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Abstract

We prove that for critical (spread-out) lattice trees in dimensions d > 8, the unique paths
from the origin to vertices of large tree distance converge to Brownian motion. This pro-
vides an important ingredient for proving weak convergence of the corresponding historical
processes.
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Introduction

Over the past decades, various critical interacting particle systems on Z? have been shown
to exhibit mean-field behaviour for dimensions d above a certain critical dimension d..
These models include the voter model (d. = 2) [5, 3], critical oriented percolation and the
contact process (d. = 4) [16, 14], and critical lattice trees (d. = 8) [7, 17]. In each of these
models, each particle has a time and spatial location associated to it and by assigning a
point mass to every particle we can describe the model via evolution of measures in Z<.
Starting with a single particle at the origin at time 0, each model survives until time n with
probability 6,, =~ C/n [4, 11]. Conditioning on survival, and with appropriate rescaling of
time, space, mass, and measure, in some cases [3, 12] a functional central limit theorem for
measure-valued processes (weak convergence to super-Brownian motion under the canonical
measure - see e.g. [23], conditioned on survival) has been proved. However these particular
measure-valued processes do not record genealogy present in e.g. the voter model and lattice
trees, and although the genealogy of super-Brownian motion can be reconstructed from the
path in dimensions d > 4 [1], this construction does not facilitate weak convergence results.

In the context of lattice trees, the functional central limit theorem (FCLT) for measure-
valued processes proved in [12] does not establish a FCLT for paths in the tree, such as
the unique path in the tree from the origin to a point x of generation nt. The main aim
of this paper is to prove a version of this result suitable for proving convergence of the
so-called historical processes (measure-valued processes which do record the genealogy of
the process) [19].

1 The model and main results
A lattice tree is a finite connected set of lattice bonds containing no cycles. We will be

considering lattice trees on Z® with bonds connecting any two vertices that live in a common
ball (in ¢o.) of radius L > 1, and with d > 8. To be more precise, let d > 8 and let D(-)
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be the uniform distribution on a finite box [~L, L]? \ o, where o = (0,...,0) € Z%. For a
lattice tree T' 3 o define W, p(T) = 2I7! [I.cr D(e), where the product is over the edges in
T and |T| is the number of edges in 7. An important observation is that if 7" is an edge-
disjoint union of subtrees then W, p(T") can be factored into a product over the weights of
the subtrees. It turns out (see e.g. [17, 11]) that there exists a critical value zp such that
P =150 Wap,p(T) < 0o and E[|T]] = oo, where (T =T) = p~*W., p(T). Hereafter we
write W (-) for the critical weighting W, p(-) and suppose that we are selecting a random
tree T according to this critical weighting.

Let T be a lattice tree containing o € Z?, and for m € N, let T}, denote the set of
vertices in T of tree distance m from o. Then for any = € T,,, there is a unique path from o
to  in the tree. Roughly speaking, in this paper we consider the weak limit (as m — o0)
of rescaled paths of this kind in high dimensions.

Functional central limit theorems

For our general discussion we require the notion of weak convergence of finite measures on
Polish spaces. We refer the reader to e.g. [20, Chapter 16 and Appendix A2] or [2, Chapter
3] for further details on what we discuss below.

A Polish space E is a complete (every Cauchy sequence converges) separable (there is a
countable dense subset) metric space. The space R? equipped with the Euclidean metric is
the prototypical example of a Polish space. For a Polish space E, let M p(E) (resp. M1(E))
denote the space of finite (resp. probability) measures on the Borel sets of E. For a sequence
Vn € Mp(E) we say that v, converges weakly to v € Mp(E) and write v, — v if for
every f: E — R bounded and continuous,

/f(x)un(dz) — /f(:z:)z/(dx), as n — oo. (1.1)

Equipped with the Prokhorov metric, which generates the topology of weak convergence,
Mp(E) is also Polish. We will often use the notation E,[f(X)] for [ f(z)v(dz), with the
understanding that X € E. This will be particularly convenient when X is an E-valued
random variable defined on an underlying probability space and v(A4) = cP(X € A) for
some ¢ > 0.

Let S,, denote the location of a nearest neighbour simple symmetric random walk on Z¢
after n steps (starting from the origin o € Z%). Then E[S2] = n (here and elsewhere, for
x,y € R? we abuse notation and write xy to mean -y, and hence 22 to mean |z|?) and
the central limit theorem states that n~1/2S,, converges in distribution to a random vector
Z that is (multivariate-) normally distributed with mean 0 € R? and covariance matrix
diag(1/d). Define probability measures v,, v on (the Borel sets of) R¢ by

vn(A) =P(n"/2S, € A), and v(A)=P(Z € A).

Phrased in the language of weak convergence of (probability) measures, the central limit
theorem says that v, — v. In the setting of Mp(R%), the statement v,, —— v is in fact
equivalent to the convergence of the pointwise convergence of the characteristic functions
(Fourier transforms), so for v,, v as above

. . .2
/elkxyn(dx) — /elkxl/(dx) = e~ %, for k € R%

For a Polish space F let D;(E) denote the space of cadlag paths (paths that are contin-
uous from the right with limits existing from the left) mapping [0,¢] to E. It is well known
that there is a complete metric on this space (that generates the so-called Skorokhod J;
topology) for which D;(F) is also Polish (see e.g. the references [20, 2]).

The functional central limit theorem (FCLT) concerns the entire path (W,");>o defined
by

Wt(") = ’n_l/2SLn”. (1.2)



Defined in this way, for each n, W™ jumps at times ¢ = i/n for i € N and is constant on
intervals [i/n,i + 1/n) for ¢ € Z,. In particular the process W is a random element of
the space Do, (RY) of cadlag paths from R, = [0, 0) to R%. The version of the FCLT most
relevant to this paper states that for any ¢ > 0, the sequence of rescaled random walks
W[(OT?;] = (W{)sep,q converges to a d-dimensional Brownian motion By = (Bs)sejo,
(with By ~ N(0,diag(1/d))). Phrased in the language of weak convergence of (probability)
measures this FCLT says that v, 4 5 vy, where Un,t € Mi(D(R?)) are defined by

(i.e. Uy, is the uniform measure on nearest-neighbour (cadlag) paths on n~1274 up to time
Int]) and vy € Mp(D(R?)) is the law of d-dimensional Brownian motion By ; (sometimes
called Wiener measure) satisfying v4(A) = P(Bjy € A).

Celebrated results of Hara and Slade (see e.g. [10, Theorem 1.6]) prove the FCLT for
self-avoiding walk in dimensions d > 4. To be more precise, if v, is the uniform measure
on nearest neighbour self-avoiding paths w = (0 = wp,wy, ...,wy) of length n on n='/27Z?
then v,, — v as probability measures on D; (R%).

Paths and measure-valued processes for lattice trees

Recall for any = € T}, there is a unique path w; ,, from o to z in the tree, defined by
Wy m = (0 = Wy m(0), Wy m(1),..., Wy m(m) = :c)

For t > 0 and z € Z%/,/ncy such that \/ncor € T|nt) we define

wi(s) = s sh) =g gy 13)

’ VCoh
where ¢y > 0 is a constant depending on D,d (to be described later). Note that w;"; €
D;(R?), and that it can be extended to a path in Do (R?) by setting w()(s) = x for s >t
(or equivalently writing wy"}(s) = wy"}(s A t)). Let

x,t
1
(n) _ d
X =G > b€ Mp(RY), and (1.4)
VeanzET ns)
1
(n) _ d
H" = > 0, € Mp(Dy(RY) (1.5)
VCOnTET ny)

denote the (rescaled) measure-valued “process” and historical “process” (see e.g. [6]) asso-
ciated with the random lattice tree T respectively. Here Cy > 0 is a constant depending
on d and D (to be described later). Note that X, assigns mass to certain particles in the
tree (but does not encode the genealogy) whereas H,™ assigns mass to genealogical paths
leading to those particles.

Since w;"g can be considered as a path in D, (RY) as above, H™ can be considered as a
finite measure on D4, (R?). According to [11], there exists a constant C; > 0 also depending
on D, d such that

nP(H{™ (1) > 0) = nP(X;"(1) > 0) — o as n — o0o. (1.6)
Then we define i, € M p(Doo (Mp(R?))) by
fin(®) = nCLP(X™ € o), (1.7)
and 1] € Mp(Doo(Mr(Pus(RY)))) by
p(e) = nCiP(H™ € o). (1.8)



Due to the survival probability asymptotics (1.6), multiplying by n is asymptotically the
same (up to a constant) as conditioning on survival until time n (or rescaled time 1).

According to [23, Section I1.7] there exists a o-finite measure Ny on Do, (M p(R?)),
with No(X¢(1) > 0) = 2/t such that Ny is the canonical measure associated to the
((Bt)t>0,1,0)-superprocess (where (B;)icjo,00) 18 a d-dimensional Brownian motion with
By ~ N(0,diag(1/d)), which is a (time-homogeneous) Markov process). The superpro-
cess in question (called super-Brownian motion) is a measure-valued process that can be
thought of as an infinitesimal critical branching process whose spatial dispersion is gov-
erned by the R%-valued process (B;):>o. The 0 and 1 in the notation ((B;);>0, 1,0) simply
refer to standardised versions of the process (e.g. the “branching variance” is 1). According
to [21, pages 34, 64], there also exists a o-finite measure NI on Do, (M (Do (R?))) with
N (H¢ (1) > 0) = No(X(1) > 0) such that NZ is the canonical measure associated to the
((Bjo,g)t=0, 1, 0)-superprocess, where (Bjg 4 ):>0 is a (time-inhomogeneous) Markov process
in £.

It is proved in [12] that for lattice trees in dimensions d > 8 (with L sufficiently large)
tn — Ny. Since the limit is a o-finite measure, p,, — N is defined in terms of weak
convergence of a family of finite measures (indexed by t) on Da, (M p(RY)) as

pin (e, X;(1) > 0) -2 Ny (e, X;(1) > 0), for each t > 0,

or equivalently in terms of weak convergence of their conditional (on X;(1) > 0) counter-
parts, which are probability measures. The corresponding result for the historical processes
(uH = NZ') is an open problem that provided the initial motivation for this paper. Note
that neither of these results is expected to hold for lattice trees in dimensions d < 8 (a sim-
ilar result is expected to hold with logarithmic corrections to the scaling in 8 dimensions).

In [19], one of the conditions for proving the aforementioned weak convergence of his-
torical processes (more precisely, convergence of the finite-dimensional distributions, where
one looks at the process at each fixed finite collection of times) is to show that for each
t >0,

Vnit — (1.9)

where v;, (o) = E,n [Hy(e)] and v4(e) = Eyu[H;(e)] are finite measures on Dy(R?), and e
denotes a Borel set in Dy(R?). In fact, (see Lemma 1.2 below) v4(e) = P(Byg € o), while

1
Bu i@ =Bur |5 DL Lpyen (1.10)
VConTET nt)
C
= Z #P(./coanﬂntj,w;ﬁeo). (1.11)

The following theorem verifies (1.9) and is one of the two main results of this paper.

Theorem 1.1. For each d > 8 there exists Lo > 1 such that for all L > Ly and eacht > 0,
Unt — vy in Mp(Dy(RY)), as n — oo.

Suppose that 7|} # @ (i.e. the rescaled process is alive at time |nt]/n). Let Z[%‘)t] =
(Z™(s))s<t be the rescaled ancestral path of a particle chosen uniformly from 7|, i.e. for
w e Dt(Rd)

1
m _
P(Zigy = w|Tiney) = Tl Z L —uy- (1.12)

Since paths to distinct points z, 2" in a tree are unique this means that for each x € 7|,
]P’(Z[(&)t] = w)[Tint)) = [Tine) |7 Let pZ, denote the law of Z[((;)t] (conditional on T[] >

0). In other words, MZM is a discrete probability measure on D;(R%) such that for a singleton
w e Dt (Rd),

uZ ({w}) = P(Z5y = w| [Tl > 0). (1.13)



Let pf, Nff, € Mi(Mp(Dy(R?))) denote the laws of the historical measures at time ¢,
conditional on survival, i.e. pfl (o) = P(H™ € o|H;”(1) > 0), and N{/,(e) = N{{(H, €
o|H:(1) > 0). The following elementary consequence of [23, (I1.8.6)(a)] shows that v; above
is Wiener measure (i.e. the law of Brownian motion) for paths on [0, ¢].

Lemma 1.2. The historical canonical measure NE satisfies

Hy(e)
B [H1(#)] = (B € ) = By, | 740 (1.14)
where By ) = (Bs)seo,y s a standard (i.e. By ~ N (0, diag(1/d))) d-dimensional Brownian
motion on the interval [0,t] under P.

The following theorem concerning the path to a uniformly chosen particle of (rescaled)
generation t is the second main result of this paper.

Theorem 1.3. Let t > 0 and suppose that pufl, — NE, in My(Mp(De(R?))) as n — oo.
Then pZ, 5 v in My (Dy(R?)) as n — oo.

Thus, in [19] one uses Theorem 1.1 as an important ingredient in proving convergence
of the finite-dimensional distributions of the historical processes, while Theorem 1.3 shows
that weak convergence of a uniformly chosen path in the tree follows from convergence of
the 1-dimensional distributions of the historical processes.

The remainder of this paper is organised as follows: In Section 2 we express the constants
Cy, C1 and ¢g via the limiting behaviour of the so-called 2- and 3- point functions. In Section
3 we prove Theorem 1.1, assuming certain bounds (Proposition 2.3) that are proved via
an inductive analysis of quantities arising from the lace expansion. In Section 4 we prove
(Lemma 1.2 and) Theorem 1.3. Finally in Section 5 we discuss the method of proof of the
assumed bounds (i.e. the proof of Proposition 2.3).

2 The 2- and 3- point functions

Let p(z) = P(z € T) and p,(x) = P(z € T,,). For absolutely summable h(z) write (k)
for the Fourier transform of h, i.e. h(k) = > eza €Fh(z). Tt is shown in [9, Theorem 1.2,
Corollary 1.4] that for all L sufficiently large there exist constants Cy, C3 > 0 depending on
D, d such that

|21 2p(z) —Cy, as |x| — oo, and k> p(k) — Cs, as |k| — 0. (2.1)
Using the inductive method of [15, 13] the following were shown in [17, Theorem 3.7(b)].

Theorem 2.1 ([17]). Fizd>8, v € (0,1A%8) and § € (0, (1A 452) —~). There exists a
positive Lo = Lo(d) such that: For every L > Lg there exist K(d, L), A(d,L),co(d,L) > 0
such that !

sup sup |pn(k)| = sup pn(0) < K, (2.2)
n€Zy keR4 nely
=V hm(0) =) |z pm(x) < mK, (2.3)

and

pn (V%) — A {1 4o (k’ij) e (n)} . (2.4)

In particular (taking k = 0 above) A = lim,,_, o E[|75|] is the limiting expected number
of particles alive at time n as n — oo. Note that the function p|, is related to the
measure-valued processes via

B [X70)] = By [0] = G (=) (25)

'Note that A in the present paper is the constant A’ in [17].



where X{” (k) = [nq e X" (dz) and H{"” (k) = Ip, e ® H™ (dw) (here w(t) is the ter-
minal point of the path/function w : [0,¢] — RY).

Similarly, for 7 € Zrl and & = (z1,...,2,_1) € ZD we can define pz(¥) =
P(NZ!{z; € Tn,}), and pi(K) = rezaer—n €FEP(N " {z; € T,,}). Then according to
[17, Theorem 1.14], there exists V' > 0 depending on D, d such that

n'E[Tnl*) = 07 hinny (0,0) — VA® (2.6)
The constants appearing in the definition of X;™, u,, etc. are
OO = VAQ, and Cl = AV. (27)

See [18] for further discussion about the connections between p; and mean moments of the
measure-valued process.

2.1 Decomposition via connected graphs

We use the notation [a,b]z = [a,b] N Z; when a,b € Z,. Any lattice tree T > o such
that © € T,, can be represented as the backbone w (an n-step path from o to z) together
with mutually avoiding ribs Ry,..., R, that are themselves lattice trees emanating from
the vertices 0 = w(0),w(1),...,w(n) = x along the backbone. We will write w : y = 2 to
denote the set of D-random walk paths of length n starting at y and ending at z. Since the
weight W(T) factors into the product of the weights of the backbone and the individual
ribs, we can express the two-point function p,(z) as

(@) =pt D W) Y e X TIwwy I [1+ve®]. @)

wiosx RQBUJ(O) Rnaw(n) =0 u,v€[0,n]y:
u<v

—

where Uyy () = —1{Rr,nR,20}- Let us henceforth write Y 5 - tomean Y p 5, 0) 2R, 30(n)

and W (R,,) to mean [/, W(R;).
For m,m' both in Z; we define K[m,m/] = 1 if m > m’/, while for m’ > m and
Ry, Riy1, - ., Ry we define

Kfm,m') = Kimw'\(B) = T] 1+ Uu(R)]. (2.9)
v E’u[:lg,’;n, 1z
This notation allows us to write
pu(@) =p" S W) S WRK, ). (2.10)

n —
wio—T R,30n

The following Lemma will be useful when proving tightness for Theorem 1.1.

Lemma 2.2. For each n € N and m € [0,n]z, and each w = (wo, w1, .., wn),
> WRIEOn] < [ Y W(R)K[0,m] Y W&, )E'0,n-m]|,
ﬁn Sdn R7n95'rrz R’;,ma(‘dmwnan)

(2.11)
where K'[0,n —m] = K'[0,n —m](R,,_,,) is defined as in (2.9) with R instead of R.

Proof. Clearly for any R, one has K[0,n] < K[0,m]K[m,n] since each factor 1 4+ Uy,
appearing on the right hand side also appears on the left. Therefore

S WRIKD A < 3 W(E)K[0,m]K[m,n].
R

Rn3a, e

6



The right hand side is equal to

W (R W (R,,_,,)
> > Lrp=r. R K[0,m]K’[0,n — m] (2.12)
Ron3(woyeeyim) R»ilima(wm,...,wn) m
5 W(R;,_,.)
= > W(Rn)K[0,m)] > IL{R;):RM}WK/[O, n—ml. (213)
R (w0, swim) R 3 (Wmyeeeswn) mn

since W (R,,) appears once in W(R,,) and again in W(R!,_, ). Write the second sum in
(2.13) as

> Lrj—r. > f[ W(R)K'[0,n —m). (2.14)

R{)awm (R’l,...,R;Hm)a(wm_*_l,..,,wn) =1

For each ¢ = 1,...,n — m we have that if w,, € R}, then [1 + Uy = 0 (so K’ = 0 in this
case). In other words, the indicator that R} and R{ avoid each other is more restrictive
than the indicator that Rj and {w,} avoid each other. But {w,} is a tree with one vertex
and no edges, which has weight W ({w,,}) = 1. Thus, (2.14) is at most

> Lrp—{wny W(R)) > I w®)K'[0,n—m (2.15)
R{3wm (RY,.., R, _, )3 (Wmg1seeswn) J=1
= > Lmp=fwnh >, W(R,_,)K'[0,n —m] (2.16)

R{>wm (R, R )2 (Wit 15-5Wn )

< > > W(R,_,)K'[0,n —m] (2.17)

R(,)Bwvn (R/la~~~:R;l_m)3(wm+lv-~:wn)

- Z W(R';l—m)Kl[Ovn - m], (218)
Ril—nla(wm """ wn)
which proves the claim. -

Note that for m < m’ € Z,, by expanding the product over u,v we see that

K[m,m/] = Z H Uij, (219)

regim,m’)z i<jer

where G[m, m'] denotes the set of “graphs” on [m,m’]z, i.e. the set of collections of distinct
pairs (edges) of vertices in [m, m’]z.

An edge ij with 4,5 € Z, and i < j is said to cover every £ € [i, j] (and does not cover
any ¢ € [i,7]°). A graph T € G[0,m]z covers £ € [0,m] if it contains an edge that covers /.
For any graph I' € G[0,m]z and m* € [0, m]z there is a largest interval [¢1, {2] containing
m* such that I' covers every vertex in [(1,¢3]. A graph I" on [m,m/]z (where m,m’ € Z
and m < m') is said to be a connected graph (on [m,m'|z) if T covers [m,m'] (i.e. if
Uijerli, j] = [m,m']). Let G°"®[m,m']z denote the set of connected graphs on [m,m/]z.
Define J[m,m] =1 and for m < m’ € Z define

J[m,m'] = > 11 vis- (2.20)

regeonn[m,m’]; i<jE€T
Then from (2.19) and (2.20) we can write

Ko,m)= > > KI[0,mg— 1]J[mo, mo)K[mf, + 1,m]. (2.21)

mo=0 m{=m*



For m € N, and z,y € Z¢ define

Tz y) = > Ww) Y. W(y)J0,m]. (2.22)

wir—y Ry 23&m
By translation invariance this is the same as
T (Y — ) =m0,y — ). (2.23)

Then for each n > 2 and each n* € {1,...,n — 1} (2.10) can be written as

*

n n

pule) =071 Y S0 W) 3 WKL mo— 1o, milK m + 1.m)

mo=0 m{=n*

n
w:0—T Rn.3>d,

If mp > 0 and m{, < n then the term in large square brackets is

= Yo W) Y W(Rhy, )K'(0,mo—1] (2.25)

mg—1 >3
whrio — up mgo—

Examining each term in large brackets we see that this is equal to

> Ppmo—1(u1) (2.28)

w1 €Z4

X > zpD(v1 = 1) > oty (V2 — V1) (2.29)

X Z 2pD(uz — v2)ppp—my—1(T — uz) (2.30)
Uz
=p°z3 (pmo,l * Dok Tt g * D % pn,m(),l)(x). (2.31)

Similarly: if mo = 0 and mg < n then the term in square brackets in (2.24) is pzp (T *
D % pr—my—1)(); if mg > 0 and mg = n then we get pzp(pmg—1 * D * Tn_m,)(z); if both
mo = 0 and m{, = n we simply get 7, (x).

Thus,
n* n—1
pn(ﬂﬁ) :p71|: Z Z pQZQD (pmo—l * D x Tm{—mg * D x Pn—m()—l)(l’) (232)
mo=1my=n*
n—1
+ Z PzD (T * D %y 1) () (2.33)
my=n*
n*
=+ Z PzZD(Pmg—1 % D * Ty ) () (2.34)
mg:l
+ wn(x)] (2.35)



Since we are actually interested in fixing locations along the backbone from o to = at
time points ny,...,n, we need to introduce a modified version of m,, to handle this. For
meEN, and z,y € Z% and for 0 < j; < jo < --- < j, <m and xq,...,z, € Z? define

TG (@ Y) = D (Hﬂ{wuw m)W() Yoo > I[wr)I0,m

wir Dy Rp3w(0) Ry, dw(m) i=0

(2.36)

The following is proved using a combinatorial technique known as the lace expansion,
which shall be discussed in Section 5.

Proposition 2.3. Fix d > 8. Then there exist Ly, C > 1 such that for all L > Lo and for
every 0 < j1 < jo < -+ < jpr <m,

Z |7 (2 Hi) (2.37)

3 e (Hi) (2.38)

ZZ\ Toms(G2) (Y (HTC;) (2.39)

S i S 01 < (2.40)
Z|y—$1\ Z\ oGy Y (Hi)zﬁ (2.41)

Both (2.37) and (2.38) are proved in [17, Proposition 5.1], while the proofs of (2.39)-
(2.41) involve only small modifications of these proofs. For this reason we shall not give
detailed proofs of (2.39)-(2.41), but shall give only a sketch of how these results are obtained.

Assuming (2.37) we shall prove in Section 2.2 that the functions 7, for m € Z, are
related to the constant A via the following result.

Proposition 2.4. Fiz d > 8. Then there exist Ly > 1 such that for all L > Lg

1
Z Z - (0) = A3

m=0m'=

2.2 Proof of Proposition 2.4 assuming (2.37)
By (2.4),

pon(0) = A+ O(n~ 7). (2.42)

On the other hand, from summing (2.32)-(2.35) over x

n 2n—1
ﬁQn - P |: Z Z p szmo 1 )ﬂ—mgfmg(o)ﬁanméfl(o) (243)
mo=1my=n
2n—1 n
+ Z IOZDﬁ-m() (O)ﬁnfm(’]fl(o) + Z pZD/sm()*l(O)ﬁ-anmo (0) + ﬁ?n(o):| .
my=n mo=1
(2.44)
From (2.2) we have sup,, pr(0) < 0o, and from (2.37) we have
. C
(m+1)%



so that each of the three terms in the second line of (2.44) are at most

> T ~ < L (2.46)

m=n n2
(Note that here and elsewhere, the generic constant C' changes from line to line). Thus

n 2n—1
5 - . . _d=6
p2n(0) = Zsz Z Z pmofl(o)ﬂ-méfmo (0)p2nfm()71(0) + O(n 2 ) (247)
mo=1mj\=n
Letting m = n — mg and m’ = m{, — n, this can be written as

n—1 n—1

N ~ _d—6
pan(0) = 25p D Z P (0) s (0)pn—r -1 (0) + O™ %) (2.48)

m=0m'=

Let € € (0,1). The contribution to the sum over m,m’ in (2.48) from m > en or m’ > en
is at most

i 3 — <Z Cjﬁg Cis. (2.49)

m=en m’=0 m+m 2 m=en n-2
Thus,
R en  en ) s
pan(0) = 2hp ) Z Pram 1 (0)m o (0) iy —1(0) + O(n™ 27, (2.50)
m=0m'=

where the Constants in the O notation in square brackets depend on €. Since ¢ < 1 and
pn(0) = A+ O(n=“z") we can write

EN EN

pon(0) =259 > 3 [A+O(n*¥)] ot (0 )[A+0( ) +om=F), (251

m=0m’=0

where the constants in the O notation in square brackets depend on e (but not m,m’).
Since |fp4m (0)] is summable in m, m’ (by (2.37)) this becomes

En En
8

pan(0) =23 pA° Z Z Tm+m (0) +O(n™ 77) (2.52)

m=0m’'=0

:ZszAQ Z Z 7Tm+m/ Jr O( 8)7 (2'53)

m=0m’'=0

where we have used (2.37) and (2.49) again in the last step. Letting n — oo and using the
fact that po,(0) — A we see that

S Frp (0) = (2.54)

as claimed. |

3 Proof of Theorem 1.1 assuming Proposition 2.3

In order to prove Theorem 1.1, for each t > 0 it is enough to show convergence of the
finite-dimensional distributions and tightness (see e.g. [2, Chapter 3]).

Let X = (X(s))s<; denote an element of D; = D;(RY), and set t; = 0. Then for
convergence of the finite-dimensional distributions it is sufficient to verify the following;:

10



Proposition 3.1. For d > 8 there exists Lo such that for all L > Lo, each t > 0 and every
r€Zy, k€ (R and 0 =tg <t; <ty <---<t.<t,

E, [eizgzl k.j<X<tj>fX(t_,»_1>>} SE,, [eizgzl 3 (X (1) =X (8- 1>>} He M t—t;) . (3.1)

n,t

For tightness it is enough to show the following:

Proposition 3.2. For d > 8 there exists Ly such that for all L > Lo and each t > 0: there
exists C > 0 such that for every 0 <t; <ty <t3<t,

E,, ., [(X(ts) — X (t2))*(X (t2) — X(tl))ﬂ < Clts — 4| (3.2)

Thus our task is to prove Propositions 3.1 and 3.2. This is the content of the following
two subsections.

3.1 Proof of Proposition 3.1
The fact that

T k2

E., [eizgzl 5 (X (1) =X (8- m} H — g (5=t 1) (3.3)

is immediate from the fact that (X(s))s<¢ is a d-dimensional Brownian motion under v;
(by Lemma 1.2). Therefore it is sufficient to prove the following result.

Theorem 3.3. Fix d > 8. There exists Lo > 1 such that for all L > Ly:
(i) sup,, ; vnt(Ds) < K < o0, and

(i) For each t*,k* > 0 and everyr € Zy and 0 =tg <t <ty < --- <t, <t <t*, and
every k € (RY)" such that |k| < k*,

El/ﬂ,yf |: 12, , kj (X (t)—X(t;— 1)):| H 77{1 +0(1) as n — 0o, (34)

where the error term depends on k*,t* and min,<,{t; —t;_1}, but is otherwise uniform
m F, t, k.

Proof. For the first claim simply note that as in (1.11) and (2.5)

C . C
V.t (D) :al) P(y/cona € Tin)) = Fé’“”t 1(0) = F;A’ (3.5)
e \/%

so the claim (i) holds by (2.2) (or Theorem 2.1). Moreover, since C;/Cy = A~! this
establishes (ii) with » = 0. Clearly we obtain the same result when r > 0 but all k; = 0.

We prove (ii) by induction on r, having already established the claim when r = 0. For
r > 1, let xg = o and recall that tg = 0 to see that

pAE,, {eiz;zl kj<X<t]~>fX<tj_1>>} (3.6)
™ w("l) _w(") i1
=p Z [l{m%mu}e k() () —w ) ))] (3.7)
JEW

r T g
=X > 2 (th(tntiJ)—m}) [Tevs ) ww) (3.8)

T€L4 31,2 €2 | Int] 1= j=1

x> W(Rpu)K[, [nt]]. (3.9)

R 1) 38 nt)

11



By (2.21), pAE,, ,[e 122520 by (X () =X(6-1)] s equal to

[nt1]  [nt] Tk r
Z Z Z Z H elﬁ(% o Z <H ]l{w(LntiJ)—ri}> W(w) (3'10)
j=1

mo=0m{=|nt1] T Zi,...,Tr w:oLng =1
x> W(Rpa)K[0,m — 1]J[mo, mg] K [m + 1, [nt]]. (3.11)
R nt) 3@ nt)
If k; = 0 for each j then the complex exponentials vanish as does the sum over z1,...,z, of

the indicators. However, k =0 is the straightforward case that we have already covered at
the beginning of the proof. Our task will be to adapt the ideas from the proof of Proposition
2.4 to handle the case k/\/ncy = 0.

Let € € (A()/2, A(t)) where A(#) = min{t; —t;_; : i <r}/2 and let

H(t,n) = {(mo,mg) : 0 <mg < [nt1] < my < |nt] and my — my > ne}.

We will write ¢ H(t,n) to mean that 0 < mq < [nt,] < mj < [nt] but mO mo < ne.
Consider the contribution to the sum in (3.11) from (mg, my) ¢ H(f,n), i.e.

YT ([[ese) v (nn{ww_m) We  @12)

(mo,mf)) T T1,...,%, \j=1 w'oLng i=1
¢H(#n) '
x> W(R)K[0,mg — 1]T[mo, mg] K [mf + 1, [nt]]. (3.13)

R0t} 3@ nt)

Then (3.12)-(3.13) is equal to

Z Z Zeix/%xlzDD(v —u) Z W (w®) Z w R(O) YK @[0,mp — 1]

(mO7T6) U%Z’ i w(©:0™% R(mo 19453()) 1
¢H(tn)
(3.14)
i—f2_ (g
X Ze \/W( 2—o1) Z W( )l{w(l)(\_ntlj —mo)=z1} (315)
z3 (., mb=m0_,
wMiy = o
a1
x o W(ED) )TV mo, mylzp D — ) (3.16)

I
XZ Z Z He \/W(x] zj-1) (H ]l{w(2>(LntiJmo)zi}> (3.17)

T T3,..., Ty @, /LntJ—_;né)fl:E 7=3 =2
3(2
W (w®) > W (R, | ) E @G+ 1,m), (3.18)
B 253

Int]— 1710 Lntjfnzé—l

where the superscripts in the K@[,] and J®[,] indicate the collection of trees B to which
the Uy factors in K and J are imposing restrictions on. Now use the fact that

eikzl _ eikueik(vfu)eik:(:vl71))7 and (319)

eik:(wg—wl) — eik(v/—wl)eik(u/—v/)eik(mz—u/), (320)

12



and let 2 = 1 — v and 2’ = v/ — x1 to rewrite the above as

ki o~ ko~ k
2 ~ 1 1 2
_ D D 3.21
zD( Z,)ppmo 1(¢n70) (m) (\/nTO) (3.21)

mo,mo

¢H(f)n)

.k r .k
x 3 & VT T (i | oy (0,2 + 2) (3.22)
i—%2_ (X ((|ntz] —(mj+1))/n)—X(0)

x pAE”m(LntJ—(méﬂ))/n {e m( ’ ’ ) (3.23)

k.

ol Tims 75 (X (Ut J=(m+1))/m)= X (Lnt; -1 = (m§+1) /m) (3.24)

By (i) the modulus of the expectation is bounded above by a constant K.
Note that

S N
D(m)— +(D(m) 1) (3.25)
D( i ) =1+ (D( i )—1), (3.26)

and each of the differences on the right hand sides are bounded in absolute value by C' @
when n is large. Thus, using the uniform bound on p,(k), (i) and (2.39), the contribution

to (3.21)-(3.23) from a term involving (D(—£=) — 1) is at most

V/nco
i |kq|? K*
¢ n Z Z |7Tm6—m0§(mtlj—mo>z)(07z + Z/)|K <C o < C;,
(mo,my) %2
¢H(tn)
Then (3.12)-(3.13) is equal to O(%*) plus
Do Y e i) (327)
(mo.mp) ’
¢H(t,n)
.k ;. k
X Z elx/TQTUZ elﬁzﬁmg—mo;qntlj—mo,z) (0, z+ Zl) (328)
22 (X ((Inta]—(m)+1))/n)~X(0)
X pAEVn,(Lntjf(rné)i»l))/n € ﬁ( ’ ? ) (329)
el =3 \/%TO(X((mejj*(m6+1))/n)*X((Lnt1—1J*(m6+1))/n)) . (3.30)

Since for (mg,m}) ¢ H(t,n) we have
nA(f) — 1 < |nty| — |nto] —en < mg < nlty —to) + 1,
it follows from (2.4) that for (mq,m}) ¢ H(t,n)
R k1
pmo*l(\/?co

The latter two terms also contribute error terms of the form O 4« (|k|?n=%) + Oé(n*%)
in (3.27)-(3.30) (i.e. after summing over (mg,my)), due to (i) and (2.39). Similarly for
(mo,my) & H(t,n),

) = Ae= = (mo=D/n L O L ([k[2n~0) + Oa(n— 5. (3.31)

nA(t) —1 < ntg — 1 —nty —ne < [nta] —my < nlty —ty) + 1.
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Thus, by the induction hypothesis, the expectation in (3.23) is equal to

.k
e (X ((Int2] = (mg+1))/n)—X (0)
E”n,unu—(m()ﬂ»/n {e ﬁ( ’ ) (3.32)
el Eima s (X (Lt ) =(m+1)/m)=X (Lt 1 =Cmg+1)/m) | (g g9y
k3 , r K2
— o~ 22 (Inta]=(mg+1))/n) H e~ za(ti—ti-1) 4 o(1), (3.34)

Jj=3

where the error term depends on A, t*. Again this o(1) term will contribute to error terms
n (3.27)-(3.30) due to (2.39). We have shown that (3.12)-(3.13) is equal to

k% ikiz' ikiz
o(1) +25p2A% 3 e/ N RS T Tty o) (0,2 + 2)(3.35)
(mOr’T'é)) z,2'
¢H ()
« o= 5 (ta=(m 1) /”)He =t (3.36)

7j=3

Now due to the symmetries of the lattice and the weight function, and the fact that
D(z) = D(—z), we have the symmetry

T —mo;(nt1—mo,z) (07 z+ Z/) = 7Tm’o—m,o;(ntl—TrLo,—Z)(07 —Z = Zl)’ (337)

with respect to sign changes of the spatial components. Thus,

i( k2 _ 2+ —L=2) ’
Ze Ve JW ng,mo;(ml,mo,z)(o, 242" (3.38)

2,2’

= E T (nt (0 z+z’)(cos( i 2+ b z
- ma—mo;(nt1—mo,2 9
o 0 /ncy \/Nncy

.., ke, ky
A4
+ 1 sin( e z+ e z)) (3.40)

= Z Tty —mo; (nt: —mo,z) (0, 2+ 2") cos(

) (3.39)

ko k1
TLCU \/NCo

2), (3.41)

since the sine function is odd.
Using the above and the fact that | cos(x) — cos(0)| < 22 we see that

. kg s . kg
Z <e1\/"2ToZ e Vmet 1> Tty —mos(nts —mo,z) (05 2 + 2" (3.42)
< 92\k22’+k12|2|7r " o (0,2 +2")] (3.43)
= . m{—mo;(nt1—mo,z)\Ys .
< E S o2 + ksl (0,2 + ) (3.44)
=0 2 17 ng—mo;(ntl—mo,z) 0,z z .

2 2
<g |k1|? + |k2

TN (mlh—me+ 1)

(3.45)

where we have used (2.40)-(2.41) in the last step. Summing over (mg, m}) ¢ H(f,n) again
gives an error term since e.g.

C|k1‘2 1 C’|]€1
— > > > e (346)
(mo,m{) (mO m0+1) m<en m’<en m+m +1)
¢H(tn)
Clky|? 1 Clk1)?
S L oop= s G4

m<en
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where we have used the fact that d > 9 in the last two steps.
Thus, (3.21) to (3.23) is equal to

k2 (nto—(m!
—|—A2 2 He 2 tJ ti 1) Z o l;cli <m0n 1) %( ty (n, ot+1) (348)
(m07m0)
¢H(fn)
X Z 7rm6—m0;(nt1—mo,z) (Oa z+ Z/)' (349)
2,2

But the sum over z of the indicator that the backbone is at position z at time n’ gives 1,
so that

Zﬂm;(n/,z)(o, z+2) = Z 7T (0, ) = 7 (0). (3.50)

z,2’!

Thus, (3.48)-(3.49) is equal to

i k2 52 k2 (ntg—(mh+1)
2 492 9 (et _ k] (mg-1) k3 (nta—(mp+1))
p AP [Jemetiti) Y e e " g —mo (0)- (3.51)
= (mmmE))
¢H(fm)
Now write
k2 (mg—1) k7 k2 (mg—1) =
efi 0 = efﬁtl + engi 0 — efﬁtl (352)
k2 (nto—(mh+1)) k2 k2 (nto—(mh+1))
I TN - LU L B T (3.53)

The differences in brackets in the first and second lines are bounded in absolute value by
min{1, C|k1|?(nt; — mo + 1)/n}, and min{1, C|kz|?(m{ — nt; + 1)/n} respectively, which
give rise to error terms when summed with 7 over mg,my. For example, the term with
both differences is bounded in absolute value by:

|k2 — TLtl + 1) 1
c > / — (3.54)
(o) (mhy—mo+1)z
¢H(tn)
Toon e (my—me+ 1) T nt/?
mo,m
¢H (Em)

as in (3.46)-(3.47). The other terms give the same bounds either with k; or ks dependence.
Therefore (3.48)-(3.49) is equal to

r &2
o(1) + 25 A% [[em2e =t N~ a0 (0), (3.56)
j:1 (m07T/0)
¢H(t,n)

with the error term as claimed in the theorem. Letting m = nt; — mg and m’ = m{, — nt;
we have that m{ — mo = m + m/ and by (2.54),

co oo
Do Fmpme© =D D Fmpm (0= D Fngnr (0) (3.57)
(mo mo) m=0m’'=0 (m m')
¢H(t,n) m4m'>en
1 d—8
—+0 T2 3.58
o +0aln ) (3.58)
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Thus the main contribution to (3.48)-(3.49) is
22 AV S 54—t 0,
ez (ti—ti- =Ap || e 227~ (3.59)
H 7 Z H

with all error terms as claimed.

It remains to consider the contribution to (3.11) from (mg, my) € H(t,n). Let j(m{) =
max{i : t; < m)} and t(m}) = (ti,... sti(my)) and T(mg) = (T1,...,Zj(my)). Then using
the fact that D, py,, and (from (i)) E [ei25=1 kf(X(tj)_X(tffl))] are all bounded above

by a constant, the contribution to (3.11) from (mq,mj) € H(f,n) is bounded in absolute

value by
¢ Z Z Z |7Tm i(E(my), x(mo))(o .’17)| (360)

(mo,my)EH (f,n) T F(mg)

<c ¥ - (361)

, =
(moumpye i (Eny (Mo — Mo +1)72

=Cc > > ! — (3.62)

m>enm’>1 (m +m' + 1)T

<cY Y L <A (3.63)

o ey (en+m+m/+1)2 ns

Un,t

Since this error term is also of the claimed form, we have verified that
AE,, | [ei2§=1kﬂX(tn—X(tH))] AHe 71 (li=ti-1) 4 (1) (3.64)

with the error term as claimed. Thus we have completed the inductive step and therefore
the proof. |

3.2 Proof of Proposition 3.2

The proof of this mixed moment bound is similar to that for self-avoiding walk in [22].

Fix tg =0 < t; <ty <tz <t =ty and let Y denote an element of D; (i.e. Y denotes an
Re-valued path on [0,#]). Letting g : D; — R be a bounded Borel measureable function we
have

Ev, . lg(Y)] =Eun [En,[g(Y)]] (3.65)
1 n
e For D DRI (3.66)
VPCoTET nt)
C =N w Y gl (3.67)
op T>o0 \/WIETLMJ

cop > > W(D)g(w) (3.68)

EAS zd T'So:
Ve \/neoTET | ny|

Breaking the sum over T into the backbone and ribs we obtain

E,, . [9(Y Cop > Yo Wwgwd) Y. W(R)K, [nt]. (3.69)
z€ \/nalTow:OL—>J ncox EET

For fixed t,t1,...,t3 let g(y) = (y(t3) — y(t2))*(y(t2) — y(t1))?. Recalling that

W) (s) = W /egma, |nt) ([18])

R 0,1], 3.70
7 — or s € [0,¢] ( )

16



we see that

w(|n — w(|nta |2 (w(|nta]) — w(|nty|))?
By, lo(Y) Z () @lntal) —w(nta))) (nfa]) = wllnt)))

C’o pc? n n

/Tn w: oL~>J ncoxr

X W(R|n)) KO, [nt]]. (3.72)
Rint

If t3 — t1 < L then either [nt3] = [nt2] or [nt2] = |nt1] and in either case E,, ,[¢(Y)] = 0.
Otherwise, applying Lemma 2.2 three times we have that

> WK 10> WRL e )10, Lnte] = [t )

=1 30

Rina) Lntg]—Lnty_q]

(3.73)

For ¢ =0,1,2,3,4 let \/ncozs = w(|nte]) (so g = o and x4 = x in particular). Then we
can write W (w) = [[j_, W(w®) where for each ¢, w® = (w(|[nt;_1]),...,w(|nte])) is a
walk of length |nt;| — [nte—1] from \/ncoxe—1 to \/ncory, With this notation we have

B, [9(Y)] S% Yo 2D D> wW¥(lnts] — Lnta]) — w(0))? (3.74)

T1,T2,T3,T4 ,(1) ,(2) ,(3) y(4)
ez

Veon
x (W ([nt2] — [nt1]) —w®(0))? (3.75)
4
x [Tw(w®) > W(anm inte_y V[0, [nte] — | nte—1]]-
=1 5O
[ntpl—Lnty_q]
(3.76)
The right hand side is equal to
Cp*
v > Plans)(u1) (3.77)
uy €ZA
X (g = 1) Pty |~ [ty | (U2 — u1)? (3.78)
ug €EZ4
X Z U3 — U2)° Pty | — [t (U3 — U2)? (3.79)
uz €Z
X Z pl_nt4j—\_ntsj (U4 — U3) (380)
U4EZd
Cp* 24 24 5
== 3 Plani] (0)V=Dnts)—nt1) O)V=D nts |~ [nt ] (0) P nts |- [nts] (0), (3.81)
where V2p,,,(0) = > |2[*pm(z). By Theorem 2.1 we have that this is bounded by
C
—3([nt2] = [nt1])([nt3] — [nt2]). (3.82)
In other words, we have proved that if t3 — ¢ < % then
E,,., [(X(t3) = X(12))*(X (t2) — X(t1))?] =0, (3.83)
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while if t3 —1; > - L then

By, . [(X(ts) = X(2))*(X(t2) = X(t1))*] < %(WzJ = [nt1])([nts] — [nta])  (3.84)

C
< ﬁ(ntg —nt; + 1)(7’Lt3 —nty + 1) (385)

<Otz —t1 + %)2 (3.86)
< Oty —t1)% (3.87)
[

4 Proof of Theorem 1.3

Since we will make use of Lemma 1.2 in the proof of Theorem 1.3, we begin by showing
how that result follows from [23, (I1.8.6)(a)].

Proof of Lemma 1.2. Applied to our setting (with y being the origin 0 € R?, 7 = 0, and unit
branching variance v = 1 etc.), and written in the notation of this paper, [23, (11.8.6)(a)]
states that N (H,(1) > 0) = 2/t, and for bounded Borel f : D; — R, and bounded Borel
PRy - Ry

By W ONHO] = | [ 02120 d] B (Blos)] (1)

where Bl = (Bs)sefo,g is a standard d-dimensional Brownian motion. Note that the
result extends trivially to non-negative Borel ¥ by monotone convergence.
For the first claim of the Lemma, use (4.1) with ¢y = 1 to get

B [HL(f)] = ( / h d) < Blf (Boy)| = Elf (Bo)) (42)

For the second claim of the Lemma define 1 : R, — Ry by 9(y) = y~! for y > 0 (and
1(0) = 0). Then by (4.1)

H(f)]  Ewg [0(H (1)) He(f)]
B [Ht(l)]  NJ(H(1) > 0) (4.3)
- (2 /0 ize‘de) x E[f(Bjo,y)] = Elf(Bio,g)], (4.4)
as claimed.
|

We are now ready to prove our second main result.

Proof of Theorem 1.3. By definition, uit is a discrete probability measure on D; = D;(R?)
such that for a singleton w € Dy,

o ({w}) =P(Z ) = w | [Tlny| > 0), (4.5)
where
[E”(Z(" = w|T|nt)) 1 (n) . (4.6)
0, — [nt] |7—Lntj| IE; y {wl™ =w}
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Thus,

E E[l{z(”) —w} HI Tl >0} ‘Tmu}
pZ, ({w)) =———2 (4.7)
w P([T(nes| > 0) '
E l{mmwo@[ﬂ{zgg]:w} meH )
_ L : 4.8
P(|T(nes| > 0)
_E _l{lﬂnu|>0} mit” erﬂm] ]]'{wg(;lt):w}:| (4.9)
_E > 0o ’TL W £ D (4.10)
} n
|7—LntJ| TET | nt)
Equivalently for any bounded Borel function f : D; — R,
Hid(F) =B | D Fl) | Tl # 2 (411)
| LntJ‘ QZETL t]
—E > S| T £ 2 (4.12)
|7-[ntj‘ CVOn ETLMJ
—E (Hé“)(l»*lﬂz")(f)\Hé")(l) >0 (4.13)

Note that (conditional on H;" (1) > 0) (H;™ (1)) 'H,;" is a random probability measure.
Suppose that for fixed ¢, H,™ under P (conditional on H;™ (1) > 0) converges weakly to

H; under N& (conditioned on H;(1) > 0) as n — oco. Let My = Mp(D;)\{0x}, and let f :

D; — R be bounded and continuous. Then hy : M; — R defined by hy(H) = H(f)/H(1)

is bounded and continuous and so
pi o (f) = E[hg(H™)|H{ (1) > 0] = Eyr [hg(H:) [ Hi (1) > 0] = vi(f), (4.14)

by Lemma 1.2. |

5 The lace expansion and the proof of Proposition 2.3.

In this final section we outline the steps involved in the proof of Proposition 2.3. As we
have noted earlier, the first two bounds are already proved in [17, Section 5], and proofs of
the latter bounds require only small modifications, which we will describe below.

Recall from (2.20) that

J[m,m/] = Z H Uij, (51)

Fegconn [m,m’}z i<j€F

where G [m, m']z denotes the set of connected graphs on [m, m’]z. A lace A on [m, m']z is
a minimally connected graph, i.e. a connected graph A (on [m,m']z) for which the removal
of any element st € A results in a graph A\ {st} that is not connected on [m,m’]z. We
associate to each I' € G [m, m/]z a lace L(T") by choosing s; = 0 and s1t; € Lif s1¢; € T
and s1£ ¢ T for any ¢ > t;. If t; # m’ then (until ¢; = m') we recursively add elements s;t;
to L such that ¢, = max{¢: j¢ € I for some j < ¢;_1} and s; = min{j : jt; € I'}.

Given a lace A on [m,m’]z we denote by C(A) the set of st with s < ¢ both in [m,m’]z
such that L(A U {st}) = A, and call this set the set of edges compatible with A. For a
connected graph I it is known that L(I") = A if and only if A C T'is a lace and '\ A C C(A).
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Let £ = L[m,m’] denote the set of laces on [m,m']z and LIV} = LN} m, m/] denote
the set of laces containing exactly N elements (edges). Then

Jm,m/]=> (DN > [Tus T 0+ (5.2)

N=1 ACLANY [m,m’] ijEA steC(A)

Note that each (—Uj;) is non-negative.
From (2.23) we have that

S )Y Y w Z Wik Y [ TI 1+Ual

N=1 w0l mDWm AeLAN}[0,m] ijEA steC(A)
(5.3)
Defining
=Y W) Y W Y [V [[ 14U 6
wioBx Ron3@m, AcLiINY[0,m] ijEA steC(A)

we see that for each N, w{M*(x) is non-negative. Note that for N > m the sum over laces
is an empty sum, which is defined to be 0.
It is shown in [17, Proposition 5.1] that

C N
3 P (@) < d;{q, for g =0,1,2, (5.5)
m—2

x

where €7, can be taken arbitrarily small by taking L large. The bounds (2.37) and (2.38)
appearing in Proposition 2.3 are immediate from (5.5) by summing over N in the cases
g =0 and g = 1 respectively. Let us briefly describe how the bound (5.5) is obtained.

Note that in the case N = 1 there is a unique lace A = {Om} with one edge (and all
other edges are compatible with this lace) so that

@)=Y W) Y WE)(Uom) [] [1+Us (5.6)

wioSx R 3@, st#0m
=D Ww Y WE)renr,rey [[ L+Ual (5.7)
w0 Ry 3&m st#0m

If m = 1 then the sum over w contains at most one one-step walk from o to x with weight
zpD(x) and the product over st # Om is empty. Letting u denote a point of intersection
of Ry and R,, we have that

’/T{l} <ZDD Z Z w Ro Rl)]].{Roan;ég} (58)
Rp20 R13x
<zpD@)> Y W(Ry) Y. W(R) (5.9)
uw Rgdo,u Ri3z,u
=zpD(x Zp plx —u) (5.10)
<Cpi( Zp oz —u) = Cpy(2)(p + p)(2), (5.11)

where (f * g) denotes the convolution of f and g, i.e. (f*g)(z) =), f(u)g(x —u) denotes
the convolution of f and g. For m > 1 we have

i (x) <p?2% Z D(v)pm—a(w — Z p(u)p(z — u) (5.12)
<Cpm(@)(p* (). (5.13)
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Therefore

Zﬂ.;ri} < C’me p*p ) (,Om*P*P)(O)'

The proof of (5.5) given in [17, Proposition 5.1] proceeds by induction on N, relying on
the fact that for each A, the product [],,.,(—Us:) enforces intersections of lattice trees R,
and R (say at some point u) for each st € A. This gives rise to a bound on the contribution
to 7™ from a specific lace A in terms of “diagrams” involving various convolutions of two-
point functions p and py, (in fact, in [17] the bounds involve slightly better estimates
involving certain modified 2-point functions h(x) < pe(z), but the arguments therein can
be carried through with p; instead of hy, and we will therefore not concern ourselves with
this distinction hereafter). The basic estimate that drives the induction argument is [17,
Lemma 5.4]. To state a version of this result relevant to the present paper, for fixed
q € {0,1} we define gy, 4(x) = |2|*9p(z) and let

9 @)= (9mar * Gmasae * % Gy ;) ()

denote the j-fold convolution of the g, q. We let p¥! = p =« --- % p denote the j-fold
convolution of p with itself Then according to [17, Lemma 5.4] the following bounds hold
for the convolution of g and pl for 3 <4 and m > 1

. / .
sup(g¥ . # p) (z) < COmEi—1ai L and Z(g@ 20 () < Om>i-1
xT m- 2
(5.14)
where €} can be taken arbitrarily small by taking L large. Note that to prove (2.37) via
induction on N one only needs (5.14) with each ¢; = 0 (and for j <2 and j’ < 3).

In the remainder of the paper we will describe the minor modifications required to adapt
these arguments to prove (2.39) - (2.41). Recalling (2.36) we have that

o0

TGy (@) = Y (D)7 (2) (5.15)

m;(7,%)
N=1

where

07 @ =2 <H L) —m) ) D H W(R (5.16)

m

wio—T Rnd@m
Z H (—Uij) H [1 + Ust]- (517)
AeLANY[0,m]ijEA steC(A)

N}
m;(4,%

DD TG @I< DY D oalit (@)=Y wl (@), (5.18)
r T N =z N =z

In other words we obtain the same bound in (2.39) as in (2.37).
Let us now describe how to obtain the bound (2.40) (and (2.41)), which we state as

D MM << (5.19)

T +m)T

Summing the indicators in 7 )(a:) over T gives 1, so

Firstly note that

Z\wl\ Z\ G W< DD Z (i (5.20)
=

x
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The sums over x; for ¢ > 1 of the indicators can be performed giving 1, meaning that

oo
D2l Y om ) Z PRI WL (5.21)
N=1 & Y

Let 0 =mg < m; <mg--- < moy_1 = m be the vertices corresponding to endpoints
of edges in some lace A on [0,m], and let ¢; = m; — m;_; for each i. Note that some (as
many as N — 1) of the ¢; can be 0, if e.g. there exists some s’ such that {ss’, s't} C A. The
sum over laces is in effect a sum over m = (my, ..., man_2) with some restrictions. In [17,
Proposition 5.1] the proof of (5.5) when ¢ = 1 uses the fact that in the quantity 78 (z),
x =w(m) and o = w(0). Thus for fixed A (and hence ) we can write

2N—-1 2N—-1

|z]? = | Z ) —w(m;— 1))|2 < (2N -1) Z lw(mg) — w(mi_1)|* (5.22)

This allows us to distribute the factor |z|? over individual parts (induced by the lace) of
the backbone, incurring a factor (2N — 1) and a sum over which part i of the 2N — 1 parts
of the backbone receives the square term. For fixed i the diagrams remain the same as for
the ¢ = 0 case except that the quantity pg, (v;) is replaced with ge, 1(vi) = |vi|*pe; (vi). This
means that in inductively bounding a given diagram one uses (5.14) as before except that
now we also need to use this bound when exactly one ¢; is equal to 1. This gives an extra
factor ¢; (which is at most m) for each i in (5.14), and thus the extra factor m appearing
in (5.5) when ¢ = 1, multiplying by 2N — 1 and summing over ¢ < 2N — 1 affects only
constants since these sums are dominated by the exponentially small term €% .

To prove (2.40) let us fix a lace A containing N edges and consider the case where
my_1 < j1 < m,, where m,_q and m,. are both endpoints of edges in A while no s between

them is. As in (5.22) we can write

|21 = |21 — w(my—1 +Z ) —w(m—1))|? (5.23)

r—1
<7 ||z —w(me_1)|* + Z |w(m) —w(mi_1)?| . (5.24)
i=1

Notice that on the right hand side only the term |z; — w(m,_1)|? involves x;. For the
contribution from each of the remaining terms above, the indicator 1y, (j,)=z,} can be
directly summed over x1, giving 1, and the same diagrammating bounds can then be used
as above (that is there are no new diagrams to consider in these cases). Since z; appears
in the term |77 —m,_1|? we cannot simply sum the indicator to get 1 in this case. Instead
we can observe that e.g. K[m,_1 4+ 1,m, — 1] < K[m,_1 + 1, 71]K[j1, m, — 1], and use this
to replace the quantity pm,,—m,_, that we previously had in the diagram corresponding to
this lace with the quantity g;,—m, ,,1 * pm,—j,- The basic bounds (5.14) do not change
based on the number of convolutions of such terms, but depend only on the number of g;
that are 1. In this case we have 1, which is exactly the same as what we got from (5.22)
in the previous paragraph in order to obtain (5.5) when ¢ = 1, and hence (2.38). Thus
exactly the same induction argument applies here, giving us (2.40). [Note that in the case
where j; = m, for some 7, x; already has some other spatial label v,, = w(m,.) that is being
explicitly summed over in the diagram, so all terms involving z; can be replaced with v,
and the sum over z; performed to give 1. The resulting diagrams then just have a gy, 1
term instead of a py, term as in the previous paragraph.]
The bound (2.41) is obtained in the same way, but using the fact that

|x—a:1\2 ‘ w(my) —x1 + Z ) —w(m;— 1))’2 (5.25)
i=r+1
< (2N —7) ||lw(m,) — 21|* + Z lw(mg) —w(mi_1)|*] . (5.26)
1=r+1
|
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