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Abstract

We prove that the rescaled historical processes associated to critical spread-out
lattice trees in dimensions d > 8 converge to historical Brownian motion. This is a
functional limit theorem for measure-valued processes that encodes the genealogical
structure of the underlying random trees.

Our results are applied elsewhere to prove that random walks on lattice trees,
appropriately rescaled, converge to Brownian motion on super-Brownian motion.

1 Introduction and main results

In the past three decades, various critical high-dimensional spatial branching models have
been conjectured or proved to converge to super-Brownian motion (SBM), which is a
continuous Markov process taking values in the space of finite measures on R?. One of
the settings in which significant progress has been made is that of critically weighted (and
sufficiently spread-out) lattice trees (LT) above 8 dimensions [7, 19, 17, 11, 18, 10]. In
particular, convergence on path space has recently been proved in this setting (see [11]).
For L'T’s convergence to SBM means weak convergence to SBM of the rescaled empirical
measure process of the locations in the LT which are a given tree distance from the root.
Hence the tree distance to the root plays the role of time for the stochastic processes. More
recently, it has been proved in [20] that for LT’s, and in fact for several lattice models,
the rescaled ranges (for LT’s the range is the compact set of vertices in the tree) converge
weakly to the range of SBM. Convergence of genealogical observables is not forthcoming
from the notions of weak convergence to SBM described thus far. Results of this kind can
be obtained by proving convergence of the corresponding “historical processes” [6]. For
LT’s this would mean that instead of just having the convergence to SBM of the rescaled
empirical measure process of the particles in the LT, as a function of the distance from
the root, one establishes convergence to historical Brownian motion (HBM) of the rescaled
empirical measure process for the entire paths in the LT to the endpoints, as a function
of the distance from the root. HBM, constructed in [6], is a process taking values in the
space of finite measures on R%valued paths, which at time ¢ is the empirical measure of the
past histories of the particles contributing to the SBM at time t. See Section 1.2.1 below
for more about HBM, including the fact that is the weak limit of the rescaled historical
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processes associated with Branching Brownian Motion (Theorem 1.3). Our main result,
Theorem 1.4 below, establishes this convergence of “historical processes” for LT’s.

In Section 2.1 we give a set of general conditions that are sufficient for convergence of
discrete-time historical processes to HBM in the sense of finite-dimensional distributions
(Theorem 2.1). Most of these conditions are already known to hold for a range of lattice
models above the critical dimension including lattice trees (d > 8) and oriented percolation
(d > 4), as well as for the voter model (d > 2) and the contact process (d > 4), both of
which are continuous-time models. The main condition that remains to be proved in
each case is convergence of the joint characteristic functions of the increments of a finite
dimensional subtree. These detailed r-particle transforms can be seen as enriched versions
of the r-particle transforms studied e.g. in [16, 17, 13] (called Fourier transforms of (r+1)-
point functions therein) that record genealogy. We prove that these conditions are satisfied
for sufficiently spread-out lattice trees in high dimensions and so establish convergence to
HBM in the sense of f.d.d.’s (Proposition 2.4). The required asymptotics of the detailed
r-particle transforms are obtained via the lace ezpansion (see e.g. [25]) in Section 4. It is
worth noting that these asymptotics can be understood from those of the usual r-particle
transforms and the detailed 1-particle transform. In particular we do not require any new
“diagrammatic estimates”. We believe that all of the conditions can also be verified for
the other models' mentioned above. For the voter model this is currently work in progress
[1].

The second main ingredient in our proof is a novel tightness argument for historical
processes which upgrades f.d.d. convergence to convergence on path space in a historical
setting. This step is carried out in Section 3. We start with an abstract tightness result in a
general historical setting (Theorem 3.6). For all of the lattice models mentioned above this
reduces tightness of the approximating rescaled historical processes to that of the R-valued
processes obtained by integrating a test function (from an appropriate class) with respect
to the rescaled historical processes. (Verification of the other conditions may be found in
[20].) This key condition is then verified for LT’s with some effort in Proposition 3.11.
The main ingredients of this argument are tightness of the total mass process from [11]
and a uniform modulus of continuity for the approximating historical paths from [20]. The
latter is in fact verified for all of the other lattice models mentioned above, and so we have
potentially reduced the problem of tightness for historical processes to that of the total
mass process for a range of other lattice models.

A simple consequence of our results is that the unique path in the tree from the origin
to a uniformly chosen vertex (called the backbone from the origin to that vertex) of distance
n converges weakly to BM on path space (see [18, Theorem 1.3]). Another application of
our results concerns the scaling limit of random walk on lattice trees. In particular, the
historical convergence proved herein is used in [21] to verify certain conditions of Ben-
Arous et al. [2] which imply that random walk on lattice trees converges to a BM on a
SBM cluster.

1.1 Lattice trees and scaling limits

A lattice tree is a finite connected set of lattice bonds containing no cycles (see Figure 1).
We will be considering lattice trees on Z¢ with bonds connecting any two vertices that live
in a common ball (in /) of sufficiently large radius L € N, and with d > 8. To be more

'For oriented percolation, one should choose a notion of historical paths e.g. each site in the cluster of
the origin chooses its parent uniformly at random from all possible parents in the cluster



Figure 1: A (nearest neighbour) lattice tree in 2 dimensions.

precise, let d > 8 and let D(-) be the uniform distribution on a finite box ([~L, L)%\ 0)NZ4,
where 0 = (0,...,0) € Z%. The assumption of uniformity of D is not essential. We expect
that the results herein hold for D as in [17, Section 1].

For a lattice tree T 3 o define W, p(T) = 2! [I.cr D(e), where the product is over
the edges in T and |T'| is the number of edges in 7.

Remark 1.1. If T' is an edge-disjoint union of subtrees then W, p(T) can be factored into
a product over the weights of the subtrees. *

It turns out (see e.g. [17, 10]) that there exists a unique critical value zp such that
p =Y 750 Wep,n(T) < co and E[|T|] = oo, where P(T = T) = p~'W., p(T) for T >
o. Hereafter we write W (-) for the critical weighting W, p(-) and suppose that we are
selecting a random tree T 3 o according to this critical weighting.

Let T be a lattice tree containing o € Z¢, and for m € N, let T}, denote the set of
vertices in T of tree distance m from o. In particular, Ty = {o}, and for any = € T),, there
is a unique path from o to x in the tree of length m. Roughly speaking, in this paper we
consider the weak limit (as m — o00) of rescaled paths of this kind in high dimensions. For
t € Ry \ Zy define Ty = Ty). Fort > 0 and z € 7% we will write (¢,2) € T to mean that
x € T;. The notation (¢, x) is consistent with that in [20], while in the oriented percolation
and contact process literature often (x,t) is used instead.

Functional limit theorems

For our general discussion we require the notion of weak convergence of finite measures on
Polish (i.e. complete, separable metric) spaces. We refer the reader to [8, Chapter 3] for
further details on what we discuss below.

For a Polish space B, let Mp(B) (resp. M1(P)) denote the space of finite (resp. prob-
ability) measures on the Borel sets of 8. For a sequence v, € Mp(P) we say that v,
converges weakly to v € Mp () and write v, — v if for every f : 9 — R bounded and
continuous,

/ f(@)vy(dz) — / f(x)v(dz), as n — oo.

Equipped with the Vasershtein metric, which generates the topology of weak convergence,

MFp(B) is also Polish (see e.g., [24, Ch. II]). We will use the notation E,[f(X)] for
[ f(z)v(dz), with the understanding that X € 9. This will be particularly convenient



when X is a B-valued random variable defined on an underlying probability space and
v(-) =c-P(X € -) for some ¢ > 0.

Let S, denote the location of a nearest-neighbour simple symmetric random walk on
Z% after n steps (starting from the origin o € Z?). Then E[S2] = n (here and elsewhere,
for z,y € R? we abuse notation and write zy to mean z -y, and hence x? to mean |z|?) and
the central limit theorem (CLT) states that n~'/2S,, converges in distribution to a random
vector Z that is (multivariate-) normally distributed with mean 0 € R% and covariance
matrix diag(1/d). Define probability measures v,, v on (the Borel sets of) R? by

v() =P(n Y28, €.), and v()=P(Zc").

Phrased in the language of weak convergence of (finite) measures, the CLT says that
Vp — v. The statement v, —» v in M F(Rd) is well known to be equivalent to pointwise
convergence of the characteristic functions (Fourier transforms), so for v, v as above

. . 2
/e‘kxun(dx) — /elkmy(da:) = e_%, for k € RY.

For a Polish space B let D (B) (resp. D(P)) denote the space of cadlag paths (paths that
are continuous from the right with limits existing from the left) mapping [0, ¢] (resp. [0, o0))
to B. Let C,(*B) (resp. C(*P)) denote the corresponding subspace of continuous paths. It is
well known that there are complete metrics on these spaces (generating the Skorokhod .J;
topology) for which D;(*B) and D() are also Polish (see [8, Chapter 3.5]). The functional
central limit theorem (FCLT) concerns the entire path (W) defined by

W = n~l/2 St

Defined in this way, for each n, W™ jumps at times ¢t = i/n for i € N and is constant on
intervals [i/n,i+1/n) for i € Z4. In particular the process W is a random element of the
space D(R?) of cadlag paths from R, = [0, 00) to R%. The FCLT states that the sequence
of rescaled random walks (Wt<"))t20 converges to a d-dimensional Brownian motion (B;)¢>0
(with By ~ N(0,diag(1/d))). Phrased in the language of weak convergence of (probability)
measures this FCLT says that v, — v, where v, v € M1 (D(R?)) are defined by

I/n() = P((Wt(n))tzo S '), I/() = P((Bt)tzo S )

Note that v puts all its mass on continuous paths.

Paths and measure-valued processes for lattice trees

For (m,z) € T let w(m,z) = (wo(m,x) = o,wi(m,x),..., wn(m,z) = x) denote the
unique path in 7 from o to = in the tree. It is convenient to extend this to a function on
Z+ and then to a function in D by writing

wp(m, ) = wp(m,z) =z, for n > m, ws(m, z) = w5 (m,z), for s € [0,00).
(1.1)
Thus every (m,z) € T has associated to it an infinite cadlag path w(m, z) that is constant
after time m. Denote the collection of ancestral paths for 7 by W = (w(m, z))(m,z)eT

For t > 0 and = € Z%//n such that v/nz € T,; we define w™ (t,z) € D by

wys([nt], vnx)
n )

wM(t,z) = for s € [0, 00). (1.2)



Figure 2: The MVP X él) assigns masses to points in the tree at distance 5 from the root,
while H 5()1) assigns the same masses to paths in the tree leading to these points.

By [17, 10] there exist constants C4, Cy > 02 such that

lim E[|7,[] = Ca, and lim nP(]T;| > 0) = 2/(CaCy). (13)

n—o0
Let Cy = C%CV, and let

1

(n) __ d
Xt —@ Z 51- E MF(R )7 and
Vnz€Tnt
o1
H™ == > by € Mp(DRY) (1.4)
on
\/ﬁxETnt

denote the (rescaled) measure-valued “process” and historical “process” (see e.g. [6]) asso-
ciated with the random lattice tree 7 respectively. Note that Xé") assigns mass to certain
particles in the tree (but does not encode the genealogy) whereas Hé") assigns mass to
genealogical paths leading to those particles. See e.g. Figure 2.

For ¢ : P — C and Y; € Mp(P) write Yi(¢) = [ ¢dY;. Then for ¢ : R¢ — C we have

/ b(wn) dH (dw) = X (6), (1.5)

and in particular
H™ (1) = X7 (1).

Define the survival/extinction time as
S =inf{t > 0: X" (1) = 0} = inf{t > 0: H™(1) = 0}.

Let C; = C4Cy so that from (1.3),

nP(H™ (1) > 0) = nP(S™ > t) — as n — 0o. (1.6)

2
Cit’

20ur constant Cy is equal to A’ = A/p from [17] and our constant Cy is Vp? from [17].



Then we define V5" € Mp(D(Mp(R?))) by
VT (o) = nC1P(X™ € o),

and pi" € Mp(D(Mp(D(RY)))) by
et (o) = nCiP(H™ € o). (1.7)

Due to the survival probability asymptotics (1.6), multiplying by n and working on the
event that the process survives until time n is asymptotically the same (up to a constant)
as conditioning on survival until time n (or rescaled time 1).

According to [24, Section I1.7], for any v,0% > 0 (representing the branching rate and
diffusion parameter respectively) there exists a o-finite measure N = N7?° on C(M p(R%)),
with N(X¢(1) > 0) = 2/(yt) such that N is the canonical measure associated to the
((Bt)i=0,7,0)-superprocess. Here (By);e(o,00) is a d-dimensional BM with By ~ N(0, 02 Igxq),
which is a (time-homogeneous) Markov process. The superprocess in question (called super-
Brownian motion) is a measure-valued process that can be thought of as the empirical
measures of an infinitesimal critical branching process whose spatial dispersion is governed
by the R-valued process (By)i>o. If S = inf{t > 0: X;(1) = 0}, then N is supported on
{X € C(MFp(R?)): Xg=0,58>0,X; =0Vt > S}, and so the above implies that

N(S > t) = 2/(7t). (1.8)

By replacing the Markov process (By):>0 with the path-valued (time-inhomogeneous) Markov
process (B[O,t])tZO = ((Bs) SE[O,t]) 0> and using the general theory of superprocesses, there

also exists a o-finite measure N, = Nl{gz on C(Mp(C(R?))) with N (H(1) > 0) = N(S >
t) such that Ny is the canonical measure associated to the ((Bjy)i>0,7,0)-superprocess.
The latter (as well as the process H underlying Ny ) is called historical Brownian motion
(HBM). The general construction of canonical measures for superprocesses may be found in
[24, Section II.7], while Section II.8 therein shows how to consider the historical processes
in this general framework. One can also construct Ny from the canonical measure of Le
Gall’s Brownian snake since the historical process is a functional of the snake. See [22,
pages 34, 64] for details.

It is proved in [11, 17] that for lattice trees in dimensions d > 8 (with L sufficiently
large) v5" — N, where the parameters of N are v = 1 and 02 = 02(L, d), which is to be
discussed later. Since the limit is a o-finite measure, v, — N is defined in terms of weak
convergence of a family of finite measures (indexed by t) on D(Mp(R?)) as

Vn (9,8 > 1) %5 N(eo, S > t), for each ¢t > 0, (1.9)

or equivalently in terms of weak convergence of their conditional (on S > t) counterparts,
which are probability measures. (The equivalence holds by (1.6), (1.7) and (1.8).) Similar
results have been proved for other self-interacting branching systems such as the voter
model [4, 3] (d > 2), oriented percolation (OP) [16] (d > 4), and the contact process
(CP)[13] (d > 4)), although for OP and CP only convergence of the finite-dimensional dis-
tributions has been established and tightness remains an open problem. The corresponding
result for the historical processes (u, — N) was an open problem in all of the above
contexts. Here we resolve this problem for lattice trees (d > 8, and L sufficiently large?),
and, as was suggested above, our general approach may well also help in the other contexts
above. A discussion of possible extensions and challenges for other models, including these,
may be found in Section 1.3.

3super-Brownian motion is not expected to arise as the scaling limit for d < 8



1.2 Main results

In this section we state our main result (Theorem 1.4 below). For this, we first introduce
some notation and present the relevant notions of weak convergence. We then introduce
critical branching Brownian motion (BBM) as a simpler process from which one can un-
derstand the limiting historical Brownian motion through a corresponding historical limit
theorem for rescaled BBM’s, see Theorem 1.3. The latter follows easily from results in the
literature as we will describe. Following this, we state our main result. Theorem 1.3 is also
used in the proof of our main result by identifying the joint characteristic functions of the
general moment measures for the limiting HBM in Proposition 2.6.

For a Polish space B, and & = (x4)i>0 € D(Mp(R)), let S(x) = inf{t > 0 : 2,(P) = 0}.
Let M®*(B) (resp. MT*()) denote the set of o-finite (resp. probability) measures p on
D(Mp()) such that

(1) p({z: S(x) > s}) € (0,00) for each s > 0 and p({x : S(x) = oco}) =0, and
(2) p({z : z:(P) > 0 for some t > S(x)}) = 0.

One should think of MP*(B) as the space of excursion measures for cadlag measure-valued
paths where the measures are on B. For € MP*(B), and s > 0 define the (probability)
measure 4° on D(Mp()) to be o conditional on S > s, i.e.

_ sl S(@) > 5))
pl{e S@) > s})

Forr € Nand £ = (t1,...,t,) € [0,00)" and a finite measure x on D(M (P)), let x denote
the (finite) measure on (Mp(*B))" defined by

ri(e) = v({z : (20)]y € o}).

Definition 1.2 (Weak convergence). Fix a sequence (pn)nenufoc} in M™* ().

1 (o)

o We write f1, — oo as 1 — 00 if for every s > 0, (S > 5) — poo(S > 5) and

s % s, in My (D(ME(P))).

e We write puy, [dq Lo if for every s > 0, 7 € N and ¢ € R’., we have p,(S > s) —
foo(S > s), and
w .
”Zf—> ,Uiofa n Ml((MF(m))T)

1.2.1 Branching Brownian motion

A good way to understand historical Brownian motion is as a limit of critical branching
Brownian motions. Recall that branching Brownian motion may be viewed as a system
of Brownian motions run along the edges of a critical Galton-Watson tree. The notation
introduced below is presented in [24] at a more leisurely pace. We start by defining a
Brownian motion on a full binary tree. Let

I={a=(ag,...,an):ap=0,a; € {0,1} for i >0,n € Z,}, (1.10)



Figure 3: On the left is the index set I drawn (with labels as edges) up to and including
generation 3. On the right is an example of a Galton-Watson tree (with edge labels «),
where e* = 0 for all a € {000,0010,0011,01}, while e* = 2 for @ € {0,00,001}. Note that
we have dropped the parentheses and commas in the notation for elements of I to declutter
the pictures.

and for v as above set |a| = n, ali = (ao,...,q;), i < n, and say § is an ancestor of « iff
B = ali for some ¢ < |a|. If o, 5 € I, the greatest common antecedent (gca) of o and £ is
a A B = ali, where i is the maximal integer such that o|i = j|i. If |a] > 0, the parent of «
is ma = al(|a] — 1).

Let {W": a € I} be iid d-dimensional Brownian motions with variance parameter 2.
For a fixed n € N (dependence on n is suppressed) and for « € I, let

|af

t .
By = Z /O 1 s fi/m(i+1) /) pAWET,
=0

and note that (Ef)tzg is a d-dimensional Brownian motion, starting at 0, that runs until
time (Ja| 4 1)/n (after which it stays constant). We can view {B® : t < (|a|+1)/n, o € I}
as a Brownian motion run on a rescaled binary tree with edge lengths 1/n. We next prune
the binary tree to make it a critical Galton-Watson (G-W) tree. Let {e® : a € I} be
a collection of iid random variables with (critical) binary offspring law %50 + %52 that is
independent of {W* : a € I}. For a fixed n € N (dependence on n is suppressed) and for
a €l let

la| +1

n

et = 0} (min ) = ),

T = min{

and also define R
Bo _ By, ittt <1
! A, ift> T

Here A is added to R? as a cemetery point. In this way GW = {a : 7% = MTH} labels the
points (drawn as edges in Figure 3) on a G-W tree with a critical binary offspring law that
does not depend on n. We have scaled the edge lengths of the tree to be n~! and write
a~tiff « € GW and % <t< MTH Therefore o ~ t means that « labels an edge in the
Galton-Watson tree which is alive at time ¢t > 0. In particular, 0 ~ ¢ for every t < 1/n, see
Figure 3. Finally {Bf* : a ~ t} for t > 0 is a system of Brownian motions, starting with
a single particle at the origin, and run along these edges while undergoing critical binary
branching at times {j/n : j € N}, with the motions being independent along the disjoint



Figure 4: A (binary) branching Brownian motion in 1-dimension, with time on the z axis,
drawn up to the third branch time, 3/n. In the corresponding G-W tree, the root 0 has
two children, exactly one of which has 2 children.

scaled edges in the G-W tree. Figure 4 gives a depiction of the system of Brownian motions
in 1-dimension.

We define the scaled empirical measures X € D(Mp(R?)) and H™ € D(Mp(C(RY)))
associated with these locations and historical paths, respectively, by

1 1
(n) E ' (n) §
Xt —E (SB?, Ht —E (535@, tZO

ant ant

It is easy to extend the above definitions to the setting of a general mean 1 finite variance
~ offspring law in place of the critical binary branching law above where we have v = 1
(see [24, Section I1.3]). In this setting let v5"™ = nP(X™ € -) and pup®™™ = nP(H™ € -).
We believe that the following limit result was first proved in [24], although part (b) was
not stated explicitly there. The original construction of N = N"*% was done by Le Gall
using his Brownian snake (see [22, Ch. IV] and the references therein) from which the
result below was clear enough.

Theorem 1.3. Asn — oo,

2
(a) vpBPM = NYo s

(b) ppm 5 N7

Proof. (a) is a special case of [24, Theorem I1.7.3]. We also use Kolmogorov’s classical
result on survival asymptotics for critical branching processes (eg. [24, Theorem II.1.1]).

(b) also follows from the same results, where [24, Section I1.8] explains how to put the
historical setting into the general framework of [24, Theorem I1.7.3]. ]

An easy consequence of the above and the obvious analogue of (1.5) for branching
Brownian motion is that H projects down to super-Brownian motion,

Xi()=H({ycCRY :y,€-}) Vt>0 Ny —ae.



1.2.2 Lattice trees in high dimensions

Our main result is that the functional limit theorem for historical processes in (b) above,
continues to hold for lattice trees in high dimensions (the analogue of (a) was already noted
n (1.9)). Recall the definition of y, from (1.7).

Theorem 1.4. For each d > 8 there exists Lo > 1 such that:
2
for every L > Ly, there exists 0f = o3(L,d) > 0 such that u:" N}H’JO.

Here, and throughout this work, the constant o3 is equal to vo?/d in [17, Theorem 3.7].

1.3 Discussion

We finish this section with a brief discussion of extensions and applications of our results,
and commentary on possible extensions to other models.

Our results are extended in [21] and used in [2] to prove weak convergence of rescaled
random walk on lattice trees to a Brownian motion on a Super-Brownian motion cluster,
the latter as defined in [5]. [2] reduces this latter result to the verification of two conditions.
Roughly speaking, the first of these conditions is that if one chooses K points at random
in the lattice tree, then the spatial tree generated by these K points, and suitably rescaled,
converges (as the scaling parameter becomes large) to the random tree in R% generated by
choosing K paths independently at random according to fooo H,(-)dt (normalized by its
total mass). One interprets this convergence in an appropriate metric space. The weak
convergence in Theorem 1.4 is extended in [21] to joint convergence with K independently
chosen paths as above, and moreover one can include the branch times and path lengths, to
eventually obtain the required spatial tree convergence. The second condition states that
in a certain precise sense the vertices of the rescaled tree generated by the K points become
dense in the full rescaled lattice trees, uniformly in the scaling parameter, as K becomes
large. This is also verified in [21] by using one of the inputs of our tightness argument,
namely the modulus of continuity from [20] as stated in Condition 3.4 below.

One may ask about historical convergence in other contexts. This is most natural in
cases where there are existing notions of time and ancestry in the model. Such notions exist
in the voter model, where the parent of (¢, ) is the corresponding point (¢, 2’) from which
(t,z) most recently updated its vote, and also in the contact process where the parent of
an infected particle is the infected particle which most recently infected it. In his PhD
thesis, Tim Banova is using the methodology of Section 2 to prove historical convergence
of the voter model in dimensions d > 2 (for both nearest-neighbour and spread-out (finite
range) models). We believe the methodology of Section 2 is also relevant for historical
convergence of sufficiently spread-out contact processes for d > 4. Results for convergence
of empirical measures associated with high-dimensional contact processes (but not in the
historical context) have relied on a time-discretisation argument and analysis of oriented
percolation (OP) (see [13]).

In the context of OP, there is a natural notion of time, but ancestral paths are not unique
because there can be multiple connections between vertices. One possible “remedy” is for
each site (n,z) of generation n in the cluster of the origin to choose a parent uniformly at
random from among sites of generation n — 1 in the cluster that are connected to (n,x).
We expect that the resulting historical process of sufficiently spread-out OP does converge
to historical Brownian motion in dimensions d > 4, but note that this process does not
encode every connection in the cluster of the origin.

10



Another approach that one could take (which would also be relevant for percolation and
lattice animals) is to define ancestral paths only in terms of pivotal bonds for connections.
Pivotal bonds for a connection from (0,0) to (n,x) in oriented percolation, and from o to
x in percolation and lattice animals (if such a connection exists) have a natural temporal
ordering, as all paths from point to point must pass through these pivotal bonds in the
same order. One could then define historical paths by e.g. linearly interpolating between
these pivotal bonds. After appropriate scaling we expect that these historical processes
would converge to historical Brownian motion in dimensions larger than the respective
critical dimension. Section 2 below would be relevant in each of these contexts.

As has already been noted, except for the voter model [4],[3], tightness for any of these
models has been a challenging problem even in the context of convergence of empirical
measures to SBM, where it has only been established for high-dimensional lattice trees
[11] with considerable effort. The proof of tightness for our historical lattice trees uses
some bounds on the total mass of the rescaled LT’s from [11], and Conditions 2.3 and 2.4
which have also been shown in [20] for OP and the contact process. The additional special
property of LT’s we use is a sub-Markov property, Lemma 3.15. It would be interesting to
see if the proof of tightness can be carried out without this property. The reason is that
then control of the total mass process should suffice to prove tightness, even in the historical
context, for both the contact process and OP. For percolation and lattice animals, tightness
through this historical approach, without even a uniform modulus continuity (Condition
2.3), still seems to be out of reach.

Finally, note that in this paper we have assumed that the step kernel D(-) is uniform
on a large box. As noted earlier, the uniformity assumption is not essential. We suspect
that D with unbounded support but > 2 finite moments and with d > d. = 8 suffices
for convergence to historical Brownian motion. In particular this ought to be true in the
nearest-neighbour setting, but at present it would seem to be a considerable challenge (see
e.g. [9]) to quantify some dimension dy above which this holds.

2 Finite-dimensional distributions

2.1 A general theorem

In what follows we write N for NZ,’UQ where the branching variance v > 0 and the diffusion
parameter o2 > 0 are fixed throughout.

A collection of G of bounded continuous functions from B to C is said to be a deter-
mining class for Mp(P) if whenever p, ' € Mp(P) satisfy [ gdp = [ gdy’ for all g € G,
then p = /. The following is the path-valued analogue of [19, Theorem 2.6]:

Theorem 2.1 (F.d.d. convergence to historical BM). Let u, € M®*(B), where P =
D(R?), and let G be a determining class for Mp(D(R?)) that contains 1 and is closed
under complex conjugation. Assume

(i) for every n € N, p,(sup;sq Hy({h : ho # 0}) # 0) = 0 (paths originate at o € R?)
(ii) for everyt >0, pun(S >1t) = Ny(S > t) (convergence of survival measures)

(iii) for every t > 0, E,, [Hi(e)] — En, [Hi(e)] (weak convergence of finite mean mea-
sures on D), and for every € > 0, pu,(Ho(1l) >¢) — 0.
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(iv) for every £ € Z and every t € (0,00), and every ¢1,...,¢p € G,

4 4
Tlim By, | ] H,(6)| = B, [T H,(69)] < oo (2.1)
j=1 j=1

Then iy, fid? Ny.

Note that Ny (sup;sq Hi({h : ho # 0}) # 0) = 0. The following elementary consequence
of [24, (I1.8.6)(a)] states that both the mean measure at time ¢ under Ny, and the mean
measure to a uniformly chosen point at time ¢ conditional on survival until time ¢, are
Wiener measure (i.e. the law of Brownian motion) for paths on [0, ¢]:

. . . 1,02 .
Lemma 2.2. The historical canonical measure Ny = N7 satisfies

Hy(e)
Hy(1)

Eny[Hi(e)] = P(Bpy € ®) = En, [ ] .Vt >0,

where under P, By y = (Bs)sejoy) is a d-dimensional BM on [0, 00) (with By ~ N(0,diag(c?)))
stopped at time t > 0.
The proof of Theorem 2.1 is a simple adaption of the proof of [19, Theorem 2.6].

Sketch proof of Theorem 2.1. The only substantial change to the proof of [19, Theorem
2.6] is in the proof of tightness ([19, Lemma 3.3]).
If t,n > 0, by (iii) there exists a compact set K = K;, C D such that

sup By, [Hi(K°)] <17,
n

and so by Markov’s inequality
sup pn (He (K€) > n) <. (2.2)
n

Fix s > 0. Since un(Hs(1) > 0) — 2/s we may find ny, € N and ¢; > 0 so that
infp>n, pin(Hs(1) > 0) > ¢5. If € > 0 we may now use (2.2) and argue as in the proof
of [19, Lemma 3.3] to find a compact set K = K;. € Mp(D) such that

sup un, (Hy € Rc) < gcs,
n

and hence (working now with the conditional measures) for ¢ > 0,

sup pf(Hy € K¢ < e.
n>ng
It follows that for any ¢ € (0, 00)¥, (,uf1 F>neN is tight in M p(D)¢. Assume y € Mp(Mp(D)*)

is a limit point of (4 Jnen. Then it follows from (2.1) and Dominated Convergence that

__ NS
E, = NH,F

/
=1

¢
Hth((Zsz)] Yoi,...,00 €G.
=1
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By [8, Proposition 3.4.6] it follows that 1 = N3, . Although this result is stated in [8] for G
a set of real-valued functions, the fact that G is closed under complex conjugation allows
one to see it is also a determining class for complex-valued measures and the proof in [8]
then adapts easily to the complex-valued set of functions G. It follows that ,ufl F LN NZ 7

for all £ € (0,00)¢. (iii) implies that under u$, Hy converges to the zero measure, which is
also equal to Hy under N¥%,. Thus, ui P LN NZ P for all { € [0, oo)é, as required. |

For 8 = (so,...,8m), where 0 = 59 < -+ < sy, and k= (ko,k1,...,km) € RA(m+1)
define ¢_;: D — C by

m
dg(w) = oo [Pt (2.3)
j=1

and let G* = {gbg,; : S, k as above for some m € N}. Note that G* is a determining class

for Mp(D(R?)) since finite measures on D(R?) are determined by their finite-dimensional
distributions, and the laws of these finite-dimensional random vectors are determined by
the characteristic functions of appropriate dimension. The elements of G* are precisely
those which correspond to the characteristic function of the increments of the path at
all finite sets of times. Setting k = 0 we see that 1 € G* and by replacing k; with —Fk;
we observe that G* is closed under complex conjugation. So we see that G* satisfies the
conditions on G in Theorem 2.1.

Remark 2.3. Under Ny, H; assigns mass only to paths that are constant from time ¢
onwards and start at o at time 0. The same holds for H,™ for all n for LT and BBM.
Therefore, when applying Theorem 2.1 in these settings, with G = G* as above, we may

restrict our attention to ¢ ra),-- -5 Pz o € G* in part (iv) of the theorem satisfying
s}i) < t; for each 7,5 and k(()i) = 0. The latter means we can set k(1) = (k:gi), cees k:%)) € R9m

and ignore the first factor in (2.3). Moreover we can without loss of generality assume that
that the largest element of 51 is t; for each 7 (i.e., if not we can append an extra component
t® to s and set the corresponding k;” equal to zero without changing ¢ ) r)- *

In the context of Theorem 1.4, we will use Theorem 2.1 with the determining class G*
at the end of this section to first establish the following result:

Proposition 2.4. Ford > 8 there is an Ly > 1 so that for L > Lo(d) there is a 03(L,d) > 0
for which

d.d.
ot 194 N,

Indeed, condition (i) of Theorem 2.1 trivially holds for lattice trees rooted at the origin.
Condition (ii) of the Theorem is (1.6). The first part of Condition (iii) holds by [18,
Theorem 2.1], and the second part is obvious because under ", Hyp(1) = ﬁ Condition
(iv) of the Theorem (for the determining class G*) will follow immediately from Proposition
2.6 and Theorem 2.7 below. In order to state these results we need to introduce various
notation, which we proceed to do now.

The degree of a vertex in a graph is the number of incident edges. Vertices of degree 1

are called leaves. Vertices of degree > 3 are called branch points.
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Figure 5: A depiction of a shape F € ¥4 with vertex labels above vertices and edge labels
in brackets. The set of edges in the path from vertex 0 to vertex 1 is & (F) = {1,5,6}.
Variables u; are associated to each of the vertices ¢, describing a ‘length’ from 0 to ¢, to
form 7 (F, ). Differences in these u; are then the “edge lengths”.

Definition 2.5. A non-degenerate shape is an isomorphism class of finite connected rooted
tree graphs whose vertices all have degree 1 or 3, and whose 7 + 1 leaves (for some r > 1)
are labelled 0,1,2,...,7: the root 0 is always one of the leaves. To be more precise, two
such graphs are considered to be the same shape if there is a graph isomorphism which
preserves the labelling of the leaves (thus there is exactly one shape with 3 leaves and
exactly 3 shapes with 4 leaves).

We let ¥, denote the set of non-degenerate shapes with r 4+ 1 leaves. For any F € X,
we know that o has r — 1 branch points, 2r vertices and 2r — 1 edges. Label the branch
points as r + 1,...,2r — 1 in order, as you encounter them as you move from the root
to vertex 1, then continue to label new internal vertices in the order that you encounter
them as you move from the root to vertex 2 and so on up to vertex r. See e.g. Figure 5.
This is just a convenient arbitrary but fixed order. For ¢,j € {0,...,2r — 1}, we abuse the
notation for the usual order and let i A j € {0,...,2r — 1} denote the greatest common
antecedent (gca) of @ and j. The edges e of F € 3, are labelled as E(F) ={1,...,2r — 1}
corresponding to the vertex labelling of the endvertex of e that is farthest from the root.
For e, f € E(F), write e < f if e is an ancestor of f in F .

For leaves £ € 1,...,7, let £(F ) be the set of edges in the unique path in f from o to ¢.

For f € ¥, we assign edge lengths by letting @ = (u1,...,u2_1) € (0,00)?" "1 give the

distances from the vertices to the root. That is, u; is the distance from the root to vertex
i, and the edge lengths can be found by differencing. We let T(F , @) denote the resulting
tree with shape F and edge lengths 4. See Figure 5. We often will specify the distances
t=(t1,...,t;) € (0,00)" of the r leaves to the root in advance. In this case we let M(Z, F)
denote the set of possible vertex distances from the root. That is, ./\/l(t#7 F ) denotes the set
of @ = (u1,...,us—1) € (0,00)2"~! such that:

u=t;, fori=1,...,r; (2.4)
if k and j are vertices of f and k is an ancestor of j in f, then u < u;. (2.5)
<

Consider a given (non-degenerate) shape f € %,, £ € (0,00)", and @ € M(L, F) as

above. Let s = (5,...,5"), where 59 = (si’,...,s",), and 0 = s < s} < .- <
m

s, =ty for each £ € [r] := {1,...,r}. If e ¢ E(F) then set Z(e,5) = @. If e € &(F),

m®
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Figure 6: The tree T(F , @) together with times s. The ( M = 7) A symbols represent
times s{", .. ). Similarly OJ symbols represent times s* ; ) (with m® = 6) and ® symbols

represent tlmes s; ) (with m® = 3) respectively. In this example there is one point (on
edge 5) that is both square and triangle simultaneously. The ‘subinterval’ lengths 35 ; are
indicated for edge 5.

then let Z(e, 5) denote those elements of 5 that fall in the interval (u_(e),u(e)), where
u_(e),us(e) are the elements of @ corresponding to the endvertices of e (if e is adjacent to
the root, then set u_(e) = 0). Let Z(e, s) = U;_,Z(e,5”). The j(e) := |Z(e, s)| elements of
Z(e, s) divide the interval [u_(e), u(e)] into je := j(e)+1 subintervals - denote their lengths

by (3ck)k=1,.j. and set & = (3ck)eee(r)k=1,..j.- I j(€) = 0 then Se1 = uy(e) —u_(e).
Note that j(e) and & depend on F, i, s. See Figure 6.
For 0 € [r],e € &(F), and a € {1,..., 7.}, let

¢*(a, ) = min {2 <m®¥ 5" >u_(e) + Z ée,ie}.

te=1

Given K = (K", .. .,k;?(@) e (RY)™  for each £ € [r], and for e € {1,...,2r — 1} and

a < Je, let
©
Z k ¢lel(a,0)”
Lec&(F)

For given 62 > 0,7 € N, f € %,, @ € M(t,F) for some ¢ € (0,00)", and for given
k= (kW,....,k®) and s = (s,... s“)(a) (where, for £ € [r], m® € N, s = (0 =
862)75(16)7 . ( )(17) == t() ( (Z) < 8(2) ) ]{7(2) € Rm(f))’ deﬁne

2r—1 Je —02|k67i(F,ﬁ, S)|2§e,i(F,ﬁ,8)
D2 (F , 1, s, k) 1_[1 l_Ilexp< 5 ) (2.6)
e (2

The following proposition (proved in Section 2.2) gives an explicit formula for the right
hand side of (2.1). The integral over M(Z, ) is actually an (r — 1)-dimensional integral
over (Up41,...,uz—1) as the first 7 components are fixed.

Proposition 2.6. For anyr € N, i € (0,00)" and ¢V, ..., ") € G* (with ¥ = Do) 7o
[ [ ¢ ¢ 7 ¢ ¢ .
where 50 = (s§ = 0,s,...,s" >(,_,) = ty), (s" < s)y) and kK = (k:i),...,k:;n)u))) as in
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Remark 2.3,

EN}1}02 LE!: Hté((ﬁ(l))] — Z /‘ UQ(F,’LT,S,IC)dU.

®
Fes, TEM(EF)

The following result is proved in Section 2.4 below.

Theorem 2.7. Let d > 8. There exists Ly such that for all L > Ly, and r € N, £, and
oW, ..., 0" € G* as in Proposition 2.6,

EN%T

HHS)W“))] > ﬁeM(El)®08<F’ﬁ’s’k)dﬁ asm = oo 27)

=1

Proof of Proposition 2.4. As noted after the statement of the Proposition, we only need
verify condition (2.1) in Theorem 2.1 with G = G*, and this is immediate from Proposition
2.6 and Theorem 2.7. [ ]

2.2 Branching Brownian Motion f.d.d. and proof of Proposition 2.6

Definition 2.8. Let 7 € N, f € ., t € (0,00)", and @ € M(t, F). For each edge e we
let £(e) € {1,...,7} be the minimal leaf such that e € &(F). Let (W)s<y, for i € [r] be
(dependent) d-dimensional Brownian motions with variance parameter o2, such that for
any distinct 4,5 € {1,...,7},

Wi=WI for all s < unj, (2.8)

(recall ujr; is the distance from the root to the gca of ¢ and j) and

L(e {(e —
{(Wu(_()e)+s — Wu(_()e))sgw(e)—u,(e) : e an edge of T(F,u)} (2.9)
are independent d-dimensional Brownian motions with variance o2.

We call (W1 ... , W7) a tree-indexzed BM with variance parameter o on T(f , ). <

(2.9) simply says that the collection of Brownian motions run along the disjoint edges
of T(F ,u) are independent. Note that in (2.9) we could choose any ¢ such that e € E(F)
by (2.8). We remark that the law of (W1, ..., W) is uniquely specified by the above (note
it is mean zero Gaussian with Cov(W(s;), W7(s;)) = o min(u;n;, i, 5;))-

Proposition 2.9. Let r € N, f € %, t € (0,00)", & € M(t,F), and (Wi)s<y, for
i € [r] be a tree-indexzed BM with variance parameter o® on T(F ,u). If £ € [r], m® € N,
50 =(0=sy,s",..., s:i)(é) =t), (s < sﬁl), kO e RO gnd ¢ = Pgo) o> then

T

E[H ¢<f>(Wf)} = O2(F,d, 8, k).

(=1

Proof. This is an elementary calculation which divides the dependent Brownian increments
on the left-hand side into smaller non-overlapping independent increments and keeps track
of the Fourier coefficients multiplying each increment. The details are left for the reader.

|
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Notation. For ¢t > 0, let

[t]n, = max{k/n € [0,t] : k € Z4}. (2.10)

Proof of Proposition 2.6. We will work with the measures p,;”™ for branching Brownian

motion where the variance parameter is 02 > 0 and the offspring distribution is critical
binary branching, i.e., 26 4+ 162, and so v = 1. In this case, [23, Proposition 2.6(a)(i)]
with ¢ = 1, and Doob’s strong LP inequality for martingales imply

Vp >1 there is a C) such that VK € N sup E,, | sup Hé")(l)p} < C,KP™L (2.11)
n t<K

Theorem 1.3 and the continuity of ¢ — H; under N, = N}f2 imply weak convergence
of (Ht(ln)(qﬁm), o HM(¢0))) under (uBPM)M to (Hy (¢V), ..., Hy, (¢))) under NY (see,
e.g., [8, Theorem 10.2 in Ch. 3]). Note also that for K large enough, |[];_; Ht(;l)(¢w)‘2 <
SUP;< ¢ H{"(1)?". Therefore, the above together with (2.11) and Dominated Convergence
imply that

Eny,

[l
/=1

ENE

H Hy, (‘ZS(Z))
l=1

= lim E(#EBM)tl [HHt(;)(gb(a)] MEBM(S(") > t1)

n—oo
(=1
= lim E,pou [HH;;>(¢<Z>)]. (2.12)
(=1

A moment calculation for branching Brownian motion which uses Proposition 2.9 and
is much simpler than that for lattice trees in Theorem 2.7, shows that the limit on the
right-hand side of the above equals the right-hand side of the equality in the proposition.
We sketch the proof as it explains how the right-hand side of (2.7) arises. Let Z;/n =
{j/n:j5 € Z+}. Recall (1.10), and let I; = {5 € I : |B| = |t|}. Fix t1,...,t, > 0 and
consider only large enough n so that

Int;] >2, i=1,...,r

Recall the random subset GW of indices in I defined in Section 1.2.1. A simple expansion
of the sum defining Ht(:) shows that

: n 1 T p
[T = o 3 v 3t meon TT67
/=1

Brelnt, BT €Elnt, =1

EMEBM

=LY Y Ry c ewE[[] 60 (B%,)].
/=1

Blelny A€,

(2.13)

where in the last we used the independence of the branching variables {¢” : 3 € I'} and the
spatial motions {B” : 8 € I} as well as the fact that B_ﬁ/\ete = B%e if 8¢ € GW. Tt is easy to
see that the contribution to the above sum from 3!, ..., " such that for some i # j: 73"
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Figure 7: On the left is (part of) a GW tree with 81, 82, 8% indicated. Here |3!| = |B°| = 2,
|82| = |83 = 3, and |B%| = 1, and this contributes to (2.13) when t9,t3 € [3/n,4/n) and
t1 € [2/n,3/n) as depicted. On the right is the corresponding tree shape. The edge lengths
associated to the latter are determined by taking differences of the wu., where uy = 1/n,
us = 2/71, uy = tl, U2 = tQ, us = t3.

is an ancestor of 37, is bounded by C(r, K)/n for max{t; : i € [r]} < K. To see this, note
that if /3" is an ancestor of 37, then 73" is determined by 3/ since its length is [nt;| — 1.
This means there are only two possible values of 3" and so we can bound this contribution
by twice the (r — 1)-fold sum with each k) = 0 (so each ¢ = 1), and applying (2.11), we
obtain the above bound. Fix 5 = (B,...,B") € Iy, X -+ X I, so that none of the indices
has a parent which is an ancestor of another index (in particular all are distinct). Call such
a 5 a good value of E Then, in particular, 5 uniquely determines a non-degenerate shape
F(3) € S, where %,...,3" label the r leaves and one can define the internal vertices
of the shape by locating the branch points from the root to 3!, then the new branch
points while proceeding from the root to 42, and so on up to 3”. See e.g. Figure 7. In
this way we label the internal vertices by A"+, ..., 32"~! using our labelling convention in
Definition 2.5 (now with 3% in place of i). For example (assuming r > 1), 87! = 8|k, 41,
where k.11 = max{s : B'|x = Bk for all £ > 1} € {0,...,min{|B’|} — 2} (the upper
bound since 5 is good), and then continue down the branch towards 3! until there is only
one leaf (8') along the remaining tree. Note that each 5 for £ > r is of the form (?|, for
some i = i(¢) < r and some k¢ < ||, i.e. is an ancestor of some 3°.
We introduce tree distances @(8) = (u, . . ., ug,—1) for the above shape, with u; € Z /n \ {0}

for i > r, by setting
te if £ <,
Up =
‘ (18 +1)/n iflec{r+1,...,2r —1}.

Recall that uy is the distance from vertex 8¢ to the root and so edge distances can be found
by differencing. Denote this tree shape with edge lengths by T(/3). Note that the fact that
3 is good ensures that uy < |3%|/n < u;, whenever 3¢ is an ancestor of 8¢ for £ > r and

1 < r. In fact, the possible values of i are now given by the discrete analogue of ./\/l(t_: r),

@€ Myt F) :={i € (0,00)> 7 1wy = t; for i <r,u; € Zy /n\ {0} for i > r

and u, < u; whenever 8* is an ancestor of 37}.
(2.14)

In the above notation we use the fact that the ordering of the leaves given by ¢, the shape F ,
and our convention on numbering internal vertices, determines the ancestral relationship
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between the 5*, not the particular choice of E . The definition of uy for the internal branch
points £ > r ensures that

W .. W)= (Bﬁl, ..., B?") is a tree-indexed Brownian motion
with variance parameter o on T(f). (2.15)
To see this, note that at a branch point B¢ = B A BI for leaves i, j and £ > r, the Brownian
paths B?" and B do not split apart and evolve independently until time (|3¢|+1)/n = u,.
We now decompose the sum over good ﬁ in (2.13) accordlng to its shape, F, and edge

lengths 4. Abbreviating (81,...,08r) € Lny X -+ X Iy, as Bel- o> and writing B cGwW
for {B%,...,8"} C GW, the right hand side of (2 13) becomes

1 = - : 1
Do 2 Z H{F(E):F}ﬂ{ﬁ(ﬁ):ﬁ}lp (7 cawie| [To B +o(,,)
/=1

Fex, TEMn(EF)

(2.16)

Recall the notation (2.10). Choose [ € %,, @ € My(f,F), and § € I 7 such that
F(g) = F and ﬁ(ﬁ) =ii. Let N = N(F,i) € Z, be the number of ancestors of 81,..., 3"
in the index set I. Note that N is equal to n times the sum of (truncated) edge lengths in
T(5) determined by @ where u, = ug if £ > r and u), = [ug], = [t], if £ < (see e.g. the
left hand side of Figure 7). (Here we identify each edge of rescaled length 1/n with the
index of its entry vertex in I.) Therefore N is a function of (F, @) as the notation suggests.
It follows immediately that P(3 ¢ GW) = 2~ since § C GW if and only if each of these
ancestors has two offspring.

It follows from this, (2.15), and Proposition 2.9, that (2.16) equals

> nrlfl ) > Ly t—nPF C GW)e (F’ﬁ’sv"’HO(%)

FeXy TEMu (E,F) Eelng,g good

1 1
=D = D TVe(rdsk) Y 1, {u(ﬁ)-*}*o(ﬁ)

FED, TEMn(E,F) Bel, ;

Here dropping the “good” requirement on E , at the cost of O(%), is again an easy calcu-
lation along the lines of that done earlier.

For fixed /' € ¥, and @ € M,(t, [ ), the number of choices for 3 C I with this shape
and edge lengths in the above is 2V. This is because there are two choices for the offspring
labels for each of the NV “ancestors” above. Therefore combining the above equalities leads
to

E#EBNI

HHéf)(qﬁ“))] = > nrl_l 3 <I>(F,1I,s,k:)+0<%>.

=1 res, TEMn (EF)

As n — oo in the above, the (r —1)-fold Riemann sum converges to the (r —1)-dimensional
integral in the right-hand side of the proposition, and so the result now follows from (2.12).
For the Riemann sum convergence, we note that the 4 dependence of the integrand admits
finitely many jump discontinuities. |
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Figure 8: A depiction of the event in the detailed 1-particle function with n = 1, t = 6,
s1 =1 and sy = 4, with the path s — ws(6,z3) in bold (recall the notation from (1.1)).

2.3 Lattice tree f.d.d.

We now turn to the LT setting. Fix m € N, ¢t > 0, k= (k1,...,km) € RI™ and 5= (0 =
S0y -y Sm =), where s; < s;41. Then

i —wl™ (ta
H§">(¢g7,;)=/p<z5dHé") > H iy —ulfly (to) (2.17)

fxeTmJ 1
Letting Z,, = (21, ..., %) and setting xo = 0 € Z? we have
E (n) _G M i (1)
LT [H, (¢g,1;)] G sz Ue P(a:m € Tat, VjLy{wns, (nt, ) = a;]}>
- (2.18)
We call the quantity IP’(a:m € Tnt, ﬂ;-”:l{wnsj (nt,xy,) = a:j}) a detailed 1-particle function,

(see e.g. Figure 8), and the Fourier transform of the increments is called a detailed 1-particle
transform, i.e.

m
Z H eikj(x]-—xj—l)[p)(xm € Tnt, ﬁ;nzl{wnsj (nt, xy,) = l‘]}>
me(Zd)m 7j=1

Related quantities arising from expectations of the form
T

11 Hé;)w“))] :

=1

with ¢ = ¢ ) (519, k® as in Theorem 2.7) are called detailed r-particle transforms.
Therefore Theorem 2.7 amounts to verifying the appropriate asymptotics for the detailed
r-particle transforms.

EM%T
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Figure 9: A depiction of the event in the 3-particle function p(3 3 6)(y1, y2,¥3)-

When m = 1, the detailed 1-particle function is simply P(zy € Ty:), and its Fourier
transform becomes Y, 4 e**P(x € T,;). These quantities are called the 1-particle func-
tions (traditionally in the literature these have been called the 2-point functions, with the
two points being the origin o and x1). For 7 € Z', and ¥ = (z1,...,7,) € Z¥ we can
define the r-particle functions (see e.g. Figure 9):

pr(T) = P(Nimi{zi € Tn,}),
and (their Fourier transforms) the r-particle transforms for k € (R%)":
pr(k) = > & Tps(a).
ze(Za)r

We write O(x) to denote a quantity whose absolute value is bounded by a constant times
x. Using the inductive method of [14, 12] the following was shown in [17, Theorem 3.7]:

Theorem 2.10 ([17]). Fiz d > 8. There exists Lo = Lo(d) > 1 such that for every
L > Ly:
There exist K,Cy > 0 such that, for every 6 € (0,1 A %),

sup sup [pa(k)| = sup pu(0) < K, (2.19)
nEZy keRd neLy

b <\fﬁ> _ e [1 Lo (’if) Lo (n_d_s)] . (2.20)

Recall that the constant Cy is equal to A’ in the paper [17], while o2 is equal to vo?/d
in [17]. The error terms (see [17, Theorem 3.7, Lemma 3.8]) in (2.20) depend on d, L but
are uniform in {k € R?: |k|> < C'logn} (where C' depends on §). Taking k = 0 above we
see that, as claimed in Section 1.1, Cy4 = lim,_,« E[|7,|]. Asymptotics for the r-particle

and
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transforms are provided in [17, Theorem 1.14]. In particular there exists Cy > 0 depending
on D, d such that

W UE[| T2 = 1L (0,0) — Cy C3. (2.21)

Recall that the constant Cy in our paper is equal to Vp? in [17]. Our task is to “upgrade”
these kinds of results from [17] to get asymptotics for the “detailed” r-particle transforms.
This is the focus of the next section.

2.4 The LT detailed r-particle transforms and proof of Theorem 2.7

Recall the labelling convention for internal vertices (branch points) and edges in F from
Definition 2.5.

A lattice tree T > o having r + 1 leaves (0 = zo and z1,...,2,), 7 — 1 vertices
ZTpil,---,22r—1 Of degree 3, and all other vertices degree 2, has an associated abstract
tree I as follows: z; — 7, and any two vertices 4,7’ in I' are connected via a single edge
if the shortest path from z; to z; in T" passes through no other ;. All vertices in I' are
degree 1 or 3. Relabelling the vertices of degree 3 according to the labelling convention in
Definition 2.5 gives an abstract shape I, which is the shape of T and the points x1,. .., z,
(and o), and we write vy € {®y41,...,22,—1} for the vertex in 7" that mapped to branch
point g € T".

Given ', § = (Jea)iclj]eci2r—1]> and 7o = (Fiei)iclj.]ec2r—1] With each J.; € Z% and
each 7.; € N, let T(F, 9, 1) denote the set of lattice trees T' > o such that:

(*) for each ¢ € [r] the tree T' contains z; = Eee&;( )Zfe 1 Ye,i, and the shape of the
minimal subtree T” of T' containing o and z1,...,z, is [, and for each branch point

g € I, the corresponding vertex v, is tree distance > =g ZZ LM+ Zl | g, from
the root in 77, and

(**) for each £ € [r], each e € &(F ), and each i, € {1,...,je}, the path from o to x, in
T passes through the point > ;. S Uri+ 22:8:1 Ve € Z¢ at time (tree distance

from the root) >, . S g+ Z;’:e:l fei € Z2.
Let

—
~

t)(@) = (T € T(r,9.7)). (2.22)

S«

Given n, f, and 7 as above, and k = (k67i)i€[-e}’e€[2r,1] with each k&i € R?, define

2’!’1]5
(f ik, iYe.i(F)
V=S T )
g e=1i=1

The following proposition will be proved in Section 4.5 via modifications of [17, Theorem
4.8] (where each j. = 1) as indicated in [18]:

Proposition 2.11. Fiz d > 8. There exists Lo(d) such that for every L > Ly:
Jor every d € (071/\(158) e>0,reN, fF €, ( )66[27’ 1] e N#-1 ;M= (’FL )'LG]e l,e€[2d—1]
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(with each ne; € N and each fe;/n € (¢,1/¢)), R > 0, k = (]%e,i)ie[je]7ee[2d_l} (with each
];3571' S [—R, R]d),

ki 2r—1 Je g
A(v)(T)_pCr 1027" 11—[11—[16 g2 -ei e,

2r—1 Je 2r—1 Je }k’ vl 6)

o(X Y ) +o(X Y

e=1i=117,; e=1 i=1
where the constants in the error terms depend on L, 8, v, R, (je)ee[gr_l} and € > 0.

The purpose of this section is to prove Theorem 2.7 using Proposition 2.11.
We begin with generalisations of (2.17) and (2.18) (where r = 1). Fix r > 1 and

t1, > 0. Let s = (5,...,5"), where 5 = (s{’,.. s(e)(@) and 0 = s’ < s{” <
c< s (Z) = t; for each ¢ (so each m® € N). Then for gb(”,...,qb(’”) € G (with ¢ =
m®
d)g(f),k(f) and £ = (k’Y) k’(a(z)) (Rd) ),

,
[]#: "
(=1

r m®

- <611)71> Z Z H HeXp {ik;@ w <e)(t€a$£) w(u% (té,fﬂe))}-

; 1
Vnz1€Tnt, Nz €Tnt, £=1Ji=1 e

Take expectations and work with the un-normalised functions w(t, z) = w(t,z)(T) (aslight
abuse of notation, as before w(t, x) was defined as a function of the random tree 7") to see
that

EM%T

HH;?(M]
=1
r m® k(a
Crnr T D DL B(T= THHGXP{I s%)(ntmfﬂz) s (nte,ﬂce))},

ze(zd)r To: =1 j,=1 de—1
zeT, p

(2.23)

where & € T,  means x; € T, for each i € [r].

Given & = (21,...,2,) € (Z9)" and T > o a lattice tree with zy,...,2, € T, one can
consider the minimal subtree containing the origin and these points. Typically this subtree
has r — 1 branch points that are connected to the root and the points x; according to an
abstract (rooted) shape F consisting of 2r — 1 edges e € £(F) and 2r vertices. Call this
the shape associated to (7, Z). Contributions from subtrees containing fewer than r — 1
branch points (arising if (i) the number of distinct elements in {z1,...,x,} is smaller than
r, or (ii) paths in T" to one or more z; contain paths to one or more other z;, or (iii) the
most recent common ancestor of two x;’s is the origin, or (iv) some branch point in the
subtree has degree more than 3) will constitute error terms (see e.g. (2.26) below) and
they will be said to have a degenerate shape. For a given (non-degenerate) shape f € %,
and t = (t1,...,t.) € (Rsq)", recall the definition of M, (£, F) from (2.14) (but now with
¢ in place of BY). For & € (ZY", § = (Wrs1s--. Yor—1) € (Z)™, and @ € My (L, F),
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let T, (F, t.i,Z,7) denote the set of lattice trees 7' containing the origin and the points
T € Ty, for i 6 [r] for which the shape associated to (7', %) is f, such that for each branch
point j =7+ 1,...,2r — 1 in F, the spatial and temporal location of the corresponding
branch point in 7" is (y;, nu;). The main contribution to (2.23) is therefore

C -1
C’rl?fr 1 Z Z Z Z W( )
0 FeX, ue (Z,9)€e
Mo (EF) (zd)2r=1 Tn(F t U,2,9)

r m® A
X H H exp{ \% oMt ze) — w0 (nte, z¢)) }
B2

1
=1 j,=1 Je=

(2.24)

The modulus of each exponential is bounded by 1. Next, using (2.19), and neglecting
interaction between parts of the tree corresponding to the 2r — 1 different edges in the
shape we get that for any shape f € X,

Z Z < K21 (2.25)

T (f ﬁfgj)

for some Ko > 0. If t = max;cy) t;, we can sum over u to conclude that

Z Z Z W(T) < K2 Y(nt+ 1)1
(Z,9)
Mn(t ) Tn(F mfg)
Remark 2.12. Bounds similar to (2.25) hold in great generality. For any abstract rooted
tree graph (call it a generalised shape) F* with edge set E*, and any set of temporal lengths
(ne)ecp+ (with each n. € N) associated with those edges: the total weight of all lattice trees
containing the origin having vertices with spatial and temporal displacements (ﬁe)ee g+ and
(ne)ecp+ with the generalised shape of the connections to these points being F*, summed
over (ﬁe)ee g+ gives at most KS# E”  This is also obtained by ignoring interactions between
different parts of the trees corresponding to different edges in E*. *

For degenerate shapes, one also has (2.25) (in fact the exponent 2r — 1 can be reduced).
However, in comparison with (2.24), degenerate shapes give rise to sums over fewer (at
most 7 — 2 in fact) u;’s, each of which takes at most nt+ 1 possible values. After summing
over finitely many degenerate shapes and summing over & we may bound the version of
(2.24) for degenerate shapes by

(t+1)"2
e

Iy r—2
—(nt+1)r<C (2.26)

We conclude that contributions to (2.23) from degenerate shapes are bounded in absolute
value by Cn~!(£+1)""2 and the main contribution from non-degenerate shapes is at most
C(t+1)"1. If we set m® =1,k = 0, we conclude the following as a special case:

Lemma 2.13. For eachr € N there exists a constant C. > 0 such that for allty,...,t, >0,

sup nE[HH } <O (t+ 1)

neN
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Given € > 0, 1, s, and a (non-degenerate) shape f € %, let ./\/lng(t_: I, s) denote the
set of @ € My, (t, ) for which (with ug := 0) either:

e there exist a leaf ¢ € {1,...,r}, a branch point j € {r +1,...,2r — 1} in the path
from o to ¢, and an i € {1,...,m“}, such that

|uj - S;'Z)| <,

e there exist i,j € {0,...,2r —1} vertices of F, such that i is an ancestor of j in F and

lui —uj| <e.

Roughly speaking these correspond to situations where there is branching on a path close
to one of the observation times along the path, or where one of the edge-lengths is short.

Let My, .(t,F,8) = Mu(t,F)\ Myuc(L,F,s). Then the sum over @ in (2.24) can be
split into a sum over & € M, .(t, F,s) and a sum over @ € M, .(t,F,s). Using the same
argument as for (2.26), we get that the absolute value of the sum over @ € M, (f,F , s) is
at most

N e+ 1) = o4+ 1) e, (2.27)
We therefore turn our attention to the quantity

(£)
o *
Cipt rom ”( oozl —w (Z) (ntem))

S =P OB VIS D L) 11 CR A

Fex, (Z,9)€e kS =1 j,=1
My, *(t F S) (Zd)27 1 T'n,(f tﬂ:fig)

(2.28)

We now define discrete analogues of the sets Z following Definition 2.5. Recall the
notation (2.10). Let f € %,, £ € (0,00)", @ € My(t,F), and s = (5V,...,57), where

50 = (s,.. s(z)([)) and 0 = sy < s < ... < s )(Z) = t¢ for each ¢ € [r] be given.
If e ¢ &EF ) then set Zp(e,8¥) = @. If e € E(F ) then let Z,(e, §) denote those
elements of [§9], := ([sf)}n,.. [s“)w] ) that fall in the interval (u_(e),us(e) A [te]n),

where u_(e), uy (e) are the elements of @ corresponding to the endvertices of e (and u_(e) =
0 if e is adjacent to the root). Let Z,(e,s) = U;_,Zn(e,5). The j(e) = |Zu(e,s)|
elements of 7, (e, s) divide the interval [u_(e),uy(e) A [t¢]n] into j(e) + 1 subintervals -
denote their lengths by (72e,i/n)i=1,.. j(e)+1, and set 7 = (Tei)ece(r)si=1,....j(e)+1- Hi(e) =0
then 7i¢1/n = uq(e) —u_(e). Note ‘that j(e) and 7o depend on F,u, s (and n), and that

j(e)+1 .
Decti(r) Z?‘:F Nej = |nte].
Forler],ec &(F)and ac{l,...,j5(e)+ 1} let

o= 3 0 50

(Note that s{” is interchangeable with [s{”], in the definition of Cq[f].) Given £k =
(K., k:;f;(l)) € (Rd)m“), for each £ € [r], and for e € {1,...,2r —1} and a < j(e)+1, let

I _ (]
ke,a(n)— Z kif](a,ﬂ)'

Lec&(F)
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Let k(n) = (ife,i(n))ee[2r—1],i§j(e)+1 which depends on F, s, i, n and of course k.

IfneN, F eX,, s,and u € ./\/ln*(f7 F,s) are given, t}}is determines 1 = n(F , s, ) as
above. If we are given k as well then this also determines k(n). By expressing locations of
paths in terms of their spatial increments § = (7e,i)icj,],ce[2r—1) (and recalling the definition
of T(F,y,n) given prior to (2.22)) we see that (2.28) is equal to

2r—1j(e)+1

Cip™! em)v
oly oy oy oy eoilies
' TMn ) T(/ yn(/ ,8,@0)) -
2r—1j(e)+1 “(
e =Y X XTIV " B(T et g.a5m). (229
Fex, g e=1 =1
Mn*(tFS)

Recall M(t, F) from Definition 2.5. Given ¢ > 0 we define M.(Z, F, s) to be the set of
i € M(t, ) for which either:

e there exist a leaf ¢ € {1,...,r}, a branch point j in the path from o to ¢ in F, and
i€ {l,...,m®} such that
[uj — s <.

e there exists vertices ¢ < j of F, such that

\ui — Uj| <e.

Let M, (t,F,s) = M(t,F)\ Mc(t,F,s). Then, as for (2.27), we have that

/ 1du < Cret
TEM(L,F ,8)

Recall the definition of ® (and its arguments) from (2.6). Below we will show that as
n — 0o (2.29) converges to

> / O(F, s, k)di. (2.30)
Fex, JueM (t,r,s)
Fix F € 3, and consider the quantity in (2.29) with fixed f/ which can be written as

2r—1j(e)+1

67,(

Cl e,i N
Conr T Z SSTIII & o " B(T et gm0 as)).  (231)
Yy e=1 i=1
Ma, *(th)
Then (2.31) is equal to
Crp”! (k)
T 2 tngeal(Tm ) (2.32)
Con = n(F s )( \/ﬁ>
Mn,*(t_;/‘ ,S)

where we recall that k(n) depends on [, s,,n, k.
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Proof of Theorem 2.7. Fix r, t and the ¢ (hence k and s).

Let 6(s) > 0 denote the minimum difference between distinct values in s (recall that
this includes 0 and each ty). Let ¢ € (0,(0(s)/2) A 1). Above (see in particular (2.26),
(2.27) and (2.32)), we have shown that the left hand side of (2.7) is equal to

Cip~* (F) k(n) -1
T 2 Z s () + O +0@™),
FeES,
Mn*(t,fs)

where the constants in the O notation here only depend on t,r,L,d. By definition of 7,
each 7. ; is equal to |ns| — [ns'] for some distinct s > s’ € s (or is equal to ||[ns\”| — nu|
for some branch point j in the path from o to £ in F, or |nu; — nu;| for some i < j in f ).
It follows from the definition of §(s) and the fact that @ € M, .(f, I, s) that we have that
fei > ne/2 for all e,i for n sufficiently large depending on ¢ (which we assume in what
follows). By Proposition 2.11 (recalling that Cy = C3Cy and C} = C4Cy, and 6 € (0,1)
is as in Proposition 2.11) we see that this is equal to

1 or—1j(e)+1 e 1 |k’2h1f6
2 I3 vo(x i) vo(x M)
FeX, M, :L(%F7s) e=1 =1 e, nw. e,
+0(e) +O(n 1), (2.33)

where in the above, 71 is determined by F , @, s (and n), and k is determined by these and k.
In addition the constants in the error terms in square brackets depends on ¢ (among other
things, as in Proposition 2.11). Also d,e € (0,1) and ne/2 < n.; < nt imply the error
terms in square brackets are O((en)~(ON@=8)/2)) uniformly in @ € M,.(,F,s) (where
again the constant in the O notation here depends on ¢, k). Since the sum over 4 gives at
most (nt)"~! we see that (2.33) is equal to

2r—17(e)+1 a
=2 e T 4 O((en) 09 1 O, (2.34)
fEZTn e=1 i=1
Mn *(tF S)

Recall the definition of § = 3(F , 4, s) from below (2.4). Together with the definition of
7 we see that |3.; —ne,i/n| < 2/n for every e,i. Thus (for n large enough depending on ¢)
(2.34) is equal to

2r—1j(e 3 .
=IO H o5 5t 00 4 o(c), (2.35)
FeErn ne e=1 =1
Mn*(th)

where the error term in the exponent depends on k but is uniform in 4. Recalling (2.6), it
follows that (2.35) is equal to

2r—1j(e)+1

=PI [ et s 0

FeX, e=1 i=1
Mn*(F)

:an Z O(F,u,s,k)+O(e).

FeX, UE,
Mo« (E,F ,8)
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As n — oo in the above, the (r —1)-fold Riemann sum converges to the (r — 1)-dimensional
integral in (2.30). We have therefore shown that there exists a constant C' (depending on
k,s, f) such that for any € > 0, for n sufficiently large we have that

E //'%T

HHt(ZL)(qS(Z)) _ Z / - Dp2(F U, 8, k)di| < Ce,
1 geM(t,a)

Fex, ’u

which completes the proof. |

3 Tightness

In this section we work in an abstract setting for historical processes motivated by the
historical paths {w(m,x) : m € Zy,z € Ty} of lattice trees and those for branching
Brownian motion, {B® : |a| € Z4,a € GW} (with n = 1), both introduced in Section 1.

As before, add A to R? as a cemetery point. Assume on a probability space (22, F,P)
we have

Vk € Z4, Sk is an a.s. finite random subset of a countable set S. (3.1)

Vk €Zy,B €S, (w;(k,B))jezs are R U {A}-valued random variables such that
for B € Sk, w;(k, ) are R%-valued, wo(k, B) = 0,w;(k, B) = wy(k, B) Vj > k,
and for € S\ S, w;(k, ) = A. (3.2)

So for each k € Z, and f3 in the random finite set Sy, we have a discrete-time R%-valued
stochastic process starting at 0 and freezing at time k.
For
weW :={w(k,B): B € Sk, k € Z} (the set of historical paths), (3.3)

we define the rescaled paths by

Wns| ( LntJ ) B)
\/ﬁ )

so that for ¢t > 0 and 8 € S|, w™(t,8) € D(R?). Define a cadlag Mp(D(RY))-valued
process by

wiM(t, B) = s,t >0, (3.4)

n 1
H" = o § Bupm) (1,8) (3.5)
g
ﬁes\_ntj

where Cy > 0 is a model-dependent constant. We call this class of measure valued processes,
the historical processes associated with W.

Example 3.1 (Lattice Trees). Here S = Z%, S,,, = Ty, form € Z, and for x € S,,, w(m, )
is the tree history from the root to (m,z) in (1.1). If C; = Cp then one can easily check
that H™ as defined in (3.5) agrees with the historical process for lattice trees in (1.4).
Note here that the index set for w™ has been changed from that in (1.2) (and so we have
abused the notation) but the actual empirical measures are unchanged. Properties (3.1)
and (3.2) are clear if we extend the definition of w(m,x) to A for z ¢ S,,.
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Example 3.2 (Branching Random Walk). We discretize (in time) the branching Brownian
motions introduced in Section 1 and use the notation from that construction. We denote
dependence on n € N now in our notation for B5™ for g € I. Let S=1,S,, = {3 € I:
B € GW,|B| =m}, and for § € S, set

wj(m, B) = B

jAm:
Then one can check that for a € S|,

Blntins)

(n) - n(tAs

Wy (t)ﬁ) - n1/2 .

Set Cy =11in (3.5), and for |3]| = [nt], let Z5m = Ef;;(z)/\t)j/n be a time discretization of
the stopped Brownian paths B? ™. Brownian scaling shows that

3 1 .
if ™ = — Z 8 5.y, then H™ is equal in law to
n BEGW:
18]=|nt]

the nth historical process given by (3.5) for each n € N. (3.6)

Clearly H™ is a rescaled branching random walk with Gaussian mean 0, variance o2

increments. Properties (3.1) and (3.2) are again clear if we extend the definition of w(m, x)
to A for x ¢ Sp,.

In order to prove historical tightness, we will assume that the collection W (as in (3.3))
of historical paths satisfies the following condition. Recall that w™ is the scaled version
of w, as in (3.4).

Condition 3.3 (Modulus of continuity). For some ¢ € (0,1/2),0 € (0,1], and constant
Cy > 0, there exist random variables (dy,)nen so that for all historical paths w € W and
n €N,

n)

Vs; € Zy/n, |sa—s1] < 0p = |w§g) - wél | <ls2 — s1]9, (3.7)

where nP(d, < p) < Caop? Vp e [0,1).

This condition is verified for any ¢ € (0,1/2) and # = 1 in [20, Theorem 6] for sufficiently
spread-out lattice trees in more than 8 dimensions in Example 3.1 above (as well as a
number of other models)-see Lemma 3.12 below. For the Branching Random Walks with
Gaussian increments in Example 3.2 it is easy to derive it from [6, Theorem 8.1] for the
same parameter values (in fact 6 can be taken to be any value in (0,00)) . Here one takes
the underlying diffusion to be Brownian motion, restricts the time steps to be in Z4 /n,
and then uses (3.6).

In our abstract setting, the extinction times become

SW =min{k € Z; : S =0} € Z; U o,

so that
S = W /n = inf{t > 0: H(1) = 0},

agreeing with our earlier definition for lattice trees. We assume S satisfies the following:
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Condition 3.4 (Survival bounds). There exist ¢,¢ > 0 such that

<infP(SW > t)(t v 1) <supP(S™ >t)(tVv1) <e (3.8)

T >0 t>0
This condition holds for the branching random walks in Example 3.2 by Kolmogorov’s
classical result for survival of critical branching processes (e.g. see [24, Theorem II.1.1(a)])
and for the lattice tree historical paths in Example 3.1 by (1.6) (or see [20, (1.22) and

(1.27)]).

Definition 3.5. For a metric space, F, a collection {@Q, : n € N} of probabilities on
D(Ry, E) = D(E), is C-relatively compact iff every sequence ny — oo has a subsequence
{n}} s.t. Qn; converges weakly in D(F) to alaw, @, supported on C(E), the set of continu-
ous E-valued paths. If {X,} is a sequence of cadlag E-valued processes on our underlying
probability space, we say {X,, : n € N} is C®™-relatively compact iff for every sq > 0, the
set of conditional laws {P(X,, € -|S™ > s9) : n € N} is C-relatively compact in D(E). <

We start with a general tightness result for historical processes in this abstract setting:

Theorem 3.6. Assume H™ is given by (3.5), where W satisfies Condition 3.3. Suppose
also that Condition 3.4 holds and {H' ($) : n € N} is C®™-relatively compact in D(C) for
each ¢ in a determining class Do (for Mp(D(R?))) containing 1. Then {H™ :n € N} is
Coo™_relatively compact, and for every sq > 0, every limit point, H, of {P(H™ € -|S(") >
s0) : n € N} satisfies Hi(C(RY)) =0 for allt >0 a.s.

In practice it is the relative compactness of {H™ (¢) : n € N} for a rich class of test
functions ¢ that will require most of the effort. For L'T’s this is done in Proposition 3.11,
which is in turn proved in Section 3.2 below. Applying Theorem 3.6 to the case of lattice
trees (conditional on survival), we will then deduce the following below:

Theorem 3.7. Let H™ be the sequence of rescaled historical processes associated with
sufficiently spread-out lattice trees in d > 8 dimensions, defined in (1.4). Then {H™ : n €
N} is C"-relatively compact.

3.1 Proofs of Theorems 3.6 and 3.7

Our starting point for proving Theorem 3.6 is a version of the Jakubowski-Kurtz Theorem
for Mp(D(R?))-valued processes. It is a simple extension of that for M p(R?)-valued
processes in [11, Theorem 5.2].

Theorem 3.8. Let Dy C C(D(R?),C) be a determining class for Mp(D(R?)) containing
1. A sequence of probabilities {Py, k € N} on D(Mp(D(RY))) is C-relatively compact iff

Vn >0, VI € N, there is a compact set K, 1 C D(RY) such that
sup Pk(sup Hy(Ky 1) > 17) <mn, (3.9)
k t<T
and

for all ¢ € Dy the sequence of probabilities, { P(H.(¢) € -)},
is C-relatively compact in D(C). (3.10)
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For 6,7 > 0 and w € D(R?), we define

W/ (w,6,T) = inf max sup |ws — wyl,
{ti} 2 S,te[tifl,ti)

where the infimum is over all partitions {¢;} such that 0 =ty < t; < ...ty_1 < T <ty
such that ¢; — t;_1 > 0 for all 7. Note that W’ is decreasing in ¢ and increasing in 7. We
restate [8, Ch. 3, Theorem 6.3 and Remark 6.4] with their general metric space E replaced
by R? and use the above monotonicity to take sequential limits and restrict 7' € N.

Proposition 3.9. Let 8/, | 0. The closure of a set A C D(RY) is compact iff

sup |wi| <oo and  lim sup W(w,d,,,T)=0, VT eN.
wEALT M—=00 A

For q € (0,1/2) let By, = Bn(q) = {w € D(RY) : W' (w,2™™,T) < 2-(m=24 ¥T ¢ N},
and for M € N define

Ay = An(q) = {w € DRY) : Jwy| < (£ +1)2M+1 vt > 0} 0 (mgzMBm)

An easy application of Proposition 3.9 shows that Ay; has compact closure in D(R?).

Lemma 3.10. Assume Condition 3.3, and let q,0, be as in (3.7). For any n,M € N, if
6n > max(22M n=1), then H{™(AS,) =0 for all t > 0.

Proof. Assume §,, > max(22~M n=1) and let m € N2M T € N and w € W. If we divide
[0, []] into [¢]2M intervals of length 2=™ < §,, then the triangle inequality, (3.7) and
5, > n~! imply

] = [y —wi”| < [12M[27M9 409 < (14 12V, (3.11)

where in the first inequality we have moved an interval endpoint to an appropriate neigh-
bouring point in Z. /n resulting in an error of at most n~%. Consider next W/ (w™, 27" T')
forw e W. If 27 < %, then W/(w™ 2=™ T) = 0, as one can see by taking t; = %,
i € Z4 in the definition of W', and using the fact that w™ is constant on [i/n, (i + 1)/n)
for i € Z4. Assume therefore that 27™ > % Now set t; = 12~ for i € Z,, which gives

ti —ti—1 > 27™ for all i. We also have
1
[tiln — [tic1]n <207™ + ~< 22Tm < 9P M <5 (3.12)
By (3.7) this implies that for s,t € [t;—1,t;)

f? = ) = ufg), — i | <[t = [shal? < 270021,

where in the last line we have used the middle expression in (3.12). This proves that
W (w™, 2™ T) < 27(m=2)¢_ which together with (3.11), shows that w™ € Ay, and so
completes the proof. [ |

Proof of Theorem 3.6. Let ny — oo, fix so > 0, and define probabilities on D(M (D(R?)))
by
P, (1) =P(H™ € .|ST) > g).
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For the first assertion we need to show this sequence of probability laws are C-relatively
compact on D(Mp(D(R?))). For this we will use Theorem 3.8, and so need to verify the
hypotheses of that result. For (3.9), for all T € N we set K, r = Ay, where M is chosen
below. The compactness of this set follows from Proposition 3.9, as has already been noted
above. By Lemma 3.10,

Pnk(sup Ht(K,‘; ) (Hw’c ASs) >0 for some t > O‘ Sk) > 50)
t

< P(6y, < max( (227M _1))/IP( Sk > 50)
< c H(ngso + n,, 1oy (2 2(2=M)0 4 nlze),

where in the last inequality we have used (3.8) and (3.7). The above bound is at most
c(s0+1)Cy (230 _|_n];0) which will be smaller than 7 if we set M = M (n) large enough
and assume n, > N (7). This proves (3.9) for large enough k. It is easy to enlarge K, 1 to
obtain a compact set which satisfies (3.9) for all k. For example, for fixed n = n; < N(n)
and all t > 0, H,f") is supported on the space of cadlag paths which are constant on
[i/n,(i+1)/n) and on [S™, 00), and whose jumps are uniformly bounded in absolute value
by

max ]u&(m,ﬁ) _wj—l(m75)’

m/n<8M BES, 1<j<m ni/2

< oo P,—a.s. (3.13)

Now use (3.8) to bound S™ and bound the upper bound on the jumps in (3.13), with
high P,,-probability, and so obtain a compact set of paths which supports Ht(") forallt >0
with P, probability at least 1 — ), for the finite many values of n = n; < N(7n).

The other condition (3.10) of Theorem 3.8 holds by assumption and so the C-relative
compactness is established.

For the last statement we note first that if Aw; = w; — wi— for w € D(Rd) and t > 0,
then a simple Skorokhod topology exercise (e.g. use [8, Chapter 3, Proposition 5.3]) shows
that for any § > 0,

{w € D(RY) : sup |Aw,| < 5} is a closed set in D(RY).
>0

Consider a weak limit H of {P,, }. By Skorokhod’s representation theorem and the con-
tinuity of the limit point, H., we may realize all our processes on a space with underlying
law P’ and assume H,"* — H, in Mp(D(R%)) for all ¢ > 0, P'-a.s. So the Portmanteau
Theorem for the weak topology gives for all t > 0 and M € N,

Ht({ sup |[Awg| < 1/M}C> < lim inf Ht(n’“) ({ sup |Aws| < 1/M}C>.
>0 k—o0 s>0
Now fix t > 0 and use Fatou’s Lemma to see that for 6 > 0,

P’(Ht({sup|Aws\ >1/M}) > 5) < P’(limiané"’“)({sup\Awsl >1/M}) >0
>0 k—ro0

N——

<11m1anP’< <"k>({supyAw5|>1/M}) )

k—

< liminf P,, (6, < 1/nk) =0.
k—o0

In the last inequality we use the fact that for k large enough 0, > 1/nj implies that for
all ancestral paths, and all s > 0, [Aw{™| < (1/nz)? < 1/M, and in the final equality we
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use Conditions 3.3 and 3.4. Now let M 1 oo to see that H; is supported by C = C(R?)
a.s. for each t > 0. Therefore H;(C¢) = 0 Vt € Q. So using the openness of C* and the
Portmanteau theorem again, we get from the continuity of ¢t — H; that H;(C¢) = 0 for all
t>0 a.s. [ |

Let Lipg denote the set of functions ¢ : D(R?) — R such that for each w,w’ € D(R?),
[p(w)] < K and [¢(w) — ¢(w')| < Kw — w'[|, where [|w]| = sup,cp, [w].

Proposition 3.11. For critical sufficiently spread-out lattice trees in dimensions d > 8:
For each ¢ € Lipy, {H"(¢) : n € N} is C"-relatively compact in D(R).

The proof of this key result is more complicated and so is deferred until Section 3.2.
Assuming this, Theorem 3.7 now follows:

Proof of Theorem 3.7. We have already noted that the historical process for lattice trees
is a special case of the general framework in this Section, that Condition 3.3 was verified
in [20] with ¢ =1/4 and 6 = 1 (see Lemma 3.12 below), and Condition 3.4 holds by (1.6).
Proposition 3.11 shows the last hypothesis of Theorem 3.6 holds with Dy = Lip;. Dy
is a determining class because it includes appropriate multiples of all finite-dimensional
Lipschitz continuous functions. The result now follows from Theorem 3.6. |

One can also prove the analogue of Theorem 3.7 for the branching random walks in
Example 3.2, where the analogue of Proposition 3.11 yields easily to martingale methods,
but the convergence results here can be readily proved as in [24, Chapter II].

3.2 Tightness for Lattice trees

The goal of this section is to prove Proposition 3.11. For lattice trees, we will use the
modulus of continuity in the following form:

Lemma 3.12. For each n € N there exists a random 6, > % and a constant ¢ > 0 satisfying
nlP(0, < p) < cp for every p € [0,1) and every w € W (the system of ancestral paths to
points in the tree)

|se — s1] < 0, = \wg) — wg’;)\ < c(|s2 — 31\1/4 + n*1/4).

Proof. Apply [20, Theorem 6] with o = 1/4. The fact that we can take ¢,, > % follows from
the finite-range assumption on the lattice trees, which gives |wi7r)L — wg’ll) /n| < Ln~ 1?2 <
Ln~1% and so allows us to replace 8, with &, V (1/n). |

The other main ingredient we use is a bound on the fourth moments of the increments
of the total mass:

Proposition 3.13. There is a v > 1 and for any T > 0, there is a cr such that for all
n €N and all s1,s2 € (Z4/n)N[0,T],
n]E[(HéZ)(l) — H(">(1))4] < crlse — s1]”.

S1

The above is condition (ii) of [11, Theorem 2.2] with k£ = 0 and is verified in that reference
(see [11, Theorem 3.3, Lemma 3.5, and Section 7]).

For w € D(RY) and t > 0 let w! € D(R?) be defined by w’ = wsx; and for ¢ € Lip; let
¢' € Lip; be defined by ¢f(w) = ¢(wt). Define T, = n~1/2T,,. We will use T, as our
index set for w'™, as in (1.2), and so depart from the notation in (3.4).
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Lemma 3.14. Let 6, be as in Lemma 3.12, and assume that 0 < v < t1 < to satisfy
to —v < 0p(w).
Then for ¢ € Lip; and i = 1,2,
HP(9) = HE (6] < el(ta — )4+ 0 (X0 (1) v X2 (1),

Proof. Note that H{™(¢!) = H"”(¢) (recall (1.1), (1.2), and (1.4)), and therefore for ¢;
and v as above,

‘Ht(;)@) - HI:(ZL>(¢U)\ < % Z o (w™ (i, ) — (W™ (t;,2))")|
xE'E(in)
<E 3wt w) — (0 (t,2)"|
xETt(in)
C

=53 sup u(ta) — w1, 7)
o (m SEt
t

<c(fti — o+ VH XM (1),
where we have used t9 — v < §,, and Lemma 3.12 in the last line. The result follows. [ |

For a lattice tree T" containing x (and o), let T, denote the tree consisting of all vertices
that are not descendants of x. If x ¢ T then let Ty, = @. Let Fyy = 0(Txs). Let T,
denote the set of lattice trees containing the vertex x. If x € T, let R,(T) € T, denote
the descendants of x in T together with x and all the edges joining them (if = ¢ T, let
R,(T) = @), and let R,(T) — x € T, denote the translation of R,(T) by —=x.

Lemma 3.15. For x € Z¢, for every Borel measurable o* : T, — Ry, and ¢ : {(z, R) :
reZ Re T,y — Ry defined by o(x, R) = p*(R — ) a.s.

E [¢(x, Re(T))|Fre] Lzery < pE[0(0, T L {zeTy-
Proof. Let ¢*(R) := 1yrepy, where F' C T,. For S such that P(x € T,T%, = S5) > 0,
{Rer} #
E [ (I R }7-7;33 =85 z€ T} ]1{7—}1:3}]1{1,67-}

B[R, (1) —zery LTy, =5} LizeTn)]
= (T =50 T) Li7,,-s}L{weT)

neZly

By [20, Lemma 9.4] this is at most

EL{7y,=s5}L{zeTn}]
P(T € F) Z P70 =S eT) L7y, =sylzery = PP(T € F)li7, —s}LizeT)

Summing over S gives
E [p(z, Ro(T)|Fra] Lgery < PP(T € F)lgpery.

The right-hand side is equal to pE[p (0, T)]1{ze7} as claimed. Use linearity to get the result
for simple non-negative functions, and monotone convergence to complete the proof. W
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Assume 0 < v <t < t2 and ¢ € Lip;. We want to bound
|Hy(¢) — Hy ()] < [Hp (¢) — Hy (6°)] + [ Hy (¢%) — Hi (6°)]
+H () — Hy(¢Y))]. (3.14)

Lemma 3.14 will allow us to handle the first and last terms; the majority of the work
will be in bounding the expected 4th power of the middle term. For fixed n, T' € T, and
x€n 274 let RY(T™) = n‘l/QR\/m(T) C T™ denote the subtree consisting of = and
its descendants. Write RSY = RSV (T™).

H (¢%) — H(¢") = C'(l)n 3 oWt ) = Y e (t, 1))

2EeT 2eTt

Using the tree structure and v < t; < t9, this is equal to

oin DR DR (R CH) B R DR DI (G CIEN

:Jce'ﬁ,(n) z2€7;<2n)ﬂ72§5n) xe'n( )z1€’7’t(1")r‘172§6n)
1
=G | X owrwa( X 1= 30
| zeT™ 2eT R 2 €T VNR,(T)
1 n n n n
=G | 22 e a) (1T N R =T nREY]

_x€72,(n)

If z € Z4/\/n, let AL = T ARY =T AREY)). If &y, = (21, ., Tym), then

{xE'ﬁJ(n)}ﬂ

1 m
(Ht(:)(¢v) — Ht(f)(d)v))m _ G Z H d(w™ (v, xj) H Agf)/’v. (3.15)

J
Eme(TM)ym =1 =t

Let 10" and recall v > 1 is as in Proposition 3.13.

{z o} = Liaerimy

Lemma 3.16. Let ¢ € (0,1], K > 0 and T € N. There is a Cxr > 0 so that for n € N,
0<p<4 alxcZ/n, allt; € Zy/n such that 0 < t; < to < t; + 1, and all
OS’UStl—K(tQ—tl)E,

E[|AD /P |Fre] < Crrlts =t P00 ) as (3.16)

z,v}

Proof. By Lemma 3.15 with the function ¢*(R) = HRn(tz,v)] — [ Rty —v)l
side of (3.16) is at most

CnpE [‘H(n) ( ) H™ (D‘p] R

t2 v tl—v {x’u}
—CrpB[|H (1) = HL (DI, (1) > 0| PUH (1) > 0)17),
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where we have used the fact that the integrand is 0 on {H{™ (1) = 0}. By Jensen’s

t1—v
inequality, this is at most
n n n n / n
Cr(H (1) > O)E[[H,(1) — Hi, (]|, (1) > 0] 1y
n — n — n n p/4 n
< CnP(H{,(1) > 0) (n7'P(HSL, (1) > 0) "B |[H, (1) - B2, 1)) 10,
< Cr(nP(HY (1) > 0)) P4 (Jte — 61 )P40y

where we have used Proposition 3.13, and that, without loss of generality, to — t; > n~!,

S0 [ta — v]p — [t1 — V] <ty —t; + 071 < 2(ty — t1). Now use the uniform bound on the
survival probability from Condition 3.4 for lattice trees, to bound the above by

4-1 44 (n
C(ty — )P/ Uty — t1 P/ ﬂ({x),u}v
Since t; —v > K(t2 —t1)® and [to — 1| < 1, this is at most
2 _ P n
CKvT‘tQ - t1|4(7+€) El{x,v} < CK,T|t2 - 751‘47 sﬂg[w),v},

as required. [

In proving our next result, we will make use of Lemma 2.13 with each t; = t.

Proposition 3.17. There are n,e € (0,1], and for any T € N a constant Cr, such that
for all ¢ € Lipy, all t1,t3 € [0,T] satisfying (2n) " <to—t; < 1/2 and v <t — 5(ty — t1)°
(v may be negative), and all n € N,

E[(H(6"") = HP(67)1] < Crlta — ta1 .
Proof. We first show that it suffices to prove the above for ¢; € Z /n satisfying
t; <T, t1 <ty <t;+1, and any v < t] — (tg — tl)s. (317)

Assume this result and let n, ¢; and v be as in the theorem. Using to — t; < 1/2, we have

1 1 1
[tQ]n_[tl]n < (t2_t1)+; < 54‘; < 1.
In addition, using to —¢; > 1/(2n) we have
1
[taln = [ta]n < (B2 = t2) + — < 3(t2 — 1), (3.18)

which implies

[t1]n — ([to)n — [t1]n)® > t1 — % — (3(t2 —t1))°
>t — 2(t2 — tl) — 35(152 — tl)a
>t —5(ta—t1)° >

The above inequalities show that our hypotheses (3.17) hold for [t;],, and the given v. Using
the fact that Hél") =H [(t”i we have from our assumed result, that

nE|(H{ (6") = H (6")*| < Crlltaln — []af' 7 < Cr8747(t — 1)+
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(the last by (3.18)), as required.
So consider now only t; € Z, /n satisfying (3.17) and t2 > ¢; (without loss of generality).
We first assume v < 0. In this case for all x € 7'(”) w™ (t;,x)° is the zero path, 0, and so

HP(¢"") = H(¢°) = ¢(0)H (1) = $(0) X, (1).

The required inequality now follows (recall t; € Z /n) from Proposition 3.13 and |¢(0)| < 1.
So assume henceforth that 0 < v < t; — (to — t1)°. For z € 7", and ¢ €Lip,, write
¥ = ¢(w™ (v,z)). Note that from (3.15) we have

Dy = nE [(H (¢") — Hé?(#))ﬂ

s T ()]

T=(w1,72,23,24) J=1

ez /yn)*
1 () A ()
—ZisE[ Y oAl (3.19)
0 Fe(z4/vn)t

where A(") denotes the product of the indicators A<")v over the elements x; of the vector

Z and qb; is the product (running over the elements of the vector Z) of the ¢(")

We'’d like to condition Auﬂ, on Fyg, in order to extract a positive power of ¢t —#; using
Lemma 3.16. This is complicated by the fact that there are terms in the sums where other
x; = x4. If we specify for which ¢ this is true for then we will also have a constraint that
the remaining x; are not equal to x4. After conditioning we wish to restore the possibility
that these z; = x4 in order to recover a term of the form (H;"(¢") — H{"(¢")) raised to
some power smaller than 4 and so derive a recursive inequality which will bound the mean
of fourth power of this increment. This results in an inclusion-exclusion argument below.
To shorten the notation we will drop the dependence on v and n in our notation and also
suppress the summation range of Z.

In what follows, A; C [4] denotes the set of indices i for which x; = x4 (so in particular
4 € Ay). Then letting A = [4]\ A1, and writing z(A) := {x; : i € A} and &4 for the vector
I with coordinates restricted to A, we have

Dy, =n"3Cy* Z E Zﬁf)ﬁAgAfA% Z qSLfil'Aﬁl],

Arcl4]: Lage ra¢z (A7)
4€ A,
where in the case Ay = [4] we interpret the term in the expectation as ) -

Taking conditional expectation with respect to Fy,, and using the fact that (for x; #
74), Uiz, 0) @z, Au; 8 Fyg,-measurable (as is 1y, ,)@x,) We have that Dy is equal to

I Y B\ Sty Y oAl

aci L zaga(AS)
46141

37



Interpreting the empty sum Z:megc( Ag) @S zero when A{ = &, we can write the above as

et Y E[Z%A% qucle'E[Aﬁl'\fmJ] (3.20)
A1 C[4]: fAi x4
4e€ Aq
00t Y B dnAr,e D, SRVEARE, ]] (3.21)
A1C[4): rAc xzqa€x(AS)
4€Aq

Note that |A;| + |Af| = 4 and reason as in (3.19) to see that (3.20) equals

C Y E[(H(¢" Hé%”))/*f'quLﬁlnE[(Au/m'Alwm]],
A Cl4]: T4
4€Aq

which, by Lemma 3.16 and |¢| < 1, is bounded in absolute value by

C ) E
A1C[4]
4€Aq

Ht(:) (¢?) Ht(f)((bv)‘lAﬂ Z ]1{36471}}] Ity — 251|(7\A1|/4)—s

T4

Expressing the sum over x4 in terms of Hy"” (1) this is equal to

C’ZnE

A Cl4]:
4€ A,

H{(6") - Héf><¢”>|Af'H;"><1>] ta [ Ol

By Holder’s inequality this is at most

n U n v ‘AC|/4 n _ c (4 | I c
0 Y k[l 6" - 1 @) R [ @ e T, g ot

A1C[4]:
46141

i en T (41451 /4
<C Z DLAl\/4|t2_t1‘7|A1|/4—a(nE[Hq(}n)(l)4/(4_|Al|)]) i

A1C[4]:

4€ A,
Note that for b < 3 we have that for H > 0, H*/(4~%) < H+ H*. Since nE[(H{,")(l))”] <Cyr
for each r € N (by Lemma 2.13), this shows that this quantity is at most (C' may depend
on T throughout)

C Z DLA§|/4|LL2_t1|(7\A1|/4)—€
A1C[4]:
4€Aq

We turn now to the quantity (3.21), and it is convenient to introduce further notation.
For sets A; C [4], let B; = U}ZIAJ'. In particular By = A;. Thus (3.21) is equal to the
negative of

n PGt Y E Z%BCAWZR{W oy SEAN | Fy ]| (3.22)
AlC[4] $Bc
4€Aq
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Abusing notation by writing z(A4) = = to mean that x; = x for each i € A we can write

Losea(B} = D L{o(z)=ea} L{zaga(B)s
ACBY:
As#D
which is simply the statement that x4 € x(BYf) if and only if the set Ay := {i € [4] \ By :
x4 = x;} is non-empty. Thus, since z; = x4 for i € Ay in this expression, (3.22) is equal to

Gt Y > E

AL C[4]: A2C BS:
4€ A, Az;ﬁ@

ZﬁmecAchZ]l{uéw(Bc PR AI 7y, ]] (3.23)

Tge
B3

where we have also used the fact that ¢ch ¢ch Dz4, = qﬁch ‘zﬁﬂ, and |Ag| + |A1] =

|Bz|. In the case BS = @ the term in the expectatlon in (3. 23) should be interpreted as
A A
e, 04, AL B[N )
We can again condition on Fy,, to see that (3.23) is equal to

2
BRI NP i) SR iR )  ERCIES

A1C[4]: A2CBf: Tpg x4¢x(B§) i=1
4€A1  A#D

Using inclusion-exclusion in the sum over x4 this can be written as

nBCt Y Y E Z%BchBcsz?‘HE |A||f¢x4] (3.24)

A1 C[4]: A2CBY: ch
4€Ay  As#D

Gt Y S B
A1C[4] AQCBP
4€Aq Ag;ﬁz

PR CIEDS qb'BzHEAA'u-“m] (3.25)

—

Tpg z4 cx(BS)

where the sum over x4 in (3.25) is interpreted as 0 when BS = &. The quantity (3.24) is
equal to (reasoning as in (3.19))

C
>, 2 E
A1C[4]: A2CBf:
4€Aq As#D

2
(H (¢") = Hy (¢°)/PE Y~ ¢l T nE[(Ay /m)' |]:74:Jc4]] :

T4 =1

We have also used | B§| + |A1] +|Az| = 4 to get the correct powers of n. Using Lemma 3.16
again as before, we may bound the summand (in absolute value) by

2
CE[|H£§)(¢U) . Héf)((ﬁv)‘\Bg\Hl()n)(l)] H \tz _ t1|(’Y|Ai|/4)*s (3.26)
=1

< n_1]t2 o t1|(7|B2|/4)_2aDLB§|/47 (327)

where we have again used Holder’s inequality, Lemma 2.13, and Z?Zl |A;| = | Ba| since A;
and As are disjoint. As in (3.23), the negative of (3.25) is equal to

— 2
C > Y E Z%Be Fng > eBIALSITTRIAL 7|,

A1C[4] AQCB A3CB ch z4¢x(B§) =1
4€ A, AQ#Z A3;ﬁ®
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where if B = @ the term in the expectation is interpreted as Y, ¢, Alg;‘i:“ =, E[A‘gﬁil | Ftal-
Conditioning again, this is equal to

LY Y Y E[Yenha, Y ¢'B3'HE IAufm]

A1C[4): A2CBf: AsCB5: LZpe x4§£z BS)
4€ A, AQ#@ As3#D2

3
§j S Y E §j¢bm.a%§§j¢£ﬂIIEVMQWf;M1 (3.28)

A1C[4} AQCBC AgCBS: _:EBL T4 =1
ACAT AotG  Asto

2. > ) E

A1C[4]: AQCBf: A3CB2
4€A1  Ax#0 A3#OD

As in (3.26) and (3.27), the term (3.28) is bounded in absolute value by

3
Z > > nE[H“) v) - Hé?(aﬁ”)!'Bﬁ'HM)]Hrw—tm'Ai'/‘*-E

A1C[4] A2CBf: A3CBS: i=1
4€A1  Ax#D A3#OD

< |B5/4 o Ua
Sﬁ Z Z Z D, Ity — ty[1Bsl/4=3¢

A1C[4]: A2CBY: A3CBS:
4€A1 As#D A3#D

3
PSS ¢£€3HE[AL;§'VM]]. (3.29)

:th x4€a:(B§) =1

Since in (3.29) B§ can contain at most one element, the sums over Fpe and x4 € z(BY)
therein reduce to a sum over x4 (with # Bg = x4). After conditioning again we get that the
negative of (3.29) is equal to

4
SN WD I Dol | RIS RECE
A1C[4]:AgCBf:AgCBE:/—MCBg: x4 =1
4€A1 As#D A3#D Ay#O
where we note that if this term is to be non-zero then each |A4;] = 1, and in particular

By = [4]. By Lemma 3.16 and then Lemma 2.13, (3.30) is bounded in absolute value by

4
I SED D DED DIE-| D T | § (PRI
T4 =1

A1C[4]: A2CBf: A3CB§: A4CBg:
4€A1 As#D A3#D Ay#o

2 2 2 2 le-ulE

A1C[4]: A2CBS: A3CBS: A4CBjS:
4€A1 As#D A3#D As#O

After dropping some negative powers of n, we have shown above that

D4 < C/ZD£/4|t2 . t1|%(4—f)—4€
/=0

Thus, letting d = Dy|ty — t1]'%*~7 and recalling that |ty —t1| < 1, we have

3
d<c’ Zd’f/‘*.
=0
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Recall that Dy is finite by Lemma 2.13, and so from the above, d < C = C(C’), and
therefore Dy < C|ta — t1/7716¢. Choosing € < (y — 1)/16 completes the proof. [

For v < 0 define ¢V = ¢° so that ¢* = ¢*".

Proof of Proposition 3.11. Let ¢ € Lip; and ny — oo. For a fixed sp > 0 we must show

that {n;} has a subsequence {n } along which ]P’(H.<n’“>(¢) € -|S™) > s0) converges weakly
to a continuous limit. The argument remains unchanged if we assume n; = k, and to ease
the notation we will assume this. So our goal is to show that

{P(H™(¢) € -)|S™ > s0) : n € N} has a weakly convergent

subsequence in D(R4,R) to a continuous limit. (3.31)

For T' € N, define

X50%(1) = sup XM (1).
t<T

Now fix T' € N and assume
ti,tg € [O,T], 0<ty—t1 <1 and t1 — 5(t2 — tl)s <v <t (332)

where ¢ is as in Proposition 3.17; note that v may be negative. Recall from (3.14) that

2
[Hy (¢) — H (9)] < [Z [HyP(0) — Hy (o) + [Hyy (%) — H (%) (3.33)
i=1
Note that (3.32) implies to — vt <ty — v < (tg — t1) + 5(t2 — t1)%, and so if §,(w) is as in
Lemma 3.12, then Lemma 3.14 (applied to v™ > 0) together with the facts that ¢V = v
and t9 — t1 < 1 show that

(tQ — tl) + 5(t2 — tl)g < §,, implies (3.34)
2
SIHP(6) — HP(6")] < CXE" (D)t — )7 401,
i=1
If » > 0 is as in Proposition 3.17, let 9 = 1/8. Proposition 3.17 shows that for m,n € N
satisfying

1
m < (logon)+1, thatis, 27™ > 2
n
then, by taking a union bound over k € Z, : 0 < k27 < T 41,
(n) k2—m_5.2—me (n) k2=m 5.2 me )+ -
nP<0<k<H21m T+1) }H(kﬂrl 2- n (¢! ") - Hip- n (¢! : )| >2 mnO)

< 24m0 (T 4 2)2"M O o2~ ™) = g7 m(/2),
By a union bound there is an M{" (w) € N=2 so that
for all M > 2, nP(M{” > M) < Cr,2~ M2, (3.35)
and for all m € N satisfying M < m < (logyn) + 1, we have

H(n) (k2*m_5.27m5) H(n) (k27m_5.27m5)+ < 9-mm
Oﬁkgg}((ﬂl)‘ (12 (9 ) = Higlm (9 )| <
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Set m = (¢/4) Ano > 0. Combine the above bound with (3.34) and use it in (3.33) (with
T + 1 in place of T in the latter two) to see that for all natural numbers m satisfying

1 (n)
— <2 m< 2™ Mo and 627 < 6,

2n
we have
(n) _ g (n) * —me/4 —-1/4 —mno
e B HG g0 () = HL (0] < 20X5," (0270 4 n ™) 40
< (6CX5," (1) +1)27™m, (3.36)

Set my, = [(loggn) + 1] and T,, = {j27™ : j € Z4+ N[0, (T + 1)2™~]}. Lévy’s binary
expansion argument and (3.36) shows that if

(n)
tita €Ty, and 0 <ty —t; <2 Mo A (6,/6)Y/°,

then
[}, (9) — HP(9)] < O(X, (1) + Dlta — ta] ™ (3.37)
Since 5 < 1, for any ¢ € [0, 7] we may choose {t}, € [[t]n, [t]n + 2) N T,. Let
1 "
o, = 5277 A (3,/6)'/).

3

Let t1,t2 € [0,T]NZ4/n be such that 0 < to—t; < 4}, Then |t;—{t;}n| < 1/n < |ta—t1],
which implies that

2 (n)
[{t2}n = {ti}nl < [tz —ta] + — < 3lt2 —t1] < 27 Mo A (6,/6)V°.
Thus (3.37) holds for {t2},, {t1}n, that is,

[H (6) = Hyyy (9)] < (X7l (1) + Dl{t2}n — {t1}al™
< C3M(XT, (1) + D)t — t1 |

Now use the fact that Hlff)(gb) = Hgi)}n(qb) for i = 1,2 to conclude that:

for all t; <ty € [0,T] N (Z4/n) such that ty —t; < 4/, we have (3.38)
Hi) (6) — Hi ()] < O(Xgily (1) + Dlta — taf ™. (3.39)

Next use Lemma 3.12 and (3.35) to see that for r € (0, 1), then
nP(8, < r) < nP(M{"” > logy(1/3r)) + nP(d, < 6(3r)°)
< Cr.y(3r)"% + ¢6(3r)°
< Cp,r=N < e (3.40)
Our objective now follows easily from (3.39) and (3.40). Let {H™, t > 0} be the

continuous process obtained by linearly interpolating {H](’/L:T(qﬁ) :j € Z4}. Tt follows from

(3.38) and (3.39), with 7'+ 1 in place of T', that for some C7.,

1
ift) <ty €[0,T] and (to —t1) V — < J,, then
n

[ — HiP| < Cp(Xpis" (1) + Dt — ™. (3.41)
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For to — t1 > % this is an easy consequence of the triangle inequality and the fact that
8§, > L1 For 0<ty—ty <21 either [t1], = [ta] and the linear interpolation and 4, > 1/n
easily give the desired bound, or [t2], = [t1]n + 1/n, and the triangle inequality gives

|I:It(") H(")] < ’Ht(n) H(n)

r7(n) r7(n)
ita]| T 1 Hta),, — Hiy

which leads to the required bound using the linear interpolation and 4/, > 1/n again.
Recall that |¢| < 1 implies |H{" | < &5+ Wenow fix T € N, and for §, M > 0, define a
compact set of paths in C = C([0,7],R) by

Ksm = {w € C:|wo| < Cy'and Vty1,t5 € [0,T], if [t2 — t1] < § then
lwiy — wyy | < Cp(M + 1)t — 1™ .

Compactness is clear by the Arzela-Ascoli Theorem. Recall that sg > 0. It follows from
(3.41) and (3.40) that for small enough §; > 0 and large enough My, ng € N,

% 1
nP(H™ |o.11 & Ksar, S™ > s0) < nP(X8),7(1) > M, 8™ > s0) + nP(8), < = Vv §)
n
<27k if§ <6, M > My, and n > ny. (3.42)
Here we are using the tightness of the maximum total mass processes from [11, Theorem 1.2
and Corollary 1.3]. By further decreasing 0, and increasing M we can realize the bound
in (3.42) for all n € N. It now follows that for the compact sets K,, = N2, Ks, a, we

have
for all m,n € N, nP(H"™|; ) ¢ Ky, 8™ > 50) <217 (3.43)

We use the lower bound on the survival probability from (3.8):
P(S™ > s9) > ¢((nso) V1)~
Combine the above with (3.43) to conclude that for all m,n € N,
P(ﬁ(")ﬁo,ﬂ ¢ K, S™ > s9)
¢/((nso) V1)

¢ H(nso + DPH™ g 77 ¢ K, S > s0)
¢ Ysp+1)27™.

P(ﬁ(")’[o,ﬂ ¢ Kp|S™ > 50)

IN

<
<

This shows that {P(H™ € -|S™ > s) : n € N} is tight in C(R;,R) and so by Prohorov’s
theorem is relatively compact in C(R4,R). This implies (see, e.g., [8, Proposition 10.4 in
Chapter 3]) that {P(H™ (¢) € -|S™ > s¢) : n € N} is C-relatively compact in D(R,,R),
proving (3.31), as required. |

4 Proof of Proposition 2.11

The goal of this section is to prove Proposition 2.11. The proof is a modification of that of
[17, Theorem 4.8], so we will not give all of the details here. Instead we will indicate the
main ideas of the proof, and refer the reader to [17] for various details.
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For F € 3,, [17, Theorem 4.8] proves Proposition 2.11 in the simplified setting where

Jje = 1 for every e € £(F ). In that reference (and with j. = 1 for each e) the quantity fg )()
is written as t N (r ) (+), where N(F,n) denotes a skeleton network consisting of inserting
fie,1 — 1 vertices into edge e, for each e € £(F ). The quantity p_ltAN(Fﬁ) then encodes (in
Fourier space) the probability of our random tree 7 connecting the origin to r specified
space-time points with the spatial and temporal locations of the branch points, as well as
the “shape” of the connections also specified (consider the set T(F ,Y,1) in the case where
each jo = 1). In our paper j. need not be equal to 1. In this more general setting, f(fb)(-)
encodes (in Fourier space) the probability of a subset of the above event, where now the
spatial locations at various other fixed times are also specified. The appropriate skeleton
network is now a marked skeleton network N* (see below), where certain vertices on the
skeleton network N at fixed times (graph distance from the root) are marked.

The approach in [17, proof of Theorem 4.8] relies on the so-called lace expansion and
involves an inductive argument (on 7). To be more precise [17] uses the lace expansion on a
tree network (introduced in [15] for networks of self-avoiding walks) in the context of lattice
trees, with the expansion applied at the closest branch point to the root in the network
N. The expansion gives rise to certain diagrams that involve lattice trees connecting or
intersecting in various ways. Some of these connections are of fixed temporal length, and
others are of unrestricted length. A crucial part of the analysis involves bounding these
diagrams. The bounds depend on the complexity of the diagram, as well as the total
temporal length in the diagram. Diagrams where either the complexity or the length is
large give small contributions (recall that we are in high dimensions), as they are asking
for either lots of intersections, or for intersections to occur over a large distance.

The point of this discussion is that, in our setting, when j. need not be 1, one can
perform exactly the same expansion. It turns out that there are essentially no new diagrams
to deal with in our setting. Below we introduce the definition of a marked skeleton network
(see also Figure 10) and then proceed in the following subsections to expand the above
outline of the proof of Proposition 2.11.

Definition 4.1. Given f € X, and 7 = (iei)ic[j,],ec[2r—1] Where j. € N for each e € £(F),

define N7 (F, 1) to be the marked skeleton network which is obtained from F by

e inserting je. — 1 marked points into edge e of F for each e € [2r — 1], thus each edge e
in f becomes a path of j. edges, called marked edges, which are labelled as (e, i) for
i < Je; and

e inserting 7. ; — 1 vertices into every marked edge (e, ), so fe; € N denotes the length

of the marked edge (e, ).

Write E(NT) for the set of marked edges of N7. Marked edges are adjacent if they share
a vertex in common.

The branch N of N associated to an edge e of F is the set of vertices of N'*
consisting of the endpoints of e together with all points (marked or not) inserted into
that edge as per the definition of NT. The set of branches is written B(NT) :=
(NVM)eeg(r)- Two distinct branches V" and NV} are adjacent if and only if they have
a vertex in common (equivalent to e and €’ being adjacent in F).

A special point of N is any marked point, branch point or leaf. |
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marked edge
[ e

root

Figure 10: An example of a marked skeleton network from a shape F € ¥4. Branch points
and leaves are B, marked points are x.

Remark 4.2. The sets of (all) vertices and edges of a marked skeleton network A/ will
be denoted by N and E(N™) respectively (note the abuse of notation that N'* denotes
both the marked skeleton and its set of vertices). The cardinality of E(N1) is #E(NT) =
Yoeer 2oneq fte; and the number of vertices is 1 larger. All special points are also vertices
of N'T, while marked edges should be considered as distinct objects from edges, even for
marked edges (e,i) such that n.; = 1 (note that we have thus far specified a labelling
scheme for marked edges, but not edges). The set of marked edges of N is E(NT). %

4.1 Asymptotics of the detailed 1-particle transform

For the case where r = 1, there exists only one shape in 1 which consists of a single

edge e. In this case, we use the notation [, ..., 7], for (72;)i<e € N® with £ > 0 to
designate the corresponding marked skeleton network (containing no branch point) with
fo={fie1, .. e}

One of the main results of [18] (see Theorem 4.3(ii) of that reference) can be reformu-
lated as the following proposition (the error terms are not stated explicitly in [18, Theorem
4.3], but if we keep track of them we get the following result), which is the » = 1 case of
Proposition 2.11:

Proposition 4.3. Fiz d > 8. There exists Lo(d) > 1 such that for all L > Lg:
For each 6 € (0,1 A %58), R >0, every £ € N and (7;)i<¢ € N and for any k € [-R, R’
we have, for the unique shape F € X1,

~ IET d 27%'2 ny ¢ 1 ~ ﬁl_é
tg)<ﬁ> =Cu[e oz +0 (Y =] +0 (|k|22 - ) ,
- P} X

1 i=1n,

where the error depends on R, 6, L, d, £, and any lower bound on min;<yn;/n and upper
bound on max;<pn;/n.

Note that in [18] each 7; is of the form |[nt; | —|nt;—1], where 0 = tp < t; < -+ <ty < t*
and where the error term depends on min{t; — ¢;_1} and ¢*.
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4.2 Lace expansion

We will use the lace expansion (and induction on r) to reduce our required estimates on a
shape in ¥, with r > 2 to the shape in ¥1. In the following we let N = N (F,n) for
some f € X, and some 72, where r > 2. Since each 7. ;/n > ¢ in Proposition 2.11, for fixed
€ we may assume that n is sufficiently large so that each 7n.; > 2 in what follows.

Definition 4.4. If '™ is a marked skeleton network, we say that M™ is a marked sub-
network of N and write M+ C N7 if

e as a graph, M™ is a (connected) subgraph of A’ and

e the marked points of M™ are those vertices in M™ that were marked points in N T
(i.e. marked points are inherited from N'1).

As usual we also write M for the set of vertices of the marked subnetwork M. <
Definition 4.5. Let M™ be a marked subnetwork of some marked skeleton network N/t

1. A bond vv' is a pair of distinct vertices v, v’ of M™T. The set of vertices in the unique
path in M™ from v to v' is written [v,v']. We say that the bond vv’ covers the
vertices in [v,v'] (and the edges therein). We write vv' € M™ to mean that vv’ is a
bond in M.

2. A graph on M™ is a set of bonds and we denote the set of graphs on M™* by G +.

3. Let R+ denote the set of bonds in M™ that cover 2 or more special points. Fur-
thermore set Qxﬁ ={T € Gp+, T NR e+ = 0}, i.e. the graphs on M™ that do not
contain any bond in R p+.

4. A graph T' € G+ is said to be connected on M™ if every edge of M™ is covered

—R,con

by some st € I'. Let G’} be the set of connected graphs on MT, and Gur =
-R
G5 NG

5. Given I € G+ and A C M™, we define I'| y = {vv' € T, v,v' € A}.

6. For avertexv € M and ' € G4+, we let A,(T") be the largest connected subnetwork
A of M™ containing v and such that T| 4 is a connected graph on A. In words, this
is the connected component of covered (by I') vertices containing v. By convention
we take A, (I") = {v} if no bond in I" covers v .

7. If v € N*, we let £}, denote the set of graphs I € Gpr+ such that A,(T") contains

a vertex adjacent to some special point u # v of N, and Sxff’” = g/jj NERry- See
e.g. Figure 11. |

In this section, for a bond vv’ € N T, U, will denote a quantity in {—1,0}. Observe
that (with R = Rpr+),

[T n+vwl= II 0+0wl=( [T 040w (1= IT 0 +Uwl). (41)

v eNt weNT\R v eNH\R v’ €ER

Definition 4.6. For m € Z3 we write S for the (unmarked) network consisting of paths
of lengths (mj);’zl respectively meeting at a common vertex. If exactly i of the m; are
strictly positive then this is a star-shaped network of degree i. The case ¢ = 0 is a single

vertex. The central point of S; is the common vertex of the 3 paths. <
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Figure 11: A graph I" on a marked skeleton network A/, with b denoting the branch point
nearest to the root. The rightmost bond is in R since it covers two special points. Also,
I'e SXH since A,(T") (highlighted) contains a neighbour of a marked point.

Definition 4.7. For a marked skeleton network N* = N (F, 1) with F € X, for some
r > 2, let b denote the branch point lying on the same branch as the root. Let S, be
the largest subnetwork of N'* containing b and which does not contain a neighbour of any
other special point of N’ <

Remark 4.8. If T' € g;/f \ 5}% then Ay(I") is a (connected subnetwork of a) star-shaped
network of degree at most 3 (since F € X, with r > 2). *

Definition 4.9. If N is a marked skeleton network and A C S, with b € A, then the
vertex set N7\ A (with the edge structure and marked points induced from N'T) consists
of exactly three marked skeleton networks (each of which is connected) that we write as
(Nt \ A); for i = 1,2,3. Those three subnetworks together contain all special points of
N except b. <

For a subnetwork A C Nt let K(A) = ZFEQZR [Istcr Usi- Then we can write

IC(N+) = Z HUst

-R stel
reg . ste

- Y Y Oedl] ¥ 0o+ ¥ [Mve 42

— —R, tel i—1 p.~,o—R el —R,b stel’
Aisﬁ(+ reg ), oeon ste TG gy, ViViET reg b ste
€

with the convention that Zri e quivgeri Upwy = 1. In words this decomposition says

that the set of graphs I on Nt containing no bonds that cover two or more special points
consists of (i) those graphs I' for which the induced connected subnetwork containing b
also contains a neighbour of some other special point (this is the last term in (4.2)) and
(ii) those graphs I' for which this induced subnetwork does not contain the neighbour of
another special point. For (ii) the induced connected subnetwork is some set A contained
in S/:H so we can first sum over the possibilities for A and then sum over connected graphs
on A and graphs on each (N1 \ A);. Introducing

\7(“4) = Z H Ust,

FEQ;\R’COH stel
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then (4.2) becomes

KN = > JATIeW )+ > []Ua (4.3)

3
1 —R,b stel’
reg 7

ACSXH_: =

be A

4.3 Application of the Lace expansion

Given Nt = Nt (F,n) for some [ € X, (r > 1), and 72 = (7ei)ic[j,],cc2r—1] € NEWT),

and given § = (Je.i)iclsu) ecizr—1) € (Z4)PN), define ty+ () = ¢4 ) (§). This notation will
help us deal with various subnetworks. Recalling (2.22), we have

ter(@) = Y W(D).

TeT(F,n,9)

Definition 4.10. Given N and ¢ as above, we define Qs+ (9) to be the set of embeddings
w = (w(s))sen+ of N into Z¢ such that

1. the root is mapped to 0,

2. adjacent vertices in Nt are mapped to points in Z¢ at () distance at most L from
each other.

3. the endpoint of the marked edge (e, j) that is farthest from the root (this endpoint
is necessarily a special point) is mapped to Zf<e Zkgjf Ufk + Zkgj Ue,i; for all e €
[2r — 1] and j < Je. <

For a collection of lattice trees (Rs)scn+ and for a bond (pair of distinct vertices) st of
N define

if s =Y,
Ust:{o, if RyN Ry =10 4)

—1, otherwise.

Definition 4.11. Given x € Z4, we write Y Rrae (O denote a sum over lattice trees R
containing the point z € Z¢. <

As for [17, Eq. (4.17)] we can write

tr@) =Y., W) I W@y [ L+ Ul (4.5)

wER 1 (9) (Rs)gen+: tENT uu' ENT
Rsow(s)VseN T

as any combination (w € Qu+ (), (Rs)sen+) such that the Ry are mutually avoiding lattice
trees, uniquely defines a lattice tree T' € T'(F , 71, 9) and vice versa. Here, Ry is the tree
hanging off the vertex s € N'*. Note that in the shorthand notation of [17] (4.5) would be

written as

@ =Y, W I Y. W(Ry [ I+ Uuwl (4.5")

W+ (9) seNt Rssw(s) uu/ eN+
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Recalling Definition 4.5 and (4.1), we set

Ry= Y we > I wa)( I n+0wl) (1= T 0+Uuw]).

weR, 1 (9) (Rs)gep+: tENT uu/ €RC v’ €R
Rs2w(s)VseN Tt
(4.6)
which is 0 unless U,y = —1 for some vv' € R, and (recalling the last term in (4.3))
K@= >, Ww > J[ww) >, ] U
WEQ 4+ (9) (Rs)sen+: tENT reg ot vvel
Rsdw(s)VseNT N
By (4.1) we have
@)=Y W ) W(R)KNT) = 6%+ ()
wEQpr+(F) (Rs)gen+: tENT
Rsdw(s)VseN+t
and by (4.3)
tn+(9)
3
= > W ) W(R:) Y TN\ A))
BISONESE) (Rs)gen+: LENT ACS i=1
Rsdw(s)VseN Tt beA
+ ORer (9) — O+ (3). (4.7)

This decomposition is related to Figure 11 where, loosely speaking, the term in J
corresponds the interactions induced by bonds around the first branch point and the three
terms in I correspond to three new smaller networks. Some notation associated to this
decomposition is introduced in the next definition.

Definition 4.12. For a marked skeleton network N, let é1,és, 3 be the three marked
edges incident to the branch point b. Note that each for k = 1,2,3, é, = (e, i) for some
er € [2r — 1] and some i;, € {1, j., } (this marked edge is necessarily the last marked edge
on the branch containing the origin and the first marked edge on the other two branches
containing b).

Given m = (mk)ﬁzl such that 0 < my, < ng, — 2 where g, = Mg, 4,k = 1,2,3,
we define (Nlj,m)kilyl?) as the three components of Nt \ Sz as in Definition 4.9 (recall
Definition 4.6, and note that each /\/’,: - is itself a marked skeleton network). Since each
my < T, i,, there is a bijection between marked edges of N and the marked edges of
(N, ,j m)k:17273. The marked edge éy, is split between S, and N, k+ 7> but we will abuse notation
by retaining this label to refer to the corresponding truncated edge in both components.

Set E*(N,/ ) = E(N,' )\ {é}. For k = 1,2,3, write ™" € NPZWNa) for the vector
whose components encode the lengths of marked edges in N, ,:r 7 1€

‘ ne — (my + 1) if
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Similarly for § € (ZH)PN), k € {1,2,3} and vy € Z¢ we write §°* € (Z4)FNn) for the
vector whose components are

<

Let b := (g, , f1e,, g, ) be the lengths of the marked edges adjacent to b in A+, Define
Mo = {1 : 0<my < %/\(ﬁék—m, k=1,2,3)

Hip ={m : 0<my <#g, —2, k=1,2,3}\ Hzp.
Remark 4.13. For m € H,,, we know that for k& € {1,2,3} and ¢ € E(N, ) we have
2 < ﬁ?k < ne (with ﬁ?k = 7 whenever ¢ € E*(N,'.)). In particular, recalling that

there is a bijection between marked edges of N ™ and the marked edges of (./\/',:r ﬁl)k:17273,
we can see that for any a € R there exist ¢(a), C(a) > 0 such that for m € H»

3 3
@) Do < Y wg<C@y 3 @)
k=lecEW; 1) EEE(NT) k=lecEW,! )
*
Finally, we set
3
Ser@) = Y. W Y W (Ry) T (Sa) [T W),
wEQ -+ () (Rs)gen+: teENT MmeH i=1
Rs2w(s)VseN T
and (noting the change to the sum over )
3
Qve@ = > Ww > JI W) > IS [[EWE).  (A8)
WER -+ (D) (Rs)gen+: teNT meH .p i=1
Rsdw(s)VseNT
From the argument above and (4.7), we can see that
b+ (§) = Qu+ () + R+ (9) + S (8) — O3+ (9)- (4.9)

The last three terms are error terms. The relevant estimates (bounds) are given in the
following lemma, whose proof (which is very similar to the corresponding error bounds in
[17]) will be presented in Section 4.6.
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Lemma 4.14. Fiz d > 8. There exists Lo(d) such that for all L > Lo and for a marked
skeleton network N't,

2r—1 Je

(i P ) (eR)

e1]1ﬁ

> o+ (@)
g

2r—1 ]e

> 163 ()] = O@ > ), (erm)
=o( ! ) (e:b)

e=1 j=1"n

> | @)
Y

where the constants in the O notation depend on d and the number of special points in N'*.

We end this section by introducing an important quantity that will appear in the
decomposition of @+ and describes the interactions induced by the term J(Sz) in (4.8).

Definition 4.15. For m € Z3 and @ € (Z%)? we define 75(@) = plig—oy and if some

m; > 0,
@)=Y, W Y [ WR)IT(Sw).
wes . (a) (Rs)ses,,: 1€Sm
Rsow(s)VsESyH

where the set of embeddings (s (7 is defined similarly to Definition 4.10: the root of
Sy (which is the vertex along branch 1 at graph distance m; from the central vertex - if
mq = 0 this is simply the central vertex itself) is mapped to 0; adjacent vertices in Sz are
mapped to points in Z% at distance at most L; and the central point is mapped to u; and
the leaves on branches ¢ for ¢ = 2,3 are mapped to uj; + us and u; + us respectively. <

Remark 4.16. This definition of 75 is exactly the same as the one in [17] (Definition
4.12) and as such the results on this quantity, that rely heavily on diagrammatic estimates,
can be transferred directly to our context. *

Recall from (2.21) and the discussion thereafter that Cy = p?V. The constant V was
defined in [17, (4.30)] as

V=2 Y > mald)=zh Y #a(0). (4.10)

mezd ae(Z4)? mezZd

For N € N we define

O =Y UGS I we) [[-ve) [ Q+Uuw).

LeLWN)(Sy) wEs ; (@) (Rs)ses: t€Sm steL v/ €C(L)
Rs2w(s)VseSy,

(4.11)
where L € L™ (S5) is the set of laces on Sz with N bonds and C(L) denotes the set of
bonds which are compatible with L. We refer to [17, Section 2] for the precise definitions,
and give only a rough description here: A lace L on S is either a minimal graph covering
Sy (i.e. the removal of any bond in L results in a graph that no longer covers S;) or one
that is almost minimal (in this case there is a bond covering the branch point whose removal
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results in a minimal graph covering S3). There is a rule for (uniquely) defining a lace L(T")
associated to a connected graph I' on S. For a fixed lace L the bonds compatible with L
are those for which adding them to L results in a connected graph I'' for which L(I') = L.
In our work we only need a few facts about 777%\’ ’(-), including the obvious fact that
720 () > 0 and that (see [17, (4.28)(4.29)]) if some m; > 0 then

i YNl (). (4.12)

N=1

Equations (4.12) and (4.11) are the lace expansion. A key result about this expansion is
the following minor correction of [17, Proposition 4.13].

Proposition 4.17. Fix d > 8. There exists Lo(d) such that for all L > Lo there exists
a constant C' > 0 (independent of L) and By(m) > 0 such that for all N > land { =
(01, 09,03) € Zi \ {(0,0,0)} we have for j € {1,2,3},

Y luPm (@) < C(LPN?|iit]|oo) By (1), forqe{0,1}, and  (4.13)
ue(Zd)3
Z > By(i) —C . ond (4.14)
N=1m:m;>{; (f \/1)
71 Vo :
Z N?Y " ||illoo By (1) < C % 1" ifd#10 (4.15)
<l log(||€]|o V2)  if d = 10.

The correction is that the V1 and V2 are missing in [17, Proposition 4.13], but what we
have stated above is what is actually proved therein. Here we have also not included the
extra decay in L appearing in these bounds in [17, Proposition 4.13] as we do not need it.

4.4 Decomposition of Q-+

By (4.8) we can see that Qar+(; #)(9) can be decomposed into 4 parts: the connected
component Sy of bonds stemming from the branching point (term in J) and the three
subgraphs of N remaining after the removal of this connected component (terms in k).
These four subgraphs are not connected by any bonds by definition of 7 and X on the
respective subgraphs. Furthermore the star-shaped subgraph S, contains the special point
b, while all other special points are contained in one of the other subgraphs. This means
that our problem can be reduced to three independent similar problems for smaller lengths.
This reasoning translates into the following lemma which can be proved exactly as for [17,
Lemma 4.14] so we do not repeat the proof. Recall the definition of §¥#* and the marked
skeleton networks /\/;tﬁ in Definition 4.12.

Lemma 4.18. For a marked skeleton network N* = Nt (F,7) and § € (ZH)ENT),

Qn+ (Y Z Z T (U ﬁ(ZDZD P — Ui tN* (y””))

MEHn, uc(Z%)3 =1
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For any marked skeleton network Nt (£, 7), we introduce the Fourier transform of -+
and Qn+ for any k = (ke,j)je[je},ee[%—l} by

2r— 1]9

£N+(k) — Z H HelkejyeJtN+ 7),

ge(zd) EWNT) e=1 j=1
2r—1 je .
On+R) =" > T [] "™ Qn+®).
ge(Zd)E(/\/’-‘r) e=1 j=1
Lemma 4.18 implies that

=1

3 .
Qu+ (k) = Z HD (ke,)t ’), (4.16)
EHn

where &’ = (ke ke, ko) (meaning the part of E corresponding to marked edges incident
to the branch point b) and E' denotes the vector of l;:eyj corresponding to marked edges e in

N;t.. Note that (4.16) is exactly the “marked” network analog of the unmarked relation
[17 (4.39)].

4.5 Proof of Proposition 2.11

The proof now closely follows that of [17, Theorem 4.8] with obvious (and straightforward)
modifications. We will present the main ideas, but not the details. The goal is to prove
that

2r— ].Je

tN+ (r i) <\§>> = pCy,~ ICQT ! H He_UO 2 n

e=1 i=1
2r—1 Je 2r—1 Je ‘k‘ vl 5)

o3 =) ro(R Y

elzln e=1 i=1

From (4.9), our bounds on the error terms therein (Lemma 4.14), and (4.16) we have that

: By _ ok I
i (z) = Qe () +o(X X =)
3 . l;‘e . J 2r—1 Je
= & g (). (GR) +o (X X o)

(4.17)

We proceed by induction on r for networks with shape F € X,, using Lemma 4.3 for the
initializing case (r = 1).

Let § € (0,1 A %). By the induction hypothesis applied to each /\/'J +m (having r; + 1
leaves, where r1 = 1 and ry + r3 = r) we may write

72 5T,
kf,n

3 il 3 g
. B oo fi 1 o) s

Jj=1 éeE(J\/Jﬁfm)
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where we recall that the notation 7™ was introduced in Definition 4.12. The error terms
in the above approximation are obtained from the induction hypothesis and Remark 4.13
(using the fact that 77"’ is comparable to n¢ - they are identical unless ¢ = ¢; for some

Jj <3 - since m € Hz,). We then use the fact that
3 3
H [l

(4.13) with ¢ = 0 and (4.15) of Proposition 4.17, and |D| < 1 to get an error term in (4.17)
(when replacing the right-hand side of (4.18) with 7 in the exponent instead of n]"’) of
at most O(Z " kg 7 1] In=1). For the relevant details of this part of the argument, and in

particular for the bounds on the error terms, one can look at the derivation of [17, (4.56)].
Now D(ke, /v/n) =1+ O(|ke,|*/n) and

2 g 2
ke e kg n

i ey C 3
J J 72
2 n < . E ks m;,

) - 7o) < L Ty 323 (.

which, when summed over m; < fi¢,, j = 1,2, 3, gives at most CL*n _1|k: |2 Zj 1 ﬁl % (see

(4.13) with ¢ = 1 and (4.15)). Next, ZmEHﬁb 7(0) differs from the full sum ) . wm(O)

by at most C Z (d 8)/2 by (4.14). Combining the above and recalling (4.10) and that
Cy = p?V reveals that

. k 2r—1 Je
v (J5) = D a@Fcy g [T Lo
m e=1 i=1
CT 1027‘ 12i_[1ﬁ
e=1 i=1

An analysis of the error terms involved in the various &~ approximations is handled rigor-
ously in [17, Sections 4.3-4.5], making use of Proposition 4.17. |

4.6 Proof of Lemma 4.14

The proof of Lemma 4.14 relies on diagrammatic estimates. These estimates are built from
a single lemma which gives the bounds on the simplest diagrams. For u € Z% let us denote

22(D % tpm_o* D)(u) if m>2
hm(u) = < zpD(u) ifm=1
]l{u:O} ifm= O,

where t,(u) = pP(u € Tp) (so to(u) = pliy—py), and we recall that * denotes the convo-
lution of functions on Z%. Note that in [17] there is a ¢ in the definition, but this ¢ = 1
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because of Lemma 3.9 of [17]. Note that for m > 2,

tm(u)= > Ww) Y. J[W@R) [] [+ Uwl

w:0Bu (Rs)o<s<m: =0 uvel0,m]
Rs3w(s)Vs
m—1

<D Ww) Y W(Rm) Y W(R) > W(R) ] [+ Ul

w:0Buy Rm3w(m) Ro2w(0) (Rs)1<s<m—1: t=1 wv€[l,m—1]

Rsdw(s)Vs
m—1

<Ywer Y [IwE) II 04Uul=he@. (419

w:0 By (Rs)1<s<m—1: t=1 we[l,m—1]

Rsow(s)Vs

Let us recall partially from [17, Lemma 5.4]*, in which the function ¢ : Z¢ — R, is
defined by o(x) = pP(x € T).

Lemma 4.19. Fiz d > 8. There exists Ly(d) such that for all L > Lo such that:
For any 1 > 1 there exists C; > 0 such that for allk € {0,1,2,3,4} and m®) = (mq,...,my) €
Zl, and m = 22:1 m;, then

l
*i=1Mm,

— 5 and

m- 2

*é:lhmi * Q(k)H <

<.
1

For a given skeleton network N, let ri. = #E(N™). If there is a bond wu’ covering
two special points then either we can find two non-neighbouring marked edges é 5 v and
¢ 5 u/, or (at least) one of u,u’ is a leaf of NT. In order to accommodate the latter
cases, for the proof of Lemma 4.14(e:R) it is notationally convenient to adjoin to each leaf
in N7 a “phantom” marked edge of length 0, and write E(N ') for this enlarged set of
marked edges. For marked edges ¢é,¢' € E(NTT) write é¢ ~ ¢ if they are adjacent, and
¢ o ¢ otherwise. Recall from (4.4) that in the notation Uy, st is a pair of vertices in
NT. For non-adjacent marked edges ¢,¢' € E(NT1) and m < e, and m' < nl,, write
st(&,¢',m,m') to denote the pair of vertices in N corresponding to the m-th vertex along
marked edge € in the direction away from ¢ and the m’-th vertex along marked edge ¢ in
the direction away from é'. If e.g. € was one of the phantom marked edges then n; = 0 and
the relevant vertex is actually the leaf that é was adjoined to. See e.g. Figure 12.

For 0 < a < b < g, write é[a, b] to denote that part of the marked edge é consisting of
the a-th to the b-th vertices (with ordering directed away from ¢ as above) and similarly
define €'[a’,b'] for 0 < a’ <V <7,

Proof of Lemma 4.14(e:R). In the definition of ¢Z\2[+ (see (4.6)), we can see that

1-—- H (14 Uy < Z Z _USt(é’é/’mé’m:E’)’

v'ER &' e B(NTT), me<ne,
e Mer ST
since if there is a bond uu’ covering two special points then we can find two non-neighbouring

marked edges in E(N 1) containing u and v respectively (for more details see [17, Section
6.5.1]).

4[17, Lemma 5.4] is stated under some additional hypotheses (display (3.24) in that paper). Nevertheless
[17, Theorem 3.7] shows that the assumptions (3.24) are met.
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me\ T

Figure 12: A skeleton network At with a bond in R. This bond has endpoints in the
marked edge ¢ € N7 and the “phantom” marked edge & € N T of lengths 7 = 6 and
1y, = 0 respectively. We write st(é, &', mg,m%,) for this bond. Here, s = 2 is indicated,
while 77}, = 0. The set of marked edges E;é, on the path from ¢é to & is {f1, fo} from B
to x and x to B as indicated.

For a marked edge f € E(NT), write ﬁuve 7 for a product over pairs of distinct vertices

u,v in the interior of f (i.e. u,v are vertices in f that are not the endvertices of f). For
non-adjacent marked edges é,¢ and 0 < a < b < fg as above, write ﬁuveé[a’b] for a product
over pairs of distinct u, v in €[a, b] that are neither endvertex of this set, and similarly define
ﬁqué’[a/,b/] for 0 < a’ < o' < ﬁ/é"

Fix distinct € # ¢ in E(NTT) and mgs < fg, e < fg. By ignoring the constraints of
non-intersection between various R; (bounding some 1+ U, by 1), we obtain

' ERe feBW\(ee) Luwef

ul ’U/l Eé[ﬁ”Lé ,hé]

ugus€é’ [m’e, ,h’é/]

X H [1 + Uuoug]

L u0u6 €¢[0,me]

X H 1+ Uu2u/2]

L ugus€e’[0,m)]

where e.g. if s € {0,7¢} then the corresponding empty product is 1. (Note that this
kind of approach is used to prove (2.25) as well as the more general statement appearing
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in Remark 2.12.) Using the above inequalities we can see that

0< ( IT i+ Uuu/]) (1 - I o+ Um/])

uu/ ERC v’ ER
< Z Z st (&,e me7m/,)] H [ H [1 + Uuu’]
&' e E(NTT), me<ne, feEWNH\{¢,¢'} Luvef
ete! M1 SMg

X I [+ U

L uouf,€€[0,7h¢]

ulu’l Eé[’rhé ,ﬁé]

uguf e’ [r’né, ,ﬁ’é,}

L uguy€e’[0,m)]

: (4.20)

Note that if e.g. € is a phantom marked edge then the corresponding sum over mg contains
only the value 0 = ng.

Now, the w in (4. 6) can be broken up at every special point and at the two vertices
corresponding to st(é,é’,m, m’). The graph then becomes broken up into (at most) r + 2
segments. Let us now mtroduce the set E;é, of marked edges which connect (but do

not include) é to & which is non-empty since é and &' are not neighbours, and Ezé, =
E;é, U{e,é'}. Letting g, = @f)feEjé/ with each g§ € Z* we have from (4.20) and
Remark 1.1 that (cf. [17, (6.18)])

> |oR+®)
e Y Y (T Y )zz[ 1 o)

¢,6'€e E(NTT), he<ne, f’eE(N+)\E+ Gy Yoot UesUer L fe BT
érﬁél my /< &/ €€

Xh?ﬁé(ué)hmé/(ue) ()<Ue+ue’+ Z yf)Zhne me Zhn/ —Thg ye’_ é’) .

feEJr

This arises because e.g. if f and f’ are two distinct marked edges for which there is no
U, term appearing anywhere in (4.20) with s and ¢ vertices of f and f’ respectively, then
the corresponding segments of w (and the sets of lattice trees R. hanging off them) have
been decoupled. Segments of w and corresponding elements of ¢ can then be summed over
“independently”, with factors of p arising at endvertices, similarly to (4.19). Similarly, the
presence of the term [~Ug... 4] in (4.20) forces two corresponding trees R. to intersect,
which yields the o?) term above Recalling that Z hn(9) < Cq for any n by Lemma 4.19
we see that

BRUIETESCAD SN DY GRS ()

+
6 é 6E(N++) m5<n€’ fEEévé/
&b’ Mg <

(The power of C is r —#E;é/ +2 < r4, and so assuming C > 1 without loss of generality,
the above follows.) The notation in the last convolution above means that there is one term
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in the convolution for each f € Ee o
we have that for ng ¢ = ZfeEJL g,

Il /mmar 3 3, =

g8 e B(NTT), ms<ie, me+me +nee) 2
6746 Mg <

<oy Y 3*8

& EEWNTT), Ty
(24

2r— 139

<C'(ry) ZZ

eljln

By Lemma 4.19 with k =2 and | = [} := 2+ #E],,

e,j

Proof of Lemma 4.14(e:m). Similarly to Lemma 4.18 (but note the change in the first sum-
mation) we have that

¢N+ z Z T (€

MEHp, UE(Z)3 j=1

Ew

(zDZD t/\/* (g° ”))

Therefore, for any § € (Z)™+

ree @ <C| >0 > ma(iD) ZHZD(Uj—Uj)thm(ﬂvj’j)
MEHn, U g j=1 v o
§CZ > D ma (@) ZHZD j = by (7).
N= 1m€7—£ u gy j=1 v;

Using a generalisation of (2.25) as in Remark 2.12, and then (4.13) and (4.14), we have

00 o) 3 3 C/
Sl @sey T YRk ey N mime) G
N=lenr,, @ N=1k=11fi:my, >, /3 k=1 'hé:

The result follows. [ |

The proof of Lemma 4.14(e:b) is again an adaptation of the proof in [17] (specifically
in [17, Section 6.5.3]). Here we will indicate the changes to the argument required for the
present setting of a marked skeleton network. We start by adapting [17, Definition 2.2].
Given a graph I' € SXH on N, a special point v of N7 and a marked edge e of which v
is an endpoint, we define the bond associated to e at v as follows: If there is no bond in I
covering v that has an endpoint strictly on e then there is no bond associated to e at v.
Otherwise from the set of such bonds we choose the one whose endpoint in e is farthest
from v. If this is not unique then we choose from this set one according to a fixed but
arbitrary rule (e.g. choose from those whose other endpoint is strictly on some edge €’ of
smallest label the one whose endpoint on €’ is farthest from v in this direction).
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Proof of Lemma 4.14(e:b). Recall that

¢5)\/’+ (g) = Z W(w) W(Rt) Z H Uyt - (421)

we 4 (9) (Rs)se/\/"": teN+ FEEX/T’Z) wv'el
Rsow(s)VseNt

Recall also that (¢;)?_; are the marked edges adjacent to b and denote their end vertices
(other than b) as (¥;)?_,, which are special points.
For FF C {1,2,3} let

5%7 v+ =1{T€ ngf’b : Vi € F, Ay(T) contains a nearest neighbour of ¥;}.

Note that if F' # {1,2,3} this set may include I' for which some A,(I") also contains a
nearest neighbour of o; for some i € {1,2,3} \ F. Inclusion-exclusion over the sets F' gives

DRI ED SIS ol | 41

—R,byv'el’ F+o b ‘el
ree k vv'€ # FGSF,/\Pr v’ €

(4.22)

Given I' € 5}7 A+ we define a subgraph I'r C I to be the set of bonds st € I' such that
e st is the bond associated to one of the marked edges ¢é; at b, for some ¢ € F', or

e st is the bond associated to one of the marked edges é;, at ©; where i € F', or

e st are both vertices in the marked edge é; for some i € F'.

Let Sr denote the largest connected subnetwork of A/ containing b that is covered by I'p.
Then Sp is a star-shaped network of degree 3 or less (with branch point b) and I'p is a
connected graph on Sg. Moreover Sg contains at most #F + 1 special points of Nt (one
of which is b) since I' contains no bonds in R. Note that the length of branch ¢ of Sg is
at least n; — 1. Let Sp(N) denote (for fixed F) the set of possible Sp that can arise as
above from graphs I' € 5%7 - 1t follows that

Yo Il vw= > > I U (4.23)

Feg;N+ vv’el SeSp(NT) Fegb ov' el
SF(F) 5

Now we may proceed as in [17, (6.23)—(6.28)], which we briefly discuss in the following
paragraph but direct the reader to [17] for details. For fixed F and S € Sp(N™T) we
have the notion of a lace on S containing N bonds and the set of bonds, C(L), which are
compatible with the lace L, as described after (4.11). Similarly, given F, and I' € 5%’ v
such that Sp(I') = S we have the lace associated to the subgraph I'r, which is a connected
graph on S. Thus, as in [17, (6.23)-(6.24)], we can write (4.23) as

¥ > Y [ X I vw| @29
N=1 SESP(NF) [eg(M-F - stel regt . :vv'el

Sp(l' ) S,

L(T'p)=L

where the sum over L is a sum over (a certain subclass of all) laces on S containing exactly
N bonds (for the definition of this subclass see [17, definition prior to (6.23)]). The last
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two pages of [17] show how to deal with the “messy” final sum in (4.24), by breaking the
sum over I' into three sets: (i) sets of bonds on S that are compatible with L; (ii) sets of
bonds that live on N\ S; and (iii) sets of bonds st with one endpoint in & and one in
NT\ S for which Sp(L U {st}) = S (in each case bonds in R are excluded). Using this
decomposition we see that (4.24) is equal to

o0

0¥ > Y [TIeua]| X TMve|| X I U«
N=1 SeSp(NF) pep@)F  stel regzReon, stel rreg K oot
L(D)=L
S
F*eg‘;ﬁﬁr\s: stel’
Sp(LUr*)=8
=S Y Y Y [ITva|| IT o+ud][ TI n+uval] @2
N=1 SESF(N+)Le£gN)’F steL steC(L) ste Nt\S
< JI [+ (4.26)
sESteNT\S:

Sp(LU{st})=S

We bound the absolute value of the above by simply removing the factors (—1)" (everything
else is non-negative). Then we can ignore the last product (4.26) (bound it by 1) and get
an upper bound. Similarly we can discard any part of the last product in (4.25) to get
an upper bound. For the latter we throw away all st such that s and ¢ are on different
connected components of N+ \ §. We deduce from (4.21), (4.22), and the above that

Z 8%+ (9)
SYYY Y ww Y I wae

F#£o N=1 9§ weQ, () (Rs)gen+: tENT
Rsow(s)VseNt
AN+\s
X Z { Z [ H (*Us,t)} [ H 1 + Ust :| } H [ H [1 + Ust]})
SESp(NT) LEL‘(SN)’F steL steC(L) Jj=1 ste(NH\S);

(4.27)

where Apr\s denotes the number of disjoint components of A"\ S and the components
are denoted by (N \ §),. Here, the components S, and (N1 \ S); for all j have now
been decoupled, because there are no Uy terms where s and ¢ are on different components.
Recalling (4.11), the term in curly brackets in (4.27) (in combination with the part of w
and the trees R. corresponding to §) is the quantity that gives rise to wg) (where the m;
are the lengths of the branches of S) except that we are summing over a restricted set of
laces containing N bonds. But we can also sum over all L € £V)(S), the set of laces on S
with exactly IV bonds, to get an upper bound. This gives rise to a bound

RIS S D VD BT (129

F+#@ N=1

o
m; an 71VZ€F
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where we note that the sum over 1 arises from the sum over S seen in previous expressions,
and the constant C(ry) arises from the generalisation of (2.25) noted in Remark 2.12.
Finally use Proposition 4.17 to see that (4.28) is at most

00 3
R C
C E E E By(m) < E =
F£3 N=1 m: i=1n;*
mizm—l
VieF
This proves the result. |
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