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Logarithmic CFTs

| want to understand vertex operator algebras (VOAs) and conformal
field theories (CFTs)...

rational —— factorisable ——— non-rational
[lattice VOAS]

[free fermion]
[Heisenberg]

[Liouville/Toda]
[non-compact WZW?]

[fermionic ghosts]
[minimal models]
[compact WZW models]
[a few W-algebras]

[bosonic ghosts]
[symplectic fermions] [supergroup WZW]
[Nappi-Witten]

[most affine VOAs]

[triplet models]
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log-rational ———  logarithmic ————— generic



Motivation
oeo

CFTs are built from modules of its VOA, aka chiral algebra.

A rational CFT is one whose space of states is

® semisimple (completely reducible),
e finite-length: (finitely many composition factors),

L(]*C/24

The space of states is then g-finite: its g-character trq exists

(this is the partition function).
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CFTs are built from modules of its VOA, aka chiral algebra.

A rational CFT is one whose space of states is

® semisimple (completely reducible),
e finite-length: (finitely many composition factors),

L(]*C/24

The space of states is then g-finite: its g-character trq exists

(this is the partition function).

Log-rational means non-semisimple but finite-length and g-finite.
[But few accessible examples.]

Non-rational means semisimple but not finite-length (but can be g-finite).
[Usually notoriously difficult.]

Generically, we lose all three conditions. But here we have surprisingly
many accessible (and important!) examples... this is log CFT.
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Today: the bosonic ghost system (aka. symplectic bosons or Weyl VOA).
Its state space is a non-semisimple sum of uncountably many
composition factors (so it has generic type).
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Its representation theory is pretty well understood, but what about its
correlation functions? How do the “standard methods” hold up when
there are no g-characters and conformal weights are unbounded below?
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correlation functions? How do the “standard methods” hold up when
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While logarithmic modules continue to attract lots of interest, work on
correlators had languished until relatively recently.

Now, a few groups are using correlators (mostly for g-finite modules) to
compute tensor-categorical data.
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Today: the bosonic ghost system (aka. symplectic bosons or Weyl VOA).
Its state space is a non-semisimple sum of uncountably many
composition factors (so it has generic type).

Its representation theory is pretty well understood, but what about its
correlation functions? How do the “standard methods” hold up when

there are no g-characters and conformal weights are unbounded below?

While logarithmic modules continue to attract lots of interest, work on
correlators had languished until relatively recently.

Now, a few groups are using correlators (mostly for g-finite modules) to
compute tensor-categorical data.

But good news everyone: this means that there's still an awful lot to do...
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Bosonic ghosts

The bosonic ghost system was introduced in [Friedan—Martinec—Shenker'86] to
study gauge fixing for superstrings.

® |t has two (strong and free) generators 5 and + that satisfy

1

Z—w

B(z)B(w) ~ 0 ~y(2)y(w), Bz)y(w) ~ -
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Bosonic ghosts

The bosonic ghost system was introduced in [Friedan—Martinec-Shenker'86] to
study gauge fixing for superstrings.

® |t has two (strong and free) generators 5 and + that satisfy

1

Z—w

B(z)B(w) ~ 0 ~y(2)y(w), Bz)y(w) ~ -

® There is a Heisenberg field J(z) = :5(2)y(%): that assigns § and =
the weights jg = 1 and j, = —1, respectively.
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Bosonic ghosts

The bosonic ghost system was introduced in [Friedan—Martinec-Shenker'86] to
study gauge fixing for superstrings.

® |t has two (strong and free) generators 5 and + that satisfy

1

Z—w

B(z)B(w) ~ 0 ~y(2)y(w), Bz)y(w) ~ -

® There is a Heisenberg field J(z) = :5(2)y(%): that assigns § and =
the weights jg = 1 and j, = —1, respectively.

® There is also a 1-parameter family of Virasoro fields. We choose

T(z) = =:B(2)07(2):,

so that hg =1, h, =0 and c = 2.

[This is the right setup for, eg., Wakimoto free-field realisations.]
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The mode algebra has commutation relations

[ﬁ’ﬂh Bn] =0= ['7m7'7n]a [Bmv'yn] = _5m+n:0]l7 m,n € Z.
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The mode algebra has commutation relations

[Bnﬂ Bn] =0= ['me ’Vn]a [Bnu 'Vn] - _5m+n:0]l7

It therefore admits spectral flow automorphisms

UZ(/BH) - Bn—f, = O'K(Jn) - Jn + ftsn:o]l,

Ue(”Yn) = TYn+e, UZ(Ln) =L, —{J, — %E(E -

Conclusions and Outlook
(e}

m,n € 7.

1)6,—o1.
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The mode algebra has commutation relations
[Bmy ﬁn] =0= ['7m7 ’Vn]ﬂ [ﬂma ’yn} = _6m+n:0]17
It therefore admits spectral flow automorphisms

ge(ﬂn) - ﬁn—f, = O—K(Jn) - Jn + 55,;,:0]1,

o' (1) = Ynte, o' (Ly) = Ly — £, — 100 —

Conclusions and Outlook
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m,n € 7.

1)6—o1.

These can be used to twist the action of the ghost algebra on a module

M, producing new (non-isomorphic) modules o*(M).

/f\
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The mode algebra has commutation relations
[ﬁmy ﬁn] =0= [’ymyf}/n]a [ﬂma’yn} = _6m+n:0]17 m,n € Z.
It therefore admits spectral flow automorphisms

Oj(ﬂn) - Bn—f, = O—E(Jn,) - Jn + 551;,:0]1,
Oj('Yn) = Tn+e, O—E(Ln) - Ln - an - %‘6(6 - 1)5712011-

These can be used to twist the action of the ghost algebra on a module
M, producing new (non-isomorphic) modules o*(M).

At

a(V)

Only two spectral flows of the vacuum module V are lower bounded
(meaning their conformal weights are bounded below).
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Irreducibles

The only highest-weight module is the vacuum module V. o~ 1(V) is also
lower bounded.
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Irreducibles

The only highest-weight module is the vacuum module V. o= (V) is also
lower bounded.
But, there is another 1-parameter family of lower-bounded modules

W[ﬂﬂ [j] € C/Z.

Here, the top space (space of lowest conformal weight) has a basis
{|¢:) : i€ [j]} satisfying

Boldi) = ildi+1),  oldi) = [¢i-1), i € [j].
|¢;) has charge j; = i and conformal weight h; = 0.
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Irreducibles

The only highest-weight module is the vacuum module V. o= (V) is also
lower bounded.

But, there is another 1-parameter family of lower-bounded modules
W[ﬂﬂ [j] € C/Z.

Here, the top space (space of lowest conformal weight) has a basis
{lg:) : i€ [j]} satisfying
Boldi) = ildi+1),  oldi) = [¢i-1), i € [j].

|¢;) has charge j; = i and conformal weight h; = 0.

The module W;), with [j] # [0], is irreducible.

i)
—_————————

Wi
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When [j] = [0], there are two reducible lower-bounded modules W[%].

0—>V—>W[g] — o V) =0,

0— o 1V — Wy —V = 0.

[The action on the previous slide applies only to W[Jg] ]
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When [j] = [0], there are two reducible lower-bounded modules Wﬁ.

0—V-— Wi — 0o (V) =0,
0— o 1V — Wy —V = 0.
[The action on the previous slide applies only to W[t] ]

In both the reducible and irreducible cases, we can also apply spectral
flow to get non-lower-bounded modules.

o, .
h . 7,

) s (M)
W)
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When [j] = [0], there are two reducible lower-bounded modules Wﬁ.

00—V — Wy — o' (V) =0,

0— 07 (V) — Wy — V0.
[The action on the previous slide applies only to W[t] ]

In both the reducible and irreducible cases, we can also apply spectral
flow to get non-lower-bounded modules.

r‘j
AN o, .
h 9, 7,

o tWyp) a(W)
W)

The characters of the JZ(WU]) can be computed explicitly. They are
modular (transforming under the usual SL(2;Z)-action), so are expected
to form a consistent CFT spectrum. [DR-Wood'14]

Conclusions and Outlook
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Fusion

The “standard Verlinde formula” of [Creutzig-DR'13] implies the generic
fusion rules [DR-Wood'14, Adamovié—Pedi¢'19]

o'Wy x o W) =2 o (W) @ o W),

which hold for all £, ¢ € Z when [j], [j'], [7 + '] # [0].
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Fusion
The “standard Verlinde formula” of [Creutzig-DR'13] implies the generic
fusion rules [DR-Wood'14, Adamovié—Pedi¢'19]
o Wyp) x 0" W) = ™ W 50) @ 00 W),
which hold for all ¢,¢" € Z when [j],[5'], 7 + 7'] # [0].

The logarithmic nature of the bosonic ghost system is manifested by the
following non-generic fusion rules [DR-Wood'14, Allen-Wood'20]:

o W) x ¥ W) = oY), [5] # [0].
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Fusion

The “standard Verlinde formula” of [Creutzig-DR'13] implies the generic
fusion rules [DR-Wood'14, Adamovié—Pedi¢'19]

o' Wyp) x o W) = 0™ W) @ 001 Wg45),
which hold for all ¢,¢" € Z when [j],[5'], 7 + 7'] # [0].

The logarithmic nature of the bosonic ghost system is manifested by the
following non-generic fusion rules [DR-Wood'14, Allen-Wood'20]:

o W) x ¥ W) = oY), [5] # [0].

‘P is a logarithmic module: reducible but indecomposable with a
non-diagonalisable Lg-action [Lesage-Mathieu-Rasmussen-Saleur'03, DR'10].

It follows [Gurarie'93] that the bosonic ghost system has correlation
functions with logarithmic singularities.
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‘P is the projective cover of the vacuum module V' [Allen-Wood20].

0— W[O] — P — O'(W[O]) — 0,
0— U(W[O]) — P — Wy = 0.

71
/ \ Bo
B-1

a=1(V) a(V)

\/

% a (V)
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Bosonic ghost correlators

Because we chose an asymmetric conformal structure (hg # h,), the
usual Ward identities for primary fields (intertwiners) need not apply.
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Bosonic ghost correlators

Because we chose an asymmetric conformal structure (hg # h,), the
usual Ward identities for primary fields (intertwiners) need not apply.

This is clear from the adjoints

B;rz = V—n> 7;(1 = Bfn = J;& = J—n, LL = L,n + nJ,n.
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Bosonic ghost correlators

Because we chose an asymmetric conformal structure (hg # h,), the
usual Ward identities for primary fields (intertwiners) need not apply.

This is clear from the adjoints
Bl =7, =8, = Ji=J. Li=L,+n,.
The Ward identity for L, is therefore modified and the solutions are

(1(w1)) = 6n,=00;=0C1,
(1. (w1 )92 (w2)) = Gany—jy =2y ja0j—0Crawis 7Y,
(Y1 (w1)ha(wa)h3(ws)) = 6;=0Ch23 H why 2rertien

1<a<b<3
h/3—hab+jab/2
(r (w1) a2 (ws) s (ws Ja (wa)) = 850 H () [ wly®ev e/
1<a<b<4
(wab = Wq — Wp, ) = Liatas 7 - Zi jix h= Zl h’ix hab = ha + h’bv jab = ja +.]b)

wizwag '
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Conjugates

The ghost primaries correspond to the |¢;) € Wy and their spectral flows
1
¢1) =o'l¢)) € * W) = Gi=i—L hi=il—Sl+1).
Their 2-point functions have the form

(¢ (w1)¢7 (w2)) = S mT 4w, GV
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Conjugates

The ghost primaries correspond to the |¢;) € Wy and their spectral flows
¢5) = o' (l6a)) €' W) = gi=i—t, hi=il- %é(f +1).
Their 2-point functions have the form
(65 (wn)o (wa)) = oLy [£ 77 Juiy™ Y

The field conjugate to ¢!(z) is thus ¢ ~‘(z) and the module conjugate
to UK(W[,L']) is O’liZ(W[_i]).
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Conjugates

The ghost primaries correspond to the [¢;) € W) and their spectral flows
69 = o' (lo0) € ' Wyy) = jl=i—t hi=il- %e(z +1).
Their 2-point functions have the form
(9 (wn)6 (w2)) = 6775 [ 7 Jwry™ "

The field conjugate to ¢!(z) is thus qﬁ:f(z) and the module conjugate
to O-Z(W[j]) is O’liZ(W[_i]).

This is consistent with the fusion rules because
O'K(Wm) X Ulie(W[_i]) = P.

(It is the log-partner of the vacuum that has the non-zero 1-point
function — that of the vacuum vanishes.)
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Whither spectral flow?

Note that 2-point functions of lower-bounded primaries (¢ = 0) always
vanish. This generalises considerably.
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Whither spectral flow?

Note that 2-point functions of lower-bounded primaries (¢ = 0) always
vanish. This generalises considerably.

® Any primary correlator with all spectral flow indices < 0 must vanish.
This follows because |¢!) = v¢|¢!, ;) and v(2)¢}" (w) ~ 0 for m < 0.
Similarly (with v — f):

® Any primary correlator with all spectral flow indices > 0 must vanish.
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Whither spectral flow?

Note that 2-point functions of lower-bounded primaries (¢ = 0) always
vanish. This generalises considerably.

® Any primary correlator with all spectral flow indices < 0 must vanish.
This follows because |¢!) = v¢|¢!, ;) and v(2)¢}" (w) ~ 0 for m < 0.
Similarly (with v — f):

® Any primary correlator with all spectral flow indices > 0 must vanish.

Unfortunately, non-primary fields are not always descendants of primaries.
eg., 7,,,,|d)f> is not primary nor a descendant for / > 1 and 0 < n < /.

Correlators with such non-descendant fields are not obviously expressible
in terms of primary correlators. This makes life hard...
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Knizhnik—Zamolodchikov equation(s)

Our aim is to show that some correlators have logarithmic singularities.
For this, we restrict to the following case:

<¢j1(w1)"'¢jN71(wN*1)¢§N(wN)>7 fEZ)l.
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Knizhnik—Zamolodchikov equation(s)

Our aim is to show that some correlators have logarithmic singularities.
For this, we restrict to the following case:

(fj, (w1) -+ Djpy_, (wN—1),  (wn)), £ E L.
Ghost correlators satisfy KZ equations because T'(z) is composite.

® Inserting L_; at the i-th coordinate (i # N) gives

4
0 bs  Binr B ) = i D ki~ gy -+ bsr - Dy (W5,
k=1

This involves non-descendants if / > 1.
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Knizhnik—Zamolodchikov equation(s)

Our aim is to show that some correlators have logarithmic singularities.
For this, we restrict to the following case:

(fj, (w1) -+ Djpy_, (wN—1),  (wn)), £ E L.
Ghost correlators satisfy KZ equations because T'(z) is composite.

® Inserting L_; at the i-th coordinate (i # N) gives

ai<¢j1 o ¢j1\171(z5 ]z Z kwik 1 ¢j1 T ¢ji+1 T ¢jN—1 (7k¢§N)>

This involves non—descendants if £>1.
® Inserting L._; at the N-th coordinate similarly fails for £ > 1. Instead,
we insert L_; — (¢ — 1)J_1 to get

({)N +(-1)> J'iw{zvl) Gy D1 Bon)
AN

7[ 1 /
=— E Jiw (Bjr - Bjor1 - Din 1 D)
i#=N
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Primary 2-point functions

The 2-point functions have the form

<¢j1 §2> = 65;:]'2:1 [Jol ]12]21){12

Conclusions and Outlook
(e}
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Primary 2-point functions

The 2-point functions have the form

<¢j1 §z> = 55;:]'2:1 [Jq 712}7“”{12

Substituting into (either) ¢ = 1 KZ equation gives a recursion relation for
the 2-point constants:

J1i ]2] = [jl(ll j21+1}7 .jl +72:1

Since there is no upper or lower bound on the charges, we have no
boundary conditions.
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Primary 2-point functions

The 2-point functions have the form

<¢j1 §z> = 5;;:]'2:1 [Jq 712}7“1}{12

Substituting into (either) ¢ = 1 KZ equation gives a recursion relation for
the 2-point constants:

J1i ]2] = [jl(ll j21+1}7 .jl +]2:1

Since there is no upper or lower bound on the charges, we have no
boundary conditions.

But, this recursion is consistent with the expectation that we may
normalise conjugate fields so that

[5:5] =1
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Primary 3-point functions

The 3-point functions have the form

<¢J1 ¢J2¢33> 0jy+jo+js=t []01 J02 Jl;]

Conclusions and Outlook
(e}

wgS*f/Q)(Z*Uw;3j2*(j3*(f+1)/2)5w2*3j1*(js*(f+1)/2)e.
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Primary 3-point functions

The 3-point functions have the form

<¢J1 ¢72¢53> J1+J2+73 E[Jol ]02 Jes]

W=D 2= (o= (D)8 1= (E+1)/2)¢

Now, the second KZ equation gives a polynomial identity in w;3 and wa3
relating 3-point constants. Assuming ji + jo + j3 = £, it gives:

(=1: [001]=[,0,0 1. ]=[0 0 1]

J1 J2 Js Ji+1 g2 js—1 J1 j2+1 js—1
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Primary 3-point functions

The 3-point functions have the form

<¢J1 ¢72¢]3> Jl+]2+73 L [Jol ]02 Jlis]
W=D s (D /8, =G (E1) /2

Now, the second KZ equation gives a polynomial identity in w;3 and wa3
relating 3-point constants. Assuming ji + jo + j3 = £, it gives:

(=1 [ a2 ds] = [ ia gsmr] =[5 1 gama -
jl[jlo+1 j02 ]'32* } (]371)[J1 J2 JQLJ
]2[71 Jo+1 732* } (J3 - 1) [Jl J2 JQSJ
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Primary 3-point functions

The 3-point functions have the form

<¢Jl¢72¢73> 71+J2+73 K[Jol ]02 Jes]

wgs £/2)(6— 1)u);3J2*(jS*(erl)/?)fw;gjl*(J':a*(f+1)/2)5.

Now, the second KZ equation gives a polynomial identity in w;3 and wa3
relating 3-point constants. Assuming ji + jo + j3 = £, it gives:

=1 [J(i JOQ 113} = [jﬁrl .702 jslfl} = []q jzo+1 j31*1]'
(= 9: jl[jl(iljgjxal}:(jfﬁ*l)[joljgji}a
- 2 1=(js—1)[0 02
J2[71 Jo+1 73*1} (J3 )[.71 J2 .73}’
t=3 [jougzjé]zo'

This last result is consistent with the (generic) fusion rules. The ¢ =2
result suggests interesting times when a weight is integral.
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Primary 4-point functions

The 4-point functions have the specialised form
(D3:] 65 (Vs ()| 65, ) = S 2/37 U2 (1 /34 G23) 2 (),

where j = ji + jo + js + ju and b = jul — 20(0+1).
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Primary 4-point functions

The 4-point functions have the specialised form
<¢]1|¢J2 ¢J3 |¢]4> 5 77—2’1/3 (]1+]2)/2( )h/3+(j2+j3)/QH(U)7
where j = j1 + jo + j3 + ja and h = jul — %E(EJr 1).

For ¢ = 1, the KZ equation with i = 3 gives an infinite family of order-1
differential recursion relations:

<¢Jl|¢]2 ¢J3 )|¢J14> = ]377 <¢j1|¢]2 ¢j3+1 )|¢;471>‘
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Primary 4-point functions

The 4-point functions have the specialised form
<¢]1|¢J2 ¢J3 |¢]4> 5 77—2’1/3 (]1+]2)/2( )h/fﬂ-(jfrjs)/2]1((77)7
where j = j1 + jo + j3 + ja and h = jul — %E(EJr 1).

For ¢ = 1, the KZ equation with i = 3 gives an infinite family of order-1
differential recursion relations:

<¢31|¢J2 ¢J3 n |¢j4> _]377 <¢Jl|¢]2 ¢J3+1 )|¢;4—1>‘

To solve this family of coupled ODEs, we derive another such family by
inserting Jy instead of L_1:

4

<¢471 ¢7N 1 7N Z ’LU ¢71 ¢j¢+1 e ¢47'N71 (7k¢§N)>

This is thus an algebraic “KZ-like" equation.
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Specialising, the Jy KZ-like equation becomes

<¢]1|¢]2 ¢]d )’¢]1'4>77]71<¢]1|¢12 ¢j3+1 )|¢;4—1>'
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Specialising, the Jy KZ-like equation becomes

<¢J1|¢]2 ¢J; )}¢jl4>77]71<¢]1|¢]z ¢]3+1 )|¢;4—1>'

Substituting back into the L _; KZ equation then uncouples the ODEs:

<¢J1‘¢]2 (bJ% )|¢;4>:j37l <¢J1‘¢]2 ¢Je )|¢J14>
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Specialising, the Jy KZ-like equation becomes

<¢J1|¢]2 ¢J; )}¢]1'4>77]71<¢]1|¢J2 ¢]5+1 )|¢}4—1>'

Substituting back into the L _; KZ equation then uncouples the ODEs:

OS5, |03 (V) bjs ()| 01, = dan™ (b, |61 (1)bj, ()] 1, )-

We thus arrive at a very simple solution:

<¢J1 |¢J2 (bJs n |¢ > J1+Jz+J3+J4 1 []01 ]92 j% ]i]njsv

[101 .7'02 J% Jﬂ = [jl(}%l joz JOS .74171] - [j01 jzg)H 303 j4171} = [JQI J'Oz jaqH j4£1]'

Unfortunately, there is no logarithmic singularity...
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Specialising, the Jy KZ-like equation becomes

<¢J1|¢Jz ¢J; )}¢]1'4>77]71<¢]1|¢J2 ¢]5+1 )|¢J14—1>

Substituting back into the L_; KZ equation then uncouples the ODEs:

OS5, |03 (V) bjs ()| 01, = dan™ (b, |61 (1)bj, ()] 1, )-

We thus arrive at a very simple solution:

<¢J1|¢J2 (bJs n |¢ > J1+Jz+J5+J4 1[;)1]923%]%1]77]‘37
(0001770 00 1 ]_70.0 0 17_700.0 1]

J1 J2 J3 Ja Ji+1l j2 gs ja—1 J1 g2+1 Js ja—1 Ji j2 ga+1 ja—1]"
Unfortunately, there is no logarithmic singularity...

To see such singularities, we will need to solve the ¢ = 2 case. This will
require more than just KZ (and KZ-like) technology.
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Fake Belavin—Polyakov—Zamolodchikov equations

The commutant of the Heisenberg subalgebra generated by J in the
bosonic ghosts VOA is the singlet algebra of central charge —2 [DR'10].



Motivation Bosonic ghosts Correlation functions Logarithms at last Conclusions and Outlook
(e]e]e} 000000 00000000 @0000

Fake Belavin—Polyakov—Zamolodchikov equations

The commutant of the Heisenberg subalgebra generated by J in the
bosonic ghosts VOA is the singlet algebra of central charge —2 [DR'10].

We can therefore find a Virasoro field with this central charge that has
regular OPE with J(w):

T(z)=T(2) + %:J(Z)J(Z): + %&](z).
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Fake Belavin—Polyakov—Zamolodchikov equations

The commutant of the Heisenberg subalgebra generated by J in the
bosonic ghosts VOA is the singlet algebra of central charge —2 [DR'10].

We can therefore find a Virasoro field with this central charge that has
regular OPE with J(w):

T(z)=T(2) + %:J(Z)J(Z): + %&7(2).

The ghost primary ¢; /> has (modified) conformal weight h=-1 so

(12, 1o o,

. 1
ie. (L21 - §L72 + J1L1) |$1/2) =0

This is a “fake” null vector — the LHS vanishes identically when written
in terms of modes of 5 and 7.
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This null vector nevertheless gives rise to fake (but still useful) BPZ
equations. eg., if i # N, we have

O — 2k0;  jnl— FL(L+1)
2 Z i 2
{ai + 2Wh; 203,
kA i

(g (wr) - Prya(wi) -+ iy (Wn 1) (wy)) = 0.
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This null vector nevertheless gives rise to fake (but still useful) BPZ
equations. eg., if i # N, we have

O — 2k0;  jnl— FL(L+1)
2 Z i 2
{ai + 2Wh; 203,
kA i

(g (wr) - Prya(wi) -+ iy (Wn 1) (wy)) = 0.

® For N = 2, fake BPZ gives nothing new.
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This null vector nevertheless gives rise to fake (but still useful) BPZ
equations. eg., if i % N, we have

O — 2k0;  jnl— FL(L+1)
2 2 : i 2
{01» + AT 23,
k+# Ni

(05 (w1) - Gup2(wi) - b (wn—1) 5, (wn)) = 0.

® For N = 2, fake BPZ gives nothing new.

® For N = 3, the solutions of the Ward identities are solutions of fake
BPZ if and only if £ =1, 2.
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This null vector nevertheless gives rise to fake (but still useful) BPZ
equations. eg., if i % N, we have

O — 27x0;  JNE— l€(€+1)
2 Z i 2
{01» / AT w2,
ki Ni

. <¢j1 (w1) - ry2(wi) - djn_, (11)N_1)¢§N (U)N)> =0.

® For N = 2, fake BPZ gives nothing new.

® For N = 3, the solutions of the Ward identities are solutions of fake
BPZ if and only if £ =1, 2.

® For N =4 and ¢ = 1, fake BPZ becomes a second-order ODE with
conformal blocks

nt/? and n'/2B(1 - ju. 3 — jaim).

Single-valuedness of the bulk correlator rules out the second block.
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® For N =4 and ¢ = 3, the conformal blocks are
(L =m)2 7 and P (1= 1) B — 5,2 — 35m)

and again the second block is ruled out.
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® For N =4 and ¢ = 3, the conformal blocks are
(L =m)2 7 and P (1= 1) B — 5,2 — 35m)
and again the second block is ruled out.
® For N =4 and ¢/ = 2, the conformal blocks are

1 a1 . . .
3 Jetja—3 35 J2 1—ja
naFi|® PEEERL and 17> J42F1{ 5, in|-

This time, single-valuedness does not rule out either block.

Logarithms at last Conclusions and Outlook
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® For N =4 and ¢ = 3, the conformal blocks are
P = )7 and P (1— )2 B (i — 4,00 — i)
and again the second block is ruled out.

® For N =4 and ¢/ = 2, the conformal blocks are

1 a1 . . .
3 Jetja—3 35 J2 1—ja
naFi|® PEEERL and 17> J42F1{ 5, in|-

This time, single-valuedness does not rule out either block.

Suppose now that j, € Z + % Then, one of these hypergeometric
functions develops a logarithmic singularity at n = 0.
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® For N =4 and ¢ = 3, the conformal blocks are
P — )22 and p? (1 - )T 2B (s — 4,2 — L5m)

and again the second block is ruled out.

® For N =4 and ¢/ = 2, the conformal blocks are

1 a1 . . .
3 Jetja—3 35 J2 1—ja
naFi|® PEEERL and 17> J42F1{ 5, in|-

This time, single-valuedness does not rule out either block.

Suppose now that j, € Z + % Then, one of these hypergeometric
functions develops a logarithmic singularity at n = 0.

Similarly, expanding in 1 — 7 shows that there is a logarithmic singularity
at =1 when j, € Z+ 3.
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® For N =4 and ¢ = 3, the conformal blocks are
(L =m)2 7 and P (1= 1) B — 5,2 — 35m)

and again the second block is ruled out.
® For N =4 and ¢/ = 2, the conformal blocks are
1oy, 1 5 L
noFy|? 2tz ;m| and 77%_“L oF1 {'Dé L %77]

Jat3i 5—J4

This time, single-valuedness does not rule out either block.

Suppose now that j, € Z + % Then, one of these hypergeometric
functions develops a logarithmic singularity at n = 0.

Similarly, expanding in 1 — 7 shows that there is a logarithmic singularity
at =1 when j, € Z+ 3.

This is precisely the behaviour expected given the fusion rules.
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BPZ + KZ =777

The BPZ solutions require j3 = % Using them as initial conditions to
the KZ recursion thus gives 4-point functions with j3 € N 4 %
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BPZ + KZ =777

The BPZ solutions require j3 = % Using them as initial conditions to
the KZ recursion thus gives 4-point functions with j3 € N 4 %

® For { = 1, this recovers our previous results.
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BPZ + KZ =777

The BPZ solutions require j3 = % Using them as initial conditions to
the KZ recursion thus gives 4-point functions with j3 € N 4 %

® For { = 1, this recovers our previous results.

® For ¢ = 3, we get completely new results (for j3 € N+ %) They have
the form of a power of 7 times a power of 1 — 1 times a polynomial.
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BPZ + KZ =777

The BPZ solutions require j3 = % Using them as initial conditions to
the KZ recursion thus gives 4-point functions with j3 € N 4 %

® For { = 1, this recovers our previous results.

® For ¢ = 3, we get completely new results (for j3 € N+ %) They have
the form of a power of 7 times a power of 1 — 1 times a polynomial.

However, these polynomials are secretly hypergeometric functions:

- 000 3
<¢j1 ‘¢J2(1)¢J5 (77)|¢j4> = 5j1+j2+j3+j4:3[j1 j2 % j3+j4—é]

B(js,—js — ja+3)

.3 1
2j3=Jatl(q _ —jo+3 E {7]1+§ —Jsts . }
Ui (1—n) 2P| s )
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BPZ + KZ =777

The BPZ solutions require j3 = % Using them as initial conditions to
the KZ recursion thus gives 4-point functions with j3 € N 4 %

® For { = 1, this recovers our previous results.

® For ¢ = 3, we get completely new results (for j3 € N+ %) They have
the form of a power of 7 times a power of 1 — 1 times a polynomial.

However, these polynomials are secretly hypergeometric functions:

- 000 3
<¢j1 ‘¢J2(1)¢J5 (77)|¢j4> = 5j1+j2+j3+j4:3[j1 j2 % j3+j4—é]

B(js,—js — ja+3)

.3 1
2j3=Jatl(q _ —jo+3 E {7]1+§ —Jsts . }
Ui (1—n) 2L N R S

Is this formula correct for all j3 € R?
It passes the KZ-recursion test when j; € Z + 1 ...
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® For { = 2, the results are even more interesting!
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® For { = 2, the results are even more interesting!

Each conformal block for j; € N + % are a power of 7 times a finite
linear combination of hypergeometric functions.
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® For { = 2, the results are even more interesting!

Each conformal block for j; € N + % are a power of 7 times a finite
linear combination of hypergeometric functions.

Amazingly, these finite linear combinations turn out to be generalised
hypergeometric functions! With this realisation, the conformal blocks
take the form

o ) .
S 243 (1 _ o\j1—1. Jstja—5 —ji+l gz, 7
Oja-+iatistia=21"" (1 — 1) ‘an{ Jotjs 1 1)

B(3.ds—Jjat+3) . . _
6.7'1+,72+47‘3+.7'4:2 é(]3 1 *j4)2 77“ ]4+1(1 - 77) 72

F |: % j2 _j4+1 R lr] :|
2t itda—3" T 1T —pl
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® For { = 2, the results are even more interesting!

Each conformal block for j; € N + % are a power of 7 times a finite
linear combination of hypergeometric functions.

Amazingly, these finite linear combinations turn out to be generalised
hypergeometric functions! With this realisation, the conformal blocks
take the form

o :
L 273 (1 _ \J1—1 . Jstja—5 —ji+l gz, 7
Oja-+iatistia=21"" (1 — 1) st{ Jotjs 1 1)

B(3.ds—Jjat+3) . . w
6.7'1+,7‘2+47‘3+.7'4:2 é(Jg 1 *j4)2 77“ J4+1(1 - 77) 72

F [ 5 g2 —jatl 7 }
372 jitie Jitia—3" 1—n :
Are these formulae correct for all j3 € R?

They also pass the KZ-recursion test when js € Z + %
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Conclusions

The representation theory of bosonic ghosts is considered to be well
understood: we know the irreducibles, projectives and their fusion rules.

However, the primary correlators are perhaps not so easy to compute
with standard methods.

KZ allows us to reproduce the generic fusion rules, but only gives
recursion relations in general (because the irreducibles have infinitely
many independent primaries).

One case (¢ = 1) could nevertheless be solved using a second KZ
equation. Another case (j3 = %) was solved using a "fake” BPZ

equation.

The latter manifested the logarithmic nature of the theory, confirming
the non-generic fusion rules.

Are similar methods available in more general theories?
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Outlook

There are still many avenues to explore:

® Do the j3 = % 4-point functions constrain the 3-point constants?

® |s it possible to interpolate the solutions for N-point constants using,
eg., twisted localisation [Mathieu'00]?

® Are the remaining primary 4-point functions computable?

® Try a Dotsenko—Fateev approach using FMS bosonisation.
® Try a conformal bootstrap approach.

The overarching aim is to determine if, for log CFTs like bosonic ghosts,
the correlation functions are entirely fixed by mathematical consistency.

If not, what physical input is required? Either way, there is some surely
beautiful new mathematics (and mathematical physics) to explore!

"Only those who attempt the absurd will achieve the impossible.”

— Miguel de Unamuno
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