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Abstract: Dietary data collected from 24-hour dietary recalls are observed with significant
measurement errors. In the nonparametric curve estimation literature, much of the effort
has been devoted to designing methods that are consistent under contamination by noise,
and which have been traditionally applied for analysing those data. However, some foods
such as alcohol or fruits are consumed only episodically, and may not be consumed during
the day when the 24-hour recall is administered. These so-called excess zeros make existing nonparametric estimators break down, and new techniques need to be developed for
such data. We develop two new consistent semiparametric estimators of the distribution of
such episodically consumed food data, making parametric assumptions only on some less
important parts of the model. We establish its theoretical properties and illustrate the good
performance of our fully data-driven method in simulated and real data.

Some Key Words: Asymptotic theory; Deconvolution; Excess zeros; Measurement error;
Nonparametric deconvolution.
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Introduction

For many years, national nutritional surveys in the U.S. (NHANES: National Health and
Nutrition Examination Survey), Australia (e.g., the 2007 Australian National Children’s
Nutrition and Physical Activity Survey), Canada (the Canadian Community Health Survey)
and elsewhere have used the 24-hour dietary recall (24HR). The 24HR aims at collecting
precise information on nutrient and food intake over the past 24-hour period as the primary
self-report instrument for dietary assessment (Dwyer et al., 2003). The main purpose of
collecting dietary data in national surveys has been to estimate the distribution of usual
(that is, average long-term) intake of various nutrients and food groups in populations and
subpopulations, and to monitor such intakes over time. Another important use of the data
has been to relate individual usual intakes to health outcome measures, such as obesity or
blood pressure. Because a 24HR captures food/nutrient intakes only for a single day, it is
not a good or even reliable estimate of long-term average intake. Thus, using just a 24HR to
estimate the distribution of a usual intake without accounting for the inherent measurement
error of a 24HR is badly biased for important quantities such as percentiles.
There is a vast literature on measurement errors for estimating usual intake distributions
when the food/nutrient is consumed daily. In that standard setting, if X is the unobserved
and unobservable usual intake, and W the result of a single 24HR, the typical model for the
data W1 , . . . , Wn is the classical error model, where Wi “ Xi `Ui with Xi and Ui independent,
and where Ui represents the measurement error. Most of the literature uses this simple model
or variants of it, and assumes a fully known distribution for the day-to-day variability, or
measurement error, of the 24HR. Often the Wi ’s do not satisfy the classical additive error
model, and it is a transformed version of the data that satisfies it. For example, it is common
to assume that the model is satisfied after log transformation. There, it is typical to assume
that Wi1 “ Xi1 ` Ui1 , where Wi1 “ logpWi q, Xi1 “ logpXi q and Ui1 “ logpUi q. More generally,
the model is often assumed to hold after the Wi ’s have been transformed by a monotone
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function h.
In nutrition studies, there is considerable interest in the usual intake of episodically
consumed foods, e.g., fish, whole grains, whole fruits, fruit juices, dark green and orange
vegetables and legumes (DOL), milk, etc., see for example Guenther et al. (2008a,b) and
Guenther et al. (2014). For example, in the 2001–2004 NHANES, the percentages of reported
nonconsumption of total fruit, whole fruit, whole grains, DOL and milk on any single day
are 17%, 40%, 42%, 50% and 12%, respectively. Such variables are equal to zero on days of
nonconsumption and are strictly positive on consumption days.
Often several 24-hour recalls are available for each subject, so that the observations are
a sample of replicated recalls Wij for i “ 1, . . . , n, j “ 1, ..., J, J ě 2. A major goal of
nutritional surveys is to estimate the distribution of the usual intake for an individual, that
is, the distribution of Ti “ EpWij |Xi q. It is important to recognize that this is the definition
of the usual intake in the original data scale. The Wij ’s can still be regarded as a version of
the usual intake contaminated by the day-to-day variability, but because of the excess zeros
on nonconsumption days, we cannot use the classical additive error model to describe them.
There is a literature and associated multiple modeling approaches on the problem of
excess zeros plus measurement error, and we use a model in line with that literature; see
Tooze et al. (2002, 2006), Li et al. (2005), Kipnis et al. (2009), Keogh et al. (2011), Zhang et
al. (2011a,b) and Carroll (2014). However, all these references are fully parametrics and assume that, after data transformation, every random variable is exactly normally distributed;
see Section 2. In this work we are the first to propose an estimator of the distribution of the
usual intake Ti that breaks out of the parametric distribution assumption. As we show, the
problem is difficult technically, and requires completely new ways of analysis.
Although the motivation of our work comes from nutrition, the excess-zeros problem
arises in many different areas such as ecology (Fletcher et al., 2005), environment (Tian,
2005) and drug testing (Zhou and Tu, 1999). There, the data are often modelled via two
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components: one that accounts for the probability of observing nonzero values and one that
reflects the distribution of nonzero values. The interest is then often in, but not limited to,
estimating each component of the model. The methodology that we propose in this work
allows us to derive such estimates as a by-product of our estimation procedure.
This paper is organised as follows. We introduce our model and data in Section 2. Our
methodology for estimating the distribution of usual intake in introduced in Section 3, where
we give two different estimators for the respective cases where the error density is known and
that where it is unknown. We derive asymptotic properties of our estimators in Section 4.
In Section 5, after showing how to choose in practice the smoothing parameters needed by
our procedures, we illustrate their numerical performance on simulated data and apply the
method to estimate the distribution of usual alcohol and fruit intake from an American
study on eating. Proofs of the results are very lengthy and are given in the Supplementary
Material.

2

Model and data

We are interested in the usual (i.e. long term daily average) intake T of a food. Instead of
observing T , we observe data Wij , for i “ 1, . . . , n and j “ 1, . . . , J, where Wij represents
the reported food intake by the ith individual on day j. On some days the ith individual
does not consume the food, so that Wij “ 0. On the days where the food is consumed, the
food intake is measured by Wij , which, after appropriate transformation, is a version of the
usual intake Xi contaminated by a classical measurement error.
Tooze et al. (2006, 2010) and Kipnis et al. (2009) consider a parametric model for this
problem. In their formulation, they suppose that the probability of eating a dietary component can be described via a known strictly increasing cumulative distribution function
H, e.g. the logistic distribution function. An equivalent formulation in our context is the
following. Specifically, for i “ 1, ..., n and j “ 1, ..., J, they assume that for some latent
3

variables Xi related to usual intake,

PpWij ą 0|Xi q “ Hpβ0 ` β1 Xi q ” Hβ pXi q ,

where β0 and β1 are unknown parameters and β T “ pβ0 , β1 q. For example, in most cases,
the probability of eating a food on a given day is an increasing function of the usual intake
of that food: the more we eat the food on average, the more likely we are to eat it on a given
day.
On days where a food has been consumed, after appropriate transformation, the measured
food intake satisfies a classical error model. Specifically, we assume that there is a known
strictly monotone function h : p0, 8q Ñ R, e.g. a log transformation, such that given the
latent variable Xi , the Wij are independent and

Ăij ď v|Wij ą 0, Xi “ xq “ PpXi ` Uij ď v|Xi “ xq ,
PpW

Ăij “ hpWij q and the Uij represent classical measurement errors which are indepenwhere W
dent across pi, jq and independent of the Xi . The assumption of classical measurement error
after transformation is fairly standard in the dietary assessment literature, and has been
used by Kipnis et al. (2009) and Zhang et al. (2011). Also, assuming independence between
measurement errors is also typical in cases where the replications are far apart in time. The
type of data that we analyze in Section 5.5 and was the inspiration for our work has replications which are taken at least 3 months distant, which is a standard sampling pattern for
replicates, and hence are widely separated in time.
Depending on the cases that the density fU of the Uij is (a) known; or (b) unknown,
fU is usually assumed to be symmetric and continuous. Moreover the Xi are independent
and identically distributed and their density fX is unknown. Throughout, for any random
variable Z, we use fZ to denote its density.
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Finally, following standard classical error model assumptions about replicated contaminated data, we assume that the measured food intake on two days where an individual has
consumed the food are independent given Xi . Specifically, since the replicates satisfy the
classical error model, we assume that, for 1 ď i ď n and j ‰ j 1 ,

Ăij ď v, W
Ăij 1 ď w | Wij ą 0, Wij 1 ą 0, Xi “ xq
PpW
“PpXi ` Uij ď v|Xi “ xqPpXi ` Uij 1 ď w|Xi “ xq .

These assumptions imply that

Ăij ď v|Wij ą 0, Xi “ xq “ PpUij ď v ´ xq ,
PpW

(2.1)

Ăij ď v, W
Ăi1 j ď w | Wij ą 0, Wij 1 ą 0, Xi “ xq
PpW
“ PpUij ď v ´ xqPpUij 1 ď w ´ xq .

(2.2)

Our goal is to estimate the distribution function of the usual intake, defined in the
literature as the random variable Ti “ EpWij | Xi q. We emphasize that Xi is not the ith
person’s usual intake, Ti is, and that Xi is a latent variable related to usual intake.

3
3.1

Methodology
Basic calculations

To find an expression for FT ptq “ P pTi ď tq, we first express the random variable Ti as

Ti “ EpWij | Xi q “E rWij tI pWij “ 0q ` I pWij ą 0qu | Xi s
“E pWij | Wij ą 0, Xi q Hβ pXi q ,
“Hβ pXi q ph´1 ˚ fU qpXi q ,
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(3.1)

where to write the last equation we have used the fact that E pWij | Wij ą 0, Xi q “
ş ´1
h pvqfU pv ´ Xi q dv “ ph´1 ˚ fU qpXi q, which follows from (2.1), and we have assumed
that h´1 is well defined on the whole real line. We deduce that
ż
´1

FT ptq “ P Hβ pXi q ph

(
˚ fU qpXi q ď t “

fX pxq dx ,
Aβ ptq

where

(
Aβ ptq “ x : Hβ pxqph´1 ˚ fU qpxq ď t .

It is easy to see that Aβ ptq “

Ťp

i“1 ra2i´1 , a2i s,

(3.2)

where a1 ă a2 ă . . . ă a2p , a1 and a2p

do not need to be finite and, unless Hβ pxqph´1 ˚ fU qpxq oscillates infinitely many times, p is
finite. In this notation, FT ptq can be expressed as

FT ptq “

p ż a2i
ÿ

fX pxq dx “

i“1 a2i´1

2p
ÿ

ż ai
i

fX pxq dx

p´1q

´8

i“1
2p
ÿ

p´1qi IT pai q Ip|ai | ă 8q ` Ipa2p “ 8q ,

“

(3.3)

i“1

where, for all y P R,
ży
IT pyq “

fX pxq dx .

(3.4)

´8

Thus, in order to estimate FT ptq, it suffices to estimate the aj ’s, which depend on the
unknown β0 and β1 , and the function IT , which depends on the unknown fX . We show how
to do this in Section 3.3.
Remark 3.1. While p and the aj ’s depend on t, to simplify presentation we do not make
this dependence explicit in our notation.
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To save space, in what follows we define

řJ
jăj 1

3.2

“

řJ´1 řJ
j“1

j 1 “j`1 .

(3.5)

When fU is known

We start by showing how to estimate β, IT and FT in the case that fU is known.
The parameter β “ pβ0 , β1 qT is defined implicitly through Hβ pxq “ PpWij ą 0 | Xi “ xq,
which cannot be estimated directly since the Xi ’s are unobserved. Therefore, β cannot be
estimated directly and we use an estimating equation approach. Since β P R2 , we need to
find two equations which depend on Hβ and which can be estimated from the Wij ’s. The fact
that Hβ tends to zero in one of its tails restricts the choice of the equations. For example,
although g{Hβ “ fX integrates to 1 and we can estimate g from our data, the equation
ş
1 “ gpxq{Hβ pxq dx is not very stable numerically because it involves dividing by Hβ .
After investigation, in the case where only two replicates are available per individual,
we found that the equations at (3.6) and (3.7) below were numerically stable and easy to
estimate from our data. See Remark 3.2 below for an even more stable approach in the case
with three or more replicates. To define (3.6) and (3.7), recall from Section 2 that, for j ‰ j 1 ,
Wij and Wij 1 are independent conditionally on Xi . Letting g “ fX Hβ , we deduce that

pW` ,W` ” PpWij ą 0, Wij 1 ą 0q
ż
ż
“ PpWij ą 0, Wij 1 ą 0 | Xi “ xqfX pxq dx “ Hβ pxqgpxq dx ,
(3.6)
ż
(
Ăij IpWij ą 0qIpWij 1 ą 0qu “ E W
Ăij IpWij ą 0q | Xi “ x gpxq dx
m` ” EtW
ż
ż
`
˘
Ă
“ E Wij | Wij ą 0, Xi “ x Hβ pxqgpxq dx “ xHβ pxqgpxq dx .
(3.7)

`
˘ ş
Ăij | Wij ą 0, Xi “ x “ ufU pu ´ xq du “ x, which follows
Here we used the fact that E W
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from (2.1) and the symmetry of fU . Using (3.5), we can estimate pW` ,W` and m` by

ppW` ,W` “

n ÿ
J
ÿ
2
IpWij ą 0, Wij 1 ą 0q ,
nJpJ ´ 1q i“1 jăj 1

n ÿ
J
ÿ
1
Ăij ` W
Ăij 1 qIpWij ą 0, Wij 1 ą 0q .
p` “
pW
m
nJpJ ´ 1q i“1 jăj 1

(3.8)

(3.9)

To deduce estimators of β0 and β1 from (3.6)–(3.9), it remains to estimate g on the right
hand sides of (3.6) and (3.7). Now g “ fX Hβ , and fX cannot be estimated easily since
Ăij when Wij ą 0, we can estimate the
the Xi ’s are unobserved. However since we observe W
Ăij |Wij ą 0, which can be related to g by conditioning on Xi , as follows. Letting
density of W
pW` “ PpWjk ą 0q, an unconditional probability, and using (2.1), we have
ż
fW
Ăjk |Wjk ą0 pvq “

ż
fW
Ăij |Wij ą0,Xi “x pvqHβ pxqfX pxq dx{pW` “

fU pv ´ xqgpxq dx{pW` .

If φW
Ă` and φU denote the Fourier transforms of pW` fW
Ăjk |Wjk ą0 and fU , respectively, the
Fourier inversion theorem implies that, if φU ptq ą 0 for all t P R,
1
gpxq “
2π

ż8
e´itx
´8

φW
Ă` ptq
φU ptq

dt .

(3.10)

Now when pW` ą 0, φW
Ă` ptq can be estimated unbiasedly by
n J
1 ÿ ÿ itW
Ă
p
φW
e jk I pWjk ą 0q,
Ă` ptq “
nJ j“1 k“1

(3.11)

see Lemma F.1 in the Supplementary Material. However, φpW
Ă` is essentially an empirical
characteristic function and is too unreliable in its tails to be plugged directly into (3.10). In
related standard deconvolution problems, it is common to attenuate tail effects by a weight
function, the Fourier transform of a function called a kernel, scaled by a smoothing parameter
h; see e.g. Carroll and Hall (1988) and Stefanski and Carroll (1990). Using similar ideas, let
8

φK denote the Fourier transform of a real and symmetric kernel function K and let h ą 0
be a bandwidth. Assuming that φU ptq ‰ 0 for all t, we estimate gpxq by
1
gppx; hq “
2π

ż8
e
´8

´itx

n J
´x ´ W
Ăjk ¯
1 ÿÿ
φK phtq dt “
KU
; h IpWjk ą 0q , (3.12)
φU ptq
nJh j“1 k“1
h

φpW
Ă` ptq

where
1
KU px; hq “
2π

ż8
´itx

e
´8

φK ptq
1
dt “
φU pt{hq
2π

ż8
cosptxq
´8

φK ptq
dt .
φU pt{hq

(3.13)

Finally, we estimate β “ pβ0 , β1 qT by the value βp “ pβp0 , βp1 qT which satisfies simultaneously
ż

ż
g px; hβ q dx “ ppW` ,W` ,
Hβp pxqp

g px; hβ q dx “ m
p` ,
xHβp pxqp

(3.14)

where hβ is a particular choice of h that will be discussed in Section 5.1.
Remark 3.2. If we have J ě 3 replicates per individual, instead of using m` at (3.7),
ş
we use pW` ,W` ,W` ” PpWij ą 0, Wik ą 0, Wi` ą 0q “ Hβ2 pxqgpxq dx, which, if J ě 3,
is easier to estimate than m` . Indeed, we can estimate pW` ,W` ,W` by ppW` ,W` ,W` “
ř ř
c´1 ni“1 j‰k‰` IpWij ą 0, Wik ą 0, Wi` ą 0q, where the second sum is for 1 ď j, k, ` ď J
and c is the number of terms in the quadruple sum. To estimate the integral, we replace
ş
ş
g by ĝ. Note that pW` ,W` ,W` “ Hβ2 pxqgpxq dx whereas m` “ xHβ pxqgpxq dx. The latter
integral involves a multiplicative x term which takes values between ´8 and 8, so that the
error of estimation when estimating gpxq and Hβ pxq (see (3.14)) are magnified by this multiplicative x term. On the other hand, in pW` ,W` ,W` , the multiplicative x term is replaced by
Hβ pxq, where the latter takes values in r0, 1s which attenuates the estimation error of gpxq
and Hβ pxq. In Section 4 we develop theory for the version of our estimator of β that uses
m` , but the theory for the version of the estimator that uses ppW` ,W` ,W` is almost identical.
In particular, as long as J ě 3, the statements of our theorems are identical.
Next we show how to estimate IT pyq “

şy
´8
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fX pxq dx at (3.4). By definition of g, we have

pp¨; hq, with gp and βp as above, and where
fX “ Hβ´1 g, which can be estimated by fpX “ Hβ´1
p g
h ą 0 is a bandwidth that may differ from hβ at (3.14). Since H is a strictly increasing
cumulative distribution function, when βp1 ă 0, maxxPp´8,ys H ´1 pβp0 ` βp1 xq “ Hβ´1
p pyq ă 8
for all fixed y; moreover, fpX is integrable under standard conditions, see e.g. Fan (1991a)
şy
fpX pxq dx. When βp1 ą 0,
and Section 4.2. In that case we can estimate IT pyq by IpT pyq “
´8

´1 p
Hβ´1
pβ0 ` βp1 xq Ñ 8 as x Ñ ´8, which can cause numerical problems unless we
p pxq “ H
ş8
avoid the region where Hβ´1
p pxq is too large. To do this we can write IT pyq “ 1 ´ y fX pxq dx
ş8
which we can estimate by IpT pyq “ 1 ´ y fpX pxq dx. To summarise, for all y P R we estimate

IT pyq by
$
ş
’
’
& y
IpT pyq “

´8

fpX pxq dx “

şy
´8

g px; hq dx
Hβ´1
p pxqp

when βp1 ď 0 ,
(3.15)

’
ş
ş
’
%1 ´ 8 fpX pxq dx “ 1 ´ 8 H ´1 pxqp
g px; hq dx when βp1 ą 0 .
p
y
y
β
Finally, to estimate FT at (3.3), it remains to construct estimators of the aj ’s. Recall from
Ť
Section 3.1 that these are defined implicitly through Aβ in (3.2) as Aβ ptq “ pi“1 ra2i´1 , a2i s,
where a1 ă . . . ă ap . For each t P R we can estimate Aβ ptq by Aβp ptq “ x : Hβp pxqph´1 ˚
(
fU qpxq ď t with βp as above. We deduce estimators p
aj of the aj ’s by expressing Aβp ptq as
Ť
a2i´1 , p
a2i s, where p
a1 ă . . . ă p
a2p . Finally, taking IpT as in (3.15), for each t P R
Aβp ptq “ pi“1 rp
we can estimate FT ptq by

FpT ptq “

2p
ÿ

p´1qi IpT pp
ai q Ip|p
ai | ă 8q ` Ipp
a2p “ 8q .

(3.16)

i“1

3.3

When fU is unknown

In practice the error density fU is not always known, and in such cases it needs to be
estimated from the data. If we have a parametric model for fU , the unknown parameters can
Ăjk ’s, exploiting (2.2), and then we can replace φU in our estimators
be estimated from the W
from Section 3 by the resulting estimator of φU . For example if the only unknown is the
10

error variance σU2 , and recalling the notation in (3.5), it can be estimated by
řn
pU2
σ

řJ

j“1

“

2

Ă
Ă 2
kăk1 pWjk ´ Wjk1 q IpWjk ą 0, Wjk1
řn řJ
j“1
kăk1 IpWjk ą 0, Wjk1 ą 0q

ą 0q

.

Things are more complex if we have no parametric model for fU . In standard deconvolution problems, Delaigle et al. (2008) suggested estimating φU via the empirical characteristic
function of the difference of replicated data. Although our context is different, we can use
1{2

similar ideas. By Lemma F.3 in the Supplementary Material, we have φU “ φ´ , where, for
all u P R, φ´ puq “ EteiupWjk ´Wjk1 q | Wjk ą 0, Wjk1 ą 0u can be estimated by
Ă

φp´ puq “

n ÿ
J
ÿ
j“1

Ă

eiupWjk ´Wjk1 q IpWjk ą 0, Wjk1 ą 0q
Ă

Ă

kăk1

n ÿ
J
Lÿ
j“1

IpWjk ą 0, Wjk1 ą 0q .

kăk1

Since φU puq ą 0 for all u P R, this suggests estimating φU puq by
ˇ řn řJ
ˇ1{2
ˇ
ˇ
Ă
Ă
1 costupWjk ´ Wjk 1 quI pWjk ą 0, Wjk 1 ą 0q ˇ
ˇ
j“1
kăk
φpU puq “ ˇ
ˇ .
řn řJ
ˇ
ˇ
j“1
kăk1 IpWjk ą 0, Wjk1 ą 0q

(3.17)

As in Section 3.2, to estimate FT we need to estimate β, IT and the aj ’s. Proceeding as
in that section, for β, we need to solve (3.14), replacing there gp at (3.12) by a version that
uses φpU instead of φU . However this requires twice integrating φpU , which is unreliable in its
tails and appears at the denominator of (3.12). This causes technical problems which can
be alleviated by replacing φU by a tail-corrected φpU .
Specifically, in the tails we use a ridge function ρ which is such that it keeps φrU from
getting too small. That is, we take φrU puq “ φpU puqItφpU puq ě τn u ` ρpuqItφpU puq ă τn u, where
τn ą 0 is a threshold. Then, we estimate β by the value βr “ pβr0 , βr1 qT which satisfies (3.14),
replacing there gp at (3.12) by a version that uses φrU instead of φpU .
To estimate IT , first recall from the explanations above (3.15) that, to avoid dividing
by Hβ when the latter is too close to zero, we use two different formulae depending on
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whether β1 ď 0 or β1 ą 0. In the case where β is estimated, we could take the twopart estimator at (3.15) and replace βp there by βr and φU in gp by φrU as above. However,
numerical experiments suggest that integrating g in the expressions for IT in Section 3.2
before estimating it improves the resulting estimator. This leads to

IT pyq “

$
ş
’
’
&H ´1 pyqGpyq ´ y
β

´8

GpxqtHβ´1 pxqu1 dx

when β1 ď 0
(3.18)

’
ş
’
%1 ´ pW` ` H ´1 pyqGpyq ` 8 GpxqtH ´1 pxqu1 dx when β1 ą 0 ,
β
β
y
which we can then estimate by

IrT pyq “

$
ş
’
’
r hq ´ y
&H ´1 pyqGpy;

´8

r
β

r hqtH ´1 pxqu1 dx
Gpx;
r
β

when βr1 ď 0
(3.19)

’
ş
’
r hq ` 8 Gpx;
r hqtH ´1 pxqu1 dx when βr1 ą 0 ,
%1 ´ ppW` ` H ´1 pyqGpy;
r
r
y
β
β
with βr as above, where
ż
)
!
L
p
p
1
W
`
r
r hq “
Gpx;
puq
φ
puq
du ,
´
φK phuq = u´1 e´iux φpW
U
Ă`
2
2π
n J
1 ÿÿ
ppW` “
IpWjk ą 0q
nJ j“1 k“1
are estimators of Gpxq “

şx
´8

(3.20)
(3.21)

gpyq dy and pW` “ PpWij ą 0q, and where the bandwidth h

may differ from hβ .
Estimating the aj ’s is simpler. We proceed as in Section 3.2, except that we replace
ş
fU pxq by a kernel estimator fpU pxq “ p2πq´1 e´iux φK phU uqφpU puq du, with φpU at (3.17), K
a kernel function and hU ą 0 a bandwidth. In other words, for all t P R we estimate
r r ptq “ tx : H r pxqph´1 ˚ fpU qpxq ď tu with βr as above, and express A
r r ptq as
Aβ ptq by A
β
β
β
Ť
p
r r ptq “
A
a2i´1 , r
a2i s where r
a1 ă . . . ă r
a2p are our estimators of the aj ’s. In some cases,
i“1 rr
β
it might be needed to truncate the convolution integral in h´1 ˚ fpU to ensure that the latter is
finite with probability one. This is always done in practice, where integrals are approximated
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by finite sums.
Finally, following (3.3), we estimate FT ptq by

FrT ptq “

2p
ÿ

ai q Ip|r
ai | ă 8q ` Ipr
a2p “ 8q .
p´1qi IrT pr

(3.22)

i“1

4
4.1

Theory
Cases considered in the theory

In the nonparametric deconvolution literature, it is well known that the smoothness of the
error distribution has a major impact on the rate of convergence of estimators, which depends on the tail behaviour of φU (Stefanski and Carroll, 1990; Fan, 1991b). It is standard to
distinguish between two main classes of errors: ordinary smooth errors, which are such that
φU decays to zero polynomially fast in its tails, and supersmooth errors, where φU decays
exponentially fast. Proving theoretical results for the two cases requires similar but different
arguments. Moreover, the supersmooth error case is the least interesting theoretically because in that case, nonparametric estimators converge at a very slow logarithmic rate: this
is true also for our estimator. More interesting results can be derived in the ordinary smooth
error case. Therefore, since our technical arguments are already very long, we present theory
for the ordinary smooth case only.
Remark 4.1. Despite the logarithmic convergence rates in the supersmooth error case, it is
well known in the deconvolution literature that nonparametric estimators usually work well for
those errors too. Indeed, various factors such as the size of the error variance can influence
on performance of estimators, so that in the supersmooth error case, practical performance
is often better than predicted by the standard asymptotics. See for example Delaigle (2008)
who uses a double asymptotic approach taking both sample size and the magnitude of the
error variance into account. In particular, even in the supersmooth case, nonparametric
13

estimators typically perform better than parametric estimators unless we have a rough idea of
a parametric model that is not too far from the true curve to estimate. In our numerical work
we will consider both ordinary smooth and supersmooth errors and we will see that even when
the errors are supersmooth (for example, normally distributed), our estimator performs well
despite the theoretical logarithmic rates, and significantly outperforms a parametric estimator
based on incorrect parametric assumptions.
For the same reason, we derive theory only for the case where β1 ą 0. This is the interesting case in practice, because larger Xi should lead to a higher probability of consumption.
The only difference between that case and the case where β1 ă 0 is that, when β1 ă 0, we
need to adjust some of the arguments in the proof of Proposition C.2 in the Supplementary Material Section C.2 for taking into account the fact that, when β1 ă 0, the equation
Hβ pxqh´1 ˚fU pxq “ t can have multiple solutions. This can be done using relatively standard
but long arguments. All our other results in the Supplementary Material hold also when
β1 ă 0.
In Section 4.3 where we derive theory in the case where fU is unknown, the main challenge
is to track the impact that replacing φU by φrU has on properties of our estimator. It can be
proved that estimating β only has second order effects on our results. Therefore, and again
given that our technical arguments are already very long, in the case where fU is unknown
we prove our results under the assumption that β is known.
Finally, as usual with nonparametric curve estimation problems, we can use either finite
order kernels, which have a finite number of non-vanishing moments, or infinite order kernels
such as the sinc kernel defined by φK ptq “ Ir´1, 1sptq. Infinite order kernels have better
theoretical properties, but in practice they tend to produce wiggly estimators, and so in our
work we use finite order kernels. We note that the proofs for the sinc kernel would be even
easier than our proofs.

14

4.2

Theory when fU is known

We will need the following assumptions.
Assumption A
(A1) fU is a symmetric density and φU puq ą 0 for all u. Moreover, φU has three continuous derivatives and there exist finite constants cU ą 0 and α ą 1 such that
α`1 1
1
lim|u|Ñ8 |u|α φU puq “ c´1
φU puq “ ´αc´1
U and lim|u|Ñ8 |u|
U , where φU is the derivative of φU .
(A2) K is real, continuous and symmetric and is such that φK vanishes outside p´1, 1q and
has m ` 3 continuous and bounded derivatives, for some positive integer m. Also,
φK p0q “ 1 and φK puq “ 1 ` Op|u|m`1 q as u Ñ 0.
(A3) H is twice continuously differentiable, Hpxq ą 0 for all x P R, H 1 is bounded,
ş
ş
|x|H 1 pxq dx ă 8 and |xH 2 pxq| dx ă 8. Also, φH 1 is continuously differentiable, and
there exist two constants D, ϑ ą 1 such that for all u P R, maxt|φH 1 puq|, |φ1H 1 puq|u ď
D minp1, |u|´ϑ q.
ş 4`δ
(A4) fW
fW
Ăjk |Wjk ą0 is bounded and there exists δ ą 0 such that x
Ăjk |Wjk ą0 pxq dx ă 8.
ş
(A5) g “ fX Hβ is continuous, x2 gpxqdx ă 8, and there exist constants γ ą 0 and Cg ą 0
such that for all u P R, |φg puq| ď Cg p1 ` |u|q´γ . Also, g has m bounded derivatives
and g pmq is Lipschitz continuous, with m in (A2). In addition, there exists cg ą 0 such
that for all x P R and j ď m |xg pjq pxq| ă cg , and the function xg pmq pxq is Lipschitz
continuous.
(A6) 2 ď J ă 8 .
(A7) pW` ą 0 and pW` ,W` ą 0, with pW` as on page 12 and pW` ,W` as at (3.6).
(A8) For r
h “ h and r
h “ hβ , as n Ñ 8, r
h Ñ 0, nr
h Ñ 8, r
h| log r
h|2 Ñ 0, r
hα´1{2 plog nq1{2 Ñ 0
and n1{2 plog nq´1r
hα`1{2 “ 8 with α as in (A1).
(A9) There exists a constant cβ ą 0 such that β0 , β1 , βp0 , βp1 P p´cβ , cβ q. Moreover, for
ş
any  ą 0 and β̄ P R2 with }β̄}8 ă cβ , inf |β´β̄|ą t Hβ̄ pxqgpxq dx ´ pW` ,W` u2 `
ş
ş
ş
t xHβ̄ pxqgpxq dx ´ m` u2 ą 0 “ t Hβ pxqgpxq dx ´ pW` ,W` u2 ` t xHβ pxqgpxq dx ´
m` u2 .
Assumption (A1) is similar to the one used in Fan (1991a) and Masry (1993) to prove
asymptotic normality of a deconvolution kernel density estimator in the ordinary smooth
error case. The only difference is that we assume that α ą 1, instead of α ě 0 or α ě 1,
and that φU has three (instead of two) continuous derivatives, which we need for proving the
p Those conditions are satisfied by many distributions. Assumption (A2) is
consistency of β.
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fairly standard in the deconvolution literature; see e.g. Fan (1991a,b) and Masry (1993a). It
is not very restrictive since we can choose the kernel. Assumption (A3) is not very restrictive
in our context either and is satisfied, for example, by the logistic and the normal distribup it is satisfied by any
tions. Assumption (A4) is used to obtain the rate of convergence of β;
distribution with finite first five moments. The conditions imposed on g in Assumption (A5)
are similar to those imposed on fX in Fan (1991a,b) and Masry (1993a), except for the
p Assumption (A6)
condition on xg pjq pxq, which is used to control the asymptotic bias of β.
just states that we need at least J “ 2 replicates, which is necessary to identify β0 and β1
and estimate the error density; see also Delaigle et al. (2008). Assumption (A7) cannot be
avoided if we observe some nonzero data. Assumption (A8) is of the same type as conditions
usually imposed in the deconvolution literature.
Assumption (A9) is rather technical. Conditions such as β0 , β1 , βp0 , βp1 P p´cβ , cβ q are
often used in parametric estimation problems, where they are needed to establish convergence
ş
ş
rates. The condition inf |β´β̄|ą t Hβ̄ pxqgpxq dx ´ pW` ,W` u2 ` t xHβ̄ pxqgpxq dx ´ m` u2 ą
ş
ş
0 “ t Hβ pxqgpxq dx ´ pW` ,W` u2 ` t xHβ pxqgpxq dx ´ m` u2 guarantees that the system of
equations formed by (3.6) and (3.9) admits a unique solution in the vicinity of the true value
of β, see for instance van der Vaart (1998), Chapter 5. In practice, since H is known, this
assumption can be verified numerically by checking that it is satisfied for different values
of β.
Theorem 4.2 below establishes the asymptotic behaviour of FpT in the case β1 ą 0. Its
proof is given in the Supplementary Material Section C, and uses arguments of a similar type
as those used by Hall and Lahiri (2008), Dattner et al. (2011), Dattner and Reiser (2013),
Delaigle and Hall (2015) and Datta et al. (2018). As mentioned in Section 4.1, a similar
result can be established in the case that β1 ă 0, using standard but long arguments. In that
case, the expression of FpT ptq ´ FT ptq at (4.1) would contain a sum of correlated normally
distributed terms. Specifically, instead of ξptq in Theorem 4.2 below, there would be a sum
of, say, ξk ptq’s, plus a sum of deterministic terms of order hm`1 similar to the third and
fourth terms on the right hand side of (4.1).
Theorem 4.2. Under Conditions (A1) to (A9), if β1 ą 0 and h is strictly increasing and
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continuous, for any t P R` such that supxPR h´1 ˚ fU pxq ą t, as n Ñ 8 we have
qζn pt, βq
log n ` hm`1
FpT ptq ´ FT ptq “n´1{2 h´α`1{2 tξptq ` oP p1qu ` pn´1{2 h´α`1
β
β
µK,m`1 ” ´1
` hm`1
H txβ ptqug pmq txβ ptqu
pm ` 1q! β
ż8
ı
(4.1)
g pmq pxqtHβ´1 pxqu1 dx ` ophm`1 q ,
`
xβ ptq

where ζn pt, βq “ Oa.s p1q, ξptq is a normal random variable with zero mean and variance
ş8
´2
2
σ 2 txβ ptqu “ pW` J ´1 fW
Ăjk |Wjk ą0 txβ ptquHβ txβ ptqu ´8 K pxq dx, xβ ptq is the unique solution
ş1
to the equation Hβ pxqh´1 ˚ fU pxq “ t, Kpxq “ cU π ´1 0 uα´1 φK puqsinpuxq du and µK,m`1 “
ş m`1
u
Kpuq du.
It can be seen from our proof of the theorem that the second term on the right hand
side of (4.1) comes only from the estimation of β by βp (if β is known and does not need
to be estimated then this term disappears). In addition to satisfying Condition (A8), if hβ
1{2

is chosen so that hβ {h Ñ 0 and hβ log n Ñ 0 as n Ñ 8, then this term is asymptotically
negligible compared to the others, so that estimating β by βp has no impact on the asymptotic
behaviour of FpT ptq ´ FT ptq. The fastest convergence rate of our estimator is then obtained
by taking the first and third terms of the same size, that is, by taking h — n´1{p2m`2α`1q ,
which leads to FpT ptq “ FT ptq ` OP tn´pm`1q{p2m`2α`1q u.
Remark 4.3. Theorem 4.2 provides a pointwise consistency rate for FpT and opens the question to whether a uniform consistency rate could be obtained in a setting similar to ours.
Although providing a rigorous answer would required a fair amount of additional pages of technical computations, elements from our proofs combined with arguments presented in the proof
of Theorem 2.2 in Masry (1993) suggest it could be possible to do so, and to show that for any
compact C Ă R satisfying supxPR h´1 ˚fU pxq ą suptPC t, it holds as n Ñ 8 that suptPC |FpT ´FT |
is almost surely of order n´1{2 h´α`1{2 plog nq1{2 `n´1{2 h´α`1
log n `hm`1
`hm`1 . Theoretical
β
β
arguments supporting this remark are discussed in the Supplementary Material Section D.
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4.3

Theory when fU is unknown

In the case where fU is unknown, the large sample behaviour of the estimator FrT defined in
Section 3.3 can be investigated by expressing FrT ´ FT as
FrT ´ FT “ pFrT ´ FrT0 q ` pFrT0 ´ FpT0 q ` pFpT0 ´ FT q ,

(4.2)

where FrT0 and FpT0 are versions of, respectively, FrT and FpT where β and Aβ are known, see
their definitions in the Supplementary Material Section E. The first term on the right hand
side of (4.2) comes from the effect that estimating β has on asymptotic properties of our
estimator; the second term reflects the impact of estimating φU by φrU in a scenario where β
and Aβ would be known, and the third term is a version of the left hand side of (4.1) where
β is known. Hence, roughly speaking, when studying the behaviour of FrT , only the second
term on the right hand side of (4.2) is significantly different from terms that appear when
studying FpT in Theorem 4.2. Therefore, as our technical arguments are extremely long, we
provide rigourous results only for the second term, see Theorem 4.4 below.
For the third term, it can be readily deduced from Theorem 4.2 that FpT0 ´ FT “
OP pn´1{2 hα´1{2 ` hm`1 q. Regarding the first term, by combining arguments similar to those
used in our proof of Theorems 4.2 and 4.4, it can be proved that FrT ptq ´ Fr0 ptq “ OP tan p1 `
T

´1{2

bn qu, where an “ n

log n h´α`1
β

hβm`1 ,

`
which also appears in Theorem 4.2, is a factor
r and bn “ n´1{2 plog nq1{2 h´3α ` hγ´2α ` Ip2α “ γq| log h|
induced by the estimation of β by β,
arises because of the estimation of φU by φrU , see also Theorem 4.4 below. Finally, to study
the second term on the right hand side of (4.1), we need the following additional conditions.
Assumption B
(B1) There exist two constants R ą 0 and δ P p0, 1q such that, for all x ą R, Pp|U11 ´ U12 | ą
xq ď plog xq´1{δ .
(B2) limnÑ8 h log n ă 8 and limnÑ8 n1{2 plog nq´1{2 h2α “ 8 , with α as in (A1).
1

(B3) 0 ă τn ă hα`δ for some δ 1 ą 0, with α as in (A1).
Assumption (B1) is used to obtain an almost sure bound on the difference between φrU and
φU , and is satisfied whenever Ep|U |δ q ă 8 for some δ ą 0, which is arguably not very
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restrictive. Assumption (B2) is similar to Assumption (iv) in Theorem 3.1 of Delaigle et
al. (2008).
The next theorem establishes asymptotic properties for the second term on the right
hand side of (4.1). See the Supplementary Material Section E for a proof.
Theorem 4.4. Assume that β1 ‰ 0. Under Conditions (A1) to (A8) and (B1) to (B3),
there exists a constant η ą 0 such that for any t P R` and sufficiently large n,
2p
ÿ
ˇ 0
ˇ
ˇFrT ptq ´ FpT0 ptqˇ ď η
Ip|aj | ă 8qH ´2 paj qn´1{2 plog nq1{2
β

j“1

(
ˆ 1 ` n´1{2 plog nq1{2 h´3α ` hγ´2α ` Ip2α “ γq| log h| a.s.
Combining this theorem with the discussion provided above, we deduce that
”
FrT ptq ´ FT ptq “ OP

´1{2

an ` n

1{2

plog nq

(

ı
p1 ` bn q ` OP pn´1{2 hα´1{2 ` hm`1 q

where an “ n´1{2 log n h´α`1
` hm`1
and bn “ n´1{2 plog nq1{2 h´3α ` hγ´2α ` Ip2α “ γq| log h|.
β
β
For comparison, in the case where fU is known in Theorem 4.2 we established that FpT ptq ´
`
˘
FT ptq “ OP pan q ` OP n´1{2 h´α`1{2 ` hm`1 . Thus, estimating fU causes extra error terms
of order n´1{2 plog nq1{2 and bn .

5
5.1

Numerical aspects
Bandwidth selection when fU is known

In the case where fU is known, we need to choose two bandwidths, h and hβ . The bandwidth
hβ is less important than h because it is used in auxiliary step, where we compute an
Ăij
estimator of g used only to estimate β. Now g and the density f Ă
of the data W
Wjk |Wjk ą0

for which Wij ą 0 are related via the equation
ż
fW
Ăjk |Wjk ą0 pvq “

ż
fW
Ăij |Wij ą0,Xi “x pvqHβ pxqfX pxq dx{pW` “
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fU pv ´ xqgpxq dx{pW` .

Therefore, the density obtained by deconvolving fW
Ăjk |Wjk ą0 from fU equals g{pW` , which suggests taking hβ equal to the deconvolution plug-in bandwidth of Delaigle and Gijbels (2002,
Ăij ’s for which Wij ą 0. Following the discussion under Theo2004) computed from the W
rem 4.2, we could multiply this bandwidth by a negative power of n so that hβ “ ophq, but
we found this to be unnecessary in practice.
Once we have obtained our estimator βp of β computed using hβ , we need to compute h
used by our estimator FpT of FT . We propose to use a SIMEX (Simulation Extrapolation)
procedure of the type proposed by Delaigle and Hall (2008), as follows. First, if we knew
ş
FT , we could choose h so as to minimise DpFpT , FT q ” |FpT ptq ´ FT ptq| dFT ptq. Instead, the
SIMEX approach consists in simulating two levels of data, SIMEX 1 and SIMEX 2, that are
even more contaminated than the original data, and extrapolate from there the bandwidth
that minimises DpFpT , FT q.
Ăk,ij , Tk,i q which contain k
At the SIMEX k level, for k “ 1, 2, we create data pWk,ij , W
Ăij , Ti q’s. Using the notation
additional levels of measurement errors compared to the pWij , W
W0,ij “ Wij , at the SIMEX k level (k “ 1, 2), for i “ 1, . . . , n and j “ 1, . . . , J we proceed
as follows. First, generate Uk,ij „ fU . If Wk´1,i1 ą 0, take Tk,i “ Hβ pWk´1,i1 q ph´1 ˚
Ăk,ij “ W
Ăk´1,i1 ` Uk,ij and Wk,ij “ h´1 pW
Ăk,ij q; do not define Tk,i , W
Ăk,ij and
fU qpWk´1,i1 q and W
Ăk,1j , . . . , W
Ăk,n j and Wk,1j , . . . , Wk,n j ,
Wk,ij otherwise. Relabel these data as Tk,1 , . . . , Tk,nk , W
k
k
Ăk´1,i1 q, set
where nk is the number of nonzero Wk´1,i1 ’s. Then, with probability 1 ´ H p pW
β

Wk,ij to zero.
For k “ 1, 2, in SIMEX, the distribution FTk of the Tk,i plays the role of FT , and we
observe the Tk,i . Therefore, in addition to computing our estimator FpT of FT using the
k

k

method from Section 3.2 applied to the Wk,ij , we can also compute FpTk ,emp , the empirical
distribution function of the Tk,i ’s. The latter is a better estimator than the former, so that we
ş
p k pFpT , FpT ,emp q “
can reasonably approximate DpFpTk , FTk q “ |FpTk ptq ´ FTk ptq| dFTk ptq by D
k
k
ř
´1
p
p
n
i |FTk ,emp pTk,i q ´ FTk pTk,i q|. Therefore, we can choose the bandwidth hk for estimating
pk.
FT by minimising D
k

As the SIMEX data were constructed from the original data using the same measurement
Ăij ’s to the Xi ’s, then paraphrasing Delaigle and
error structure as that which relates the W
Ă2,ij measures W
Ă1,ij and W
Ă1,ij measures W
Ăij in the same way as W
Ăij measures
Hall (2008), W
Xi . As in Delaigle and Hall (2008), this suggests that the relationship between h2 and h1
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mimics that between h1 and h, in the sense that h2 {h1 « h1 {h. This motivates us to choose
our bandwidth for computing FpT as h “ h21 {h2 . As pointed by Delaigle and Hall (2008),
this approach is too variable because the bandwidths hk depends on the particular SIMEX
sample that has been generated. Like them, to stabilise the procedure, at both SIMEX levels
we generate several, B say, SIMEX samples, and choose hk that minimises the average of
p k pFpT , FpT ,emp q. In our simulations we took B “ 20.
the resulting B distances D
k

5.2

k

Implementation when fU is unknown

In the case where fU is unknown and is estimated nonparametrically as in Section 3.3,
we need to select three additional parameters: a ridge function ρ, a threshold τn and the
bandwidth hU used to compute fpU . The ridge and τn are needed only to avoid using φpU
when it is too close to zero. In standard deconvolution problems considered in Delaigle et
al. (2008), Delaigle and Meister (2008) and Delaigle and Hall (2016), these authors argued
that we can take ρ equal to the characteristic function of a Laplace random variable with
variance equal to the empirical variance of U , and we follow their recommendation. In their
case they take τn equal to φpU pt˚ q, where t˚ is the smallest t ą 0 at which φpU ptq has a local
minimum, but often this t˚ is too large. We refine their approach by taking t˚ equal to
the smallest t ą 0 at which φpU ptq reaches its largest local maximum. This intuition is that
outside its main body, the wiggles of φpU correspond to pure noise, and anything smaller that
the largest of those wiggles should correspond to noise.
To choose hU , recall that this bandwidth is used by our estimator fpU computed from
ri „ fU ˚ fU , where the U
ri ’s denote the sample of W
Ăjk ´ W
Ăjk1 | Wjk ą 0, Wjk1 ą 0’s.
data U
Since our goal is to estimate h´1 ˚ fU , if we knew fU we would choose hU that minimises the
ş
integrated squared error ISE “ th´1 ˚ fpU pxq ´ h´1 ˚ fU pxqu2 dx, but we do not know fU and
so instead, we use a SIMEX procedure.
For this, consider estimating fU,1 “ fU ˚ fU and fU,2 “ fU,1 ˚ fU,1 , using the version
ri,2 „ fU,2 and U
ri,3 „ fU,2 ˚ fU,2 . Here, U
ri,2 and
of our estimator fpU applied to data U
ri,3 can be obtained by taking the sum of, respectively, four and eight independent U
ri ’s
U
ri ’s. We can also construct errorobtained by drawing randomly with replacement from the U
ri,2 „ fU,2 and U
ri,1 „ fU,1 , where the latter are obtained by taking the sum
free data U
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ri ’s. Using those error-free data, we can also compute the standard
of two independent U
kernel density estimators fpU,1,EF and fpU,2,EF of fU,1 and fU,2 . Since these converge faster
to fU,1 and fU,2 than our deconvolution estimator, this suggests that, for k “ 1, 2, we
can choose the bandwidth hU,k used to compute fpU,k by the value that minimises ISEk “
ş ´1
th ˚ fpU,k pxq ´ h´1 ˚ fpU,k,EF pxqu2 dx. Then, since the relation between fU1 and fU2 mimics
that between fU and fU1 , this motivates us to assume that hU {hU,1 « hU,1 {hU,2 and take
hU “ h2U,1 {hU,2 . As in Section 5.1, we reduce the variability of the procedure by generating
B “ 20 such samples and taking hU,k that minimises the average of the resulting B ISEk ’s.
We also need to choose h as in Section 5.1, but here we cannot use exactly the same
SIMEX approach as there since fU is unknown. To overcome this difficulty, for k “ 1, 2,
instead of generating Uk,ij „ fU , we generate U1,ij and U2,ij by drawing with replacement
?
from, respectively, the pWi1 ´ Wi2 q{ 2’s for which Wi1 and Wi2 are non zero, and the
pWi1 ´ Wi2 ` Wj1 ´ Wj2 q{2’s for which Wi1 ,Wi2 , Wj1 and Wj2 are non zero, which is an
?
approximate way of taking U1,ij „ fU ˚ fU p 2¨q and U2,ij „ fU ˚ fU ˚ fU ˚ fU p2¨q. Since Uij
?
and the Uk,ij ’s all have the same variance, then the relationship between fU and fU ˚ fU p 2¨q
?
is mimicked by that between fU ˚ fU p 2¨q and fU ˚ fU ˚ fU ˚ fU p2¨q. Alternatively we could
generate data from fpU but this is time consuming.
Finally, we note that in most cases the estimator FrT of FT obtained from the estimator
of IT at (3.19) works better than the one obtained by the formula at (3.15) adapted to the
unknown error case as discussed in section 3.3, call it FrT,2 . However in some cases FrT ptq
gets larger than 1 for some t’s, and in that case we use FrT,2 , unless it too gets larger than 1
and does so for smaller values of t than FrT ptq, in which case we replace FrT ptq ą 1 by 1. We
found this approach worked better than simply replacing FrT ptq ą 1 by 1. Likewise, in some
cases FrT ptq stays away from 1 as t increases, and in that case to we use FrT,2 .

5.3

Monotonizing the estimator

While our estimators of FT are consistent, as usual in deconvolution problems, in finite sample
they are not guaranteed to be non decreasing functions of t. (In finite samples, standard
deconvolution kernel density estimators are not guaranteed to be positive everywhere and so
their corresponding distribution function is not guaranteed to be monotone). They can be

22

made monotone using procedures that exist in the literature. For example, applied to our
context, the technique of Dette et al. (2006) monotonizes, on an interval ra, bs, an estimator
F̌T (for example FrT or FpT ) of FT as follows.
p´1q

Let V “ FT pU q, where U „ U ra, bs and let fV , FV and FT

denote, respectively, the

density of V , the distribution function of V and the inverse of FT . Then for v P rFT paq, FT pbqs,
şv
p´1q
we can write FT pvq “ a ` pb ´ aq FT paq fV pxq dx. Thus, to obtain an increasing estimator
p´1q

of FT

pvq for v P rFT paq, FT pbqs, we can take
żv
p´1q
F̌T pvq

fˆV pxq dx ,

“ a ` pb ´ aq
F̌T paq

where fˆV is a positive estimator of fV constructed from a sample V1 , . . . , VN , with Vj “
F̌T pUj q and Uj „ U ra, bs, for j “ 1, . . . , N . We obtain an increasing estimator of FT on ra, bs
p´1q

by numerically inverting F̌T

.

Since fV is compactly supported and may have jumps at a and b, instead of taking
fˆV to be a standard kernel density estimator, we use the probit transformed version of
Geenens (2014) which is designed for this type of density. We used the R code provided by
the author, with the least square cross-validation bandwidth suggested there. For a and b,
we take ra, bs to be the interval where we are seeking to estimate F (in our case this is the
interval used in the figures). However, in the case where fU is unknown, FrT is sometimes
flat on an interval near zero (recall that T ě 0), partly because we set FrT to zero if it takes
negative values. In that case, to avoid introducing significant bias using the monotization
procedure, we take a to be the smallest number such that FrT is not flat.

5.4

Simulations

We applied our method to data from the following four models, where in each case we took
H to be the logistic function and h to be the log transform, as these are the commonly used
in applications:
(i) Xi „ χ2 p10q, Uij „ N p0, σ 2 q and (a): β “ p´5, 1.5qT or (b): β “ p´5, 1qT ;
(ii) Xi „ N p´2, 2q, Uij „ N p0, σ 2 q, and (a): β “ p3, 0.3qT or (b): β “ p1.6, 0.3qT ;
(iii) Xi „ N p´2, 2q, Uij „ Laplacepσq, and (a): β “ p3, 0.3qT or (b): β “ p1.6, 0.3qT ;
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Table 1: Simulation results. For each estimator FpT and FrT , each model (denoted by M in
the table) and each noise to signal ratio NSR, the numbers show 103 ˆ median [first decile,
ninth decile] of 200 values of the IWAD.
M NSR
(i)(a) 10%
25%
(i)(b) 10%
25%
(ii)(a) 10%
25%
(ii)(b) 10%
25%
(iii)(a) 10%
25%
(iii)(b) 10%
25%
(iv)(a) 10%
25%
(iv)(b) 10%
25%

fU known, estimator FpT
n “ 100
n “ 250
n “ 500
28.6[14.7,52.9] 18.3[9.9,42.2] 14.3[8.2,27.7]
34.5[16.1,65.4] 23.4[13.6,35.7] 19.5[10.6,29.0]
30.6[16.6,55.7] 20.1[10.2,43.0] 16.2[9.4,46.6]
32.4[16.5,60.2] 25.5[14.5,39.9] 18.9[12.3,28.5]
31.0[16.0,64.6] 19.6[9.2,61.7] 12.4[6.9,25.4]
31.0[16.7,62.2] 20.4[11.1,38.6] 14.4[7.5,32.8]
32.6[14.1,58.0] 19.0[8.9,46.3] 15.5[7.8,28.6]
34.2[18.2,64.6] 23.5[12.8,40.1] 18.8[9.6,41.0]
28.5[13.9,57.2] 17.6[9.4,32.3] 13.6[7.8,22.5]
27.7[14.5,52.6] 19.3[9.8,33.5] 13.9[7.0,25.1]
31.9[16.9,61.4] 20.6[10.8,35.5] 14.5[8.2,25.2]
34.8[16.9,60.0] 21.6[11.0,37.4] 14.6[9.3,25.9]
34.3[21.2,57.8] 21.9[13.2,39.7] 16.7[9.5,29.6]
36.9[23.7,61.9] 27.1[19.9,39.9] 22.3[16.9,30.0]
31.8[19.3,57.0] 23.5[13.1,46.4] 18.5[11.5,37.2]
37.3[24.2,60.0] 27.7[19.6,41.5] 24.2[16.6,32.5]

fU unknown, estimator FrT
n “ 100
n “ 250
n “ 500
37.3[16.2,98.0] 25.3[12.3,49.2] 19.2[10.1,37.3]
46.6[20.9,95.0] 32.7[14.2,68.3] 24.3[12.8,47.7]
50.8[23.6,106] 48.5[17.7,102] 37.8[14.8,77.7]
53.9[25.5,113] 36.1[16.2,85.3] 29.8[14.7,65.1]
33.1[16.8,68.1] 23.1[11.9,45.1] 16.1[7.6,38.5]
37.3[17.8,82.2] 23.6[12.4,56.0] 18.8[9.5,40.5]
38.4[20.7,72.4] 25.8[12.9,50.1] 19.9[9.7,38.6]
37.9[19.1,82.8] 25.1[10.8,53.1] 20.9[10.5,40.5]
32.4[15.2,64.0] 20.4[11.4,37.7] 14.8[8.2,25.8]
35.1[18.5,73.6] 22.2[10.8,49.9] 16.4[9.0,35.2]
34.9[19.7,72.1] 27.8[12.4,53.5] 22.9[9.9,47.7]
36.7[17.7,76.2] 26.7[12.6,53.1] 21.2[10.7,44.2]
33.8[17.8,74.5] 22.6[13.0,42.0] 19.1[10.6,33.2]
47.2[26.0,89.9] 33.9[18.8,58.7] 25.2[14.4,44.2]
37.8[21.2,66.4] 23.9[13.9,40.1] 19.2[11.4,33.4]
45.2[23.5,108] 33.4[22.0,56.7] 26.5[16.1,40.2]

(iv) Xi „ 0.3N p´3, 1q ` 0.7N p3, 1q, Uij „ N p0, σ 2 q, and (a): β “ p3, 0.7qT or (b): β “
p2, 0.7qT . For each model, PpWij ą 0q is larger in case (a) than in case (b), so that we can
expect FT to be easier to estimate in case (a) than in case (b) as we effectively have more
data to compute our semiparametric estimators.

In each case, for j “ 1, 2, and i “ 1, . . . , n, we set Wij to zero with probability Hβ pXi q.
Ăij “ Xi ` Uij , where Uij was independent of Xi , and where we
For Wij ‰ 0 we took W
took the parameter σ from the distribution of Uij such that the noise to signal ratio NSR “
varpU q{varpXq was equal to 10% or 25%. For each configuration, we generated 200 samples
of size n equal to 100, 250 or 500.
In each case, we applied our method assuming that the error density was known, where
we used the estimator FpT at (3.16), or assuming that the error density was unknown, where
we used the estimator FrT at (3.22) combined with the monotonization procedure from section 5.3. We also computed a naive estimator FpT,naive of FT obtained by computing the
empirical characteristic function of the hpW̄i q’s, where W̄i “ pWi1 ` Wi2 q{2, pretending that,
when averaged, the Wij ’s can be treated as the Xi ’s. Finally, we computed a parametric
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Table 2: Simulation results for FpT,naive and for the parametric estimator which assumes that
Ă |W ą 0 „ N pµW , σ 2 q. For each model (denoted by M in the table) and each noise to
W
W
signal ratio NSR, the numbers show 103 ˆ median [first decile, ninth decile] of 200 values of
the IWAD.
M NSR
(i)(a) 10%
25%
(i)(b) 10%
25%
(ii)(a) 10%
25%
(ii)(b) 10%
25%
(iii)(a) 10%
25%
(iii)(b) 10%
25%
(iv)(a) 10%
25%
(iv)(b) 10%
25%

n “ 100
65.2[31.7,107]
152[111,195]
72.4[38.8,114]
150[111,194]
49.4[28.1,83.6]
35.8[21.4,66.1]
160[134,186]
139[112,167]
51.0[28.5,75.3]
33.5[21.0,53.0]
162[135,184]
138[109,160]
54.0[35.1,78.6]
86.7[60.2,112]
69.9[52.9,96.4]
101[76.6,126]

FpT,naive
n “ 250
67.1[44.0,91.2]
156[133,180]
74.5[50.4,99.5]
155[132,179]
46.8[28.8,63.5]
30.7[16.9,46.1]
158[141,175]
137[120,154]
44.7[31.5,65.4]
26.4[17.4,43.6]
157[142,173]
132[117,149]
53.1[40.8,68.9]
85.2[70.7,103]
71.8[58.2,88.1]
102[88.7,118]

n “ 500
66.5[53.6,84.9]
156[141,173]
73.9[59.3,92.0]
155[139,173]
45.3[31.3,58.3]
27.4[18.4,38.4]
158[147,168]
137[126,147]
44.5[33.2,57.2]
25.0[17.4,35.0]
157[146,168]
133[123,143]
54.5[42.5,67.1]
85.6[72.8,97.4]
72.2[60.3,84.9]
103[91.2,115]

Parametric estimator
n “ 100
n “ 250
n “ 500
38.7[24.0,69.5] 35.1[23.6,53.4] 34.7[26.6,47.8]
40.2[23.5,7.0] 35.3[23.6,54.4] 34.9[26.3,48.2]
41.7[25.6,66.7] 36.7[26.5,54.2] 36.7[28.7,48.5]
41.1[26.1,66.8] 36.6[26.3,53.8] 37.0[27.9,48.8]
23.6[8.8,42.9] 14.8[5.8,31.6] 10.0[4.2,20.7]
25.1[9.9,43.6] 15.8[6.3,31.8] 10.0[4.5,20.7]
28.9[11.1,53.2] 16.5[7.5,35.2] 12.4[5.1,23.6]
30.3[11.1,54.3] 17.4[7.7,34.4] 12.2[4.7,23.7]
21.6[9.5,47.3] 14.2[5.1,30.7] 9.6[3.9,20.8]
22.8[9.2,48.8] 15.1[5.2,31.5] 9.7[4.0,20.4]
24.5[10.9,52.5] 17.2[7.2,31.9] 11.6[5.3,24.7]
24.6[12.1,53.4] 17.9[7.8,34.1] 13.0[5.1,25.4]
42.5[31.5,67.6] 42.1[33.8,54.5] 40.1[34.4,48.2]
43.5[32.5,64.8] 40.8[33.7,53.5] 39.7[34.4,47.8]
40.0[27.0,66.3] 36.5[27.4,49.9] 33.9[27.9,42.2]
41.7[28.1,64.6] 36.4[27.9,49.5] 33.6[27.9,42.0]

estimator of FT where in (3.10) we estimated φW` by pW` times the characteristic function
Ă |W ą 0 (see equation above (3.10)) assuming that W
Ă |W ą 0 „ N pµW , σ 2 q with µW
of W
W

and σW estimated by the empirical mean and variance, and with fU correctly specified. This
parametric assumption is correct for models (ii) and (iii) but it is incorrect for models (i)
and (iv).
To assess the performance of our procedures, for each of the 200 generated samples for
each combination of model, n, NSR and β, and for each of FpT , FpT,naive and FrT denoted
here generically by Fp, we computed the integrated weighted absolute deviation IWADpFpq “
ş
|Fpptq ´ FT ptq|fT ptq dt. For each estimator and each configuration, we obtained 200 values
of IWAD of which we computed the first, fifth and ninth deciles. The results, reported
in Table 1 for FpT and FrT and in Table 2 for FpT,naive and the parametric estimator, show
clearly that the naive estimator performs very poorly, and so will not be considered for
the rest of this section. Unsurprisingly, the results also show that in models (ii) and (iii)
where the parametric normality assumption is correct, the parametric estimator outperforms
our estimator, although the latter performs reasonably well. However, in models (i) and
(iv) where this parametric assumption is incorrect, our semiparametric estimator performs
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Figure 1: Here IWAD stands for the integrated weighted absolute deviation defined in the
text, and NSR stands for the noise to signal ratio defined in the text. Estimated curves
corresponding to the first, fifth and ninth deciles of the IWAD of the estimator FrT at (3.22)
(first two columns) or FpT at (3.16) (third column) computed from 200 samples of size n “ 250
from model (i)(a) (first row) and (i)(b) (second row), when the error density is unknown
and NSR=10% (first column) or NSR=25% (second column), or when the error density is
known and NSR=25% (third column). The solid line shows the true FT .

significantly better than the parametric one, even though in those cases the measurement
error is normally distributed.
To assess visually the quality of our procedures, for each configuration and each of FpT
and FrT , we also plotted the estimated curves corresponding to the three samples that gave
the first, fifth and ninth deciles of the IWAD; in the graphs we refer to them as q0.1 , q0.5 and
q0.9 . In the figures, to increase visibility, we plot logpt ` 1q versus FT ptq. In Figure 1 we show
these curves for model (i)(a) and (i)(b) and n “ 250 in the case where the error density is
known and we use the estimator FpT , and in case the error density is unknown and we use
the estimator FrT . Together with the table, this figure illustrates without any surprise that
estimating FT is easier when fU is known than when it needs to be estimated, but that our
estimation procedure works well even when fU needs to be estimated. Together with the
table, this figure also illustrates the fact that estimating FT is easier when the proportion of
Wij ’s taking the value zero is lower and when the NRS is lower.
In Figure 2 we compare the estimated curves for models (ii)(b) and (iii)(b) and for
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Figure 2: Here IWAD stands for the integrated weighted absolute deviation defined in the
text, and NSR stands for the noise to signal ratio defined in the text. Estimated curves
corresponding to the first, fifth and ninth deciles of the IWAD of the estimator FrT at (3.22)
computed from 200 samples from model (ii)(b) when n “ 100 and NSR=10% (first column)
or n “ 100 and NSR=25% (second column) or model (iii)(b) when n “ 100 and NSR=25%
(third column). The solid line shows the true FT .
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Figure 3: Here IWAD stands for the integrated weighted absolute deviation defined in the
text. Estimated curves corresponding to the first, fifth and ninth deciles of the IWAD of the
estimator FpT at (3.16) computed from 200 samples from model (iv)(a) when NSR=25% (first
column) and n “ 100 (first column), n “ 250 (second column) or n “ 500 (third column).
The solid line shows the true FT .

NSR=10% or 25%. Together with the table, the figure illustrates the fact that estimating
FT is easier when the NSR is smaller and when the error density is Laplace, model (iii), than
when it is normal, model (ii), as expected by the theory (normal errors are supersmooth and
cause slower convergence rates). Finally, in Figure 3 we show the estimator FpT for model
(iv)(a) and NSR=25%, for samples of sizes n “ 100, 250 and 500. Together with the table,
this figure illustrates the fact that our estimators improve as sample size n increases.

5.5

Application

We applied our methodology to data from the Eating at America’s Table Study (EATS,
Subar et al., 2001). In this study, n “ 965 participants reported their alcohol intake and
27

1.0

1.0

0.8

0.8

FT(t)

0.6

0.6
FT(t)

0.4

Semiparametric
Parametric

0.0

0.0

0.2

0.2

0.4

Semiparametric
Parametric

0

5

10

15

20

25

0

1

t (usual alcohol intake)

2

3

4

5

6

t (usual fruit intake)

Figure 4: Comparison of our semiparametric estimator FrT at (3.22) and a fully parametric
estimator when T is the usual alcohol (left) or fruit intake (right).

also their total fruit consumption from a 24 hour recall (24HR) on J “ 4 different and
widely spaced days. We took h to be the log transform, and H to be the logistic distribution
function. A significant fraction of the population eats no fruit on any given day, and an even
larger proportion has no alcohol intake on any given day.
We compared our semiparametric estimator of FT for these data with the fully parametric
estimator described in Tooze et al. (2010) and implemented in a SAS program available at
https://epi.grants.cancer.gov/diet/usualintakes/method.html and written by the
U.S. National Cancer Institute (NCI). This estimator relies heavily on the transformed data
and the errors to be both normally distributed. To make the data closer to normal, we
followed common practice in nutritional epidemiology of eliminating or censoring implausibly
small values of the variables. In our analysis, we replaced any such implausibly small intakes
by zero: (a) ă 0.7 grams of alcohol, the equivalent of ă 0.6 ounces of a standard US 5% 12
ounce bottle of beer; and (b) ă 0.30 standard servings of fruit, the equivalent of ă 1{3 of a
medium-sized apple. This resulted in more reasonable parametric estimators.
Although the parametric estimator assumes that the error distribution is normally distributed, in this example, this distribution is actually unknown and so when computing our
estimator, we used the estimator FrT from Section 3.3. Because more than 2 replicates per
individual are available, to estimate β we consider a version of the procedure described in Remark 3.2 adapted to the case where fU is unknown. Specifically, we estimate β by the value
ş
ş
βr “ pβr0 , βr1 qT which satisfies ppW ,W “ H 2 pxqr
g pxq dx and ppW ,W ,W “ H 2 pxqr
g pxq dx,
`

`

β

`

`

`

β

where ppW` ,W` and ppW` ,W` ,W` are defined respectively at (3.8) and in Remark 3.2, and where
gr is a version of gp at (3.12) that uses φrU instead of φpU (see Section 3.3).
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The resulting estimators of FT are shown in Figure 4. In the case of alcohol consumption,
our semiparametric estimator and the existing parametric estimator gave similar results,
which suggests that in that case the normality assumptions are reasonable (a q-q plot analysis
of these data confirmed this: it indicated only moderate departure from normality). However,
for the case of fruit consumption, the two estimators differ significantly, suggesting that in
that case the normality assumption is less reasonable (indeed a q-q plot analysis of the data
indicated more pronounced departure from normality).

Supplementary Material
The Supplementary Material includes technical details and Matlab code for computing our
estimator. We do not have permission to distribute the EATS data set analyzed in this
paper, but it can obtained by the National Cancer Institute (NCI, http://www.cancer.gov/)
by arranging a Data Transfer Agreement with that institution.
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