A NEW COHOMOLOGY CLASS ON THE MODULI SPACE OF CURVES
PAUL NORBURY

ABSTRACT. We define a collection of cohomology classes O, € 48— 4+2n (Mg,n) for 2g — 2+ n > 0 that restrict
naturally to boundary divisors. We prove that a generating function for the intersection numbers fﬂg,,, Ogn I, ¢
is a tau function of the KdV hierarchy. This is analogous to the theorem conjectured by Witten and proven by

Kontsevich that a generating function for the intersection numbers fmw I, 47?” is a tau function of the KdV

hierarchy.
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1. INTRODUCTION

Let Mg, be the moduli space of genus g stable curves—curves with only nodal singularities and finite
automorphism group—with n labeled points disjoint from nodes. Define y; = c¢1(L;) € H*>(M,,, Q) the
first Chern class of the line bundle L; — Mg, with fibre above [(C, p1, ..., pu)] given by T;,C. Consider the

natural maps given by the forgetful map M, 11 LS Mg, and the gluing maps Mg_q 10 — Mg, and

—_— —_— [ —
Mh,‘[|+l XMg*h,erl —>Mg/n fOI'I|_|I: {1,...,71}. o
In this paper we construct cohomology classes @, , € H*(Mg,) forg > 0,n > 0and 2¢ —2+n >0
satisfying the following four properties:
(i) Ogn € H*(My,) is of pure degree,

() ¢ Ogn = Og—1s2, ¢, 1Ogn = MO 1141 T3 Og 1111/

(iii) Ognt1 = Pny1- 7" Og,n,

(iv) ©1,1 = 3¢y.
The properties (i)-(iv) uniquely define intersection numbers of the classes O, with the classes ;. It is not
clear if they uniquely define the classes Og,, themselves.

Remark 1.1. One can replace (ii) by the equivalent property
(PF@g,n - @1".
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for any stable graph I' of genus g and with n external edges. Here

pr:Mr= [T Myyuw) = Mgn, Or= [] m0g)ue) € H (Mr)
veV(T) veV(T)
where 71, is projection onto the factor M ¢(v)n(v)- This generalises (ii) from 1-edge stable graphs where
or,, = ¢irr and ¢r, , = Py, 1. See Section 4.1.1 for more on stable graphs.

Remark 1.2. The sequence of classes @, satisfies many properties of a cohomological field theory (CohFT).
It is essentially a 1-dimensional CohFT with vanishing genus zero classes, not to be confused with the Hodge
class which is trivial in genus zero but does not vanish there. The trivial cohomology class 1 € H° (Mgn),
which is a trivial example of a CohFT, satisfies conditions (i) and (ii). In this case, the forgetful map property
(iii) is replaced by ©g ;11 = 71" ®g, and the initial value property (iv) is replaced by ©11 = 1.

Remark 1.3. The existence proof of @ ,—see Section 2—requires the initial value property (iv) given by
01,1 = 3¢1. The existence of O , with (iv) replaced by @11 = Ay for general A € C is unknown. One can
of course replace @, by A2~2"@, , but this would change property (iii).

Theorem 1. There exists a class @g ,, satisfying (i) - (iv) and furthermore any such class satisfies the following
properties.
(I) Ogn € HE 421 (M, ).
(11 @0 n = 0 forall n and ¢r@g , = 0 for any T with a genus 0 vertex.
(II) @ € H*(Mgu)®", ie. it is symmetric under the Sy, action.

n N
(IV) The intersection numbers /7 Og H l[)?li H Ky, are uniquely determined.
M =1 =1

g—1
(V) Z®(Fl, to, t1,...) = exp Z f

n
k:
: . . .
TR Og¢,n .j|:1| ¥; | | ty; is a tau function of the KAV hierarchy.

gmk

The main content of Theorem 1 is the existence of ®,, which is constructed via the push-forward of a
class over the moduli space of spin curves in Section 2, and the KdV property (V) proven in Section 4. The
non-constructive uniqueness result (IV)—which relies on the existence of non-explicit tautological relations—
follows from the more general property that the intersection numbers [7 M Og,n H 1Y " are uniquely

determined by any initial value [57 ©1; € C. For the initial value [; © %, (IV) is strengthened

/

by (V) which allows one to recursively calculate all intersection numbers fﬂgw Ogn T, l[J:-ni via recursive

relations coming out of the KdV hierarchy. The proofs of properties (I) - (IV) are straightforward and
presented in Section 3.

The proof of (V) does not directly use the KdV hierarchy. Instead it identifies the proposed KdV tau
function Z® with a known KdV tau function—the Brezin-Gross-Witten KdV tau function ZBGW defined in
[2, 20]. This identification of Z® (1, t, ty,...) with ZBSW (1, t, t;,...) is stated as Theorem 3 in Section 4.4.3.
The proof of Theorem 3 uses a set of tautological relations, known as Pixton’s relations, obtained from
the moduli space of 3-spin curves and proven in [31]. Just as tautological relations give topological re-
cursion relations for Gromov-Witten invariants, the intersections of @, with Pixton’s relations produce
topological recursion relations satisfied by @, that are enough to uniquely determine all intersection

numbers [17 M, . Ogn | JURT I_[]-I\L1 K. The strategy of the proof of (V) is to show that the coefficients of

ZBGW(FL to, tl, ) satlsfy the same relations as the corresponding coefficients of Z®(h, to, t1,...), given by

fMgn O [Ty 7"

Acknowledgements. 1 would like to thank Dimitri Zvonkine for his ongoing interest in this work which
benefited immensely from many conversations together. I would also like to thank Oliver Leigh and Ravi
Vakil for useful conversations, and the Institut Henri Poincaré where part of this work was carried out.

2. EXISTENCE

The existence of a cohomology class O, € H* (M, ) satisfying (i) - (iv) can be proven using the moduli

space of stable twisted spin curves ﬂ;p;n which consist of pairs (X, 6) given by a twisted stable curve X
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equipped with an orbifold line bundle 6 together with an isomorphism §%2 = wgo 8. See precise definitions

below. We first construct a cohomology class on ﬂ:}?ﬁn and then push it forward to a cohomology class on
Mg .

A stable twisted curve, with group Z,, is a 1-dimensional orbifold, or stack, C such that generic points of
C have trivial isotropy group and non-trivial orbifold points have isotropy group Z,. A stable twisted curve
is equipped with a map which forgets the orbifold structure p : C — C where C is a stable curve known as
the the coarse curve of C. We say that C is smooth if its coarse curve C is smooth. Each nodal point of C
(corresponding to a nodal point of C) has non-trivial isotropy group and all other points of C with non-trivial
isotropy group are labeled points of C.

A line bundle L over C is a locally equivariant bundle over the local charts, such that at each nodal point
there is an equivariant isomorphism of fibres. Hence each orbifold point p associates a representation of Z;
on L|, acting by multiplication by exp(27iA,) for A, = 0 or % One says L is banded by Aj,. The equivariant
isomorphism at nodes guarantees that the representations agree on each local irreducible component at the
node.

The sheaf of local sections O¢ (L) pushes forward to a sheaf |L| := p.O¢ (L) on C which can be identified
with the local sections of L invariant under the Z, action. Away from nodal points |L| is locally free, hence
a line bundle. The pull-back bundle p*(|L|) = L ® ®;c; O(—p;) where L is banded by the non-trivial
representation precisely at p; for i € I. Hence deg |L| = deg L — 1|I|. At nodal points, the push-forward |L|
is locally free when L is banded by the trivial representation, and |L| is a torsion-free sheaf that is not locally
free when L is banded by the non-trivial representation. See [16] for a nice description of these ideas.

The canonical bundle w¢ of C is generated by dz for any local coordinate z. At an orbifold point x = z
the canonical bundle w¢ is generated by dz hence it is banded by % ie. dz +— —dzunder z — —z. Over the
coarse curve wc is generated by dx = 2zdz. In other words p*wc % w¢ however we = p.we. Moreover,
degwe = —x =2¢g—2and

2

1
degwe = —x° =2¢ -2+ -n.

2
dx _ zdz log ~,

V8 S0 p*we wc ® and deg wc =2¢—2+n=deg wlOg.

For wc = we(p1, - Pn), locally £
Following [1], define
M = {(C0p1 e pr @) | ¢ 6% > B},

Here w?g and 6 are line bundles over the stable twisted curve C with labeled orbifold points p; and

degf =g—1+ %n The relation 62 —» aJICOg is possible because the representation associated to w?g at

pi is tr1v1al—dz /z =57 dz/z. We require the representatlons associated to 0 at each p; to be non-trivial,
i.e Ap, = 5. Atnodal points p, both types A, = 0 or 2 can occur. The equivariant isomorphism of fibres

over nodal points forces the balanced condition A,, = A,_ for p corresponding to p on each irreducible
component. Among the 22¢ different spin structures on a twisted curve C, some will have Ap = 0 and some
will have A, = %
The forgetful map

f MG = M
is defined via f(C,0, p1, ..., Pn+1,¢) = (0(C), p«0, P1, ..., Pn, p+$) where p forgets the label and orbifold struc-
ture at p,11. As described above, the push-forward p.6 consists of local sections invariant under the Z,
action. Since the representation at p,1 is given by multiplication by —1, any invariant local section must
vanish at p,, ;1. In other words p.0 = p.{0(—pu+1)}, p*p+0 = {0(—pns+1)} and degp.0 = degd — 3.

Tautological line bundles L, — /\/l;p,tn, i =1,...,n are defined analogously to those defined over Mg,.

For a family 7t : C — S with sections p; : S — C, i =1,..,n, they are defined by L, := p;(w¢/s). The spin
structure produces another collection of line bundles y,, — ngﬁn defined by 7y, := p; (6) where 6 is a spin
structure, i.e. 6% = aJC /s In particular, 'yp = Lpz

We can now define a vector bundle over M, g,n " using the dual bundle 6" on each stable twisted curve.
n

Denote by £ the universal spin structure over ﬂz,pn . Given a map S — My, on s

& pulls back to 6 giving
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a family (C, 6, p1, ..., pn, ¢) where 71 : C — S has stable twisted curve fibres, p; : S — C are sections with

orbifold isotropy Z; and ¢ : 62 = wéo/gs = wes(p1, -, pn). Consider the push-forward sheaf 7.V over
A 4/5P

Mgn

Since
deg@v—l—g—1n<0
then RO7,£Y = 0 and the following definition makes sense.
Definition 2.1. Define a bundle Eg,, = R'7,EV over MZ{’;“ with fibre H'(6")V.

It is a bundle of rank 2g — 2 + n by the following Riemann-Roch calculation. Orbifold Riemann-Roch takes
into account the representation information in terms of its band Ay,.

1 1
H00Y) — (V) =1— g +degh’ — ZAP =1-g+1—-9— S5 =2-29g—n.
i=
Here we used the requirement that A, = % fori = 1,..., n. Since deg ¥ = 1— g — In < 0 we have h%(") = 0
and hence h'(0V) = 2¢ — 2 + n. Thus H(9")" gives fibres of a rank 2¢ — 2 + 1 vector bundle.
The bundle Eg , restricts naturally to the boundary divisors:

spm Spll‘l pm S in SplI'l
Girr g1n+2—>Mgn/ ¢n1 MhmeMg h|]|+1_>M

spm

where U] = {1,...,n}. These maps are obtained by considering anode p € C for (C,0, py, ..., pn, §) € M,
Denote the normalisation by v : ¢ — C with points p+ € C that map to the node p = v(p+). When C is not
connected, then since § must be banded by A, = 0 at an even number of orbifold points, A, = % forces
Apy = % Hence it decomposes into two spin structures 6; and 6,, and conversely any two spin structures 64
and 6 glue to give 0 thus inducing ¢, ;. When C is connected, there are two cases. In the first case, when
6 is banded by A, = %, it decomposes into a spin structure § = v*6, and conversely any spin structure 0
glues to give 6 thus inducing ¢j;r. In the second case when 6 is banded by A, = 0, it gives rise to one further

boundary divisor

—spm

spm
Pirr2 g 12 — Mg

where ﬂ;pirll n,2 consists of spin structures banded as usual, by A, = % fori=1,..,n and banded by A, = 0

fori =n+1,n+2. Thebundle E;_q,, — /\/lg 1 n2 is still defined, with fibre H!(6"), because H(8") = 0
since the band Ay, ,, = 0 = Ay, ., does not affect degf¥ =1— (g—1) — 1 (n + 2) < 0. Tt does affect the
rank of the bundle. By Riemann-Roch #°(8") — h!(6Y) =1 — (¢ — 1) + deg#" — in =2 —2¢ — n + 1 hence
dim H' (V) = dim H*(8") — 1 when § = v*6.
Lemma 2.2.

PirEgn = Eg—1nv2, P 1Egn = M Ey 11401 ®@ M Eg 1141

4511?1

where 71; is projection from ﬂzp‘l; 4 X MF g—h|j|+1 Onto the ith factor, i = 1,2.
Proof. A spin structure f on a connected normalisation C has degf” = 1— (¢ —1) — 1(n+2) < 0 hence
H%(8") = 0. By Riemann-Roch 1°(8") —h'(8") = 1— (¢ — 1) + degh¥ — L (n+2) = 2 — 2g — n. Hence
dim H'(6Y) = dim H'(#") and the gluing map
0— HY(6Y) — H'(8")

is an isomorphism. In other words ¢;, E¢n = Eg 1,112

The argument is analogous when C is not connected and A,, = % Again deg 6’ < 0 hence H°(6)) =0
for i = 1,2. By Riemann-Roch dim H'(6)) + dim H!(6y) = dim H'(6") so the gluing map

0— H'(6Y) & H' (65) — H'(6Y)

is an isomorphism. In other words ¢; ;Egn = 77 Ey 1141 ® 5 Eg_py 7141 g
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The following lemma describes the restriction of Eg, to MF

——7spin
M1,

ol 1 np in terms of the bundle Eg 1, —

, defined above.

Lemma 2.3.

0— (’)fspm = i 2Egn — Eg 12 — 0.
g 1n

Proof. When the bundle 6 is banded by A,, = 0, the map between sheaves of local holomorphic sections
Oc (9, U) — OC (1/*9, vl U)

is not surjective whenever U > p. The image consists of local sections that agree, under an identification of
fibres, at p+ and p_. The dual bundle 0" arises as a quotient sheaf

(1) 0—=I—=v9"—=0"—=0

where Ox(I,U) is generated by the element of the dual that sends a local section s € Oz(v*6,v~1U) to
s(p+) —s(p—). Note that evaluation s(p+ ) only makes sense after a choice of trivialisation of v*6 at p1 and p_,
but the ideal I is independent of this choice. The complex (1) splits as follows. We can choose a representative
¢ upstairs of any element from the quotient space so that ¢p(p4) = 0, i.e. Oc(6Y, U) corresponds to elements
of Ox(v*6Y,v~1U) that vanish at p.;. This is achieved by adding the appropriate multiple of s(p+) — s(p-)

to a given ¢ € O(v*0Y,v1U). (Note that ¢(p_) is arbitrary. One could instead arrange ¢(p—_) = 0 with
¢(p+) arbitrary.) In other words we can identify 6" with v*6"(—p. ) in the complex:

0— v 6" (—ps) = v 0 = v6Y],, —0.
Ina family 77 : C — S, R0, (v*6") = 0 = RO, (v*6"(—p4)) since degv*6¥ < 0. Also Rl7t, (v*6Y],,) =0
since p4+ has relative dimension 0. Thus
0— RO, (v*0Y],,) = R'm (v'0Y(—p4)) = Rl'm. (v 8Y) — 0.

Furthermore, we have v*L|,, = C canonically via evaluation, hence RO, (v*L|,, ) = Og. Since Eg 102 =
Rz, (v*6") and ¢}, yEgn = R'7t. (10" (—p)) the result follows. O
Remark 2.4. When A, = % we have A, + A, = 1. We see from above that A, = 0 really wants one of
Ap. tobe1to preserve Ay, +A, =1

Definition 2.5. For 2g — 2 4 n > 0 define the Euler class

Qg,n = (_1)n02g72+n(Eg,n) H4g 4+2n(MZplnl )

Note that Q,, = 0 for n = 3,4, ... because rank(Ep ) = n — 2 is greater than dlm/\/l pm =n—3soits
top Chern class vanishes. Nevertheless, it would be interesting to know if the bundles E ,, Carry non-trivial
information.

The cohomology classes (), , behave well with respect to inclusion of strata.

Lemma 2.6.
P Qgn = Qg—1,n+42/ ‘PZ,IQg,n = nTQh,\I\H ) n;Qg—h,Ule ‘P?rr,zﬂg,n =0.
Proof. This is an immediate application of Lemma 2.2
PierEgn = Eg—1nv2, @ 1Egn = 1 Ey 1141 ® T Eg 5111
and the naturality of Cog—2+n = Ctop- We have
PireCrop (Egn) = Ctop (Eg—1,n+2), P 1Ctop(Egn) = 711 ctop (Enj1141)  TaCtop (Egp[141)-
The power of (—1)" in Definition 2.5 is the same after pull-back by ¢/ and ¢}, ; because the rank of

the bundles is the same on both sides and (—1)" = (—1)%72". For example, ¢} (—1)"ctop(Egn) =

( _1>n+zctop (ngl,nJrZ) .
Also, ¢i;, ,Q¢,n = 0 follows immediately from the exact sequence

0— (’)ﬂspm — Qi oEgn — Eq 142 —0
g—1n2 ’
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which implies ¢;‘rr,2czg_2+n(Eg,n) = CZg—3+n(Eg71,n,2) . Cl(Oﬁfﬁ?,n,z) =0. O

A consequence of Lemma 2.6 is that ¢j:Q)g , = 0 for any stable graph I' (defined as for M, , with extra
data on edges) that contains a genus 0 vertex.

Remark 2.7. We can allow all types of band in the moduli space, but as in the proof of Lemma 2.6 the class
Qg vanishes when Ay, = 0 for some .

——spin

Consider themap f: M., | — ﬂ?’;ﬂ that forgets the point p,,41.

Lemma 2.8. 1
Qgni1 = Elppm [ Qg

Proof. Recall that the forgetful map (C,0, p1, ..., pn+1,¢) — (0(C), 0«6, p1, ..., Pn, P«¢) pushes forward 6 via p
which forgets the orbifold structure at p,, 1. As described above, p.0 = p.0(—p,11) s0 p<0" = p.0Y (pPyi1).

Consider the exact sequence of sheaves over a family 7 : C — S where S — M ;;jrl:

0—6" = 6" (pur1) = 0" (pus1) — 0.

‘anrl
As in the proof of Lemma 2.3, deg 6" (p,,+1) < 050 R%71,.(6Y) = 0 = R%71.. (6 (p,21)) and p,,4 1 has relative
dimension 0 so R 7, (8" (py+1)|p,.,) = 0. Hence

0 — RO (6" (Put1)lp, 1) = R'(8Y) = R'u (6" (puta)) — 0.
Now 7. (8" (Pn1)pyas) = 7 (0" [pn) = 7y, 1 R'71.(6") = Eg 41 and R'71. (6" (ppt1)) = f*Egn hence

\ *
0— Vs E¢ni1 — f Egn — 0.

Thus c2g 24 n41(Egni1) = —%gbpnﬂ - f*cag—21n(Egn) since c1(vp,,,) = %q)pnﬂ. Include the power of (—1)"

to get (—1)"ege o1 pni1(Egni1) = 5¥posy - fF(—1)"cog—24n(Egn) which implies the result. O
Definition 2.9. For p : ﬂzp;n — ﬂg,n define
Ogn = 2"puQqu € H¥ 42 (M, ).
Lemma 2.8 together with the factor of 2" in the definition of ()¢ , immediately gives property (iii) of g

®g,n+1 =Pu+1- 7T*®g,n~
Property (iv) of g, is given by the following calculation.

Proposition 2.10. ©1; = 31 € H? (ﬂl/l).

Proof. A one-pointed twisted elliptic curve (&, p) is a one-pointed elliptic curve (E, p) such that p has isotropy
Z;. The degree of the divisor p in € is % and the degree of every other point in £ is 1. If dz is a holomorphic
differential on E (where E = C/A and z is the identity function on the universal cover C) then locally near p
we have z = t? so dz = 2tdt vanishes at p. In particular, the canonical divisor (wg) = p has degree % and
(wlgog) = (wg(p)) = 2p has degree 1.

A spin structure on € is a degree % line bundle £ satisfying £? = w?g. Line bundles on £ correspond to
divisors on £ up to linear equivalence. Note that meromorphic functions on £ are exactly the meromorphic
functions on E. The four spin structures on £ are given by the divisors 6y = pand 6, = q; —p, i = 1,2,3,
where g; is a non-trivial order 2 element in the group E with identity p. Clearly 62 = 2p = wlgOg. Fori=1,2,3,
6% = 2q; — 2p ~ 2p since there is a meromorphic function p(z) — p(g;) on E with a double pole at p and a
double zero at g;. Its divisor on £ is 2q; — 4p, since p has isotropy Z;, hence 2q; — 2p ~ 2p.

Since H?(M 1) is generated by 1 it is enough to calculate fﬂ1 , 91,1 The Chern character of the push-

forward bundle E; ; is calculated via the Grothendieck-Riemann-Roch theorem

Ch(Rm.£Y) = . (Ch(EY)Td(w)).
In fact we need to use the orbifold Grothendieck-Riemann-Roch theorem [36]. The calculation we need
is a variant of the calculation in [17, Theorem 6.3.3] which applies to & such that £% = w?g instead of £V.
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Importantly, this means that the Todd class has been worked out, and it remains to adjust the Ch(£V) term.
We get

1/ 1 1\, 11 1 1 1 1 1
/mp*cl(’f“ —2/ [K1+24l/’1+2<_24+12) <’f>*<1>] —2<z4z+z42+z'24'z) = 16
which agrees with
/ 3 1_1
Mllzl/’l 2 24 16

Hence p*Cl(E) = %l[)l and @1,1 = 2P*C1( ) = 3¢1.

Proposition 2.11. The pushforward p,2" Qg = @y € H*¥$4T21(M, ,) satisfies property (ii).

Proof. The two properties (ii) of @ ,,, follow from the analogous properties for Qg ;. This uses the relationship
between compositions of pull-backs and push-forwards in the following diagrams:

——spin 471rr spm ——spin ——spin (Ph,l ——spin

Mg—l,n+2 ? M Mh,lll+1 X Mg—hIIIHl ’ Mg,n
lerr - - - thJ J—

Mg iz —— Mgy Mg X Mepjjpn —— Mgn

We have ¢;, p« = 4p:¢;, and ¢}, ;p« = 4ps¢;, ; where the factor of 4 is due to ramification of p—see (39) in
[21]. Hence

‘Pi*rr®g, = PireP52" Q) gn = 4P*4’i*rr2n0gn = Px n+20g Lnt2 = O¢ 1412
and similarly ¢ | @g = 7@y, 41 - 13Oy, j| 11 uses 42" =212 = M+ ]+1 O

Remark 2.12. The construction of Q)¢ , should also follow from the cosection construction in [3] using the
moduli space of spin curves with fields

Mon(Z2)P = {(C,0,p) | (C,0) € M

Mg, p € H(0)).

A cosection of the pull-back of Eg, to My . (Z,)? is given by p~2 since it pairs well with H!(§)—we have
p~3 € H°((6Y)?) while H'(0) = H(w ®6")¥ = H°((6¥)?)". Using the cosection p~ a virtual fundamental
class is constructed in [3] that likely gives rise to Q, , € H* —4+2n (ﬂz,p;,n) The virtual fundamental class is
constructed away from the zero set of p.

3. UNIQUENESS

The degree property (I) of Theorem 1, @, € H*¥ 42" (M, ,), proven below, enables a reduction

argument which leads to uniqueness of intersection numbers / Og,n H P H Ky, which is property (IV)
? n i=1 j=1

of Theorem 1. In this section we prove these two results together with properties (II) and (III) which are

immediate consequences. We leave the proof of the final property (V) of Theorem 1 until Section 4.4.3.

Proof of (I). Write d(g,n) = degree(®g,,) which exists by (i). The degree here is half the cohomological
degree so @y, € H*(8") (M, ). Using (ii), ¢, O = O 1,412 implies that d(g,n) = d(g —1,n +2) hence
d(g,n) = f(2¢ — 2+ n) is a function of 2g — 2 + n. Then again using (ii), ¢}, Ogn = Oy |1141 ® Oy 7111
implies that f(a+b) = f(a)+ f(b) = (a+b)f(1). Hence d(g,n) = (2¢ — 2+ n)k for an integer k. But
d(g,n) < 3¢ — 3+ nimplies k < 1. When k = 0, this gives O, ,, € H'(Myg,), and @, is a topological field
theory. But deg ©,,, = 0 contradicts (iv) hence k = 1 and deg O¢, = 2¢ — 2 + n.

The proof above used only properties (i), (ii) and (iv). Alternatively, one can use (iii) in place of the second
part of (ii) given by ¢ /@gn = Oy, 1111 @ Og_y 7 11- U
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Proof of (II). This is an immediate consequence of (I) since deg®,, = n —2 > n —3 = dim M, hence
©p,, = 0. For any stable graph I' with a genus 0 vertex, Remark 1.1 gives ¢{O¢, = @r. Furthermore
0 = 0Or = [Tuev(r) TO4(v),n(v) sSince the genus 0 vertex contributes a factor of 0 to the product. g

Proof of (III). Property (iii) implies that ©y, = 7@, - [T/, ¢; where 7 : My, — M, is the forgetful
map. Since T*w € H*(My,,)>" for any w € H*(My) and clearly [T", ¢; € H*(Mg,)*" hence we have
Ogn € H*(Mg,n)*" as required. O

Proof of (IV). The uniqueness result follows from the more general result given in the following proposition.

Proposition 3.1. For any Oy, satisfying (i) - (iii) above, the intersection numbers
n . N
(2) | Ogu [T [ e
Men =1 j=1
are uniquely determined from the initial condition ®1;1 = Ay for A € C.

Proof. For n > 0, we will push forward the integral (2) via the forgetful map 7 : Mg, — Mg, _1 as follows.
Consider first the case when there are no « classes. The presence of ¢, in Og . = P, - 7Oy ;1 gives

O¢ntp = Ogurt™ Py, k<n
since P, Px = P, 7T Py for k < n. Hence

. n n—1 n—1
m; __ mi nt+l _ m; n+1
/7 Og,n Hl/’i = /— T (®g,n—1 H Y; ) " = /7 T {77* (®g,n—l H P; ) " }
M i=1 Mg i=1 i=1

: 8m Mg,n—l
n—1
e
= | Ogna [T m,
Mgn-1 i=1
so we have reduced an intersection number over Mg,n to an intersection number over Mg,n_l. In the

l:
presence of x classes, replace Ky, by Ky, = N*ng + ¢,/ and repeat the push-forward as above on all summands.
By induction, we see that

n N
/ﬂ ®g,1’l Hlpznl HKZ] = /m ®g : P(K], K2y ey K3g—3)
o =1 j=1 8

i.e. the intersection number (2) reduces to an intersection number over M, of @, times a polynomial in the «
classes.

By (I), deg®; = 2¢ — 2, so we may assume the polynomial p consists only of terms of homogeneous
degree g — 1 (where deg x, = r). But by Looijenga’s theorem [27], and the stronger result given by Pixton’s
relations [31], a homogeneous degree ¢ — 1 monomial in the « classes is equal in cohomology to the sum of
boundary terms. Now property (ii) of O, shows that the pull-back of @y to these boundary terms is O
for ¢’ < g so we have expressed (2) as a sum of integrals of 6y v against ¢ and « classes. By induction, one
can reduce to integrals fml 911 = 2)‘—4 and the proposition is proven. g

Remark 3.2. The intersection numbers fﬂgn Ogn [T 9! Hjli1 Ky, are directly related to the intersection

numbers fmg,n Ogn [ T2, ¥ with no « classes. This essentially reverses the reduction shown in the proof of

Proposition 3.1. Explicitly, for 77 : Mg 4N — Mg, and m = (my, ..., my) define a polynomial in « classes by
R (1,5, ) = 72, (915 )
so, for example, R(m],,nz) = Ky Kmy + Kmy+my- Then
+1 +1 +1 +1
) ®8r” "R = ®gﬂ " Tl (1/’:&1 ~-1/’Z1fN ) = Tlx (”*®g,n ) 1/’211 ~~‘/’ZTN ) = Tl <®grn+N : lP;nil--‘l/JmN)

The polynomials Ry (%1, k2, ...) generate all polynomials in the «; so (3) can be used to remove any « class.
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Remark 3.3. Existence of classes Oy, satisfying (i) - (iii) and the initial condition ®;; = A¢; for a general
A € Cis an interesting problem. One approach is to look inside the strata algebra—see Section 4.1.1—which
consists of push-forwards of classes involving x and ¢ classes from lower strata.

The intersection numbers fﬂg Og ]—[]V.’:l 1p].’ satisfy a dilaton equation which is realised as a homogeneity

condition on the partition function

® ns!
4) Z%(h,to, by, ...) = exp Z '

. n
gnk

n
k:
j=

Men

Proposition 3.4. The function Z® (1, ty, t1,...) is homogeneous of degree 0 with respect to {q = 1 — to, t1,tp, ...} with
degq = 1and degt; = 2i + 1 for i > 0. Equivalently it satisfies the dilaton equation:

d Sy J
(5) %Z(h, to, t1, ) = Z;O(Zl + 1)tlaftlz(h/ to, t1, )

Proof. We have

n n n
ki ki ki
/— Ognt1 'Hlp]'] = /7 T Ogn - Pri1 'Hl/J]'] = /7 T Ogn - Pri1 H 77*1/’/
Mg,n+1 j:l Mg,n+1 ]':] Mg,nJrl j:l

n k n k
= |- ®gﬂ1'| Itpj’-n*lpn+1:(2g—2+n)/7 ®8,n'| |1/J]‘]~
Mg i Mg i

where we have used ¢, 11 ¢j = @1 w¢P; forj = 1,..,n and M (T*w - P y1) = W - TPy 1. But this
exactly agrees with the dilaton equation (5) via the correspondence (4). (]

Proposition 3.4 together with the initial condition ®1; = Ay, or fmm Q1 = %, gives

(6) log 79 = f%bg(l —tg) +O(h).
The following example demonstrates Proposition 3.1 with an explicit genus 2 relation.

Example 3.5. A genus two Pixton relation first proven by Mumford [30, equation (8.5)], relating x and the divisors
My, =2 My x My and Mr, = My in My, labeled by stable graphs T; is given by

7 1
K1 — g[MH] - E[Mrz] =0

which induces the relation
7 1
Oy -1 — 5@2 - [(Mr,] - 592 - [Mr,] = 0.
Property (ii) of Oy, yields

" n 1 " 1
[ @y [Mr,| = / Or= | O /i O s 0, = /i O T
My M) Mr, Miq My |Aut(T1)| Mr, My |Aut(T2)|

hence the relation on the level of intersection numbers is given by

7 1 1 1
@.K_,./ ®) / Q- — . O — =0.
/mz 25 s Y My Y AT 5 Sy, 7 JAut(D)|

We have fmu @11 = 35 = [x7., ©O11 from (6), and |Aut(T1)| = 2 = |Aut(T,)|. Hence

2
/7 @2 K1 =
Mo

=

1 1 1
ey /7 Oy — 4. /7 Orh —
/Mm v Mi v |A”t(rl)| 5 Mip 12 |A”t(r2)‘

A\ 1,14 1 7A%4+247
24) 2524 2 5760

Il 01l N
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From now on we will specialise to the case A = 3 for which we have a proof of existence of @ ;. From
example 3.5, we have fﬂm ©y1 -1 = fﬂﬂ 0, - Y = fﬂz @, -1 = 3. All genus 2 terms can be
obtained from fﬂu ©71 - 1 and (5). Combining this with (6) we have

?) log Z© = —%log(l —to) + 1 5 __h +0(1?).

128 (1- i‘o)3

4. KDV TAU FUNCTIONS
In this section we prove property V of Theorem 1 which states that a generating function for the intersection
numbers fm? L Ogn [Ty " is a tau function of the KdV hierarchy, analogous to the theorem conjectured by
Witten and proven by Kontsevich for the intersection numbers fmg,n g
A tau function Z(tg, t1, ...) of the KdV hierarchy (equivalently the KP hierarchy in odd times pyi1 =
tp/ (2k + 1)) gives rise to a solution U = h log Z of the KdV hierarchy

Fl
(8) Utl = Uuto + Eutototo, U(to, 0, O,) = f(to).

The first equation in the hierarchy is the KdV equation (8), and later equations U;, = P (U, Uy, Uy, -..) for
k > 1 determine U uniquely from U(ty, 0,0, ...). See [29] for the full definition.

The Brezin-Gross-Witten solution UBCW = h% log ZBSW of the KdV hierarchy arises out of a unitary
0
matrix model studied in [2, 20]. It is defined by the initial condition

h

uBsW,,0,0,. S
( 0 ) 8(1 — tO)

The low genus g terms (= coefficient of #8~1) of log ZBGW are

1 3 ¢ 15 ¢t 63 #
1 ZBGW:_il 1+ ho 1 h2 2 hz 1 h3
©) log 0g(1 —to) +hiog 1- t0)3 T 024 (T —t)p " 1024 (1= £)8 +Oor)
. 9 ,, 15 63
(8t0+ 161'L0+ t0+ )+h(128t1+ 81'L0t1+ -+ (1024t2+1024 )

The tau function ZBSW (1, 4y, t1, ...) shares many properties of the famous Kontsevich-Witten tau func-
tion ZKW(h, to, t1,...) introduced in [37]. The Kontsevich-Witten tau function ZKW is defined by the initial

condition UXW(ty,0,0,...) = to for UKW = Fz% log ZXW. The low genus terms of log ZXW are
0
t3 Bttt

+0=

Theorem 2 (Witten-Kontsevich 1992 [26, 37]).

ZKW(h tO/tl/ _expzhg 17’1' Z / Hll]l tk

an Fenn I Men i=
is a tau function of the KAV hierarchy.

The main aim of this section is to prove that Z®(h, to, t1,...) = ZBGW(h, to, t1,...) which implies property V
of Theorem 1. Agreement of Z° (1, to, t1,...) and ZBSW (1, to, 11, ...) up to genus 2 is clear from (7) and (9) and
can be extended to genus 3 using Appendix A. Furthermore, ZBGW (1, £y, t1, ...) also satisfies the homogeneity
property (5)—see [6]—which is apparent in the low genus terms given in (9). The homogeneity property
satisfied by both Z® and ZBGW reduces the proof that they are equal to checking only finitely many coefficients
for each genus.

Theorem 3.
Z9(h, to, 1y, ...) = ZBW(h, by, 1, ...).
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Outline of the proof of Theorem 3. We summarise here Sections 4.1-4.4 which contain the proof of Theorem 3.
The equality of Z€ and ZBSW up to genus two used the relation between coefficients of Z® (i, to, t1, ...)

' 7 " 1
(10) /i Or1-P1 — = Oi-| Oi——F=-[_ 0,=0

Mg 10 My, M 10 J™my,

arising from the genus two Pixton relation. The main idea of the proof is to show that the coefficients of
ZBSW (1, tg, t1, ...) also satisfy (10), and more generally a set of relations arising from Pixton relations.

Associated to the A, Frobenius manifold is a partition function Z4, (7, {t{}), defined in Section 4.2.
Pixton’s relations on the level of intersection numbers arise due to unexpected vanishing of some of the
coefficients in Z 4, (7, {} }). Briefly, the partition function Z , (%, {} }) is constructed in two ways—out of
intersections of cohomology classes in H* (Mg, ) which form a CohFT and out of a graphical construction
that associates coefficients of ZKW(h, to, t1,...) to vertices of the graphs, described in Sections 4.1 and 4.3.
The vanishing of coefficients in Z, (%, {t} }) is clear only from one of these constructions hence leads to
relations among intersection numbers. There is a third construction of Z 4, (7, {} }) via topological recursion,
defined in Section 4.4, applied to a spectral curve naturally associated to the A, Frobenius manifold. This
construction gives a second method to prove vanishing of certain coefficients of Z 4, (%, {{}).

The partition function Z% (h, {t{}) is built out of the A, CohFT cohomology classes in H* (M, ) times
Og,n. It stores relations between intersection numbers involving @, such as (10). So for example, the
coefficient of it! in log Zg’z (7, {t}}) vanishes and is also the relation (10). We can construct Zz?z(h’ {t})
via the graphical construction that produces Z 4, (%, {t} }) although with vertex contributions coming from
coefficients of Z® (1, ty, t;, ...) in place of coefficients of ZKW(h, to, t1, ...)-

The idea is to produce a partition function ZESW (1, {t}}) using the graphical construction of Z4, (%, {t{})

with ZXW replaced by ZBSW. Vanishing of coefficients of ZESW(FZ, {t}}) are relations between coefficients of
ZBSW analogous to each of the relations satisfied by the coefficients of Zgz (1, {t{}) such as (10). To prove
vanishing of primary coefficients of ZESW (7, {t}}) forn < g —1, which is enough to prove that the coefficients
of ZBSW satisfy the same relations as the coefficients of Z©, we use the third construction of Z 4, (%, {#{ }) via
topological recursion. We construct a spectral curve to get ZEE’W (7, {t}}) and this construction allows us to
prove vanishing of certain coefficients. To conclude, we have vanishing of certain coefficients of Zf?z (h,{t}})
due to a cohomological viewpoint, and we have vanishing of corresponding coefficients of ZESW(E, {th
due to the topological recursion viewpoint, and this shows that coefficients of ZBGW and Z® satisfy the same
relations.

4.1. Twisted loop group action. Givental [22] showed how to build partition functions of cohomological
field theories which are sequences of cohomology classes in H* (M, ,)—see Section 5—out of the basic
building block ZXW(f, 4y, t1,...). This construction can be immediately adapted to allow one to use in
place of ZKW(FL, to, t1,...) the building blocks ZBGW (h, to, t1,...) and Ze(h, to, t1,...) (Where the latter two will
eventually be shown to coincide). Givental defined an action by elements of the twisted loop group and
translations on the basic building block partition functions above. This action was interpreted as an action on

sequences of cohomology classes in H* (M, ,) independently, by Katzarkov-Kontsevich-Pantev, Kazarian
and Teleman—see [31, 33].
Consider an element of the loop group LGL(N, C) given by a formal series

R(z) = Y Rz
k=0

where Ry are N x N matrices and Ry = I. We further require R(z) to lie in the twisted loop group
L@GL(N,C) ¢ LGL(N, C), the subgroup which is defined to consist of elements satisfying

R(z)R(-2)T =1

Define
_I-Rl(z)R!

E(w2) w+z

T -
(w) = Z 51']'7,012]
i,j>0
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which has the power series expansion on the right since the numerator I — R71(z)R~'(w)T vanishes at
w = —z since R71(z) is also an element of the twisted loop group.

Givental’s action is defined via weighted sums over graphs. Consider the following set of decorated
graphs with vertices labeled by the set {1, ..., N}.

Definition 4.1. For a graph -y denote by
V(7), E(y), H(y), L(y)=L(7)UL(7)

its set of vertices, edges, half-edges and leaves. The disjoint splitting of L(vy) into ordinary leaves L*
and dilaton leaves L® is part of the structure on y. The set of half-edges consists of leaves and oriented
edges so there is an injective map L(y) — H(7) and a multiply-defined map E(y) — H(7) denoted by
E(y) 2 e — {e",e”} C H(y). The map sending a half-edge to its vertex is given by v : H(y) — V(7).
Decorate by functions:

g:Vliy
a:V(y

p:L*(y) = {1,2,..,n}
k:H(y) =N

such that k|j.(,) > 1and n = [L*(7)|. We write g = g(v), a0 = a(v), &y = a(v({)), pr = p(£), k; = k(¥).

The genus of «y 1s g(y) =bi(y) + Z g(v). We say 1 is stable if any vertex labeled by ¢ = 0 is of valency > 3
veV(y)

and there are no isolated vertices labeled by ¢ = 1. We write 1, for the valency of the vertex v. Define I'y ,, to

be the set of all stable, connected, genus g, decorated graphs with n ordinary leaves.

Given a sequence of classes Q = {Qg, € H*(Mg,) @ (V*)®" | g,n € N,2g — 2+ n > 0}, following
[31, 33] define a new sequence of classes RQ) = {(RQ)¢,,} by a weighted sum over stable graphs, with
weights defined as follows.

(i) Vertex weight: w(v) = Q at each vertex v

(0).10
(ii) Leaf weight: w(l) = (gl/Jp ) at each leaf ¢
(iii) Edge weight: w(e) = (1/15, 4 ) at each edge e
Then .
(RQ)g,n = re%m W(Pr) H( ;u(v)w(é)w(e)
é e L*(T)
ec E(I)

This defines an action of the twisted loop group on sequences of cohomology classes. It is applied in [31, 33]
to cohomological field theories () , whereas a generalised notion of cohomological field theory is used here.
Define a translation action of T(z) € zV([[z]] on the sequence (), as follows.

(iv) Dilaton leaf weight: w(£) = T(yp, ) at each dilaton leaf ¢ € L*.
So the translation action is given by

a1 (TQ)g(01® . @) = ¥~ puQgrim(©1 @ . © 00 © (i) © - © T(im))

m>0
where p : Mguym — Mg, is the forgetful map. To ensure the sum (11) is finite, one usually requires
T(z) € z22V|[z]], so that dim Mg 1 = 3¢ — 3 + 1 + m grows more slowly in m than the degree 2m coming
from T. Instead, we control growth of the degree of Q) ,, in 7 to ensure T(z) € zV[[z]] produces a finite sum.
The partition function of a sequence Q = {Q, € H*(Mg,) @ (V*)®" | g,n € N,2¢ —2+n > 0} is
defined by:

n

k: .

(h {tk} = exp Z l’l' / an e“l ®elxn) Hlp]]Ht;:/]
‘ . =1

gmnk
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where {ej,...,en} is a basisof V, « € {1,..,N} andk € N. FordimV = land Qg, =1 € H*(mg,n),
Za(h, {t}) = ZXW(h, {t,}). Similarly, for Qg = @g,y € H*(Mgu), Za(h, {ty}) = Z® (1, {t}).

The action on sequences of cohomology classes above immediately gives rise to an action on partition
functions, which store correlators of the sequence of cohomology classes, known as the Givental action
[11, 19, 33]. It gives a graphical construction of the partition functions Zrq and Ztq obtained from Zq.

The graphical expansions can be conveniently expressed via the action of differential operators R and
T: Zra = RZq, Zrq = TZq as follows. Givental used R(z) to produce a differential operator R, a so-
called quantisation of R(z), which acts on a product of tau-functions to produce a generating series for the

correlators of the cohomological field theory. Put R(z) = exp() rez')
>0

m 9
—exp{22<2ukﬂ rk a k+[0¢ Z +1 ﬁaumaauf m— 1[3)}

lapB

The action of the dlfferentlal operator R on Zq (1, {t¢}) is equivalent to the weighted sum over graphs. The
92

k h 1
first term 1B (r,)% 83 —0 ’ = gives ordinary leaf contributions, and the second term 7 (—1)"** (/)% B Sumagu T TE

gives edge contributions.
Associated to T(z) = Y- vsz" = exp(t;z') — I € zV[[z]] is the differential operator

P £ T Tt

1a,8k=0

which is a translation operator. It gives dilaton leaf contributions to the weighted sum of graphs. The differ-
ential operators Rand T actona product of functions ZBGW(h, to, t1,...), Z¥W (1, to, 11, ...) and Z®(h, to, 1, )
where the TFT is encoded via rescaling of the variables.

4.1.1. Pixton’s relations. Dual to any point (C, p1,..., pu) € Mg, is its stable graph I' with vertices V(T')

representing irreducible components of C, internal edges representing nodal singularities and a (labeled)

external edge for each pi. Each vertex is labeled by a genus g(v) and has valency #(v). The genus of a stable

graphis g(T') = hy(T) +) g ). For a given stable graph I' of genus g and with n external edges we have
veV(T

¢r: Mr = H Mg(v),n(v) — Mg,n-
veV(T)

The strata algebra S, is a finite-dimensional vector space over Q with basis given by isomorphism classes
of pairs (T, w), for I a stable graph of genus ¢ with 1 external edges and w € H*(Mr) a product of x and ¢
classes in each M ¢(v)n(v) for each vertex v € V(T). There is a natural map ¢ : Sg., — H*(Mg,,) defined by
the push-forward ¢(T, w) = ¢r.(w) € H*(My,). The map g allows one to define a multiplication on Sg,,,
essentially coming from intersection theory in M, ,,, which can be described purely graphically. The image

q(Sgn) C H*(My,) is the tautological ring RH* (M, ,) and an element of the kernel of g is a tautological
relation. See [31], Section 0.3 for a good description of Sg ;.

The main result of [31] is the construction of elements Rg, 4 € Sgufor A= (ay,...,an),a; € {0,1} satisfying
q(RZ,, ) = 0 which push forward to tautological relations in H?(Myg,,). The elements RZ,, 4 are constructed
out of the elements RQ) , defined above. The element R} € H?(M)5) is given in Example 3.5.

4.2. Construction of elements of the twisted loop group. Consider the linear system

(12) (;Z-u—‘z’)w:o.

where ¥(z) € CN, U = diag(uy, ..., un) for u; distinct and V is skew symmetric. An asymptotic solution of
(12) as z — o0

¥ =R(z HetY, R(z) =1+ Ryz+ Rpz?+ ...
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defines a power series R(z) with coefficients given by N x N matrices which is easily shown to satisfy
R(z)RT(—z) = I hence R(z) € L& GL(N,C). Substitute ¥ = R(z~1)e?! into (12) and send z +— z~! to get

0= (£ + 3+ ) REA = (LRE+ U RE) +VRGE) )

or equivalently
(13) [Rksq, U] = (k+ V)R, k=0,1,..

We will describe two natural solutions of (12) using the data of a Frobenius manifold, and using the data of a
Riemann surface equipped with a meromorphic function. These will give two constructions of elements R(z)
of the twisted loop group. The construction of an element R(z) in two ways using both of these viewpoints
will be crucial to proving that Z€ and ZBSW coincide.

Dubrovin [7] proved that there is a Frobenius manifold structure on the space of pairs (U, V) where V
varies in the u; so that the monodromy of ¥ around 0 remains fixed. Conversely, he associated a family of
linear systems (12) depending on the canonical coordinates (11, ..., uy) of any semisimple Frobenius manifold
M as follows.

Recall that a Frobenius manifold is a complex manifold M equipped with an associative product on its
tangent bundle compatible with a flat metric—a nondegenerate symmetric bilinear form—on the manifold
[7]. It is encoded by a single function F(t1, ..., tx), known as the prepotential, that satisfies a nonlinear partial
differential equation known as the Witten-Dijkgraaf-Verlinde-Verlinde (WDVV) equation:

Fijmt™ Feen = Figmt™" Fikn,  1ij = Foij
where I7ik17k]' = 6jj, F; = %P and {t#y, ..., tx} are (flat) local coordinates of M which correspond to the k = 0
coordinates above via t, = tj, &« = 1,..., N. It comes equipped with the two vector fields 1, the unit for the
product, and the Euler vector field E which describes symmetries of the Frobenius manifold, neatly encoded
by E - F(ty,...,tNy) = ¢ - F(t1, ..., tN) for some ¢ € C. Multiplication by the Euler vector field E produces an

endomorphism U with eigenvalues {uj, ..., un } known as canonical coordinates on M. They give rise to vector
fields 0/ 0u; with respect to which the metric 77, product - and Euler vector field E are diagonal:

o 9 ) d 9 )
u; oy iouy’ (aulau) = 0;A;, E —ZuiaTli-

The differential equation (12) in z is defined at any point of the Frobenius manifold using U, the endo-
morphism defined by multiplication by the Euler vector field E, and the endomorphism V = [, U] where

Ou; A . . . . . . . . . .
I = ﬁ for i # j are the so-called rotation coefficients of the metric 77 in the normalised canonical basis.
i

Hence associated to each point of the Frobenius manifold is an element R(z) = Y_ R;z* of the twisted loop

group. From (H = T, M, -, E, V) the endomorphisms Ry of H are defined recursively from R; by Ry = I and
(13).

Example 4.2. The 2-dimensional versal deformation space of the A, singularity has a Frobenius manifold structure
[7, 32] defined by the prepotential
_1p L s

The prepotential determines the flat metric with respect to the basis {%, %} by 11;; = Fyij hence

/(01
T=\1 0
and the (commutative) product by 1(0/0t; - 9/0t;, d/0t) = Fij hence
0 0 0 0 0 0 J 0 1 o0

O Oh' o A o' O o 3 oh

The unit and Euler vector fields are

0 0 2, 9
]1 = E, E—tlaitl‘i‘gtzaitz
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and E - F(ty,£) = %F(tl,tz). The canonical coordinates are

2 3p 2 3
up=t1+——=t'°, up=t — ——=t;'°.
1 1t3 V32 2=1 3.3 2
. . . . . - _ =iVB 5 o
With respect to the normalised canonical basis, the rotation coefficients I'1p = Tt2 = Ty give rise to
V=[U]= #t;wz ( (1) Bl ) In canonical coordinates we have
uy 0 2i 0 1

14 u= , V=o—— .
(9 ( 0 u ) 3(uy — us) ( -10

The metric i applied to the vector fields d/0u; = % (a/atl - (—1)i(3/t2)1/28/8t2> is 1 (%i, a%j) = 6jAA; where
M= = _p,,

We consider three natural bases of the tangent space H = T, M at any point p of a Frobenius manifold. The
flat basis {d/9t;} which gives a constant metric #, the canonical basis {9/du;} which gives a trivial product
., and the normalised canonical basis {v; }, for v; = Alfl/ 29/0u;, which gives a trivial metric #. (A different
choice of square root of A; would simply give a different choice of normalised canonical basis.) The transition
matrix ¥ from flat coordinates to normalised canonical coordinates sends the metric # to the dot product, i.e.
YT¥ = 5. The TFT structure on H induced from 7 and - is diagonal in the normalised canonical basis. It is
given by

Qg,n (v;@n) — Ail*g*%"
and vanishes on mixed products of v; and v, i # j. We find the normalised canonical basis most useful for
comparisons with topological recursion—see Section 4.4.

Example 4.3. On the A Frobenius manifold restrict to the point (11, up) = (2, —2), or equivalently (t1,t) = (0, 3).
Then Ay = 1/2 = — A, determines the TFT. (In the flat basis the TFT structure at (t1,t,) = (0,3) on H is given by
Qgu((0/90) %m0 @ (3/9ty) ™) = 28 - 5399, ) At the point (uy,uz) = (2,—2) the element R(z) € L?)GL(2,C)
satisfying (13) with U and V given by

a=(5 %) v=a(20)
R(=) = ; (6m—1()6(;;1131!)!(2m)! ( *;iﬂ' ((111);6_”}’. ) <;TS)m

To(z) =1 — R (z)(1), 1= \16 ( ! )
T(z) = zTy(z).

We also have

Remark 4.4. Equation (13) defines R(z) as an endomorphism valued power series over an N-dimensional
vector space H equipped with a symmetric, bilinear, nondegenerate form 5. The matrix R(z) here—using
a basis for H so that 7 is dot product—is related to the matrix R(z) in [31] by conjugation by the transition
matrix ¥ from flat coordinates to normalised canonical coordinates
_ (6m)! 1xbm g 0 1\"/ z \"my_4 1 /11
R(Z)’T;@m)!(zm)! ( 0 1 ) ( 10 ) (1728) = ﬁ( i )

4.2.1. Spectral curves and the twisted loop group. An element of the twisted loop group R(z) € L@ GL(N,C)
can be naturally defined from a Riemann surface X equipped with a bidifferential B(p1, p2) on £ x X and a
meromorphic function x : £ — C, for N = the number of zeros of dx. A basic example is the function x = z2
on £ = C which gives rise to the constant element R(z) = 1 € GL(1,C). More generally, any function x that
looks like this example locally—x = s* + ¢ for s a local coordinate around a zero of dx and ¢ € C—gives
R(z) = I 4 Ryz + ... € LA GL(N, C) which is in some sense a deformation of I € GL(N,C), or N copies of
the basic example.
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Definition 4.5. On any compact Riemann surface with a choice of A-cycles (X, {A;}i-1,..¢), define a funda-
mental normalised bidifferential of the second kind B(p, p’) to be a symmetric tensor product of differentials on
% x X, uniquely defined by the properties that it has a double pole on the diagonal of zero residue, double
residue equal to 1, no further singularities and normalised by | pe; B (py)=0i=1,.,4[18]. Ona

rational curve, which is sufficient for this paper, B is the Cauchy kernel

dZ] de
B(z1,22) = ——5-.
(z1,22) (21— 2 )2
The bidifferential B (p, p ) acts as a kernel for producing meromorphic differentials on the Riemann surface
Lviaw(p) = [, A p') where A is a function defined along the contour A C . Depending on the

choice of (A A), w can be a dlfferentlal of the 1st kind (holomorphic), 2nd kind (zero residues) or 3rd kind
(simple poles). A fundamental example is B(P, p) which is a normalised (trivial .A-periods) differential of
the second kind holomorphic on X\ P with a double pole at a simple zero P of dx. The expression B(P, p) is
an integral over a closed contour around P defined as follows.

Definition 4.6. For a Riemann surface equipped with a meromorphic function (X, x) we define evaluation of
any meromorphic differential w at a simple zero P of dx by

W(P) = Res w(p)
P)= RS atete) 7))

where we choose a branch of \/x(p) — x(P) once and for all at P to remove the +1 ambiguity.
Shramchenko [34] constructed a solution of (12) with V = [B, U] for B;; = B(P;, P;) (defined for i # )

given by
—x(p)
Y (z)! ]» = %/ (Pi,p)-e = .

The proof in [34] is indirect, showing that ¥(z)! j satisfies an associated set of PDEs in ;, and using the Rauch

variational formula to calculate 9,, B(P;, p). Rather than giving this proof, we will work directly with the
associated element R(z) of the twisted loop group.

Definition 4.7. Define the asymptotic series for z near 0 by

J V2 Jr

where I'; is a path of steepest descent for —x(p)/z containing u; = x(P;).

. ui—x(p)
(15) R Y(z)i = _ vz B(Pi,p)-e = :
j

Note that the asymptotic expansion of the contour integral (15) for z near 0 depends only the intersection of
I'; with a neighbourhood of p = P;. When i = j, the integrand has zero residue at p = P; so we deform I’; to

go around P; to get a well- deflned 1ntegral Locally, this is the same as defining [ s~ exp( 2)ds = —2/7
by integrating the analytic function z=2 exp(—z2) along the real line in C deformed to avoid 0.
Lemma 4.8 ([34]). The asymptotic series R(z) defined in (15) satisfies the twisted loop group condition
(16) R(z)RT(-z) = Id.
Proof. The proof here is taken from [9]. We have
/

) (ra _ B(p,q)B(p',q) B(p,9)B(r',q)
17) lzlqR%i g RS T dx) as T dx(g)

P
=~ (Gt )4 (&)

where the first equality uses the fact that the only poles of the integrand are {p, p’, P;,i = 1,..., N}, and the
second equality uses the Cauchy formula satisfied by the Bergman kernel. Define the Laplace transform of
the Bergman kernel by

l(l +

271\/2172// (pp

_x()
21 EI

B ]<le ZZ
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The Laplace transform of the LHS of (17) is

B(p.9)B(p',q) _ g~ et 2 [ i / ~H)
Zz Res = e 7 B(p, P e %2 B(p,P
271\/2122// = 1q Pr dx(q) 1<=Z127T z122 Jt; (p, P T (¢ P
- krp—
_ g Rl R )
B k=1 2122
. - w(p)\ _x» 1 _x(p) . .
Since the Laplace transform satisfies / d ax(p) e =2 / w(p)e” = for any differential w(p), by
T;
integration by parts then the Laplace transform of the RHS of (17) is
et B(p,p') Blpp)NV (L, 1Y i
NG // {dp( dx(p) Ty dx(p’) N zl+zz BY(z1,22).

Putting the two sides together yields the following result due to Eynard [13]

o [R@)) RG]

18 BV (z1,2,) =
(18) (z1,22) 71+ 2

Equation (16) is an immediate consequence of (18) and the finiteness of Bii(z1,20) atzp = —z1. O

Example 4.9. Let & 22 C be a rational curve equipped with the meromorphic function x = z3 — 3z and bidifferential
B(z1,22) = dz1dzy/ (21 — 22)*.

Choose a local coordinate t around z = —1 = Py so that x(t) = 32 +2. Then
B(Py,t) = \_/18(2-7-21)2 = ( —2_ ﬁ + %tz +...+odd terms)
B(Py,t) = \%(zizl)z =dt ( i —+ 315;161?2 + ...+ odd terms)
Choose a local coordinate s around z = 1 = P, so that x(s) = 2s — 2. Then
B(Py,s) = \;é(z—cll—zl)Z = <—214 31?516 + ...+ odd terms)
B(Py,s) = \}E(zizlﬁ =ds < + ﬁ + 413457252 + ...+ odd terms)

The odd terms are annihilated by the Laplace transform, and we get

R (z); =~ ﬁﬂ r]B(Pl,ty e —1+ﬁz—% 24 ..
RO@b =~ [ BPar) et = fa e 2
Rz} = [ BPus) et = fat
R™(z)3 = =, B(P2,s) '67%52 =1- 1}1—4 - %zz—i—...

Hence R™1(z) =1 — Ryz+ (R} — R,

22+ .. =1—RIz+ RTZ? + .. gives

oo L (-1 -6 R B 1 12i
=\ —6i 1 )7 ™27 qamp\ —12i -1

which agrees with Example 4.3 for the Ay Frobenius manifold.
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4.3. Partition Functions from the A, singularity. Using the twisted loop group action and the translation
action defined in the previous section, we construct in (19), (20) and (21) below, three partition functions out
of ZBSW (1, tg, t1,...), ZKW(h, to, t1,...) and Z®O (1, ty, 1, ...), denoted by

Za (A, Z8, (A5}, ZiY ({15}

where x € {1,2}, k € N, ie. {#} = {t},£3,t], 13,11, 13, ..}.
The three partition functions above use the element R(z) of the twisted loop group arising out of the

Aj Frobenius manifold. The partition function Z4, (%, {t} }) is defined via the graphical action defined in

Section 4.1 (and represented here via the equivalent action by differential operators) using R(z) and T(z)

defined from the A; Frobenius manifold in Example 4.3

92 (=

19) Zay(h (88)) = ¥ - R-T- Z<W(1p, {é ;h,{}v%n

st
=exp Z ! /Mgn Q 2(en; ® ... Qeq,) Hlp] Ht‘"/

‘n
gmk

where R and T are differential operators acting on copies of ZXW, which can be expressed as a sum over
stable graphs, and ¥ is the linear change of coordinates vi = ¥’ ¥ (also expressible as a differential operator).
Similarly, define

(20) ZQ () =¥ -R-Tp- z@’(%h,{zvi})z@(—%h{\}vih

[ ®gn‘ gn eoqr ean HIP Ht]

The operators ¥ and R in (20) coincide with the operators in (19) associated to the A, singularity. The
translation operator Ty = z 1T is related to the translation operator in (19) essentially by the shift m; +1 — m;
we saw in (3). The graphical expression (22) for Q?,%(e,xl, ... €y, ) immediately gives rise to a graphical
expression for Qg ;, - Q?} (€xy, s €ay, ) This produces a graphical expression for ZICZ)Z which is expressed in (20)
as a differential operator acting on two copies of Z® in place of ZXW. This is a sum over graphs Gé,n via the

structure shown in (24) (which also applies when the expression is non-zero).
Finally, define

(21) ZBGW 1}[ R TO ZBGW( h{ )ZBGW( {

\f k} \f k})

Equivalently, we have replaced each [ Menin OgniN I, lp in Zf?z with the corresponding coefficients
from Fy BGW. To prove Theorem 3, we w111 show that ZBSW has many vanishing terms from which it will
follow that ZESW = Zgz and ZBCW = 70,

The A, Frobenius manifold and its associated cohomological field theory QQ% € H*(Mg) @ (V*)®" for

H = C? is used to produce Pixton’s relations among tautological cohomology classes over Mg ,. The class

Q?}l € H*(Mg,) @ (V*)®" is defined by the Givental-Teleman theorem—see [11, 19, 35]—via a sum over
stable graphs:

(22) Of = Y (¢r)wf € H (Mg
IeGgn

where wg is built out of contributions to edges and vertices of I' using R, ¢ and « classes and a topological
field theory at vertices that takes in vectors of H.
The key idea behind Pixton’s relations among tautological classes [31] is a degree bound on the cohomo-

logical classes deg Qgﬁ <3 ( g —14n) <3¢ — 3+ n. The construction of Q 7 using R in (22) does not know
about this degree bound and produces classes in the degrees where Qg,n Vanlshes. This leads to sums of
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tautological classes representing the zero class, i.e. relations, expressed as sums over stable graphs Gg

(23) 0= (¢r)swf € H*(Mgy) = Y. (¢r).@f

F€Gg,n FGG(’W

for classes wi, @R € H*(Mr). Here we denote by Gy, the set of all stable graphs of genus g with 1 labeled
points and any number of extra leaves, known as dilaton leaves at each vertex. So the set Gg,n is finite whereas
Gy, is infinite. Nevertheless, all sums in (23) are finite. The classes wr appearing in (23) consist of products
of ¢ and « classes associated to each vertex of I'. The classes @R consist of products of only  classes, again
associated to each vertex of I'.

Pixton’s relations (23) induce relations between intersection numbers of ¢ classes with @g

(24) 0=0g:- Y (pr)cf = ¥ (). (0r-wf) = T (¢r).(0r-af).

FeGgn FeGgn reG;w

The second equality uses Og 1, - (¢r)« = (¢r)+Or. The final equality uses Remark 3.2 to replace x classes by
¥ classes, such as in Example 3.5 below where the «; term is replaced by fﬂm Oy -y = fﬂz ®; - k1. The

classes wr in (24) are linear combinations of monomials [ 1,05(" - Rm, which form a basis for products of ¢
and « classes. The final equality in (24) is obtained by substituting (linear combinations of) the following
expression into the sum over Gg ,

Ogn(pr)s (TT9F  Rm) = (@) (Or TT95 - R ) = (@r)- (Tl - - (Or, 912 )

where I' ) is obtained from I' by adding N (dilaton) leaves to the vertex of I' on which [ ] 1,[)5-(1' - R is defined.
The final term in (24) is a sum over graphs of intersection numbers of @, , with ¢ classes only.
Primary invariants of a partition function are those coefficients of [T}" ; fﬁj with all k; = 0. They correspond

to intersections in M, , with no ¢ classes. The primary invariants of Zf?z (1, {t{}) vanish for n < 2¢g — 2. This

usesdegﬂg’é‘}1 <ig—-1+n) sodegQﬁ%.G)g,n <i(g—1+n)+2¢—2+n<3g—3+nwhenn <2g—2.
These vanishing coefficients correspond to top intersections of ¢ classes with the relations (24). Forn < g —1
these relations are sufficient to uniquely determine the intersection numbers fmgn g I, 9} via the

recursive method in Section 3. For n > g the dilaton equation (5) determines the intersection numbers from
the lower ones.

4.4. Topological recursion. Topological recursion is a procedure which takes as input a spectral curve,
defined below, and produces a collection of symmetric tensor products of meromorphic 1-forms wy,, on
C". The correlators store enumerative information in different ways. Periods of the correlators store top
intersection numbers of tautological classes in the moduli space of stable curves M, and local expansions
of the correlators can serve as generating functions for enumerative problems.

A spectral curve S = (C, x,y, B) is a Riemann surface C equipped with two meromorphic functions
x,y : C — C and a bidifferential B(p;, p2) defined in (4.5), which is the Cauchy kernel in this paper.
Topological recursion, as developed by Chekhov, Eynard, Orantin [4, 14], is a procedure that produces from a
spectral curve S = (C,x,y,B) a symmetric tensor product of meromorphic 1-forms We,n ON C" for integers
g > 0and n > 1, which we refer to as correlation differentials or correlators. The correlation differentials Wen
are defined by

woi(p1) = —y(p1)dx(p1)  and  woa(p1, p2) = B(p1, p2)
and for 2¢g — 2 4+ n > 0 they are defined recursively via the following equation.

wen(prpL) = ) ResK(p1,p) |wgrns1(ppopL) + ), @g pra(p P1) g, jp14a(P2p))
dx(a)=0"" g1+82=¢
Iuj=L
Here, we use the notation L = {2,3,...,n} and p; = {pi, pi,,..., pi, } for I = {i1,ip,...,ix}. The outer
summation is over the zeroes « of dx and p — p is the involution defined locally near « satisfying x(p) = x(p)
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and p # p. The symbol o over the inner summation means that we exclude any term that involves wy .
Finally, the recursion kernel is given by

fﬁp wo2(p1, +)
y(p) —y(p)ldx(p)

K(p1,p) = ;[

which is well-defined in the vicinity of each zero of dx. It acts on differentials in p and produces differentials
in p; since the quotient of a differential in p by the differential dx(p) is a meromorphic function. For
2¢ —2+n > 0, each wg,, is a symmetric tensor product of meromorphic 1-forms on C" with residueless
poles at the zeros of dx and holomorphic elsewhere. A zero « of dx is reqular, respectively irregular, if y
is regular, respectively has a simple pole, at a. The order of the pole in each variable of wg , at a regular,
respectively irregular, zero of dx is 6 — 4 + 2n, respectively 2¢. Define ®(p) up to an additive constant by
d®(p) = y(p)dx(p). For 2g — 2+ n > 0, the invariants satisfy the dilaton equation [14]

Y Res ®(p) wons1(p,p1,---,pn) = (28 =2+ 1) wgu(p1,- .-, pn),

x P=%

where the sum is over the zeros « of dx. This enables the definition of the so-called symplectic invariants
Fg =} Res ®(p)wg(p).
w P

The correlators wg , are normalised differentials of the second kind in each variable—they have zero A-
periods, and poles only at the zeros P; of dx of zero residue. Their principle parts are skew-invariant under
the local involution p — p. A basis of such normalised differentials of the second kind is constructed from x
and B in the following definition.

Definition 4.10. For a Riemann surface C equipped with a meromorphic function x : C — C and bidifferential
B(pj, p2) define the auxiliary differentials on C as follows. For each zero P; of dx, define

Vi(p)
dx(p)

(25) Vi(p) = B(Py,p), Vi(p)=d ( ) ,i=1,.,N, k=0,1,2,..

where evaluation B(P;, p) at P; is given in Definition 4.6.

The correlators wyg , are polynomials in the auxiliary differentials V]f(p). To any spectral curve S, one can
define a partition function Z° by assembling the polynomials built out of the correlators wg,, [10, 13].

Definition 4.11.

-1
K WS
n! &

Z5(h, {ut}) == exp)
gn

Vi (pi)=ug

As usual define F, to be the contribution from wyg

log Z°(, {ug}) = Zohg_ngS({ui‘})-
82

4.4.1. From topological recursion to Givental reconstruction. The relation between Givental’s reconstruction
of CohFTs defined in Section 4.1 and topological recursion was proven in [10]. The A, case is treated
in [8]. Recall that the input data for Givental’s reconstruction is an element R(z) € LGL(N,C) and
T(z) = z (1 — R (z)1) € z CN[[z]] defined by a vector I € CN. Its output is a CohFT or its partition
function Z(f, {t} }). The input data for topological recursion is a spectral curve S = (C, x, y, B). Its output is
the correlators wg , which can be assembled into a partition function Z 5(n, {t{}). This is summarised in the
following diagram.
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Givental reconstruction
R(z) € LAGL(N,C) > Z(h, {1 })
T(z) € z- CN[[z]]

topological recursion

$=(Cxy,B) z3(n, {t})
The left arrow in the diagram, i.e. a correspondence between the input data, which produces the same output
Z(n, {t¥}) = Z5(h, {t&}) is the main result of [10]. Given R(z) and T (z) arising from a CohFT, it was proven
in [10] that there exists a local spectral curve S, which is a collection of disks neighbourhoods of zeros of dx
on which B and y are define locally, giving the partition function Z of the CohFT. We will use the converse of
this result proven in [9], beginning instead from S, which builds on the construction of [10].

Recall from Section 4.2.1 the construction

(C,x,B) — R(z) € LAGL(N,C)
of an element R(z) from part of the data of a spectral curve S. We will now associate a (locally defined)

function y on C to the unit vector 1 = {A}/ 2} € €N in normalised canonical coordinates to get the full data
of a spectral curve S = (C, x, y, B). Define dy by

(uj=x(p))

N .
10\  A1/2 _ 1 ) .
26) LRI A= o ) e

This defines y locally around each P;. In fact, it only defines the part of y skew-invariant under the local
involution p — p defined by x since the Laplace transform annihilates invariant parts, but topological
recursion depends only on this skew-invariant part of y. The z — 0 limit of (26) gives

(27) dy(P;) = 8}/

hence conversely y determines the unit 1 = {A}/ 21 € €N and R~1(z)1 which produces the translation.
Equation (27) is a strong condition on y since it shows that y(p) is determined by dy(P;), i = 1,..., N and
B(p, p'). If a globally defined differential dy on a compact curve C satisfies the condition

d N
(28) d (d];(p)) = —i;}f%i B, p)

then dy satisfies (26) for A}/ 2 defined by (27) and R(z) defined by (15). This is immediate by taking the
d
Laplace transform of (28) and using the fact that Re7s5 % (p)B(p', p) = dy(P;)B(P;, p). Note that if the poles
p'=P;
of dy are dominated by the poles of dx, equivalently dy/dx has poles only at the zeros of dx, then (28) is
satisfied as a consequence of the Cauchy formula. This allows us to produce spectral curves S = (C, x,y, B)
that give rise to R(z) and 1—see Example 4.15 below.

The result of [10] was generalised in [5] to show that the differential operators ¥, Rand T) acting on
copies of ZBGW arises by applying topological recursion to an irregular spectral curve. Equivalently, periods
of the correlators of an irregular spectral curve store linear combinations of coefficients of log ZBGW. The
appearance of ZBSW is due to its relationship with topological recursion applied to the curve x = 1z%,y = %
[6].

4.4.2. Examples. We demonstrate topological recursion with four key examples of rational spectral curves
equipped with the bidifferential B(p;, p2) given by the Cauchy kernel. The spectral curves in the Exam-
ples 4.12 and 4.13, denoted Sairy and Sges, have partition functions ZXW and ZBGW respectively. Any spectral
curve at regular, respectively irregular, zeros of dx is locally isomorphic to Sajry, respectively Spes. A conse-

ZKW ZBGW

quence is that the tau functions and are fundamental to the correlators produced from topological
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recursion. Moreover, they are built out of ZXW and ZBGW yia Givental reconstruction described in Section 4.1
where R and T are obtained from the spectral curve as described in Section 4.4.1.

Example 4.14 with spectral curve S,, has partition function Z,4, corresponding to the A, Frobenius
manifold—defined in (19). Example 4.15 with spectral curve S%;W has partition function ZESW which will
be shown to have vanishing primary terms for n < ¢ — 1 which correspond to relations among coefficients of
ZBGW_ In each example we use a global rational parameter z for the curve C = C.

Example 4.12. Topological recursion applied to the Bessel curve

B 1, 1 o dzdd
SBes = (C/X—ZZ/]/—Z/B—(Z_Z,)Z>
produces correlators
W = Y Cyllky, k) [ T2k + 1121
kezn =1 z
where Cg(ky, ..., kn) # 0 only for Y/ — 1. Define ¢(z) = (2k + 1)!!2_(2k+2)dz. It is proven in [6] that
ZBGW(Fz,tO,tl,... = epo— Bes = exp Z —C (ky, ..., k Htk
. Glz)=te  gmk '

Example 4.13. Topological recursion applied to the Airy curve

1, dzdz'
SAzry: (C,xzzz,yzz, B:(Z—Z/)z)

produces correlators which are proven in [15] to store intersection numbers

Azry dz;
Won® = Z/ Hl[)l (2ki +1) .2k;2
kEZ” g” i=
and the coefficient is non-zero only for Y ' ; k; = 3¢ — 3 + n. Hence
ZKW (1, to, t = ex Z hi A"y = ex Z H Tt
L0, 81,00) — p | - p Tl U lljl k
Se(zi)=tx  gnk 8 i=

For the next two examples, define a collection of differentials ¢} (z) on C for « € {1,2},k € {0,1,2,...} by

dz dz
(29) =gz (Vagzp Galp)=d (giip;

These are linear combinations of the V/(p) defined in (25) with x = z*> — 3z. The V}(p) correspond to
normalised canonical coordinates while the ¢} (p) correspond to flat coordinates.

>, a«a=12 k=0,1,2,..

Example 4.14. Consider the spectral curve

dzdz'

3 Y

:<C,x:Z _3Z,y:Z _3’B:(Z—Z/)2>

Example 4.9 shows that (C, x = z> — 3z, B) produces the R(z) associated to the A, Frobenius manifold at the point
(u1,up) = (2, —2) calculated in Example 4.3.

. 1 [ -1 —6i 35 [ -1 —12i
1 7 2
RTG) =1 144( 61 )”41472 ( 12i —1 )Z e

It remains to show that y gives rise to 1 and R=1(z) 1. The local expansions of dy = \/—3dz around z = —1 = P,

and z = 1 = P, in the respective local coordinates t and s, such that x(t) = %tz +2and x(s) = %52 —2are:
1 5 385
dy = v —-3dz = ( — 2+ .. +odd terms) dt
Y V2 144V2 124416V2

p _<i+ 5i e 385i
4 V2 o 144V2 124416+/2

s+ .. +o0dd terms) ds
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hence the Laplace transforms are:

dy(p) e<ul—x<p>>_i_ 5 - 385 24
yip V2 144V2 414722

1
\V2mz JTy

(-x(p) i 5i 385

1
d ez = —+ z+ z° +
V2mz Jr, y(p) V2 o 144V2 414722

which indeed gives

1 (ug—x(p)) o 1 1 5 —1 385 1
d e T :Rlz]1:<,>+ < , >z+<.>z2+...
{m , A(p) } @1="7i ) T ma \ i 414722 \ i

Note that dy(Py) = % = AVY2 and dy(P,) = \% = AL/>—the first terms in the expansions in t and s above—gives
the unit 1 (and the TFT). These first terms are enough to produce the entire local expansions of dy, and hence prove that
the series for dy gives R~1(z)1l. The poles of dy are dominated by the poles of dx, i.e. dy/dx has poles only at the zeros
P1 and Py of dx, hence dy satisfies (28) so its Laplace transform satisfies (26) as required.

Apply topological recursion to S 4, to produce correlators w?ﬁ. Then the partition function associated to S,
coincides with the partition function of the A, Frobenius manifold:

-1
2% (0, {18)) = exp ¥ ol
N T
This was first proven in [8] via the superpotential construction of Dubrovin [7].
The coefficients of log Z42 (h, {t%}) are obtained from wy, by

0" A
ath] attxn 2({tk}) - Rego ZIn{eS | |plX ki (Ugn 21,2 )
=0

(30)

for the polynomials in z given by p, x(z) = v/ =3 %z%*"‘ + lower order terms. The lower order terms (and the top
coefficient) will not be important here because we will only consider vanishing of (30) arising from high enough order
vanishing of wgn(z1, ..., 2n) at z; = oo so that the integrand in (30) is holomorphic at z; = co. Equation (30) is a
special case of the more general phenomena, proven in [9], that periods of wg , are dual to insertions of vectors in a
CohFT. In this case it follows from the easily verified fact that the residues are dual to the differentials &} defined in (29).

Recall that vanishing of coefficients of log Z42 (h, {t*}) correspond to relations among top intersection classes of

tautological relations. The correlators w;n are holomorphic at z = oo (their only poles occur at z = 1) and in fact
have high order vanishing there. The high order vanishing at z = oo together with (30) proves vanishing of some
coefficients of log Z2 (h, {t*}). For example:

w2(2) = 35 z(11z* + 142 +2)
20043 (2110

m, A _
dz = ;{:eo% 2wy 1 (z)=0, me{0,1,2,..,13}
Hence (30) vanishes for k1 = 0,1, 2,3 which gives relations between intersection numbers

/7 RUMWyt=m =0, m=1,2,34

Mo

where R™) is a relation between cohomology classes in H™(My1) proven in [31], such as R( = 2+ boundary
terms = 0.

Note that if one rescales y — Ay then the correlators rescale by w?n A2728- ”wﬁz so the change does not
affect the vanishing terms. The coefficient v/ —3 is chosen for convenience to get precise agreement with the associated
topological field theory and Frobenius manifold.

The next example produces ngw, defined in (21), which we recall replaces factors of ZKW with ZBSW in
the partition function Z 4, of the A Frobenius manifold.
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Example 4.15. The following spectral curve Sﬁfw shares (C, x, B) with the spectral curve S 5,, since this produces

the correct operator R(z) used in the construction of both Z 5, and Zf‘fw. We replace the function y in S 5, by dy/dx
which produces the required shift on the Laplace transform.

BGW 3 V -3 dZdZ/
= = — = B = .
SA2 (C,x z 3z, ¥ 323 (z—z’)2

As in the previous example, we have:

. 1 ([ -1 —6i 35 [ -1 —12i
1 _ 74 2
R =1 144( 61 )”41472 ( 12i -1 )Z to

The local expansions of dy = \/%73 (Zzzfzw around z = —1 = Py and z = 1 = P, in the respective local coordinates t
and s, such that x(t) = 3> + 2 and x(s) = s> — 2 are:
2 zdz 1 5 385
dy= — - = [ ——=t2 - + 2+ ...+ odd terms) dt
RV T TE ( V2 144V2 4147212
i 5i 385i
dy=(——=s2+ + s2 4 ...+ odd terms) ds
Y < V2 1442  41472V/2
and the Laplace transforms are a shift of the Laplace transforms in the previous example:
1 / B L a5 385
Varz Jn, Y V2 144v2 414722
1 dy(p) e(urx(p)) B izfl n 5i n 385i .
Varz Jr, Y V2 144v2  41472v2°

BGW
Apply topological recursion to Sifw to produce correlators wg,, and partition function Z°%% | Itis proven in [5] that
topological recursion applied to an irregular spectral curve, i.e. y has simple poles at the zeros of dx, produces a partition
function Z° with translation term encoded in the Laplace transform of dy and in this case To(z) = 1 — R™1(z)1. This
is exactly the construction of ngw defined in Section 4.1 hence we have:

ZBW(n, {12}) = 2% (n, {K2}).

Lemma 4.16 below proves that the sums of the orders of vanishing of wg%w’Az (21, ..., 20) at z; = oo is bounded below

by 2g — 2. Explicitly in low genus,

2 2
BGW, A3y _ z7+1 BGW, Ay _ —5z2 1
w )= ————dz, w z) = dz
@) 4y/=3(z2 - 1)2 2 ) 16/ =3(z — 1)4(z + 1)4
We find that — Res /=3 -z w1 1(z) =  agrees with the graphical expansion
Z=00

0@

ool
ST

which contributes 28 - [z @11 =2

From the vanishing of wy1(z) at z = oo it immediately follows that Res z - wy1(z) = 0 which signifies
z=00

a relation between coefficients of ZBGW(h, to, t1,...). We will write the relations using Og,n however the relations
are between coefficients of ZBCW (h, to, t1,...) and what we are showing here is that these coefficients satisfy the
same relations as intersection numbers involving @g ,, or equivalently coefficients of Z9(h, to, t1,..). The graphical
expansion of this is given by:

© - 00 O )
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(plus graphs containing genus 0 vertices on which ©, 1 vanishes) which contributes

60 84 L2 8460
2. %0 / Oy -1y +22- / o) 22. @1, / ® , / Q)
1728 Jm,, ot 1728 2111+ 708 M 2w, 1ty s My 7

732 -wy1(z) = 0 given by

which agrees with the expansion in weighted graphs of Res
Z=00

5 15 7 1,
1536 1536 2304 ' 288

4.4.3. Intersection numbers and the Brezin-Gross-Witten tau function. We are finally in a position to prove that

ZBSW (1,19, 1, ...) is a generating function for the intersection numbers fﬂg,n O T4 ll]z,‘(i’ or

ZBSW(n, o, t1,..) = ZO(h, to, 1, ...)

stated as Theorem 3 below. A priori the coefficients of ZE?W have nothing to do with integration of coho-
mology classes over My ,,, nevertheless we will see that ZBSW and Zf?z share the same relations which will

. .. . . _ .3 _ o 1
be used to prove their coincidence. This relies on the spectral curve x = z° — 3z, y = Ve TE=

Example 4.15.

analysed in

Proof of Theorem 3. The proof is a rather beautiful application of Pixton’s relations proven by Pandharipande,

Pixton and Zvonkine, [31]. We use Pixton’s relations to induce relations among the intersection numbers

S, Ogu Il "', The key idea of the proof of the theorem is to show that the coefficients of ZBSW sat-
gn

isfy the same relations as those, such as (10), induced by Pixton’s relations on the intersection numbers

o My, O TTin "' The proof here brings together all of the results of Section 4.

Recall from Section 4.3 that the partition functions Zgz (7, {tg}) and ngw(h, {t{}) have the same structure
since they are built out of the same element R(z), arising from the A, Frobenius manifold, and the same
translation Ty(z) = 1 — R™1(z)1, but with a priori different vertex contributions. Vanishing coefficients
in both partition functions produce the same relations between coefficients of 7® (h,to, tq,...), respectively
ZBSW (1, to, t1, ...). Enough of these relations will prove that ZO(h,to, 1y, ...) = ZBSW (R, to, 11, ...). Vanishing
of certain coefficients of Z?z (7, {t{}) is a consequence of the cohomological viewpoint—it comes from
@g,,R(&~1) = 0 for Pixton relations 0 = R8~1) € H2~2(My,). The vanishing of corresponding coefficients
of ngw(h, {t¢}) uses topological recursion applied to the spectral curve SESW, defined in Example 4.15,

which produces the partition function szw(h, {t{}) out of correlators wgB%W’AZ (21, .-r zn ). We know that
w?GW A2 (21, ...,zn) is holomorphic at z; = oo for each i = 1, ..., n. The next lemma shows its order of vanishing
there.

Lemma 4.16.

n
Y ord;—oo w(g%WAZ (21,0 2n) > 29 —2

where ord,—oo 1](2) is the order of vanishing the differential at z = oco.
Proof. We can make the rational differential

Ay ~ pgn(z1, s Zn)
W2 (21, ey 2p) = =
& ! iz —1)%

homogeneous by applying topological recursion to x(z) = z® —3Q%z and y = \/—3/x/(z) which are

dzy...dzy

homogeneous in z and Q. Then w;% (Q,z1,...,zn) is homogeneous in z and Q of degree 2 — 2g — n:
We2(Q,21, ey zn) = A2 B WH2(AQ, Azy, ..oy Azy).

The degree of homogeneity uses the fact that (z,Q) — (Az,AQ) = ydx — Aydx = wg, — A28 w, ,
because ydx appears in the kernel K(p1, p) with homogeneous degree —1 which easily leads to degree
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2 —2¢ —nfor wg . The degree 2 — 2¢ — n homogeneity of

Pgn(Q Z1, s Zn)

L
implies that deg pg,n(Q,z1,.....zn) = 4gn —n +2 — Zg —n so deg pgn(z1, ..., 2n) < 4gn —n+2—2¢ —n.
Note that dz; is homogeneous of degree 1 but has a pole of order 2 at z; = oo, hence

w;%z(Q,zl,...,zn) = dzy..dz,

n
Z ord;,—co wgcn;w Az(z1, e Zn) = 4gn —deg pg (21, ..y 2n) — 21 > 2¢ — 2.
The primary coefficients of ZE>W (#, {t}}), those where k = 0, correspond to

for €; = 1 or 2. Different choices of €; give d1fferent relatlons (except half which vanish for parity reasons).
We have:

Corollary 4.17.
n <2g—2:>ZI]{:es Res Hz wgn Z1, . Zn) =0
Proof. Sincen < 2¢g —2and } ! ; ord;—c wggw A2 (21,.-,2n) > 2¢ — 2 by Lemma 4.16, there exists an i such
that ord,—eo wgcn;w Az(z1, .y Zn) > 2. Hence z; w;ﬁ(zl, .., Zy) is holomorphic at z; = oo, so
€ A _
ZIi{:ego z; wg,,%(zh wr2Zn) =0
and the multiple residue vanishes as required. g

Hence the primary coefficients of ZBGW(h {t}}) vanish for n < 2g — 2 proving that the coefficients

of ZO(h,tg,t1,...) and ZBSW (1, tg, t1,...) for n < 2g — 2 satisfy the same relations. Pixton’s relations give
enough relations among coefficients of Z®(h, to, t1,...) to calculate them, and hence the same relations also
uniquely determine the coefficients of ZBGW(h, fo, t1,...) and we have Z®(h, o, t1,...) = ZBGW(h, to, t1,...) up
to coefficients with n < 2¢g — 2. The dilaton equation (5) then proves equality of coefficients for all n giving
ZO(h,to, t1,...) = ZBOW (I, to, 1, ...).

d

5. COHOMOLOGICAL FIELD THEORIES
The class @, combines with known enumerative invariants, such as Gromov-Witten invariants, to give
rise to new invariants. More generally, O, ,, pairs with any cohomological field theory, which is fundamentally

related to the moduli space of curves My ,, retaining many of the properties of the cohomological field
theory, and is in particular often calculable.

A cohomological field theory is a pair (V, 1) composed of a finite-dimensional complex vector space V
equipped with a metric # and a sequence of S;,-equivariant maps.

Qs V" - H* (M)
that satisfy compatibﬂity conditions from inclusion of strata:

Pirr ‘M g—1,n+2 — Mg ns (Ph,[ : ﬂh,HHl X mg,h,erl — ﬂg,n, I |_|] = {1,...,7’[}

given by
(31) iy Qg (V1 @ . @ Vy) = Qg 1,4 12(01 ® ... Uy @A)
(32) i 1 (V1 @ . @ V1) = Q1111 @ Qg 151 (R0 @ A Q) v))

icl jel
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where A € V ® V is dual to the metricy € V* @ V*. Whenn =0, Qg := Qg0 € H” (My). There exists a
vector I € V compatible with the forgetful map 77 : Mg, 11 — My, by
(33) Qe 1(MR0 @ .. @ vy) = T Vg (V1 @ .. @ V)
for2¢g —2+4n >0, and
Qo3(1 ® 01 ®v2) = 17(01,02).

For a one-dimensional CohFT, i.e. dimV = 1, identify (), with the image Qg,n(]l®”), SO we write
Qg € H*(Myy). A trivial example of a CohFT is Oy, = 1 € H?(M,,,) which is a topological field theory
as we now describe.

A two-dimensional topological field theory (TFT) is a vector space V and a sequence of symmetric linear
maps

Qg,,n (VO C
for integers ¢ > 0 and n > 0 satisfying the following conditions. The map 08,2 = 17 defines a metric 77, and
together with 08,3 it defines a product « on V via

(34) 1(vy+02,03) = Qf 3(v1,02,03)

with identity 1 given by the dual of O ; = 1* = 5(1, -). It satisfies
0,1 (1@ ®..0v,) =0F (01 ® ... @ vy)

and the gluing conditions

Qg,n(vl ®...Q Un) = Qg_lrn+2(vl X ..Uy A) = lerll‘+1 ® ng,|]|+1 ( ® V,OAR® ® U])
iel j€J
forg=g1+grand IU] = {1,..,n}.
Consider the natural isomorphism H®(M o) = C. The degree zero part of a CohFT Q) , is a TFT:

(O™ . _
Q- VX H (M) — HY(Mg,n).

We often write (p3 = 08/3 interchangeably. Associated to (¢ , is the product (34) built from 7 and Q3.
Given a CohFT Q) = {Q, } and a basis {ey, ..,,en } of V, the partition function of () is defined as in (19).

hg_l . n kj 8
n! ./ﬂ Qgnlew @ @ew) [T Tt
8n j=1

(35) Za(h {tf}) =exp )

gnk
fora; € {1,..,N}and k; € N.

Remark 5.1. The class @y, defined in the introduction satisfies properties (31) and (32) of a one-dimensional
CohFT. In place of property (33), it satisfies @g 11 (1 ® 01 ® ... ® V) = Ppy1 - T Ogu(v1 ® ... ® vy) and
@0[3 =0.

Definition 5.2. For any CohFT Q defined on (V,7) define Q° = {an} to be the sequence of S,-equivariant
maps an : VO — H*(M,,,) given by an (11 ® .. ®0y) = Og - Qg (V1 @ ... @ Up).

This is essentially to the tensor products of CohFTs, albeit involving @, ;. The tensor products of CohFTs
is obtained as above by cup product on H* (M, ), generalising Gromov-Witten invariants of target products
and the Kiinneth formula H*(X; x X;) = H*X; ® H*X,.

Generalising Remark 5.1, an satisfies properties (31) and (32) of a CohFT on (V, 7). In place of prop-
erty (33), it satisfies

01 (1 Q0 @ .. ®0p) = Pup1 - T QL (01 © ... ® )

and 009,3 =0.

The product defined in (34) is semisimple if it is diagonal V =2 C  C @ ... & C, i.e. there is a canonical basis
{uy, .., un} C V such that u; - uj = d;ju;. The metric is then necessarily diagonal with respect to the same
basis, 17(u;, uj) = 6;j1; for some 17; € C \ {0},i =1, ..., N. The Givental-Teleman theorem [22, 35] states that
the twisted loop group action defined in Section 4.1 acts transitively on semisimple CohFTs. In particular,
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a semisimple homogeneous CohFT is uniquely determined by its underlying TFT. The tau function ZBSW
appears in a generalisation of Givental’s decomposition of CohFTs [5] which, combined with the result
ZBGW = 7® generalises Givental’s action on CohFTs to allow one to replace the TFT term by the classes Og -

5.1. Gromov-Witten invariants. Let X be a projective algebraic variety and consider (C, xy,...,x,) a con-
nected smooth curve of genus g with n distinct marked points. For § € Hy(X, Z) the moduli space of stable
maps M3 (X, B) is defined by:

Mg n(X,B) ={(C,x1,...,xn) > X | 1,[C] = B}/ ~

where 7T is a morphism from a connected nodal curve C containing distinct points {x1, ..., x,} that avoid the
nodes. Any genus zero irreducible component of C with fewer than three distinguished points (nodal or
marked), or genus one irreducible component of C with no distinguished point, must not be collapsed to a
point. We quotient by isomorphisms of the domain C that fix each x;. The moduli space of stable maps has
irreducible components of different dimensions but it has a virtual class of dimension

dim[ M, (X, B)]"" = (dim X — 3)(1 — g) + (c1(X), B) + n.

Fori=1,...,n there exist evaluation maps:

(36) ev; : Mgn(X,B) — X, evi(m) = m(x;)
and classes v € H*(X, Z) pull back to classes in H* (M, (X, B), Q)
(37) ev; : H(X,Z) — H*(Mgn(X,B),Q).

The forgetful map p : Mg (X, B) — Mg, maps a stable map to its domain curve followed by contraction of
unstable components. The push-forward map p. on cohomology defines a CohFT ()x on the even part of the
cohomology V = H®V*"(X; C) (and a generalisation of a CohFT on H*(X; C)) equipped with the metric

,p) = A p.
1w, p) = [ anp
We have (Qx)gn : HYV"(X)®" — H*(My,,) defined by

(Qx)gn(ay, - Zp* <Hev N [Mgn(X, /3)}‘”“) € H*(./\/lg, ).

Note that it is the dependence of p = p( g1, B) on B (which is suppressed) that allows (Q2x)g,n (a1, ...&,,) to be
composed of different degree terms. The partition function of the CohFT Q)x with respect to a chosen basis e,
of H*V*(X; C) is

! ;
Zoy(h{tg}) =exp Y p /m P+ (Hev ex;) N [Mgn(X,B)] v t) ]_[4)] Ht%
g,l’l,% ) Ll i
a,p

It stores ancestor invariants. These are different to descendant invariants which use in place of ¢; = c1(L;),
Y; = c1(£;) for line bundles £; — M, (X, B) defined as the cotangent bundle over the ith marked point.
Following Definition 5.2, we define QY by

() gn(a1, .tty) = Oy - %:p* (ﬁev? (DCZ‘)> € H (Mgy).

and

he—
Za,(mA{ti}) =exp Y,
g,n,%
a,p

The invariants Qf have not been defined directly from a moduli space M?,n (X, B), say obtained by restricting

1 n n ok o
(gevi (ea,->> 11w TI

the domain of a stable map to a § — 1-dimensional subvariety X, C M, , arising as the push-forward of the
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zero set of a section of the bundle Eg , defined in Definition 2.1. Nevertheless, it is instructive for comparison
purposes to write the virtual dimension of this yet to be defined Mgn (X, B). We have

dim[Mg), (X, B)]™ = (dim X — 1)(1 — g) + (e1(X), B)-

Again we emphasise that the invariants of X stored in ng (h, {t{}) are rigorously defined, and the purpose
of the dimension formula is for a comparison with usual Gromov-Witten invariants. We see that the virtual
dimension is independent of n. Elliptic curves now take the place of Calabi-Yau 3-folds to give virtual
dimension zero moduli spaces, independent of genus and degree. The invariants of a target curve X are
trivial when the genus of X is greater than 1 and computable when X = P!. For ¢1(X) = 0 and dim X > 1,
the invariants vanish for g > 1, while for g = 1 it seems to predict an invariant associated to maps of elliptic
curves to X.

5.1.1. Weil-Petersson volumes. A fundamental example of a 1-dimensional CohFT is given by
Qqn = exp(2m?ky) € H* (Mg,).
Its partition function stores Weil-Petersson volumes

272)38—3+n B
Vg n= ( 7T ) /7 ng 3+n
’ (3¢ —3+n)! Ji,,

and deformed Weil-Petersson volumes studied by Mirzakhani [28]. Weil-Petersson volumes of the subvariety
of Mg, dual to Oy, make sense even before we find such a subvariety. They are given by

(2m?)s!

g1
Og,n - Ky

Ven =
which are calculable since they are given by a translation of ZBSW. If we include y classes, we get polynomials
Vgcj)n (Ly, ..., Ly) which give the deformed volumes analogous to Mirzakhani’s volumes.

5.1.2. ELSV formula. Another example of a 1-dimensional CohFT is given by
Qgn=c(EY)=1—A1+ ..+ (—1)8Ag € H" (My)

where ); = ¢;(E) is the ith Chern class of the Hodge bundle E — My, defined to have fibres H’(wc) over a
nodal curve C.

Hurwitz [23] studied the problem of connected curves ¥ of genus g covering IP!, branched over r + 1 fixed
points {p1, p2, ..., Pr, Pr+1} with arbitrary profile u = (pt1, ..., n) over p,,1. Over the other r branch points
one specifies simple ramification, i.e. the partition (2,1,1, ....). The Riemann-Hurwitz formula determines the
number r of simple branch points via2 —2¢ —n = |u| — 1.

Definition 5.3. Define the simple Hurwitz number Hg , to be the weighted count of genus g connected

covers of P! with ramification y = (y1, ..., in) over co and simple ramification elsewhere. Each cover 7 is
counted with weight 1/|Aut(7)|.

Coefficients of the partition function of the CohFT O, = c¢(E") appear naturally in the ELSV formula
[12] which relates the Hurwitz numbers Hg ;, to the Hodge classes. The ELSV formula is:

_r(gm)! Vﬁ”/ 1—M+. 4 (=1)84
T Aut pl 5 it JM, (1= pagpr) (1 — putpn)

where y = (y1, ..., 4un) and r(g, u) =29 —2+n+ |u|.
Using an = O - c¢(EY) we can define an analogue of the ELSV formula:

o _ (2824 n+|u)t " u 1= A+ (18 1A
S H ﬂg,, gmn

|Aut p| 1 Hi! (1= p1tp1) (1 — pntpn)
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It may be that Hgy has an interpretation of enumerating simple Hurwitz covers. Note that it makes sense to

setall y1; = 0, and in particular there are non-trivial primary invariants over M,, unlike for simple Hurwitz
numbers. An example calculation:

1
=— = M= E(zfsl,l + Jigr ).

APPENDIX A. CALCULATIONS
Here we show explicitly the equality ZBSW = Z© up to genus 3. The coefficients of the Brezin-Gross-
Witten tau function are calculated recursively since it is a tau function of the KdV hierarchy. It has low genus

g (= coefficient of #8~1) terms given by:

1 3 t 15 t 63 t2
log ZBSW = — _log(1 — tg) 4+ h—oe —1 i 2 n? o’
8 glos(l—t0) s s T topa Tt " 024 (1 — g6 T O
1 1 1 3 9 , 15 63 ,
= _t t t h(—t toti + ) + H(——ty + ——
80+160+240+ T (agh + aghoh + )+ (gt + gt )
The intersection numbers of @, stored in
o hgfl n k:
log Z (h,to, t1,...) = 2 - ®g,n HI[)/J ka,
L n! Jm ) i
gnk g j=1

are calculated recursively using relations among tautological classes in H*(Mg,,). The calculation of these
intersection numbers up to genus 2 can be found throughout the text. We assemble them here for convenience,
then present the genus 3 calculations.

Theorem 1 property (IT) gives @ , = 0 which agrees with the vanishing of all genus 0 terms in ZBSW.

Proposition 2.10 gives ®1; = 3 hence fﬂu O = %. We use this together with the dilaton
equation to get fmm O, = @. This agrees with —J log(1 — to) in log ZBSW.

Using Mumford’s relation [30] x; = sum of boundary terms in M, which coincides with a genus 2

Pixton relation, Example 3.5 produced the genus 2 intersection numbers from the genus 1 intersection
numbers.

1 1
[ Oy-x1 = / O, - / O1, / O1
/Mz My, Mi |A t(rl My, |A t(FZ)‘
7111 111 3

5882582 128
Note that fﬂﬂ Op1 -1 = fﬂm 0, - 7 = fﬂ ©; - k1. Using the dilaton equation we then get

3(n+1 h
fﬂz,n Oy Py = (72156 L' which agrees with the h128 [ty term in log ZBGW.
There are two independent genus 3 Pixton relations expressing x, and «? as sums of boundary terms

in M3. The relations correspond to sums over stable graphics in M3 hence they contain many terms.
In place of these, we use the equivalent relations discovered earlier in [24, 25] which push forward to
relations in M3. In M3 there is a relation ¢} = sum of boundary terms, which yields

/i @31 7 = /i 03 - P}
Ms1 Ms
1 5 1 1
—. O, - / &) _i_i./i Ory th——- [ © /7 O
/72 1 211 Mia Mg My 221 105 J™my, ke My s |AUt|

1 4
O / O 911/ O / 01,
/12 Mip |Aut| e M, My M
1 1 1

_® ®
105 M O11- / M 7 JAut] 1260 Jm,, 7t [Aut]
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41 3 1,5 9 1 121 11111 4111 1 121
~21 128 84 128 105 8 8 2170 8 8 2 358 8 8 105 8 8 2
1 61
1260 8 4
15
T 1024

In M3, there is a relation 34, — 919 = sum of boundary terms, which yields

7 ﬂ @3- (2 — Prip) =7 /ﬂ @3 - (W32 — ¥193)

32
16
=== Oyt [ O11=5[] Opp-¢r-[ O

3 JMy, v My, Map v M
40 / 1 1

- [ O 1'/7 @1,2—*'/7 O3 1—/7 O3 P17
3 My, Y My 6 JMys v Mas Y |Aut|
1 1 9 "

. 1) / Ie) .7*7./ O - - Ie)
15 My, v S My ks |Aut| 10 I M3 13 J My, v
1 1 4 1

. 1e) / Org —— 4 — . 2] / Opn —
15 Mi; v Mig v |AUt| 15 Mi, 2 Mis e |AUt|
4 16

—z . O [ O3] Oyt O [ Op- [ O
5 My My Mai; 5 My Mip Mipo
1 1

. Qe
180 Ja,s 7 |Aut]

1609 1 9 1 4 3 113 3% 1 1161
3 128 8 128 8 3 128 8 6 128 128 2 15 8 8 2

2221 1161 4121 4121, 16111 1 241
10 8 8 15 8 8 2 15 8 8 2 5 8 8 8 5 8 8 8 180 8 4

3
1024
Hence

® B ® » 137 75 51 63
N, 7 Y1y = N, Vit Zi002 = To2a T 102 512

3.2 32

where fﬂ&z @37 - Y2 = 153 is obtained from fﬂa,l @31 - Y2 = 1433 via the dilaton equation. The

dilaton equation then yields fﬂa,n @3- 93 = 153, (n-5+!3)! and fm&n @3 P19y = & (n;B)! which

2
: 215 B 2 63 _h i BGW
agree with the 71" 1555 =10 +h° 1003 (izios termsin log ZP>%.
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