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Abstract

We study a particular model of a random medium, called the orthant
model, in general dimensions d > 2. Each site z € Z¢ independently has
arrows pointing to its positive neighbours x +e;, i = 1,...,d with proba-
bility p and otherwise to its negative neighbours x —e;, i = 1,...,d (with
probability 1 —p). We prove a shape theorem for the set of sites reachable
by following arrows, starting from the origin, when p is large. The argu-
ment uses subadditivity, as would be expected from the shape theorems
arising in the study of first passage percolation. The main difficulty to
overcome is that the primary objects of study are not stationary, which is
a key requirement of the subadditive ergodic theorem.

1 The model and main results

Fix d > 2, and set [d] = {1,2,...,d}. Let & = {e;}ie[q denote the set of
canonical basis vectors for Z? and let £_ = {—¢;};cjq) and € = €L UE_. Let o
denote the origin in Z?. Let p be a probability measure on the power set of €.

Let (Gy)zeza be id.d. with law p. This induces a random directed graph on
Z% - insert arrows from x to each of the vertices {z + ¢ : e € G, }. These kinds
of models are called degenerate random environments [5l, [6], and their study
is motivated by the fact that they lay the foundation for understanding the
behaviour of random walks in non-elliptic random environments (see [8, [9] for
the non-elliptic setting and [I4] for the general theory in the uniformly elliptic
setting). We are interested in the set of vertices C, C Z¢ that can be reached
from z by following these arrows, as well as the sets B, = {y € Z¢ : z € C,}
and M, =C, N B,.

Our goal is to obtain a shape theorem for C,, under a particular choice of u
(to be described below). See Theorem [I} As one would expect, this is proved
using the subadditive ergodic theorem. The key technical problem for us to
overcome is that the basic object of study (labelled 8, (u) below) fails to have
the stationarity properties required by the subadditive ergodic theorem, because
of the special role of the origin o. Our approach is to find a substitute quantity
that does have the required stationarity, and then bootstrap our way from that
to Bn(u) using geometric arguments and estimates based on large deviations
and the enumeration of self-avoiding walks. We hope that this approach will
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Figure 1: Coupled realisations of finite parts of the set C, for the orthant and
half-orthant models with p = 0.7 and d = 2. Note that the boundaries of the
two shaded clusters are the same (see Theorem .

be useful in other situations, where the subadditive ergodic theorem does not
directly apply. We expand on the relationship between our arguments and
earlier work, at the end of Section

The orthant model is an elegant example of this class of models in which
p({€+}) =p=1—pu({€-}). When d = 2 this model is dual to oriented site
percolation (OTSP) on the triangular lattice [5][6]. This fact has been exploited
to prove a shape theorem for C, in 2 dimensions, as well as to give improved
estimates of the critical parameter for OTSP. The left side of Figure [I] shows an
example of C, when d = 2. Figure [2| shows an example of C, when d = 3.

Let Q, ={z€Z%:G, =&,}and Q_ = Z%\ Q. The orthant model has the
property that C, is almost surely infinite (this means that a random walk on the
random directed graph G = (G, ),eza will visit infinitely many sites), since e.g. it
contains an infinite path consisting entirely of e; steps from €, sites and —eq
steps from €)_ sites. It also has the property that C, is non-monotone in p under
the standard coupling of environments (as in site percolation, see e.g. below).
Nevertheless it has recently been proved [7] that for each d > 2 there is a phase
transition in the structure of C, as p varies. In order to state this result, we
define the half-orthant model to be the model with u({€+}) =p=1— u({&}).
The orthant and half-orthant models can be defined on the same probability
space such that C,(p) C C¥(p) for every p € [0,1] (where the asterisk refers
to the half-orthant model) as follows: Let (U,),cze be i.i.d. standard uniform
random variables and set

Ge(p) =&+ = Gy(p) =& < Ux <p. (1)

For z € Z% let L, := inf{k € Z: x+ ke; € C,}, and L :=inf{k € Z : v+ ke; €
C:}. Then trivially L, > L% for every x.

fig:2d_ele2



Figure 2: A simulation of part of the cluster C,(.95) for the orthant model,
viewed from 3 different angles. In each case the black/dark vertices are a cross-
section where the sum of coordinates is equal to 50.

For z € Z* we define z(11y = {z + key : k € Z, }, and for A C Z¢

Apgy = U {14} (2)
z€EA

The following result is a special case of a theorem from [7], and shows that the
“left boundaries” of C, and C} are the same. Since C}(p) is monotone decreasing
in p, this gives a monotonicity result for the left boundary of C,(p).

Theorem L. Under the coupling , for each x € Z2, and p € (0,1), L, =
L; € [—O0,00) and (Co(p)){lJr} = Co(p)*; a.s.

The following result (also a special case of a theorem from [7]) then reveals
a phase transition for both models.

Theorem C. There exists p. € (0,1) such that:
if p < pe then CX(p) = Z¢ almost surely, and
if p > p. then L% (p) € R for every x € Z¢ almost surely (so C(p) # Z2).

Our main result, Theorem [I| below, proves a shape theorem for C} when p is
large. In view of Theorem [I] this immediately implies a shape theorem for the
boundary of C,. For a set H C R and s > 0 we let sH = {sx : 2 € H}. Recall
that a cone is any subset C' of R? such that sC = C for any s > 0. We will
prove that the region n=!C* for large n is asymptotically a convex cone. This
cone will have an “axis of symmetry” 1 := 3" g, € so could be described as
Us>08X, where Y = C' N S; is a convex subset of S; := {z € R : -1 =1}. We
call x the shape of C.




/

Figure 3: Tllustrations of G, (u) in 2 dimensions for two choices of u. The squiggly
(green) line is the boundary of C,. The (blue) line from nu to the squiggly line

is Bp(u)1. In the first case 3, (u) < 0, while in the second case S, (u) > 0.

We will let P, denote the law of the half-orthant model with p fixed. Let
1=>  cec e Forue Z% and n € N, let (see Figure

Bn(u) =inf{k € Z : k1 +nu € C,}.

Let O, = {z € Z% : ||z||~ < 7}. The following is our main result.

Theorem 1. Fiz d > 2. For the half-orthant model, there is a p1 < 1 such that

the following hold for p > p1.
(a) For u € Z® there is a deterministic y(u) such that ﬁ"T(u) — v(u), Pp-a.s.;

(b) y(u+w) < () +v(w); y(ru) = ry(u); v(u+r1) =y(u) —r forr € Zy
and u,w € Z%; ~y is symmetric under permutation of coordinates; v(u) > 0
ifu-1<0; v(u) <0 if u lies in the positive orthant.

(c) 7 extends to be a Lipschitz map R — R with these same properties but
forr € [0,00) and u,w € R?,

(d) the set C := {z € R% : y(z) < 0} is a closed conver cone, which is
symmetric under permutations of the coordinates, contains the positive
orthant, and is contained in the half-space {z : z -1 > 0}.

(e) %CO — C'in the sense that for every e > 0 and every r < oo, the following
holds Pp-a.s. for sufficiently large (random) n:

1 1
(OTﬁECO)cOEJrC and OrchOeJrECO.

4
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When p = 1, the shape y of C is the simplex {x € R : z-1 = 1}, and if
also d = 3 then x is a (filled) triangle. As we decrease p the triangle becomes
rounded. See for example the third picture in Figure [2| Note that (e) implies
convergence in the pointed Gromov-Hausdorff metric. See [1].

As remarked earlier, we will analyze f,,(u) using subadditivity. The special
role of the origin creates a lack of stationarity, so these subadditivity arguments
are far from routine. Circumventing this obstacle is the main technical con-
tribution of this paper. In doing so, we will rely on the exponential decay of
certain probabilities, which is the main reason why we only have a proof for
large p, rather than for all p > p.. In other words, the following remains open:

Open problem 1. Prove that Theorem/[1] holds for all p > p..

Note that [2] uses a block argument to go from large p to all p > p,., in the
setting of oriented percolation in two dimensions. It would be interesting to find
some analogue to this approach, in the context of Theorem

According to [7] there are phase transitions for more general models of de-
generate random environments. We introduced L, above, which is analogous
to B1(u) except that e; plays the role of 1. Under Condition 2 of [7], one could
attempt to formulate shape theorems for such general models, in which case it
may be more natural to use the L,’s. We will therefore record the following
variation of (a) of Theorem [I| (still in the setting of the half-orthant model).
Let Z denote the discrete hyperplane {y € Z¢ : y - e; = 0}.

Corollary 1. Assume the conditions of Theorem[1], and let p > py. For each
v € Z there exists a deterministic ((v) € R such that

n 'Ly, — ((v), P, — almost surely as n — oo. (3)

Open problem 2. Prove a version of (or of Theorem for more general
degenerate random environments e.g. assuming Condition 2 of [7].

A comparison with the shape theorems of first passage percolation might
suggest that the convergence in (e) of Theorem [I| (in which e is fixed) fails to
capture the fine structure of %Co. The following is intended to show that this
is not actually the case. For § > 0, let Cs = {z € R : v(z) < —4}.

Corollary 2. Assume the conditions of Theorem [l and let p > py. Then for
every 6 > 0 and every R < oo, the following holds Pp-a.s. for sufficiently large
(random) n:

1 1
OrNCsN=2Z%c =C,.
n n

In other words, %Co fills out the available lattice points of C, away from the
boundary of C'.

All of the above results concern the forward cluster C,. A crucial difference
between forward and backward clusters is that B, can be finite for the orthant
model. For example, if e; € Q4 and —e; € Q_ for each ¢ € [d] (this has positive
probability for any p € (0,1)) then there are no arrows pointing to the origin,

’ eqn:openWshape
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so B, = {o}. For the half-orthant model B} will be infinite, since it contains
—Z+€1.

For x € Z%, let R,(p) = sup{k € Z : x + ke; € B,(p)}, and R} (p) = sup{k €
Z:x+ key € Bi(p)}. The following theorem is proved in [7].

Theorem 2. For the half-orthant model, let p. be as in Theorem|[C] Then
if p < pe then B, = Z¢ almost surely, and
if p > p. then R, is finite for every x € Z2.

 The proof of Theorem [[] can be adapted to work for the cluster B,, with
Brn(u) =sup{k € Z : k1 +nu € B,}.

Theorem 3. Fiz d > 2. For the half-orthant model, with p1 < 1 and v,C as
n Theorem the following hold for p > p1, Pp-a.s.

(a) Foru € 74, —B"TEU) - —y(—u);

(e) %Bo — —C in the sense that for every ¢ > 0 and every r < oo, the
following holds for sufficiently large (random) n:

(0. N %BO) CO.+-C and 0,N—CCO,+ %Ba.

Section[2]is devoted to the proof of Theorem[l} Section[3]verifies the Lemmas
required for that proof. Corollaries [I] and [2] are proved in Section [ The proof
of Theorem [3]is omitted.

2 Proof of Theorem [1

The results about limit cones in [6] used oriented percolation in Z?, and therefore
subadditivity in an indirect way (see [2]). The higher dimensional analogue in
Theorem (1] will directly rely on subadditivity, borrowing from the approach
taken with the shape theorems of first passage percolation. See [I0] or [I]. In
particular, our goal is to prove a shape theorem analogous to that of Cox and
Durrett [4].

Recall that we are working with the half-orthant model, where p({&+}) =
p=1—pu({€}). We will prove Theorem [1| via a sequence of lemmas.

Recall that 1 = e; + -+ + e4. Our notation for coordinates will be that
il =x - e; for i € [d]. For 0 <7 <1 consider the cone

K,={zecR:2-1>nz|}.

The case n = 0 is a half-space, while = 1 is the positive orthant. The following
result (together with a simple application of the Borel-Cantelli Lemma) shows
that for each n € [0,1), if p is sufficiently large then C, C K, — M1 for some
random M > 0 almost surely.
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Lemma 1. There exists 6(d) > 1 such that the following holds. For n € [0,1)
there is a po(n,d) < 1 for which p > po implies that there exists qu= qu(n,d) >0
such that Pp(Co ¢ K, —ml) < qpf~™¢ for each m € Z.

This result is a reformulation of Theorem 4.2 of [5]. We will nevertheless
give the full (but short) proof in Section [3] because a similar argument will be
needed in other settings, elsewhere in this paper.

A similar result holds for the cluster B,, which then implies that the bi-
connected cluster M, = C, N B, is finite whenever p > po(7, d) for some 7 > 0.

Open problem 3. For the orthant or half orthant model, show that M, is a.s.
finite, whenever p > p., where p. is as in Theorem[C]

Before we continue with our sequence of lemmas, note that for every n € N
Bn(u+71l) = pp(u) —nr, for any r € Z. (4)

So if (a) of the Theorem holds for u, then it also holds for any v + r1 (r € Z)
with y(u +71) = y(u) — r. Since o € C,, we know (o) < 0. By Lemma
B1(0) is an integrable random variable. By definition, §,,(0) = $1(0), so in fact

. 1
~(o) = nh_}n;o gﬂn(o) = 0. (5)
Therefore part (a) of the theorem holds for u = 0. By the above remark, it also
holds for u any multiple of 1, with v(r1) = —r.
Therefore, to prove part (a) of the theorem we may assume v is not of the
form j1. Then there exists v € R? such that

u-v>0and v-1=0, (6)

(for example, we may take v to be the projection of u onto the hyperplane
orthogonal to 1, ie. v = u — “711). Fix any such v. Then we may define
o=o(u,v) >0 by

u-v

o= —.
l[ull1[v]loo

(7)

Define Ay (m,n) = {z € Z* : mu-v < z-v < nu-v}. In other words,
Ay(m,n) is a slab in Z?, running orthogonal to v, and containing mu and nu
on its boundary - see Figure 4] Note that if = is any point of A, ,(m,n), then
x + k1 € Ay p(m,n) for every k € Z. We also define A, ,(—oo,n) = {z € Z¢ :
z-v<nu-v}and Ay,y(n,00) ={z€Z%: 2 -v>nu-v}.

For A C Z% and = € A, let C,[A] be x together with the set of y € Z? we can
reach from z by following arrows (consistent with the environment) that start
in A. Note that y itself need not be in A. For n € N, set By, (u,v) = inf{k :
k14 nu € Co[Ay,(0,n)]}. This is > —oo by Lemma [1| but (as remarked in the
proof of Lemma [2) could = +oc.

Recall the notation py(n,d) from Lemma [1} and henceforth write po(d) for
po(0,d). Write k™ = max{k,0} and k¥~ = max{—k,0} for k € R.

fishy
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Figure 4: An illustration of A, ,(m,n) in two dimensions. Here A, ,(m,n) is
the hatched region, including the solid line but not the dashed line. A, ,(m) is
the region from the dotted line to the solid line, including the former but not
the latter. A, ,(n,00) is the region to the right of the dashed line.

Lemma 2. Assume @ and that p > po(d). There exist constants T' and ng
such that

By (B (0,0)] € Byl(8,0) 7] < T+ 2l for cach n € N, and
(5n(u))+ < (Bn(u, U))Jr <nluly  forn >ng.

Here T' depends only on d, but ng may depend on the choices of u and v (but not

p). There exists an integrable random variable Y > 0 such that sup,, w <Y.
For n > ng(u,v), Bp(u,v) has a moment generating function that is finite in a
neighbourhood of 0.

Lemma [2] will provide us with bounds that, together with a subadditivity
argument, give the following result.

Lemma 3. For any u € Z¢\ (Z1), there is a constant y(u) € R such that for
all p > po(d), and all v € R satisfying @, P,-almost surely,

~y(u) := lim 7Bn(u,v)' (8)

n—00 n

Moreover, n™' B, (u,v) — y(u) in L', and v(u) = inf,>1 n ™ E,[By(u, v)].

We will need the following large-deviation type estimate.

Lemma 4. Assume that u and v satisfy @ For any p > po(d) and 6 > 0,
there is a € > 0 and an ny such that P, (Bn(u,v) > n(y(u) + 45)) < e ne
whenever n > nq.

Since B, (u) < Bp(u,v) it is clear that

lim sup M
n—00 n

< y(u). 9)

fig:Lambdamn
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Figure 5: A schematic illustrating the events A/ and A!/. The dashed line lies
in direction u 4+ y(u)1. The squiggly (green) curve in the middle represents a
path from o to nu + B, (u,v)1. A”(M) is the event that a path can be found
such as the squiggly (blue) one on the right, that reaches significantly below
the middle path, by first travelling into A, (M + n,00). A} (M) is the event
that a path such as the squiggly (purple) one on the left can be found, that also
reaches well below the middle path, this time by first visiting A, ,(—00, —M).

Figure 6: A schematic illustrating the event A,. The dashed line lies in direction
u+y(u)l. A, is the event that a path can be found such as the squiggly (blue)
one, that reaches significantly below o, by first travelling into A, ,(n,00).

To go further, we must address the possibility of paths that cross on either the
positive or negative side of A, ,(0,n), and then backtrack, to get lower than
ny(u).

For M,n € N, let A/ (M) denote the event that there exists a self avoiding
path consistent with the environment, running from o to some point k14nu with
k < ny(u), that hits A, ,(—oo, —M). See Figure 5| Similarly, let A”(M) be
the event that there exists a self avoiding path consistent with the environment,
running from o to some point k1+nu with k& < ny(u), that hits A, , (M +n, 00).
See Figure

Finally let A,, be the event that there is a path from o to some k1 with
k < 0 that is consistent with the environment and which reaches A, ,(n, c0).
See Figure [0}

Lemma 5. Assume that u and v satisfy @ There exist ¢ = c(u,v) > 1

fig:stepfour
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€ [po(d),1) such that P,(AL(len]) i.0.) = Py(Al(len]) i.0.) =

and P1=p (d)
.0.) = 0 whenever p > p;.

Py (A

Let ¢ > 1 be as in Lemma 5l Define for n € N

B2 (u,v) = inf{k : k1 + nu € Cy[Ay(—00,n)]}, (10)

BL(u,v) = inf{k : k1 + nu € Co[Ay o (—00, |nc] +n)]}, (11)
s0 Bn(u) < B(u,v) < B%u,v) < By(u,v), and therefore hmsupM <
hmsup’g n(0) < (),

Lemma 6. Forp > p;i(d), Baluv) v(u) Pp-a.s. and in L*.

n

Lemma 7. For p > p1(d), W = y(u) a.s.

The above lemmas will be proved in Section |3] Assuming the above lemmas,
we are now ready to prove our main result.

Proof of Theorem[]]

(a): Let € > 0 and M,, = |nc], where ¢ is the constant of Lemma If
5”(“) < y(u) —2¢ then there is a self avoiding path from o to some point k1+nu
with k < n(y(u) — 2¢). Such a path must either stay in A, ,(—o00, M,, +n) or it
must reach A, (M, +n,00) (i.e. Al/(M,) occurs). By Lemmas 7| and [5] this is
only possible for finitely many n. Therefore B”T(u) > (u) — 2¢ for all sufficiently
large n a.s. Together with (9) this verifies (a), and in particular it shows that
~(u) does not depend on the choice of v satisfying

(b): Let r € N, and let m = nr. From the definition of 3, (u) we have that
By (1) = B (u). From this and part (a) it follows that

V(ru) = rvy(u) (12)

for r € N. This holds for r = 0 as well, by . The assertion that y(u + s1) =
~v(u) — s for all s € Z was verified in the paragraph prior to .

Symmetry of v under coordinate permutations is also straightforward, and
the statement that y(u) < 0 when u lies in the positive orthant follows from
the fact that C, contains this orthant. Setting 7 = 0 in Lemma [I| shows that if
p > po(d) then there is an A > 0 such that C, C Ky — A1l. If j14+nu € Ky — Al
then [(A+j)1+nu]-1>0so j > —A— %u-1. This proves that y(u) > —%u-1,
so y(u) > 0 whenever u -1 < 0.

The proof that « is subadditive requires more care. We start by showing
that y(u-+w) < y(u)+v(w) in the case that there is a v € R? such that u-v > 0,
w-v>0,and v-1=0. Let

Aywwn)={2€2 : nu-v<z-v<n(u+tw) v} (13)

10
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and take (for n € N)

én(“:”aw) = inf{k : (Bn(ua U)"'k)l"'n(u_"w) S CB,,L(u,v)l-f-nU[Au,v,w(n)]} (14)
Because A, ,(0,n) and Auw,w(n) do not overlap, we know that the environ-
ments in Ay, . (n) are independent of B, (u,v). Therefore B, (u,v,w) has the
same law as B, (w), and it follows from Lemma [3| that %Bn (u,v,w) converges
in probability to v(w). Of course, %Bn(u,v) and %Bn(u + w,v) converge in
probability to y(u) and vy(u + w). Now /A\uw,w(n) UAyuu(0,n) C Aygo(0,n),
so by concatenating paths we know that

B (u+w,v) < By(u,v) + By (u,v,w).

Therefore v(u + w) < v(u) + y(w).
It remains to show subadditivity when such a v does not exist. We start
with the case w = —u, and show that

Yw) +9(-u) 20 (=7(u+(—u)). (15)

Suppose that fails. Let € > 0 be such that v(u) + y(—u) + 2¢ < 0, and
ne € N be such that ne > —2/(v(u) + y(—u) + 2¢). Choose v so u-v > 0 and
v-1=0. For n > n, set k = [n(y(u) +€)], j = [n(y(—u) + €)], z = nu + k1,
and y = (j + k)1. Then with high probability there is a path in C, from o to z,
and a path in C, from z to y. Concatenating them gives a path from o to y that
reaches Ay »(n,00). But j +k < n[y(u) +v(—u) + 2¢] + 2 < 0, and therefore
]P’p(fln) — 1, which contradicts Lemma |5 Thus holds.

Now consider the general case that u,w € Z?, yet no v exists as above. Write
u = s1+u' and w = t1+w’ where v’ and w’ are 1 1. Then s = Ju-1sodu’ € Z¢,
and likewise dw’ € Z¢. The half-spaces {z : z -« > 0} and {z : z-w' > 0}
do not intersect, as if they did, we could find a v in their intersection, that is
L 1. Therefore in fact, v’ and w’ point in opposite directions. Thus there is an
x € Z% and i, j € Z such that du’ = iz and dw’ = jx. By interchanging u and
w if necessary, we may assume that |i| < |j|. Replacing x by —z if necessary,
we may also assume that j > 0 > 4. Then using the fact that i +j € Z, we get

Y(du + dw) = y(du’ + dw') — d(s +t)
= (0 +j)z) —d(s +1)
— (i+ ) (w) — d(s +1)
=iy(z) —ds + jy(z) — dt
= —y(—iz) —ds+y(jz) — dt
< y(iz) — ds + y(jz) — dt
— (du) + ~(duw).

Therefore y(u + w) < v(u) + v(w) as required.

(c) and (d): It is now simple to extend the definition of v(u) to u € Q¢, by
taking the limit over those n for which nu € Z?. Then some algebra shows that
(b) can be extended to u,w € Q¢ and r € Q..

11
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From subadditivity, we see that

[Y(w) = v(w)] < max(|y(u —w)], [y(w = w)]).

Therefore Lemma, [2| (which applies only to Z?) together with implies that
for u,w € Q9,

() = (W) < flu—wl. (16)
This in turn implies the existence of an extension of v to R? that is uniformly
Lipschitz (for u € R? take y(u) to be the limit of a sequence v(u,,) where u,,
are rationals approaching u). One can now verify that (b) holds with u,w € R?
and r € R, by taking limits via sequences of rationals ., , Wy, 7, converging
to u,w,r respectively. This shows (c). Now (d) also follows in turn, using the
properties (b) now established on R?, R: C is closed because v is continuous;
it is a cone because if x € C and r > 0 then y(rz) = rvy(z) < 0, so rz € C
(so C' is the cone with shape x = {x € C : -1 = 1}); C is convex because if
z,y € C and s € (0,1) then sz € C and (1 —s)y € C and y(sz + (1 — s)y) <
v(sz) +v((1 = s)y) <0, so sz + (1 — s)y € C. The remaining assertions of (d)
are straightforward.

(e): Fix r and ¢, and an integer m > 4{. The set U := Oy,12 is finite, so by
part (a) we may find a random J such that if j > J then \w —v(u)| < % for
every u € U. We will show the assertion of (e) for every n such that
Jm 4
nzmax(T?E)a (17)
so suppose n satisfies . Set k= [20] > 2% > ],

We first show that O, N C C O, +n~1C,. Let z € O, NC, so v(z) < 0.
We know that if some y € R? satisfies ||y||oc < m then there is a u € U with
wl? <yl < wul? 4+ 1 for every i € [d], and moreover that v/ = u 4+ 21 € Y. Since
|22l < 5F < 'm we may choose u and u' as above, for y = #z. In particular,

1 = e = B = P < 22 < 2Py <
n n k n n-m
by the choice of m and the fact that % < §. So we need only show that ku’ € C,.

Now v(z) < 0, so y(#2) < 0, and because u + 1 — %z lies in the positive
quadrant, also y(u+1— £z) < 0. By subadditivity it follows that y(u+41) <0
and hence y(u') < —1. Because k > J, our choice of J implies that Sy (u’) < 0,
so in fact, ku’ € C, as required.

Conversely, consider z € O, N %CO, so that by definition, there is a path
consistent with the environment, from o to nz. Construct u,u’ € U, as above,
so ull < (£2)% < w41 for each i € [d]. Therefore k(u+1)—nz belongs to the
positive orthant, so there is also a path, consistent with the environment running
from nz to k(u + 1). Concatenating the two paths, we see that Si(u + 1) =
B1(k(u+ 1)) < 0. Recalling (), it follows that

Br(u')  Br(u+1)
e

12

’ eqn:lipschitzcondition
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Since k > J, we obtain that y(u') < —% < 0. Therefore ' € C and in turn
Eu' € C. As above, ||£u’ — z|| < €, and the proof is complete. |

While the approach we have taken bears some relation to the subadditivity
arguments of first passage percolation, it is in many ways is closer to the ap-
proach used for oriented percolation (see [2]). Our setting is more challenging,
in part because there is no direction in which our model is fully oriented. For
oriented percolation, the orientation immediately gives independence properties,
which give rise to the stationarity required by the subadditive ergodic theorem.
In our setting, paths can wander away and then return, and we must control
the probabilities of that happening.

There is an alternative approach to our results that suggests itself, which
is more closely aligned with first passage percolation. Namely to study T'(z,y)
defined as the number of steps it takes, consistent with the environment, to
travel from z to y. Then C, = {y : T(0,y) < co}. Some aspects of the analysis
become easier in this context (for example, subadditivity). But other problems
arise, due to the fact that T'(z,y) can be infinite — an issue also faced in [I2]
and [3]. In our setting, the analysis of T'(x,y) appears even less tractable than
in those works, because we have little control of T'(o,y) as y approaches the
boundary of C,. The approach taken in the current paper is designed specifically
to deal with that boundary.

3 Proofs of Lemmas

Proof of Lemmal[l. We let the constant ¢ vary from line to line. Thereisa 6 > 1
such that the number of self avoiding paths in Z¢ from o of length n is at most
0". For m € Z4, let Oy ., be the set of vertices x adjacent to some vertex in
K, —m1 but not in K, —ml1.

If C, ¢ K, —ml there is an « € Oy, and a self avoiding path w from

o to x consistent with the environment. Set zt = Z?zl max{z - ¢;,0} and
T =— Z?Zl min{x - e;,0}. For some k > 0, w takes k+ 2T steps in a direction
from £, and k + 2~ steps in a direction from £_. Therefore at least k + z~

vertices come from Q_. If ?(1 — p) < 1 then we obtain

Py(Co @ Ky —ml) < Y Y gllelthq — pykta

€Dy, m k=0

<c > @ —pr.

TEDy,m

For z =y —ml we have -1 = y -1 —md and |yl < ||lz|1 + md. If
xr ¢ K, —ml then y ¢ K, so
T =a-1=y-1—md <gllyly — md < nllzl —md(1—n)

=nxt +27) —md(l —n).

T
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Therefore 27 < if—Zﬂ:_ —mdso ||z|y =2t +27 < %x_ — md. The number

of such z with 2~ = j is therefore at most ¢j¢, uniformly in m. Therefore

Py(Co ¢ K, —ml) < e (0755 (1 - p)) 7.

§=0
Provided p > 1 — 971%", this gives us a bound ¢~ as claimed. |

Proof of Lemma[3 For the first inequality, take 7 = 0 in Lemma [I] to see that
if p > po(d) then there is an integrable A > 0 such that C, C Ky — A1. Thus if
k=inf{j € Z: j1+nu € Ko— Al}, it follows that B, (u,v) > By (u) > k and so
(Br(u,v))” < (Bp(u)” <k~. But jl+nu e Kg— Al < [(A+j)1+nu]-1>0
& j > —A— 5% wu; If this holds then j > —A — Zjul1, so in particular,
k> —A— %|ul1 and therefore

(Bu(w))™ < A+ Zllull. (18)

Therefore the desired inequality holds, with I' = E,[A].
We know that C, contains the positive orthant, so k1 + nu € C, whenever
all its coordinates are non-negative. In other words,

Bn(u) < nmax{(u")"} < nflul; (19)

for every n. Combined with 7 this shows that the sup,, w <Y, where
Y =A+4+ (1+1/d)||u|: is integrable.

To complete the second set of inequalities of the Lemma, we use the same
argument that gave us , but this time for B, (u,v). To make this work, we
must show that if z = k1 + nu lies in the positive orthant, then it also lies in
Co[Au,»(0,m)]. We will be able to carry this out for n > ng, where nyg is chosen
so that nou - v > 2[|v]| co- E|

We will construct a path yo,v1,...,ym from yg = o to y,, = x, where at
each stage y;41 = y; + e;; for some i; € [d]. The i;’s will be chosen so that
0<y;-v<nu-v (for j #m), and 0 <y’ <z for each 4,j. This shows that
z € Co[Ayn(0,n)].

Suppose we've got as far as y;, and y; # . Consider I = {i € [d] : y;] < W}
which must be non-empty (since y; # x). If

[vlloe <y v <nu-v— v, (20)
then choose any 7 € I as 4;. Since

0<y;j - v—|v]e <(yj+e) v<y; v+ |[v)w <nu-v,

ITo show that such a restriction on n is actually needed, suppose d = 3, v-e2 < 0, v-e3 < 0,
and v-e; > —v-ez2 > 0. Take u = —1001 4+ e; + e2, £ = 100, and n = 1. Then z = e; + e
and u-v = (e1 +e2)-v > 0. But if o € Q4 then we are unable to start a path that reaches z
via Ay,»(0, 1), since any initial step e; will exit Ay, (0,1).
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the iteration continues.

If fails then either y; - v < |[v|loo OF ¥j - v > nu - v — ||V . In the first
case, choose i; to be any ¢ € I with e; - v > 0. Note that there must be some
such 7, as otherwise

T-v = § x[i]v[i]+§ y;—i]’l}[i]

i€l gl
< E yj[_‘i],u[i] + E y‘g}']v[l]
i€l il

=950 < [[vflo,

which contradicts the choice of ng (recall that - v =nu-v). Then 0 <y, -v <
(y;j+ei) v < 2||v|lec < nu-v, because n > ng, and again, the iteration continues.
In the second case, choose i € I with e; - v < 0, if possible. If there is indeed
such an ¢, then 0 < nu-v —2||v|lo < (y;+€;)-v < y;-v < nu-v (again because
n > ng), and once more, the iteration continues. Finally, if in the second case
all i € I have e;-v > 0 then choose any ¢ € I as ;. Aslong as j < m, « is y; plus
a sum of multiple such e;, so we’ll have 0 <y, -v < (y;+e€;) v <x-v=nu-v,
and again, the iteration continues.

From the above we have | B, (u,v)| < A+ nllu||;. Finiteness of the moment
generating function of B, (u,v) now follows, because Lemma [1] establishes an
exponential bound for the tail of the random variable A. |

Proof of Lemma[3 For n € N, let By ,,(u,v) = By (u,v). For n.>m >0 let
Brn(u,v) = inf{k : (Bn(u,v) + k)1 +nu € Cp,, (uv)14+mulAu,o(m,n)]}. (21)

Then
B, (u,v) < By (u,v) + Byyn(u,v), (22)

because concatenating the given paths from o to By, (u,v)14+mu and from there
to (Bm(u,v) + By n(u,v))1 4+ nu produces a path from o to the latter point,
that also stays in A, ,(0,n).

We will apply the subadditive ergodic theorem (in a version due to Liggett
[11]) to the B, (u,v). The stationarity properties required there follow easily
from our construction, and an independence argument. Specifically, the fact
that Ay »(0,m) and A, ,(m,n) are disjoint means that their environments are
independent. Therefore if we shift the environments of A, ,(m,n) by a vector
Z1, where Z is determined by the environments of A, ,(0,m), then we get
an environment whose law is the same, and which is still independent of the
environments of A, ,(0,m). With Z = B,,(u,v), it is this shifted environment
that determines By, (u,v). Therefore By, ,(u,v) is independent of By, (u, v).

It follows that for every £ > 1 and m > 0, By, and any B, m+k have the
same distribution. The remainder of hypotheses (1.8) and (1.9) of [II] follow
similarly. Note that later on, in the proof of Lemma @, we will encounter a
similar situation where the analogous condition holds only for m > 1, but not
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for m = 0. This means that the result of [I1] won’t apply there, something we’ll
have to work around when we get to that point.

It remains only to check the moment hypotheses in [II] which are that
E[|Bn(u,v)|]] < oo for every n, and E[B, (u,v)] > —cn for some c. In fact, it
is easily seen that the argument there works if we assume instead that these
inequalities hold for n > ng, where ng is fixed. The one point in Liggett’s
proof that isn’t a trivial change comes five lines after (2.4a), where he uses
that v, < k7vm + ¢, where £ is small and -, is finite. But we can get around
that by using v, < (k — )Vm + Yim+e for some i chosen so Yim+e < 00. The
above inequalities then follow from Lemma [2] A similar remark applies to the
argument in [I1] which shows that v(u) = inf,,>1 n ™ E,[B,,(u, v)].

Applying the subadditive ergodic theorem, we have obtained that there is a
deterministic y(u) € (—oo, 00) such that W — v(u) a.s. and in L. |

Proof of Lemmal[j Since limw = infM = 7(u) by Lemma [3
we may choose jg (non-random) so large that joy(u ) < E,[Bj,(u,v)] < jo(vy(u )+
0). We may also ensure that jo > ng, where ng is as in Lemma Take n
sufficiently large that n} > jo and njdé > 2jo||ull1.

For n > nj, write n = jo K+j where jo < j < 2jo. Set Yi = B_1)o,kjo (U, V)
and § = E,[Y7]. Then

K
Z Yi + Bjyi,n(u,v)
k=1

where the Y} are independent and identically distributed. Because n — Kjy >
jo > no, Lemma [2] implies that Bj,k n(u,v) < 2jol|ull1 < nd. Therefore when-
ever By (u,v) > n(y(u) + 49), we must also have Zle Y > n(y(u) + 36).

First suppose y(u) > 0. Then n(y(uw) +36) > Kjo(y(u) +36) > Kjo(vy(u) +
20) > K(§ + jod). Now assume instead that y(u) < 0. Since nd > 2jglul; >
—2j0y(u), and n < jo (K +2), we have that n(y(u)+30) > jo(K+2)y(u)+3nd >
Kjo(y(uw)+20)+[nd+2joy(u)] > K(§+jod). Therefore in either case, whenever
By, (u,v) > n(vy(u) + 46), we must also have Zszl Yi > K(§+ jood).

Lemma [2] shows that the moment generating function ¢ of the Y} is finite
in a neighbourhood of 0. Standard large deviations estimates then give the
existence of a ¢t > 0 such that ]P’p(zli{:l Yi > K(§ + jod)) < e K for all K
sufficiently large (i.e. whenever n > np, for some choice of n; > n} that makes
K > jo as well as K > 2).

Setting ¢ = 2]%) we use the bound n < jo K +2jo = jo(K +2) to conclude that
cn < @ =tK(5+ ) < tK (the latter since K > 2), and the conclusion of
the Lemma holds. [ ]

Proof of Lemma[j We will estimate P,(A},(M)) (where M = |cn] for some
¢ > 1 to be chosen later) using the argument of Lemma See Figure[5| On the
event A/ (M) we have a self-avoiding path w (consistent with the environment)
from o to a point © = j1 + nu with j < ny(u) that reaches some point yo €
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7% with yo - v < —Mu - v. Recall that o7 = Z?:l max{z - ;,0} and 2= =
- E?Zl min{z - ¢;,0}. The path takes k + ™ steps using directions in £; and
k + x~ steps using directions in £_, for some k > 0. For a given k and z, the
probability that such a path w exists is at most gllzl1+2k(1 — p)k+e™

Choose 0 < a < 1 and set N = [n®|. Set n = 0 and assume p > po(d).
Lemma [1] implies that there is an event G of probability at most qpf =9 such
that off G we have x € Ky — N1. Therefore x - 1 > —Nd, and so

jd+n|ully > (j1+nu) -1 > —Nd. (23)

Let n > ng, where ng is the constant in Lemma Then since n =13, (u) < ||Jul;
for n > ng (by Lemma [2)) we have that j < nllul;. Choose nj > ng sufficiently
large to make Nd < (d — 1)n||lu|l; when n > n{. Together with this gives

l7] < nlluljy for n > ng. (24)
It follows that for n > nj, we have
lzllx < nllulls + |jld < nfjull (1 + d). (25)

Therefore for fixed k and x as above, the probability that such a path w exists
is at most Anlluli(+d)+2k(1 _ )k,

It takes at least ||yo||1 steps for the walk w to reach yog € H := {y € Z% : y-v <
—Mu - v}. But ||yoll1 - |vllee = —y0 - v = Mu - v. Therefore ||yo|l1 > Mollul|;.
From there w must travel back and reach the half-space H' := {y/ : ¢'-v > nu-v},
and since ||y — yoll1||v]lco = (¥ —y0) - v > (n+ M)u - v for y € H’', this takes
at least o(n + M)||u||; steps. It follows that the total length 2k + ||z||; of the
path w is at least o(n + 2M)|ul|;. Therefore k > %(o(n + 2M)|ull1 — [|z|1).
For k > ny, implies that

k> %(o—(an) —n(1+d))||u||1. (26)

Now choose ¢ > 1 so large that o(n + 2|en]) > n(2 + d) for every n > ny, and
let M = |en|. By (with M = |cn]) we have k > % whenever n > nj.

By there are at most 1+ 2n||u||; possible choices for j (and hence x),
for any given n. Summing over k and these z’s, and adding back the probability
P,(G) < quff =4, we obtain that

Py(An(len))) < a4+ (1 + 2nfu)o"* O+ X" (6% (1 — p)]*

k> el

_ 1+ 2n|ully nllully
< Nd y =T “PIRIL gnflulla(2+d) (1 _ 3

for n > n{. Recalling that N = |n®], we see that these terms are summable for
any p > pi, provided 62T9(1 — pl)% < 1 and p; > po(d). Note that p; does not
depend on u and v, though ¢ may. This proves the result for Al . The claims
for A and A,, are proved similarly. See Figures |5 and @ |
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Figure 7: A schematic illustrating the event A,,. The dashed line lies in direction
u 4 v(u)1. The squiggly (blue) curve on the right represents a path from o to
nu+B21in A, ,(—M,n). A, is the event that this curve ends significantly below
the dashed line, as shown in the figure. The squiggly (purple) path on the left
connects a point z to o through A, ,(—M,n) as in (28), where z lies significantly
above the dashed line. If both left and right paths exist, concatenating them

yields a path as in .

Proof of Lemma[6 Let p > po(d), and let € > 0. Fix ¢ > 1 as in Lemma and
let M = |nc], g = [n(cy(u) +2¢€)], and h = [n(y(u) — 3¢)]. Set z = —g1 — Mu.
For n € N take

BY = BY(u,v) = inf{k : k1 + nu € Cy[Ay.(—M,n)]} (27)

and
A, ={B% < n(y(u) — 3¢)}.

We will show that

PP(A”) < Pp(o ¢C. [Au,v(_Ma n)]) (28)
+P,(3k1 + nu € C,[Ay o (—M,n)] with k& < h) (29)
— 0, as n — oo0.

See Figure To see the inequality, suppose that A, holds, so that there is a
path from o to some k1 + nu with k& < h that stays in A, ,(—M,n). Either
there is no path from z to o that stays in A, ,(—M,n), or there is such a path,
in which case concatenating the two would give a path from z to k1 + nu.

Next we must show that both terms and must — 0. Consider .
By translation invariance it is equal to

P,(3k1+ (M + n)u € Co[Ay,o(0, M 4+ n)] with k£ < g+ h)
=Pu(g+h > Bryin(u,v))

<P, (M +n+1)y(u) —ne+ 1> Bpin(u,v))

— 0, asn— oo,

since

g+h<n(cy(uw) +2¢)+1+n(y(u) —3¢) < (M +n+ 1)y(u) —ne+ 1.
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Turning to , we have (as in the proof of Lemma that if n > ny,
and y = k1 for some k < 0, then o € Cy[Ay (=M, n)]. Therefore translation
invariance shows that for n > ng,

Py(o € C.[Ay,o(—M,n)]) > P,(F k1l € C.[Ay (=M, n)] with £ <0)
=P,(3k1 + Mu € Cy[Ay (0, M + n)] with k < g)
> P, (k1 4+ Mu € Co[Ay (0, M)] with k& < g)
=Py(g = Bu(u,v)).

Because g > n(cy(u) + €) > M~(u) + ne, this probability is at least
P,(M~(u) +ne > By (u,v)) = 1, asn — oo.

Therefore Py(0 € C.[Ay,o(—M,n)]) — 1. This shows (28), and so P,(4,) — 0
as claimed.

We conclude from — and Lemma [5| that if p > p; then P,(4, U
Al)) — 0. Off this set, there can be no self avoiding path w consistent with the
environment, that stays in A, ,(—o00,n), and which runs from o to some point
k1 + nu with k < n(y(u) — 3¢). For if w stays in A, ,(—M,n) then A, would
hold, and if it leaves A, ,(—M,n) then it enters A, ,(—oco, —M) and A}, would
hold.

We conclude that off A, U A], we have M > v(u) — 3e. Combined with

Lemmaand the fact that 89 (u,v) < B, (u,v), this means that w — y(u)

0
in probability. L' convergence now also follows because B“T(u) < Buluv) o

W and the latter — ~(u) in L', while by Lemma the former is bounded
below by an integrable random variable.

To extend the convergence in probability to almost surely convergence, we
must carefully examine the proof of the version of the subadditive ergodic the-
orem given in [I1]. Define for 0 < m < n

B,,“L(u7 v) = inf{k : (Bfn(u, v)+k)1+nue CBgl(u,U)1+mu[Au,v(m, n)|}.

Examining (21)), we see that By.n(u, v) has the same distribution as By, , (u, v).
We also know that for 0 < m < n,

B2 (u,v) < B2 (u,v) + an(u, v).

The required moment bounds (for n > ng) follow from Lemma as in the proof
of Lemma We know that the joint distribution of (B, mx(u,v); k > 1) does
not depend on m > 1 (as in hypothesis (1.8) of [I1]). We also know that for each
k>1, (Bnkﬁ(n“)k(u,v);n > 1) is a stationary process (as in hypothesis (1.9)
of [I1]). What is not true is that £ (u,v) and By, min(u,v) have the same law.
In other words hypothesis (1.8) of [11] does not apply in the present setting.
To get around this, set 72 = E,[8%(u,v)] and v,, = E,[By,(u,v)]. From
(and the fact that E,[By, n(u,v)] = E,[Bp—m (U, v)] = Yn—m) we know that ~,
is a subadditive sequence, and therefore lim 1= = inf 1= = ~y(u). We also have
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0
Yo < Y, and 3y, 1, <9, + v for every m and n. Since also lim 2= = y(u), we
conclude that o
i B dn
7(u) = lim %= inf -,
which is a replacement for (2.1) of [11].
It turns out that this is enough to make the rest of Liggett’s proof work for
us. In other words, once the above analogue to his (2.1) is shown, then the
arguments for his (2.2), (2.3), and (2.4) all follow as written. From which we

(w,v)

0
conclude that if p > p; then B"T — y(u) a.s. |

Proof of Lemma[l] Let € > 0. Let ¢ be as in Lemma [5] ¢ be as in Lemma
4l and qq = qq(0,d) be as in Lemma (I} Take § < 15, and M = |nc|. For
7 < n(y(u) — €) let w; = i1 + nu. Define the event C; = {Ak < (M + n)(y(u) —

) with k1 + (M + n)u € Cy,[Au,v(n, M + n)]}. By translation invariance,
Py(Ci) = Pp(Bar (u,v) > (M + n)(y(u) — 8) — i)
< Py(Bar(u,v) = M(y(u) +49)) < e M7,

since

(M +n)(y(u) = 0) —i = (M +n)(y(u) = 6) = n(y(u) —€)

= M~y(u) — (M +n)d + ne
> M~y(u) +0(n(1+ 5¢) — (M +n))
> M(y(u) +49).

Define the event

Dy = {Bhsn(u,0) > (M +n)(y(u) — ) but B, (u,v) < n(y(u) — )}

On D, there exists a path in C,[Ay,,(—00, M + n)] from o to some i41 + nu
with 79 < n(vy(u) —€). Choose 0 < o < 1 and set N = [n®]|. Then either
ip < —N — L:”l or (by Lemmasand —-N — Lﬁ;“l <ip < n(y(u) —¢) <
ny(u) < nffully.

In the first case, [(N+ig)1+nu]-1 = (N+ig)d+nu-1 < —n|lul|1+n|jul; =0,
50 (N +ig)1+nu ¢ Ky. In other words, ig1 +nu ¢ Ko — N1, which by Lemma
has probability at most qpd <.

There cannot be a path in A, ,(n, M + n) from w;, to any k1 + (M + n)u
with k& < (M + n)(v(u) — §), because concatenating the two paths would make
B3 n(u,v) < (M +n)(y(u) — 8). Therefore

nllull1
1 _
Py(D,) <app™ '+ > Pp(Ci)Sqnﬂ’Nd+[1+N+nIIUH1(1+g)]6’M”-
z‘:fo"”jj”l

Summing over n shows that ) P,(D,) < co. Lemma |§| tells us that if p > p;

then 39, (u,v) > (M 4 n)(y(u) — &) eventually, and therefore 8} (u,v) >

n(y(u) — ¢€) for all but finitely many n. In other words, 4% (u,v) — ~v(u)

y nMn

a.s. ]
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sec:corollaries ‘

lem:elstrictnegativity ‘

4 Proofs of Corollaries

Proof of Corollary[. Fix § > 0 and R < oco. Set € = /\ land r = R+ 1.
Choose n so large that the inclusions of (e) of Theorem [I| hold for n, with this
e and r.

Let z € Op N Cs N 2Z%. Then ||el]jy < 6, so by and the fact that
v(z) < =4, we see that y(z') < 0, where 2z’ = z—€l. Thus 2’ € C. Since z € Og
and € < 1, we know that z’ € O,. So by choice of n, there is a w € %CO such
that ||w — 2'||oc < €. Therefore w’ = €l — (w — 2’) lies in the positive orthant
and we have z = w + w’. That implies that o connects to nw and nw connects
to nz, so z € %CO, as claimed. |

We know that v(e;) < 0. But it will be useful to know that this inequality
is strict.

Lemma 8. Assume the conditions of Theorem and let p > p1. Then y(e1) <
0.

Proof. Let n,k > 0. Consider a path from o, constructed as follows. At sites in
&, follow e1. At the first n sites in £_, follow —es. At the next n sites in £_,
follow —e3. Do the same in turn for —ey,..., —eq till n steps have been taken
in the direction of each. After that, follow e; at sites in £_.

This path will reach n(ke; —1) provided there are at least n(d—1) sites in £_
among the first n[(k—1)+d—1] sites visited. Choose k so that (1—p)[k+d—2] >
d—1. Then the law of large numbers implies that the above event has probability
— 1, when n — oo.

In other words, 3, (ke; —1) < 0 with probability — 1. Since 13, (ke; —1) —
~v(key — 1) in probability, we get that y(ke; — 1) < 0. Therefore

Yer) = palker) = Thker —1) =1 € —1 <0,
||

Proof of Corollary[d]. Fix w € Z. Let ((w) = inf{t € R : y(w + tey) < 0}. If
s < t then

Y(w+ter) < y(w+ser) +vy((t—s)er) = y(w+ ser) + (t—s)v(e1) < y(w+ seq)
by Lemma |8l So -y is strictly decreasing and continuous, and therefore

Y(w+ter) <0=1t> ((w) (30)
y(w+ter) > 0=t < (w). (31)

Set s = lim infL"% and S = limsup L’Tw and let M € Z. We will show that
SAM < ((w) <s, from which the desired result is immediate.

Consider the upper inequality first. Lemma [I] implies that s > —oco. There
is nothing to show if s = 0o, so assume s € R. Then we may find a sequence ny,
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such that TleLnkw — 5. Therefore nyw+ Ly, we1 € Co. Set 1 = ||wloo+|s]+1 <
oo. Then for any € > 0, (e) of Theorem [1| shows that for k sufficiently large,

1 1
w+ —Ly,we1 € O,N—C, C O+ C.
N ng

The latter is closed, so taking limits, we have w + se; € O, + C' for every € > 0.
Since C' is closed, in fact w + se; € C, so y(w + se1) < 0. By we get that
s > ((w), as claimed.

To show the lower inequality, we argue similarly. If S = —oco there is nothing
to show, so assume this is not the case. Let %Lnkw — S. Therefore nyw +
min(Ly, ., — 1,nzM)er ¢ Co. Set R = ||w|joc + |S A M|+ 1 < co. Then for k
sufficiently large

w+ L min(Ly, ., — 1,nzM)e; € [Or N iZd] \ iCO.
Ng N N

If § > 0, then for k sufficiently large, Corollary [2] implies that the above point

¢ Cs. In other words, v(w + ﬁ min(Ly, . — 1,nxM)ey) > —0. Taking limits,

we get that y(w + (S A M)ey) > —4d. Since § > 0 was arbitrary, in fact y(w +

(SAM)ey)>0. By we obtain that S A M < ((w) as claimed, and we are

done. |
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