %};(6)
from minimal laces with N7 and N» fixed, is bounded by a sum over diagrams that we estimated in Sections
6.1-6.3. Since N > 1, we have M = M7V Ms Vv M3 > 0.

When some M; = 0 (w.l.o.g. Ms = 0), the laces are all laces on an interval of length M; + My and
therefore our bounds of Section 5 give an upper bound on the contribution to the left hand side of (4.31)

from such laces of at most (Cﬂ2_6*) [M1 V Ms]~ = . Now observe that by symmetry
1
Y by y Ly Lol e
M, >, (M Vv M7 My >n; Ma<M; M, =N M;>n; M1 an

so this contribution satisfies the first bound of (4.32). The second bound of (4.32) holds since

IOdO
3 MlvMii : Y Y i ¢y 18§C{”””°° YO a4 10 (6.12)

vieq MLV Moz G < M2 My <[l M 2 log [|7i]|co,  d = 10.

When all M; > 0, for fixed N, N1, Ny and topologies of the bonds covering the branchpoint, we estab-
lished bounds (that depend on N and the topology, but not on N; and Ns) on diagrams arising from the
corresponding laces, each with N factors of (Cﬂ2_%y). The contribution to the left hand side of (4.31) from
(acyclic) laces with N, Ny, Ny fixed, and with only two bonds covering the branch point, is bounded by a
summing (6.3) and (6.4) (and summing the result over permutations of labels (1,2, 3)), which are equivalent
up to constants and permutations of branch labels since (M; V M;) < M; + M; < 2(M; vV Mj). The finite
sums over permutations of branch labels can also be absorbed into the constant multiplying 3. Now observe
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that

=<2 Y Y i Y Y —am Y Y

MM, >n, [MyV M) 2 pp, 2 Mi>n; Mo<My M % Mz<M, M3 Ma>n; My? Mi<Ms Ma<M, M, 2
(6.13)
whence the bounds (4.32) hold for the acyclic laces with only two bonds covering the branchpoint.

When all M; > 0, for the contribution to the left hand side of (4.31) from minimal acyclic laces with N,
N1, and Ny fixed and with three bonds covering the branchpoint, one must show that all of the diagrammatic
bounds in Section 6.2 also satisfy (4.32). Indeed our decompositions were chosen precisely so that this is
the case. We show that the result is true for the collection (6.7). The first bound of (6.7) is at most

M, s (M + Ms)~ “Z" which we have already considered above. Using the bounds (6.3) and (6.4) that we
obtained for the acyclic laces containing only two bonds, the second bound is at most

1 1 1

a6 Z d—a 46 + —4 46 +
My? ma<ity \[MyVmo] T My?  [MaVms]? M, = [M1VM3] 7 my* (6.14)
1
d—4 N

M,? my<i (m1+Ms) =

from which we easily obtain (4.32) as above. The third bound of (6.7) is the same up to permutations of
the labels (1,2,3) and thus we have the result for the collection of diagrammatic bounds (6.7). The proof
that the remaining bounds obtained for the minimal acyclic laces with three bonds covering the branch point
satisfy (4.32) is similar, as is the corresponding proof for minimal cyclic laces. This completes the proof of
Proposition 4.13 when ¢ = 0.

It remains to consider the case ¢ = 1. If u; is the displacement of the backbone of branch j, then
it can be written as u; = y1 + y2 + --- + yz where the y; are the displacements of the subwalks of the
backbone of branch j, and Z = Z(j, L) < 2N — 1 depends on the lace L. Then |u;|? < ZZzZ Lyil?, a
as in the proof of Proposition 5.1 we obtain the bound on Y~ |u;|?7Y (%) by using the same dlagrammatlc
estimates, except that one component A, , (y;) of each diagram is replaced by |yil*hm ;.:(yi). Using the same
decompositions as already done previously in this section, and proceeding as usual to bound subdiagrams,
the subdiagram containing the replacement piece [y;|?hm;, (y:) is bounded by at most Co?||M ||« times the
bound obtained from the original diagram. Thus Y. |u;|?*7Y (@) < C(2N — 1) Z2N Lo2|| M || oo SamX (@),
and we have verified Proposition 4.13 for ¢ = 1. O

6.5 Proof of Lemma 4.11

In this section we prove the three bounds of Lemma 4.11. Fix a skeleton network N (a, 1), with a € X,
and recall Definition 2.1, where b is the branch point neighbouring the root of N. Let M C N(a, 7). If
Ust € {—1,0} for each st, then trivially for any finite collection of disjoint sets G; C Epy,

I t+uad <] [ [0+ Ual (6.15)

steE g 1 steG;

We will use this bound frequently, often without explicit reference.

6.5.1 Proof of the first bound of Lemma 4.11
Recall the definition of ¢-() > 0 in (4.18), where R was defined in Definition 2.1 and Uy, is given by (4.16).
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Let A, denote the branch of A" corresponding to edge e of a and let R = {st € R: s € No,t € Nu}.
We claim that when U € {—1,0} for all st,

- [ o+vad< D (1= ] 0404 < D0 D —Uewmoem (6.16)

steR e,e’€B: steRe-e e,e'€Bn: Me<ne
NeNN,, =0 NemNS,:(z) Mgt <Ngs

where the sum over e, e’ is a sum over pairs of edges of a that do not have an endvertex in common (which
can be expressed as N NNy = (). To verify (6.16), observe that each of the quantities

1- H [1 + USt] ’ 1- H [1 + USt] ) _U(e,me),(e’,m’e)7
steER steRee

are either zero or one. Suppose the left hand side of (6.16) is non-zero. Then there exists some st € R with
Ust = —1. By definition of R, st covers two branch points of A so that st € R&¢ for some e, €’ that do not
have a common endvertex. For this e and e’, we have 1 — [ ,cpe.er [1 + Us] = 1 and the first inequality is
verified. Now for fixed e, €', if 1 — [Isicree [1+ Ust] is non-zero then there exists st € R with Uy = —1.
But s = (e,m¢), t = (¢/,me) for some me < ne, Mg < ner so that for this me and mer, —Ue ) (ermr) = 1-
This proves the second inequality.

Examining the second quantity in (2.7) when Uy € {—1,0} for all st we have,

o< ] [1+Ust]<1—H[1+Ust])§ Yoo D> Fussl I b+ud

steEx\R steR e,e’€Bpr: Me<ne steEpm\R
Ngﬂ/\/’e/ =0 Mt SN

< Z Z Unpomt, H H [1 4 Ust] H [1+ Ust] H [1+ Ust] (6.17)

e, €Br: Me<ne Jf#ee! steNy: s,teENe: s,tENe:
/\/emj\/e,:@ mgr<ns 0<s<t<ng 0<s<t<me Me<s<t<Ne
< I n+vd JI D+Udl,
s,tENE/: s,tENe/:
0<s<t<m,s Me<8<t<n,

where we have used (6.15) in the final step. Let N,_. denote the minimal subnetwork of A/ connecting
branch e to ¢/, which is nonempty by definition of R¢<".

Breaking up w in (4.18) at every branch point and at (e, m.) and (¢/,m.) and applying inequality (6.17)
we obtain

PRANOEZOEED DD I 2 mwe || II Dok x

e,e'€Bn: me<ne \ f'¢({e,e’YUN, _ 1) Yy FEN, o YFf
NenN_, =0 my<n,

Z hme(ue)hm/(ue) () ue+ue + Z yf Zhne me e Zhn/ m/ - e’)

Ue Uy FEN o
Sp(O)2T*2K2ri4 Z Z H Z hnf yf Z hme ue m /(ue ) ( ) ue + Ue! + Z yf
e,e EB_N' Mme<ne feNE*,E/ yf Ue,Ugt fENG*)e

NeﬂNel =) Mer <N
=p(o)¥2K?—4 Z Z (hme * han,, % p( ) feN h”f)(o)’

e,e’€Bpn: Me<ne e—e!

Neﬂ/\/e/ :Q) Mes Sne’
(6.18)
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where the sums over displacements have become a convolution, by change of variables. For every f € No_./,
this is bounded by

_4v _L 2r—3 _4v
B 3 0,82 4 Cﬁz ﬁ2
ZOR D DD ZS0 ) TS0 T
e, e EBxnr: Me<ne [me +me + nf] 2 e,e’€B: nf2 ni
./\/ﬂ./\// P Mer<ngs NeﬂNE/Z(Z)

by Lemma 5.4 with k = 2 and | = 2 + #N,_. This completes the proof of the first bound of Lemma
4.11. O

6.5.2 Proof of the third bound of Lemma 4.11

Recall the definition of ¢}/ (¥) in (4.23), where Hj, was defined in (4.21). As in Lemma 4.14, |[¢7.(9)] is
bounded by

Ol 2 2 mald D | P v; — )ty (7o)
meHy, U

g =1 v;
(6.19)
e
N=1 ¥ i=1 v;

where NV, = (N \ 8%), and #,, denotes the vector of displacements associated to the branches of N
(determined by ¥, ¢, and the labelling of the branches of A).
Summing over the v; and ¢ and using (4.4) this is bounded by

3 © 3 : 9_8v. 1
s - (Cp7~a)2
CY Y Y@K €22 2. BvmS) o (620)
N=1eH,, @ i=1 =15=1 fim,; > "4 =1 n;
applying Proposition 4.13 in the last line. This verifies the third bound of Lemma 4.11. ]

6.5.3 Proof of the second bound of Lemma 4.11
It follows immediately from the definition of ¢4(%) in (4.20) that

@l = > Ww ][ Y. W) [, (6.21)

WEN () seEN RseT (w(s)) regl ber

where 5}{/ is defined in Definition 2.1 and is only nonempty if A/ contains more than 1 branch point (r > 4).
In particular recall that graphs in Sﬁ/ contain no bonds in R. We use an approach similar to that of [20] to
analyse (;55’\[(@’)

Let G(N) C {2,3} be the set of labels of branches of A incident to b and another branch point of N.
For F C G and e € F, let b, be the other branch point in N incident to branch N,. Let

521}\[ = {I € &% : for every e € F, Ay(T') contains a nearest neighbour of b, }.

ZHUst: Z HU5t+ Z HUst_ Z HUsta

b
reet, stel Feg{z} N stel’ F€£{3} N stel’ F€£{2 SN stel

Then,

70



Figure 30: An illustration of the construction of a lace from a graph on some N in the case by, by € Apr(T).
The first figure shows a graph I' on a network N. The remaining figures highlight the subnetworks Sg(T")
for F = {2}, {3}, {2.3}.

where some of these sums could be empty if G # {2,3}. Thus,

YoITvel< > | > TIul (6.22)

rgg/b\[ stel FCGWN) rgg;N stel’
F#0) ’

Note that if 7 = 4 then one of 5?2},1\[ or 5?3},N is empty and 5?2,3},/\/ is empty. This may also be true for
r > 4, depending on the shape a.
Recall Definition 2.2 and for I' € S%N define I'r C T to be the set of bonds st € I" such that

e st is the bond in I' associated to e at b for some e € F', or
e st is the bond in I' associated to e at b for some e € F' and b. € Ay(I"), or
e s,t ¢ N, for some e € F.

Let Sp(T") be the largest subnetwork of A/ covered by I'r C T'. Clearly T'| sp() = I'r is a connected graph
on S F(F)

For each e € F, Sp(T") by definition contains a nearest neighbour of b. in A/, and may contain b, itself.
Since I'p contains at most one bond that covers be, if b € Sp(I') then it is not a branch point of Sp(I).
Moreover if F' = {2} or F' = {3} then b is also not a branch point of Mp(I"), and hence Sp(I") is a network
with no branch point (of course it contains at least one branch point of N, namely b). If F = {2,3} then
Sr(T') may be a star-shaped network of degree 3.

Fix N and F C G(N). Write S Cp N, if S C N is a star-shaped network with the following properties:

(a) for every e € F', S contains a vertex v that is adjacent to the branch point b, of N/, and
(b) S contains no branch points of A/ other than b and b, e € F'.

Such star-shaped networks are exactly those for which there exists I' € QX[R such that § = Sp(I"). For
S Cr N, define £§ to be the set of laces L on S such that

1. For each e in F, if b, € S then there is exactly one bond s°t¢ € L covering be.
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2. If F = {2} or F = {3} then there is exactly one bond in L% covering b, while if F' = {2,3} there are at
most 2 bonds in LG covering b.

3. L contains no elements of R (i.e. no bonds which cover > 2 branch points of N).

Then recalling the definition of Lr from Definition 2.4 we have

S =Y Y o= Y ¥

II vs > II v

reegb, ., stel ScN regl, . stel SCrN LeLk LsteL L reeh s't’el'\L
SF(F) Sp(I)=SLr,=L
=> 2 |1us) | X HUst > Il > 11 s
SCrN LEﬁg stel FEggR con, st€'\ L J _Fleg/:/\zs stel F*Gggﬁr\s: stel'™*
Lr=L Sp(LUr*)=8
(6.23)

where

gg’%\S:{FEQ*R: for every st €T, [se S,t e N\ S]or [t eS,seN\S]}

Let [,fgv’F be the set of laces in Eg consisting of exactly N bonds. Now observe that if H is the power set of
a finite set B* (i.e. the set of all subsets of B) then } ey [Ler Us = [ jpyep-[1 + Us]. Applying this to the
set B* of bonds on N'\ S (excluding R) and similarly for the final sum of (6.23), we see that (6.23) is equal
to

IT bi+va| | J] [+Ud] [I +udl

steC(L) steEpns SESEN\S:
stgR Sp(LUst)=S8,st¢R

i(—l)N > > [H—Ust

N=1 SEFNLEﬁg’F stel

(6.24)

If Uy € {—1,0} for each st, then each quantity involving Uy in (6.24) is nonnegative and we have

0 Ams
Z H Ust < Z Z Z [H _Ust H [1 + Ust] H H [1 + Ust] ’ (625)
FGSJIC/ stel N=1SCpN LeLdx Lstel steC(L) i=1 [ steE g

st¢R

where Apn s is the number of disjoint components (N '\ S); of N'\'S. This quantity is bounded above by the
sum of four terms (corresponding to the 4 possible branches incident to be and bs if F' = {2,3}) each of the
form

ZHZZHZZ

N=1 \e€F me=n.—1 m1=0 \ ee{2,3}\F me=0 Leﬁgé
m

H _Ust

steL

[ L+Ual| x

ne+(ng—1) n1 Ne [
steC(L)

(6.26)

N\sA

I II II  ‘o+val

i=1 N\SA) s,tG((./\/'\ST%)”)g:
0<s<t<ng(m)"?)
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where €’ denotes one of the two branches (other than e) incident to b, 81% is the star-shaped network defined
by (2.18), and (NV'\ S%)" denotes the fact that part of branch N, is being removed if me > n.. In addition
ne(1)" is the length of branch € of (A S2)". Since the analysis does not depend on the €/, we ignore the
fact that there are 4 such terms from this point on.

Combining (6.22), (6.25) and (6.26) we have that ‘Zpegjb\[ [Ister Ust| is bounded by a constant times

ne+(ny —1) ni Nne—1

>y Y | (nx)

FCGWN) N=1 \e€eF me=ne—1 | m1=0 \e€{2,3}\F me=0

F#£0
6.27
1 A/\f\sA ( )
> [H—Ust 11 1+Ua) H 1T [I [n+vd
LeLN steL steC(L) 1 =1 Ee(M\SA)! | ste(N\S2) e
S 0<s<t<ng(m)"

Putting this back into (6.21), the sum over laces on the star-shaped network gives rise to the quantity mz(+)
and the final product gives rise to at most a constant times hng(,rﬁ)/i('), with displacements summed over. We
use Lemma 5.10) with [ = 1, = 0 to bound ||h,_¢z):|1 by a constant and we obtain an upper bound on
(6.21) of a constant times

sA
ne+(ng—1) ni ne—1 Se

NS (n S)sea T W e

FCGWN) N=1 \ecF me=ne—1 | m1=0 \ee{2,3}\F me=0
F#0

By Proposition 4.13 this is bounded above by

ne+(ng—1) n1 ne—1 o 8v
- cp
¢ 2 Z I > X I X|avms<e ¥ S ()
F%C;@ e€l me=ne—1 | m1=0 \ee{2,3}\F me=0 F%Cjé(é\[) e€F Mg

Since the remaining sums are finite, this establishes the second bound of Lemma 4.11, and hence completes
the proof of Lemma 4.11. O
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