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A Discretely observed fragments

The data on the left panel of Figure|A1| consist of discretely observed fragments where

the observations are connected by a straight line.
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Figure Al: Left: subsample of 10 discretely observed curve fragments taken from
a sample of size n = 100 of curve fragments X,(t), for t € Z; € Z = [1,100] and
i =1,...,n; the observations (0) are connected by straight lines and the long dotted
lines show the 10 corresponding unobserved full curves. Right: scatterplot of points
(s,t) € T x T where at least one pair (X;(s), X;(t)) is observed, for i =1,...,n.
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B More computational details
B.1 Spline estimator

In this section we show how to compute the spline estimator K used on the diagonal
band § in our simulations and in our real data analysis. Since we will need to refer
both to this estimator and the empirical estimator at , in order to distinguish
them, here we denote the spline estimator by IA(S. As in sections and , we
assume that the data are observed on a discrete grid of points, denoted by Zp =
{T' < Ty <...<Tg} such that [T1,T¢| =Z. Let (s;,t;) for i = 1,..., N denote the

points from Zp X Zp that are in §. The spline estimator K s is obtained by minimising

ﬁ Z [ (sist:) = {B(s:) © B(t:)} '] ‘m(si. 1:)
+A / / [({B@)(s) @ B(t) + B(s) @ B? ()} "¢]” ds dt (B.1)

w.r.t. ¢ € RF* where ® denotes the tensor product operator, B(t) = (Bl(t), e
Bk+4(t))T denotes a set of k + 4 cubic B-splines defined on Z with k£ knots, A > 0 is
a smoothing parameter and m(s,t) was defined below (2.2). Finding a closed form
solution to this minimisation problem is possible but not straightforward because the
domain S has an irregular shape, so that the usual matrix formulations of the spline
estimator do not work. Huang (2019) constructed an analytic solution which can be
computed easily. The smoothing parameters £ and A are chosen by leave-one-curve-

out cross validation.

B.2 [Initial guess

As described in section m, to find the matrix flp = BBT that minimises , we use
an iterative procedure that requires an initial guess. We take it to be the minimiser of
(2.5) without the semi-positive definite constraint, that is, without imposing the form
BBT. Then we turn it into a covariance matrix by truncating its negative eigenvalues

to zero. As in sections[5.2]and we assume that the data are observed on a discrete
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grid of points, denoted by Zp = {1} < Ty < ... < T} such that [T},T¢] = Z. Let
(si,t;) for i =1,..., N denote the points from Zp x Zp that are in S. In this setting,
for a given p, the initial guess is obtained by first computing the matrix flg that

minimises, over RP*P the following discretised version of ([2.5)):

Sp(Ap) = ﬁZ{f{(%ti)—Mp(siatiMp)}Q
Y

G —1) > {K(ti,t:) = My(ti,t: | A,)}" (B.2)

=1

+

Recalling that ® denotes the tensor product operator and letting K =
{IA((sl,tl), e IA((SN,tN)}T, we can express (B.2) as
SP(AP>
where Wp = diag{wp(s1,t1),...,wp(sn,ty)}, with wp(s;,t;) = G if s; = t; and
wp(s;, t;) = 1, otherwise, Up = {¥(s1) @ U(ty),..., U(sy) @ U(ty)}T € RN with
U(t) = (¢alt),... ,¢p(t))T and where a, = (a11,a12, . - ., a,,)" denotes the vectorised
A,. Denoting the vectorisation operator by vec(-), we have
vee(AY) = (WEWp¥p) " WEWHK . (B.3)
Then, we compute the eigenvalues and eigenvectors of Ag and take our initial
guess to be Bpgf?go, where B,y = A2, with T the matrix whose columns are the
p eigenvectors of flg and A the diagonal matrix of eigenvalues of flg arranged in the
same order as those eigenvectors, but replacing the negative eigenvalues by zero.
Note that for a given p, Up € R¥N*?* and Wp € R¥*N so that the matrix

EWp¥p € RPP is of rank min{N,p?}. Therefore, in order to ensure that

\IJTDWD\IJD is invertible, we need to take p < /' N.

C Proofs of main theorems
C.1 Proof of Theorem [1

Proof of part a): We prove this result by induction. Consider an arbitrary continuous
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covariance function L defined on Sy satisfying L(t,s) = K(t,s) for all (t,s) € S. Let
Cg:=0, C7 :=20¢€1, and C5 := D;C5_; + 20¢¢; for j =2,...,Q.
Since Jy X Jy C S, the assertion holds for j = 0 since, for 7 = 0, we have
sup |L(t,s) — K(t,s)| < g Cr. (C.1)
(t,s)eUl_o JexUl_o Ji =0,---

Next, assuming that holds for some j € {0,1,...,Q — 1}, we need to prove
that it also holds when replacing j by 7+ 1. Under the conditions of the theorem, for
J + 1 we assume that there exists j* € {0,...,j} with (J;» U Jj41) X (J;» U Jj11) C S
such that the values of X (t), for t € J;44, are linearly (Dj1, €;41)-predictable from
X7i*. Using the notation X*(t) = X (t) — u(t), this means that we assume that there

exists a measurable function ¢,(s) such that sup,c; ., fJ* l(s)|ds < Djyyq,
X*(t) = gt(S)X*(S) d$+Z(t), te Jj+1,
T3
and Var{Z(t)} = E[{X*(t) fJ l(s s)ds}?] < €5,,. This can be expressed in

terms of the covariance function as follows:

‘K(t, £) -2

(o) K (u, ) du + / L) () K (u,v) dude] < €, (C2)

T e T
for all t € Jj44.

Now, let X € Lo(Z) denote a process with mean zero and covariance function
equal to L(t,s). Since L(t,s) = K(t, 5) for all t,s € Jj» U Jjx, implies that for

all t € J;41, we have E[{X(t) fJ ()X (s) ds}?] < €5,,, and hence
X(t) = / 0,(s)X (s) ds + Z(t),
T
where Z(t) is a zero mean random variable with Var{Z(t)} = Var{Z(t)} < €

Therefore, for all s € Ui:o Jir and for all ¢ € J;;; the Cauchy-Schwarz inequality
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together with lead to
K (t5) = Lt,8)| = [E{X"(£)X"(5)} — B{X (D)X (s)}]

_ ' E[{ ()X (u) du + Z(t)}X*@)] - E{{ ) X (w) du + Z(t) } X (s)”

= ) /J C(uw){K (u,s) — L(u,s)} du+ E{Z(t)X*(s)} — E{Z(t))?(s)}‘
K(u,s) — L(u, s)

ly(u)
/Jj* SUD () ety JexUly Je |L(v,w) — K(v,w)|
< DjnC5 +200€541 = C5 1y,

€
<

where the last inequality follows from the fact that [, [¢;(u)|du < D;q and J;» C
o Jr. Recall that J;;; x Jj;1 C S and thus K(t,s) = L(t,s) for all (t,s) €
Jijt1 x Jj41. Combining these results with (C.1)), we deduce that
sup |L(t,s) — K(t,s)] < max Cj.
(t) UG T UL K0t

We conclude that ((C.1]) holds for 7 =0, ..., Q, which proves (3.4) because C§ = 0.

Proof of part b): Select an arbitrary > 0. By assumption there exists eg < §/(20)
such that for some 0 < Dg < oo and some j* € {0,...,Q — 1} with (J;- U Jg) x
(Jj» U Jg) C S, the values of X(t), for t € Jg, are linearly (Dg, €g)-predictable from

X7, Similarly, for any j = Q —1,...,1 there exists

J J J }
2(907 2@0Dj+1 T 2(“)0Dj+1 ot DQ
such that for some 0 < D; < oo and some j* € {0,...,7 — 1} with (J;« U J;) x (J;+ U

€ < maX{

J;) C S, the values of X (t), for t € J;, are linearly (D;, ¢;)-predictable from X7~ It
follows from (3.4)) that sup( 4es, |L(t,s) — K(t,5)] < Q4. Since ¢ is arbitrary, this

proves the result.

C.2 Proof of Theorem [2

The next proposition will be useful to prove the theorem. It states that, on the

observed domain S and on its diagonal, as long as the number p of basis functions
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is sufficiently large, the rate of convergence of the empirical covariance estimator K
is preserved by our estimator f(p at (2.6)), where flp is the coefficient matrix that
minimises S,(A,) at (2.5). Its proof can be found in section [D.4]

Proposition 3. Assume that (4.1)) holds. Then, as n — oo, there exists a sequence
p(n) with p(n) — oo such that for p > p(n)

/S (B, — K)? = 0,(n"") (C.3)
and
/ (K, (t,t) — K(t,0)}" dt = O,(n™") (C.4)

Proof of Theorem[3 Proof of b): By the Cauchy-Schwarz inequality, using Proposi-
tionwe have fs |[?p — K} = Op(n™"/?). Since Jy x Jy C S, for j = 0 we have

\[?p(t,s) — K(t,s)] < maxp,.;C; + Ri(t,s) for all (t,s) € (C.5)

.....

Ui—o Jk X Ui—y Jk, where the measurable random function RJ satisfies
Ul sexUl_ gy B (L 8)| dtds = Op(n="/?).

The proof now proceeds by induction. We will show that if holds for some
j€40,1,...,Q — 1}, then the inequality remains valid when replacing j by j + 1.

Therefore, assume that holds for some j € {0,1,...,Q —1}. By assumption,
there exists j* € {0,..., 5} with (Jj UJ;41) X (J;+UJj41) C S such that the values of
X (t) for t € Jj;; are linearly (Djy1, €;41)-predictable from X“*. Using the notation
X*(t) = X(t) — u(t) for all t € Z, this means that there exists an integrable function

l(u) such that L,q, := SUDye s, 1 e, l(u)] < oo,
X*(t) = ) ()X (s)ds+ Z(t), teJin
and Var{Z(t )} E{X*(t) fJ li(s s)ds}?] < €.
Using ((C.2)) we deduce that
‘K (t,t) —2/ li(u utdu—i—/ J (), () Ky (u, v) du do

<e]+1—|—R (1) (C.6)
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for all t € Jj;1, where

RI () =|K,(t, t) — K(t,t)| +2 Co(w) { Kp(u, t) — K (u,t)} du
Jj*

+ ‘ /j* /j* Zt(uwt(v){f(p(u,v) — K(u,v)} du dvl| .

By the Cauchy-Schwarz inequality, using Proposition [3| we also have fI !I?p(t,t) —

K(t,t)|dt = Op(n="/?). Since {;(u) is uniformly bounded, which implies bounds
such as [ [, [, (), (0) { Kp(u,v) — K(u,v)} dudv < Lypg, Iy Iy K, (u,v) —

K (u,v)|dudv, we deduce that
/ R, () dt = Op(n~""%). (7)

Jj+1

By definition, }?p is a well-defined covariance function, and the corresponding
covariance operator has at most p nonzero eigenvalues 01, ... ,ép and correspond-
ing eigenfunctions q@l, e ,ép. Given the estimate I?p, let ¢i,...,(, be independent
random variables with (; ~ N (O,éj)7 j = 1,...,p, and define the stochastic pro-
cess X’() = >0 L (0;(t) for t € Z. We then obtain that E{)?(t)H?p} = 0 and

B{X(t)X |K} z 0,0;(t) ()_f<< s)forallt,s e .
Letting Z( fJ (;(s)X (s)ds, t € I, we deduce from (C.6) that
Var{Z (t |Kp} =zZin <y + }Nzﬁn(t) (C.8)

for all t € J;41. Now, similarly as in the proof of Theorem [I] we have

K () = Kylt,s)| = !E{X*() “(s)} = E{X ()X ()| 15, }

- | / C(){K (u, 5) = K, (u, 5)} du+ E{Z()X*(s)} = E{Z(t)X (s)|I,}|  (C.9)

forall t € J;4; and s € Uk:o Ji.. Next we bound each of those terms separately.

For the third one we have
BEZOX I < [VarZ©IE)] " [Var(Z)E,)]"

N ~ 1/2 ) . 1/2
<{O3+ 1Ky (s.5) - Ks, )} {2+ RLL(0)}
< Og€jp1 + }N%qj@,Q(ta s),
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where
/ / J(t, )| ds dt = Op(n"/?) (C.10)
Jjt1

Similarly, for the second term we have

J
|E{Z(t)X"(s)}] < Opejp1, tE€ Ty, s€ |, (C.11)

k=0

while Jj« C Ui:o Ji. Finally, for the first term, using (C.5)) we have

’/*& K (u,s) — (u s }du’ < /,* L(u){C5 + |R (u, s)|} du

< Dj.C5 + Lmax/ |R7 (u, s)| du (C.12)

Jj*

forallt € Jj41 and s € Ui:o Jr. Combing the bounds for the three terms, we deduce
that holds for j + 1 and with ¢ € J;;, and s € JL_, Ji

Moreover, using Proposition (3| and the fact that J;;1 x Jj11 C 8, we have
ij+1ij+1 K — K,| = Op(n~"/?). We deduce from (C.9)(C.12) that, with Cspy =
Dj1C5 + 200641,

|K,(t,s) — K(t,s)| < (max G+ Rt 5)

holds for all (t,s) € (114 Ji x U124 Ji, where the measurable random functions R/

satisfies fU]“ |RiF(t, )| dt ds = Op(n~"/?). Since Q is fixed, this proves

JkXUij_lO Jk,

the result.

Proof of a): The proof proceeds by induction. First, since Jy x Jy C S, for j = 0 we

have
/ _ A |l?p(t, s) — K(t,s)|dtds = Op(n~"/?). (C.13)
Us=o JxxUi=o

Then we show that if (C.13]) holds for some j € {0,1,...,Q — 1}, then the inequality

remains valid when replacing 7 by j + 1.
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Therefore, assume that (C.13]) holds for some j € {0,1,...,Q—1} and recall that,
by assumption, there exists some j* € {0, ..., j} such that (J;»UJj41) X (Jj»UJj4q) C
S. Since we have assumed that, for t € Z, X (t) is (D;«, 0)-predictable from X7,

there exists a measurable function ¢;(u) such that Ly = supiez e, [€:(u)] < oo
and for which, if we let X* = X — u, we have
X*(t) :/ l(s)X*(s)ds, teT. (C.14)

As in the proof of part b), define let X be a process satisfying E{)N((t)|[~(p} =
0 and E{X |K} = K (t,s), t,s € I, and for t € I, let Z(t) = X(t) —
[, b(s)X X (s)ds. Usmg with €;41 = 0 we get, for t € Jj4q,
Var{Z(t)|K,} = R}, ,(t) with / |R) ()| dt = Op(n™"/?). (C.15)
Jj+1
Now by (C.14), (C.13), and the fact that fi,; |Kp(s,s) — K(s,s)|ds zlop(n—*@ﬂ),
the same type of arguments can be applied to show that also for s € (J;_, Ji there

exists a measurable random function éili,)(s) with

Var{Z(s)|K,} = R ,(t) with / R ()] dt = Op(n™"/?). (C.16)
=0 Tk
Since, under our assumptions, 0 = Z(t) = —f Ty li(u) X*(u) du for every

t€Z, then forall t € J;4; and s € Ui;:o Ji the equahty at - becomes

[K(t,5) — K,(t,s)] = ‘/J G(W){K (u, s) — Kp(u, s)} du

—E{Z(t)/ 6. X () du| K, } — E{Z(1)Z (C.17)

Next we bound those three terms. For the second one, using again the fact that
0=2() = fJ ;(w)X*(u) du, we have 0 = E{Z(t) £(u) “(u)du} =
[ C(u)K (u,t) du — fJ fJ ft (v)K (u,v) du dv. Therefore

E{Z(t)/J &(u))?(u)dulffp}

5%

— [ LR, () - ut}du—/ / ()l (0) [y (,0) — K (u, 0)} du do.

Jjx
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Consequently, using Proposition 3| and the fact that (J;= U Jj11) x (Jj+ U Jjq) C S,

uniform boundedness of ¢;(u) and ¢s(u) implies that

/ / E{Z t)/ ly(u) X (u) du‘f(p} dsdt = Op(n~"/?) (C.18)
Jiv1 JUL_g Ik I
/ / (){K (1,5) — Kyl )} du| ds dt = Op(n™). (C.19)
Jj+1
Moreover, and (| - ) lead to
/ / | 0Z(s)| K} ds dt = Op(n—1?) (C.20)
Jiv1 JUl—o Ik

Finally note that by Proposition [3{and J;;; X J;11 C S we have fJ‘+1>< — [?p] =

Op(n="/?). Therefore, we can deduce from (C.17)(C.20) that

Jj+1 |

/U 41 Uit +1 |f(/vp<t7 S) — K(t, S)| dtds = OP(n—K/2) .
WAy

Since @ is fixed, the desired result a) is an immediate consequence.

Proof of ¢): Under the additional condition made in c), the arguments used in the

proof of Theorem [I}b imply that for any § > 0 there exist ¢; > 0, j = 1,. ..,Q,

.....

(Q@+1)-0 fSo ds dt} — 1 as n — oo. Since ¢ is arbltrary, the result follows. n

D Other technical details
D.1 Proof of identifiability for the setting in section 3.2.1

In this section we derive slightly more general identifiability results than those un-
der which the ®/» matrices of inner products at (3.8) are invertible. We include
the case where the ¢;’s vanish on some parts of their domain, where the zero

parts arise in a hierarchical manner to the left and to the right of an interval
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Jo € T = [a,b]. Specifically, we decompose Z into the union of Jy and disjoint
intervals J_y,...,J_g, C Z located to the left of Jy (if a & Jy) and Jy,...,Jg, CZ
located to the right of Jy (if b & Jy). That is, we suppose that for two integers
()1 and Q9 such that max(Qq,Q2) > 0, there is a sequence Jy, k = —Q1,...,Qs of
disjoint intervals such that Ugi_Ql Jr = Z, and such that for j = —Qq,..., Qs — 1,
(J; U Jjs1) x (J; U Jj11) C S. Suppose too that the J;’s are organised in increasing
order, that is, for j = —Q1,..., Q2 — 1,if s € J; and t € J;;; then s <t. Then if we
define my = 0, the conditions of Theorem [I| are satisfied if the following conditions

are satisfied:

(i) The g eigenfunctions ¢y, ..., ¢, are linearly independent on J.

(i) For j =1,...,Q2, mj € [mj_1,q — 1] of the ¢ eigenfunctions ¢y, ..., ¢, vanish

on J; U...UJg, and the ¢ — m; remaining ones are linearly independent on

JoU...UJ;.
(iii) If @1 > 1, for j = —1,...,—Q1, m; € [m;+1,q — 1] of the ¢ eigenfunctions
®1,...,¢q vanish on J_g, U...U J; and the ¢ — m; remaining ones are linearly

independent on J; U ... U Jj.

Note that in (i) and (ii) above, we allow for the case where, but do not impose that,
some of the eigenfunctions vanish on some subintervals.

Next we prove this result in the case where (); = 0 and ()3 > 1. The proof is similar
when () and ()2 are both nonzero and when @)1 > 1 and Q2 = 0. Also, without loss
of generality we assume that the m; eigenfunctions that vanish in (i) are the last m;
ones. Finally, for k = —Qq,...,Q2 and r,s € {1,...,q}, let (I’;,];'?s = ka Or(t)ps(t) dt
as in (3.8)).

Using (i), for j =0, ..., Q2, we have that ¢, = 0 for £ > ¢ —m;. Therefore, when
j=1,...,Q2, for s € J;_;, we have

q—mj—1

X(s)=p(s)+ Y &onls).
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Now ¢1,...,¢q—m,_, are linearly independent on J;_;, so that the (¢ —m;_1) x (¢ —

: Jj_ :
of inner products @z at (3.8)), for r,s =1,...,¢ —m;_q, is

. Jj,1
mj—1) matrix ®p7

invertible. Therefore we can write
(s )T = @05, 07 ([ X —u} s (D)

bumy (X(s) —p(s)}ds) . (D2)

Jj_1
Likewise, for t € J; we have X () = u(t) + 71" &6,(t), and using the above
decomposition for X (s), we deduce that

X0 =0+ [ ) = )} ds.

J

where
J T

gt,{z_l (S> - (d)l (t)7 s 7¢quj (t))Q(¢1 (8)7 - 7¢q—mj,1 (3)) ; (D3)

and where Q is the (¢ — m;) x (¢ — m;_;) matrix obtained by keeping only the first
q — m; rows of (@jfnij)_l

Thus we have just proved that, for j = 1,...,Q, and for all ¢t € J;, X(¢) is
linearly (sup,cz [ i |€;7 77! (s)] ds, 0)-predictable from X“/i-1. Therefore, the condition
of Theorem .a is satisfied for ¢, = €3 = ...¢;, = 0, and thus the condition of
Theorem [1]b is satisfied too. As a consequence, L(t,s) = K(t,s) for all (¢,s) € S

implics sup.es, |L(t, 5) — K (t, 5)] = 0.

D.2 Proof of Proposition [1}.i

Let J = J, and X* = X — i and define y,(s) = >27_, £¢,(s) for all s € Z. Since @

is invertible, we have

@) = @) ([ oo ds. .. [ o)

Therefore, for any t € Z, if we take

T

0u(s) = (qbl(t), . qbq(t)) (@) (¢1(s), o ,¢q(s>) , (D.4)
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we can write xq(t) = Y1 &ép (1) = [ €(s)xq(s) ds.
Using the Karhunen-Loeve decomposition, we have X*(t) = x,(t) +
> g1 §r@r(t). We deduce that for t € Z, we can write

X(t) = p(t) + /J&(S)X*(S) ds+ Z(t),

where

Z(t) = X*(1) - / 0,(5) X (s) ds = / LX) = xa() s+ 3 &6,(0).

r=q+1

Now since, X*(s) — x4(s) = > 72,11 &@r(s) for all s € J, the definition of ©,
implies that for all t € 7

Var{Z(t)} < @3{ /,/, 10, (5)| ()| ds du + Q/J 10,(s)| ds + 1} < (D% +1)*0;.

This shows that X (¢) is (D%, (D% + 1)©,)-predictable from X”. The bound on
|L(t,s) — K(t, s)| follows by combining this with Theorem [I]a.

D.3 Proof of Proposition

By definition of S at (2.1, there exists a sufficiently large integer @ and a sequence
of disjoint subintervals Jy, Ji, ..., Jg of Z with ngo Jr = 7 and with the following
property: For any k € {1,...,Q} there exists a k* € {0,...,k — 1} such that (J, U
t — s| < ¢, where c is defined at i).
Let £ € {1,...,Q}. Next we show that for ¢t € J, X(t) is linearly predictible
from X(s) with s € Jp+. For this, let Z(t) = X(t) — [,  lnqs(w)X (u) du, where

i) X (S U Jpx) C S and supye , se ..

q
1 N [S—u -
ghv‘lﬁ?t(u) = Z hr+1r'W( ) ( h ) (t - 8) ) (D5)
r=0 ’

with A > 0 a real number, ¢ an integer, and W a ¢+ 2-times continuously differentiable

probability density, symmetric around 0, and with compact support [—1, 1].
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Now, we have

Var{Z(t)} = E [{X(t) - /J gl X(0) duﬂ

<2F { /J Upgsit(w) X (u)du — i %X(T‘)(s)(t — S)r}Q]
2B { Zq: %X )t — )" }2] < e (D.6)

To bound the second term of the last inequality, note that when s belongs to the

interior of Jy«, by (3.11) i) and iii), for all €, > 0 there exists an integer ¢ = ¢,, such
that for any t € Jy, if h is small enough,

E |{x q %X )(t—s) }2] < % (D.7)

For the first inequality, we have

q

1
Chgst(w) X (u) du — E FX(T)<S)(t —s)"
Jix r=0

—s)’”{/ h’”“W(T)( h“) X(u)du—X(r)(S)}-

Using repeated integration by parts followed by a first order Taylor expansion of X ()

it can be shown that there exist constants 0 < Dy, r = 1,..., ¢, such that

1 _
XO(s) = /J 1A% (5 h“) X(u)du‘ < 12Dy, sup |XT()]. (D.8)
k*

vE[s—h,s+h]
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Therefore, using also (3.11)) ii), we have

B { /J * o) X (1) dus — i %X(r)(s)(t - s>r}2

r=0

awin[{> by, xir))]

7! vE[s—h,s+h]

r=0
<t S p b s X))
(T'> 7 vE[s—h,s+h]|

2r

q
<qh*y" D, E{ swp X))

—0 (r!)? lv—s|<c

, (D.9)

r=0

<

NG

as long as we take h = h,, small enough.

Combining (D.6)), and (D.9), we deduce that Var{Z(t)} < €. Thus we
have proved that for all k£ € {1,...,Q} and all ¢, > 0 there exists Dy > 0 such that
the random variables X (t), t € Ji, are linearly (Dy, €;)-predictable from X7¥* for
some interval Jg«, where k* € {0,...,k — 1} and (Jx U Ji=) X (Jp U Jix) C S. The
proposition follows from Theorem [I}b.

D.4 Proof of Proposition

Recall that A, = BB™ and that is thus minimized with respect to all possible
covariance functions which can be represented in the form >, _; vy, (s)vg »(t), where
Vgpp = Z§:1 b; x1; and the b; ;s are coefficients. The sequence 11,5, ... forms a basis
of Ly(Z). Hence, there exist coefficients bjx such that if p is sufficiently large, any
rescaled eigenfunction v/6,¢, in can be approximated with arbitrary accuracy,
in the Ly(Z) sense, by a function of the form vy , =30, b7 ,4;.

This implies that for any D > 0 and all integers n and @) there exists an integer
Pn,q with the following property: For all p > p, q there are coefficients b,, j,k =
1,...,p, with 0%, = 0 for j > @ such that with A% = B*(B*)", My(s,t|A5) =
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S, vy (0, (1), and Kolt,s) = $°2, 0,6,(s)6,(£) we have
(Ko — My(-]ADY> < Dn™", and / (Ko(t,t) — My(t,¢] A7)} dt < D",
So T
On the other hand, by (3.2)) there necessarily exists an integer @, such that

/ (KQn — K)2 S Dn*”, and /{KQn (t,t) — K(t, t)}2 dt S Dniﬁ
So T

By the Cauchy-Schwarz inequality we can thus conclude that for all p > p, o, = p(n)

(K1) <2 [ (0o, = (1 47)) 2 | (Ko, ~ 1) < 4Da™,

/{Ktt tt]A*)}2dt<2/{KQ (1) — My(t,£] AD)} dt
+ 2 /{KQn (t,t) — K(t,t)}*dt < 4Dn™". (D.10)

Using again the Cauchy-Schwarz inequality, (D.10) and (4.1))(iii) imply that for all

P> Pno, =p(n)

Sp(Ap)—/{I?—Mp(-|A /{Ktt M, (t,t| A,)Y2dt
/{K M, (-] AP + /{Ktt M (t,t] A2))? dt
<o [ =LA+ [0 = M0t 4
+2[/S(K—f()2+/z{f((t,t) — K(t, 1)) dt]
< 16Dn‘“+2[/S(K—I?)2+/Z{K(t,t) —[A((t,t)}th} = Op(n™"),

which leads to

/ {}? — My(-| Ap)}Q =Op(n™"), /{}?(t, t) — My(t, ] Ap)}Q dt = Op(n™").
S z

(D.11)
Now recall from (2.6 that I?p(s, t) can be written as M,(s,t| A,). Since

[ Ar = A <2 [ (R - an( 1 A)) 2 [ (- R
/{Ktt Myt t| A, )}2dt<2/{Ktt ,,(t,t|Ap)}2dt+2/{K(t,t)—f((t,t)}wt,
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the assertions of the proposition follow (D.11]) and (4.1])(iii).
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