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Supplementary Material for “ Estimating the
covariance of fragmented and other related types

of functional data”
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1ACEMS and School of Mathematics and Statistics, University of Melbourne,
Australia

2Department of Economics and Hausdorff Center for Mathematics, Universität
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3This work was initiated with Peter Hall during a visit of Kneip to the University
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A Discretely observed fragments

The data on the left panel of Figure A1 consist of discretely observed fragments where

the observations are connected by a straight line.
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Figure A1: Left: subsample of 10 discretely observed curve fragments taken from
a sample of size n = 100 of curve fragments Xi(t), for t ∈ Ii ⊂ I = [1, 100] and
i = 1, . . . , n; the observations (o) are connected by straight lines and the long dotted
lines show the 10 corresponding unobserved full curves. Right: scatterplot of points
(s, t) ∈ I × I where at least one pair

(
Xi(s), Xi(t)

)
is observed, for i = 1, . . . , n.
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B More computational details

B.1 Spline estimator

In this section we show how to compute the spline estimator K̂ used on the diagonal

band S in our simulations and in our real data analysis. Since we will need to refer

both to this estimator and the empirical estimator at (2.2), in order to distinguish

them, here we denote the spline estimator by K̂s. As in sections 5.2 and 5.3, we

assume that the data are observed on a discrete grid of points, denoted by ID =

{T1 < T2 < . . . < TG} such that [T1, TG] = I. Let (si, ti) for i = 1, . . . , N denote the

points from ID×ID that are in S. The spline estimator K̂s is obtained by minimising

1

(G− 1)2

N∑
i=1

[
K̂(si, ti)− {B(si)⊗ B(ti)}Tc

]2
m(si, ti)

+λ

∫ ∫
S

[
{B(2)(s)⊗ B(t) + B(s)⊗ B(2)(t)}Tc

]2
ds dt (B.1)

w.r.t. c ∈ Rk+4, where ⊗ denotes the tensor product operator, B(t) =
(
B1(t), . . . ,

Bk+4(t)
)>

denotes a set of k + 4 cubic B-splines defined on I with k knots, λ > 0 is

a smoothing parameter and m(s, t) was defined below (2.2). Finding a closed form

solution to this minimisation problem is possible but not straightforward because the

domain S has an irregular shape, so that the usual matrix formulations of the spline

estimator do not work. Huang (2019) constructed an analytic solution which can be

computed easily. The smoothing parameters k and λ are chosen by leave-one-curve-

out cross validation.

B.2 Initial guess

As described in section 5.1, to find the matrix Âp = B̂B̂T that minimises (2.5), we use

an iterative procedure that requires an initial guess. We take it to be the minimiser of

(2.5) without the semi-positive definite constraint, that is, without imposing the form

BBT. Then we turn it into a covariance matrix by truncating its negative eigenvalues

to zero. As in sections 5.2 and 5.3, we assume that the data are observed on a discrete
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grid of points, denoted by ID = {T1 < T2 < . . . < TG} such that [T1, TG] = I. Let

(si, ti) for i = 1, . . . , N denote the points from ID ×ID that are in S. In this setting,

for a given p, the initial guess is obtained by first computing the matrix Â0
p that

minimises, over Rp×p, the following discretised version of (2.5):

Sp(Ap) =
1

(G− 1)2

N∑
i=1

{
K̂(si, ti)−Mp(si, ti |Ap)

}2

+
1

(G− 1)

G∑
i=1

{
K̂(ti, ti)−Mp(ti, ti |Ap)

}2
. (B.2)

Recalling that ⊗ denotes the tensor product operator and letting K̂ =

{K̂(s1, t1), . . . , K̂(sN , tN)}T, we can express (B.2) as

Sp(Ap) =
1

(G− 1)2

(
K̂ −ΨDap

)T
WD

(
K̂ −ΨDap

)
,

where WD = diag{wD(s1, t1), . . . , wD(sN , tN)}, with wD(si, ti) = G if si = ti and

wD(si, ti) = 1, otherwise, ΨD = {Ψ(s1) ⊗ Ψ(t1), . . . ,Ψ(sN) ⊗ Ψ(tN)}T ∈ RN×p2 with

Ψ(t) =
(
ψ1(t), . . . , ψp(t)

)T
and where ap = (a11, a12, . . . , app)

T denotes the vectorised

Ap. Denoting the vectorisation operator by vec(·), we have

vec(Â0
p) =

(
ΨT
DWDΨD

)−1
ΨT
DWDK̂ . (B.3)

Then, we compute the eigenvalues and eigenvectors of Â0
p and take our initial

guess to be B̂p,0B̂
T
p,0, where B̂p,0 = ΓΛ1/2, with Γ the matrix whose columns are the

p eigenvectors of Â0
p and Λ the diagonal matrix of eigenvalues of Â0

p arranged in the

same order as those eigenvectors, but replacing the negative eigenvalues by zero.

Note that for a given p, ΨD ∈ RN×p2 and WD ∈ RN×N , so that the matrix

ΨT
DWDΨD ∈ Rp2×p2 is of rank min{N, p2}. Therefore, in order to ensure that

ΨT
DWDΨD is invertible, we need to take p ≤

√
N .

C Proofs of main theorems

C.1 Proof of Theorem 1

Proof of part a): We prove this result by induction. Consider an arbitrary continuous
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covariance function L defined on S0 satisfying L(t, s) = K(t, s) for all (t, s) ∈ S. Let

Cε
0 := 0, Cε

1 := 2Θ0ε1, and Cε
j := DjC

ε
j−1 + 2Θ0εj for j = 2, . . . , Q.

Since J0 × J0 ⊂ S, the assertion holds for j = 0 since, for j = 0, we have

sup
(t,s)∈

⋃j
k=0 Jk×

⋃j
k=0 Jk

|L(t, s)−K(t, s)| ≤ max
k=0,...,j

Cε
k . (C.1)

Next, assuming that (C.1) holds for some j ∈ {0, 1, . . . , Q− 1}, we need to prove

that it also holds when replacing j by j+ 1. Under the conditions of the theorem, for

j + 1 we assume that there exists j∗ ∈ {0, . . . , j} with (Jj∗ ∪ Jj+1)× (Jj∗ ∪ Jj+1) ⊂ S

such that the values of X(t), for t ∈ Jj+1, are linearly (Dj+1, εj+1)-predictable from

XJj∗ . Using the notation X∗(t) = X(t)−µ(t), this means that we assume that there

exists a measurable function `t(s) such that supt∈Jj+1

∫
J∗
j
|`t(s)| ds ≤ Dj+1,

X∗(t) =

∫
J∗
j

`t(s)X
∗(s) ds+ Z(t) , t ∈ Jj+1 ,

and V ar{Z(t)} = E[{X∗(t) −
∫
Jj∗

`t(s)X
∗(s) ds}2] ≤ ε2j+1. This can be expressed in

terms of the covariance function as follows:∣∣∣K(t, t)− 2

∫
Jj∗

`t(u)K(u, t) du+

∫
Jj∗

∫
Jj∗

`t(u)`t(v)K(u, v) du dv
∣∣∣ ≤ ε2j+1 (C.2)

for all t ∈ Jj+1.

Now, let X̃ ∈ L2(I) denote a process with mean zero and covariance function

equal to L(t, s). Since L(t, s) = K(t, s) for all t, s ∈ Jj∗ ∪ Jj∗ , (C.2) implies that for

all t ∈ Jj+1, we have E[{X̃(t)−
∫
Jj∗

`t(s)X̃(s) ds}2] ≤ ε2j+1, and hence

X̃(t) =

∫
Jj∗

`t(s)X̃(s) ds+ Z̃(t) ,

where Z̃(t) is a zero mean random variable with V ar{Z̃(t)} = V ar{Z(t)} ≤ ε2j+1.

Therefore, for all s ∈
⋃j
k=0 Jk and for all t ∈ Jj+1 the Cauchy-Schwarz inequality
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together with (C.1) lead to

|K(t, s)− L(t, s)| = |E{X∗(t)X∗(s)} − E{X̃(t)X̃(s)}|

=

∣∣∣∣E[{∫
Jj∗

`t(u)X∗(u) du+ Z(t)
}
X∗(s)

]
− E

[{∫
Jj∗

`t(u)X̃(u) du+ Z̃(t)
}
X̃(s)

]∣∣∣∣
=
∣∣∣ ∫

Jj∗

`t(u){K(u, s)− L(u, s)} du+ E{Z(t)X∗(s)} − E{Z̃(t)X̃(s)}
∣∣∣

≤ Cε
j

∣∣∣ ∫
Jj∗

`t(u)
K(u, s)− L(u, s)

sup(v,w)∈
⋃j

k=0 Jk×
⋃j

k=0 Jk
|L(v, w)−K(v, w)|

du
∣∣∣+ 2Θ0εj+1

≤ Dj+1C
ε
j + 2Θ0εj+1 = Cε

j+1 ,

where the last inequality follows from the fact that
∫
Jj∗
|`t(u)| du ≤ Dj+1 and Jj∗ ⊂⋃j

k=0 Jk. Recall that Jj+1 × Jj+1 ⊂ S and thus K(t, s) = L(t, s) for all (t, s) ∈

Jj+1 × Jj+1. Combining these results with (C.1), we deduce that

sup
(t,s)∈

⋃j+1
k=0 Jk×

⋃j+1
k=0 Jk

|L(t, s)−K(t, s)| ≤ max
k=0,...,j+1

Cε
k .

We conclude that (C.1) holds for j = 0, . . . , Q, which proves (3.4) because Cε
0 = 0.

Proof of part b): Select an arbitrary δ > 0. By assumption there exists εQ < δ/(2Θ0)

such that for some 0 < DQ < ∞ and some j∗ ∈ {0, . . . , Q − 1} with (Jj∗ ∪ JQ) ×

(Jj∗ ∪ JQ) ⊂ S, the values of X(t), for t ∈ JQ, are linearly (DQ, εQ)-predictable from

XJj∗ . Similarly, for any j = Q− 1, . . . , 1 there exists

εj < max
{ δ

2Θ0

,
δ

2Θ0Dj+1

, . . . ,
δ

2Θ0Dj+1 · . . . ·DQ

}
such that for some 0 < Dj <∞ and some j∗ ∈ {0, . . . , j − 1} with (Jj∗ ∪ Jj)× (Jj∗ ∪

Jj) ⊂ S, the values of X(t), for t ∈ Jj, are linearly (Dj, εj)-predictable from XJj∗ . It

follows from (3.4) that sup(t,s)∈S0 |L(t, s) − K(t, s)| < Qδ. Since δ is arbitrary, this

proves the result.

C.2 Proof of Theorem 2

The next proposition will be useful to prove the theorem. It states that, on the

observed domain S and on its diagonal, as long as the number p of basis functions
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is sufficiently large, the rate of convergence of the empirical covariance estimator K̂

is preserved by our estimator K̃p at (2.6), where Âp is the coefficient matrix that

minimises Sp(Ap) at (2.5). Its proof can be found in section D.4.

Proposition 3. Assume that (4.1) holds. Then, as n → ∞, there exists a sequence

p(n) with p(n)→∞ such that for p ≥ p(n)∫
S

(
K̃p −K)2 = Op(n

−κ) (C.3)

and ∫
I

{
K̃p(t, t)−K(t, t)

}2
dt = Op(n

−κ) (C.4)

Proof of Theorem 2. Proof of b): By the Cauchy-Schwarz inequality, using Proposi-

tion 3 we have
∫
S

∣∣K̃p −K
∣∣ = OP (n−κ/2). Since J0 × J0 ⊂ S, for j = 0 we have

|K̃p(t, s) − K(t, s)| ≤ maxk=0,...,j C
ε
k + Rj

n(t, s) for all (t, s) ∈⋃j
k=0 Jk ×

⋃j
k=0 Jk, where the measurable random function Rj

n satisfies∫⋃j
k=0 Jk×

⋃j
k=0 Jk

∣∣Rj
n(t, s)

∣∣ dt ds = OP (n−κ/2).

(C.5)

The proof now proceeds by induction. We will show that if (C.5) holds for some

j ∈ {0, 1, . . . , Q− 1}, then the inequality remains valid when replacing j by j + 1.

Therefore, assume that (C.5) holds for some j ∈ {0, 1, . . . , Q−1}. By assumption,

there exists j∗ ∈ {0, . . . , j} with (Jj∗ ∪Jj+1)× (Jj∗ ∪Jj+1) ⊂ S such that the values of

X(t) for t ∈ Jj+1 are linearly (Dj+1, εj+1)-predictable from XJj∗ . Using the notation

X∗(t) = X(t)− µ(t) for all t ∈ I, this means that there exists an integrable function

`t(u) such that Lmax := supt∈Jj+1,u∈Jj∗ |`t(u)| <∞,

X∗(t) =

∫
J∗
j

`t(s)X
∗(s) ds+ Z(t) , t ∈ Jj+1

and V ar{Z(t)} = E[{X∗(t)−
∫
Jj∗

`t(s)X
∗(s) ds}2] ≤ ε2j+1.

Using (C.2) we deduce that

zj,n :=
∣∣∣K̃p(t, t)− 2

∫
Jj∗

`t(u)K̃p(u, t) du+

∫
Jj∗

∫
Jj∗

`t(u)`t(v)K̃p(u, v) du dv
∣∣∣

≤ ε2j+1 + R̃j
n,1(t) (C.6)



NOT-FOR-PUBLICATION APPENDIX 7

for all t ∈ Jj+1, where

R̃j
n,1(t) =|K̃p(t, t)−K(t, t)|+ 2

∣∣∣ ∫
Jj∗

`t(u)
{
K̃p(u, t)−K(u, t)

}
du
∣∣∣

+
∣∣∣ ∫

Jj∗

∫
Jj∗

`t(u)`t(v)
{
K̃p(u, v)−K(u, v)

}
du dv

∣∣∣ .
By the Cauchy-Schwarz inequality, using Proposition 3 we also have

∫
I

∣∣K̃p(t, t) −

K(t, t)
∣∣ dt = OP (n−κ/2). Since `t(u) is uniformly bounded, which implies bounds

such as |
∫
Jj∗

∫
Jj∗

`t(u)`t(v)
{
K̃p(u, v) − K(u, v)

}
du dv ≤ Lmax

∫
Jj∗

∫
Jj∗
|K̃p(u, v) −

K(u, v)| du dv, we deduce that∫
Jj+1

|R̃j
n,1(t)| dt = OP (n−κ/2) . (C.7)

By definition, K̃p is a well-defined covariance function, and the corresponding

covariance operator has at most p nonzero eigenvalues θ̂1, . . . , θ̂p and correspond-

ing eigenfunctions φ̂1, . . . , φ̂p. Given the estimate K̃p, let ζ1, . . . , ζp be independent

random variables with ζj ∼ N(0, θ̂j), j = 1, . . . , p, and define the stochastic pro-

cess X̃(t) =
∑p

j=1 ζjφ̂j(t) for t ∈ I. We then obtain that E
{
X̃(t)|K̃p

}
= 0 and

E
{
X̃(t)X̃(s)|K̃p

}
=
∑p

j=1 θ̂jφ̂j(t)φ̂j(s) = K̃p(t, s) for all t, s ∈ I.

Letting Z̃(t) = X̃(t)−
∫
Jj∗

`t(s)X̃(s) ds, t ∈ I, we deduce from (C.6) that

V ar
{
Z̃(t)|K̃p

}
= zj,n ≤ ε2j+1 + R̃j

n,1(t) (C.8)

for all t ∈ Jj+1. Now, similarly as in the proof of Theorem 1 we have

|K(t, s)− K̃p(t, s)| = |E{X∗(t)X∗(s)} − E{X̃(t)X̃(s)|K̃p}|

=
∣∣∣ ∫

Jj∗

`t(u){K(u, s)− K̃p(u, s)} du+ E{Z(t)X∗(s)} − E{Z̃(t)X̃(s)|K̃p}
∣∣∣ (C.9)

for all t ∈ Jj+1 and s ∈
⋃j
k=0 Jk. Next we bound each of those terms separately.

For the third one we have

|E{Z̃(t)X̃(s)|K̃p}| ≤
[
V ar{X̃(s)|K̃p}

]1/2 [
V ar{Z̃(t)|K̃p}

]1/2

≤
{

Θ2
0 + |K̃p(s, s)−K(s, s)|

}1/2 {
ε2j+1 + R̃j

n,1(t)
}1/2

≤ Θ0εj+1 + R̃j
n,2(t, s) ,
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where ∫
Jj+1

∫
⋃j

k=0 Jk

|R̃j
n,2(t, s)| ds dt = OP (n−κ/2) . (C.10)

Similarly, for the second term we have

|E{Z(t)X∗(s)}| ≤ Θ0εj+1, t ∈ Jj+1, s ∈
j⋃

k=0

Jk, (C.11)

while Jj∗ ⊂
⋃j
k=0 Jk. Finally, for the first term, using (C.5) we have∣∣∣ ∫

Jj∗

`t(u){K(u, s)− K̃p(u, s)} du
∣∣∣ ≤ ∫

Jj∗

`t(u){Cε
j + |Rj

n(u, s)|} du

≤ Dj+1C
ε
j + Lmax

∫
Jj∗

|Rj
n(u, s)| du (C.12)

for all t ∈ Jj+1 and s ∈
⋃j
k=0 Jk. Combing the bounds for the three terms, we deduce

that (C.5) holds for j + 1 and with t ∈ Jj+1 and s ∈
⋃j
k=0 Jk.

Moreover, using Proposition 3 and the fact that Jj+1 × Jj+1 ⊂ S, we have∫
Jj+1×Jj+1

|K − K̃p| = OP (n−κ/2). We deduce from (C.9)–(C.12) that, with Cε
j+1 =

Dj+1C
ε
j + 2Θ0εj+1,

|K̃p(t, s)−K(t, s)| ≤ max
k=0,...,j+1

Cε
k +Rj+1

n (t, s)

holds for all (t, s) ∈
⋃j+1
k=0 Jk×

⋃j+1
k=0 Jk, where the measurable random functions Rj+1

n

satisfies
∫⋃j+1

k=0 Jk×
⋃j+1

k=0 Jk

∣∣Rj+1
n (t, s)

∣∣ dt ds = OP (n−κ/2). Since Q is fixed, this proves

the result.

Proof of a): The proof proceeds by induction. First, since J0 × J0 ⊂ S, for j = 0 we

have ∫
⋃j

k=0 Jk×
⋃j

k=0 Jk

|K̃p(t, s)−K(t, s)| dt ds = OP (n−κ/2) . (C.13)

Then we show that if (C.13) holds for some j ∈ {0, 1, . . . , Q− 1}, then the inequality

remains valid when replacing j by j + 1.
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Therefore, assume that (C.13) holds for some j ∈ {0, 1, . . . , Q−1} and recall that,

by assumption, there exists some j∗ ∈ {0, . . . , j} such that (Jj∗∪Jj+1)×(Jj∗∪Jj+1) ⊂

S. Since we have assumed that, for t ∈ I, X(t) is (Dj∗ , 0)-predictable from XJj∗ ,

there exists a measurable function `t(u) such that Lmax := supt∈I,u∈Jj∗ |`t(u)| < ∞

and for which, if we let X∗ = X − µ, we have

X∗(t) =

∫
Jj∗

`t(s)X
∗(s) ds , t ∈ I . (C.14)

As in the proof of part b), define let X̃ be a process satisfying E
{
X̃(t)|K̃p

}
=

0 and E
{
X̃(t)X̃(s)|K̃p

}
= K̃p(t, s), t, s ∈ I, and for t ∈ I, let Z̃(t) = X̃(t) −∫

Jj∗
`t(s)X̃(s) ds. Using (C.8) with εj+1 = 0 we get, for t ∈ Jj+1,

V ar
{
Z̃(t)|K̃p

}
= R̃j

n,1(t) with

∫
Jj+1

|R̃j
n,1(t)| dt = OP (n−κ/2) . (C.15)

Now by (C.14), (C.13), and the fact that
∫⋃j

k=0 Jk

∣∣K̃p(s, s)−K(s, s)
∣∣ ds = OP (n−κ/2),

the same type of arguments can be applied to show that also for s ∈
⋃j
k=0 Jk there

exists a measurable random function R̃j
n,3(s) with

V ar
{
Z̃(s)|K̃p

}
= R̃j

n,3(t) with

∫
⋃j

k=0 Jk

|R̃j
n,3(t)| dt = OP (n−κ/2) . (C.16)

Since, under our assumptions, 0 = Z(t) = X∗(t) −
∫
Jj∗

`t(u)X∗(u) du for every

t ∈ I, then for all t ∈ Jj+1 and s ∈
⋃j
k=0 Jk the equality at (C.9) becomes

|K(t, s)− K̃p(t, s)| =
∣∣∣ ∫

Jj∗

`t(u){K(u, s)− K̃p(u, s)} du

− E
{
Z̃(t)

∫
Jj∗

`s(u)X̃(u) du|K̃p

}
− E

{
Z̃(t)Z̃(s)|K̃p

}∣∣∣ . (C.17)

Next we bound those three terms. For the second one, using again the fact that

0 = Z(t) = X∗(t) −
∫
Jj∗

`t(u)X∗(u) du, we have 0 = E
{
Z(t)

∫
Jj∗

`s(u)X∗(u) du
}

=∫
Jj∗

`s(u)K(u, t) du−
∫
Jj∗

∫
Jj∗

`t(u)`s(v)K(u, v) du dv. Therefore

E
{
Z̃(t)

∫
Jj∗

`s(u)X̃(u) du|K̃p

}
=

∫
Jj∗

`s(u){K̃p(u, t)−K(u, t)} du−
∫
Jj∗

∫
Jj∗

`t(u)`s(v){K̃p(u, v)−K(u, v)} du dv .
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Consequently, using Proposition 3 and the fact that (Jj∗ ∪ Jj+1)× (Jj∗ ∪ Jj+1) ⊂ S,

uniform boundedness of `t(u) and `s(u) implies that∫
Jj+1

∫
⋃j

k=0 Jk

∣∣∣E{Z̃(t)

∫
Jj∗

`s(u)X̃(u) du
∣∣∣K̃p

}∣∣∣ ds dt = OP (n−κ/2) (C.18)

and ∫
Jj+1

∫
⋃j

k=0 Jk

∣∣∣ ∫
Jj∗

`t(u){K(u, s)− K̃p(u, s)} du
∣∣∣ ds dt = OP (n−κ/2) . (C.19)

Moreover, (C.15) and (C.16) lead to∫
Jj+1

∫
⋃j

k=0 Jk

∣∣∣E{Z̃(t)Z̃(s)|K̃p}
∣∣∣ ds dt = OP (n−κ/2) . (C.20)

Finally note that by Proposition 3 and Jj+1×Jj+1 ⊂ S we have
∫
Jj+1×Jj+1

|K−K̃p| =

OP (n−κ/2). Therefore, we can deduce from (C.17)–(C.20) that∫
⋃j+1

k=0 Jk×
⋃j+1

k=0

|K̃p(t, s)−K(t, s)| dt ds = OP (n−κ/2) .

Since Q is fixed, the desired result a) is an immediate consequence.

Proof of c): Under the additional condition made in c), the arguments used in the

proof of Theorem 1.b imply that for any δ > 0 there exist εj > 0, j = 1, . . . , Q,

such that maxj=1,...,QC
ε
j ≤ Q · δ. By Theorem 2.b we deduce that P

{ ∫
S0 |K − K̃p| ≤

(Q+ 1) · δ
∫
S0
ds dt

}
→ 1 as n→∞. Since δ is arbitrary, the result follows.

D Other technical details

D.1 Proof of identifiability for the setting in section 3.2.1

In this section we derive slightly more general identifiability results than those un-

der which the ΦJk
q matrices of inner products at (3.8) are invertible. We include

the case where the φj’s vanish on some parts of their domain, where the zero

parts arise in a hierarchical manner to the left and to the right of an interval
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J0 ⊂ I = [a, b]. Specifically, we decompose I into the union of J0 and disjoint

intervals J−1, . . . , J−Q1 ⊂ I located to the left of J0 (if a 6∈ J0) and J1, . . . , JQ2 ⊂ I

located to the right of J0 (if b 6∈ J0). That is, we suppose that for two integers

Q1 and Q2 such that max(Q1, Q2) > 0, there is a sequence Jk, k = −Q1, . . . , Q2 of

disjoint intervals such that
⋃Q2

k=−Q1
Jk = I, and such that for j = −Q1, . . . , Q2 − 1,

(Jj ∪ Jj+1) × (Jj ∪ Jj+1) ⊂ S. Suppose too that the Jj’s are organised in increasing

order, that is, for j = −Q1, . . . , Q2 − 1, if s ∈ Jj and t ∈ Jj+1 then s ≤ t. Then if we

define m0 = 0, the conditions of Theorem 1 are satisfied if the following conditions

are satisfied:

(i) The q eigenfunctions φ1, . . . , φq are linearly independent on J0.

(ii) For j = 1, . . . , Q2 , mj ∈ [mj−1, q − 1] of the q eigenfunctions φ1, . . . , φq vanish

on Jj ∪ . . . ∪ JQ2 and the q − mj remaining ones are linearly independent on

J0 ∪ . . . ∪ Jj.

(iii) If Q1 ≥ 1, for j = −1, . . . ,−Q1, mj ∈ [mj+1, q − 1] of the q eigenfunctions

φ1, . . . , φq vanish on J−Q1 ∪ . . . ∪ Jj and the q −mj remaining ones are linearly

independent on Jj ∪ . . . ∪ J0.

Note that in (i) and (ii) above, we allow for the case where, but do not impose that,

some of the eigenfunctions vanish on some subintervals.

Next we prove this result in the case whereQ1 = 0 andQ2 ≥ 1. The proof is similar

when Q1 and Q2 are both nonzero and when Q1 ≥ 1 and Q2 = 0. Also, without loss

of generality we assume that the mj eigenfunctions that vanish in (i) are the last mj

ones. Finally, for k = −Q1, . . . , Q2 and r, s ∈ {1, . . . , q}, let ΦJk
q;rs =

∫
Jk
φr(t)φs(t) dt

as in (3.8).

Using (i), for j = 0, . . . , Q2, we have that φk = 0 for k > q−mj. Therefore, when

j = 1, . . . , Q2, for s ∈ Jj−1, we have

X(s) = µ(s) +

q−mj−1∑
r=1

ξrφr(s) .
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Now φ1, . . . , φq−mj−1
are linearly independent on Jj−1, so that the (q −mj−1)× (q −

mj−1) matrix Φ
Jj−1

q−mj−1
of inner products Φ

Jj−1
q;rs at (3.8), for r, s = 1, . . . , q −mj−1, is

invertible. Therefore we can write

(ξ1, . . . , ξq−mj−1
)T = (Φ

Jj−1

q−mj−1
)−1
(∫

Jj−1

φ1(s){X(s)− µ(s)} ds, . . . , (D.1)∫
Jj−1

φq−mj−1
(s){X(s)− µ(s)} ds

)T

. (D.2)

Likewise, for t ∈ Jj we have X(t) = µ(t) +
∑q−mj

r=1 ξrφr(t), and using the above

decomposition for X(s), we deduce that

X(t) = µ(t) +

∫
Jj−1

`
Jj−1

t,q (s){X(s)− µ(s)} ds ,

where

`
Jj−1

t,q (s) =
(
φ1(t), . . . , φq−mj

(t)
)
Ω
(
φ1(s), . . . , φq−mj−1

(s)
)T
, (D.3)

and where Ω is the (q −mj)× (q −mj−1) matrix obtained by keeping only the first

q −mj rows of (Φ
Jj−1

q−mj
)−1.

Thus we have just proved that, for j = 1, . . . , Q2, and for all t ∈ Jj, X(t) is

linearly (supt∈I
∫
Jj−1
|`Jj−1

t,q (s)| ds, 0)-predictable from XJj−1 . Therefore, the condition

of Theorem 1.a is satisfied for ε1 = ε2 = . . . εq = 0, and thus the condition of

Theorem 1.b is satisfied too. As a consequence, L(t, s) = K(t, s) for all (t, s) ∈ S

implies sup(t,s)∈S0 |L(t, s)−K(t, s)| = 0.

D.2 Proof of Proposition 1.i

Let J = Jk and X∗ = X − µ and define χq(s) =
∑q

r=1 ξrφr(s) for all s ∈ I. Since ΦJ
q

is invertible, we have

(ξ1, . . . , ξq)
T = (ΦJ

q )−1
(∫

J

φ1(s)χq(s) ds, . . . ,

∫
J

φq(s)χq(s) ds
)T

.

Therefore, for any t ∈ I, if we take

`t(s) =
(
φ1(t), . . . , φq(t)

)
(ΦJ

q )−1
(
φ1(s), . . . , φq(s)

)T

, (D.4)
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we can write χq(t) =
∑q

r=1 ξrφr(t) =
∫
J
`t(s)χq(s) ds.

Using the Karhunen-Loève decomposition, we have X∗(t) = χq(t) +∑∞
r=q+1 ξrφr(t). We deduce that for t ∈ I, we can write

X(t) = µ(t) +

∫
J

`t(s)X
∗(s) ds+ Z(t) ,

where

Z(t) = X∗(t)−
∫
J

`t(s)X
∗(s) ds =

∫
J

`t(s){X∗(s)− χq(s)} ds+
∞∑

r=q+1

ξrφr(t) .

Now since, X∗(s) − χq(s) =
∑∞

r=q+1 ξrφr(s) for all s ∈ J , the definition of Θq

implies that for all t ∈ I

V ar{Z(t)} ≤ Θ2
q

{∫
J

∫
J

|`t(s)||`t(u)| ds du+ 2

∫
J

|`t(s)| ds+ 1

}
≤ (Dq,J + 1)2Θ2

q .

This shows that X(t) is
(
Dq,Jk , (Dq,Jk + 1)Θq

)
-predictable from XJ . The bound on

|L(t, s)−K(t, s)| follows by combining this with Theorem 1.a.

D.3 Proof of Proposition 2

By definition of S at (2.1), there exists a sufficiently large integer Q and a sequence

of disjoint subintervals J0, J1, . . . , JQ of I with
⋃Q
k=0 Jk = I and with the following

property: For any k ∈ {1, . . . , Q} there exists a k∗ ∈ {0, . . . , k − 1} such that (Jk ∪

Jk∗)× (Jk ∪ Jk∗) ⊂ S and supt∈Jk,s∈Jk∗ |t− s| ≤ c, where c is defined at (3.11) i).

Let k ∈ {1, . . . , Q}. Next we show that for t ∈ Jk, X(t) is linearly predictible

from X(s) with s ∈ Jk∗ . For this, let Z(t) = X(t)−
∫
Jk∗

`h,q,s;t(u)X(u) du, where

`h,q,s;t(u) =

q∑
r=0

1

hr+1r!
W (r)

(
s− u
h

)
(t− s)r , (D.5)

with h > 0 a real number, q an integer, and W a q+2-times continuously differentiable

probability density, symmetric around 0, and with compact support [−1, 1].
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Now, we have

V ar{Z(t)} = E

[{
X(t)−

∫
Jk∗

`h,q,s;t(u)X(u) du
}2
]

≤ 2E

[{∫
Jk∗

`h,q,s;t(u)X(u)du−
q∑
r=0

1

r!
X(r)(s)(t− s)r

}2
]

+ 2E

[{
X(t)−

q∑
r=0

1

r!
X(r)(s)(t− s)r

}2
]
≤ ε2k (D.6)

To bound the second term of the last inequality, note that when s belongs to the

interior of Jk∗ , by (3.11) i) and iii), for all εk > 0 there exists an integer q ≡ qεk such

that for any t ∈ Jk, if h is small enough,

E

[{
X(t)−

q∑
r=0

1

r!
X(r)(s)(t− s)r

}2
]
≤ ε2k

4
. (D.7)

For the first inequality, we have∫
Jk∗

`h,q,s;t(u)X(u) du−
q∑
r=0

1

r!
X(r)(s)(t− s)r

=

q∑
r=0

(t− s)r

r!

{∫
Jk∗

1

hr+1
W (r)

(
s− u
h

)
X(u) du−X(r)(s)

}
.

Using repeated integration by parts followed by a first order Taylor expansion of X(r),

it can be shown that there exist constants 0 < DW,r, r = 1, . . . , q, such that∣∣∣X(r)(s)− 1

hr+1

∫
Jk∗

W (r)

(
s− u
h

)
X(u) du

∣∣∣ ≤ h2DW,r sup
v∈[s−h,s+h]

|X(r+2)(v)| . (D.8)
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Therefore, using also (3.11) ii), we have

E
{∫

Jk∗

`h,q,s;t(u)X(u) du−
q∑
r=0

1

r!
X(r)(s)(t− s)r

}2

≤h4E
[{ q∑

r=0

(t− s)r

r!
DW,r sup

v∈[s−h,s+h]

|X(r+2)(v)|
}2]

≤qh4

q∑
r=0

(t− s)2r

(r!)2
D2
W,rE

{
sup

v∈[s−h,s+h]

|X(r+2)(v)|2
}

≤qh4

q∑
r=0

c2r

(r!)2
D2
W,rE

{
sup
|v−s|≤c

|X(r+2)(v)|2
}

≤ε
2
k

4
, (D.9)

as long as we take h ≡ hεk small enough.

Combining (D.6), (D.7) and (D.9), we deduce that V ar{Z(t)} ≤ ε2k. Thus we

have proved that for all k ∈ {1, . . . , Q} and all εk > 0 there exists Dk > 0 such that

the random variables X(t), t ∈ Jk, are linearly (Dk, εk)-predictable from XJk∗ for

some interval Jk∗ , where k∗ ∈ {0, . . . , k − 1} and (Jk ∪ Jk∗) × (Jk ∪ Jk∗) ⊂ S. The

proposition follows from Theorem 1.b.

D.4 Proof of Proposition 3

Recall that Ap = BBT and that (2.5) is thus minimized with respect to all possible

covariance functions which can be represented in the form
∑p

k=1 vk,p(s)vk,p(t), where

vk,p =
∑p

j=1 bj,kψj and the bj,k’s are coefficients. The sequence ψ1, ψ2, . . . forms a basis

of L2(I). Hence, there exist coefficients b∗j,k such that if p is sufficiently large, any

rescaled eigenfunction
√
θrφr in (3.2) can be approximated with arbitrary accuracy,

in the L2(I) sense, by a function of the form v∗k,p =
∑p

j=1 b
∗
j,kψj.

This implies that for any D > 0 and all integers n and Q there exists an integer

pn,Q with the following property: For all p ≥ pn,Q there are coefficients b∗j,k, j, k =

1, . . . , p, with b∗j,k = 0 for j > Q such that with A∗p = B∗(B∗)T, Mp(s, t |A∗p) =
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∑Q
k=1 v

∗
k,p(s)v

∗
k,p(t), and KQ(t, s) =

∑Q
r=1 θrφr(s)φr(t) we have∫

S0
{KQ −Mp( · |A∗p)}2 ≤ Dn−κ, and

∫
I
{KQ(t, t)−Mp(t, t |A∗p)}2 dt ≤ Dn−κ.

On the other hand, by (3.2) there necessarily exists an integer Qn such that∫
S0

(KQn −K)2 ≤ Dn−κ, and

∫
I
{KQn(t, t)−K(t, t)}2 dt ≤ Dn−κ.

By the Cauchy-Schwarz inequality we can thus conclude that for all p ≥ pn,Qn ≡ p(n)∫
S0
{K −Mp( · |A∗p)}2 ≤ 2

∫
S0
{KQn −Mp( · |A∗p)}2 + 2

∫
S0

(KQn −K)2 ≤ 4Dn−κ,∫
I
{K(t, t)−Mp(t, t |A∗p)}2 dt ≤ 2

∫
I
{KQn(t, t)−Mp(t, t |A∗p)}2 dt

+ 2

∫
I
{KQn(t, t)−K(t, t)}2 dt ≤ 4Dn−κ. (D.10)

Using again the Cauchy-Schwarz inequality, (D.10) and (4.1)(iii) imply that for all

p ≥ pn,Qn ≡ p(n)

Sp(Âp) =

∫
S

{
K̂ −Mp( · | Âp)

}2
+

∫
I
{K̂(t, t)−Mp(t, t | Âp)}2dt

≤
∫
S
{K̂ −Mp( · |A∗p)}2 +

∫
I
{K̂(t, t)−Mp(t, t |A∗p)}2 dt

≤ 2
[ ∫
S
{K −Mp( · |A∗p)}2 +

∫
I
{K(t, t)−Mp(t, t |A∗p)}2 dt

]
+ 2
[ ∫
S
(K − K̂)2 +

∫
I
{K(t, t)− K̂(t, t)}2 dt

]
≤ 16Dn−κ + 2

[ ∫
S
(K − K̂)2 +

∫
I
{K(t, t)− K̂(t, t)}2 dt

]
= OP (n−κ) ,

which leads to∫
S

{
K̂ −Mp( · | Âp)}2 = OP (n−κ) ,

∫
I
{K̂(t, t)−Mp(t, t | Âp)}2 dt = OP (n−κ) .

(D.11)

Now recall from (2.6) that K̃p(s, t) can be written as Mp(s, t | Âp). Since∫
S

{
K −Mp( · | Âp)}2 ≤ 2

∫
S

{
K̂ −Mp( · | Âp)

}2
+ 2

∫
S
(K − K̂)2,∫

I
{K(t, t)−Mp(t, t | Âp)}2 dt ≤ 2

∫
I
{K̂(t, t)−Mp(t, t | Âp)}2 dt+ 2

∫
I
{K(t, t)− K̂(t, t)}2 dt,
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the assertions of the proposition follow (D.11) and (4.1)(iii).
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