Aurore Delaigle, Ingrid Van Keilegom

Deconvolution with
unknown error distribution






1

Deconvolution with unknown error
distribution

CONTENTS

1.1 Introduction ......... ... i 1

1.2 Estimation of fx when additional data are available ........... 2
1.2.1  Sample from fy in the classical error model ............ 2
1.2.2  Replicated measurements with homoscedatisc errors ... 4
1.2.3  Replicated measurements with heteroscedastic errors .. 6
1.2.4  Related literature ..............c i 8

1.3 Estimation of fy and fx without additional data .............. 8
1.3.1  Semiparametric estimation without additional data .... 8
1.3.2  Nonparametric estimation without additional data ..... 12
1.3.3  Related literature ...........coooiiiiiiiiiiiiiiiin.. 15

1.4 Boundary estimation with measurement error .................. 15

1.5 Effect of misspecifying the error distribution .................... 20

“nobreak

|

1.1 Introduction

In the nonparametric literature on the classical measurement error problem,
where the goal is to do inference on the distribution of a variable X observed
with independent additive error U, it is often assumed that the error density
fu is perfectly known. In applications this is often too restrictive, since in
many cases one does not know much about the complexity and imperfect
nature of the underlying data. In this chapter we present approaches for non-
and semiparametric inference on the distribution of X developed in papers
that do not assume the density fy to be (fully) known. Unless otherwise
specified, we assume throughout that all the variables are continuous and the
data follow the classical additive measurement error model (see (1.1) below) or
a heteroscedastic variant of it (see model (1.15)). Apart from some qualitative
or parametric assumptions on fi;, we do not use other models. In particular,
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we do not consider the case where the variable X is a covariate in a regression
model, that one wishes to estimate by taking the measurement error on X
into account.

There are basically two ways to avoid assuming that fi; is known: either we
observe additional data (in the form of repeated contaminated measurements,
longitudinal data, validation data, auxiliary variables, instrumental variables,
etc.) that can be used to estimate fy, or we make assumptions on the laws of
X and U that allow to identify and estimate fi; without the need to collect
additional data. In Section 1.2 we show how to estimate fx nonparametrically
when additional data are available; the case without additional observations
is the topic of Section 1.3. In Section 1.4 we discuss the related challenging
problem of estimating the boundary of the support of X in the case without
additional data. Finally, in Section 1.5, we consider the case where one has
neither enough data nor enough information about the underlying densities to
be able to estimate fy consistently; we discuss how nonparametric estimators
of fx are impacted by misspecification of fi;.

1.2 Estimation of fy when additional data are available

In this section we discuss techniques for estimating the density fx nonpara-
metrically from data coming from the classical measurement error model, in
the case where the error density is unknown but it can be estimated from
additional observations. For example, we may have access to a sample from
the error distribution or may be able to measure the data repeatedly. There
are other situations where some type of additional data are available, which
can be used for identifying and constructing an estimator of fy and fx. They
include the case when validation data are available (i.e. when some of the
data points are measured without error), when panel or longitudinal data are
observed, or when auxiliary variables or instrumental variables are available.
In each of these cases it is possible to identify the distribution of the signal X
under certain assumptions.

In this section we consider three different scenarios. In Section 1.2.1, we
discuss the simplest case where we observe a direct sample from the errors,
which are assumed to be homoscedastic. Section 1.2.2 introduces techniques
that can be applied in the more common situation where the contaminated
observations are observed repeatedly and the errors are homoscedastic. We ex-
tend those technique to the more general heteroscedastic case in Section 1.2.3.
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1.2.1 Sample from fy; in the classical error model

Suppose we observe an ii.d. sample of contaminated data X7,..., X} dis-
tributed like a random variable X* coming from the classical error model

X*=X+U, X and U independent, X ~ fx and U ~ fy . (1.1)
As usual in the deconvolution literature, we assume that
fu is symmetric and ¢ (t) # 0 for all t € R, (1.2)

where here and throughout, ¢4 (t) denotes the characteristic function of A if
A is a random variable, or the Fourier transform of A if A is a function. (Note
that since fy is symmetric, oy is real and thus @y (t) # 0 is equivalent to
eu(t) >0.)

In the basic setting where fy is known, a popular nonparametric estimator
of fx is the deconvolution kernel estimator (Carroll and Hall, 1988; Stefanski
and Carroll, 1990). See also Apanasovich and Liang (2021) for more details
regarding kernel deconvolution methods for regression with classical errors,
and Kang and Qiu (2021) for other deconvolution approaches. For all x € R,
it is defined by

. 1 & x—X*
= > Ku(—2) 1.
fx(@)=— ; vl—5—) (1.3)
where i > 0 is a bandwidth and, letting K be a kernel function,
1 —ite _PKE(L)
Ky(z :—/e e T2 dt 14
T AT -y
where i denotes the complex number such that i = —1; see Delaigle (2021).

When fy is unknown, we cannot compute the estimator at (1.3). In Diggle
and Hall (1993), the authors considered the case where, in addition to the X;’s,
an i.i.d. sample 171, cee U, from the error density fy; is observed. There, they
suggested to replace the unknown ¢y (¢) at (1.4) by the empirical characteristic
itU;

function ¢y (t) =m=' 377, to obtain

KU(JJ) = i/e—itw (;:;I((t(/t})L) dt, (15)

Fute) = 23 R (220, (16)

Under certain regularity conditions, they showed that as long as n = O(m),
estimating ¢y has no first order asymptotic impact on the integrated squared
error of the estimator at (1.3). However, in practice ¢y (t) is a poor estimator
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of ¢y (t) for large |¢| (i.e. where @y (t) takes small values). Indeed, since ¢y is
unbiased and has a variance of order m ™!, then values of |¢r;| much smaller
than m~1/2 are essentially noise and can create numerical instability of the
integral at (1.6). These difficulties can be avoided by regularising ¢y in its
tails, using for example the estimator fx(z) = (nh)~! > i1 f(U{(x —X7)/h}
suggested by Neumann (1997), where

Ky(z) = ;T/eimm Hlgu(t/h)| >m=?} dt. (1.7)

In practice, h needs to be chosen from the data; Neumann (1997) briefly
mentions the possibility of using cross-validation of the type as in Stefanski
and Carroll (1990), but without giving any detail. Perhaps this could be done
by replacing, in each term of the cross-validation criterion used by Stefanski
and Carroll (1990), ¢y by @u, using as well 1{|¢y (t/h)] > m~/2} as above,
but this approach is studied neither in theory nor in practice.

1.2.2 Replicated measurements with homoscedatisc errors

Observing a sample from fy, like in Section 1.2.1, is only possible in some
particular applications. Instead, what is often more realistic is to assume that
we can observe replicated contaminated measurements

e =X;+Uj, fork=1,...omjand j=1,...,n, (1.8)

where m; > 1 is the number of replicates available for the jth individual, at
least a fraction of the m;’s are greater or equal to 2, X; ~ fx, Ujr ~ fu and
the X;’s and the Uj;’s are totally independent.

For example, in nutrition studies, the long term nutrient intake X of a
patient is often measured through several 24 hour recalls. At each 24 hour
recall, the jth patient reports their food intake over the last 24 hours, which
is only a rough approximation to their long term intake X;. After a trans-
formation (typically the log transform), the data from the 24 hour recalls are
often assumed to behave like X7, at (1.8).

To understand why replicates can be used to make progress when fy is
unknown, note that if we subtract two replicates, say X7; and X7, for a given
individual, then we have X;l —X;‘Q = Uj1 —Uja. Since the Uj’s are i.i.d., this
can be exploited to estimate quantities related to fyy. In the simplest version
of this problem, a parametric model is assumed for fi;. Often, the errors are
assumed to be of zero mean, and the only unknown in fy; is the variance 0[2],
which can be estimated by

n m; n

6% =SS (5 — X%/ S (my — 1), (L9)

j=1k=1 j=1

This approach is commonly used in the parametric literature on measurement
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errors. See for example Madansky (1959), Carroll and Stefanski (1990), Gleser
(1990), Carroll et al. (1993) and Carroll et al. (2006), page 71. It can be
combined with either a parametric estimator of fx or with the deconvolution
estimator at (1.3), replacing there all instances of ¢y by the corresponding
parametric estimator.

However, if we assume that (1.2) holds, the distribution of U can be es-
timated consistently without such parametric assumptions, as we show now.
Under (1.2), since the Uj,’s are i.i.d., we have

X5 = X5 =Uj —Uja ~ fu* fu,
where, for two functions f and g, f * g(z) = [ f(z — u)g(u) du denotes the
convolution of f and g. Therefore, the characteristic function of X7, — X7, is

equal to ga%] and we can estimate @%] by the empirical characteristic function
of all the possible differences X5 — X7, k # ¢,

PO = DL R = L (o

Jj k<t Jok<t

where Y. refers to the sum over the individuals for which m; > 2, and N
denotes the number of terms in the triple sum ;7 ,. See Delaigle et al.
(2007) and Delaigle et al. (2008).

Under (1.2), for all t € R we can write ¢ (t) = {p?(t)}'/2. Since ¢? is an
empirical characteristic function, it is not guaranteed to be real nor positive,
unlike <p2U(t). However, these two properties can be enforced by replacing
% (t) by ‘%{@IQJ (t)}|, where R denotes the real part (the imaginary part is of
no interest in practice, and ignoring it makes no asymptotic difference since it
vanishes asymptotically). Motivated by these arguments and noting that, for
all z € R we have R(e'®) = cosz, Delaigle et al. (2008) proposed to estimate
eu(t) by

~ ~2 1/2 1 * * 1z
but) = RO} =| 5 DX stz - )| . ()

Jj k<t

where N and the sums are as at (1.10). Then, they estimate fx(z) by

. " . sx— X7
fX(l'):%ZKU< - ]), (1.12)
with ) )
2 e YK
Ky(z) = QW/ S (1.13)

where p > 0 is a ridge parameter (usually a small number) introduced to avoid
problems with the denominator getting too close to zero. Under sufficient
regularity conditions, Delaigle et al. (2008) show that, if n = O(N) and the
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distribution of X is sufficiently smooth compared to that of U, fx at (1.12)
has the same first order asymptotic properties as f x at (1.3).

In practice it is difficult to choose an appropriate p from the data, and other
techniques can be employed to reduce the impact of the unreliability of ¢y in
its tails. For example, one could use Neumann’s (2007) truncation approach
introduced in Section 1.2.1. Delaigle et al.’s (2008) alternative suggestion is
to replace @y (t) + p by

pu(t) = du(t) 1{t € A} + u.p(t) 1{t & A}, (1.14)

where A denotes an interval on which ¢y is not too unreliable, and ¢y p
denotes a parametric estimator of ¢y. For example, A could be taken to
be the truncation interval used by Neumann (2007), or the largest interval
around 0 on which the estimator ¢y (t) does not oscillate. For the parametric
model ¢y p, arguments from Meister (2004) and Delaigle (2008) suggest that
a good choice is to use a Laplace distribution. Delaigle et al. (2008) follow this
approach, and take ¢y p(t) = (1 + 6%t%)~!, where 6% is half the empirical
variance of U computed as at (1.9). Delaigle (2008) suggest using the plug-in
method bandwidth of Delaigle and Gijbels (2002, 2004), replacing there each
occurrence of ¢y by @p.

Li and Vuong (1998) suggested a more complex approach which, in prin-
ciple, could be used regardless of symmetry properties of the error density
fu. Their technique is based on properties of the characteristic function of
pairs of replicates, but it suffers from at least two drawbacks. First, it is not
clear how it could be implemented in practice. Second, the authors estab-
lished consistency of their estimator under the assumption that the density
and the characteristic function of U and X are both compactly supported. As
noted by Delaigle et al. (2008), it seems difficult to satisfy those conditions
simultaneously.

1.2.3 Replicated measurements with heteroscedastic errors

The estimator at (1.12) introduced in Section 1.2.2 can be extended to the
setting where the Uj’s at (1.8) are not identically distributed. In practice, het-
eroscedastic errors arise when individuals are not observed under similar con-
ditions. For example, the observations may have been collected in several lab-
oratories or from different studies, and groups of individuals (e.g. smoker/non
smoker, male/female) may be contaminated by different types of errors. There
are several ways to model heteroscedasticity of the errors. One possibility is
to assume that instead of coming from the model at (1.8), the replicated
contaminated observations are generated from the model

X;k:Xj+Ujk, X;~ fx, UjkaUj,fOI'k:L...,mj andjzl,..(.,n,)
1.15
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where m; > 1 is the number of replicates available for the jth individual, the
X,’s and the Uji’s are totally independent and, letting n; = m;(m; — 1)/2,

n
fu, is symmetric for j =1,...,n and an\gon () >0forallt cR,
j=1
(1.16)
where @y, denote the characteristic function of Uy, for k = 1,...,m. Note
that unlike the homoscedastic case from Section 1.2.2, the measurements need
to be replicated at least once (m; > 1) for all individuals.

Under these conditions, Delaigle and Meister (2008) proposed an alter-
native to (1.12) that can be computed from the data at (1.15). To un-
derstand their technique, note that using (1.16), since (X7, + X7,)/2 =
X; + (Ujr + Uje) /2, we have

(e ) - px(0 3 nslov, 1/

J=1 k<t
Likewise, since (X7, — X7,)/2 = (Ujx — Uj¢)/2, we have
Xik=X]

By et - ilnjwj(t/mﬁ.

j=1 k<t

These calculations suggest estimating @ x (¢) by

Px(t) = zn: Z eit(xjk+X;g)/2/§n: Z et (X5 —=X50)/2

=1 k</ =1 k<t

However, as in Section 1.2.2, since the denominator is an empirical character-
istic function, it can get close to zero, especially for large [¢|, even if (1.16)
holds. To overcome this difficulty, Delaigle and Meister (2008) use a ridge
parameter p > 0, and propose to estimate fx(x) by

n (X +X7,)/2
1o [ s B
2 D1 k< XX 4 p

To choose (p, h) in practice, we can use the SIMEX bandwidth of Delaigle
and Hall (2008). Alternatives such as the one discussed at (1.14) could also
be used to avoid having to use p. In this case, the only parameter to choose
is h. While for this we could also use the SIMEX bandwidth of Delaigle and
Hall (2008), inspired by Delaigle et al. (2008), another approach that seems
reasonable and which we prefer is to use a plug-in procedure of the type in
Delaigle and Gijbels (2002, 2004). This approach consists in choosing h by
minimising an estimator of the asymptotic mean squared error of version of
the estimator fX that assumes that the ¢y;’s are known, i.e. of

7 L [ ey (XX -
fx(z) = Py /e t Zze HX e +X70)/2 @K(ht)/znj|ﬁpUj(t/2)|2 dt .
=1

j=1 k<t

(pK(ht) dt.
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1.2.4 Related literature

In the case where replicated data are available and the errors U; are normally
distributed, McIntyre and Stefanski (2011) suggested an alternative kernel
density estimator in the heteroscedastic context. In the regression context,
Delaigle and Meister (2007) also suggested an alternative SIMEX procedure,
which can be easily adapted to the density estimation setting. Meister and
Neumann (2010) considered the replication model in cases where ¢y has zeros,
and Horowitz and Markatou (1996) and Neumann (2007) considered a related
problem using panel data. See also Schennach (2004).

1.3 Estimation of f; and fx without additional data

In the previous section we assumed that we had additional data that could
be used to estimate the error density fiy. However, additional data are not
always available, a situation that has received increasing attention in the re-
cent literature. Although this problem is much harder than the previous ones,
fortunately one can still correct for the measurement error in certain cases. In
this section we present some settings where we can identify and estimate the
densities fyy and fx without the additional data from Section 1.2. This will be
done first for the case where fy is partially known (e.g. normal distribution
with unknown variance), and then for the case where only some qualitative
information about fy is available (like symmetry). The former model is re-
ferred to as the semiparametric model (as fx is nonparametric and fy is
parametric), whereas the latter is nonparametric.

We will assume throughout this section that the classical additive error
model is valid, i.e. we have a sample X7,..., X} of i.i.d. copies of X*, where
X* comes from the model at (1.1).

1.3.1 Semiparametric estimation without additional data

In the literature on this estimation problem, two quite different main streams
of ideas are developed. The first one makes assumptions on the behavior of the
characteristic function of X; in the second approach, the identifiability of the
model is obtained by making assumptions on the support of X. We refer also
to Wang (2021), which goes deeper into the important issue of identifiability
of measurement error models.

The first line of research is initiated by Matias (2002), and later extended
to more general densities fx and fy by Butucea and Matias (2005), Meister
(2006) and Butucea et al. (2008). It focuses on the supersmooth class of error
distributions introduced in Delaigle (2021). Below we explain in detail the
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method developed by Butucea and Matias (2005). Then we briefly explain
the different contributions of the other three papers.

Suppose that the error U is supersmooth of a known order, i.e. the error
is such that its characteristic function py satisfies

do exp(—|to|?) < |ou (t)| < dyexp(—|ta]?) for all [t| > M (1.17)

for some constants 0 < dg,dy, M < oo, where § > 0 is a known constant and
o > 0 is an unknown scale parameter. This includes the case of normal errors
with unknown variance, in which case 8 = 2 and o2 = 02U /2, where 012] is the
variance of U. It also includes the case where U has a stable distribution with
unknown scale parameter o, and with all other parameters known.

The density of U then only depends on the unknown parameter o, and we
will therefore focus in what follows on the identifiability and estimation of o.
Once the density of U is estimated, classical deconvolution methods, like the
one at (1.6), can be used to estimate the density fx.

Suppose that the characteristic function ¢x of X satisfies either

lox (t)] > colt| ™ for |t| large enough, (1.18)

for some unknown constant ¢y > 0 and a known constant « > 1 (which is e.g.
the case for the exponential density) or

lox (t)] > coexp(—ci|t|*) for [t| large enough, (1.19)

for some known constants 0 < a < 8 and ¢; > 0, and an unknown constant
co > 0, which is satisfied for the normal density, among many others. Under
(1.17), since px~ = pxpy by (1.1), we have, for || large enough,

log{lox ()[}/[t17 +log(do)/[t|” — o” < log{lox-(®)I}/It|” <0,

where we used the fact that ¢x+(t) < 1 for all t. Under either of (1.18) or
(1.19), log{|ox ()|} tends to infinity more slowly than |¢|®. Therefore, we have

lim log{|ox-(t)[}/[t|” = —o”.

[t]—o0
This shows that o can be identified from the distribution of X* alone.

To derive an estimator of o, define W(s,t) = @x~(t) exp(s°t?), and note
that for s > o,
. 1 B4BY —
i [¥(s, 1)) = lim [ox (¢)] e (t)] exp(s7t7) = oo,

whereas for s < o, limy_, 1 |¥(s,t)| = 0, since |y (t)|exp(s’t?) tends to a
positive constant when s = o, to 0 when s < ¢ and to infinity faster than

lox ()] tends to zero when s > o. Motivated by this, Butucea and Matias
(2005) proposed to estimate o by

6=inf{s:s>0and (W (s,t,)| > 1},
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where (s, t) = ¢x-(t) exp(sPtP), with Gx- = n~! > ¢"XJ the empirical
characteristic function of X*, and where t,, is a smoothing parameter satisfying
t, — +00 as n — oo.

Butucea and Matias’ (2005) work shows that it is possible to estimate
the unknown parameter o of a parametric supersmooth error distribution,
but their method requires strong assumptions on the target density fx, since
we need to know that the characteristic function ¢x decreases to zero in
the tails more slowly than the characteristic function of the errors, ¢y, and
this information is often not available in practice. Moreover, their estimator
depends in a sensitive way on the smoothing parameter ¢,,, as they explain at
the end of their Section 2.

In Butucea et al. (2008) the above method was adapted to the case where
U has a stable symmetric distribution, that is has characteristic function

ou(t) = exp(—|ot|”)

for all ¢, where the scale parameter o > 0 is supposed to be known and the
self-similarity index S > 0 is unknown. So in this case instead of assuming
that o is unknown and § is known (which is a special case of the model in
Butucea and Matias, 2005), they make the reverse assumption. They show
that the parameter S is identified, and they propose an estimator which is (as
in Butucea and Matias, 2005) based on the idea of selecting the smallest value
of B that satisfies a certain property. As before, the estimator depends on a
tuning parameter ¢, that needs to go to infinity as n — oo and that depends
on parameters that are unknown in practice.

The work of Butucea and Matias (2005) is also related to the papers by
Matias (2002) and Meister (2006), who considered the special case of a normal
error U ~ N(0,0%). We focus here on the method proposed by Meister (2006);
the one by Matias (2002) is rather similar. Meister (2006) assumed that for a
constant M > 0,

colt] Y < lex ()] < |t for all |t| > M,

where ¢y and c¢; are positive finite constants and « > 1 (not necessarily
known). Under these conditions, since ¢ x+ = @xpu, by (1.1), for all v > 1
and ¢y > 0, we have

{|@X*(t)|} < lim log(ci/ca) +log (It~*) o} = o}
[t] =00

12 2 27

lim ¢t~ 21lo
el

[t]—o0

since @y (t) = exp(—o3t?/2).
Using these ideas, Meister (2006) proposed to estimate o7 by

o = min { ma (0. 2108 {Jox-()l/ (2t D} /) 02 ). (120)

with 02 and t,, two sequences tending to infinity as n — oo (see Meister, 2006),
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and where c; = ¢p and 7 = « if ¢y and « are known. If they are unknown, co
and ~ are chosen arbitrarily.

Let us now turn to the second stream of techniques mentioned at the start
of this subsection, namely the idea of identifying the measurement error model
by making assumptions on the support of X. Schwarz and Van Bellegem (2010)
assumed that U ~ N(0,0%) with 07 > 0 unknown, and that the density fx
vanishes on a set of positive measure. They show that under this model, o7,
and fx are identified. The proof of this result relies on the fact that for any
probability distributions P; and P, and for any 0 < o1 < 09, we have that
Py = Py x N(0,03 — 07) whenever P * N(0,0%) = P, * N(0,03).

Based on this identification result, Schwarz and Van Bellegem (2010) pro-
posed to estimate o7, and px by minimizing a weighted L; distance between
the characteristic function @x- of the data, and the characteristic function
Yx+ = PxPs, under the model, with ¢,, the characteristic function of a
normal with variance . More precisely, they defined their estimators by any
pair (67, px) that satisfies

p(a—?]?@X) S s H}f p(@%,@x)-l-(sm
65 >0,px€Pc
where §,, is some sequence tending to zero, ®¢ is the set of all characteristic
functions corresponding to some class of distributions C, and

P53, 6x) = / x (B)pm (1) — @xc- (1) [wlt) dr,

for some strictly positive and continuous weight function w. While they es-
tablished consistency of their estimator under some conditions, they did not
propose a way to compute their estimator in practice (e.g. how to choose 4,
C and w nor how to solved the optimisation problem).

The approaches in the preceding paragraphs are important in that they
come up with theoretical ways to identify the model without the need to
collect additional data. However, those estimators all suffer from one or more
of the following problems: they depend on one or several tuning parameters for
which no clear guidelines are given, no (or limited) practical implementation
is discussed, and they might lead to practical identifiability issues.

To overcome these problems, Bertrand et al. (2019) proposed a new method
for the case where the error U is normal with unknown variance U%], and the
support of X is compact. The identifiability of this model is guaranteed by
Schwarz and Van Bellegem (2010). Assume that the support of X is equal to
[b,a + b], with @ > 0 and b € R two unknown constants, and write

X=aS+b,

where S = (X — b)/a is a continuous random variable taking values on [0, 1].
The advantage of formulating the problem through S is that Bernstein



12 Deconvolution with unknown error distribution

(1912) showed that any continuous function f(s) defined on [0, 1] can be ap-
proximated uniformly by the limit, as m tends to infinity, of a Bernstein
polynomial of degree m, defined as follows:

Bm(S) = Zak,mbk‘,m(s)7 s € [0, 1] ,
k=0

where by, (s) = (1) s*(1—s)™ "% for k =0,...,m and agm = f(k/m). Thus,

for m large enough, the density fs(s) of S can be approximated by

Fsm(s:0m) = Zfs(k/m)bk,m(s) = Zigk,meHl,WHl(S)a s €[0,1],
k=0 k=0
where 0, = (00.m, - - - Omm), With Ok, = (m +1)71 fs(k/m) some unknown

positive parameters, and where fp,,, ., ., denotes the Beta density with
parameters k + 1 and m — k + 1.

We deduce, using (1.1), that fx«(t) = fx = fu(t) = a™' [ fs{(z —
b)/a}do, (t — x)dx, where ¢y, is the density of a N(0,0%). Thus, we can
approximate fx-(t) by

fxem(tiov,a,0,0,) = Okm / faBiss mrir (T =)oy, (t — ) da,
k=0

where fo B,y (@) = a7 fB . (@/a). Tt can be shown that if fg is
continuous, we have lim,,_,~ sup, ‘fx*,m(t; ou,a,b,0.,) — fx*(t)f =0.

The unknown parameters oy, a,b and @, of this approximation are esti-
mated by maximum likelihood, under the constraint that the 6y ,,’s are non
negative and sum to 1, which ensures that the estimator of me( 10,) is
a density. Letting &wd,é and 6, denote the resulting maximum likelihood
estimators, the estimator of fx(z) is then given by

fx(z) = Z élc,mfa,J.f;kH,m,,c+1 (x—b).
k=0

Bertrand et al. (2019) suggested choosing m using the Bayesian Information
Criterion (BIC).

1.3.2 Nonparametric estimation without additional data

In the previous section we made some parametric assumptions on the error
density fy, assuming for example that U is normal with unknown variance
or that U has a stable distribution with either scale or self-similarity index
unknown and estimated from the data. In this section we go one step further
and make only qualitative assumptions on the density fi;, from which we can
still identify and estimate fx.
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A first paper on this topic is by Meister (2007), who assumed that the char-
acteristic function ¢y is known on a compact interval around zero. Based on
this assumption, he shows that the density fx is identifiable. To estimate fx
in practice, he decomposes its characteristic function ¢ x in a Legendre poly-
nomial basis, estimates the unknown coefficients of the decomposition, and
then deduces an estimator of fx by an inverse Fourier transform smoothed
by some kernel. While this work constitutes a first step in this difficult esti-
mation problem, assuming that ¢y is known on a compact interval around
zero is only slightly less strong than assuming that fi; is completely known;
for example it implies that all moments of U are known (if they exist).

Delaigle and Hall (2016) relaxed the conditions on fr7, assuming only that
fu satisfies the standard deconvolution assumption at (1.2). They introduced
their technique for both continuous and discrete distributions but here we dis-
cuss only the continuous case. Under (1.2), if we do not impose any constraint
on fx then it is impossible to distinguish fx from fy based on data on X*.
For example, if X has a symmetric density fx and we observe X* = X + U
whereas all we know about X and U is that they are independent and fy is
symmetric, then fx-, fx and fy could each play the role of fiy since these
three densities are symmetric (here and below we let fr denote the density of
any variable T').

Thus, under (1.2), fx cannot be identified from data on X* if it is not
asymmetric, but asymmetry does not suffice to ensure identifiability. Indeed,
suppose that X can be expressed as

X=Y+2Z, (1.21)

where Y and Z are independent and have a non degenerate distribution,
fz is symmetric and fy is asymmetric. Then fx is asymmetric, but since
X*=X+4+U=Y+Z+U, and each of fy, fz and fz,y are symmetric, then
each of these three densities can play the role of the symmetric error density
fu, which shows that we cannot identify fy from data on X*. Motivated by
these considerations, Delaigle and Hall (2016) assumed that

fx is asymmetric and X cannot be decomposed as at (1.21). (1.22)

The condition at (1.22) may appear very restrictive as it excludes many
distributions commonly used in statistics. However, Delaigle and Hall (2016)
argued that in real life, data can come from such a diverse, infinite set of
distributions, that we can rarely expect that fx will be so nice and regular that
it exactly satisfies (1.21). By contrast, the errors tend to be more structured
(for example they are often averages of several random variables) and can
often reasonably be assumed to have a nice and symmetric distribution.

The distributions for which (1.21) does not hold are known in the probabil-
ity literature as non-decomposable distributions, and are notoriously difficult
to characterise. However, some results suggest that “in general, a distribution
is indecomposable”; see Parthasarathy et al. (1962). See also Delaigle and Hall
(2016), who proved that (1.21) often does not hold in the discrete case.
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Under (1.2) and (1.22), Delaigle and Hall (2016) developed a methodology
based on the phase function, which, for a random variable T, is defined by
pr(t) = @r(t)/ler(t)], for all t € R. In this notation, since (1.2) implies that
vu = |pu| and recalling that X* = X 4+ U, we have

px+ = px+/lex+| = pxev/lexeu| = px - (1.23)

Now, we can easily estimate px from data on X* (it suffices to replace px-

in (1.26) by its empirical estimator). Thus, if we could uniquely identify a

distribution from its phase function, we could deduce an estimator of fx.
However, a phase function does not uniquely identify a distribution. To

see why, let
T=X+V, (1.24)

where V' and X are independent and V has a non degenerate distribution.
If V has a symmetric density fy, then pr = px (this is shown in the same
way as the proof of (1.26)). Likewise, if we could express X as at (1.21),
then we would have px = py. Note too that, in these notations, we have
var(Y) < var(X) < var(T). Now, as argued above, in many cases, (1.21)
will not hold. Since, for T" at (1.24), we have var(X) < var(T'), this motivated
Delaigle and Hall (2016) to assume that, in addition to (1.22), the distribution
Fx of X is such that

Fx is the unique distribution with smallest variance among all

distributions with phase function px. (1.25)

Note that (1.25) does not follow from (1.22). Indeed, even though, under
(1.22), (1.21) cannot hold, where py = px and var(Y) < var(X), this does not
ensure that there is no random variable V' which has neither the form at (1.24)
nor that of Y at (1.21), but which is such that py = px and var(V) < var(X).
As mentioned above, too little is known about properties of non-decomposable
distributions for it to be possible to characterise the distributions that satisfy
(1.22) and (1.25). However, Delaigle and Hall (2016) argued that, in many
real applications, it is reasonable to assume that these conditions hold.

Thus, in theory, their goal is to find the distribution Fx with phase func-
tion px such that px = px=, or equivalently, such that

ox-(t) — px(D)|px-(t)] =0 for all ¢, (1.26)

which has the smallest possible variance. In practice, to estimate Fx un-
der assumptions (1.2), (1.22) and (1.25), they start by estimating the phase
function of X by px = px. = dx-/|dx-|, where @x«(t) = n~! > i1 ettXj
is the empirical characteristic function of X*. Then, to make the optimisa-
tion problem tractable in practice, they approximate Fx(z) by a discrete
distribution F(z|p) = 7., pjI(z; < x) which puts mass 0 < p; < 1
at xj, for j = 1,...,m, where Z;n:lpj = 1; they take m = 5y/n and
choose the z;’s at random, uniformly over [min; X7, max; X]. Let p(t|p) =
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o(tlp)/|p(tlp)| denote the phase function of the distribution F(z|p), where
o(tlp) = Z;nzl pj exp(itz;). Motivated by (1.26), and noting that the quality
of px~(t) degrades as |t| increases, Delaigle and Hall (2016) propose to search
for p = (p1,...,Pm) that minimises

2
7() = [ [ox-(0) = pltlp)lgx- (] wit)dt,

where w is a weight function, and minimises, at the same time, the vari-
ance of the distribution F(z|p). See Delaigle and Hall (2016) for details of
implementation. Then they estimate oy (t) by @u(t) = ¢x«(t)/o(t|p). In
the continuous case, they deduce a density estimator of fx(z) by taking
fx(@) = 2m) 7 [ e " @(t|p) o (ht) /Py (t) dt, where G is obtained from ¢y
as at (1.14), K is a kernel function, and h is the plug-in bandwidth of Delaigle
and Gijbels (2002, 2004), replacing there each occurrence of py by @

It is worth mentioning that typically, in practice, when minimising T'(p)
most of the p;’s are equal to zero and a more recent suggestion is to take
m small and minimise over both the x;’s and the p;’s; see the R package
deconvolve by Delaigle et al. (2021).

1.3.3 Related literature

So far, we focused on the case where the only available model equation is the
measurement error model. In some case, we also know that X is the covariate
of a regression model of the form Y = g(X) + ¢, where X, € and U are mutu-
ally independent, E(e) = 0, and we have an i.i.d. sample (X}, Y;),i=1,...,n
with the same distribution as (X*,Y). In such cases, this regression model can
be used in an attempt to identify and estimate fy (in addition to the other
model components). This approach has been followed by Reiersgl (1950) in a
seminal paper that assumes that g is linear, and by Schennach and Hu (2013),
who showed conditions under which this model is identified in a fully nonpara-
metric setting. As it turns out, there are three mutually exclusive cases, and
for each case Schennach and Hu (2013) established conditions under which
the model components are identified. The result establishes when the knowl-
edge of the joint distribution of the observable variables Y and X* uniquely
determines the unobservable quantities of interest, namely the function g and
the distributions of X, U and e. We also refer to Schennach and Hu (2013)
for related papers regarding identification in this type of models, and to the
review paper by Schennach (2016) (Section 5) for papers that deal with partial
identification in these models.
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1.4 Boundary estimation with measurement error

We now turn to the estimation of the endpoints of the support of X, when
we observe X* at (1.1), where the distribution of U is (partially) unknown
and no additional data are available. We suppose that X is not supported on
the whole real line and our goal is to estimate the endpoints of its support.
Without loss of generality, we suppose that it is the right endpoint 7 of the
support of X that is finite. Our goal in this section is to estimate 7. The case of
a left endpoint is dealt with similarly. Note that most of the methods presented
in the previous sections implicitly assumed that fx was either supported on
the whole real line or vanished at the endpoints of its support. For example,
it is well known that kernel density estimators are not consistent near the
boundary of their domain unless they vanish at the boundary.

The problem of estimating the frontier or boundary of a variable has re-
ceived a lot of attention in the literature, in particular in economics where the
efficiency of a firm is often measured by the distance between the output (pro-
duction) of the firm and the maximal possible output. This output variable is
often measured with some noise, and often not much information is available
about the distribution of this noise. In that example, 7 above corresponds to
the largest possible output.

If X is assumed to be supported on a bounded interval, and if U ~
N (O,O'ZU) with unknown 012], then the method proposed by Bertrand et al.
(2019) (see Section 1.3.1) can be applied since it provides estimators of each
of 0%, fx and the support [b,a + b] of X.

If X is not assumed to be supported on a compact interval, a number of
other approaches exist in the literature. When the error U has an unknown
compact support [—c¢,¢| and is unimodal with unique mode at zero (and is
otherwise unknown), Hall and Simar (2002) proposed to estimate 7 by:

7 = argmax, 7| fi- ()], (1.27)

where J is an interval in the right tail of X* including 7, and f}* de-
notes the derivative of a standard kernel density estimator based on the data
X5 X

Note that in the error-free case, that is if X* = X, this is a standard
procedure for estimating an endpoint of the support of a distribution. In the
error case, a natural approach that leads to a consistent estimator of 7 consists
in replacing fé( at (1.27) by a deconvolution kernel density estimator of f%
(see Delaigle and Gijbels, 2006). However, Hall and Simar (2002) show that,
under some conditions, the naive approach at (1.27) provides a consistent
estimator of 7 too (recall that in the error setting, a naive estimator is an
estimator that applies to contaminated data, a technique that is consistent in
the error-free case).

To understand why, they considered the toy example where the density
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fx is constant (say equal to K > 0) on some (small) interval [a, 7]. Then, if
T > a+ 2c¢ (which is the case for small ¢), it can be easily seen that

0 fat+e<t<T—rC
fx-®) =< —Kfut—7) ifr—c<t<t+ec
0 ift>7+ec.

Hence, the maximizer of |f.(¢)| for ¢ in the right tail equals the maximizer
of fu(t — 7), which is 7 thanks to the unimodality of fy;. They showed that
when the density fx is not flat to the left of 7 but satisfies certain regularity
conditions, and oy (and hence c) is small, then argmax,|f%.(t)] = 7+ O(c?).
Exploiting the fact that U?J = o(1), they proposed a refined estimator, ob-
tained by adding a bias correction term to 7. The improved estimator has a
bias term of order O(c},) if fy has a symmetric density around zero.

Another approach was considered by Schwarz et al. (2012), under the as-
sumption that the error U ~ N(0,0%) with o unknown. Their work consid-
ered a general problem of frontier estimation, but here we discuss only the part
of their technique that can be used to estimate the right endpoint 7 of the dis-
tribution of X. To ensure that the model is identifiable, the authors followed
Schwarz and Van Bellegem (2010) (see Section 1.3.1) and assumed that the
probability distribution of X vanishes on a set of positive measure. Without
loss of generality, suppose that 7 > 0 (can be satisfied by pre-transforming
the data to the positive real line).

Their approach for estimating 7 is based on the observation that for
any A > 7, we have fOA limy, o0 {Fx(2)} " dz = fOA Hx > 7}hdr =
A — 7, which suggests that, for m large enough, we can estimate 7 by
A— fOA lim,;,— 0o {Fx(x)}mdx, where F’X denotes a consistent estimator of

Fx. To construct Ex, the authors use a sieve estimator. Specifically, they
approximate the distribution of X by a discrete distribution with atoms
0 <6 < ... < Ik, where K,, = o0 as n — oo; that is, they take
Fxs(z) = K1 Zfz"l I(6, < x). Let Fx«(t) = n~! Y I(X; < t) denote
the empirical distribution function and Fj,, = Fx,s * ¢o,. To estimate the
8x’s and o, they propose to minimise the following weighted L;-distance:

/ | B0 (1) — Fix=(t)|w(t) dt,
R
under the constraint that the dx’s and oy are less than a constant D,,, which

is such that D,, — oo as n — oo. Finally they estimate 7 by the order-m,,
frontier estimator, defined by

A
F=A— /0 {Fy ()} du, (1.28)

where m,, — 0o as n — 0o, but they didn’t propose a practical choice of m,,.
Next, we consider the method proposed by Kneip et al. (2015), which
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also assumes that U ~ N(0,0%) with o7 unknown. Their approach relies
on transforming the error model at (1.1) to the exponential scale by taking
X* = X - U, where for a random variable T, T = exp(T). This has the
advantage that the support of X is compact since it is included in [0, 7],
where 7 = exp(7) (by contrast, all we know of X is that is its support is
included in (—o0, 7).

Then they estimate 7 by maximum likelihood under this multiplicative
model. To do this, for any 7 > 0, o > 0 and density h with support included
in [0, 1], let

fron(t) =71 / 60 [log{t/ (%)} h(z) dz. (1.20)

We have fz.(t) = [, fo(t/x)fg(x)/zdx, where f5(u) = ¢o, (logu)/u with
bo,, the density of a N(0,0%). By a change of variable, we deduce that
T () = Fr.opn-(8), with B (2) = 75 (7).

Since h*, ¥ and o7 are unknown, to estimate 7 by maximum likelihood,
we need to maximise Y1 log fr ».4(X;) with respect to the parameters 7 >
0 and o > 0, and the density h whose support is included in [0, 1]. Since
minimising over the set of such densities h is not possible in practice, Kneip
et al. (2015) approximate h(z) by a histogram of the type

M,

hy(2) = v11(z = 0) + Z%I(%—l <z<q),
k=1

for 0 < z < 1, where ¢, = k/M,, M,, - o0 and n — oo and vy =
(Y1, ---57M,) € Ty, defined by

M’Vl
T, = {’y: (Y1y--5vM,) Y& > 0 for all k and ka :Mn}.
k=1

Finally, estimators 7:', oy and h = hs; are obtained by maximizing the
following penalized likelihood :

n
(717 ou, ’A)’) = argmaxz~o o, >0,7€l, {n_l Z log ff',au,hn,( z'*)_>\ pen(fv"',au,fw )}a
=1

where A > 0 is a fixed constant independent of n, and pen(f: o, n,) =
maxs<;<m, |7 — 27j—1 + Vj—2| is a smoothness penalty.

Under regularity conditions, Kneip et al. (2015) showed that, as long as
the density fg has a jump at the boundary 7, the estimators 7 and 6y are
consistent and converge at a logarithmic rate. In practice they recommended
using M,, = max{3,2[n'/®]}, with [a] the nearest integer to a; for \ they
selected the value of A by minimizing, over the grid log;, A = —2,-1,0,1,2,
a bootstrap estimator of the relative root mean squared error of 7.

Recently, Florens et al. (2020) proposed an estimator of 7 that makes
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minimal assumptions on the error density fy. For X* at (1.1), write X* =
7—Z+U, where Z = 7 — X is an unobservable random variable independent
of U, supported on [0, 00) and with density fz. Suppose that fy is symmetric
around zero.

Their approach is based on the identifiability of the cumulants of Z. Denote
the ¢-th cumulant of Z and X* by xz(¢) and kx=«(¢), respectively. Using
standard properties of cumulants, it can be proved that

kx+(1) = BE(X*) =17 —kz(1), kx-(2p+1)=—kz(2p+1), p>1,
kx+(2p) = kz(2p) + ku(2p) forp>1.

Thus, the odd cumulants of Z of order 3 and higher are identifiable since they
can be expressed in terms of the observable X*. On the other hand, since
the even cumulants of fyy do not vanish in general, the even cumulants of Z
are not identifiable from the distribution of X*. This shows that to make the
distribution of Z identifiable, we have to restrict fz to a class of densities that
are determined by the odd cumulants of order 3 and higher.

The above formulation can also be expressed through characteristic func-
tions, as follows. For any random variable V', let ny () = %{Im log pv (1)},
where Im denotes the imaginary part, and let

S i
Tt) = v(®) =y (0) = 3 “psmv(t ). (130)

p=1

Then the class of densities fy, that are determined by their odd cumulants of
order 3 and higher is equivalent to the class of densities that are determined
by Ty (t) for all t. Thus, if fz belongs to a class of densities fy that are
determined by Ty (¢) for all ¢, it is identifiable from the distribution of X*.

In practice Florens et al. (2020) suppose that fz belongs to a flexible
parametric family {fz(-|\) : A € A}, where A is a compact subset of R™;
thus, fz(-) = fz(:|\o) for some Ao € A. Let T)\(t) = nv(t) — nv(0), where
V ~ fz(:|A). The results above show that A (and hence f7) is identified if the
parametric class is such that

T ET,\O — A=X. (1.31)

Note in particular that we have Ty, = —T'x~. Once fz is identified, we can
identify 7 and o7 = var(U) from the distribution of X* since

T=E(X*)+ E(Z) and o} = var(X*) —var(Z). (1.32)

For a parametric family satisfying (1.31), to estimate A, Florens et al.
(2020) minimise a penalised weighted Lo-distance

Ao = argming e, { /R{T}p (1) — Ta(0)u(t) di + ol A2},



20 Deconvolution with unknown error distribution

where o > 0 is a regularization parameter, w is a weight function, [|A[ is
the Euclidean norm of A and Tx«(t) = #x~(t) — fx-(0), with #fx-(t) =
%{Imlog@x*(t)} and Px-(t) = n7! Z?Zl exp(itX;). Then, using (1.32),

);

they estimate 7 and of by 7, = X* + E; (Z) and 0t o = 0%+ — vars (Z
where X* and 6%. are the sample mean and variance of the X}’s, and
B (Z) and vary _(Z) are the mean and variance corresponding to the density
f2(2]Aa).

In practice, Florens et al. (2020) suggest the following flexible parametric
family {fz(z|\) : A € A}:

f22) = |A||2{ZA’“”’“ 9}

where Ao = 1, A = (A1,..., \n) € R™, and vy are Laguerre polynomials, i.e.
polynomials that are orthonormal with respect to the exponential density e™%.
It can be shown that as the number m of parameters tends to infinity, the
Hellinger distance (restricted to an interval A) between any continuous den-
sity fz defined on RT and its Laguerre approximation fz(:|\) tends to zero.
In practice Florens et al. (2020) recommended to choose the regularization
parameters « and the number of polynomials m by minimizing the bootstrap
estimate of the root mean squared error of the estimator 7.

1.5 Effect of misspecifying the error distribution

Consistent estimation of the error density is not always possible and it is
important to understand the effect that misspecifying the error distribution
can have on the nonparametric deconvolution estimators of fx such as those
introduced in the previous sections. Clearly, in standard asymptotic terms,
where properties of an estimator are analyzed for n — oo, misspecifying the
error distribution implies non consistency of deconvolution estimators.

Indeed, if we assume that the error density is, say, f¢ instead of the true
fu, then estimators such as the one at (1.3) will consistently estimate

(2m)1 / e o (1) pe(t) dt = (2m)! / e o (t)pu (£) e (t) dt

which in general is different from fx if gy # ¢¢. Further this integral is
not even guaranteed to exist, nor to be equal to a density. In particular, if
©e(t) tends to zero faster than ¢y (t) as |t| — oo, i.e. if we misspecify the
error density in such a way that we assume it is smoother than it really is,
then not only is the resulting estimator of fx not consistent, but it also does
not converge to a well defined quantity. (Here, as usual in the deconvolution
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literature, we qualify the smoothness of a distribution through the speed of
decay of its characteristic function in the tails, where a faster decay corre-
sponds to a smoother distribution). A thorough theoretical study of this error
misspecification problem has been studied in Meister (2004).

These considerations suggest that the consequences of assuming that the
error distribution is smoother than it really is are so severe that, when in
doubt, we should rather assume that the error density is not very smooth.
In particular, recalling the distinction between ordinary smooth and super-
smooth errors introduced in Delaigle (2021), we should preferably assume
that the error is ordinary smooth with a low level of smoothness, rather than
supersmooth. For example, in many cases we could assume that the errors
have a Laplace distribution, since this distribution is ordinary smooth with
B =2 (and thus not very smooth).

Using a completely different approach, arguments in favor of a Laplace dis-
tribution were also provided by Delaigle (2008). There, the author suggested
that, in measurement error problems, if it reasonable to derive asymptotic
properties of estimators (in particular of the deconvolution kernel density es-
timator) taking n — oo and o7 = var(U) — 0. The rationale behind this ap-
proach is that, in the conventional error-free case, asymptotics where n — oo
usually describe properties of an estimator in situations where the sample be-
comes ideal (i.e. of increasingly better quality). In the context with errors, the
quality of a sample does not depend only on its size, but also on the value of
o?,, and an ideal sample is a sample that has both a large sample size and a
small error variance. This approach was also used by Fan (1992) in the su-
persmooth error case, by Hall and Simar (2002) in the context of boundary
estimation, and by Staudenmayer and Ruppert (2004) to justify their SIMEX
procedure. Delaigle (2008) shows that the deconvolution kernel estimator is
relatively robust to error misspecification, as long as the error variance o, is
reasonably well estimated. Further, as in the standard asymptotic approach,
the effect of error misspecification is more serious if we assume that the er-
ror distribution is smoother than it is, compared to assuming that the error
distribution is less smooth than it is. In particular, in this context too, it is
preferable to assume that the error is ordinary smooth, and assuming that the
error is Laplace seems to guarantee relative robustness of the estimator.

This double asymptotic approach is useful to understand several issues
that are encountered in practice, but which are not accessible via classical
theory. For example, this work explains why, in practice, assuming Laplace
errors often results in estimators that perform well, even if the error distribu-
tion is not Laplace. In particular it provides some theoretical underpinning to
the low-order estimator of Carroll and Hall (2004), which can work really well
in practice when O’%] is not too large (the advantage of the low-order approach
is that it only requires to estimate low-order moments of the error, whereas the
deconvolution estimator requires knowledge of the entire error distribution).
These double asymptotics also justify theoretically the fact that, when the
error variance is not too large, the rate of convergence of the deconvolution
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kernel estimator with Gaussian errors can be much faster than logarithmic (it
can be as fast as algebraic). Intuitively this is clear: if there is little noise in the
data, then even if this noise is Gaussian, deconvolving should not be too diffi-
cult. However, the classical theory does not take into account the magnitude of
the error variance. For example, even though, in finite samples, deconvolving
Laplace errors with var(U) = 2var(X) is much more difficult than deconvolv-
ing normal errors with var(U) = 0.2var(X), the classical asymptotic theory
only states that rates in the latter case are logarithmic, whereas rates in the
former case are algebraic, thus considerably faster.
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