A FAMILY OF FINITE MEASURES ON THE MODULI SPACE

OF CURVES AND SUPER VOLUMES

PAUL NORBURY

ABSTRACT. In this paper we define a family of finite measures on the moduli
space of smooth curves with marked points. The measures are defined via a
construction analogous to that of the Weil-Petersson metric using the extra
data of a spin structure. The family of measures is indexed by the behaviour
of the spin structure at marked points, labeled Neveu-Schwarz or Ramond.
The measures arise naturally out of the super Weil-Petersson metric defined
over the moduli space of super curves and the total measures can be identified
with the volume of the moduli space of super curves. The Neveu-Schwarz
volume polynomials satisfy a recursion relation discovered by Stanford and
Witten, analogous to Mirzakhani’s recursion relations between Weil-Petersson
volumes of moduli spaces of hyperbolic surfaces. We prove here that the
Ramond boundary behaviour produces deformations of the Neveu-Schwarz
volume polynomials, satisfying a variant of the Stanford and Witten recursion
relations.

CONTENTS
1. Introduction
2. Moduli space of spin curves
2.1. Euler form over the moduli space
2.2.  Measures on the moduli space of curves
3. Moduli space of stable curves
3.1.  Moduli space of stable spin curves
3.2. The disk function
4. Virasoro structure
4.1. Relation to kappa polynomials
4.2. Supergeometry
4.3. Calculations
References

1. INTRODUCTION

© 00 N Ot

10
16
19
20
23
24
26

The moduli space M, ;, of genus g curves with n marked points comes equipped
with a natural symplectic form w"'* known as the Weil-Petersson form. It is
the imaginary part of the natural Hermitian metric on the (co)tangent bundle
over Mg, due to Weil [20] defined by using the complete hyperbolic metric in a
conformal class following Petersson [18]. The top power of the Weil-Petersson form
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produces a finite measure on M, ,, with total measure the Weil-Petersson volume,
conveniently defined by
%‘%F = / expw” .
Mgn
Over the moduli space ./\/l;?}l“ of genus g spin curves with n marked points there is
a natural finite measure, which pushes forward to define a family of finite measures
on My . The measure is constructed via a natural bundle—see Definition 2.2—

Eyn
-

M
which is equipped with a natural Euler form e(E;/m) defined via a natural Hermitian
metric on E;/,n. The natural Hermitian metric on E;n uses the complete hyperbolic
metric on each curve in a similar way to the construction of the Weil-Petersson
form. See Section 2.1 for definitions. Just as the Weil-Petersson metric is naturally
defined on the cotangent bundle of M, , instead of its tangent bundle, the dual
bundle E;n arises in a similar way, both involving Serre duality. The measure on
M;‘?}L“ is given by the top degree part of the differential form e(E;n) exp(wVP),

which defines a finite measure on M;p,il“7 where the Weil-Petersson form w7 is

defined over /\/lzlf,iln by forgetting the spin structure.
The moduli space of spin curves decomposes into components

M= L]
oe{0,1}7
where o = (01, ...,0,) € {0,1}" and ¢, describes the behaviour of the spin structure
at the marked point p;, denoted Neveu-Schwarz when o; = 1 and Ramond when
oj = 0. The vector bundle E,, restricts to a rank 2g — 2 + 3(n + |o|) bundle
Eg o — MEPC MEPI for || = 3 0y, and dege(Ey ) =49 —4+n+ |o].
Each component has a finite measure with associated volume,

(1) 17;‘2” = Eg,g/ _ e(E;a) expwVl.
MES

foreg s = 29-1+3(n+lo)  The factor €4,0 18 chosen to make recursion and restriction
formulae more natural. This measure was defined in [15] over MSP™ for o = 17
known as the Neveu-Schwartz component. The volume of the Neveu-Schwartz
component was calculated via recursive formulae by Stanford and Witten [19]. This
paper considers the general problem of calculating the volume of any component of
M.

Given a vector bundle E — M defined over a smooth symplectic manifold (M, w),
the sheaf of smooth sections of the exterior algebra A*EY of the dual bundle EV
defines a smooth supermanifold M with reduced space M, and Sy e(EY) exp(w)

can be interpreted as the supervolume of M. The exterior algebra A*WV of the
dual of a vector space over a field k is a super-commutative generalisation of the
ring Sym*VV & klzy,...,x,), for z; € VV. The moduli space of genus g super
curves with n marked points M g,n can be defined smoothly by the sheaf of smooth
sections of A*E;n, where E, ,, is defined in Definition 2.2, with reduced space the
moduli space ./\/lzlj’,iln of spin curves with n marked points. Although the results
in this paper will not rely on super constructions, the super geometry viewpoint
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produces useful heuristic ideas. Most significantly in the Neveu-Schwarz case it led
to the work of Stanford and Witten [19] which produced recursive formulae for the
super volumes analogous to those of Mirzakhani.

A powerful method pioneered by Mirzakhani [13] to study Weil-Petersson vol-
umes is to consider a family of symplectic deformations w(Lq, ..., L) of the Weil-
Petersson form for (L1,...,L,) € RZ,, which produces corresponding volumes
Von(L1, ..., L fM expw(Ly, ..., L,). Mirzakhani proved that V, ,,(L1, ..., Ly)
is polynomlal in L and satlsﬁes a recursion that uniquely determines all polynomi-
als from the initial polynomials Vj 3(L1, L2, L) = 1 and V4 1(L1) = ﬁ(L2 + 47?).
We use the same deformation of the Weil-Petersson form to study the measure
defined in (1).

It will be useful to deform the symplectic form w
points as follows:

WP only at Neveu-Schwarz

2)  V(Ly,..,Ly) = ew/ e(By ) expw(Ly, ooy L, 0M), o = (17,07).
MFS
A consequence of Theorem 1 below, in the (g,n) = (0, 1) case, and for general (g, n)
using an algebro-geometric construction of the volume proven in Corollary 3.5, is the
property that IA/g(f,'f) (L1, ..., Ly) is a polynomial in (L, ..., L,) of degree 2g — 2 + m.
For a given genus g, allow n Neveu-Schwarz marked points and any number of
Ramond points. Deform w"' ¥ only at the Neveu-Schwarz points and collect these
volumes into the following generating function over all possible numbers of Ramond
points, which we refer to as a gas of Ramond points.

(3) ‘/tg‘j‘:lP(SaLla"-;Ln> = Z m'V("l)<L1, aLn)
m=0

The Ramond points are essentially unordered due to the factor 1/m!, and the only
non-zero terms occur when m is even due to a spin parity condition. We will denote
the special case of (g,n) = (0,1) by the disk function which gives the genus zero
volumes with exactly one Neveu-Schwarz marked point and a gas of Ramond points:

OOS ~(m
VP, D) = 37—V (L)
m=0

Define the kernel

1 1 1
D(z,y,2) = — -
(2,9,2) 47 (cosh T=Y=2  cosh W)

which arises in [15, 19] via algebraic geometry, respectively supergeometry.

Theorem 1. The disk function ‘A/O‘j‘{P(s, L) is uniquely determined by the recursion

82

~ 1 0 o0 ~ ~
VOI?{P(& L)= Bl + ﬁ/o /0 xyD(L7x,y)%‘f‘fp(s,x)%‘f‘fp(s,y)dxdy.

Theorem 1 defines a recursion in increasing powers of s. We obtain

. 1 ;
Vor (s, L) = 2, + <67r2 + 2L2) ot (33071‘4 + 3072 L% + 8L4) Gt

and in particular, the L = 0 terms produce the volumes \A/OV‘(/f om)
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The disk recursion generalises to allow any ‘A/g‘fZLP (s,L). For any n > 0, write
L= (L1,...,Ly) € R™ and Ly := E|1 € R! its restriction to I C {1,...,n}. Define a
second kernel R(z,y,2) := 3(D(z +y,2,0) + D(z — y, 2,0)).

Theorem 2. The following recursion uniquely determines ‘A/M,/LP(S7 L) up to O(s%).

(4) L1VWP(S L / / 2yD(L1, z,y) Py ny1(z,y, Lx)dzdy

+Z/ xR(Ly, L )Vgn (8,2, Ly (1) dx + 610 (%5 *30g 4 51q)L1 + O(s%)

for K =(2,...,n) and

Pgm-‘-l(xayaLK) V 1n+1(s T yaLK +Z \I\+1(8 x L[)ng |J|+1(5 y7LJ)

g1+92=g
IuJ=K

Theorem 4 leads to the recursive calculation of V(Q) (L1, ..., Lyp). The special
cases of (g,n) = (0,1) and (g,n) = (1,1) produce the 61n term which encodes the
initial conditions %{?(L) =1 and \71(2)(L) = 4. We expect that one can remove
the O(s*) in (4) so that the recursion holds exactly, as it does in the disk case. The
recursion resembles Mirzakhani’s recursion [13] although it differs due to the (0,1)
and (0,2) terms on the right hand side. In particular this leads to the appearance
of the term V,WF(s,L) on both the left and right hand sides. When n = 0, the

g,n
volume in (3) defines series F,(s) for ¢ > 0. We can calculate these series from

?g‘j‘{P (s, L) via the recursion (4) together with the relation

<2g -2+ s(,i) Fy(s) = VN P(s, 2mi)
which is stated more generally in (19).

The s = 0 case of Theorem 2 is proven in [15] via algebro-geometric techniques
and in [19] via heuristic supergeometry techniques. What is striking is that the
same kernels appear in (4) for the s # 0 case, and in particular the kernels are
s-independent.

Theorems 1 and 2 are stated in terms of differential geometric structures. Their
proofs, given in Sections 3 and 4, use algebraic geometry, specifically properties of
intersection numbers over the compactification of the moduli space. The algebro-
geometric calculations are aided by algebraic properties of partial differential Vi-
rasoro operators that naturally act on partition functions storing the intersection
numbers—see Section 4. Translation of the partition functions, given by Theo-
rem 3.7, simplifies the algebro-geometric calculations, and commutator properties
of the operators uncover a tractable algebro-geometric problem to be solved. De-
spite the success of the algebro-geometric techniques, differential geometry, via
heuristic ideas from supergeometry, actually predicts the interesting structure of
f/\'g‘f‘,/lp (s, L) shown by the recursion (4) and differential geometry should provide the
proofs. Although algebraic geometry has the power to calculate and prove recursive
structure, it does not know what to prove, instead relying on guidance from (super)
differential geometry. This is analogous to Mirzakhani’s work [13] where she used
differential geometry to deduce calculations of intersection numbers in algebraic
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geometry. We discuss this further in Section 4.2 which describes an approach to a
proof using super differential geometry.

Acknowledgements. 1 am grateful for discussions with Alexander Alexandrov,
Alessandro Giacchetto and Edward Witten.

2. MODULI SPACE OF SPIN CURVES

A twisted, pointed curve (C,py,...,pn) with group Zs is a compact orbifold such
that each marked point p; has isotropy group Z, and all other points have trivial
isotropy group. It has a canonical sheaf we which defines an orbifold line bundle over
C. The moduli space of twisted, pointed curves with group Z, is denoted by Mﬁ
A twisted curve comes equipped with a map which forgets the orbifold structure
p: C — C where C' is a pointed curve known as the coarse curve of C, often also
denoted by C' = |C|. We abuse notation and write D = (p1,...,p,) C C to denote
the image in the coarse curve of the points D C C with non-trivial isotropy. A spin
curve is a twisted curve together with a square root of its log-canonical sheaf. Its
moduli space is defined in [5] as follows:

Definition 2.1. The moduli space of spin curves is defined by

M = {(C,0,p1, 0Py 0) | 62 07— wi®
where C is a twisted curve and 0 is a line bundle over C.

There is a natural map

(5) P MER M

g,n
obtained by forgetting the spin structure and mapping to the underlying coarse
curve via p, i.e. p is a composition of the map induced by p together with the 229
to 1 map to the moduli space of twisted curves M;{’;“ — M§22L There are 229+n-1

choices of (0, ¢) for each twisted, pointed curve (C,pi,...,pn) € MEﬁL, and after
fixing representation data at each p;, described below, there are 229 different spin
structures.

A spin structure on a twisted, pointed curve (C,p1,...,p,) defines a line bundle
6 — C that is a square root of the log-canonical bundle §2? =2 wéog . Both 6 and wéog
are line bundles, also known as orbifold line bundles, defined over C. An orbifold
line bundle has a well-defined degree which may be a half-integer since the points

with non-trivial isotropy can contribute 1/2 to the degree. In particular,

1
degwéog:2g—2+n, deg@zg—1+§n.
The degree of 8V is negative, degf¥ = 1 — g — %n < 0, hence 0 possesses no
holomorphic sections and h°(C,0") = 0. The index h°(C,0Y)—h'(C,0") is constant
over any family, thus H*(C,#") has constant dimension and defines a vector bundle
E, . More precisely, denote by £ the universal spin structure defined over the

. H T H
universal curve USSP — ASPIR,
g,n gn

Definition 2.2. Define the bundle E, ,, := —Rm.E¥— MP with fibre H'(C,6").

The behaviour of a spin structure at a marked point p is one of two types, known

as Neveu-Schwartz and Ramond which we now define. The orbifold line bundles

wlcog and 6 over C are locally equivariant bundles over the local charts. On each
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fibre over a point p with non-trivial isotropy the equivariant trivialisation defines a
representation acting by multiplication by (—1)? for o € {0,1}. The representation
associated to wéog at p; is trivial since wlcog is generated locally by dz/z and the

local Zs action z — —z induces

dz ss—» dz

— = —.

z z
Note that the representation associated to we at p; is non-trivial, since dz — —dz,
so in particular we cannot have a square root, which justifies considering square
roots of the log canonical bundle. The representations associated to 6 at each p;
define a vector o € {0,1}"™.A marked point p; is known as a Neveu-Schwarz point
when the associated representation is non-trivial, and a Ramond point otherwise.
The representations at marked points define a decomposition of the moduli space
into connected components

(6) MZI,);LH _ |_| Mspin )

9,0
oe{0,1}n

The parameters o € {0,1}™ will also label the natural measures to be constructed
on M, ,, as pushforwards of a measure on M;‘,’}l“ restricted to each component. The
restriction of the forgetful map which forgets the spin structure and the orbifold
structure to a component is denoted by p? : MZ{’},“ — Mg.n.

For any sheaf F over C, define the pushforward sheaf | F| := p,F over the coarse
curve C' = |C|. The sheaf of local sections O¢(L) of any line bundle L on C pushes
forward to a sheaf |L| := p.O¢(L) on C which can be identified with the local
sections of L invariant under the Zs action. The pullback of the pushforward is the
bundle p*(|0]) = 0 @ @,c; O(—0ip;), since locally invariant sections must vanish
when the representation is non-trivial. In particular, deg || = deg — |o| where
degf =g—1+ %n is independent of the representations o. Let U C C be an open set
with local coordinate z that contains a single marked point p; satisfying z(p;) = 0,
and suppose that p; is Neveu-Schwarz. Then p*(]0]) ® p*(|6]) lies in the image of the
natural map we(U) = we(p;)(U) since local sections of the pushforward sheaf and
its square vanish. In particular, this shows that one can forget a Neveu-Schwarz
point p,11, for o’ = (0,1) € {0,1}"+1 :

. spin i
™ m M M
where 7 forgets the orbifold structure at p,,+1 and, as explained above, the square
of the spin structure takes its values in the canonical sheaf around p, 1 in place of

the log-canonical sheaf. The map 7 and the map p defined in (5) are both forgetful
maps, forgetting different structures on the curve. We also see that

10”2 we (R)
where R C D consists of the Ramond points, which agrees with the convention in
[3].
The rank of the bundle F, depends on the component M;I?ti,n of the moduli
space. It can be calculated using the Riemann-Roch theorem applied to the push-

forward of 6 to the underlying coarse curve C, since H*(C,0V) = H'(C, |6]). Apply
Riemann-Roch to the coarse curve C' to get:

hO(C,10"[) = A (C,16Y]) =1 — g+ deg |0"] = 2 — 2g — 5(n + |o]).
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and h°(C,]6V|) = h°(C,0") = 0, thus the rank of E,, restricted to MEPI is
(8) rank Egyn|M§p'ijn =2g—2+ 1(n+|o]).
A consequence of (8) is that the number of Ramond points on any curve is even.

2.1. Euler form over the moduli space. We construct a canonical Euler form
e(E, ,) associated to the bundle E,, — MZ{’;L“ using the Chern connection of
a natural Hermitian metric. The canonical Hermitian metric on E;/,n is defined
similarly to the Hermitian metric on the cotangent bundle of M, ,,, which produces
the Weil-Petersson metric on M, ,,. Both constructions use the natural hyperbolic
metric associated to each curve of the moduli space. For a twisted, pointed curve

(C,D), where D = (p1,...,pn), via Serre duality
HY(C,0Y) = H(C,we ®6)".

Elements of H(C,we ®#) give the analogue of meromorphic quadratic differentials
used to define the Weil-Petersson metric.

Definition 2.3. Define a Hermitian metric on the vector space H%(C,wc ® 6) by

7€ 0
(9) <n7€> = ) ”7’5 cH (C7WC &® 0)
cVh
where h is the complete hyperbolic metric on C — D in its conformal class.

Lemma 2.4. The Hermitian metric (9) is well-defined.

Proof. We need to show that the integrand in (9) defines an integrable two-form.
Locally, the transition functions, equivalently the sheaf restriction maps, of 7€ are
given by |2/ (w)|® where 2z and w are local coordinates on C. The transition functions
for vh are |2/(w)| so the transition functions for 7€ /v/h are |2'(w)|? proving that
the quotient is a 2-form which can be integrated over C.

To prove that (9) is convergent, consider the local situation. Near any marked
point p;, with respect to a local coordinate z satisfying z(p;) = 0, the hyperbolic
metric is given by

A R
|z[?(log |2[)?  |z[*(log |x[)?
which uses the local formula for a cuspidal hyperbolic metric on the coarse curve
with local coordinate x. Since we consists of holomorphic differentials and 62 =2 wéog
then locally

F
we= S, g e O Ce o 0)

for F(z) a smooth function, where the square of a local section of 6 contributes a

pole of order 1 in z so that the Hermitian product of two sections produces the pole
of order 1 in |z|, and local sections of we are smooth at z = 0. Hence

_ 2 €

né 2

— = F(2)|log |z|||dz|* ~ M/ / rlog(r)drdf < co
/|z|<e \/E |z|<e 0 0

due to the bounded integrand. We conclude that (9) is well-defined. g
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The Weil-Petersson metric and symplectic form on M, , are the real and imagi-
nary parts of the following Hermitian metric defined on the vector space of quadratic
differentials

(10) = [ neemCeg o).

The close resemblance of (9) and (10) reflects the fact that (9) arises from a super-
generalisation of (10). The hyperbolic metric is described on the upper half plane
Imz > 0 by h = |dz]?/(Imz)?. A super generalisation in super coordinates (z|6)
uses (Imz + $60)? in place of (Imz)?. The expansion of (Imz + £66)? produces
the term 66Im z which, after integrating out the fermionic directions, corresponds
to the factor of 1/v/h in (9).

The pushforward of elements of H°(C,we ®86) from C to the coarse curve C = |C|
has a closer comparison to the meromorphic quadratic differentials with simple
poles used to define the Weil-Petersson metric. There is a map |we @ 0] — wg/ (D),
hence the pushforward sections take values in H°(C, wg/ *(D)) which resembles
H(C,w$*(D)). For n,& € HO(C, wg/Q(D)), near a cusp the 3/2 differentials are

/ /:
given by n = M and £ = M where f(x) and g(x) are holomorphic at
x = 0. Hence the local contribution to the metric (9) is at worst of order

lo ¢
(11) / waﬁ = / |log r|drdf < oo
|z|<e |.’E‘ 0
which reduces to the local contribution in the proof of Lemma 2.4 via the subsitution
r = 22 and again we see the convergence of (9) .

2.1.1. Chern form. A holomorphic bundle £ — M equipped with a Hermitian
metric is naturally a real oriented bundle of even rank with a Riemannian metric.
The Hermitian metric induces the Chern connection, a unique natural Hermitian
connection compatible with both the holomorphic structure and the Hermitian
metric, which is a metric connection with respect to the underlying Riemannian
metric on E. Thus the Hermitian metric defined in (9) defines the Chern connection
on EY, — MPin,

Any real oriented bundle £ — M of rank N equipped with a Riemannian metric
(+,-) and a metric connection A defines an Euler form

N
e(E) = <1> pf(Fa) € QN (M)
4

where pf(F4) is the Pfaffian ofhe curvature of the connection F4 € Q?(M,End(E)),
[17]. The Bianchi identity VAF4 = 0 implies e(E) is closed, hence it represents a
cohomology class on M. When M is compact, the cohomology class of the Euler
form is independent of the choice of metric and connection, and represents the Euler
class of E.

Apply this construction to E;/,n equipped with its natural Chern connection to
produce a canonical Euler form e(E}/,,). This also gives the Chern-Weil construction
of the top Chern form e(E},,) = cn/2(E, ).

2.2. Measures on the moduli space of curves. We sue e(E;,,) to define a
measure on MZ{’;“ which pushes forward to define a measure on My ,,. In this paper
a measure is given by a top degree differential form. Although differential forms
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naturally pull back rather than push forward, the nowhere vanishing differential
(WY P)P on Mgn, for D = 3g — 3 + n, allows one to replace any top degree
differential form 7 by a function f, defined via n = f,p* (WYP)P. Then p.n =
fn(WW )P for f(m) := > mrep—1(m) f (M) the natural pushforward of a function.
The Euler form e(E} ) restricted to M3PI* is a differential form of degree 4g — 4+
n+ o] by (8),

e(E),) € ANMER),  N=dg—d+n+ol.

Combined with the Weil-Petersson form, it defines a measure e(Ey,,) exp(w"'F’) on
M;‘?f,“ that pushes forward to a measure on Mg ,,,

tio == pI{e(Ey,)exp(w” ")}

Via the forgetful map 7™ : Mg ngm — Mgy, define the formal sum of Sy,
symmetric measures on M,

[e%S) s .
/,L(S) = Z 7'7'1'5< )M(17L7017L)
where the measure p,, is defined on Mg ,4.,. Then pu(s) has total measure

179%13(5,0, e, 0) z/ wu(s).
M

g,n

which coincides with (3) evaluated at (L1, ..., Ly) = (0, ..., 0).

3. MODULI SPACE OF STABLE CURVES

The measures pu, are defined over the moduli space of smooth curves which
is non-compact. A powerful tool to prove general properties of these measures,
particularly properties of the total measures, is via a compactification of the mod-
uli space. This turns the total measure, given by integration over M, ,, into an
algebraic topological, or cohomological, invariant and and intersection number in
algebraic geometry. The compactifications used here are the moduli space of sta-
ble curves ﬂg,n and a corresponding compactification of the moduli space of spin

curves ﬂ:?:. To obtain a relationship of the measure to cohomological invariants
of the compactification and to calculate, we need the following.

(i) Extend Eg, — MSP™ to a bundle Eg, — MZ?:I. '
(ii) Prove the existence of an extension of e(E},,) to ﬂ;?;n.

(iii) Organise the algebraic structure of intersection numbers via a cohomologi-
cal field theory and an associated partition function.

The extension (i) is proven in [16], and (ii) and (iii) are proven in [15]. The papers
[15, 16] emphasise the Neveu-Schwartz component, where o = 1", so we will recall
the constructions here for both Neveu-Schwartz and Ramond points. The con-
struction in (ii) naturally relates the extension of e(E;,,) to the Euler (or Chern)

class of E, , enabling us to deduce that the volumes are given via cohomological
. . . ——spin
calculations, or intersection numbers, over M "
;
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3.1. Moduli space of stable spin curves. A stable twisted curve, with group
Zs, is a 1-dimensional orbifold, or stack, and underlying coarse curve C — |C| given
by a stable curve. The marked points p; € C and nodes of C have isotropy group
Zso, while all other points have trivial isotropy group. A line bundle L over C is a
locally equivariant bundle over the local charts, such that at each nodal point there
is an equivariant isomorphism of fibres. The representations of Zs on L|, agree on
each local irreducible component at a node due to the equivariant isomorphisms at
nodes.

Definition 3.1. The moduli space of stable spin curves is defined by
My ={(C.0.p1, D0 9) | 6 07 = i)

where 6 is a line bundle over a stable, twisted curve C with group Zs, each nodal
point and marked point p; has isotropy group Z., and all other points have trivial
isotropy group.

spm

This gives a natural compactification of the moduli space of twisted, stable, spin
curves MSP. We denote the extension of the forgetful map p : M — M,
which forgots the spin and orbifold structure, with the same name:

p: My, = Mgn.
The moduli space of stable spin curves decomposes as in (6) into components
M°Tc ﬂsmn for each o € {0,1}".

g,0
Denote by £ the universal spin structure on the universal curve U p N M,
using the same notation as its restriction to the moduli space of smooth spin curves

spln

sp1n

Definition 3.2. Define the bundle By, := —Rm,&¥— M.rw with fibre H'(C,6").

This defines a bundle, i.e. the dimension of H!(C,0V) is constant, due to the
vanishing H%(C,0Y) = 0. The proof that H°(C,6") = 0 when C is smooth used the
fact that deg#¥ < 0. When C is nodal, the proof is subtler. For any irreducible

1
component X C C, wg®|x = ng, hence

10g<0

deg6¥|x = —3 degwlog|x = —fdegw
since the stability of C implies deg(,uXg > 0 for any irreducible component. We
conclude that H°(C,0") = 0 since it is trivial on each irreducible component.

By construction,
E

By v =

gin g,m

hence Eg » defines an extension of E, , to MSpm. The rank of Eg,n restricted to

the component /\/l Yis2g—241 1(n+ |o|) which is derived in (8).

3.1.1. Extension of Euler class. The following theorem states that the Euler form
e(EY,) extends to the compactification /\/lg " -

g,n
MP™ and defines a cohomology class in H49~ dentlel(M,,  R). This extension
is a consequence of the fact that the Hermitian metric that defines e(E},,) extends

On each component MZP™ C
spin
9,0

smoothly from EV to its extension EV to M n. This enables us to conclude
that the cohomology class defined by the extenswn of e(E; ) coincides with the
Euler class of EY .
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Theorem 3.3 ([15]). The extension of the Euler form e(E,,,) to ./\/l " defines a
epin
R).

9,0

cohomology class which coincides with the Euler class e(E;n) € H*(/\/l
Proof. We prove that the Hermitian metric (9) on Eg\]/n extends to a Hermitian
metric on the bundle EV — /\/l by analysing the behaviour of the poles of the

3/2 differentials representing ﬁbres of B/, Let (C,D,0,¢) € Mg’n such that C is
a nodal curve. The pullback of 6 to the normalisation of C is an orbifold bundle
on each component. In particular, points in the fibre of F g » given by elements of
HO(C,we ®0) have the same simple pole behaviour at nodes and at marked points.
The pole at a node is present if the behaviour at the node is Neveu-Schwarz and
removable if the behaviour at the node is Ramond. Thus the estimate (11) applies
also at nodes to prove that the Hermitian metric on H%(C,wc ® 6) is well-defined
when C is nodal. The conclusion is that the Hermitian metric on E;,, extends to a
Hermitian metric on E;n. Furthermore, it extends to a smooth Hermitian metric
on E_’;/,n because the hyperbolic metric h varies smoothly outside of nodes and has
a canonical form around nodes, and the Hermitian metric is defined via an integral
over 1/+v/h times smooth sections.

We conclude that the Euler form e(E;/n) constructed from the curvature of
the natural metric connection A, which is determined uniquely from the Hermitian
metric and the holomorphic structure on Eg n, €xtends to M pm. The Euler class
of E;/n is determined by a choice of any metric connection on Eg "
the Chern connection of the extension of the Hermitian metric on EY,. Thus the

cohomology class defined by the extension of e(Eg\]fn) coincides with the Euler class
spin

e(Eyn) € H* (M R), O

in particular

Remark 3.4. The Weil-Petersson Hermitian metric (10) on the (co)tangent bundle
of M, does not extend to M, , since it blows up as a cusp forms in a family of
hyperbolic metrics. This is a consequence of the fact that a meromorphic quadratic
differential n € HO(|C|, w%‘z(D)) has simple poles at marked points and double poles
at nodes. This contrasts With the behaviour of the Hermitian metric defined on
», which does extend to M g.n Since elements of H 9(C,we®0) are holomorphic at
marked points and nodes. Equlvalently, for a closer comparison, their pushforward
to the coarse curve has simple poles at marked points and nodes.
A consequence is that the volume defined via a finite measure on qum can
be calculated using intersection numbers over M, g gn. Define L,, — ./\/lSpln to be
the line bundle with fibre the cotangent space of a marked point on the twisted

curve. Due to the non-trivial isotropy of the marked points, its first Chern class
;= c1(Lp,) satisfies

_ 1,
(12) Ynp1 = 5P Uny1.

Here ¢; := ¢1(L,,) where £,, — My, is the line bundle with fibre the cotangent

space of the marked point pz € C. We also define k1 = 7T*’L/)n+1 € H*(M g Q)
spin
)

and, using the same notation, k1 = p*k;1 € H2(/\/lg,n ,
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Corollary 3.5.

(13) V™ (Ly, . Ly) = (_1)%%’”6%(,/ Ciop(Eyg.0) exp {%%1 + ZL%Z}

spin
M i—1

9,9

p— n m p—
where o = (17,0™) and ciop = Cog—24n—Lm-

Proof. By (2), V\™ (L1, ..., L) = €g.0 Jpqerin €(Ey 5) expw(Ly, ..., Ly, 0™) for o =
(1™,0™). The deformation w(L1, ..., L,,0™) extends to a 2-form &(Ly, ..., L,,0™)
on the moduli space of stable curves by an argument of Wolpert [22]. It is proven

by Mirzakhani [14] via a general property of symplectic reductions, that
N 1 < _
[B(L1, ooy L, 0™)] = 201 + 5 > L3y € HA (Mg, R).
i=1

——spin

This class pulls back under p to 27%k; + > i, L2 € HQ(MQ’U ,
defined over Mj‘f’:‘ via pullback. The product of the extension of e(E, ) to M?;l

with exp{272#, + 3, L?1;} has the same integral as its restriction to MEPIY The
factor (—1)"~2™ = (—1)r2k(Es.0) i5 due to the presence of the dual bundle. O

R) since k1 is

From (3.5) we see that the volume is a polynomial in L;. The degree of the
polynomial is complementary to ciop(Ey,») € H*9 427~ hence

deg V") (L1, ..., L) = 29 — 2 +m.

Remark 3.6. The symplectic form w(Ly,..., L,) can be naturally defined over
the moduli space Mg (L1, ..., Ly,) = My, of hyperbolic surfaces with n geodesic
boundary components of lengths Ly, ..., L, so that w(0,...,0) = w"'F. The diffeo-
morphism f : My ,(0") =, Mg 5(L1, ..., Ly,) allows one to work with deformations
of a symplectic form over a single space, as we do here. We work only over M, ,(0™),
on which the Euler form is defined, and deform the symplectic form. It would be
desirable to have a definition of the Euler form directly over MZ?;“(LD ey Ly), as
achieved by Wolpert [22] for the Weil-Petersson symplectic form.

3.1.2. Spin cohomological field theory. To calculate intersection numbers it is useful
to use the structure of a cohomological field theory and more generally any collection
of cohomology classes with well-behaved restriction properties to the strata:

Dirr :ﬂg—l,n—'pQ — ﬂg,n, ¢h,I :ﬂh7|1|+1 X mg_h7|]c|+1 — ﬂgyn, IC {1, ,n}
We also write

Dy := M07|1|+1 X Mg»\I“H-l — ﬂgm.
A cohomological field theory (CohFT) is a pair (H,n) which consists of a finite-

dimensional complex vector space H equipped with a non-degenerate symmetric
bilinear form 7 and a sequence of S,,-equivariant maps:

Qgn: H®" — H* (Mg, C)
that satisfy compatibility conditions from inclusion of strata:

G5 n(V1 ® .. QUp) = Qg1 21 ® ... ® vy, ® A)

1) o Q01 @ .. ® V) = 1141 @ Qnjre+1( Q) vi @ A @ R vy)
il jere
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where A € H ® H is dual to n € H* @ H*. There exists a vector 1 € H satisfying
(15) 9073(111 X V2 ® ]].) = 77(1)1,’1)2).

Using MZ{T, we define an example of a CohFT. Identify the set {0, 1} with the
set of distinct vectors {eg,e1} C H = C? which induces {0,1}" — H®" where
O €er =65 @ ...0 €, and define n by n(e;, e;) = 30;;. Define

QZ{’;L“(egl ®...Qey,) = p*c(Eg’a) € H" (M, ,,Q)

——spin

where recall that p : M~ — ﬂg,n forgets the spin and orbifold structures. These
classes, known as Chiodo classes [3], form a CohFT on (V,n). This is proven in [11]
using an expression for p*c(E;J) in terms of sums over stable graphs proven in [8].
It is proven directly in [16] via pullback properties of the bundles Egyg.

For e, = €5, ® ... ® €, , define

(16) Qgnles) = Ggﬁp*ctOP(Eng)

where crop = Cog_541(npo)) and €0 = 29-1+3(ntlol)  These classes satisfy (14)
for A = e; ® e;. They produce a degenerate bilinear form, so they do not define

precisely a CohFT. The pushforward of the classes Qg ,(e,) € H* (Mg, Q) under
the map that forgets the Ramond points is used in [2] to produce relations among

polynomials in the classes k., € H*(Mg,,, Q) conjectured in [10].
The forgetful map defined in (7) extends to 7 : ﬂ;p:: — ﬂj’;ﬂ for o/ = (0,1) €
{0,1}™*1. The following exact sequence is proven in [16]:

05&—Eyo =71 Ey; —0

where )
() = 7= =1~ Vns1.
C(Lpn+1) *
Push forward by p the relation ¢(E, ) = c(&)n*c(Ey ) to get
(17) P (61,01, 00y Un) = (1= $ns) T QP (01, .0 vy,

which uses zZn+1 = %p*wnﬂ. The factor €, in (16) and —1 for the dual bundle
together with (17) yields:

(18) Qg nt1(e1,01, 0y Vn) = V17 Qg 5 (V14 .., Uy).

. ~ . . ——spin
The expression for V;’%)(Ll, .y L) as an intersection number on M, for o =
:
(1",0™) given in (13), now becomes an intersection number over Mg ;.

Mg,n-%—m

~ 1 <
Vg(;’ll)(Ll, vy L) = / Qgntm (€™ @ ed™) exp {2772.%1 + 3 Z L?wi}

=1
and
~ s ~ "
VQ%P(Slev 7Ln) = Z ﬁ‘/g(,n)(l’lﬂ ,Ln)
m=0

is a generating function for intersection numbers. The pullback relation (18) can
be encoded in VQYZP by:

g,n

~ o\ ~
(19) VWP (s, Ly, ..., Ly, 2mi) = <2g2+n+sas) VI P(s, Ly, ..., Ly)
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by generalising an argument in [4].
The symmetry of the intersection numbers involving €y ,,+m (5" ® e5™) allows
them to be naturally expressed using the following tau notation:

n
(Thy '--Tknym>g = /M Qg,n+m(e(lg)n ® e(()@m) exXp {271-2%1} H '(/)zkl
=1

g,n+m

They can be stored in a partition Z(h, s, f) defined via:

hols s
(20) Z(h,s,t) = exp Z - Z (Thy o TR, V™) g Htki'
i=1

g,n,m EEeNn

Equivalently

_ " ez = S pers

8tk1...8tkw 08 ( ') t‘;(]_ Z m! Z Thy - Thn v 9

' =0 gnm Eenn
It is related to the volumes via
hq_

(21) Z(h,s,) = GXPZ (85 L1y oo L) (p2k —on g1ty -

Construct a partition functlon involving simpler intersection numbers as follows.
Remove the exp {27%k; } term in the definition of (73, ...7,, ™), above to define

n
Tty = [ Qi @ 5™ [0
=1

g,m+m

and its associated partition function

n
Z(h,s,t) = exp Z " m' Z (Fkl...?knum>gHtki.
i=1

g,n,m kGN"

The following theorem relates the partition functions Z (A, s,t) and Z (A, s,) by
translation of variables. This is analogous to a result of Mamn and Zograf [12] for
intersection numbers of 1 classes and k classes over ngn. The s = 0 case was
proven in [15].

Theorem 3.7.
_ -1 k+1
(22) Z(h,s,f} = Z(h,s,to,tl + 27T2,t2 - 27‘(‘4, ...,tk + %(27‘(‘2)]6, )

Proof. The proof of the translation formula [12] by Manin and Zograf uses the
pushforward relation w4y = km,—1. The following key pushforward relation
follows from (18):

T (¢7T+1Qg,n+1(0» 1)) = T (wrrszjll : 7T*Qg,n(a)) = “ng,n(U)~

It allows us to adapt much of the proof of Manin and Zograf. The main tool used
by Manin and Zograf is the following pushforward relation for £ from [9] involving
a sum over ordered partitions of NV:

23 o
(23) ﬁ—ﬂ Z

| ,|
WEN {(p)! jent1 M

(Nt " g
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where 1 = N is an ordered partition of N of length ¢(u) and m, : M ) — M,
is the Gysin homomorphism induced by the map that forgets the marked points.
From (23) we also have

K{V . k;
ﬁnl% =m | D
J:

= )

(_1)N+£(u) n+l(p uﬂrl n

j=n+1

n
where 7, : My o) — Myg,n forgets the last £(u) points, since the factor H 1/,;?1‘

j=1
can be replaced by its pullback via

n-+0(p) n+£(p)

IT #- Hu)f— IT - wl‘[w

j=n+1 j=1 j=n+1

and then brought outside of the pushforward. When ngn(a) is present, we have

i (=N Ml

K1 H

it B £(w)

gn(@) 57 = ™ | Qgonre (0, 109)
N! s G ) L P 1

since Qg n1e(0, 1) = Unt1--Untem* Qg n (o) so that 1/)5"“ in the right hand side of

(23) is replaced by 1/1’”. The product of 9 classes inside Qg 4 ¢(,)(0, 1¢) again

allows us to replace [ =1 1/) by ] =1 ¥ % to deduce:

N n
K kj
)J\}! [14)7 =m | Qnren (@, 199) Y
=1

(—1)N+em) ntL(p)

wiomo
J v
il K2

|
pEN (! j=n+1
Hence
n+l(p) p; n
(—1)N+w) / 0y gl
7 971 d} hi | Qg n+€(u)(0— 15 1/J
‘/Mym H I;V K(/J)' Mg n+€(p) 7 1;[+1 'uj U

Since the right hand side can be obtained from coefficients of Z (%, s, ), this shows
that Z(h, s f) is uniquely determined from Z(A, s f) and it remains to prove that
it is obtamed via translation.

Let F(h,s,t) = log Z(h,s,t) = S W1 F,(s,t) and consider the translation of

(-pHH

variables t; — t + u* where we later substitute u = 272 to produce the

right hand side of (22).

1
f(shto,t1+u to — u2 )

Z m|/ Qg ntm (el )ﬁw (tk +(1}7€)jﬂukj>

nmk Mg,ntm j=1

The translation of F(h,s,t) does not mix different powers of s so each coefficient
of s™ can be treated separately. The coefficient of % H?Zl ty, in Fy(s,h,to,t1 +
u,ty — Hu?, .. is

£(p) ”+’(/‘

+/ — )Mt . n y
() e o, Sonmoen o LT

1% j=1 Mg ntmte(u) j=1 Jj=n+1
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where the sum is over all y = (i1, ..., jug;) for all k. The factor ("7£0)) is needed

because H?:1 wfj has been written in the first n factors, but arises in any n factors
taken from n + £(u) factors.

Collect those p that are ordered partitions of N, to obtain the u¥ terms of
F g(s, A to, t1 +u,te — 2,u2 )

n+€(u)

£(p) . . n
) [ e .
> o e Qamameen (1 H 1T v
- ( n iy 1t L) R, e i o
n n am 1
)N At ¢ i
_ N Z ( 7/ Q ln-‘ré(u) Om
=2 u | Qe [T il
N uEN (p)! n! Mg ntmte(n) Jj=1  j=n+l !
1 um
= Z E /7 Qg,n+m H 1/13 P o= (1n7 Om)
N : Mg,n«#m,
Set u = 272, then we have proven that the coefficient of (272)N <. it in

Fo(syhto,ts + 2m2,tg — %47r4, ...) equals the coeflicient of (27r2)Ns"f n ty, in
Fq(s, B, to,t1, ...) proving their equality. ]

3.2. The disk function. We now give a proof of Theorem 1. Let T(f(L)) :=
fooo e *L'f(L)dL denote the Laplace transform and define:

F(2) := T(LVy1(s, L)).
For P(z,y) an odd polynomial in z and y, it is proven in [15] that:

i1 27+1 2m+1
D(L,x,y)dzxdy = —a,
/ / (2i + DI ( 23+1) (L,2,y) ym+n§j+1(2m+1)!

for a,, defined by

=", a,z®". This leads to

cos 271'1

T{ /0 /0 dmdyD(L,x,y)P(x,y)}: LOS(;TZ)T{P}(Z,Z)LO.

where [-],—¢ denotes the principal part of a function at z = 0. Hence the recursion
relation in Theorem 1 is equivalent to:

52 F(2)?
24 F(z)= — -\
(24) () 222 * {2 COS<27TZ):| =0
which we prove below. This allows for an easy expansion of F(z):

s? st /1 272 8 (3 1272 227t
Fiz)= —+> | =+ = = O(s®
(2) 2z2+8 (z4+ 22>+48 (26+ 24 + 22 >+ ()

which produces the series for XA/OY[{P (s, L) in the introduction.
To prove (24), with the help of Theorem 3.7, define instead the volume associated
to the partition function Z(h, s, 1):

(25) ‘7‘],71(8’ Ly, ..., L Z m /M q,n-i-m @ 668) eXP { Z szz} .

g, n+m
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which gives the top degree terms of ‘A/g‘f‘,’LP (Ly,...,Ly) for each coefficient of s2™.

Furthermore, the recursion (4) restricts to these top degree terms. Define
G(2) == T(LVy1(s, L)).

The top degree part of the disk recursion in Theorem 1 is equivalent to the recursion:

Glz) = =+ [;G(Z)Q}

222
z2=0
proven by replacing the 1/ cos(27z) term above by 1. It leads to the expansion:
52 st 58
G2)=—=+—+ —+0(s®
() =5+ 5 T g O

Theorem 3.8. The disk function G(z) = E(L‘/}o,l(s,L)) is uniquely determined
by the recursion

(26) G(2) = % - [;G(z)2]

z=0
Proof. Consider the map 7™ : Moam+s — Mos that forgets all but three
marked points. Then

Wy = (wCm) gy + Z Dy = Z Dy

lel el
2,3eI¢ 2,3€1¢
since (7™)*yp; = 0. Using o]" = " E Dj for m > 0, we have
1€l
2,3eI¢
®R2m—+2\ m—1 ®2m—+2
/7 P1' Qo 2m+3(e1 @ € )= E [ Y7 DiQo2m3(er @ e ).
Mo, 2m+3 1e1 Y Mo2mys
2,3eI¢

The summand is given by

—1 2 2
[ T D10 2my3(e1 @ €F2MTF)
Mo, 2m41

m— I|— Ic
= (i 1Qo,|1r|+1(e1<§§>eg§(| | 1)®61)/ =J \)'

QO,\IC|+1(61 X eq
Mo re41

Mo, 1141

For o € {0,1}",

1
dengyn(eg):§(n+|0|)72:n73 =3 ol =n—2
hence the second factor in the summand vanishes unless |I¢| = 2. So I¢ = {2,3}

and only one summand is non-zero, leaving

2m42
/* P70 2m4s(er © €2 F?)
Mo, 2m+3

—1 2 2 2
= wT 9072m+2(€<12> ®e(é)@ m) /7QOa|IC\+1(61 ®e((§)§) )
Mo,

ﬂ0,2m+2

-1 2 2
= [ "' Qoampa(ef? @ ef?M)
Mo, 2m+2

= | T e Qo omy (e ®@ €M)
Mo, 2m+2
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= o™ (P71 Q0 2me1 (61 @ €§*™))

Mo, 2m+2
=(2m —1) [ YT Q0 2m+1(€1 ® €®2m)
Mo, 2m+1
=(2m — 1!

where the first equality uses the restriction of €y 2,43 to a boundary divisor, the
second equality uses Qg |7¢|41(e1 ®e%§2) =1 from Lemma 4.9, the third equality uses
(18), the fourth equality uses o1, = a1, where 7 is the forgetful map that
forgets the 2nd point, the fifth equality uses pushforward and the sixth equality
uses induction.

Hence
= (2m —1)! §2m+2
Vi L) 2m
0105 ZO mi2m (2m + 2)!
thus
St 2m o 1 " 2m+2 2m+2
G( ) ‘C(LV01 S, L Z m|2m 2m+2) »2m+2 - Z 22m+1 22m+2
=0
1 2my\ .
where C,,, = —— is the mth Catalan number.
m+1\m
The recursion (26) uniquely determines a series
2 §4 6
m— = — —— 4+ 0(s%).
Zg 2m +824+1626+ (s°)

We prove that g(z) coincides Wlth G(z) by induction. The initial coefficient is
G(z) = %j—z +0(st) = % +0O(s*) which agrees with the initial coefficient of g(z).
Assume that the coefficients of g(z) agree with the coefficients of G(z) up to the
terms (§)2m, i.e.
Cr—1
9k = 92k—1" k<m

2y g(z) equals the coefficient of (§)2m+2 in 2g(2)

Then the coefficient of (£) 2

which is given by:

1 Cm

Im+1 = nggm—i-l k= Samit ch 10—k = Jam i1
23

hence by induction g, = 202’2—111 for all k and we conclude that G(z) satisfies the
recursion (26). O

Corollary 3.9. The disk function F(z) satisfies (24), hence Theorem 1 holds.

Proof. Theorem 3.8 shows that the top degree part of the recursion for VOYI{P (s, L)

in Theorem 1 holds. Theorem 3.7 shows that the lower degree terms of ‘A/O‘:‘{P (s,L)
are determined by the top degree terms via translation of the associated partition
functions. It is proven in [15] that the translation also sends the recursion for
the top degree terms, equivalently (26), to the recursion for the entire polynomial,
equivalently (24). The same proof applies here, because it involves only the kernels
D(z,y,z) and R(x,y, z) and their associated linear transformations on polynomials.

O
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4. VIRASORO STRUCTURE

The underlying algebraic, or integrable, structures of partition functions stor-
ing intersection numbers over the moduli spaces of marked, stable curves began
with the conjecture of Witten [21]. In this section we write the exact recursion
(4) in terms of Virasoro operators acting on the partition function Z(, s, f) We
relate this algebraic structure directly to the geometric structure of the intersection
numbers, and in particular use it to prove Theorem 2. An important intermediary
construction is a partition function built from polynomials in kappa classes which
we relate to Z(h, s, 1).

The following Virasoro operators were defined in [7], for m > —1:

2 2k+1)! 9
2 mffh (20 + )25 + 1 MR 2
27) L > z+)(1+)atat+ — (25 — )17 By,
2+]m1 k—j=m
1 0m—1t2 Smo
1Ym, 0 m,
+h ot

They form half of the Virasoro algebra and satisfy:
(Lo, Ln]) =2(m —n)Losn, m,n>—1.

Proposition 4.1. [15] The recursion (4) is equivalent to the Virasoro constraints

(28) (2m+ D00 £, 4 25m0) 20 5,8 = 0.
Ot

Proof. The statement holds up to all orders in s, not just O(s*). The proof in [15]
treats the s = 0 case but it immediately applies to the more general case. It shows
that the kernels D(x,y, z) and R(x,y, z) in (4) produce linear transformations on
monomials H?:l L?m" which, after the substitution L?™ = 2™mlt,,, convert to the
partial differential operators £,, in 5. This identifies (28) with the top degree part
of (4). The full recursion (4) is proven in [15] to be a consequence of its top degree
part, essentially via conjugating Virasoro operators by the translation operator,
although conveniently expressed via topological recursion, which we do not repeat
here. There is one minor adjustment to the argument that must take into account
the term %t052 in log Z(h, s, F) This affects only the operator £y and requires the

extra term 5
1, 1 5
—8° = — —tps”.
2% T 81,27

O

Remark 4.2. The Virasoro constraint (28) for m = 0 can be proven as a conse-
quence of the pullback relation (18) as follows. From (18) we get an expression for
removal of a 7o term:

TOHTkV =(29—-2+n+m) H )g-

j:
The genus g is uniquely determined by > " k; = g—l—i—%m. The differential operator
ek + )tk%, which forms part of Lo, multiplies the monomial []7_, ¢4, by
S 1(2kj + 1) =29 — 2+ m + n hence W Ly achieves removal of a T term. The

2
extra terms % 3 and 2 % in Lo — 53 take into account the terms %to and %
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4.1. Relation to kappa polynomials. Consider the following sequence of poly-
nomials in kappa classes introduced in [10]. Define {s; € Q| i > 0} by

exp (— Z siti> = i(—l)k@k + 1)1k,

>0 k=0
Define
K=Ky+Ki+Ky+..= exp(z Silii) S H*(mg,n,(@)

where K,, € H?™ (ﬂg,na Q). This defines a sequence of homogeneous polynomials
in Kp,. The first few polynomials are given by:

3 3
Ky =3k, Ky= 5(3%% — 7%2), K3 = 5(35? — 21K1Ko + 46%3)

9
K, = g(?m;* — 42K% kg + 49K3 + 184k k3 — 562k4)

Theorem 4.3. [2] The following polynomial relations among the r; hold:
Kn(kly ooy km) =0 for m>29—2+n except (m,n)=(3g—3,0).
Theorem 4.3 implies that the following functions are regular in s. Define

Kg,n(s) = 282(29—2+n—m)Km c H*(mg,ny(@)
m

and a generating function

Rt & L
]:K(hasat())tlatQ,"') = Z | Z/— Kg,n(s)waltkz
A P

g:n,k

It is proven in [10] that the partition function Z¥(h, s,t) = exp FX(h, s, ) satis-
fies the following Virasoro constraints

(29) {(2771—'—1)”% _£77L_52£7n—1}ZK(h7575 207 m2071a2a"'

where the Virasoro operators L, are defined in (27). These equations determine
ZE(h, s,f) uniquely and give another proof that it is regular in s, and also shows
that Z¥(h, s = 0,1) is the BGW tau function define in [1, 6].

The relation of the polynomials K, (1, ..., k) with the cohomology classes in
this paper, and hence also the volumes, is given in the following theorem.

Theorem 4.4. [2] The following pushforward relations hold:

%ﬂxﬁm)ﬂ(e?” ®ed™) = Koy oin—im(K1, k2, ..).

The partition function Z(h, s,t), related to the volumes via (21), is obtained
from the partition function Z (A, s,t) via the translation (22). A further relation of
Z(h, s, f) to the partition function Z¥(h, s, f) enables us to make progress towards
a proof of (28), proving it, and hence also Conjecture 2, up to order s*. In the
following, we write € ,12(0) := Q4 ,12(es), i.e. we replace e, = e ® ef™ with
o = (1™,0™), to ease notation in formulae.
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Proposition 4.5.
n n n n
k; k; kj—1 ;
/7 Qgni2(17,0%) H Y’ = 2/7K2g73+n H Y’ + Z /7K2972+n¢j" H¢f
Mg nt2 j=1 Mg.n j=1 j=17Mg.n i#]

Proof. Write 7 = 73 : M nyo0 — Mg, where we drop the superscript for ease
of notation. For i < n,

i =7 + D nt1 + Di pt2 + Di nt1 o
We will use the following vanishing results:
Yi-Dij =0, Diptint2 Dintiny2 =0, 17
and
Qg ng2(1",0%) - ;- Dipy1ng2 =0

since the restriction to D; ,+1 542 is given by Qg 4(1%,0%) - ¢); which vanishes due
to its degree being too large. Also

Qnt2(1",0%) - Dipg1 =0
since its intersection has the wrong degree:
deg Qg i1 (1" 102 @0 3(1,0%) =29 —2+n < 29—2+n+1 = deg Qy n12(1",0%).
Thus
Qg ns2(1",0%) 97 = Qg pia(17,0%) - g
= Qgnra(1",0%) - (W05 + Djinrnram™ ')

and
Qynr2(1,0%) - T ¢
j=1
n * - kj = * ki—1 4
= Qg,n+2(1 702)' T ijj JrZDJ'JL-&-LH+27T {ij H@Z’f }
j=1 =1 i
Therefore

n

n kj

/7 Qg,n+2(1 ’Oz)ij
M j=1

g,n+2
n n n
kj kj—1 .
= [ T m a0+ Y [ Kayapy " ]t
M j=1"Mgn

g:n j=1 i#j
n n n
k; kj—1 k;
=2 /7 Kog—3+n H (U Z /7K2g—2+n7/}jj Hl//i
Mg,n j=1 j=1 Mgm i;&j

where the first equality uses
Qg,n+2(1na 02) ' Dj,n+1,n+2 = Qg,n(ln) & Q(),4(12a 02)

together with Qg ,,(1") = Kag—o4n and [z  Q0.4(1%,0%) = 1. The second equality
uses W*ngn_i_g(ln, 02) = 2K29_3+n. [l
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Corollary 4.6.
Z(h, s,t,t1,...) = exp {%SQ(ﬁ_l + to)} - Z8(h, s, t0,t1,...) + O(s?)
Proof. We can rewrite 1/2! times the intersection formulae in Proposition 4.5 plus
B n N n N
/*Qg’”(l 15 = /*KQg_“" [T+
g,n j=1 Mg,n j=1

in terms of the partition functions:

_ 1, o)
.F(h, S, to,tl, ) = .FK(h, S,to,tl, ) + *82 Ztk+17IK(h, S,to,tl, )
2" =" oy,

1 1
+ =82ty + —s2t2 + O(s*)
2 4
which is equivalent to the statement of the corollary. The unstable terms %
$5%t% do not arise via the relation with intersections of the class K. The term §s%t3

is part of %szﬁ_l so we only need to add the extra term ¢y to the operator. [l

s%ty and

Remark 4.7. The strategy of the proof of Proposition 4.5 generalises to show
that intersection numbers of ¢ classes with Qg 4 (17,0™) can be expressed in
terms of intersection numbers of ¥ classes with K,,,. In terms of partial differential
operators, the relation may be of the form:

_ 82 gm
Z(h,s,to,t1,...) = exp {2150 + Z mcmﬁfm - Z%(h, s,t0,t1, ...)

for coefficients ¢, € Q to be determined. The appearance of L_,, is a guess based
on the pullback formula for ¢ with respect to the forgetful map =™,

Proposition 4.8.

((2m + 1)”8% — Ly + ‘&Tm“’)z_’(h,s,f) = 0(s%).

m

Proof. Up to O(s*),

((2m + 1)!!8%—5,”)2 = ((2m + 1)!!% — L) (25 +{Es%(L1 + 1)} - 25)

m

=52 {chZK +((2m + 1)”3% — L) 5% (Loq + to)} . zZK

which uses (29) to remove the s° terms. To calculate the right hand side we need
the commutator for m > 0

0 —Lon, L_14t0] = (2m+1)!!a 9 =2(m~+1)Ly—1—(2m—-1)!! 9

m m—1 0 m—1

[(2m+1)!!
Thus

(2m + 1)!!(%i — L) (L1 +1t0) - 25 =[((2m + 1)!!815i — L), L1 +tg] - 25

m m

(L1 +to) - (2m+ 1)!1% — L) 2"

m
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0
—_1n
(2m(2m Hin "

m—1

—2(m + 1)cm,1) 2K 4 0(s?)
= 2L, 125+ 0(s?)

where both the first and second equalities use (29). Thus we conclude that

((2m + 1)!!8% CL)E = (L1 25— L1 25+ O(sY) = O(sY).

m

O

Theorem 2 is an immediate consequence of Propositions 4.1 and 4.8. We see that
the proof relies on the intersection formula in Proposition 4.5 and the non-trivial
algebraic structure given by translation in Theorem 3.7 and the Virasoro algebra.
The proof does not give an explanation for why it works. The following discussion
attempts to rectify this via a heuristic differential geometric argument.

4.2. Supergeometry. Mirzakhani [13] proved a recursion similar to (4) via an
argument which uses the moduli space of hyperbolic surfaces with geodesic bound-
ary. On any given hyperbolic surface with a distinguished boundary component
[ she produced a one-to-one correspondence between a collection of disjoint inter-
vals in 8 and embedded pairs of pants in the hyperbolic surface that meet 5. The
length of each of the intervals is determined by its corresponding pair of pants.
Mirzakhani analysed an arbitrary hyperbolic pair of pants to produce an expres-
sion for the length of such an interval as a function of the lengths z, y and z of the
three boundary components of the pair of pants, which produces kernels similar
to D(x,y,z) and R(z,y, z) defined in the introduction. The moduli spaces of hy-
perbolic surfaces with geodesic boundary components of lengths (L, ..., L,) have
natural symplectic forms, hence also volumes, which correspond to the symplectic
deformations w(Lq, ..., L) used in the definition (2). Mirzakhani applied this con-
struction to each point in the moduli space to produce recursive relations between
volumes of moduli spaces of hyperbolic surfaces with a given topology and volumes
of moduli spaces of hyperbolic surfaces obtained by cutting out a pair of pants
from a surface, thus reducing the complexity of the topology of the hyperbolic sur-
face. The recursive relations involve the kernels and the moduli spaces of simpler
complexity as in (4).

Stanford and Witten [19] generalised Mirzakhani’s argument to the moduli space
of super hyperbolic surfaces with geodesic boundary. They used this to produce
a heuristic proof of (4) in the s = 0 case, when all boundary components are
Neveu-Schwarz. Via an analysis of super hyperbolic pairs of pants with boundary
components of (super) length x, y and z, they produced the kernels D(z,y, z) and
R(z,y, z) defined in the introduction, in the Neveu-Schwarz case. They produced
similar kernels when two of the boundary components of the super hyperbolic pair
of pants are Ramond. If we apply their construction to a hyperbolic surface with
n marked Neveu-Schwarz geodesic boundary components together with a gas of
Ramond punctures we produce a heuristic proof of (4). It produces (without proof)
a recursion that contains all of (4) plus extra terms with new kernels corresponding
to pairs of pants with Ramond boundary components. The extra terms should give
a zero contribution to the recursion, because we expect the volumes to vanish in
the case of Ramond geodesic boundary components. Stanford and Witten give an
argument in [19] for the vanishing of these volumes. Such a proof of the recursion
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is so far incomplete, nevertheless it is useful to heuristically explain the form of
the recursion. An explanation of the form of the recursion is currently beyond the
algebro-geometric methods used in the proofs of Theorems 1 and 2.

4.3. Calculations. In this section we collect some explicit calculations via inter-
section theory, and observe the recursion in these cases. This has been helpful
to check formulae for errors. The reader shlould also find these useful to help to
understand the recursion and its proof.

Lemma 4.9.
(2
Vo = 3iVo (in on) = 3(n— 1)
Proof. When n = 1, the initial value VOM(/f 02) = 1 is calculated via the pushforward
QZ‘?;’H(I,O?) = p.co = pi1 = 3 and (16) to get
9073(1702) — 271+293p§n(1702) =92. % =1

hence ‘/;E)(,i) = VO(l 02) = zifﬁ Q0,3(1,0%) =
For n > 1 we have

Vol(in 02) :/7 Qon+2(17,0%) 2/7 nTy Qont1 (1771, 0%)
Mo, n+2 Mo, ni2

= (77, — 1)/ Qo,n+1(1n71, 02)
Mo n+1

where 7, forgets the nth point, the second equality uses the pullback formula (18),
and the third equality uses the pushforward formula (7, )¢, = 29—2+n+1=n—1.
The lemma follows by induction. (|

Lemma 4.10.

Voo (L1, ey Ln) = §i(n + 2 + giz(n + DY L]

i=1
Proof. Since deg Qg ,14(1",0%) = n, we have
‘70‘?(/5704) = /7 QO n+4(1 0 )exp(27r K1+ = ZLQdJZ
’ Mo, nta
1
= 2/ Qo,nra(17,0%) - 5y + */ Qo,n+a(1™,0%) -9, ZLz
ﬁo,n+4 2 ﬂo n+4

We have rank Ey g1)=0 and c¢(Ep, 1)) = 1 so Qg?jl“(o‘l) = p.c(Ep,04)) = 3 where
the pushforward introduces a factor of %

By (16), Q0.4(0%) = 2(28}11“(04) =1, and using the forgetful map = which forgets
the first point p1, Q0.5(1,0%) = ¢17Q 4(0*) = ¥;. Hence

/7 Qo,5(1,0%) - Ky = Yok =3, | Qs(1,0") = =1
M

0,5 Mo,s Mao,s Mo,s
and
Voo = (67r + 3L3)

which agrees with the n = 1 case of the stated formula.
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For n > 1, we use the initial case and induction on the coefficients:

/7 Qo4 (1",0%)ep; = /7 Vi Qo nps (1771, 0%)

Mo,n+4 Mo,n+4

= (n + 1)/ Q()’n_‘_g(lnil, 04)

Mo, nts

where (7)., =29 —2+n+ 3 =n+ 1. By induction, this produces the required
coefficient - (n + 1)! of 3° L?. The constant term uses the following.

L Qom0 = [ om0 (e + )
Mo, n+ta Mo, n+ta

= (n —+ 1) /7 Qoyn+3(1n71,04)/€1 + /7 Qom_._g(].nil, 04)%31
Mo,n43 Mo,nt3

=(n+2) /7 Qonas(1™71,0M 58,
Mo,n43

= 4 (n+2)lr”

where in the second line the first term uses (7,)«%, = n + 1 and the second term
uses (m,)«¥2 = k1. The final equality uses the initial evaluation and induction. [

4.3.1. The recursion. When m = 1 we verify
LV (L1, L) = Z/ 2R(L1, Lj, 2)Vyn 4 (@, L\ (53 )da
j=2"0

since fooo 2R(Ly, L;,x)dx = Ly and 170(’32 = 1(n—1)! is constant.
When m = 2 we verify

L)Ly, Lg) = Z/ wR(Ly, Ly, o)(&nl(@? + Y L2) + & (n +1)ln?)da
j=2"0 i#1,5

1 o0 o0 1 1
T3 zyD (L, x,y)dzdy Z UL
o Jo TUJ=K

Lnl
= genll(n — 1)Ly (L3 +127%) 4 (n + 1)L1L?}
+ s (n+ 1) (n— 1)Ly + tnl(3L3 + 2n°Ly)
= Li(gg(n + DUy LT + 55(n + 2)ln?)
which uses
/°° /OO xyD(Ly, z,y)dzdy = %Li +or2L,
and o

/ wR(L1, Lj,z)dx = Ly, / 2®R(Ly, Lj, x)dx = Ly (L7 4 3L7 + 127%).
0 0
When m = 3, we can use 170(’61)(L1) from the introduction, to check:

N 1 [ [ N N
LT =5 [ [ DT @ ) dedy 2
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1 o0 (o)
= —/ / xyD(Ly, z,y)(2* 4 1272)dzdy
96 Jo Jo
= o5 ( L5 +2n°LY + 207" Ly) + £ (2L} + 27% Ly )
= L1 (L1 + 357 L1 + 57")
which uses
o0 oo
/ / a®yD(Ly, z,y)dedy = 5 L5 + 2r* L3 + 207" Ly
0 0
and
o0
/ 2®R(Ly, Lj, x)dx = Ly (L] + 3L} + 1277).
0
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