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Abstract

We prove that the drift 6(d, 5) for excited random walk in dimension d is monotone in
the excitement parameter 3 € [0, 1], when d is sufficiently large. We give an explicit criterion
for monotonicity involving random walk Green’s functions, and use rigorous numerical upper
bounds provided by Hara [8] to verify the criterion for d > 9.

1 Introduction

In this paper we study excited random walk, where the random walker has a drift in the direction
of the first component each time the walker visits a new site. It was shown that this process has
ballistic behaviour when d > 2 in [4, 13, 14]. A nontrivial strong law of large numbers (SLLN) can
then be obtained for d > 2 using renewal techniques (see for example [15, 16]). For d = 1, it is
known that ERW is recurrent and diffusive [7] except in the trivial case § = 1. Additional results
on one-dimensional (multi)-excited random walks can be found in [1, 2, 3, 16].

In [10], a perturbative expansion was introduced and used to prove a weak law of large numbers
and a central limit theorem for excited random walk in dimensions d > 5 and d > 8 respectively,
with sufficiently small excitement parameter. More recently, [5] explicitly proved a SLLN and
established a functional central limit theorem in dimensions d > 2. Included in [10] is an explicit
representation of the drift in terms of the expansion coefficients. In this paper we use this repre-
sentation, together with explicit simple random walk Green’s function bounds [8, 9] to prove that
in dimensions d > 9, the drift for excited random walk is (strictly) increasing in the excitement
parameter (3.

1.1 Main results

The main result of this paper is the following theorem.
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Theorem 1.1 (Monotonicity of the speed). For all d > 9, and 5 € [0,1], the drift for excited
random walk in dimension d with excitement parameter 3 is strictly increasing in [3.

We are also able to show that for d > 8, there exists (y(d) such that the drift for ERW is
strictly increasing in 5 € [0, Go).

Simulations [5] suggest that the limiting variance of the first coordinate is not monotone in the
excitement parameter 3 in 2 dimensions. We expect that using the approach introduced in this
paper we can show that the variance is monotone decreasing in 3 when the dimension is taken
sufficiently high. By [10], the variance of the first coordinate is equal to ojn(1 4 o(1)) for some
asymptotic variance o3, and based on our methods, we expect that o = d~' —d 23>+ 3°0 (d7?),
showing that, in sufficiently high d, 3 — 03 is decreasing.

Although we only consider the once-excited random walk in this paper, the general multi-
excited random walk can be handled with very minor modifications, yielding a result at least
as strong as Theorem 1.1. A large part of the methodology in this paper can be applied more
generally. See [12] for an application of the methods and results in this paper to the case where the
drift on subsequent visits to a site is in the opposite direction to that induced by the excitement
parameter on the first visit. Given the present context, another natural example is a random walk
in an environment that is random in the first few coordinates only, with the expected drift induced
by the environment denoted by ﬁ . Some progress has been made in this direction [11] making use
of the fact that a SLLN has been proved for general versions of such random walks in random
environment in [6].

We first introduce some notation. A nearest-neighbour random walk path 7 is a sequence
{n:}32, for which n; € Z¢ and ;11 — n; is a nearest-neighbour of the origin for all i > 0. For a
general nearest-neighbour path 77 with 7y = 0, we write p” (z;, z;,,) for the conditional probability
that the walk steps from 7; = z; to x;,1, given the history of the path 7; = (no,...,n;). We write,
for 5 € [0, 1],

1+ 661 - X
po(a) = —— - Ljal=1y, (1.1)
where e; = (1,0,...,0), and z - y is the inner-product between = and y. Thus, pg is the transition

probability for a random walk having a drift § when stepping in the first coordinate. We write &,
for the n-step path of excited random walk (ERW), and Q for the law of {J,}>°,, i.e., for every
n-step nearest-neighbour path 7,,

n—1

Q&n = 7) = TI 27 (nis i), (1.2)

=0

where p°(0,7;) = pg(m) is the probability to jump to 7; in the first step, and

pﬁi (m, 7h‘+1) = p0(7h+1 - ni)l{nieﬁi—l} +p,6(77i+1 - Ui)[l - I{WLEﬁi—l}]’ (1-3)

where Iy, c7_,1 denotes the indicator that n; = n; for some 0 < j < ¢ — 1. In words, the random
walker gets excited each time he/she visits a new site, and when the random walk is excited, it
has a positive drift in the direction of the first coordinate. For a description in terms of cookies,
see [16].



2 An overview of the proof and the expansion

In this section we recall some results and notation from [10]. If 77 and & are two paths of length
at least j and m respectively and such that 7; = wy, then the concatenation 7j; o &, is defined by

{ ;i when 0 <4 < 7, (2.1)

wi—j when j <¢<m+j.

Given 7, such that Q(&,, = 7,,) > 0, we define a probability measure Q7 on walks path starting
from 7, by specifying its value on particular cylinder sets (in a consistent manner) as follows

n—1

Q" (@ = fTn) = T] 7 (is prin) (2.2)
=0
and extending the measure to all finite-dimensional cylinder sets in the natural (consistent) way.
Then (2.2) is also Q(Gmtn = Tm © fn|Dm = Tm)-
In [10], a perturbative expansion was derived for the two-point function ¢,(z) = Q(w, = z),
giving rise to a recursion relation of the form

n+1
Cn+1 Z pﬂ Cn T — ) + Z Z ﬂ-m(y)anrlfm(x - y) (23)
yez? m=2 yezd

This expansion was used to prove a law of large numbers and central limit theorem for ERW. We
next discuss the coefficients 7,,(y) and some results of this expansion.

The expansion coefficients. Let N > 1, and fori > 0, let & wj ), be a path of length j,+1 € Z,,
where, by convention, j, = 0. Then define

SIN=1) (V) ()

Ay = (pij71+1 iN — p¥in )(wj(.z),wj(zgl)’ (2.4)

which depends on ww 1)+1 and w +1 (although this dependence is suppressed in the notation).

The difference (2.4) is 1dentlcally zero when the histories &}, o &5’

N
transition probabilities to go from ij) to w(?ﬂ For excited random walk, A is non-zero precisely

when w( ' has already been visited by @, ;| but not by c?;-]]z),l, so that

and &f) give the same

Win_1+
Ber - (Wiv —wj)
|Ay| = ‘ 54 ]{”(N)f(x Doy -1, Mg 1}] (2.5)
—1 1 . . —1 1 .
_2d {W§ZL1—W(N)i€ } {w(N) w;z 1)\ (N) 2d {w](g)-',-l_w(N>ie } {w(N) w](g 1)}

Define A,y = {(j1,- - jn) €ZY¥ : XN jy=m— N — 1}, Ay =U,, Ay and

() ©) = I
n— +1 7477, n n
Ton = 2 2 2 2 s P HA IT p*m (wi, i) -
50 50 (M) nZl =0
J€AmN & Wit Yint ‘

(2.6)



Then we define

=Y m (@), mV(xy) =Y m(zy), and ma(y) =Y Y wa(w,y). (2.7)
N=1 m N=1 zezd
Note that the quantities 7\ are all zero when N + 1 > m, and that all of the above quantities
depend on 3. Note further that
> (2,y) =0, (2.8)

yeZA

since 35 v Ay = 0 (see also [10, (6.10)]).

JN+1

The importance of these quantities is given by [10, Proposition 3.1], which states that if
limy, oo D0 o Y pezd T, (x) exists and n~'w,, converges in probability to €, then

D= Y wsl) + X vmaly) = P+ 33 ymaly (2.9)

yEZA m=2 ycZzd m=2yc74d

Strategy of the proof of Theorem 1.1. We shall explicitly differentiate the right hand side
of (2.9), and prove that this derivative is positive for all 5 € [0,1], when d > 9. From (2.9) and
using (2.7)—(2.8), we have

Yoymm(y) = Y (y—x)ma(z,y), (2.10)

y€zZd x,yC€Z4

so that

o5 =03 Y " (.. 211)

m=2N=1 4 yEZd

Letting oM (z,y) = a‘r’ﬁw,ﬁ,{bv '(z,y) and assuming that the limit can be taken through the infinite
sums, we then have

06

G = 3 Y (2,9). (2.12)

N=1m=2 g yc7d

Since M (z,y) = 0 unless |z — y| = 1, we have that

‘ ﬁ(ﬂ7 - 7

1E9> S @)l (2.13)

=lm=2¢ yeZd

We conclude that 601 (ﬂ d), which is the first coordinate of ‘99 (6 ,d), is positive for any (3 at which
SN e nyyezd |g0 '(x,y)| < d~'. This is what we shall prove in the remainder of this paper,
which is organised as follows. In Section 3, we start by proving bounds on 7{)’. These bounds
will be crucially used to prove bounds on <,0<N ) in Section 4. The results in Section 4 are used in
Section 5 to prove Theorem 1.1.



3 Bound on 7

Before proceeding to the proof of Theorem 1.1, we prove a new bound on 3,  cza >, |57 (2, y)|.
The proof of this new bound makes use of Lemma 3.1 below.

Let P; denote the law of simple symmetric random walk in d dimensions, starting at the origin,
and let Dy(z) = Ifjz=13/(2d) be the simple random walk step distribution. We will make use of
the convolution of functions, which is defined for absolutely summable functions f, g on Z? by

(f*xg)(x)= > fly (3.1)

y€eZ

Let f** denote the k-fold convolution of f with itself, and let G4(x) = 352, D (x) denote the
Green’s function for this random walk. We shall sometimes make use of the representation

_ i ) D;(m1+.~+mi)(x) - i WPd(wk =z), fori>1. (3.2)

k=0 m;:mi+--+m;=k k=0
Note that G(x) < oo if and only if d > 2i. We shall often abbreviate G = G3(0). For i > 0,
let

s = swp ((59) "G 0) ~ b ). 33

veZd71 d - 1

Lemma 3.1 (Diagrammatic bounds for ERW). For excited random walk, uniformly in u € Z4
and Ty, for i >0,

8

o . d i+l (i4+1)
u)gz!(d_l) Gy, (3.4)

7=0

3

m(w; = u) <il&(d). (3.5)

<.
Il
—

Proof. Define an increasing sequence of random variables Nj, j > 0, by letting j — N be the
number of steps that the walk &j; takes in the first coordinate. Observe that independently of 7,
N has a Binomial(j, ¢4) distribution, where ¢4 = (d—1)/d. If we consider &; as the initial position
and first j steps of an infinite walk &, then the sequence {N;};>0 is a random walk on Z, taking
i.i.d. steps that are either +1 or 0 with probability g, and 1 — g4 respectively. The random time
that such a walk spends at any level [ has a Geometric distribution with parameter ¢;. Thus,
writing P for the law of {N}22,, we obtain that for every i > 0,

) |
i1 = ™ = g PG = 1),

(J +9)! G+t
5! PN; =1 = IR

so that, for m </,

(j + Z)'P(A/] _ l) _ q;(Hl) (l + Z)l (3.6)




Given u = (uy, ..., uq) € Z%, we write u™ := (ug,us, . .., uq) € Z41. To prove (3.4), note that

i(]+z'

NI
U ;Z) > QM (wy = ulN; =)PWN; =1)
1=0

= It j=0
<Y Py (wp=u" —1p,) =1)
1=0 =
i e [+1
<qq U sup > Poi(w = U)( ) (3.7)
UEdellzo l!

By (3.2), (3.7) is equal to i!q;( )supvezd 1 G* zH ( ). By [9, Lemma B.3], the supremum occurs
at v = 0. Since q;' = d/(d — 1), this proves (3 4)
The bound (3.5) is proved similarly. Indeed, for ¢ > 0, we can write

> —l— i) = o (j +1)!
S UL iy =) < sup S Paslr=0) 3 T — )
=1 veZI-1 2 j=tvi  J*
- o (J +19)! |
= sup (ZPd_l(wl =) Z S PN; =1) — 60,0 P(No = 0) )
veZA=1 \ g =l Vi
G X (1 +19)! )
= sup (qd( +1) Z ( 0 ) Py 1(w =v) — 2!5071,)
’UeZd_l 1=0 .
=il sup (q;(iH)ngJ{l)(v) - (5071}), (3.8)
vEZd71

since P(Np =0) =1 and 3% Py_1(w; = v)do; = 0o, and following the steps in (3.7) above. [
Define

d
(d—1)?
Proposition 3.2 (Bounds on the expansion coefficients for ERW). For N =1,
Y wyezd Som [T (@, y)| < Bd7E(d), and, for N > 2,

Z Z TN (z,9)| < BNdHd — 1) Gy_1E1(d)al 2. (3.10)

z,yeZd m

G . (3.9)

agqg =

Given 7}, and Zj41, define

=

% (Zj7zj+1))[{20=77m}' (311)

We will use the following lemma to prove Proposition 3.2.

A(Z) = (17 (2, 2511) — p



Lemma 3.3 (Ingredients for bounds on lace expansion coefficients). For any ,,,

i—1
Z > 1A(Zj41) H TmO%i (24, zig1) < mﬁ Ga - (3.12)
J=0Zj41 =0 d—1

- )
Z i+ |A(Z) H % (2 zig1) < mBag, (3.13)
J=0 Zjt1 =0

—1

2 d
Z > |1A(Z 1) H O (21, 2i41) < 50(2 ), (3.14)
J=1Z2541 =0

—1

. & (d

Z J+1) > 1AGE ) H o5 (24, zign) < mﬁlc(l)- (3.15)
j=1 Zjt1 =0

Proof. As in (2.5), the left hand side of (3.12) is bounded above by

zz(nwwa%myw%ﬁMZA%%m} @10

j=0 Zz; 1=0 Zj41

- d ZZ (H pnm% Z“ZH‘l)) [{Zjenm 1}

j=0 Z; =0

since only two terms contribute to the rightmost sum in (3.16). From (2.2), this is equal to

&\Q

O S SO = ey = 5 Y Oy € ) <

jOZ] 7=0

mz fj o). (317)

The inequality (3.12) then follows from (3.4) with i = 0. The inequality (3.13) is obtained similarly,
using (3.4) with ¢ = 1 at the last step, while (3.14) and (3.15) are obtained using (3.5) with ¢ =0
and ¢ = 1 respectively at the last step. O

Proof of Proposition 3.2. It follows from (2.6) that >, cza >, |77 (2, y)| is bounded by

Jji—1 Jn—1 — ()

—; 1)
s Y Y 1AL 0 () W) DD SN | PR () i)
%0) jl 1%(_1)4»1 i1=1 jN Oﬂ(N)l in=1
J1 INT

(3.18)

where the sums over j,, kK > 2 are all from 0 to co. Note that A, can only be non-zero if j, is odd
(so in particular, non-zero). We proceed by using Lemma 3.3 to successively bound the sums over
J, of this expression, beginning with the sum over jy.

If N =1 then we use (3.14) with m = 1 to bound this sum by mg Eoc(ld), and then - ps(w;”) =
1 gives the result. If N > 1 then we use (3.12) with m = jy_, + 1 on the sum over jN,l followed by
repeated applications of (3.13) with m = j,_, + 1 on the sums over j, with k = N —1,...,2
respectively, then (3.15) with m = 1 on the sum over j; and again the result follows since

240) pg(wﬁo)) =1. L]




Since the speed is known to exist [5], the following corollary is an easy consequence of [10,
Propositions 3.1 and 6.1] together with Proposition 3.2, and the fact that ag < 1 since G£* < 52/6

[9].
Corollary 3.4 (Formula for the speed of ERW). For all d > 6 and 8 € [0, 1],

0(5,d) = JLI&OE[wn+1 —wy] = 5;1 + i > ampy(z). (3.19)
m=2 ze74d

In fact, the first equality in Corollary 3.4 holds for all d > 2 since the law pu, of the cookie
environment as viewed by the random walker at time n is known to converge (see e.g. [5]) and

- e e
E[Wn+1 - wn] - E{E[wn-i-l - wn|wnﬂ = E|: dll{wngwn 1}:| d1 |:

~Plwn €Gp1)],  (3.20)
where the right hand side converges as n — oo since P(w,, € &,_1) is the p,-measure of the event
that the cookie at the origin is absent.

4 The differentiation step

To verify the exchange of limits in (2.12), it is sufficient to prove that 3>,  cza(y — )77 (2, y) is
absolutely summable in m and N (note that for every m and N the summations over x and y are
finite) and that Y-%_; 202 SUPgep.1) | Zayeze (v — )9l (7, y)| < 0o. By Proposition 3.2 and the
fact that |y — x| = 1 for z, y nearest neighbours, the first condition holds provided that

(4.1)

In fact we will see later on that this inequality for = 1 is sufficient to also establish the second
condition. We now identify @™ (z,y).
Recall (2.6). Then we can write

o (2,y) = o (@,y) + o (@) + 05 (2, ), (4.2)
where (by Leibniz’ rule), o9 (x,y), &2 (x,y) and @& (x,y) arise from differentiating ps(wi”),
. Q(" 1) Q(n) n "
I, Hg:_(l) p In—1tl (wﬁn), winlrl) and [T, A,, respectively, with respect to f3.

Observe that if n,, = x; then

er - (@ — 1) a1}

_ _ I{Il¢ﬁm—l}
aﬁpﬁ (xla ) - 2d [{\w—m”:l} — 2d ([{x—zl:el} - [{r—xZZ—el}) ) (43)
and hence, using I, — [anc = Iance we have
a ﬁm wn nm ]'
% (pﬁ (xla ) pﬁ (l’l,ﬂf)) = ﬁ[{wlgﬁmfl,mleﬁn,l} ([{z—xl:el} - I{m—xl:—el}) . (44)

Clearly then
9
op

1

(pgm (Ih JI) - pgnonm (‘rl’ {L‘)) < ﬁl{xlean—l\ﬁm—l} (I{x—xl:q} + I{:c—m:—q}) . (45)




Let p®™ be the quantity obtained by replacing pg(w!”) in (2.6) with (Qd)_II{JOLie ) (a bound
1 — 1
on its derivative) and by bounding A, by |A,| foralln=1,..., N.
For k = 1,..., N, let 7, be the quantity obtained from (2.6) by bounding A, by |A,| for

k=1

5
all n = 1,..., N and by replacing [[/*Z p*s-1+"" (w;’:), Wz(:)+1) with the following bound on its
derivative

e—11 o) Je—1 S(n—1) (k)
Z w1~ e} H pwjk 1+1 w (w;:),wézil). (46)
= 2d .
= 1 = 0
i # 1
Similarly, let x\"’ be obtained by replacing A, in (2.6) by (2d)~*I B gt Lo 09 _yey (3
{ “ip— 1} {w “igH1 Yy, er}

bound on its derivative) and by bounding A, for n # k by |A,,|.
Letting v = SN | 4 and ™) = ZN,l XY, we obtain

ST (@) < pN0 DT YT e (@, y) <A™, and D0 Y el (@, y)| < X

m a:yEZd m af:yEZd m xyEZd
(4.7)
We shall bound each of these terms separately, in Lemmas 4.1, 4.4 and 4.2 below.
Lemma 4.1 (Bounds on p™). For N =1, p® < d=23&y(d), and, for N > 2,
Gg_1&1(d
< a-1€1(d) n_o (4.8)

P(d—1) "

Proof. This is exactly the same as the proof of Proposition 3.2 except that at the very last step
we use

1 1
Z Qid[{wio)=ie1} = g (49)
w{®
]
Lemma 4.2 (Bounds on ™). For N =1, x© < d~'&(d), and, for N > 2,
X(N) < NﬁN_l Gdflf/,l(d) éV—Q (410)

dd—1) "

Proof. Proceeding exactly as in the proof of Proposition 3.2, except that the bound on |A,]| is
missing the 3 term, we obtain x\’ < d~1&(d) and, for N > 2,

< BN TN (d = 1) T G E(d)al 2 (4.11)
The resulting bound on ™), (which is simply S7'N times (3.10)) is then easily obtained by

summing over k from 1 to N. O
Before proceeding to the bound on v’ we first need a new lemma similar to Lemma 3.1.



Lemma 4.3. Let Q4 denote the law of a self-interacting random walk & with history i,,, where
the transition probabilities are those of an ERW with history 7,,, except that

. . e - 1
Q7 (w1 = wi + e1|dy) = Q7 (Wi = Wi — eq|dy) = 5 (4.12)
Then, for alli >0,
> i) . d \" z+2
j=1

Proof. Since one of the j steps is a simple random walk step in the first coordinate, the number
of steps in the other coordinates has a Binomial(j — 1, ‘%1) distribution. Thus,

Z j+Z”ZQH”ﬁm(wj=u)§ sup i ] JX_ZOH) PNj-1 = )Py (wp = v)

=1 1=0 vezd-1 i i ko J!
= sup > Pya(wr=v) > JU | ) PNj-1 = k)
vezZd-1 = j=k+1 J:
> X (r+i+41)!
= sup > Pyq(wp=0v)> <|)73(/\/; =k). (4.14)
vEZI~1 =g r=k r
Now proceed as in the proof of Lemma 3.1 to obtain the result. O
Define Y £.(d)
d) = ———— Gy 1G22 + G2 4.1
6( ) (d _ 1)4Gd 1Gd—1 + d(d — 1)2Gd—1 ( 5)
Lemma 4.4 (Bounds on ™). For N = 1,2, v < B(d — 1)72G#%,, v® < (%¢(d) and, for all
N > 3,
2633, (d
YN < e(d)B*(Bag)N 4 (N — 2) g6 (d )Gd G2 (Bag)N R, (4.16)

(d—1)!

Proof. We proceed as in the proof of Proposition 3.2 except that from the definition of ~", the
product of transition probabilities inside the sum over j, in (3.18), is replaced with (4.6). We use
Lemma 4.3 instead of Lemma 3.1 to bound this sum.

When N = 1, then also k = 1 and ~\" is

oo Ji—1 Jji—1

{UJ (JJ :iel} _‘<0>O () (1) (1>
ZP@ Z Z Z Ay — H per (Wz‘ 7wi+1)
(0) J1=11=0 z@ i=0
“i il
oo J1—1 I, &y o Jji—1
{w )y —w, '=%xe1} 5(0) ,5(1)
_dQZP wi”) > ZZ[UJ(U O = 2l I pe (wél),wﬁ:l) (4.17)
W Ji=11=0 5m 7t i=0
“i i#l
where we have used the usual bound (2.5) and the fact that 2, I, oy o = 2. Now
“i1+1 {wj1+17wj1 Le1}
observe that
I o 1y Jji—1
—oW—y -(0)_ (1) ~(0) .
o 2l T (ol ei) = @ (@, = ), (4.18)
i=0
i#£1

10



so that (4.17) is equal to

5 > ]1 ! —
2P 20 D > o0, Q7 (@5, =)
W =110 50
co Ji1—1
— ﬁ Zpﬁ< Z Z QHl wl _’.1 (.4.)((]0)).
o©® j1=1 1=0

Now use (4.13) with i = 0 to get the required bound.

For the remaining cases we begin by adjusting the sum over j, in (3.18) as in (4.17) and (4.18).
When N > 1 and £ = 1 we use the same bounds as in the proof of Proposition 3.2 except that we
use (4.13) with i = 1 on the sum over j,. This gives us a bound on v{* (when N > 1) of

2 d
df <d_1> Gits g4 G H Ba. (4.19)

When N > 1 and £ = N, we use the same bounds as in the proof of Proposition 3.2 except that
we use (4.13) with ¢ = 0 on the sum over jy in (3.18). This gives us a bound on v’ (when N > 1)
of

(d_ﬁl) G2 15 H Bag. (4.20)

Similarly when N > 1 and 1 # k # N (so N > 2) we use (4.13) on the sum over j, in (3.18) to

get a bound on ;" of the form
B oo Bo p28( d Y
— Gy 1=6d)— | —— 4.21
i G bl Hﬂad (421)
z;ék
Simplifying these expressions and summing over k completes the proof of the lemma. O]

Corollary 4.5 (Summary of bounds). For all 5 € [0, 1], and d such that ag < 1

dNi.j:l o < Oc(ld) + d(dciill)i(i)ad)’ 22

XS Sgo<d>+ﬁz-f;§?i<i;55% -
_dG2,  e(d)d | 2dE(d)GaCi,

! Z dl) " 1<—)Cld * ?d —(1))4(1 —ag)?’ (4.24)

Proof. Firstly note that the condition on a4 ensures that p™, Y™ and v are all summable over
N, and in all cases the supremum over 3 occurs at 3 = 1 (see Lemmas 4.1, 4.2 and 4.4). The
results are then easily obtained by summing each of the bounds in Lemmas 4.1, 4.2 and 4.4 over

N. [l

11



5 Proof of Theorem 1.1

For d such that ag < 1, the bounds of Corollary 4.5 hold. From (4.7) we have the required
absolute summability conditions in the discussion after (2.12), and in particular (2.12) holds for
all 5 € [0, 1]. To complete the proof of the theorem, it remains to show that the right hand side of
(2.13) is no more than d~'. By (4.7) and Corollary 4.5, we have bounded d times the right hand
side of (2.13) by the sum of the right hand sides of the bounds in Corollary 4.5. Since these terms
all involve simple random walk Green’s functions quantities, we will need to use estimates of these
quantities.
In order to bound &;(d), we shall first prove that, for all i > 0,
d \it+l *(Z +1

E(d) = (d—l) G . (5.1)
In order to prove (5.1), we first make use of [9, Lemma B.3], which states that G3"(z) is non-
increasing in |x;| for every i = 1,...,d, so that the supremum in (3.3) can be restricted to v = 0
and v = e for any neighbour e of the origin. In order to bound G%"(e), we make use of the fact
that for any function x — f(x) for which f(e) is constant for all e € Z¢ with |e| = 1, we have

f(e) = (Dg* £)(0), so that
i) =max { (72 G0 - L L) e @O} 62)

Note that since Gy(z) = o + (Dg * Gq)(z) > o, we have that G5(0) > 1 and G (0) =
G5(0) + (Dg G’*(ZJrl )(0). Therefore,
d i+l *(H—l o d i+1 *(H—l d Lap
(m) Gy (0) —1= (m) (Da—1% G427 7)(0) + (ﬁ) Gq'(0) -1, (5.3)
which is strictly larger than (L)ZH(Dd,l * G:ﬁfl))(()) and thus proves (5.1).
By [9, Lemma C.1], d — G} is monotone decreasing in d for each n > 1, so that it suffices to

show that the sum of terms on the right hand sides of (4.22), (4.23) and (4.24) is bounded by 1
for d = 9. For this we use the following rigorous Green’s functions estimates [8, 9] for d = 8:

Gq<1.07865, G3* <1.2891, G <1.8316. (5.4)

Putting in these values for d — 1 = 8 we get that the sum of the right hand sides of the bounds in
Corollary 4.5 is at most 0.97, whence the result follows for d > 9. O]

To prove monotonicity for 3 € [0, 5] for some [y(d) for each d > 8, it is sufficient to prove
that x®¥ < d~! when d > 8 (and that the other terms are bounded), since this is the only term
that does not contain a factor § that can be made arbitrarily small by choosing 3, small. Since
X < d71&y(d), it is enough to show that (d) < 1 for d = 8, since the right hand sides of (4.22),
(4.23) and (4.24) are bounded for d > 8. From [9] we have 6G5 —1< §(1.157) — 1 < 1, and since
Eo(d) is decreasing in d, this completes the result.
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