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Abstract

This thesis introduces the Wess-Zumino-Witten models by studying the represen-
tation theory of untwisted affine Lie algebras. We compute a class of 4-point

—

functions for the sly(C) Wess-Zumino-Witten model at level 1 using the Knizhnik-
Zamolodchikov equations, the Ward identities, and the affine Ward identities. We
then introduce vertex algebras as a method of formalising the notion of a chiral
two-dimensional conformal field theory, and use this formalism to give a free field
realisation of our model. This free field realisation is used to compute the 4-point
functions again using vertex operators. The results from the two methods of cal-
culation are compared. Finally, we describe the Knizhnik-Zamolodchikov equations
as a system of differential equations for sections of the conformal block bundle, and
then explain how the monodromy of these equations gives a representation of the
Artin braid group. An explicit two-dimensional representation of the braid group
on 4 strands is found using our solutions to the Knizhnik-Zamolodchikov equations.
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Introduction

Conformal field theory is a vast and rich area of study with connections to many
areas of mathematics and physics. Most notably, the mathematics of conformal
field theory encompasses Lie theory, topology, geometry, number theory, and cat-
egory theory. Perhaps the most striking connection to mathematics is monstrous
moonshine, which provides a connection between the monster group and modular
functions by the construction of a vertex operator algebra. This connection begins
with the construction of the monster vertex algebra in 1989 by Frenkel, Lepowsky,
and Meurman [I3]. The conjectured relationship between the monster vertex algebra
and modular forms was established by Borcherds in 1992 [3].

In physics, conformal field theory finds applications to string theory, condensed
matter physics, and statistical mechanics. In string theory, one can describe the
propagation of strings on a manifold by a sigma model. Some sigma models can be
quantised, giving conformal field theories. In particular, the Wess-Zumino-Witten
models are obtained by quantising a nonlinear sigma model whose fields take values
in a semisimple Lie group. In condensed matter physics, one can compute critical
exponents within the formalism of conformal field theory. Certain models in statis-
tical mechanics such as the Ising model and the 3-state Potts model can be viewed
as Virasoro minimal models.

The study of conformal field theory grew largely out of a paper published by
Belavin, Polyakov, and Zamolodchikov in 1984 [I]. This paper discusses the Vi-
rasoro minimal models, which are unitary theories that can be constructed from
certain highest weight representations of the Virasoro algebra. In the same year,
the complete action of the Wess-Zumino-Witten models was discovered by Witten
[34]. Witten showed that the quantum field theory defined by this action was con-
formally invariant and that the symmetry algebra of the theory was given by an
untwisted affine Lie algebra. Knizhnik and Zamolodchikov extended the work of
Witten in [24]. In particular, they derived the Knizhnik-Zamolodchikov equations
and used them to compute a collection of four-point functions.

The main goal of this thesis is to investigate the Wess-Zumino-Witten models and
the Knizhnik-Zamolodchikov equations. In chapters 1 and 2, we introduce the Lie
theory required to understand the Wess-Zumino-Witten models. Chapter 1 focusses
primarily on the theory of semisimple Lie algebras and their representations. We
introduce Verma modules and their irreducible quotients, which are fundamental
to conformal field theory. In chapter 2, we discuss affine Lie algebras and their
representations. We mention the classification of affine Lie algebras before providing



the loop algebra construction for the untwisted affine Lie algebras. We conclude
chapter 2 with a discussion of irreducible, integrable highest weight modules, which
are the allowed modules of the Wess-Zumino-Witten models.

In chapter 3, we introduce two-dimensional conformal field theory in the context
of the Wess-Zumino-Witten models. Chapter 3 will focus on the basic concepts of
two-dimensional conformal field theory such as states, fields, correlation functions,
and operator product expansions. It will also provide a brief discussion of the action
of the Wess-Zumino-Witten models.

Chapter 4 focusses on the Wess-Zumino-Witten models in more detail and we
introduce the Knizhnik-Zamolodchikov equations. However, we will also see some
more general concepts in chapter 4 such as the Ward identities, which constrain the
correlation functions of a given conformal field theory. Chapter 4 contains one of
our main results, which is the calculation of a collection of four-point functions in

the m model at level 1 using the Ward identities, the affine Ward identities,
and the Knizhnik-Zamolodchikov equations. We also provide a derivation of the
Sugawara construction using only the state-field correspondence. This differs from
the standard derivation, which uses a generalization of Wick’s theorem.

In chapter 5, we introduce the formalism of vertex operator algebras. Using this,

we give a free field realisation of the m Wess-Zumino-Witten model at level 1.
This free field realisation is obtained by proving that the Kac-Moody vertex operator
algebra is isomorphic to a lattice Heisenberg vertex operator algebra. Through this
isomorphism, we can show the Wess-Zumino-Witten fields of our module in chapter
4 can be realised as vertex operators. We conclude this section by computing the
four-point functions of chapter 4 using vertex operators and comparing to the result
obtained by solving the Knizhnik-Zamolodchikov equations.

Chapter 6 introduces conformal blocks. We give a construction of a flat vector
bundle called the conformal block bundle and show that the Knizhnik-Zamolodchikov
equations can be realised as a system of differential equations for sections of this
bundle. We show that for any flat vector bundle, one can obtain a representation
of the fundamental group of the base space called the monodromy representation.
In particular, the KZ connection on the conformal block bundle gives a represen-
tation of the pure braid group, which can then be used to obtain a representation
of the Artin braid group. To conclude this chapter, we study the monodromy of
our solutions to the Knizhnik-Zamolodchikov equations and obtain an explicit two-
dimensional representation of the braid group on 4 strands.



Chapter 1

Semisimple Lie Algebras

This chapter will mostly concern the theory of (complex, finite-dimensional) semisim-
ple Lie algebras. Our discussion will contain enough theory to introduce affine Lie
algebras with the goal of studying the Wess-Zumino-Witten models in mind. We
will present a number of important theorems that will not be proven as their proofs
can be found in many standard textbooks including those that we cite. In particu-
lar, these theorems lead up to the classification of semisimple Lie algebras. For our
study of semisimple Lie algebras, we have used [I5] and [16]. Here, one can find the
main definitions and theorems of this chapter.

1.1 Basic Definitions and Examples

We begin with some elementary definitions.

Definition 1.1.1. A Lie algebra is a vector space g with an antisymmetric bilinear
map [-,-] : g X g — g satisfying the Jacobi identity

XY Z)| + [V, [Z, X]| + [Z,[X, Y]] =0 (1.1)
for all X,Y,Z € g. We call [+, -] the Lie bracket of the Lie algebra.

A vector subspace that is closed under the Lie bracket is called a Lie subalgebra.
A vector subspace I of g that satisfies [X,Y] € I for all X € I, Y € g is called an
ideal.

Definition 1.1.2. A homomorphism of Lie algebras is a linear map preserving the
Lie bracket. That is, f : g1 — g2 is a homomorphism if

FIX YT = [f(X), f(Y)]2 (1.2)
forall X, Y € g;. Here, [-,-]; and [+, -]2 are the Lie brackets on g; and g respectively.

Definition 1.1.3. A representation of a Lie algebra g is a vector space V' with a
Lie algebra homomorphism

p:g—gl(V). (1.3)

3



Here, gl(V') is the Lie algebra of endomorphisms on V' with bracket given by the
commutator.

Definition 1.1.4. Given a Lie algebra g, a g-module is a vector space V with a
bilinear map g x V' — V satisfying

(X, Y]-o=X-(Y -v)=Y - (X v) (1.4)
forall X, Y egandv e V.
A representation of a Lie algebra g is equivalent to a g-module.

Example 1.1.1. The adjoint representation is defined as

ad : g — gl(g) (1.5)
X — ady. (16)
Here, ady is defined as
adx :g— g (1.7)
Y — [X,Y]. (1.8)

Example 1.1.2. One of the simplest nontrivial Lie algebras is gla(C), which consists
of 2 x 2 matrices with coefficients in C. The Lie bracket is given by the commutator.
We then have a Lie Subalgebraﬂ 5l5(C) which consists of the traceless elements of
gl2(C). A standard choice of basis for sly(C) is

o(00) F(00) mo(1%). o

[H E|=2E [H,F]=-2F [E F|=H. (1.10)

with brackets

Definition 1.1.5. Given a Lie algebra g, we define the lower central series D, (g)
by Di(g) = g and D, (g) = [g, Dn—1(g)] for n > 1. Explicitly, this series is

g.l9.90)[g. [g.0l], - (1.11)
A Lie algebra is nilpotent if its lower central series terminates at zero.

Example 1.1.3. The Lie subalgebra st3(C) of gl3(C) consisting of strictly upper
triangular matrices is nilpotent. Given A, B, C € st3(C) we can write

A= B= C = (1.12)

o O O
S O
oo o
o O O
S O Q.
O~ O
oS O O
O O
O >

n fact, this is an ideal since tr([X,Y]) = tr(XY) — tr(YX) = 0 for all X € sl5(C) and
Y € QIQ(C)



Then

0 0 af —cd
[A,B]=1 0 0 0 : (1.13)
0 0 0

We now see that [C,[A, B]] = 0. We conclude that D3(g) = {0} and so st3(C) is
nilpotent. One can generalise this argument to show that st,(C) is nilpotent.

Definition 1.1.6. Given a Lie algebra g, we define the upper central series D"(g)
by D'(g) = g and D"(g) = [D" *(g), D" '(g)] for n > 1. Explicitly, this series is

g.09,0.([g.9]. [0, 9l], - .. (1.14)
A Lie algebra is solvable if its upper central series terminates at zero.

Clearly nilpotent Lie algebras are solvable. We will now give a counterexample
to show that the converse is not necessarily true.

Example 1.1.4. The Lie subalgebra t3(C) of gl3(C) consisting of upper triangular
matrices is solvable but not nilpotent. Given A, B € t3(C), an explicit computation
shows that [A, B] € st3(C). Since st3(C) is nilpotent by Example and therefore
solvable, we see that t3(C) is solvable. Now, let E;; denote the matrix with a 1 at
the entry (7, j) and zeros elsewhere. Consider the Lie subalgebra of t3(C) generated
by E12 and E11 - EQQ. We have [EH - EQQ, Elg] = 2E12 and so this subalgebra is
not nilpotent. Therefore, t3(C) is not nilpotent. This argument can be generalised
to show that t,(C) is solvable but not nilpotent.

Definition 1.1.7. A Lie algebra is semisimple if it contains no nonzero solvable
ideals.

Semisimple Lie algebras have nice properties that we will see shortly.
Definition 1.1.8. The Killing form « of a Lie algebra g is defined to be
K(X,Y) =tr(ad(X)ad(Y)). (1.15)

Theorem 1.1.1. The Killing form is bilinear, symmetric, invariant, and nondegen-
erate. By invariant, we mean that for oll X,Y,Z € g, k([X,Y],Z2) = (X, [Y, Z]).
For finite-dimensional Lie algebras, nondegeneracy means that if X € g satisfies

K(X,Y) =0 for allY € g then X = 0f]
Example 1.1.5. The Killing form on sl,,(C) is
R(X,Y) = 2ntr(XY). (1.16)

In this thesis, we will work with the rescaled Killing form, which is obtained
by dividing the Killing form by 2hY where h" is the dual Coxeter number given by
Definition [1.2.11} We use the notation x(-,-) to denote the rescaled Killing form.

2If we do not assume that the Lie algebra has finite dimension then nondegeneracy means that
the map X — (Y +— x(X,Y")) defines an isomorphism.

b}



Theorem 1.1.2. Cartan’s Criterion. [10, p. 480] Let g be a finite-dimensional
Lie algebra over a field of characteristic 0. Then g is semisimple if and only if the
Killing form on g is nondegenerate.

This criterion provides a useful method of determining whether a Lie algebra is
semisimple.

Example 1.1.6. The Lie algebra sl,(C) is semisimple. To prove this, we can use
Cartan’s criterion. For 1 < i <n —1, let H; € sl,(C) consist of zeros everywhere
except for the entries (¢,7) and (¢ + 1,7 + 1) with values 1 and —1 respectively. For
i # j, let E;; € sl,,(C) consist of zeros everywhere except for the entry (7, j) with a
value of 1P We have

k=1 I=1

Assume there exists X € sl,(C) such that tr(XY) = 0 for all Y € s[,(C). If we
choose Y to be Lj;; for i # j then Equation (1.17) implies that X;; = 0 for 7 # j.
If we choose Y to be H; for 1 < i < n — 1 then we see that X;; = X1, for
1 <i<n—1. Since X is traceless, all of these entries must be 0. We conclude that
X is the zero matrix and so the Killing form on s[,,(C) is nondegenerate.

Definition 1.1.9. An element X of a semisimple Lie algebra is said to be semisimple
if adx is diagonalizable.

Definition 1.1.10. A Cartan subalgebra b of a semisimple Lie algebra g is a max-
imal abelian subalgebra consisting of only semisimple elements.

Example 1.1.7. Using our basis for sl5(C) in Example [1.1.2] the subalgebra gen-
erated by H is a Cartan subalgebra.

1.2 Root Systems

Definition 1.2.1. A root system @ in a finite-dimensional real vector space E with
inner product (-,-) is a collection of nonzero vectors satisfying:

1. E = Span(®).
2. If ais a root then —a is. No other scalar multiple of « is a root.
3. ® is closed under reflection about the hyperplane perpendicular to each a € ®.

4. If o, B € ® then 2122 ¢ 7.

(a,2)

3This defines a Cartan-Weyl basis for sl,,(C).




We will now show how to construct a root system from a semisimple Lie algebra.
Consider a semisimple Lie algebra g with a Cartan subalgebra h. Consider the
adjoint representation ad. Since the elements of hh are semisimple, the operators
ad(X) are diagonalizable for X € h. They also commute since b is its own centralizer.
So we have the decomposition

g=bo P . (1.18)
aeh*
Here, go = {X € g | [H, X] = a(H)X VH € b}.

Definition 1.2.2. The spaces g, above are called root spaces. The nonzero linear
functionals « are called roots and we will denote the collection of roots by ®.

The Killing form allows us to define an inner product on h* with h a Cartan
subalgebra of a semisimple Lie algebra g. First, note that the properties of the
Killing form imply that the adjoint module g and its dual g* are isomorphic as
modules. An explicit isomorphism is given by

iig— g (1.19)
X = k(X,). (1.20)

We then define the inner product (-,-) on h* by

(@, 8) = K(i™' (@),i7(8))- (1.21)
Definition 1.2.3. Given two roots a and [, we define
_2(8,a)

Definition 1.2.4. Given a root «, the map o, defined on ® by
oa(B) =B —(B,a)B (1.23)

is called a Weyl reﬂectionﬂ The subgroup of the orthogonal group generated by the
Weyl reflections is called the Weyl group.

Theorem 1.2.1. We now list some properties of roots:
1. The roots span b*.
2. If a is a root then —a 1s. No other scalar multiple of o is a root.
3. If a and B are roots then o,(f) is a root.

4. dim(g,) is one-dimensional for all roots .

4Geometrically, we can view this map as a reflection about the hyperplane perpendicular to «.
By property 3 of Definition 0o maps @ to @ for all a € P.

7



5. [gaa 9/3] g goﬁ-ﬂ'

Note that the third condition ensures that ® is closed under reflection of its
elements about a perpendicular hyperplane. In fact, we have the following theorem.

Theorem 1.2.2. The collection of roots of a semisimple Lie algebra equipped with
the inner product (-,-) defines a root system.

Definition 1.2.5. We can generalize the concept of a root to an arbitrary repre-
sentation. Given some finite-dimensional representation (p, V') of a semisimple Lie
algebra g, define V), = {X € V | p(H)X = XAH)X VH € b}. This is known as a
weight space, and we have the weight space decomposition

V= (1.24)

Aeb*

The linear functionals A are called weights. Note that the roots of a Lie algebra are
the nonzero weights of the adjoint representation.

Definition 1.2.6. The decomposition for a semisimple Lie algebra g given by Equa-
tion ([1.18)) allows us to choose a basis of the form {H; | i € {1,...,dimh} }U{E* | a €
®} where the H; span the Cartan subalgebra and each E* spans the corresponding
root space. Such a basis is called a Cartan-Weyl basis.

Example 1.2.1. In our study of the Wess-Zumino-Witten models, we will be inter-
ested in a Cartan-Weyl basis {H; | i € {1,...,dimb}} U{E* | @ € ®} chosen such
that the following conditions are satisfied for all 7,5 € {1,...,dimb}, o € ®:

1. k(B H;) = 0.
2. /{(Hi, H]) = 5i,j'
3. K(Ea, EB) = (50[7_/3.

In the case of sly(C), the basis

0 1 00 v
62(0 0> f:(1 0) hz(ﬁ

satisfies these conditions.

Sk o

) (1.25)

Definition 1.2.7. Given a root «, we define the corresponding coroot to be ¥ =
2a
(a,0)

Definition 1.2.8. When plotting a root system for a Lie algebra, we can choose a
hyperplane that separates the roots into two disjoint sets of the same cardinality.
We then call one of these sets the collection of positive roots and the other set the
collection of negative roots. If we take some positive root «, then —a is a negative
root. If a positive root is not the sum of two positive roots, it is called a simple root.

8



A useful result is that any positive root @ € ® can be written as

o= Zniai (1.26)
i=1

with n; nonnegative integers and {«;} the collection of simple roots. A consequence
of this result is that the collection of simple roots forms a basis for h*. Thus, there
are dim b simple roots.ﬂ

Example 1.2.2. We will plot the root system for sl3(C). A Cartan-Weyl basis for
sl3(C) is given by choosing the generators of the Cartan subalgebra to be

1 0 0 0 0
H=10 -120 Hy=1 01
0 0 0 0 0

0
0
-1

(1.27)

and choosing the generators of the root spaces to be E;; for i # j where Ej; has the
entry 1 at the position (4, j) and zeros elsewhere. It is easy to see that E;; Ey = 6;,Ey
and so [Eij7 Ekl] = j,kEil — 5l,iEkj- Writing H1 = E11 - E22 and Hg = E22 — E33,
we have

[(Hy, Eij) = 62, E9j + 03, Eis — (02,jEig + 03, E35) = Xij(H2) (1.29)
where );; are the roots. By the above equations, we have
)\12(H1) - 2 )\12(H2) - —1 (130)
AMs(Hp) =1 Ais(Hy) =1 (1.31)
)\23(H1) =-1 /\23(H2> = 2. (132)

We can choose A1z, A\13, and Aoz to be the positive roots. Now, note that x(Hy, Hy) =
2 and k(Hy, Hy) = —1. This implies that i(H;) = A2 and i(Hz) = Ay3. We now
know that A\ and g3 span our root system. In fact, we can immediately see that
A13 = A2 + Ag3. To plot our root system, it remains to compute the following inner
products.

(A2, Ao3) = k(i (A12), i (A3)) = w(Hy, Hy) = —1 (1.33)
()\12, )\12) = K(Hl, Hl) =2 ()\23, )\23) = /{Z(Hg, Hg) = 2. (134)

We then deduce that cos(d) = —0.5 where 6 is the angle between A5 and Ao3. A
plot of the root system is given below.

5We call dim b the rank of the Lie algebra. It can be shown that any two Cartan subalgebras
of a semisimple Lie algebra have the same dimension and so the rank is well-defined.



The dashed lines in our plot above indicate the hyperplanes perpendicular to
some root. Our choice of hyperplane separating the positive and negative roots is the
hyperplane perpendicular to A;3. Each connected component of the complement of
the union of these hyperplanes is called a Weyl chamber. The shaded Weyl chamber
above is called the fundamental Weyl chamber, which we will now deﬁneﬁ

Theorem 1.2.3. [75, p. 213] Each Weyl chamber can be expressed uniquely in the
form
{Ae b | (c(N),a;) > 0 for all simple roots o} (1.35)

for some element o of the Weyl group. The Weyl chamber corresponding to o being
the identity is called the fundamental Weyl chamber.

We now return briefly to our discussion of weights as there is a particular class
of weights that we will be interested in when studying the Wess-Zumino-Witten
models. Recall that the roots of g span h*. As a consequence, we can write any
weight as a linear combination of roots. However, we are more interested in the
basis {w;} of weights satisfying (w;, ) = d;; where {a}'} is a simple coroot basis.
Elements of this basis are called fundamental weights.

Definition 1.2.9. Given a weight A and its expansion

we call the coefficients A\; the Dynkin labels of the weight. A weight whose Dynkin
labels are all integers is called an integral weight. If the Dynkin labels are also
non-negative, the weight is called dominant (or dominant integral) [’

SNotice that the highest root (see Theorem A13 lies in the fundamental Weyl chamber.
This turns out to always be the case since the expansion of a highest root as a linear combination
of simple roots has strictly positive coeflicients.

"Equivalently, an integral weight is dominant if it lies in the fundamental Weyl chamber.

10



Example 1.2.3. Given our simple roots {12, Aag} for sl3(C), we see that w; =

%)\12 + %)\23 and wy = %)\12 + %)\23 are our fundamental weights. To show this,
just note tha;c )\}/22 = Ao and Ay, = )\123. 2F111"t2hel"mOl"e, (W1, A12) = %1— %4: 1,
(w1, Ai3) = —5+35=0, (w2, A12) = 3—3=5—35=0,and (wa, A13) = —3+3=1L

and {o;} is the basis of simple roots.

Let g be a semisimple Lie algebra. We can introduce the root space gradation
on g [10, p. 35]
g= f)@@&w (1.37)
i€z
Here, g; = Span{X € g | ht(a) =i, X € g.}.

Theorem 1.2.4. [10, p. 35] If g is simple then there is a highest root 0 satisfying
ht(0) > ht(c) for all o € P\ {6}.

Definition 1.2.11. Let g be a simple Lie algebra. For the highest root 6 of g, write
6 =>" 0c; and 0¥ = 3" | 6 (with V denoting the corresponding coroots).

We can then define the Coxeter number h and dual Coxeter number hY by [10] p. 36]

h:1+zn:9i hV:1+2n:9;/_ (1.38)
i=1 i=1

Example 1.2.4. We will now compute the Coxeter and dual Coxeter numbers for
sl3(C). From the previous example, we see that a basis of simple roots is given by
{A12, Aoz} and so the highest root is Aj3. Since A3 = Ajg + Agg, we have h = 3.
Furthermore, A\Y; = (/\fii\ig) = (Af;i\212) + (Ai\f\?’%) = Ay + Ay; where we used the fact
that (Alg, /\12) = (Alg, /\13) = (Agg, /\23). We conclude that h\/ = 3.

The above example shows that the rescaled Killing form on sl3(C) is k(X,Y) =
tr(XY'). More generally, the dual Coxeter number of sl,,(C) is n, and so the rescaled
Killing form on sl,(C) is k(X,Y) = tr(XY).

To conclude this section, we introduce the notion of a triangular decomposi-
tion. Given some Lie algebra g with Cartan-Weyl basis {H; | i € {1,...,dimbh}} U
{E* | a € ®}, we have a canonical isomorphism

g¥g ohog, (1.39)

where g, is generated by {E* | « € .} and g_ is generated by {E~* | a € d, }.
We call this decomposition of g a triangular decomposition. We wish to generalise
this notion to Lie algebras that are not necessarily semisimple such as the Virasoro
algebra, and so we have the following definition.

Definition 1.2.12. A triangular decomposition of a Lie algebra is a decomposition
into subalgebras of the form
g- DgoDoy (1.40)

such that gg is abelian and we have

[0+, 90] € g+ (1.41)

11



Example 1.2.5. One of the most fundamental Lie algebrasﬁ in the study of confor-
mal field theory is the Virasoro algebra. The Virasoro algebra is the unique central
extension of the Witt algebra. The generators of the infinitesimal conformal trans-
formations of a pseudo-Riemannian manifold form a Lie algebra called the conformal
algebra. The Witt algebra is precisely the conformal algebra for a two-dimensional
pseudo-Riemannian manifold with constant metric of Euclidean signature. For a
proof of this, see [32] p. 16].
The Witt algebra D is defined as [I8, pp. 3-4]

d
D =Clt,t7—. 1.42
e (1.42)
The space C[t,t™!] consists of polynomials in ¢ and ¢~! over C. Elements of the
Witt algebra are viewed as derivations on C[t,¢7!]. The operations are pointwise

addition and composition. We have generators given by d,, = —t”“%. We will now
compute the commutation relations of these generators. We have
d d d d
Apy o] = 7T — (7 — ) — gL g — 1.43
[dn; d dt ( dt dtdt (143)
d d> d d?
— 1 tn—&—lfm_ tn+1tm+1_ . 1 tm+1tn_ tm+1tn+1_
(m o DEE g g~ DT e
(1.44)
d
= (m — n)th’”H% (1.45)
=(n—m)d,+m- 1.46
+
Next, consider the central extension of D given by the short exact sequence
0 — Cc— Vir -+ D — 0. (1.47)

We define a bracket on Vir by the cocycle ¢(d,,d,,) = %(n3 — N)0ptm,o- That is,
the bracket on the generators L, of Vir is given by

1
[Ly, L) = (n—m)Lpym + E(n3 — 1)0p+m,0C- (1.48)

The element c¢ is called the central charge and Vir is called the Virasoro algebra.
We will see in Section that the Virasoro algebra appears in two-dimensional
conformal field theory as the Lie algebra generated by the modes of the energy-
momentum tensor.

The Virasoro algebra has a triangular decomposition given by

(@ CLn> ® (CLy® Co) @ <@ CLn) . (1.49)

n<—1 n>1

The notion of a triangular decomposition is important as it allows us to define
highest weight representations for Lie algebras that do not necessarily have root
systemsﬂ

8 Although not in fact semisimple
9Recall that our construction of a root system from a Lie algebra assumed semisimplicity.
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1.3 Dynkin Diagrams

Definition 1.3.1. Given a root system with a choice of positive roots, let {a, ..., @, }
be an ordered collection of its simple roots. The Cartan integers are defined to be
a;; = (ai, a]V) and the corresponding matrix a;; is called the Cartan matrix.

The Cartan matrix depends on the ordering of the simple roots but not the
choice of positive roots. A Cartan matrix of a root system satisfies the following
properties.

Theorem 1.3.1. Let A = (a;;) be a Cartan matriz of a root system. Then
1. a; = 2.

a;; <0 fori#j.

a;; = 0 if and only if aj; = 0.

aij € 7.

det(A) > 0.

The first and second properties allow us to define the Dynkin diagram of a root
system in Definition [1.3.2l The importance of Cartan matrices is summarised by
the following theorem.

Theorem 1.3.2. The Cartan matriz of a root system determines the root system
up to isomorphism.

For a proof of this, see [I7, p. 55].
Example 1.3.1. The calculations of Example tell us that the Cartan matrix

of sl3(C) is
( _21 _21 ) . (1.50)

Here, we have chosen our ordered positive roots to be {12, A3}

Dynkin diagrams give us a way to represent the Cartan matrix of a root system
visually. They also help us to classify all root systems. This is done by noting first
that it suffices to classify the root systems that are not the disjoint union of proper
orthogonal subsets. Such root systems are called irreducible and correspond to
connected Dynkin diagrams. The connected Dynkin diagrams can then be classified.

Definition 1.3.2. Given a root system ® with positive roots {a, ..., a,}, we define
its corresponding Dynkin diagram as follows. Consider the graph with n vertices
with the ith and jth vertices joined by a;ja;; edges. If there is a double or triple
edge between two roots, add an arrow pointing to the shorter root.

Example 1.3.2. Our calculations from Example show that the Dynkin dia-
gram of sl3(C) is e—s.

13



We conclude by noting that the classification of finite-dimensional semisimple
Lie algebras follows from the classification of root systems. This is a consequence of
a theorem of Serre, which we now present.

Theorem 1.3.3. Serre’s Theorem. [17, p. 99] Let ® be a root system with simple
roots {ay,...,a,}. Letg be the Lie algebra spanned by the elements { E', E~*, H' }1<;<,,
satisfying the relationd™|

. [H,HY] =0.

. [HZ,E]] = CLjiEj.

2

3

4. [HI,E) = —aj B

5. (ad(E?))'=%i(E/) =0 for alli # j.
6

. (ad(E~))1"%i(E~9) =0 foralli#3j.

Then g is a finite-dimensional semisimple Lie algebra with root system ® and Cartan
subalgebra spanned by {H'}1<i<p.

Given a Cartan Weyl basis {E*} U {H'} of a semisimple Lie algebra, we can
rescale the elements E* and discard those not corresponding to simple roots to
obtain a collection of elements { E*!, H'},<;<, satisfying the relations of Theorem
[1.3.3] We call these elements Chevalley-Serre generators of the Lie algebra. They
generate the Lie algebra in the sense that any element of the Lie algebra is given by
taking linear combinations and Lie brackets of the Chevalley-Serre generators.

1.4 Verma Modules

In this section, we will give a construction of a particular kind of module called
a Verma module. These modules help to classify the finite-dimensional irreducible
representations of a semisimple Lie algebra. They also have the important universal
property that every highest weight module over a Lie algebra is the quotient of a
Verma module. Instead of defining Verma modules by their universal property, we
give an explicit construction.

Definition 1.4.1. Given a Lie algebra g, its universal enveloping algebra U(g) is
defined to be

Ulg) =

C@ég@']/()(@}f—)f@)(—[x,y]\X,Yeg>. (1.51)

10T hese relations are called the Chevalley-Serre relations.
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The universal enveloping algebra is an associative algebra with product - defined
by setting

(X10Xo® - @X,] - [V1®Ye®---QY,]=[X1®- - 0X,0V1® - ®Y,] (1.52)
and extending by linearity.

Theorem 1.4.1. Poincaré-Birkoff- Witt (PBW) Theorem. Let {z1,z,,...}
be an ordered basis for g. A basis for U(g) is given by 1 and the elements x;, - x;, -

For a proof of this theorem, one may consult [17, pp. 93-94].

Definition 1.4.2. A subspace of U(g) that is closed under left multiplication of
U(g) is called a left ideal. Let A € h* and consider the left ideal I, generated by
the positive roots of g and elements of the form H — A(H)1 for H € h. Then
Wy :=U(g)/1, is a left g-module called a Verma module [I5], p. 256][H]

The g-module structure on a Verma module is given by restricting the U(g)-
module structure defined by X[v] = [X ][ Clearly this is well-defined and it being
a module structure follows from associativity of U(g)["

Definition 1.4.3. Given a Lie algebra g with a triangular decomposition g_ & go ®
g, we say a representation V' of g is a highest weight representation if there exists
some vy € V and a map A : gg — C satisfying:

1. Xvy = ANX)v, for all X € go.

2. gyvy = 0.

3. Any element of V' is obtained by acting on v, with elements of g_.
We call A a highest weight and v, a highest weight vector.

Theorem 1.4.2. Let g be a Lie algebra with triangular decomposition g_ & go D g -
Let \ be a weight of g. Then we have

as vector spaces.

One can prove this using the PBW theorem. An important corollary is the
following.

HEquivalently, one can define a Verma module by the induced representation Indf)@ngV where
V is a one-dimensional representation of h @ g4 such that b acts by scalar multiplication and g
acts trivially.

12The PBW theorem gives us an inclusion map g < U(g).

3Note that the reason we quotient by a left ideal is to ensure well-definedness of the left action
of g.
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Corollary 1.4.3. Let g be a Lie algebra with triangular decomposition g_ & go D g -
Let V' be the g-module U(g_)vy with vy a highest weight vector with highest weight A
such that no nonzero element of U(g_) annihilates UAE ThenV = W, as g-modules.

This corollary gives us an alternative method of constructing Verma modules,
which we will use extensively.

1.5 Irreducible Representations

In this section we will present a characterisation of the finite-dimensional, irreducible
representations of a semisimple Lie algebra. We begin with a proof for the case of
sl(C) and then state the general result.

Theorem 1.5.1. Any nonzero finite-dimensional irreducible representation of sly(C)
15 a highest weight representation with highest weight n and lowest weight —n for
some n € N.

Proof. Let V be a finite-dimensional irreducible representation of sly(C). We know
there exists an eigenvector v of H with eigenvalue A\. Let V), C V denote the
collection of all such elements of V. By irreducibility of V', the submodule generated
by Vi is V. Now, by induction we can show that for all v € V), and n € N we
have F"v € V,_9, and E"v € V) 9,. The base case of the first claim holds since
HFv=[H,Flv+ FHv = (A — 2)Fv. Furthermore, if F™"v € V) _y, then HF""ly =
[H,F]F"v+ FHF"v = (A —2(n+ 1))F""'v as required. In a similar manner, one
can show that the second claim holds.
The above argument shows that we have the decomposition

V=P Vieon (1.54)

neL

Since V' has finite dimension, there is some minimal N > 0 such that V\ on41) = 0.
Take w € Vy, on. We claim that

V = span{w, Fw, F*w,...}. (1.55)

By irreducibility and noting that span{w, Fw, F?w, ...} is closed under the action
of H and F, it suffices to show that the space is closed under the action of E. First,
we have Fw = 0 € span{w, Fw, F?w, ... }. By induction, we will now show that

EF"w =n(A+2N —n+ 1) F" tw. (1.56)
For the n = 1 case, we have

EFw=[E,Flw+ FEw = Hw = (A+2N)w (1.57)

In other words, we do not impose any relations.
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as required. Now, assume EF"w = n(A+ 2N —n + 1)F" 1w. We have

EF"™ 'y = B, F]F"w + FEF™w (1.58)
= HF"w+n(A+2N —n+1)F"w (1.59)
= (A 42N = 20)F"w + n(A+ 2N — n + 1) F"w (1.60)
=mn+1)A+2N—-(n+1)+1)F'w (1.61)

as required.

Given our expression for EFF"w, we will again invoke the fact that V is finite-
dimensional. This implies there is some minimal M such that Fw = 0. We thus
have

MA+2N-M+1)=0 (1.62)

and so A\ + 2N = M — 1 is a nonnegative integer. This then implies F¥~1w has
eigenvalue —(M — 1) and so the possible eigenvalues of H in V are M — 1, M —
2,...,0,...,—(M —2),—(M —1). Since V = span{w, Fw, F?w, ..., FM~ 'y}, each
eigenspace is one-dimensional. O]

For a general semisimple Lie algebra, we have the following.

Theorem 1.5.2. [15, p. 243] Let g be a semisimple Lie algebra and let b be a
Cartan subalgebra of g. There is a one-to-one correspondence between dominant
integral elements of b* and irreducible finite-dimensional representations of g.ﬁ

15 As one might expect, the proof of this remarkable theorem is quite long and so it has been
omitted. However, it is interesting to note that the proof relies heavily on the use of Verma
modules.
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Chapter 2

Affine Lie Algebras

Affine Lie algebras are an important class of Lie algebras that we are interested in.
A collection of these called the untwisted affine Lie algebras are used to study the
Wess-Zumino-Witten models. In this section, we will give a well-known construction
of the untwisted affine Lie algebras. We also briefly discuss the classification of affine
Lie algebras. Our primary resources for studying affine Lie algebras are the books

[10], [11, and [A].

2.1 Classification

Recall that in Section [L.3|we outlined how to classify the finite-dimensional semisim-
ple Lie algebras using Dynkin diagrams. One proceeds in a similar manner to classify
the affine Lie algebras. The definitions and theorems of this section are obtained
from chapters 14 and 15 of [4].

Definition 2.1.1. A generalised Cartan matrix is a square matrix A = (a;;) satis-
fying:

1. a; = 2.
2. a;; <0fori#j.
3. a;; =0 aj; =0.
4. a;j € Z.

Notice from Theorem that these are the defining properties of a Cartan
matrix, except that we have omitted the condition det(A) > 0. We say that two
generalised Cartan matrices are equivalent if they differ only by a permutation of
the rows and columns. We call a generalised Cartan matrix indecomposable if it is
not equivalent to a block diagonal matrix where the blocks are generalised Cartan
matrices.

18



Definition 2.1.2. Let A be an indecomposable generalised Cartan matrix. Let Ay
denote the matrix obtained by deleting the ith row and column from A. We say

that[]
1. A has finite type if det(A) > 0.

2. A has affine type if det(A) = 0 and det(Ag;) > 0 for all 4.

3. A has indefinite type if it is not of finite or affine type.

The Lie algebras corresponding to the indecomposable generalised Cartan ma-
trices of affine type are called affine Lie algebras. We conclude this section by
constructing some of the indecomposable generalised Cartan matrices of finite and
affine type as examples, following [10, pp. 92-93]. For the complete list of the Dynkin
diagrams corresponding to the affine Lie algebras, see [4, pp. 354-355].

Now, it is clear that the only rank 0 affine Lie algebra has Cartan matrix

A=(2). (2.1)

This Lie algebra is denoted by A;. The Cartan matrices of the rank 1 simple Lie

algebras are
Az : ( —21 _21 ) (2:2)
Cy : ( _22 _21 ) (2.3)
G - ( 2 ) . (2.4)

These are the only 2 x 2 indecomposable generalised Cartan matrices of finite type
since we require that their determinant be positive. There are also two non-simple
rank 1 Lie algebras with Cartan matrices

AW ( _22 _22 ) (2.5)
AP ( _21 _24 ) . (2.6)

These are the 2 x 2 indecomposable generalised Cartan matrices of affine type. We
can see that there are no others due to the requirement that the determinant be
zero. To obtain the 3 x 3 matrices of affine type, notice that removing the ith row
and column gives one of the matrices corresponding to As, Cy, or Gs. If we consider
the case of GG9, the matrix takes the form

2 a b
c 2 -3 |. (2.7)
d -1 2

L Although a Corollary in [4], we take this as a definition for simplicity.

19



The determinant of this matrix is 2 — a(2¢ + 3d) — b(c + 2d), which must be zero.
This gives the following two possibilities.

2 -1 0

GVl -1 2 -3 (2.8)
0 -1 2
2 0 -1

P o 2 -3]|. (2.9)
1 -1 2

One can repeat these arguments to obtain the remaining indecomposable generalised
Cartan matrices of finite and affine type.

2.2 Untwisted Construction

Definition 2.2.1. [10, p. 103] Let g be a complex finite-dimensional simple Lie
algebra. The loop algebra of g is defined as

g®Clt, t 1. (2.10)

Here, C[t,t7!] is the space of polynomials in ¢ and t~! over C. The bracket on
g ® Cl[t,t71] is given by

(X @P(tt"),Y®@Qtt ") =[X,Y]®P(t,t )Q(t,t ). (2.11)

Definition 2.2.2. [I0] p. 103] Given a complex finite-dimensional simple Lie algebra
g with Killing form k, we can define a Lie algebra g’ by the central extension

0+CK—g —gC[t,t ] =0 (2.12)
with bracketP
(X @Pt,t ™) +aK,Y®Q(tt ") +B8K|=[X,Y]® P(t,t HQ(t,t™')—

{1}565 (P(t,t‘l)%’tt_l))] (X, Y)K.

Let {J} be a basis for g. Define J* = J* ® t". The untwisted affine Lie algebra g
is defined as

(2.13)

g=9g@®Cd (2.14)

where we impose [10, p. 103]
ld, K] = 0 (2.15)
[d7 JS] = _[JTCLL> d] = ’I”LJS (216)

The element d is usually called the derivation of g. The Lie algebra g is sometimes
referred to as an affine Kac-Moody algebra.

2We note that there is a unique choice of non-trivial central extension up to a rescaling of the
Killing form. For an explanation of this, see [I0, p. 102].
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We can now compute the Lie bracket on the elements {J?}. Noting that

nd m -
Res (15,0 ) = b (217)

we see that
(T2 T2 = [T I nsm + 10 mon(J?, O K. (2.18)

Definition 2.2.3. We have a canonical inclusion map
i:g—g@C[t,t e CKaCd=3. (2.19)
We call g := i(g) the horizontal subalgebra of g.

To construct a Cartan subalgebra for g, we simply need find a maximal abelian
subalgebra consisting of only semisimple elements. Let {H'} be a basis for the
Cartan subalgebra h of g. It is easy to see that the set

{H{,K,d|i€{1,2,..,dimb}} (2.20)

generates a maximal abelian subalgebra. Finally, we note that 6 consists only of
semisimple elements since adx is clearly diagonal and therefore diagonalizable for
all X € h. Thus, we have a Cartan subalgebra given by

b =span{H, K,d | i€ {1,2,..,dimh}}. (2.21)
Definition 2.2.4. For elements of 6*, we can define an inner product by
(A 1) = (A1) + M) p(d) + Ad)u(K) (2.22)

where X\ and 7 are the restrictions of A and p to the horizontal subalgebra respec-
tively.

Since K is a central element, we have a(K) = 0 for any root . As a consequence,
for any roots a and (§ we have

(@, ) = (@, B). (2.23)
From now on, we may write an affine root « in the form
a = (a1, as, az) (2.24)

where the restriction of a to the horizontal subalgebra, CK, and Cd is a1, as, and
a3 respectively.

Theorem 2.2.1. [10, p. 108] Let § be the linear functional satisfying
S(H)Y=0 66(K)=0 §(d)=1. (2.25)

Let ® be the root system for the horizontal subalgebra g. The root system for an
untwisted affine Lie algebra § constructed from a Lie algebra g is

d={nd |nezZ\{0}} U {a+nd|aecdnecl} (2.26)
Here, we can take o € ® to be a root of g by defining a(K) = a(d) = 0.
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Proof. We begin by noting that E{_eos [nt"~1] = 0 for all n and so

[H. E%] = [H' E*] @ t" =a'(H")E". (2.27)
Furthermore, it is clear that we have
K,E% =[H. H)] = [K,H)] =0
| l [Of] [ ] A (2.28)
(D, E;| =nEy  [D,H)] =nHj,
We conclude that the affine roots are of the form
(@,0,n) forneZ,ac (@) (2.29)
and (0,0,n) for nonzero n € Z. (2.30)
]

It can be shown that the Cartan matrix of this root system is an irreducible
affine Cartan matrix so that the loop algebra construction does in fact give an affine
Lie algebra [10, p. 113]. We will only show this for some simple examples. Note that
this construction only gives some of the affine Lie algebras. These are called the
untwisted affine Lie algebras. The rest of the affine Lie algebras are called twisted
and can be constructed from the untwisted affine Lie algebrasf

Example 2.2.1. As an example, we will plot the root system of m and compute
the corresponding Cartan matrix. Let { £, F, H} be the standard Cartan-Weyl basis
for sl5(C). We know that the affine roots are of the form

(+@,0,n) forn € Z (2.31)

and
(0,0,n) for nonzero n € Z. (2.32)

Here, @(H) = 2. A plot of the root system is now given below with the dashed line
indicating the choice of hyperplane. The arrows indicate the basis of positive simple
roots.

no
. .
. .
. .
- . -
° 3 =
. .
. .

3In particular, one imposes the condition on the loop algebra that X @ f(e?™z) = o(X) @ f(2)
for some outer automorphism o of g.
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A choice of basis of positive simple roots is {«ap := (—@,0,1), ag := (@,0,0)}. We
then have (ag,a0) = (a1, 01) = (@,a) = k(H,H) = 2. Furthermore, (o, ) =
(o, ) = —(@, @) = —2. We deduce that the Cartan matrix for sly(C) is

( _22 _22 ) . (2.33)

It is clear that this matrix does in fact satisfy the conditions required to be an
irreducible affine Cartan matrix.

More generally, we can define the positive roots of an affine Lie algebra to be
o, ={(@0,n)€ed|n>0tu{(@0,00cd|acd,} (2.34)
The positive simple roots are then of the form
(@, 0,0) (2.35)

and
(_570’ 1) (236)

where @; are the positive simple roots of g and  is the highest root of g [10, p. 110].
Note that the generators of the corresponding root spaces satisfy the Chevalley-Serre
relations. From now, we will write { E:.} U {H} for a Chevalley-Serre basis.

Example 2.2.2. Given our characterisation of the positive simple roots, we can
easily compute the Cartan matrix for sl3(C). Recall the positive simple roots of
sl3(C) from Section . Our positive simple roots for sl3(C) are

Qg = (—)\13, O, 1) (237)
a1 = ()\12, O, 0) (238)
as = (As3,0,0). (2.39)

We clearly have (ap, ) = 2 as we expect. Noting that (Ar3, Ad12) = (A3, Aog) = 1

L —

and recalling the Cartan matrix for sl3(C), we see that the Cartan matrix for sl3(C)

1S
2 -1 -1
-1 2 -1]. (2.40)
~1 -1 2

We can immediately see that this is an irreducible affine Cartan matrix.

Definition 2.2.5. For affine Lie algebras, the basis of weights dual to the simple
coroots are called the fundamental weightsﬁ

4Notice that some roots such as § have zero norm and so they do not have coroots. However,
simple roots always do.
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Example 2.2.3. For 5[2/@, our simple coroot basis is given by

aj = (—a,0,1) o =(a,0,0). (2.41)
To compute the fundamental weights, we have to solve

(wir ag) = (@, @) = i (2.42)

(wi, o) = —(w;, @) + wi(K) = d;2. (2.43)
By inspection, we see that we have

wo = (0,1,0) (2.44)
w = <% 1,0) . (2.45)

Note that we can expand any affine weight A as [8, p. 565]

A=) Aw; +as (2.46)

for some a € R. Similar to the non-affine case, we call \; the Dynkin labels of the
weight X\. We conclude this section with a theorem that will be useful in Section
2.0

Theorem 2.2.2. [10, p. 110] Given Chevalley-Serre generators { EX', H'} <;<, for
a semisimple Lie algebra with simple roots {a;}1<i<n, we obtain Chevalley-Serre
generators of the untwisted affine Lie algebra g

H:=—-Hj+ K H':=H]
EY = ETY EL = Ey".

We can therefore write a collection of affine Chevalley-Serre generators as { E., H'}
where the index ¢ starts at 0.

2.3 Highest Weight Modules

Recall Definition where we defined the notion of a highest weight representa-
tion for any Lie algebra with a triangular decomposition. An affine Lie algebra g
constructed from a Lie algebra g has a canonical triangular decomposition, which
allows us to talk about highest weight modules of affine Lie algebras. These are the
modules that we are interested in when studying the WZW models.

Example 2.3.1. In Section [2.2] we constructed the root system for an affinised
Lie algebra g. We also gave a construction of a Cartan subalgebra 6 This gives
us a triangular decomposition §_ @ b @ g, where g, and §_ are generated by the
elements of the positive and negative affine root spaces respectively. From this, we
see that a g-module V' is a highest weight module if there exists a highest weight
vector vy € V with highest weight A : h — C satisfying

24



1. Hivy = N H)vy for all H € b.

2. Egvy =0 forallae®,.

3. EXy =H,vx=0 foralla € ®,,H €h,neN.

4. Kvy = kvy, dvy=~vy forsome k,~v € C.

5. Any element of V' is obtained by acting on vy with elements of g_.

Note that for k£ # 0, we can shift the eigenvalue of d to be any element of C. This
is because the bracket of d with any element is invariant under the transformation
d — d+ aK for a« € C and d cannot be obtained as the Lie bracket of any two
elements. We call k the level of the module.

Example 2.3.2. The Virasoro algebra has a triangular decomposition Vir_ & Viry®
Vir, where we define

Vi = @ CL, Virg=CLy®Cc  Viry = P CL,. (2.47)

n<—1 n>1

Let U(Vir_)v, be the free module consisting of the vectors given by acting on vy
with elements of U(Vir_) where v, is a highest weight vector of highest weight A.
This is in fact a Verma module by Corollary The Poincaré-Birkhoff-Witt
theorem tells us that a basis is given by elements of the form

1- Uy, L—n1 ce L—nkUA (248)

with 0 < ny < ng--- < mg. All of these elements are eigenvectors of Ly and so
the Verma module is graded by the corresponding eigenvalues (called conformal
weights).ﬂ The Lie bracket of the Virasoro algebra allows us to show for example
that L vy and (L_1)%vy have the same conformal weight. We have

LoL_vy = [Lo, L_sJux 4+ L_sLovy (2.49)
= 2L_2U)\ + /\L_QU)\ (250)
= (A +2)L_s0,. (2.51)
Similarly,
LO(L_l)QU)\ = [Lo, L_l]L_ﬂ})\ —|— L_l[Lo, L_l]’l}/\ —f- (L_l)QL(ﬂ))\ (252)
= L%lv)\ + L%lw\ + )\L%lv)\ (253)
= (A +2)L% vy (2.54)

More generally, acting on some vector L_,, ---L_,, vy with L_,, for m > 0 will
increase its conformal weight by m. Below is a diagram of the moduleﬁ

5Here we see some motivation for the definition of a vertex algebra, which we discuss later in
the thesis. The highest weight modules of certain other Lie algebras are graded in a similar way
and correspond to the states of chiral CFTs.

SWe say that the states with conformal weight A + i have level i.
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Because of this grading, a highest weight module of the Virasoro algebra is
sometimes called a lowest weight module. Note that we have identified the map A
with the eigenvalue A\(Lg). In Section[2.5, we show that we can constrain the central
charge and conformal weight of the highest weight vector by imposing that these
Verma modules be unitarizable.

2.4 Singular Vectors

In this section we introduce singular vectors. These are elements of a highest weight
representation satisfying the following important property for the case of the Vi-
rasoro algebra and untwisted affine Lie algebras; if we quotient by the submodule
generated by the collection of singular vectors then we obtain an irreducible module.

From now on, we are interested in the free modules defined by U(g-)v, for some
highest weight vector vy with highest weight A\. By Corollary these are all of
the Verma modules up to isomorphism. These are the modules we have in mind
when speaking of Verma modules.

Definition 2.4.1. Given a highest weight module V' with a bilinear form (-,-), a
null vector is an element of V' orthogonal to the entire module with respect to (-, -).

Definition 2.4.2. Let V be a highest weight module with highest weight vector
vx. A nonzero vector v that is not proportional to v, is called a singular vector if it
satisfies the defining conditions of a highest weight vector ]

Before discussing the singular vectors of the Virasoro Verma modules, we would
like to state an important result. For this, we must consider the Gram matrix M;;,
which we define to be the matrix consisting of all inner products of the basis elements
for a given Verma module U (Vir_)v, of the Virasoro algebra. Since Ly is a Hermitian
operator, eigenspaces of Ly with distinct eigenvectors are orthogonal. This implies
that M;; is block diagonal with each block matrix containing all inner products of
the basis elements for all vectors in the Verma module of a given conformal weight.
We denote by M@ the block diagonal matrix containing all inner products of the
basis elements for the vector space of elements at level i. We have the following
important result.

" Any singular vector is a null vector with respect to the Shapovalov form. This follows directly
from the PBW theorem and the definition of the Shapovalov form.
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Theorem 2.4.1. (Kac determinant formula) [19] We have

det(MY) = a; TT (A = Apg(e)) 772 (2.55)

pq<i

Here, a; > 0 is independent of A and ¢, P(N) denotes the number of partitions of
some integer N, and we can write

((m+1p—mg)* -1
dm(m + 1)

1 1 /25 —¢
S . 2.
Mm="5 5\ 1-¢ (2.57)

Note that the determinant is independent of the choice of branch for m. The Kac
determinant formula can be used to prove that the Virasoro highest weight modules
for ¢ > 1 and A > 0 are irreducible. It can also be shown that the Virasoro highest
weight modules for 0 < ¢ < 1 are not unitarizable except possibly for certain values
of ¢ and X in some discrete set. For proofs of both claims, see [8, pp. 209-211].

Apq(m) = (2.56)

with

Example 2.4.1. We can compute the conformal weights of the singular vectors of
the Verma module U(Vir_)vy where A = A, , for some positive integers p and q.ﬂ
For this, we can use the Kac determinant formula (see Theorem [2.4.1). From now
on, we will denote by pg the minimal product over the allowed p and ¢q. The Kac
determinant formula tells us that the determinant first vanishes at level © = pg. This
implies that the first singular vector occurs at this level and therefore has conformal
weight A\pq + p¢ = Apimm+1-¢- The invariance of the determinant formula under
pr—= m—p, q— m+1—qimplies that there is another singular vector at level
(m—p)(m+1—q) of conformal weight A\, ,+ (m —p)(m+1—q) = Aam—p, We can
repeat this argument for each of these two singular vectors to obtain the conformal
weights of the singular vectors of the submodules generated by these singular vectors.
The singular vector structure of our original module is shown below.

)‘p,q
/\2mfp,q )‘p+m,m+lfq

/\3m—p,m+1—q /\p+2m,q

/\4m—p7q )‘p+3m,m+1—q

! !
| |
| |
| |
| s ~ |
| |

8For a fixed A, the integers p and ¢ are not unique.
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Example 2.4.2. [10, pp. 126-127] Given affine Chevalley-Serre generators { E'., H' }o<i<,
and a Verma module of an untwisted affine Lie algebra g with highest weight vector
vy and dominant integral highest weight A, the vectors

(B ) ey ie{0,...,r} (2.58)

are singular vectors, where ); are the Dynkin labels of A\. Recall in Section [1.5] we
showed that
EF"w =n(A+2N — (n—1))F" w (2.59)

for all n € N, where w is a highest weight vector of sly(C) of highest weight A+ 2/V.
Since \; = A\(H"), we deduce

EL(E )™y = n(N\ — (n — 1))(EL)" oy, (2.60)
Since A is dominant integral, we have \; € Z>(. For n = A\; + 1, we therefore have
EL(EL )Ny = 0. (2.61)
Since [E7, E'] = 0 for j # i, we conclude that
EL(E )Ny, =0 (2.62)

for 7 € {0,...,r}. Since the elements Eﬂr generate the positive subalgebra g, we
see that (E®)**ly, are singular vectors. It turns out that these singular vectors
generate all of the singular vectors.

2.5 Unitarizable and Integrable Modules

In this section we introduce integrable modules. These are the modules that we
are interested in when studying the Wess-Zumino-Witten models. More specifi-
cally, they give the allowed states of these conformal field theories. We also discuss
unitarizable modules and their implications for the case of the Virasoro algebra.

Definition 2.5.1. A complex representation V' of a group G is called unitary if it
admits a non-degenerate Hermitian inner product such that

(Uv,Uw) = (v,w) (2.63)
for all v,w € V and U € G.

For physical reasons, we want our irreducible highest weight modules in con-
formal field theory to also define unitary representations of a Lie grouplf’] Using

9The situation is much more subtle than this. For example, there is no known Lie group
whose corresponding Lie algebra is the Virasoro algebra. There are also purely mathematical
reasons (from the perspective of vertex algebras) to be interested in the irreducible, integrable,
and therefore unitarizable highest weight modules in the study of the Wess-Zumino-Witten models.
Furthermore, there are interesting conformal field theories (such as those describing the Yang-Lee
edge singularity) that are not unitary.
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this requirement and the exponential map, we can see how this restricts our pos-
sible choice of adjoint on the Lie algebra. First note that Equation implies
that U is a unitary operator. In particular, U~' = UT. Writing U in terms of the
exponential map gives

U = exp (Z ozaJ"> Ul=U""=exp (— Zana> (2.64)

where {J%} is a basis for the Lie algebra. For a real Lie algebra, we can also write
Ut =exp (), @(J*)T) and so we can conclude that (J*)T = —J* For complex Lie
algebras, one can define the adjoint on the Chevalley-Serre generators by (EL)T =
E', (H)" = H' and extend by anti-linearity [II][] We call this the Chevalley
involution and it corresponds to the compact real form of the complexification of
the Lie group.

Given our choice of adjoint, there is a canonical choice of inner product on a
given Verma module module called the Shapovalov form [22]. In practice, this inner
product is defined on two states of the same leve[!] by applying the adjoint to
obtain an expression of the form (vy, Xv,) for some X that is a product of modes.
For example, with the Virasoro algebra X might look like LiLiL;L oL 4. It is a
general fact that we will not prove, that we can always commute the positive modes
through the negative modes to obtain a linear combination of Ly and c. Fixing the
central charge and setting (vy,vy) = 1 then gives the value of the inner product.
Similarly, one can define the Shapovalov form for other Lie algebras with a triangular
decomposition. Our modules in conformal field theory should be constrained so that
the Shapovalov form defines an inner product.

Definition 2.5.2. [10, p. 55| Let g be a Lie algebra with Chevalley-Serre generators
{E_} U{H"}. A g-module V is called unitarizable if it admits a Hermitian inner
product such that the Chevalley involution defines an adjoint.

We will shortly give a characterisation of the unitarizable highest weight modules
of any Lie algebra with Chevalley-Serre generators.

Example 2.5.1. Ginsparg [14, p. 37] shows how imposing the requirement that
our highest weight modules be unitarizable and irreducible for the Virasoro algebra
constrains the central charge and conformal weight of the highest weight vector.
Consider a highest weight representation of the Virasoro algebra with highest weight
vector vy. For elements of the Virasoro algebra, we define an adjoint by[]

Li=L_,, d=c (2.65)
For n > 0, we now compute

(L,nv)\, L,nv)\) = (U)\, LnL,nU)\) (266)

10This is not the only possibility.
HRecall that states of different levels are orthogonal.
12This choice of adjoint is justified by a physical argument in [I4} p. 34].
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= (Ux, [Ln, L-p]vy) (2.67)

= 2n(vy, Lovy) + %(”3 —n)(va, va) (2.68)
= <2n>\ + %(n?’ — n)> (x, V). (2.69)

If we consider sufficiently large n then we see that ¢ > 0 for our Hermitian inner
product to be positive-definite. If we consider n = 1 then we also see that A > 0.

We can also show that a unitarizable highest weight module of the Virasoro
algebra with central charge 0 is trivial. To do this, consider the collection of states
spanned by L_5,v, and L%nv,\. We then consider the Hermitian matrix

o (L72n'v/\7 L72n'U)\) (L,an)\, L%nv)\>
M —( (200 Layvs)  (L2,00 L2,05) ) z70)

Since M is Hermitian, it can be diagonalised
M =UDU' (2.71)

with U unitary. Given a state v that is a linear combination of L_,,v\ and LQ_nvA,
we can define w = U'v and so

(v,v) = ZD”‘“J"'Q (2.72)

where w; is the ith component of the vector w with respect to the basis {L_o,v,, L%nv N
for the vector space spanned by L_y,vy and L% vy. We now see that the vector space
spanned by L_»,vy and L? v, contains a state of negative norm if one of the eigen-
values of D is negative. To show that one of the eigenvalues of D is negative, it
suffices to show that det(M) < 0. For ¢ = 0, we have

det(M) = 4n>X*(8\ — 5n). (2.73)

Thus, for A # 0 and ¢ = 0 there are negative norm states in the highest weight
module[”®] But if A = ¢ = 0 then (L_,vo, L_,v) = 0, implying L_,vy = 0 for all
n. We conclude that the only nonzero elements of the highest weight module are
multiples of vy and every element of Vir acts trivially.

Let us now turn our attention to Lie algebras admitting Chevalley-Serre gener-
ators.

Definition 2.5.3. [10, p. 119] A highest weight module is integrable if its highest
weight is dominant integral.

Theorem 2.5.1. [10, p. 128] An irreducible integrable highest weight module of a
Lie algebra with Chevalley-Serre generators {E%.} U{H'} is unitarizable.

I3For a given ), consider n sufficiently large so that det(M) < 0.
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Proof. Given an irreducible, integrable module we use the Shapovalov form for the
inner product. To show that this defines a unitarizable module note that irreducibil-
ity implies that there are no nonzero vectors with zero norm. If there was a nonzero
vector with zero norm then the submodule generated by that vector would only
contain vectors with zero norm. Irreducibility would then imply that every element
of the module has zero norm, which is a contradiction. Next, positive definiteness
follows from

(Ei’l))\, Ei_U)\) = (U,\, E:_El_v)\) (274)

= (vx, [EL, EXJuy) (2.75)

= (U)\, Hiv)\) (276)

= A(H")(va,v2) (2.77)

and noting that A being dominant integral implies that A(H") € Z>o. O

The converse of this theorem is also true but the proof is quite difficult and so
it has been omitted.

Example 2.5.2. We will now give an example of an irreducible integrable mod-
ule that we will be interested in when studying the Wess-Zumino-Witten models.

Consider the Lie algebra m with the fundamental weights wy and w; given by
Example Define
1
A=0- wo +wy — 15 (278)

Consider the Verma module U (fmf)w where vy is a highest weight vector of
highest weight A\. The weight A has Dynkin labels Ay = 0 and A\; = 1. By Example
2.4.2, the singular vectors of our Verma module are generated by

{Fvy, E_qup\} . (2.79)

If we quotient by the submodules generated by these vectors, we obtain an irreducible
module. Note also that the Dynkin labels of the highest weight are nonnegative
integers and so the module we obtain is both irreducible and integrable.
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Chapter 3

Wess-Zumino-Witten Models 1

The Wess-Zumino-Witten models are a class of two-dimensional conformal field the-
ories whose symmetry algebras are affine Lie algebras. The reader who is unfamiliar
with conformal field theory would find it easier to first learn about the free boson
and the free fermion. We have decided to introduce the Wess-Zumino-Witten mod-
els as our first example of a conformal field theory since they have a much richer
algebraic structure.

In this chapter, we emphasise the more formal aspects of conformal field theory:
namely that states correspond to elements of certain representations, that fields can
be viewed as formal power series, and that there is a correspondence between states
and fields. The notion of an operator product expansion helps us to connect the
algebraic aspects of conformal field theory (specifically the Lie bracket of the Lie
algebra of interest) and the analytic interpretation of a field. In the last section,
we introduce conformal invariance in two dimensions, which allows one to study
conformal field theory without much mention of Lie algebras or representations.

3.1 The Wess-Zumino-Witten Action

The aim of this section is to motivate the choice of action for the Wess-Zumino-
Witten models. In particular, we outline how one can obtain a constraint on a
constant called the level of the Wess-Zumino-Witten model. We avoid some of the
technical details as they are quite cumbersome. The interested reader may consult
the relevant sources cited in this section.

Conformal field theories can be constructed by specifying a functional called the
action[T] This functional is defined on some space of functions. If we introduce some
infinitesimal variation of such a function, we obtain a variation of the action. The
functional can be extremised by solving for the functions for which this variation is
0. This is known as the principle of least action, and its mathematical formalism is
known as the calculus of variations. The corresponding functions which extremise

! Although most conformal field theories are not constructed in this manner. This construction
is common for more general quantum field theories.
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the action under infinitesimal variations are called the fields of the conformal field
theory.

A precise geometric description of this process is a bit subtle and so we will avoid
discussing it.E| Instead, we outline how one obtains the equations of motion for the
fields of the Wess-Zumino-Witten models. Historically, the Wess-Zumino-Witten
models were obtained from a quantum field theory called a non-linear sigma model.
This model is an example of a string theory. Such a theory requires the existence of
a smooth map

g:X—>M (3.1)

where ¥ is a Riemann surface (called the worldsheet) and M is some smooth man-
ifold. For us, we choose ¥ to be the Riemann sphereﬂ The defining feature of
this model (and the Wess-Zumino-Witten models) is that the target manifold M is
a (compact, connected, simply-connected, simple) Lie group G with corresponding
Lie algebra g.

We are now interested in the Lie-algebra valued differential form ¢g~'dg defined
as follows. Given p € X, consider dg, : T,¥ — T,,)G. Then g(p)~' acts on elements
of T,»G in the obvious way. That is, the one-form g~'dg maps a point p € X to the
alternating multilinear map d( fop)-1)g(p) ©dgp : Ty — g where fy(,)-1 is the smooth
map defined by Equation @ . In fact, this is the pullback of the Maurer-Cartan
form (see Definition [C.0.2)) under g. Now, note that we can extend the Killing form
K(-,+) on the Lie algebra to a Lie algebra-valued differential form by

See Appendix [B] for a discussion of Lie algebra-valued differential forms. The
extended Killing form allows us to define the action of the non-linear sigma model.
The action is

So(f) = a / k(g~'dg 7 * (g7'dg) (3.3)

where * denotes the Hodge dual. Extremising Sy under an infinitesimal variation in
f, one obtains the equations of motion [33, p. 107]

0.(g7'0=9) + 0:(g7'0.9) = 0 (3.4)

where we are working in local coordinates. From this equation, we run into an issue;
the nonlinear sigma model does not factorise into holomorphic and antiholomorphic
sectors. This is in contrast to the free boson (see Appendix [E|) where we obtain
both a holomorphic and an antiholomorphic field from the equations of motion. To
obtain these holomorphic and antiholomorphic fields, we can modify the action of
the non-linear sigma model by adding an extra term called the Wess-Zumino term.
The addition of this term also ensures that the theory is conformally invariant. Let

2For the case of the Wess-Zumino-Witten action, this is discussed in [33, pp. 104-109].
30ne can generalise the theory to other Riemann surfaces.
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B be a compact, oriented smooth 3-manifold whose boundary is . The action of
the Wess-Zumino-Witten models is [33, p. 109]

Sslo) =a [ (g g« (7)) + 5 [ RGN ) ()

where g : B — G is some extension of g and we identity the second term as the
Wess-Zumino term. We will shortly address the ambiguity in this definition. Note
first that we can write

w(G g 5 d(Fdg)) = §r(w ) dw) (3.6)

where w is the Maurer-Cartan form. We have the following important result about
the differential form r(w % dw).

Lemma 3.1.1. [33, pp. 111-112] Let G be a compact, connected, simply-connected,
simple Lie group. If we fiz a = k/8m for some positive integer k then

0;

i K(w N dw) = 2mik. (3.7)

3 Ja
Now, we would like the Wess-Zumino-Witten action to be independent of the

choice of manifold B and extension g. It turns out that this is not quite true.
However, we have the following theorem.

Theorem 3.1.2. [25, p. 30] Given a compact Riemann surface ¥ and a smooth
map g : ¥ — G, the expression exp Sx(g) is well-defined.

Proof. Let g and ¢’ be extensions of g to the compact, oriented smooth 3-manifolds
B and B’ respectively. Let M be the manifold obtained by gluing —B and B’ along
the boundary Y where —B denotes the manifold B with orientation reversed. Let
G be the map on M that restricts to g and ¢’ on B and B’ respectively. Then

21a ot _ 21a 1 e 1 e
Ssle) - Sslo) = = [ w@ g g ag)) - 2 [ w(a g 4 dG )
' B
(3.8)
2ia =195 A J(5-1 357 2ia ~=1 g5 AN J(751 07
=3 | wlgdg 2 d(g—dg)) +—= | k(g dg"dgdg))
B -B
(3.9)
21a _1 _1
= 2 (GG Y d(GG)) (3.10)
3 Ju
o
- G'R(w ) dw). (3.11)
3 Ju
By Lemma [3.1.1] we therefore have
Ss(g") — Ss(g) = 2mwik (3.12)
and so exp Sx(g) is well-defined. O
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The positive integer k is called the level of the theory. Since exp Sx(g) is well-
defined, the theory obtained from the choice of action for the Wess-Zumino-Witten
models is not ambiguous. The equations of motion of the Wess-Zumino-Witten
models can be obtained by extremising this action. In local coordinates, one obtains
[33, pp. 108-109]

0z(g7'0.9)dz Ndz = 0, (3.13)

which gives rise to the fields
J(2) = kg™l 0.9 (3.14)
J(z) = —kdzgg~" (3.15)

that are holomorphic and antiholomorphic respectively.

For the rest of this chapter and the next, we choose ¥ to be the Riemann sphere
CP!, which we identify as the one-point compactification of C. This gives us the
simplest choice of conformal structure, which will later significantly simplify our
calculations of correlation functions.

3.2 States and Fields

In the previous section, we considered certain functions called fields, which extremise
the action of a quantum field theory under infinitesimal variations. The notion of a
field can be formalised, and this formal definition is used extensively in the theory
of vertex algebras. Let V be a complex vector space. A field is a formal power series
of the form

A(z) =) Azt (3.16)

nez

Here, A, € EndV and hy4 is a constant called the conformal weight of A(z). We
require that for all v € V| there is some N € N such that A,v = 0 for allm > N. The
elements of V" are called states. We assume that there is a one-to-one correspondence
between states and fields. We call this the state-field correspondence and in one
direction the map takes the explicit form

A(z) — lli% A(2)10) . (3.17)
In general, it is difficult to find an explicit expression for the inverse of this map /]
The state corresponding to the field A(z) is denoted |A).

Example 3.2.1. Recall that for the Wess-Zumino-Witten models, we have the Lie
algebra-valued fields (in local coordinates)

J(2) = kg~'0.9 (3.18)

4In the language of vertex algebras, such an inverse is called a vertex operator and we write
down the vertex operators for some simple examples in our discussion of vertex algebras in Chapter

g
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J(z) = —kdzgg~" (3.19)

Given a basis {.J*} for the Lie algebra g, we can write
J(z) =) J%=)J° (3.20)

for some scalar fields J%(z). It is important to note that the fields J*(z) are only
C-valued in the classical theory. In the classical theory, we obtain a Laurent series

HOED IR/ (3.21)

ne”

To obtain a quantum field theory, we promote the elements J? to operators on
some vector space. We will see in Section that the modes J; are elements of
an untwisted affine Lie algebra g. In the quantum field theory, we view J%(z) as a
formal power series. We obtain an analytic interpretation of J%(z) if we are given
a highest weight g-module. Given some state |¢) in such a module, we have a new
Laurent series defined by

(@l J°(2) @) = > (| Jtlo) =" (3.22)

nel

Here, we have used the notation

(8 J2 o) = (16), T3 |8)) (3.23)

where (-,-) denotes the Shapovalov form defined on our highest weight module.
When performing computations, we can work with Laurent series of this form so
that we can rigorously apply the methods of complex analysis. Note that this is a
Laurent series by the definition of a field.

Recall that we defined the concept of a highest weight module for Lie algebras
with a triangular decomposition. In the WZW models, we assume that an arbitrary
quantum state is an element of some irreducible and integrable highest weight mod-
ulef| Given an untwisted affine Lie algebra, let {H'} U {E**} be a Cartan-Weyl
basis for the horizontal subalgebra. A highest weight vector |0) in a highest weight
module with weight 0 is called a vacuum vector if it satisfies

E;®|0) =0 forall aed,. (3.24)

Note that a given highest weight vector with weight 0 does not have to satisfy this.
If this assumption were not made, the state-field correspondence would fail. For ex-
ample, consider the sly(C) level K WZW model and the field F(z) =Y, , F,z7" L.
Then lim, o F'(2) |0) is not well-defined unless F;|0) = 0. A fundamental assump-
tion of conformal field theory is the existence of a vacuum vector.

5In other conformal field theories such as the free boson, free fermion, and the Virasoro minimal
models, the states are also elements of highest weight modules.
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We conclude this section by discussing the spectrum of the WZW models. A
WZW model is characterised by a finite-dimensional Lie algebra g and a level k.
The spectrum is the collection of states in a given WZW model. Let g be the affine
Lie algebra corresponding to g. We can model the collection of states in the g WZW
model at level k by the spacd]

B newn) (3.25)

AeXg,

where V), is the irreducible highest weight g-module with weight A. Here, Xj, is the
collection of dominant integral weights of g at level k[7] Note that the tensor product
accounts for both the holomorphic and antiholomorphic sectors, which arise from the
equations of motion . One obtains similar equations of motion for the free bo-
son, which also give rise to holomorphic and antiholomorphic sectors. This is briefly
discussed in Appendix [E| Essentially, these sectors allow us to study holomorphic
fields and antiholomorphic fields independently for certain conformal field theories.
We can then model the collection of all states of a particular irreducible integrable
module (which can correspond to both holomorphic and antiholomorphic fields) as
a tensor product of the collection of states corresponding to the holomorphic fields
and the collection of states corresponding to the antiholomorphic fields.

3.3 Operator Product Expansions

We define the radially-ordered product of two fields ¢(z) and ¥ (w) as

¢(2)(w)  |w| <z
RA{¢(2)p(w)} = (3.26)
b(w)o(z) [2] < |w|
where we leave the radially-ordered product undefined for the case |z| = |w|. Unless

stated otherwise, products of fields are assumed to be radially-ordered. Denote
the collection of fields in a conformal field theory by {V,}. An operator product
expansion is a sum of the form [31], p. 13]

Va(2)Va(w) =D fo(z,w)V,(w), (3.27)

where the f, are meromorphic functions with poles only at z = w. We assume that
the radially-ordered product of any two fields in a conformal field theory has an

=b ;. . .
SIn fact, one can show that the commutator [J2, J,] is zero for all modes J¢ in the holomorphic

sector and all modes 7; in the antiholomorphic sector. Furthermore, our states should not be
linear combinations of both holomorphic and antiholomorphic states. For this reason, we can
choose decomposition to be in terms of V), ® V) but not V) & V).

It turns out that there are only a finite number of allowed modules for any given level. For
this reason, we say that the Wess-Zumino-Witten models of any given level are rational conformal

field theories.
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OPE. We use the notation

w) ~ 3 (2 0) Vs (w) (3.28)

to indicate the ~ for which there is a pole. Note that using Laurent’s theorem, we
can write

w) =Y h(w)(z —w) "2 =Y W (2)(w - 2) (3.29)

nez ne’

for some fields 1, (w) and ¥/ (z).

Example 3.3.1. In the case of the WZW models, the OPE of J%(2)J%(w) allows
us to compute the commutator [J¢, J?]. This is

Jo(2) I (w) ~ ’m i ‘]b + 3 s (3.30)

where fu5. € C are the structure constants with respect to the basis {J*} [8 p. 623].
In this context k is a non-negative integer multiple of the identity field. Further-
more, Kk = th Kad Where ko4 is the Killing form on g and A" is the dual Coxeter
number of g. In Appendix @ we discuss how one computes the OPE J%(2)Jb(w).

We will now compute [J2, Jb]. Let |¢) be a state. The first step is to write

n“m

(@1 T 10) = (@l J*(2)]" (w) [§) 2"w"™ dzduw. (3.31)
Now,
a 7b o 1 a(, b w N b w)J( = W™ 2" dxdw
AUz I = s § § (70 16) — (0] ) 7(2) )]
(3.32)
fg}é - jgfg (| R{J*(2) I (w)} |¢) w™2"dzdw (3.33)
|z|>]w] |2|<|w]
(27i)2 f{j{ (@I R{JT*(2)]"(w)} |¢) w™2"dzdw (3.34)

= [Z Fove (0] T (w) [6) w™™ ks, 1 Y™ (]6)
(3.35)
- Z fabc ¢‘ n—+m |¢> + nk’i(‘]aa Jb)5m+n,0 <¢|¢> . (336>
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Note that we replaced the radially-ordered product with the singular terms of the
OPE since the regular terms do not contribute. Since we can repeat the same
argument for any state |¢), we have

T8 T8 = fabed Gy + 1EE(T T") 0. (3.37)

In Equation (3.34]), we manipulated the contours as shown in the diagram below.

This is a standard trick one commonly uses in conformal field theory to evaluate
contour integrals. From Equation , we can now see that our OPE above is
consistent with g being an untwisted affine Lie algebraff| Here, f,;. are the structure
constants of g and the element K is our central element. We call k the level of the
WZW model where k is the eigenvalue of K. Note that we will see later how to
construct the derivation of g.

3.4 Normal Ordering

We now introduce a new type of product, which allows us to multiply fields that are
functions of the same coordinate. This is known as the normally-ordered product
and it allows us to construct new fields. One field of particular importance is the
energy-momentum tensor, which can be written as a normally ordered product in
the Wess-Zumino-Witten models. Let A(z) and B(w) be fields and assume the OPE

has the form
N

A(2)B(w) = ‘Z %. (3.38)
Then we define the normally-ordered product as [8, p. 174]
: A(w)B(w) := {AB}o(w). (3.39)

8More specifically, the modes J2 are elements of U(g) and so we can identify the commutator
we computed with the Lie bracket defined by our construction of the untwisted affine Lie algebras.
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We would like to obtain an expression for the normally-ordered product : A(w)B(w) :
as a field in the variable w. This can be done, and we will present the argument
given in [8, pp. 174-176]. First, write

s A(w)B(w) @ = %]{ Wdz (3.40)
= % 7€ —AS)_B;IU)dZ—% fg —B(szjjiz)dz. (3.41)
|2]>]w] |2]<|w]

This expression follows directly from the definition of normal ordering. Now, for
|lw| < |z| < |z|, we have

A(z) =D Ap(z)(z —a) (3.42)
B(w) =Y B(x)(w —a)""" (3.43)

where hy and hp are the conformal weights of A(z) and B(w) respectively. Using a
geometric series, we can write

b i —((w — ) (3.44)

par oz — x)i—l—l

for |w — x| < |z — x|. Substituting this into the first term of Equation (3.41)) gives

L J A,

27Ti zZ— W
2> ]
= L N _ —n—i—ha—1 i—m—hp
= am 2 ) A —) (w — 2) " hods
I > wl
(3.45)

- Z Z An (@) B (x)(w — w)i_m_hB Oitntha0 (3.46)
=0 m,n

=3 > Au@)Bul)(w—a) (3.47)
m n<—hy

Similarly, one can show

L fg Mdz = _ Z Z Bp(z) A, (z)(w — )~ mmhamhe - (3.48)

271 zZ—w !
ER moneTha
Therefore, we can write
A(w)B(w) :=Y " AB  w A (3.49)
nel



where
tABi= > AwBum+ Y BumAn (3.50)
m<—h, m>—ha
An important result on the normally ordered product of a collection of fields
is the generalised Wick theorem. For completeness, we will present this but note
that we will avoid using this in our calculations and will instead use the state-field
correspondence.

Theorem 3.4.1. Generalised Wick Theorem. [8, p. 188] Let A(z), B(w), C(w)
be fields. Then

A(z)B(z)C(w) + B(x)A(2)C(w)

r —w

A(z) : B(w)C(w) := L]{

dx (3.51)

2T

—
where A(z)B(z) denotes the contraction of the two fields A(z) and B(x). The con-

traction of the fields A(z) and B(z) is the singular part of the OPE A(z)B(x).

3.5 Conformal Invariance

One of the main goals of conformal field theory is computing correlation functions.
In trying to compute the correlation functions of a certain class of fields in confor-
mal field theory, we see just how powerful conformal invariance is. In fact, such
correlation functions are fixed up to a constant (for 2 and 3 fields) and are highly
constrained for 4 fields. This is a consequence of conformal invariance.

Recall that we assumed our space of states was equipped with an inner product
(+,+). We can then introduce correlation functions, which are of the form

(01 ¢1(21) -+ Pu(20) [0) := (|0}, @1(21) - - - Pu(20) [0)) (3.52)

where ¢;(z;) are fields. For primary fields, we have a notion of adjoint that allows
us to write

(10), ¢1(21) -+ - D (20) 10)) = (¢1(21)"10) , P2(22) - - - @ (2n) [O)) (3.53)
= (¢2(22)T¢1(21)T 0) , @3(23) - - Pul2n) [0)) (3.54)

where ¢ denotes the adjoint. The adjoint of a primary field ¢(z,%) of conformal
weight (h, h) is defined to be [14, p. 32]

11\ 1 1
¢(2,2)" = ¢ (:,—) =T (3.55)

We sometimes omit the state |0) in the correlator and simply write

(P1(21) - Pnlzn) ) - (3.56)
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Conformal field theories are distinguished from other quantum field theories by
their invariance under conformal transformations. This invariance leads to some
nice properties. In particular, we will see that the forms of correlation functions of
primary fields for n < 4 are quite simple. In this section, we will mostly restrict our
attention to conformal field theories in two dimensions and we will follow Chapters
1 and 2 of [14].

Recall that we can view the generators of the Witt algebra as the generators of
the infinitesimal conformal transformations of a Euclidean CFT in two dimensions.
More precisely, the generators of the infinitesimal conformal transformations give
two copies of the Witt algebra to account for both the holomorphic and antiholo-
morphic sectors. Denoting the generators by [, and [,,, we can write

l,=—2"19, 1,=-7""0.. (3.57)

Note that we can exponentiate these generators so that they span the conformal
transformations on C. However, we would like to work on the Riemann sphere and
for this reason we call the algebra generated by the [,, the local conformal algebra.
Given a holomorphic conformal transformation f(z) on C, we can write

f(z)= Z apl, = Z —a,2""1o,. (3.58)

nez ne”Z

Changing to the local coordinate at infinity, we can see that f(z) is only holomorphic
on CP! if a, = 0 for n ¢ {0,—1,1}. The same holds true for antiholomorphic
conformal transformations. For this reason, we say that {I_1,lo, 1} U {l_1,1o, 11}
spans the global conformal algebra. But we know that the holomorphic conformal
transformations on CP! are precisely the Mobius transformations and so we call
PSL(2,C) the global conformal group.

Let z — f(2) and Z — f(Z) be holomorphic transformations. We call a field ¢
primary of conformal weight (h, k) if it transforms aﬂ

o0 () (L) s ey (3.59

Note that we can work in the chiral sector by omitting any dependence on z. It
can be shown that conformal invariance fixes the form of the n-point functions for
primary fields for n < 49 In fact, for primary fields ¢; of conformal weight h; we
have

C
(01(21,21)62(20, %)) = ——= (3.60)
212712
_ — - C1a3
(D1(21,21)02(22, 22)93(23: 23)) = s orte o s < (3:61)
212 <23 213

9Notice that the field is unchanged for the case h = h = 0. For this reason, we assume that the
conformal weight of the vacuum state is 0.

00ne can either use Equation directly, or use the Ward identities of Section In
Section Fi:Zl, we show how one obtains the two-point functions using the Ward identities.
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1
E% +ha—hs E§§ +h3—h1 z?g +h1—hs
(01(21,21) Pa(22, Z2) 93(23, Z3) Pa 24, Za)) =
_ —(hi+h;i)+(>2; hi)/3 ——(hi+h)+(, hi)/3
f(mn)HZij( )+, hi)/ sz‘j( )+ hi)/
1<j

1<j

(3.62)

(3.63)

for some constants C'2 and Ca3. Here, h := hy = hy and z;; := z; — 2z;. The function
f(n,7) is some function of the cross ratio
212434

n = (3.64)

213%24

and its conjugate 7.

One of the most important fields that we are interested in is the energy-momentum
tensor 7),,. In two-dimensional conformal field theory, a chiral field T'(z) is called
an energy-momentum tensor if it satisfies the OPE

(Zc_/i)) N 2T (w) +8wT(w)

T(2)T(w) ~ (3.65)

L (z—w)? z—w

where ¢ is a constant called the central charge. If we write

T(z) =) L,z " (3.66)

nez

then we can compute [L,, L,,] using the contour integral argument that was used
to compute [J2, J%] in Section [3.3] The result is

1
[Loy L] = (0 —m) Ly + ﬁ(rﬁ — 1) 6 4m.0C- (3.67)

and so the modes L,, generate the Virasoro algebra.
In a classical field theory with translation invariance defined by an action .S, the
energy-momentum tensor is defined by

1
0S=—— [ T,0"€ 3.68
o H ( )
under an infinitesimal differentiable transformation z# — z# + €*. On-shell (when
0S5 = 0), we have 0#T),,, = 0. Furthermore, §S = 0 when € is a constant, which
corresponds to translations. The energy-momentum tensor is the conserved current
associated with translational symmetry.E In two dimensional conformal field theory,

1 Any differential symmetry of the action S gives a “conserved current” by Noether’s theorem.
One can integrate this current to obtain a “conserved charge”. The details of this are not important
for our discussion. We are only interested in the implication of this, which takes the form of
Equation . More details on Noether’s theorem can be found in any standard introductory
text on quantum field theory.
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our coordinates are on the cylinder, and we map to the Riemann sphere. In Appendix
[El we explain how this is done for the free boson. On the Riemann sphere, the
corresponding conserved charge can be written as

Q:§%(£T@dWM+£T@ﬂaﬁ). (3.69)

The variation of any field ¢ under our infinitesimal conformal transformation is
deed(w, W) = |Q, p(w, )] (3.70)
1 _
= 5= (%[T(z)e(z), o(w,w)|dz + %[T(?)E(E), gb(w,@)]dz) . (3.11)
0

0

Given an infinitesimal conformal transformation defined by €(z), a primary field
¢(z,Zz) transforms as

B(2,2) — (1 + 0e(z))" (1+ Oe(z )) Oz +¢€(2),z +€(2)) (3.72)
:(1+ae() ) (L+ Oe@)h+ ) x
( Z) 4+ 0¢(2,2)e(z) + 0p(2,2)e(Z) + - - ) (3.73)

To first order in € and Je, the variation of ¢(z,Z) is
Seed(2,2) = (hOe(2) + €(2)0 + hoe(Z) +€(2)0)¢ (2, Z). (3.74)

Now, we can evaluate Equation (3.71)) by contour manipulation

dezp(w, W)
“5| $ - | CORTEw D+ DRI S, w)az)
lzI>w]  |z|<|w]
(3.75)
=§%OE@R@@MMWMH%@R@@MMWMQ. (3.76)
Comparing with Equation , we see that we have the OPEs
ﬂ@mwwwagaﬁmﬂwiéz%amm (3.77)
T()0l0. ) ~ s 0(.0) + 2O, ). (579

Note that applying the state-field correspondence to the first of these OPEs gives

=Y Lalo)=" —r> \8¢> (3.79)

nel
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This gives L_; |¢) = |0¢) and so we can identify L_; with 0. This will be useful in
Section (4.2

Our expression for the variation of a primary field under an infinitesimal confor-
mal transformation can also be used to derive the conformal Ward identities, which
constrain the functional form of correlation functions. To derive the conformal Ward
identities, consider a finite collection of coordinates w; in some bounded region of the
complex plane. Let €(z) be an infinitesimal conformal transformation in this region.
Consider a contour C' enclosing this bounded region and the origin. This contour
can be written as a sum of contours around each of the coordinates. Substituting
$ €(2)T(2) into the correlator of primary fields (¢1(wy,@1) - - - ¢n(wn, Wy)) gives

o <ﬁ€<z)T(z)¢l(“’l’@1) a ¢n<wn’@n>dz> (3.80)
- 2%” ' <¢1(w1,@1) e % €(2)T(2) ¢ (w;, w;)dz - - -¢n(wn,ﬁn)> (3.81)
= % ) (@1(wr, @) - 0w, Wi) -+ G (Wi, Wn)) (3.82)

If we substitute Equation (3.74]), we obtain

ZLm' <f€€<Z>T(Z)¢1(w1@1) e ¢n(wm@n)d2> (3.83)

— % ' {(P1(wy,w1) -+ (hiOe(w;) + €(w;) O, ) Gi(w;, W;) « - P Wy, Wy))  (3.84)
1 n

= 2—7” a <¢1(w1,w1)

i{ () <<z - et ﬁ“’;i) bilwi, Wi)dz - ¢n<wn,m>>.
(3.85)

Since €(z) is arbitrary, we have the conformal Ward identities
(T(z)¢1(w1,wn) Tt (z)n(wn;wn»
- h; Ou, _ _
:Z << )2 + Z ) <¢1<w1’wn)"'¢n(wmwn)>‘
i=1

Z— Ww; Z — w;

(3.86)
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Chapter 4

Wess-Zumino-Witten Models 11

In this section, we study the Wess-Zumino-Witten models in more depth. We begin
with the Sugawara construction, which gives a canonical embedding of the asso-
ciative algebra U(Vir) into U(g) for any affine Lie algebra g. We introduce the
Ward identities, which constrain the form of correlation functions. We then intro-
duce the Knizhnik-Zamolodchikov equations, which we will use to solve for a class
of four-point correlators. We conclude this section with an example of a free field
realisation. Such a realisation allows one to compute certain WZW correlators in
the framework of the free boson.

4.1 The Sugawara Construction

We begin this section by assuming that the generators J® of our Lie algebra are
chosen to be orthonormal with respect to the Killing form. Note that this is not
necessarily a Cartan-Weyl basis. Once our calculations have been done in this basis,
the results can easily be rewritten with respect to any basis. Now, we begin by
writing down the (quantum) energy-momentum teIISOIEI

T(z) = 72 s JY2)JY(2) - (4.1)

Here, 7 is a constant that can be uniquely fixed by requiring that the fields J*(z)
be primary of conformal weight 1 [8, p. 624]. Given an arbitrary basis {J*} of g,
the energy-momentum tensor is

T(z) = 72 s JY2)Ja(2) (4.2)

where Jo(2) = >, c7(Ja)nz™™ ! and {J,} is the basis dual to {J*} with respect to
K(+y).

IThis is an educated guess and the goal of the Sugawara construction is to show that this field
satisfies the defining property of an energy-momentum tensor given by Equation (3.65))
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We will now compute 7y, working in the orthonormal basis. In our discussion
below, we assume that k # —h". Writing

=> L,z (4.3)

nez
we can use Equation (3.50) to write
L, = 72{ ST L+ J,’;_mJ;} . (4.4)
m<—1 m>—1

Our expression for L,, follows from our assumption that the fields J%(z) have con-
formal weight 1. We now wish to compute [L,, J*]|0) for n > —2. This will allow
us to compute the OPE T'(z2)J%(w) using the state-field correspondence. We have

[L,,.J%,]]0) _72{ [ A L) S N I A K L ]} 0) (4.5)

m<-—1 m>—1
5 5 A )
b m<—1

S (T T WJil]J;}}m» (4.6)

m>—1

Now consider the first term

ST T T 10) + [, T8I, 10)} (4.7)

m<—1

If n > —1, it is equal to

S T T4 0)

m<—1
Z {Jb Zfbac em-110) + (n m>k5n—m—1,05a,b<]rbn|0>}‘ (4.8)

m<—1

For n > 1, this is zero. For n = 0, we have

> Tl J4110) = kopd?y [0). (4.9)
m<—1
For n = —1, we have
ST T TUIN0) = D fraed® 1T [0) + kapd? 0 (4.10)
m<-—1 c
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Now consider the second term

ST L T A LT T [0)

m>—1

This is equal to

D Jemldm 4= ) { b mebac }|0 )+ kdapd®_ |0}

m>—1 m>—1

:Zfbacjbjclm )+ kop J0_, |0)

So we conclude that for n > 1, we have

L0 78 ]10) = S {Z Foac 25 [0) + ko, |0>}
b c
:W/Zfbac 1|0 _’VZfbacJ JC >
b,c

=7 fracfrca s 1\0>—2’yhv L]0y = 0.

b,c,d

Here, we have used the identity

Z fabcfcbd = théa,d
b,c

(4.11)

(4.12)

(4.13)

(4.14)
(4.15)

(4.16)

(4.17)

and the antisymmetry of the structure constants, which we prove in Appendix [A]

For the n = 0 case, we have

[Ln, J24]10) = ’YZ {kéa,bjﬁl 0) + Zfbacjgjil 10) + k(sa,bjﬁl ’0>}
b c
= 29kJ%, [0) +79 > fraclJG, J%1]10)
b,c

= 2’}/sz1 |O> + '}/Z fbacfbchgl |0>

b,c,d

= 2y(k + hY)J, |0).

Finally, for the n = —1 case, we have
[Lm ng] |O> - VZ { Z fbact]il‘]il ‘O> + kéa,bjg? ’0>
b c
+ ) fraed? 1T 0) + kdapJ®, |0) }
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(4.19)

(4.20)

(4.21)

(4.22)



= 29kJ%5 |0) + 27 fraed1 7% [0) (4.23)
b,c

= 29kJ5 |0) + 7Y fraclT'1, J¢1]10) (4.24)
b,c

= 29kJ5|0) + 7Y fracoeat s |0) (4.25)
b,c,d

= 2v(k + hY)J%, |0) (4.26)

We will now compute the OPE T'(2)J%(w). We write

= tn(w)(z —w)™"2. (4.27)
Applying the state-field correspondence gives
2)|J) = Z ) 27" (4.28)
= ZLn | Je) 272, (4.29)
nez
This tells us
Yn) = L J2110) = [Ly, J24]|0) 4+ J2, Ly, |0) . (4.30)

Using our previous calculations, for n > —1 we have
[¢n) = 2y(k + h*)J5 4 [0) 4+ J% Ly |0) - (4.31)
For n > 1, this is 0. Furthermore,

) = 2y(k + ) J, [0) = 2y(k + h¥) | J*) (4.32)
1) = 29(k + hY)J% [0) = 29(k + 1Y) [9°). (4.33)

Therefore, we have the OPE

T(2)J*(w) ~ 2v(k + h") { J(w) + 8U,J“(w)} : (4.34)

(z —w)? z—w
However, note that we have also shown
o) = Lo |J*) = 2y(k + 1Y) |J"). (4.35)

Since we required that the fields J*(z) have conformal weight 1, we obtain the

expression
1

2(k+hV)
Note that we did not need to find the OPE T'(z).J*(w) to obtain the expression for
~v. We only needed to know [Lg, J%,].

= (4.36)
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We now turn our attention to computing [L,,J%]. To do this, we begin by
writing
1 1
L, = T(z) "z Jt = — J“( Ywdw. (4.37)
2mi 2m
Here, we assume 1mp11c:1tly that each side of the equatlon is inside a correlation
function. Note that we did this explicitly when computing [Jg, ijl] From now
on, when we perform similar calculations, we will assume this without stating it.

Performing the contour manipulation we used earlier, we obtain

(L, J%] = @i ]4 ]{ R{T(2)J*(w)} 2" " dzdw. (4.38)

Substituting in the OPE T'(2)J*(w) gives

a 1 Ja(w> ana(w) n m
(L, J%] = 2m 27{7{ { ) Sl ™ dzdw (4.39)
1

]{8 J(w)w™ T dw 4+ — f(n + 1) J*(w)w™ " dw (4.40)

" 2mi 2mi J

a, m+n—k—1 a, m+n—k—1
27”%) —(k+1)Jtw dw + o — O(n+ 1)) Jiw dw
kEZ kEZ

(4.41)
(m +n+ 1)J7C;L+n ( )Jg"ﬂrn _ szer (442>

This bracket will now be used to determine the OPE of T'(2)T'(w). We begin by
writing the OPE in the form

= tn(w)(z —w) " (4.43)

Applying the state-field correspondence gives

= )" =) Lz T (4.44)

ne”L
n) = Lu|T), n €. (4.45)
Now,
T) = lim T(w) |0) = lim ; Low™"210) = L_50). (4.46)
So,
[n) = LnL_5]0) =~ > LyJ®, ", |0) (4.47)
b

= ”YZ[Lm ng]Jil 0) + ”YZ Jil[Lm Jil] 0) + ’YZ Jfljﬁan ). (4.48)
b b b
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We now use the fact that L, |0) = 0 for n > —1, which follows immediately from
the state-field correspondence. This gives

[n) =7 Y [Lny 24120 10) 4+ D T2 Ly J24]10) (4.49)

for n > —1. For n > 1, we have

|thn) = VZ szljﬁl 0) + VZ ng‘]gq 10) (4.50)
b b

=y ny J2]10) (4.51)

=7 (n—1)kdy_20]0). (4.52)

So, |1,) = 0 for n > 1 except when n = 2 where we have [i9) = vk dim g |0). There
are now two cases to check.

o) =2y > I 0, [0) = 2L, 0) = 2|T). (4.53)
b
1) =Y {050+ I TP} 0) = L5 |0). (4.54)
b
Using
0.T(z) =Y  —(n+1)Ly1z7 "2 (4.55)
nez

and the state-field correspondence gives

L_5]0) =10T). (4.56)
Therefore, we have
c/2 2T (w)  0u,T(w)
T(2)T(w) ~ Gy + C_wp? + w (4.57)
where b di
_ kdimg
=T (4.58)

Now that we have computed the OPE T'(2)T'(w), we can compute [L,, L,,] using

the same method we used to compute [L,, J%]. The result is

1
(L, Lin] = (n —m) Ly + E(n3 — 1) 0 4m,0C- (4.59)

This demonstrates that the modes of the energy-momentum tensor can be viewed

as elements of the Virasoro algebra with central charge given by Equation (4.58]).
Since the energy-momentum tensor is defined in terms of the modes of our affine
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Lie algebra, we have demonstrated that for each k # —h" there exists an injective
associative algebra homomorphism

ir : U(Vir) — ﬁ(g) (4.60)
b 7b b b
b m<—1 m>—1
dlmg
k LV (4.62)

where we extend ¢ by linearity. Here, U (g) denotes a completion of U(g), which
allows for the infinite sums in the image of 7. The calculation of the OPEs and
brackets above is known as the Sugawara construction. For an alternative derivation
of the Sugawara construction that avoids the use of the state-field correspondence,
and instead uses the generalised Wick theorem, see [8, pp. 624-626).

Now that we have constructed the energy-momentum tensor, we can see how the
derivation d is realised in U(g). Given the relation [Lg, J3| = —m.J?, derived earlier,

we can see that — Ly satisfies the relations of the derivation. Note that since the
modes J¢ commute with the central element, — L, also does.

4.2 The Ward Identities

Let ¢(z) be a Virasoro primary of conformal weight h. We write the OPE of
T(z)¢(w) in the form

= Pn(w)(z —w) "7 (4.63)
Applying the state-field correspondence gives

= |ty 2" (4.64)
=> Lyl¢)z "2 (4.65)

So for n € Z,

Since ¢(w) is a Virasoro primary, this is zero for n > 0. We also have [¢g) = h|¢).
Recall from Section 3.5 that L_; |¢) = |0¢). So, we have

ho(w) | Ouwd(w)

T(z)p(w) ~ =) + o (4.67)

Now,
(L, p(w)] = — jé T(2)p(w)z"dz — 5 f{ d(w)T(2)2"dz. (4.68)
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Here, the product is not radially-ordered. For the moment we will denote the
radially-ordered product by R(7T(z)¢(w)). We can then write

Lol =g | § = § |ROGo@)a @)
e>lo]  Jzl<lul
1 n+1
- 1{ R(T(2)p(w)) =" dz. (4.70)
Inserting the OPE from earlier gives
[Ln, $p(w)] = %]{ {(fqi(f})y + a;”f(z)} "z (4.71)
= h(n+ Dw"p(w) + w1 0,p(w). (4.72)

Now, for m < 1 consider the following correlation function

0= (L1 (w1)g2(w2) -+ P (wy)) (4.73)
= Z (1(w1) - [Lins @iw;)] -+ - @ (wi)) + (D1 (w1)pa(wa) - - - p(wn) L) - (4.74)

Substituting the commutation relations above then gives the Ward identities, which
hold for m = —1,0, 1.

D w (widh, + (m+ 1)hi) (Gr(w1)da(wz) - - du(wy)) = 0. (4.75)

=1

Note that these identities can be obtained as a consequence of Equation . Note
also that we have derived the Ward identities for Virasoro primary fields. However,
the result also holds for WZW primaries since these are also Virasoro primaries. To
prove this, we will use Equation (4.2)).

Consider the Cartan-Weyl basis { H'} U { E*%} satisfying the conditions of Ex-
ample [1.2.1} That is,

1. k(E*, H) = 0.
2. K(Hi, HJ) = 6i,j-
3. k(E* EP) =6, _s.

Let |¢) be a WZW primary with weight A. Then for n > 0, the Sugawara construc-
tion gives

Ln|¢) —’YZHZHzW Y ERE o)+ Y ECEG|9) (4.76)

a€¢+ CMECI)+
_WZAHZ H; |¢)+7 Y [ES E;g®]|¢) =0. (4.77)
a€¢+
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We know this is zero since the summands of the second term are all proportional to
H! |¢) = 0 for some H' in the Cartan subalgebra basis. We also have

Lo |¢) —vZH@HZ 0) +7 Y ESE o)+ D Ey“Eg o) (4.78)
acd aced

—vZA (Ho)* o)+ Y (B3 By (4.79)

acd

The summands of the second term are all proportional to H{|@). So, we can see
that Lg|¢) is proportional to |¢). This constant of proportionality depends on |¢)
and on the Lie algebra of interest. We conclude that WZW primaries are Virasoro
primaries.

As an application of the Ward identities, we will now see how to compute the
2-point function (¢;(21)da(22)) where ¢, and ¢, are fields of conformal weights hy
and hy respectively. Our solution follows [32, p. 47]. The m = —1 Ward identity
gives

(021 + 02,) (P1(21)P2(22)) = 0. (4.80)

Now make the change of variables z = z; + 25 and 215 = z; — 25 . The equation
above tells us that 9, (¢1(z, z12)P2(2, 212)) = 0. The m = 0 Ward identity then gives
us

(20. + 2120.,, + h1 + ha) (P1(212)P2(212)) = 0 (4.81)
and so

(2128212 + hl + hQ) <¢1 (2’12)¢2(212)> =0. (482)

This is easily solved to give the solution

C

(91(212)P2(212)) = hl—fm (4.83)

Now, consider the m = 1 Ward identity
0= (Z%az1 + 2h121 + 2’2622 + 2h222) ¢1 (212)¢2(212)> (484)

(
= ((Z - ZQ) (82 + 8212) + Z9 (0 am) + 2]’L121 + 2h222) <¢1 (212)¢2(212)> . (485)

Expanding the right hand side and noting that 9, (¢1(z12)d2(z12)) = 0 gives

0 = (220.,, — 22220,,, + 2h121 + 2Rhy2y) {$1(212)P2(212)) . (4.86)
Using
2% — 220 = 2219, 2h1z1 + 2hezo = (hy + ha)z + (b1 — h2)z12 (4.87)
we arrive at
(22120, + (h1 + ha)z + (b1 — h2)z12) {(P1(212)P2(212)) = 0. (4.88)
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Substituting our expression for (¢1(z12)¢2(212)) into the above equation gives us

C
212
and so we conclude oo
(91(212)P2(212)) = jl—EL:Q (4.90)

12

Compare this with Equation . Similar to the above solution, one can use
the Ward identities (with the method of characteristics) to solve 3-point functions
of primary fields up to a constant factor. Solving 4-point functions is significantly
more involved. However, the next section will give a system of PDEs that will allow
us to do this computation.

—_—

4.3 The sl,(C) Knizhnik-Zamolodchikov Equations

In this section, we will derive the Knizhnik-Zamolodchikov Equations for the 5[2/(6)
WZW model at level k. These equations are a system of PDEs for the correlators
of certain fields. Let {J°} denote the basis of sl;(C) given in Example [1.2.1]P] The
fields that we are interested in are those annihilated by J¢ for n > ().E| For1l <i <n,
let ¢; be such a field whose state is in a representation (specifically an irreducible

highest weight module) (p;, V;) of fm Through the state-field correspondence, we

o —

can define an action of sl3(C) on the fields. The notation p;(X) ® p;(Y) (1 - - ¢n)
denotes the correlator given by first acting on the ith field with X and the jth field
with Y. The energy-momentum tensor in our basis is

1

T(z) = ST (E(z)F(z):4+: F(2)E(z) : +: H(2)H(2) :) (4.91)
and so we have
L6 = HL}LV (E_\Fy+ F1Eo+ H_1Ho) |¢y) . (4.92)

Since L_y |¢;) = |0¢;), we deduce the equation

0 = O, <¢1(w1> T ¢n(wn)> -
pi(E_1Fy) + pi( F1Eo) + pi( H_1Hy)

(¢1(wr) -+ P lwn)) . (4.93)

k+ hY
Now, define the states |¢*) = (J,)o |¢:) and |¢*) = J*, |¢). We can write
1 J(2)9" (wi)
“(w;) = — —=d 4.94
viwi) 27szi Z—w © ( )

2Tt is important to note that our expression for the KZ equations will depend on the choice of
basis. However, the correlators obtained from the KZ equations are independent of this choice.

—

30ur fields are not necessarily annihilated by Ey and so they do not have to be sl (C) primaries.
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and place the field 1(w;) in an appropriate correlator to obtain

pi(J21(Ja)o) (P1(wr) - - - dn(wy))

= (@1(w1) - Pia (wia )P (Wi) higr (Wiga) - - Pn(wn)) (4.95)
— % b _1wi (1 (wr) -+ J(2)d™(w;) i1 (Wig1) - - b (wy)) dz
| (4.96)

We can rewrite this as a sum of contour integrals around the w; for j # ¢ and the
local coordinate at infinity. Changing to the local coordinate at infinity, we see that
the integrand is holomorphic and so the contour integral around infinity vanishes.
So, we obtain

pi(J21(Ja)o) (@1 (w1) - - - dn(wy))
_1 1 a a
=~ ori ;}’ij Z—w, (P1(w1) - - J*(2)" (i) Pig1 (Wit1) - - - Pulwy)) dz.

(4.97)

We now consider the case where J* is E or F. In these cases, we pick up a factor
of —1 every time we commute J%(z) through the fields ¢;. For an explanation of
this, see [28]. At the end of Appendix [F|, we verify this for the case of £ = 1. This
implies that we also pick up a factor of —1 when we commute J%(z) through the
field ¢* since we have

() = o)) s = o f R (1.98)
and J?(z) commutes through J,(w). Using these results, we have
T (I) a(w1) - (w,)
ciyn
-3 ]4 Bmite — (1) ) (050002 (i) - 0 o))
(4.99)
= o ey P ) @) s (i) )
” h (4.100)
The state-field correspondence gives the OPE
J(2)65 ;) ~ B2, (4101)

Z—’w]'

If we insert this into our above equation, we obtain

pi(J21(Ja)o) (D1 (wr) - - - Pn(wy))
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(p1(w1) - - - Pn(wy)) dz
(4.102)

d1(w1) -+ b (wy)) . (4.103)

. Jr]% ,Oz Ja)(] ®pj(‘]0)

27rz #Z (2 —wi)(z —wy)

-1 (_1)i+jpi((<]a)0) ®pj(‘]g) <

- 2mi wj — wj
JFi

For the case J* = H, we can commute J*(z) through the primary fields without
picking up any factors and so we have

) ® Pj(Ja)

Pi(Jfl(Ja)o) <¢1(w1) Cbn wn 27” Z pz <¢1(w1) e ¢n(wn)> :

(4.104)
If we substitute the above equations into Equation (4.93) and note that the dual
Coxeter number of sly(C) is 2, we arrive at the KZ equations for our choice of basis

:{awﬁ ! Z(pi(H0)®Pj(Ho)

k+2]¢2 wj—wz-

Ey) ® p;(Fo) + (=1 pi(Fo) ® p;(Eo)

i Pil
J 1 J 7

) } (61(w1) - u(wn)
(4.105)

4.4 Computing 4-Point Functions with KZ

We are now interested in the level 1 m WZW model. As an example, we will
compute the correlation function (¢(z1)1(29)d(23)1(24)) where ¢ and 1 are chosen
as follows. We use the basis given by Equation (4.177). We then consider the

irreducible integrable highest weight module of sl;(C) given in Example 2.5.2l The
highest weight A is defined by

1
A=0- wo + wq — 1_16 (4106)

We denote the highest weight vector by |¢). We then define [¢)) = Fy|¢). Our
module has been obtained by setting to zero the submodule generated by the singular
vectors

{F§vr, E_yun} (4.107)
in the Verma module. We are particularly interested in the relation F} |¢) = 0 in
the irreducible quotient, which implies Fg|¢)) = 0. Now, in our basis w;(Hy) = \/Li
and so we have

Ho |¢) = ) (4.108)

\/—|¢
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Hol¥) = ——=14). (4.109)

Furthermore,
Eo |¢) = 19) . (4.110)
Recall Equation (4.79)), which is
Lolg) =7 AHY) |¢) +~ > [ES, Eg®]9) . (4.111)
i acd
Using
SN S — (4.112)
TTok+ Yy 21+2) 6 '
we therefore obtain
3y 1
Lolg) = < 16) = ;1) (4.113)
Recall that
(L, i) = —mdy . (4.114)
So,
1
Lo |¥) = FoLo|9) = 7 [¥) (4.115)

Notice that our choice of A implies that the conformal weight of |¢) is consistent
with the identification d = — L.
If we recall Equation (3.63), we know that the four point function above takes

the form
(D(21) 0 (22)(23)0(za)) = f(n) [ =7 (4.116)

1<i<j<4

Here, z;; = z;— z; and f is an unknown function of the cross ratio n, which we define

a
p = 4% (4.117)

212734

Also, h; = }l is the conformal weight of the ith field in the correlation function of

interest. We also define A

hi=> hi=1 (4.118)

i=1

In our case, we have h; = h; for all 7, j. Now, we can write

(@(a)e(=)o()0 () = i) [T =" (4.119)
W(e)o(@)o()(a)) = fotn) [T A" (4.120)

“Note that our cross ratio is # where 7 is the cross ratio as defined in [§].
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(W) (z2)d(z3)b(z0)) = falm) [ =7 (4.121)

1<i<j<4

(D(21)d(22) (23)0(z)) = ful) [ 2> (4.122)

1<i<j<4

(G2 (22)(23)0(20)) = fs(m) [] 2> (4.123)

(W(20) () (z3)p(za)) = folm) [ =7 (4.124)

1<i<j<4

Recall the m KZ equations from Section . At level 1, the i = 1 equation
1s

0 :{aZl +%Z </)1(H0) &® ,Oj(Ho) n (_1>1+j,01(E0) ®pj(F0)

oy Zj — 21 Zj — 21

Fo) ® p;(Eo)

Zj — 21

(ol ) } (Gr(z1) - du(m)).  (4.125)

We begin by substituting (¢(z1)Y(22)¢(23)1(24)) into this equation. Note first that
the action of p;(Ey) ® p;(Fo) on our correlator is 0 for all j. The other actions we
need to compute are

p1(Fo) @ p2(Eo) (P(21)1(22)P(23)1(24)) = (¥(21)d(22) P (23)0(24)) (4.126)
p1(Fo) ® p3(Eo) (p(21)(22)(23)Y(21)) =0 (4.127)
P1(Fo) @ pa(Eo) ((21)00(22)P(23)0(24)) = (Y(21)00(22)P(23)P(24)) (4.128)
p1(Ho) @ pa(Ho) ((21)1(22)9(23)10(24)) = —% (p(21)Y(22)B(23)Y(20))  (4.129)
p1(Ho) ® p3(Ho) (d(21)¢(22)p(23)1(24)) = % (9(21)10(22)p(23)10(24)) (4.130)
p1(Ho) @ pa(Ho) (d(21)1(22)p(23)1(24)) = —% (p(21)Y(22)P(23)(20)) . (4.131)

We can also rewrite 0., as

o, =g (i - i) 0. (4.132)

n
821 214 212

We now have

- (-5 (mm I1 /> | OG0 G )

214 212 1<i<j<4 6 22— 21
LU0 () | 1{0()Y (o)) 1 (e()d(z)6()w (=)
6 23 — 21 6 24— 21 3 29 — 21
1)) d(z) (1)) (4133)
3 Z4 — 21 ) .
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Applying the product rule to the first term gives

(i — i) filn) H z£1/6+ (i - i) . 1/6 f_(?/)es ~1/6 H Zi;1/6

z z
1<i<j<4 14 12 213" 214 1<i<j<4

1 26 —16 16 1 —1/6 76 —16 1 _1/6 —1/6 —7/6
: {_6212/ 213/ 214/ 6212/ 213/ 214/ - 62’12/ 213/ 214/ (4-134)

—(Z-D) o -gro (S o+ )] T = s

1<i<j<4

Substituting this into Equation (4.133) and multiplying the entire equation by

1/6 .
H1§i<j§4zij grves

0= (L= L) [ - gt (£ + =+ 1)) - L0, L A0

214 212 212 213 214 623 — 21 623 — 21

1A 1 fan) 1 fs(n)

6z4—21 3290—21 3z4—21

(4.136)

To simplify the above expression, we choose a convenient collection of coordinates
for z;. In particular, we choose

21:0 22:]. 23:Z+1 Z4 = OQ. (4137)

This choice of coordinates gives n = z. Note that we can transform these coordi-
nates to any other choice of coordinates using a Mobius transformation. Since our
correlation function is invariant under conformal transformations, we can compute
it for any choice of coordinates provided that we can compute it for the previously
defined coordinates. Substituting these coordinates into Equation (4.136)) gives

fi(z) fi(z) _fl(z)+ fi(z) _fz(z)

0=+ =+ 505" 6 "ot 3 (4.138)
= 2fl(2) + 3{;(5)1) - f2§2). (4.139)

To obtain a second differential equation, we will substitute (1/(21)¢(22)d(23)1(24))
into the ¢ = 1 KZ equation. We have p;(Fy) ® p;(Eo) (¥(21)d(22)d(23)¢(24)) = 0 for
all 7 and

p1(Eo) @ pa(Fo) (¥ (21)P(22)P(23)10(24)) = (d(21)10(22)P(23)10(24)) (4.140)
p1(Eo) @ p3(Fo) (¥ (21)(22)9(23)0(24)) = (D(21)P(22)1(23)10(24)) (4.141)
P1(Eo) @ pa(Fo) (¥(21)p(22)(23)Y(24)) = 0 (4.142)
p1(Ho) @ pa(Ho) (¥ (21)9(22)9(23)1(24)) = —% (W(21)p(22)p(23)Y0(24))  (4.143)
p1(Ho) ® p3(Ho) (¥(21)p(22)p(23)1(24)) = —% (V(21)p(22)P(23)Y(2a))  (4.144)



(V(21)@(22)(23)10(z)) . (4.145)

DO | —

p1(Ho) @ pa(Ho) (¥ (21)p(22)9(23)¢(21)) =

We then obtain

- (1 - 1) ), ( w1 /> 1 (@200 (22)d(23)00(24))

Z14 Z12 1<i<j<d 6 Z9 — Z1
1 {((21)9(22)p(23)¢ (24)) n 1 (p(z1)@(22)(23)Y0(24)) 1 (B(21)Y(22)P(23) 1 (2a))
6 23 — 21 6 24 — 21 3 29 — 21

Repeating the same process as before, this simplifies to

0= (L~ L) [0 - i (2 + = )] - L0 L 00

214 212 12 213 214 62— 21 623 — 21

L1 hM) 1 A L fa()

624—21 329—21 323—21

(4.147)

Changing coordinates results in

o f2(2) f2(2) f2(2) f2(2) f1(2) Ja(2)
0=2hE+ 5 Y 6Cv D " 6 et 3 T 3e+n MY
£2) . A)
3 3(z+1)

= 2f5(2) — (4.149)

To simplify our system of differential equations given by Equation (4.139)) and
Equation (4.149)), we will use an identity called an affine Ward identity. This can
easily be derived by noting that

0 = (foo1(21)P2(22)P3(23)0a(24)) (4.150)
= <{f0, ¢1(21)}¢2(22)¢3(23)¢4(24)> - <¢1(2’1){f0, ¢2(22)}¢3(Z3)@/}4(2’4)>
+ (01(21)D2(22){ fo, d3(23) Y0a(24)) — (D1 (21)P2(22)P3(23){ fo, Ya(24)}) -

(4.151)
Here, {-,-} denotes the anticommutator. Now, writing
Fy = %F(z)dz (4.152)
0
and manipulating contours gives us
1
F = — w)d — 4.153
(Fon0()} = 5 4 P05 fow)F (4.153)
1
—|:% j{ R(F(z (4.154)
2mi 0 0
lz[>|w]  [2|<[w|
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= —f F(z)¢(w)dz (4.155)

R(F(2)¢(w)) = =R(p(w) F(2)), (4.156)

which we used in our derivation of the KZ equations. For our choice of fields, the
state field correspondence gives

(4.157)

We conclude that {Fp, 9 (z;)} = 0 and {Fp, ¢(z)} = ¥(z;). Substituting this into
Equation (4.151)), we arrive at

0 = (P1(21)p2(22)P3(23)a(2a)) — (P1(21)02(22) P3(23)10a(24))

+ (01(21) P2(22)3(23) 04 (24)) - (4.158)
This implies
0= fa(2) = fi(z) + fa(z) (4.159)
and so we obtain the coupled system of two differential equations
h(z)  filz) | fa(2)
0=2f] — 4.160
S TP s R B (4.160)
fi(z) o fa(2)
— (1) — £ _ ) 4.161
0= =(f{(2) - £il2) - 22 + (1161)
The first of these equations allows us to write
z
fa(z) = 27 Aile) = 32/1(2). (4.162)
Substituting this into the second equation above and simplifying gives
244 1
0=922(z+ 1)f/(2) + 92(2 + 1) f](2) — (%) fi(z). (4.163)
Solving this in Mathematica gives
alz+1D** 3 1/3 1/3 125
fl(Z):T—ECQZ/<Z+1)/ (Z+1)/ 2F1 g,g,g,—z -2
(4.164)

where ¢; and ¢y are unknown constants. Our expression for fy(z) in terms of fi(2)

then gives
- 201 — 30222/32F1 (%, %; g; —Z)
fa(z) = 2:1/3(z 1 1)1/3

(4.165)
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Our affine Ward identity above gives

1/ 2 \'? 125
fa(2) = 2 (z + 1) (_SCQZZFI (5 373’ ) + 20127+ oz + 1)2/3>
(4.166)

We can obtain the remaining 3 correlators by using more of the affine Ward iden-
tities. Repeating our derivation for the affine Ward identities using the correlators

(for(21)p(22)p(23)H(24)), (fod(21)Y(22)P(23)@(24)), and (fod(21)P(22)1(23)P(24))

respectively gives

0=—fs+ fo — f2 (4.167)
0=/fs+/fs—f1 (4.168)
0=Jfs—Jf5s — Jfa (4.169)
From this, we can deduce
() = 5 (A1) + fa(2) — (=) (1170)

B 1 2/3 125
= 421/3(z—|—1)1/3[ 6coz™" o F (5,5757—2

1/3 1/3
_ _ 1 2/3.1/3 z z 13 A o
602( SR P B P 27 ey | (4.171)
Rl =0 =5 (4.172)
1 125
pPEESTE [ ~30 R, (3557 + 20 el 15
1/3 s
() el (4.173)
? z+1 2 z+1 . )
fo=fit ks (4.174)

— 1 2/3
T 2B+ 1)1 [_3C2<Z+1) - <

z
+ 32 ((z+1)2/321/3—|— (z+1) (

Recall that the correlators we are solving for are given by multiplying the functions
~1/6
fi by H1<z<]<4z "

25
== —Z
7377

3
) > 23 4 2e0 (2 + 1)),
(4.175)

Wl =
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4.5 Free Field Realisation

In this section, we give an example of a free field realisation for the m level 1
WZW model, which is provided in [8, p. 654]. A free field realisation allows us to
realise fields in this WZW model as fields of the free boson. We will use a free field
realisation in Section to compute the four-point functions from Section We
avoid introducing the free boson and vertex operators in this section and instead
refer the unfamiliar reader to Appendix [F]

Consider the fields

E(z)=Y B, """ F(z)=> Fz""' H(z)=)Y H,z="" (4176

nez ne”L neL

where we take {E, F, H} to be the basis of sl(C) defined in Example [1.2.1} This
basis is given by

p=(00) #=(09) H:<§%). (a177)

This choice gives us the commutation relations
|[E,F]=+v2H [H E]=V2E [H,F]=—V2F. (4.178)
We can then compute the relevant OPEs using Equation ([3.30]). The results are
1

H(z)H(w) ~ m (4.179)
H(z)E(w) ~ % (4.180)
H(2)F(w) ~ % (4.181)
E(2)F(w) ~ ‘(/fil(g)) G _1w)2 (4.182)
E(z)E(w) ~ 0 (4.183)
F(2)F(w) ~ 0. (4.184)
Consider the maps
dp—H Vg—=E V_5—F (4.185)

We now wish to show that OPEs are preserved under the maps defined above. That
is, we would like to show

09(2)V z(w) ~ M (4.186)

Z—Ww
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N —V2V_ 5(w)
o VB06w) 1

Z—w (z —w)?

(4.187)

(4.188)

For the first two OPEs, we use the state-field correspondence and the result that
the field V,(z) corresponds to the state |p). Using

06(2)Vp(w) =Y wa(w)(z — w) ™" (4.189)

gives
¥n) = an p) (4.190)

for n € Z. For n > 0, we know this is zero. Also, |1)y) = p|p). This gives the first
two OPEs. For the final OPE, we simply note that

V() Vylw) = (= — w>pq{w+q<w> tp 2 08w Vppgw) < (= — w)
+%[p2 L 0p(w)IP(W) Vg (w) : 4p : *(w)Vpig(w) (2 — w)? + - } . (4.191)

This follows from Equations (F.36)-(F.38). Substituting p = v/2 = —¢ and using
the fact that Vy(w) is the identity field gives the final OPE.

Note that the OPE V,(2)V,(w) allows us to also show that the energy-momentum
tensor is preserved under our free field realisation. The energy-momentum tensor in
our basis for sly(C) is

1

T(z)= 6 (H(2)H(z) :+:E(2)F(z):+: F(2)E(2) ). (4.192)
We then have

T(z) — = (: 0(2)00(2) : + : V 5(2)Vyma(z) : +: V_ 5(2)V5(2) 1) (4.193)

1 0p(2)09(2) : . (4.194)

MIH@I)—‘

This gives the energy-momentum tensor of the free boson. In Chapter [, we
will formalise this free field realisation. Formally, our free field realisation defines
a homomorphism of vertex operator algebras. This will allow us to compute the
4-point functions of Section [4.4] using vertex operators.
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Chapter 5

Vertex Operator Algebras

In this chapter, we will discuss vertex operator algebras. These mathematical ob-
jects give a formalisation of the chiral sector of a CFT. In particular, we will give
constructions that are analogous to the CFTs discussed previously, namely the free
boson and WZW models. One of our main goals in this chapter will be developing
the mathematical machinery required to give an alternative calculation of the four-
point functions we considered earlier. The main definitions and theorems presented
in this chapter were obtained from [I2]. The texts [27] and [20] were also found to
be useful.

5.1 Introduction

We saw earlier that affine Kac-Moody algebras are used to construct the fields of the
WZW models. In this chapter, we will see them in the context of vertex operator
algebras. However, we will modify the definition slightly. This modified definition
of affine Kac-Moody algebra in this section will not be important for our purposes.
In the geometric realisation of vertex algebras, it is important as it allows one to
view elements of the loop algebra as Lie algebra-valued meromorphic functions. We
introduce the modified definition to maintain consistency with [12].

Definition 5.1.1. In this chapter, we commonly denote by C[[z]] the space of formal
power series in the variable z. We will denote by C((z)) the space of formal Laurent
series in the variable z. We call a formal power series

Z anz" (5.1)
nez

a formal Laurent series if there exists some N € Z such that a, = 0 for all n < N[f]

Definition 5.1.2. Let g be a complex finite-dimensional simple Lie algebra. The
loop algebra of g is defined as

g ® C((1)). (5.2)

!This condition allows us to multiply formal Laurent series.
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The bracket on g ® C((t)) is given by Equation (2.11)), extended by linearity to
formal power series in ¢".

Definition 5.1.3. Given a complex finite-dimensional simple Lie algebra g with
Killing form k, its corresponding affine Kac-Moody algebra g is defined by the
central extension

0>CK—-g—>g®C((t) — 0, (5.3)

where the bracket on g is given by Equation (2.13]).

Note that in this definition, we did not add the element d given in our previous
definition. This is not necessary for us since the Sugawara construction allows us to
realise L as an element satisfying the same relations as d.

Definition 5.1.4. Let g be a Lie algebra with a triangular decomposition g_ & go @
g.. Let V be a representation of go. Then V is a representation of gy & g, where
g, acts trivially. Define

nd . V=Ug & V (5.4)

goDg+ -
U(g0Dg+)

This is a representation of g called the induced representation. Given X € g,
Y € U(g), v € V, the action is defined by

X -Y®u)=XY)xuw. (5.5)
We will now define the main object of interest in this chapter.
Definition 5.1.5. A vertex algebra consists of

1. A Z-graded vector space V = @, _, V, satisfying the followingﬂ:

neZ
(a) dim V,, < oc.
(b) There exists N € N such that V,, =0 for all n < N.

2. A linear map Y (-, 2) : V — (End V)[[z]] such that for A € V,,, the operators

A,, of the field
Y(Az)=) Az (5.6)

neL

have degree m —n — 1. An operator f € End V has degree « if f(V},) C V14
for all n. Alternatively, we will say that the field Y (A, z) has degree m.

3. A vector |0) € V.
4. A linear map T : V — V of degree 1.

We require that the objects defined above satisfy the following axioms:

2This space only aims to formalise certain CFTs. There are examples of CFTs where these
conditions do not hold.
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1. For all A€V, Y(A, 2)]0) is well-defined at z = 0 and we have
Y(4,2)10) [o=0 = A. (5.7)

2. Forall AeV,
ST A =0.Y (A, 2). (5.8)

nez

3. T|0) = 0.

4. Given two fields Y (A, z) and Y (B, w), there exists n € N such that
(z—w)"[Y(A z2),Y(B,w)]=0 (5.9)

as an element of End V[[z, 27 w,w™!]]. If Y(A, z) and Y (B, w) satisfy this
equation, we say they are mutually local.

By the map Y(-,z) : V. — (End V)[[z]] being linear, we mean that

Y <Z anpvz " z) = Zz_”_lY(anv, ). (5.10)

nez neL

We can think of this map as the state-field correspondence, which we discussed
earlier in the context of conformal field theory. We will now give motivation for the
rest of the axioms. Recall that in the Wess-Zumino-Witten models, states are given
by elements of the form

JEr Tz Ji p) (5.11)
with |p) a highest weight vector with weight p and J% generators of the Lie algebra
of interest. We can define a Z-grading on the space of states V' with the function

fVoz (5.12)

JETE T ) e =) g (5.13)
k=1

Note that this function is chosen so that V,, = 0 for sufficiently small n. Furthermore,
the function ensures that the dimension of each V,, is finite.

Our assumption that there exists a vector |0) € V} is the analogue of assuming the
existence of our vacuum state in the context of conformal field theory. We will also
see shortly that the linear map 7' : V' — V generalises the mode L_; of the energy-
momentum tensor of a CFT. The first axiom of the objects of a vertex algebra is the
state-field correspondence. It is easy to show that the second axiom is equivalent to
[T, A,] = —nA,_1. This generalises the relation [L,, J%] = —mJ2, . of the WZW
models. We can see this by looking at the definition of a vertex operator algebra,
where T' corresponds to L, and L, are operators corresponding to a field which
is an analogue of the energy-momentum tensor. Furthermore, we can recognise the
third axiom as a generalisation of a defining property of the vacuum in CFT: namely,
that L_; |0) = 0. Finally, the locality axiom ensures that OPEs have finitely many
singular terms.
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Definition 5.1.6. A vertex operator algebra of central charge ¢ is a vertex algebra
V5 with a vector w € V' called a conformal vector. This vector satisfies the following:

1. The commutation relations of the operators L,, corresponding to the field
Y(w,2) = Z Lz "2 (5.14)
nez

agree with the Lie bracket on the Virasoro algebra with central charge c¢. We
call Y(w, z) the energy-momentum tensor of the vertex operator algebra.

2. L,l - T
3. LO|Vn =N Zdvn
Definition 5.1.7. We define the normally ordered product of the two fields

Az)=> Az B(w)=) By (5.15)

neL nez

as
: A(z)B(w) = Z < Z ApBnz ™ 4 Z BnAmz_m_1> w "L (5.16)
neZ \m<-—1 m>—1

Note the similarity to Equation (3.49) in the context of CFT. In the case of A(z)
and B(z), we have

A(2)B(2) ==Y ( > AuBumt+ Y Bn_mAm> 22, (5.17)

nezZ \m<-—1 m>—1

This agrees with the expression we would have in CFT if A(z) and B(z) had con-
formal weight 1. Before we give an example of a vertex operator algebra, we prove
an important theorem that can help us verify that a particular structure defines a
vertex operator algebra. To do this, we begin with a lemma.

Lemma 5.1.1. Let A(z) and B(z) be fields of degree ha and hg respectively. Then
: A(2)B(z) : is a field of degree dimension ha + hpg.

Proof. Assume A(z) and B(z) are fields of degree hy and hp respectively. Writing
: A(2)B(2) :== Z ( Z Ay By + Z Bn_m_lAm> z ! (5.18)
neZ \m<-—1 m>—1

we see that it suffices to show the operator

Z Amanmfl + Z anmflAm (519>

m<—1 m>—1
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is homogeneous of degree hy + hg —n — 1. Let v € V;. Then

ApVi € Viy—m—1+41 (5.20)
and so
B 1At € Vi shp—n—1+1- (5.21)
Similarly,
ABp_m_1v; € VhA+hB—n—1+l- (522)
Therefore, the operator above is homogeneous of degree h4 +hg —n —1 as required.
O

Definition 5.1.8. The formal delta function is

iz —w)= Z 2y~ (5.23)

meZ
Note that we can write

5(z—w)=§;(%>n+%;(g)n. (5.24)

We call the first term 6(z — w)_ and the second term 6(z — w).
Lemma 5.1.2. We have [12, p. 12]

(z —w)"9"6(z — w) = 0. (5.25)
Lemma 5.1.3. We have the equality
c A(w)B(w) := ZR:%S [0(z —w)_A(z)B(w) + §(z — w)+ B(w)A(z)] . (5.26)

Proof. We have
0(z = w)_A(z)B(w) =Y _ > Ay Bu" (5.27)

n>0 m,l€Z
§(z —w)yB(w)A(z) = Z Z B, Az 2T (5.28)
n>0 m,lEZ
So,
Res [6(z — w)_A(z)Bw)] = > Y AnBuw"™" " 6pn 1 (5.29)
=0 n>0 m,leZ
=> > A.Buw T (5.30)
l€eZ m<-—1
Res [6(z — w) Bw)A(2)] = > Y BpAw """ 16,1 (5.31)
#=0 n>0 m,lEZ
= Z Z B A, w2, (5.32)
l€Z m>—1
Adding these two residues gives the result. O]

Lemma 5.1.4. Dong’s Lemma. If A(z), B(z), and C(z) are mutually local then
: A(z)B(z) : and C(z) are mutually local.

For a proof of this lemma, see [12} p. 35].
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5.2 Examples

Example 5.2.1. Fock Representation [12] p. 28]. The vacuum Fock representa-
tion is the analogue of the vacuum module in the chiral sector of the free boson in
CFT. To construct this, we begin by defining the Weyl algebra H. The Heisenberg
Lie algebra H is defined by the central extension

0—-CK—-H—>C((t)—0 (5.33)

with cocycle ¢(f, g) = —ft:geos fdg. From this, it is easy to deduce the brackets

[t t"] = ndp K [t",c] =0. (5.34)

Note that we have a basis for H given by a,, :=t" for n € Z and K. We now define

H=UH)/K 1) (5.35)

where 1 is the unit in U(H).
Let H4 be the subalgebra of H generated by a,, for n € Z>,. We define the Fock
representation to be N
m=Indj C (5.36)

where C is the one-dimensional trivial representation of ’}:ZJF. We can now endow 7
with a vertex algebra structure. First, let H_ be the subalgebra of H generated by
a, for n < 0. The Poincaré-Birkhoff-Witt theorem then gives us the vector space
isomorphism ‘H = H_ ® H4 and so

T (Ho@Hy) @5, C2H (5.37)

as vector spaces. Here, we have also used the associativity of the tensor product
and the result that
R®r M =M (5.38)

for a left R-module M. We can now choose our vacuum vector |0) to be the
unit 1. By the isomorphism above, any element of # can be written in the form
iy Gy -+ - @, |0) with 4; < 4,49 and ¢; < 0. We can then introduce a grading by
deg(ai, ai, -+ a;, |0)) = —>_;4;. For the Fock representation, we only have the one
generating field
a(z) = Z anz "L (5.39)
ne”Z
From these facts, we see that m satisfies the first three requirements of Theorem
[G.0.1] We now define a translation operator 7' by T'(1) = 0 and [T, a,] = —na,_1.
Given some element a; a;, ---a;, -1, the action of T is given by ”commuting 7'
through” the modes a,,. For example, given a_ja_5 - 1, we have

T(a_ja_g-1)=[T,a_q1Ja_s-1+a1T(a_o-1) (5.40)
=a_ga_9-14+a1[T a5 -14+a_1a_3T(1) (5.41)
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= Q_920_9 * 1+ 2&_161_3 - 1. (542)

We also have

T,a(z)] = Z[T, ap)z " = Z N2 " = Z —(n+ Dapz""? = 0,a(z2).

neE”L ne”z nez

(5.43)
Finally, note that T" has degree 1 since every time we commute 7' through some
element a;,a;, - - a;, |0), we obtain an element of degree 1 + deg(a;,ai, - - - a;, |0)).
By the reconstruction theorem, we conclude that 7 has the structure of a vertex
algebra where we define
07 a(z) 97 a(z)

Y(ailaiQ"'aimZ) - (_Zl_l)l(—zk—l)'

In fact, 7 is a vertex operator algebra with energy-momentum tensor given by

(5.44)

5 a(z)a(z) : . (5.45)
Example 5.2.2. The Vacuum Representation [12] p. 39]. Let g be a finite-
dimensional Lie algebra. The vacuum representation Vi (g) is a vertex algebra that
can be used to construct the chiral sector of the g WZW model at level k. We define

Vi(g) = Indd 504 C- (5.46)

Here, g[t]] = g ® C][t]] is a subalgebra of the loop algebra of g. The element K is
the central element. We view C as a one-dimensional representation of g[[t]] & CK
with action defined by

(X ®aK) - B = akp. (5.47)
Note that we have the vector space isomorphisms
Vi(g) = (U(got 'Cit )@ U(g[]l ®CK)) ® C (5.48)
U(g([tl&CK)
~U(get 'C[t™). (5.49)

The first isomorphism above follows from the PBW theorem. The second isomor-
phism follows from the associativity of the tensor product and Equation . Let
{J*} be an ordered basis for g. Then we have an ordered basis for g given by
{K}U{J%} ez with the ordering defined by

Jo < an forn <m (5.50)
Jy < an fora<b (5.51)
K < Jg for all n,a. (5.52)

This also gives the ordered basis {J¢} ez, of g@ ¢t 'C[t™!]. By the PBW theorem,
U(g®t~'C[t7!]) has a basis (as a vector space) given by the unit 1 and the elements

Jo gz g (5.53)

n1 - n2
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where J7i < Jnitt and n; < 0. Our vector space isomorphism then gives us a basis
for Vi(g).

Again, we can use the reconstruction theorem to show that Vj(g) has the struc-
ture of a vertex algebra. Let our vacuum vector be the unit 1 and note that our
vector space is generated by elements of the form Jj! Jg2 - - - Ji* - 1. Define the trans-
lation operator 7" by T'-1 =0 and [T, J?| = —nJC‘_ By the same argument as in
the Fock representation example, this is a linear operator of degree 1. Furthermore,
the first three conditions of the reconstruction theorem are satisfied. Our fields are

=> Jpzh (5.54)

nez

We can use these fields to define our vertex operators

co7 e () g Ak ()
(i =D (—ip — 1!

It remains to verify that our fields are mutually local. We compute

[J%(2) = I ! (5.56)

V(ST k- 1,2) = (5.55)

nEZ meZ
— Z Z[Ja7 Jb]n+mz—n—1w—m—l + Z n/i(J“, Jb)KZ—n—lwn—l
neZ meZ ne”L
(5.57)
— Z[]a, % (Z z_”_lw"> wht 4 Z nk(J JO) Kz " ™!
keZ nel nez
(5.58)
= [J% I (w)6(z — w) + Kk(J%, TV KDuo(z — w). (5.59)

Our result follows by Lemma |5.1.2]
Note that the Sugawara construction of Section amounts to the existence of
a conformal vector

dimg
1
= — a.— i 1 .
w 2(k+hV);‘]’1J1 (5.60)
of central charge

k dimg
. 5.61
k+ hY (5.61)

As a consequence, the vacuum representation has the structure of a vertex operator
algebra.

Example 5.2.3. [12, p. 71] Consider Vj(sl5(C)) as an g[\Q(C)—module. Then if we

quotient by the submodule generated by E*T' -1, we obtain an irreducible g@ (C)-
module. We denote the irreducible quotient by L(sl2(C)). Notice that the image of
our basis under the quotient map gives us a spanning set for the module. However,
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this is no longer a basis and so we cannot apply the reconstruction theorem to show
that our quotient is still a vertex algebra. This is fixed by proving a generalisation
of the reconstruction theorem where we remove the requirement that our spanning
set be a basis. The generalisation is called the strong reconstruction theorem and is
proven in [12, p. 71]. We avoid proving the theorem in this thesis as it first requires
establishing more results.

5.3 Vertex Algebra Modules

In this section, we will use the following theorem.

Theorem 5.3.1. [1Z, p. 49] For any vertex algebra (V,|0) ,T,Y") and for all A, B,C €
V', the expansions Y (A, z)Y (B w)C, Y(B,w)Y (A, 2)C, and Y (Y (A, z—w),w)C are
all equal in W[z, w]][z71, w™, (z —w)™Y.

Definition 5.3.1. Let (V,Y) and (V’,Y’) be vertex operator algebras with confor-
mal vectors w and ' respectively. Let {Y(A;, z) }ies be the collection of fields of
(V,Y) with A; € V for all ¢ € S. Let {Y’(Bj, z)}jer be the collection of fields in
(V',Y") with B; € V' for all j € T. A homomorphism between (V,Y) and (V',Y”)
is a map

§b . {1, Y(AZ, Z)}iGS — {1/, Y,(Bj, Z)}jGT (562)
satsifying
oY (A, 2)Y(Aj,w)) = o(Y(Ai, 2)p(Y (Aj,w)) for all 4,5 € S (5.63)
H(Y (w,2)) =Y'(, z) (5.64)
o(1) =1 (5.65)

where 1 and 1" are the identity fields of (V,Y) and (V’,Y”) respectively.

Recall that our state space in the g Wess-Zumino-Witten model at level k& was

of the form
D v,V (5.66)

pGng

where the V, are integrable highest weight representations of g at level k and Xj, are
the dominant integral weights of g at level k. The aim of vertex algebra modules is to

formalise these representations, and the corresponding representations for arbitrary
chiral CFTs.

Definition 5.3.2. A module over a vertex algebra (V,[0),7,Y) is a vector space
W equipped with a map Yy : V — (End W)([z, 271]] satisfying}

1. Yin(|0), 2) = idyy.

3Here, idy denotes the identity field. That is, idy = ZnGZ A, z~"1 where A,, acts as zero on
W for n # —1 and A_; acts as the identity on W.
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2. For all A,BeV,C € W, the expansions
Yw(A,Z)Yw(B,’u))C, Yw(B,’U))Yw(A, Z)O, Yw<Y(A,Z—U)),U)>C (567)
are all equal in W{[z,w]][z7,w™, (2 —w)7].

Recall that we introduced the Weyl algebra, which is defined by Equation [5.35]
Before considering our first example of a module over a vertex algebra, we define a
module 7, over the Weyl algebra, which we will call a Fock module. Formally, this
is the Verma module generated by some vector |\) satisfyingﬂ

an [Ny =0"forn >0, ag|A) =A|N). (5.68)

Example 5.3.1. Fock Lattice [12, p. 81]. Let N € N be even. Define
Ve =P mvw (5.69)
nez

We can view this as both a m-module and as a vertex operator algebra on its own.
Our grading on 7 can be used to define a grading on 7. The diagram below shows
the vector space structure of V.

To define the m-module structure, note that the vertex operator Y of the vacuum
Fock representation is a map Y : 7 — (EndV x,)[[z,27"]] satisfying Y(|0)) =
1y g For example, we have

Y(a_110),2) = Z anz "1 (5.70)

nez

Each mode a, is an element of the Weyl algebra and so acts on all of the Fock
modules 7, . We can thus view a, as an element of EndV, 7,. Our map defines
the structure of a vertex algebra module by Theorem [5.3.1]

Example 5.3.2. Any vertex algebra is a module over itself. If (V,|0),7,Y) is
a vertex algebra then the map defining the vertex algebra module is Y itself. In
this case, the first condition of Definition |5.3.2] is clearly satisfied and the second
condition is true by Theorem [5.3.1}

4This module is essentially the Verma module of the Heisenberg algebra with highest weight A
where the eigenvalue of the central element is fixed to be 1.
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5.4 Level 1 sl,(C) Free Field Realisation

In this section, we will give a correspondence between primary fields of the level 1

—

sl (C) WZW model and free boson vertex operators.

Theorem 5.4.1. We have an isomorphism of vertex operator algebras

Proof. By definition of the vertex operators of L;(sly(C)), we know that the fields
E(z) H(z) F(z) (5.72)

generate every field of L;(sl(C)) in the sense that any field of Li(sl(C)) can be
obtained by taking linear combinations, derivatives, and normally ordered products
of the fields F(z), H(z), and F(z). We now define a map

E(z),H(z), F(z) = V. 5(2),a(2), V_ 5(2). (5.73)

By Section (4.5, we know that the corresponding OPEs are preserved and also that
the energy-momentum tensor is preserved. Now, for our map to defined a homo-
morphism, we need the relations of the fields in L;(sl3(C)) to be preserved. The
only such relation that we need to check is

:E(2)E(z) =0, (5.74)
which is obtained from us setting to zero the submodule generated by E?, -1 in
Vi(sl3(C)) to obtain the irreducible quotient[] But the OPE given by Equation
(4.191) immediately tells us that : V, 5(2)V 5(2) := 0.

Finally, note that any field in V, 5, is obtained by taking derivatives and normally
ordered products of the fields V 5(2), a(z), and V_ 5(z). This implies our homo-
morphism is surjective. Since the vertex operator algebras V. 5, and L;(sly(C)) are
both irreducible, our homomorphism is an isomorphism. O]

We can now obtain our desired free field realisation. Recall the EE(C\)—module we
considered in Section [4.4] We can view this as a module £ over L; (sly(C)). Through
the isomorphism V5, = Li(sl2(C)), we obtain a module over V, 5,. We can identify
this with the V, 5,-module

B rsiyve (5.75)

nez
This allows us to identify the states

) ‘%> (5.76)
) < ';—;> (5.77)

In the next section, we will use this identification to compute the 4-point correlators
of Section [4.4] using the vertex operators V. s (2) and V% (2).

SThere are no other relations to check since the state corresponding to : E(z)E(z) : generates
the maximal proper ideal in the vertex algebra V;(sl2(C)).

76



5.5 Computing 4-point Functions with Vertex Op-
erators

We wish to compute
Fplypz,ps,m = <O‘ V;m (Zl)‘/;D (Z2>VZD3 (Z3)VZD4 (Z4) ‘O> (578)
where p; + ps + p3 + ps = 0. Recall from Appendix [F] that

VP(Z) — [epfboepaologz} H [epawzn/ne—lianz_”/n} (5.79)

n=1

where each factor in brackets commutes with every other factor. Recall also Equation
(E.20]), which is
0Pt — gob gfdogaao, (5.80)

Another result we will use is
engha—n — gabnfa—ngaan, (5.81)

This result can be found in [32 p. 53] and can be derived by using commutator
identities and the bracket [a,, a,,|. We will now define

O, = H [epiafnzf/ne—manz;n/"] . (582)
n=1

We begin by using Equation (5.80) to write

1 1 : saplogz: 1
Eyopsps = (0] 21925030 LeP190 gP1a0108z1 oP2c0 pP2aologz: P3do Pacologzs pPao pPaaologz |0)
(5.83)
— <O| 919293946171% eP290 P3P0 pPado oP1aologzl pp2aologzs ppsaologes jpaaologzy ‘O) %
P1P2 ,P1P3 ,P1P4 ,P2P3 ,D2P4 P3P4
T il Gl Sl S (5.84)

Using €P% |q) = [p + q), p1 + p2 + p3 + pa = 0, and ePi®!°8% |0) = |0), this simplifies
to
E

_ P1P2 _P1P3 _P1P4 P2P3 P2P4 P3D4
P1,P2,P3:P4 — <0|QIQ2Q3Q4 ’0> Rl R RA R Ry R3- (5'85)

To compute (0] 2125304 |0), we can commute the exponentials of the annihilation
operators (a, for n > 0) through to the right. For example, using Equation ([5.81])
we have

Q380
[o.¢] oo

= H [epg,afnzg/ne—pzanzgn/”} H [epwfn%?/ne—manzzfn/n] (5.86)
n=1 n=1

_ eP3a—n23 /1 gpaa—nzy [n (efp:sanz;"/nefpwnzzfn/n) ex _p3rd [ <4
El ( )g L[l 1l Gl

(5.87)
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—
2

(epga_nzg/n6p4a_nzjf/n)

_ -ny —n - P3P4 [ Z4 "
e e
< ; n Z3

n=1 n=1
(5.88)
ﬁ ( P n/ P n/ ) ﬁ P 777,/ P 777,/ 1 Z4 P3P4 (5 89)
— e 30_n 23 ne 1a-—n2y /N <67 3an 23 nef 4002y n) ( o _> ) )
n=1 n=1 3
Note that this implies
€582 |0) ﬁ(p $/mep ”/)< 24)p3p4|> (5.90)
0) = eP3d—nZ3/MePad—nzZy/m) ] — — 0). 5.90
3824 1 P

We can repeat this process to obtain

00
| | (ep1a_nz?/nepga_nzg/nepga_nzg/nepzla_nsz/n)

<0| 91929394 |0> = <O O> X
n=1

(1 B ﬁ>p3p4 <1 B %>P2p4 (1 B ﬁ)plpzl <1 B §>P2P3 (1 B ﬁ)plpii (1 B Q>P1P2‘
23 29 21 Z9 21 21

(5.91)

But the correlator above is just (0|0) = 1 since we can take the adjoint of the product
and act on (0] to get back (0]. We therefore obtain

24 p3p4 24 p2p4 24 P1p4 23 p2p3 23 pip3
Fp17P27p31p4: l—— l—— l—— l—— l—— X
Z3 Z9 Z1 Z9 Z1

pip2
Z9 . . -
1— == 2:1171102 Zlflpd Z1171p4 Zngd Zgzm ngpzl (592)
21
_ pibj
= II =" (5.93)
1<i<j<4

We will compare the above result to the calculations performed in Section [4.4]
Recall the we solved for the correlator

(f1(20)a(22)ds(23)0u(za)) = i) [ #,7° (5.94)
1<i<j<4
where s
n = 14423 (5'95)
212734

is the cross ratio and we found

_al+1)*? 3

125
S A Ve 1)4/3 DB R (222 2n) —2) (5.96
f1(77> ?71/3 262/’7 (77+ ) ((77+ ) 241 (373737 /’7) ( )

by solving the KZ equations. Here, ¢; and ¢y are constants. Our free field realisation
of Section [5.4]is given by

¢V (5.97)
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v VoL (5.98)
By Equation (5.93]), we have
1/2 1/2
215 2
Fi_1 4 _ 1= Ll (5.99)
O T AT
This implies
1/3
Fo 4o o Cw)? <212234)1 - I =" (5.100)
V2T V2V V2 (2,’12234) (2,’14223) / 1<i<j<n
((z13ZQ4)/(Z12234))2/3 -1/6 5101
1/3 H Zi oo (5.101)
((214223)/(212234)) 1<i<j<n
USiIlg the 1dent1ty 2147923 + 219234 = 213224, W€ obtain
2/3
Fovs oo (214223 + 212234)/(212»j3;§)) H 2;1/6 (5.102)
V2l ovaTvRn e ((214223)/(212234)) 1<i<j<n
(n+1)%3 ~1/6
= T =" (5.103)

1/3
N 1<i<j<n

Finally, we see that this result agrees with Equation (5.96|) provided that ¢, = 0. If
we set ¢o = 0, the other correlators we computed in Section become

fa(n) = en'’? (77%) - (5.104)
fs(n) = m (5.105)
fa(n) = W (5.106)
fs(n) = % (5.107)
ol = -1+ (5.108)

RECEEE

It is easy to check that these functions also agree with the correlators obtained using
the free field realisation. Note that only three of our six correlators are distinct (and
two are linearly independent) since F,, p, psps 1S invariant under (pi,pe,ps,ps) —
—(p1,p2,p3,pa).- In fact, although the functions calculated are multivalued, the
physical constraints fix the choice of branch cuts. For example, the choice of branch
cuts must be such that

fa(n) = f5(n) (5.109)

since the free field realisation shows us that the corresponding correlators are equal.
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Chapter 6

Conformal Blocks and the KZ
Equations

In this chapter, we give a geometric realisation of the Knizhnik-Zamolodchikov equa-
tions. We construct the conformal block bundle and present the KZ equations as a
system of differential equations for flat sections of this bundle. It is known that any
flat connection on a vector bundle gives a representation of the fundamental group
of the base space called the monodromy representation. We focus on the KZ con-
nection and show that the monodromy of the KZ equations gives a representation
of the braid group on n strands. The braid group is discussed in Appendix [H] This
chapter concludes with an explicit example of a representation of the braid group on
4 strands, which is obtained by studying the monodromy of the 4-point correlators
computed in Section In this chapter, we follow [25]. The geometric aspects of
vertex algebras is discussed in more detail in [12].

6.1 Conformal Blocks for the WZW Models

Recall that in our discussion of the WZW models, we worked entirely on CP!,
which we identified as the one-point compactification of C. We wish to formalise
the space of solutions to the KZ equations: that is, the space of conformal blocks.
An element of such a space should map states in the chiral sector of a CFT (or
elements of a VOA) to elements of C, as a correlation function would. However, it
should do this in a manner that depends on the coordinates chosen in CP! and that
is consistent with the conformal symmetries of our model. In particular, from the
defining properties of our space of conformal blocks we should be able to derive the
Ward identities and the KZ equations. To encode the dependence on coordinates
and consistency with conformal symmetries, we need the following definitions.

Definition 6.1.1. Let py,...,p, € CP! be distinct points and let M, . be the
space of meromorphic functions on CP! with poles only at pi,...,p,. Given a
complex semisimple Lie algebra g, we define the Lie algebra

g(p17"'7pn) :g®MP17---,Pn (61)
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with bracket
X®fY®g=[XY]®fg (6.2)

for X,Y € gand f,g € M, .

Definition 6.1.2. For each point p;, we define a local coordinate ¢; around p; as
follows. If p; = oo, define t;(z) = % If p; # oo, define t;(z) = z — p;. This choice of
coordinates is natural since it implies that the local coordinates satisfy ¢;(p;) = 0.

Note that for such a local coordinate ¢; on CP!, there is a canonical inclusion

9(p1, -+ D) = Gic (6.3)

Here,
3 =9 C((t;)) ®CK (6.4)

is given by the loop algebra construction except that it is now coordinate dependent.

Theorem 6.1.1. [27, pp. 43-44] Let k € N be a fized level. For 1 <i <n let V), be
an integrable highest weight g;-module of highest weight \;. Then @;_, V\, has the
structure of a g(p1, - .., pn)-module with action defined by

a- (@ ®uv,) Zm@ R TV @ ® vy, (6.5)

for o€ g(p1,...,pn). Here, we define

7 9(p1,- .., pn) = 9@ C((¢;)) @ CK (6.6)
X@f—X®f(t;))®0 (6.7)

where f(t;) is the Laurent expansion of f in some local coordinate t; containing p;.

Proof. Let v1 @ -+~ ®@ v, € Qi Vi, Let X, Y € gand f,g € M,, _,,.. We wish to
show

(X, Y]ofg)(n@---@v,) = (XQf)(Y©g)(1i®---@u,) = (Y@g) (X&) (11©- - -®uvy,).

(6.8)
We can write the right hand side as
zn:zn:vl®---®(X®f(tj))vj®---®(Y®g(ti))vi®...®vn (6.9)
=1 i1
—iivl @Y @gt)y; @ - @ (X)) ®---® v, (6.10)
=1 i
:ivl®'~®[X®f(tz),Y®g(t¢)]vi®~-®vn (6.11)
i1
_ivl®"'®([X,Y]®f(ti)g(ti))vi®---®vn (6.12)
p
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- Zm Q- ® Ebgg {f(tz)%(g(tz))] Kvi @ - @y (6.13)

= (X Y]® fg)(v: ® - ®va) — Res [f(ti)d%(g(ti))} kal ®--@u, (6.14)
= (X, Y]® fg)(v1 @ @vy) (6.15)

by the residue theorem for meromorphic differentials. ]

Definition 6.1.3. [25] p. 44] The space of conformal blocks V(p1, ..., pn; A1, -+ An)
is the space of g(p, ..., p,)-linear maps from @ | V3, to C where we view C as a
module over g(pi,...,p,) with the action sending every element to zero. We write

V(1o Pns A1y An) = Homggp, o py <® Vs C) ) (6.16)
Note that a linear map ¥ : @, Vi, = Cis g(p1, ..., p,)-linear if it satisfies
Zn:\Il(vl®---®Ti(X)vi®---®vn):0 (6.17)
i=1
forall vy ®---®@v, € @, Vs, and X € g(p1,...,Dn).

6.2 Connections

This section assumes an understanding of vector bundles, which are discussed in

Appendix [B]

Definition 6.2.1. Let M be a smooth manifold and £ — M a smooth vector
bundle. A connection on F is an R-linear map

V:I(E) > T(ET"M) (6.18)
satisfying the Leibniz rule
V(of)=(Vo)f +o&df (6.19)

for all f € C°°(M). Here, I'(E) is the collection of smooth sections of £ and T*M is
the cotangent bundle on M. The section o f of E is defined by (o f)(p) = f(p)-o(p).
The object df is called the exterior derivative of f and turns out to be a one-form
on M since f € C*°(M). This one-form is defined by the map p — (p, df,) where
df, : T,M — C is the pushforward of f at p, which we can view as an element of
the cotangent space T, M*.
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Let o be a smooth section of E£. Let o; be a local frame of E as defined in
Chapter . Recall that we can locally Writeﬂ

o =0, (6.20)
where o € C*°(M). Applying the Leibniz rule gives us
V(o) = V(o))a' + oyda’. (6.21)
We can then expand V(o;) in terms of the local frame again to obtain
V(o) = wloja’ + ojda? (6.22)
= (do? +w!a')a;. (6.23)

We can therefore locally write
V=d+w (6.24)

where we define d and w such that Equation (6.23]) holds.

Example 6.2.1. Consider the trivial vector bundle R x R? — R. We have a local
(and in fact global) frame defined by

o1(p) = (p. (1,0)) (6.25)
a2(p) = (p. (0,1)). (6.26)

Let 0 : R — R x R? be an arbitrary smooth section and write
g = f10'1 -+ f20'2 (627)

for some smooth functions fi, fo € C°>°(R). We can write this in the matrix notation

o ( j:; ) (6.28)

Let w = a;jdr with o;; a 2 X 2 matrix of smooth functions on R. We then have a
connection V defined by

V=d+w. (6.29)
The action on the section o is then given by
dfl + (allfl + Oélgfg)dl‘ )
V(o) = ) 6.30
() ( dfy + (a1 f1 + ag fo)dx ( )

Definition 6.2.2. Given a connection V on a smooth vector bundle 7 : £ — M
and a vector field X € I'(T'M), the covariant derivative in the direction of X is
defined to be the map

Vy :D(E) = [(E) (6.31)

'Here we use Einstein notation meaning that we sum over repeated indices.
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o (Vo)(X). (6.32)

Here, we view (Vo)(X) as an element of I'(E) as follows. Given p € M, we obtain
an element (Vo)(p) of the fibre of E® T*M at p, which we can write as

(Vo)(p) = Z a;(e; @ fi). (6.33)

Now, X (p) gives us an element v of the tangent space 7,M, and noting that f; €
(T,M)*, we obtain a collection of scalars f;(v). We can then define

(Vxa)(p) == (Vo) (X))(p) = Z ai fi(v)ei. (6.34)

From our definition of covariant derivative, it is easy to see that we have the
important properties

fo+gy0' = vaO' + gVya (635)
Vx(fo) = (Xf)o+ fVxo (6.36)

for all X,Y € I(T'M), 0 € I'(E), f,g € C®(M). Covariant derivatives are im-
portant as they allow us to talk about parallel transport, which (in the case of the
tangent bundle) allows us to move vectors between different tangent spaces along
a curve in the manifold such that the vectors remain “parallel” with respect to the
connection. This will be useful in Section where we make this notion rigorous.

6.3 The Conformal Block Bundle

Geometrically, we will view the KZ equations as a system of PDEs for sections of a
vector bundle called the conformal block bundle. In this section, we will construct
the conformal block bundle as a subbundle of a trivial bundle. This construction
follows [25].

We begin by describing the sheaf of smooth sections that gives rise to the con-
formal block bundle. Recall that for a collection of points py,--- ,p, on CP!, there
is a canonical choice of local coordinates ty,--- ,t, given by Definition [6.1.2]

Definition 6.3.1. Consider the projection
7 (CPYHY™ — (CPYH™ (6.37)

We can define a coordinate on (CPY)"* by (ty,-++ ,t,, 2p41) for some coordinate
Zny1 on CPL. For 1 < ¢ < n, we denote by D; the hyperplane of (CP!)"*! given by
setting t; = z,41. We denote by Mp, . p,(U) the space of meromorphic functions
on 71 (U) with poles only on the hyperplanes Dy, ..., D,.
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Note that an arbitrary element of Mp, p,(U) has a Laurent expansion on the
hyperplane Dﬂ

[e.9]

fp,(2) = Z an(21, .y 20) (2 — 2)" (6.38)
n=—N
where a,(z1,...,2,) is holomorphic in each coordinate z;. Fixing (pi,...,p,) €

(CPY)", we can therefore view fp.(z) as the element of C((;)) given by

[e.e]

fot) =" an(pr,- ., pn)(t:)" (6.39)

n=—N
where we note that ¢t; = z — p; for p; # ooE|

Definition 6.3.2. From Mp, . p, (U), we can construct a Lie algebra
g ®Mp,,.p,(U) (6.40)
with bracket defined by
X®f,Y®q9=[X,Y]® fg (6.41)
for X,Y €9, f,g € Mp,.. p,U).

Recall that we can associate an untwisted affine Lie algebra g; to each coordinate
t; by Equation (6.4). The Laurent expansion given by Equation (6.38) defines a
canonical map

7 : 9@ Mp, . .p,(U) = g2 OU) @ C((t:)) (6.42)

where O(U) is the set of holomorphic functions on U. If we fix (py, ..., p,) € (CPY)",
then we can view 7;(f) as an element of g, for f € g® Mp, p,(U). For each of
our local coordinates t; of CP! we associate an integrable highest weight g;-module
V3, of highest weight );. Similar to Theorem [6.1.1] the map 7; allows us to define
an action of g ® Mp,  p, on ®?:1 Vy,- Now, consider the trivial bundle

E := Conf,(CP") x Hom¢ <® 5% C) — Conf,(CP). (6.43)
i=1
Here,
Conf,(X) = HX\{($1, ooy X)) € X" | x; = x; for some i # j} (6.44)

is Fadell’s configuration space, defined for any topological space X.

2Such an expansion only exists because the poles of f on 7= (21,...,2,) = {(21,.--,2n,2) | 2 €
CP'} can only occur when z = z; by definition of Mp, . p, (U).

3If p; = oo, our expression still holds true. In that case, our coordinate z; would be a local
coordinate of infinity and so we would have to replace z — z; with 1/z in Equation .
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Definition 6.3.3. For each open set U C Conf,(CP'), we denote by &, ., (U)
the space of smooth sections ¢ : U — FE satisfying

n

Z(U(pb D) @ RT(flui®- - Ru,) =0 (6.45)

i=1

forall feg®@Mp, p,(U)and v; ® - @ v, € @}, Vi,

.....

In Section [6.4] we show that the trivial bundle E admits a flat connection called
the KZ connection. The conformal block bundle

Enpny = 1T V1, .. pni M, -5 An) — Conf, (CPY)  (6.46)

(p1,--.,pn)EConf, (CP1)

is constructed from the flat sections of the trivial bundle with respect to the KZ
connection [25, p. 56].

6.4 The KZ Equations on the Conformal Block
Bundle

Note that we define the notion of a vector space-valued differential k-form in Ap-
pendix [C| We use this in the following definition.

Definition 6.4.1. The curvature F'V of a connection V on a smooth vector bundle
7w : E — M is a differential 2-form valued in the vector space End(F). Given two
vector fields X, Y € ['(T'M), define FV by

FY(X,)Y):T(E) = T'(E) (6.47)
g — vaya — VyVXU — V[X’Y]O'. (6.48)

Viewing a vector field as a derivation on the space C*(M), we define [ X, Y] by

(X YI() = X(Y(f) = Y (X)) (6.49)

Theorem 6.4.1. Recall Section 6.9 where we showed that given a local frame {o;},
we can locally write a connection as

V=d+w (6.50)

where Vo; = w]o; and we can view w is a matriz of one-forms defined by w!. The

connection V is flat if for any such local expression, we have
dw+wAw=0 (6.51)

where wAw is the square of the matriz w with the product of the one-form components
being the wedge product.
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Recall that the Sugawara construction given in Chapter [4] allows us to define an
action of the Virasoro algebra on any highest weight g;-module. We will use this
to define the KZ connection. From now on, we will consider the conformal block
bundle as a vector bundle over Conf,(C) (constructed in the same manner as the
vector bundle over Conf,(CP')), since we can identity the pure braid group with

7 (Conf,(C)).

Definition 6.4.2. Let ¢ € &, ., (U) be defined by

-----

(P, 2150 2) = (0 Y) (6.52)
for some ¢ € Home¢ (), H»,, C). Then we define LY by
(L) .21, 20) = (0, LO0) (6.53)
where
(LU (01 @+ ®v,) = (01 @ Ly @ -+ @ vy), (6.54)

Consider the connection

V : [(E) — I(E ® T*Conf,(C)) (6.55)
W dip — zn: LY ydz (6.56)
=1

on the trivial bundle. Here, d¢p € I'(E ® T*Conf,(C)) is the section defined as
follows. Take a local frame {o;} and expand 1) = v’0;. Define

(d)(p) = 0i(p) ® di)y, (6.57)

where dy;, € (T,Conf,(C))* is the pushforward of ¢ at p. Similarly, we can view
z; » Conf,(C) — C as projection onto a local coordinate of C and we can define
L(_’lwdzi € I'(E ® T*Conf,(C)) to be the section satisfying

(LY wdz)(p) = (LY)(p) @ d(z), (6.58)

where d(z;), is the pushforward of z; at p.ﬁ The following lemma shows that we can
restrict the connection V to the conformal block bundle.

Lemma 6.4.2. [25, pp. 54-55] Let ¢ € &y, 1, (U). Then
Vo, (1) € Ex,..n (U) (6.59)

for every 0; in the canonical frame for the tangent bundle.

“We can identify d(z;), as an element of the cotangent space (T7,,Conf,(C))* through the iden-
tification 7, (,)C = C.
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.....

Z an(p1s---,0n)(t;)" (6.60)

where t; = z — z;. If we let f., denote 3 f , then we have

da, ., e
() = Z 2~ ant; L (6.61)

We can also define the operator 9; on g ® O(U) ® C((¢;)) that acts trivially on
C((t;)) so that we have

. . J .
7j(fs;) = 0i7i(f) = 5, 7i(f)- (6.62)
J
Using the result
L, X @1"] = —mX @ "™ (6.63)
we can therefore write
7(f2) = 0;7;(f) + [L—1, 75(f)]- (6.64)
If i # j then
7i(f;) = 07 () (6.65)
We will now prove our lemma by first showing that
_Q/J(U (f)v-®~-®v)—8—¢(v ®'--7A'-(f)v'®~~®v)
(92’3 1 i n) — 8zj 1 % % n

+ (@ @T(flui®---@v,)  (6.66)

for all v; € V), and f € g® Mp,  p,(U). Here, we view each side of the equation
as a map from Conf,(C) to C. Note also that % denotes the covariant derivative
J

dp, applied to . We begin by writing ¢ = Yo, for some local frame ;. We have

id;(vl Q- Fflui® - Rv,) = i ((¢i0i)(01 Q- F(lui® - ® Un)) (6.67)

0z; 07;
= <g—i) oi(v1 @ Ti(flui® - - @ vy)
+ W%Ji(vl R A @ D).
(6.68)
Now, 0., (Y (01 @+ i fHui®- - ®@va))(3(p)) = (dpp (01 @+ T fHv; ®- - -®v,)(95(p))
where ¢ is the chart (21, .., 2,) on Conf,(C). Recalling that
da, 0 (p) = diby(0;(p))os(p), (6.69)
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we can therefore make the identification
N’ . 0 .
(l) Ui(Ul ® e Ti(f)/uz. ® ‘e ® fvn) — _1/}(@1 ® e Tz(,f)Uz ® e ® Un)- (670)
8zj 8zj
It is also clear that

.0
Y'o—

o @ AU @ ®0,) = Yo @ @ YH(Nu @ Bv)  (671)

and so we conclude that Equation holds.
Next, we will prove that

n

Y (Vo)1 @ @F(flo; @ -+ @ vy)

i=1

:Z(%w(vl®".®7ti(f)vi®'..®vn>_/(/}<v1®."®7A—'i(f2j)vi®...®vn))

(6.72)

.....

-----

> <%<v1®---ﬁ<f>w®---®vn>+¢(v1®---®8m<f>vi®---®vn)

P01 @ - @ F(f)vi® - ® vn)) . (6.73)

Focussing on the last two terms, we can use Equations ([6.64)) and (6.65]) to write

S @ @A ® - ® o) — (1 @+ B F(f )i ® - B ,)
=1

=0 @ @97(flo;®@ - @) = P01 @ - @ T5(f2)v; @ - - @ vn)

(6.74)
=Y @ @ [L g, (@ @v,) (6.75)
Using the fact that ¢ € £y, ., we can write this as
Zw(vl®---®<‘9ﬁi(f)vi®---®vn) _¢(U1®"'®%i(fzj)0i®"'®vn)
i=1
= _Z [w(v1®---®ﬂ(f)vi®---®L_1vj®---®vn)
i=1
— P ®- @ [Loy, T(f)]v; @ -+ @ vy) (6.76)
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:—Z[¢(U1®-..®7A'¢(f)vi®-..®L_1vj®...®Un>

i#£]
P11 ® - @T(f)L1v; @ Qvp) —YP(1 ® -+ @ [L_1, T5(f)]v; @ - - - @ )
(6.77)
i=1
We have therefore established that Equation (6.72) holds and so we have proven the
lemma. ]
Note that this lemma establishes that we have covariant derivatives
Vaj : 5)\1 77777 )\n(U) — 5/\1 77777 ,\n(U) (679)

A, ® T*Contf, (C)) (6.80)

..........

called the KZ connection.
Theorem 6.4.3. [25, p. 56] The KZ connection is flat.

Proof. 1t suffices to prove that V is flat. By definition of V, we can write

V=d+w (6.81)

with the identification .
w=-—Y LYdz (6.82)

i=1

Viewing w as a Hom¢ (), Vi, C)-valued one-form, we see that dw = 0 since L(_Z)1
does not depend on local coordinates. Now,

wAw= Z L@lL(_jidzi A dz;. (6.83)
1,

Since dz; A dz; = —dz; A\ dz; and [L@l, L(_]i] = 0, we conclude that
wAw=0. (6.84)
[

Before deriving the Knizhnik-Zamolodchikov equations, we need to introduce
some notation. Let {J%} be a basis for the Lie algebra g that is orthonormal with
respect to the Killing form. Define an operator Q09 on sections of the conformal
block bundle by

(Q(ij)¢)(v1®"'®vn):Zw(vl®"'®<]avi®"'®<]avj®"'®v")' (6.85)
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Now, given the integrable highest weight g-modules Vy., let V. denote the corre-
sponding finite-dimensional irreducible representations of g; with highest weights \;.
Here, g, is the horizontal subalgebra of g;. Given an element ¢ : V), ®---@V, — C
in the space of conformal blocks Homg(p1 o) (Rizy Vi, €), denote by v Vi ®

-----

- ® VA — C its restriction to V), ® --- @ V..

Theorem 6.4.4. [25, pp. 57-58] Let i be a flat section of the conformal block
bundle. Its restriction 1y satisfies the KZ equations

0o QL)

= . (6.86)
0zi i Zi — Zj
Proof. Consider the function
f2)=(z—2z)" (6.87)
for some £ < 0. Expanding this as a Taylor series in ¢; = z — z;, we can write
(z—z)" =) Pty (6.88)
m=0
where )
AV = — — (6.89)

]

Recall that elements of the space of conformal blocks are invariant under the
diagonal action of X ® f for any X € g. This property is summarised by Equation
(6.17). Using this, we see that

P01 ® (X Bt ;@ @vy) = ZZ D01 @@ (X D)0 ®- - ®v,).
j#i m=0

(6.90)
Now, we use our assumption that v; € V,\i, so that L,v; = 0 for n > 0 and v; is
an eigenstate of Ly for all v; € V,\i. This follows from the fact that any element of
V,, is obtained by acting on the highest weight vector by elements of the horizontal
subalgebra, and L, commutes with all elements of the horizontal subalgebra. By
the Sugawara construction in Section we therefore have

O*ZZ 2 — %j) “Lho(vy ® e ®JV Q- ®JW R ®u,)  (6.91)
a j#i
1)
=> Yo, (6.92)

R

Since for all v; € VA,L., L,v; =0 for n > 0 and v; is an eigenstate of Ly, we also have

(LWep)g = 0 for all n > 0 (6.93)
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(Lg)w)o = Ay, for some constant Ay, . (6.94)

Finally, v is flat and so the covariant derivative

0 ;
Voo = 920 — 100y, (6.95)
J

vanishes for all j. We therefore arrive at the KZ equations

Oty _ 5~ 0y (6.96)

0z 2 — Zi
gk T

6.5 Monodromy of the KZ Equations

For any smooth vector bundle £ — M with flat connection, we can define a represen-
tation of 7y (M) called the monodromy representation. In the case of the conformal
block bundle, 7 (Conf,(C)) is the pure braid group and so we obtain a representa-
tion of this group since the KZ connection is flat. This can then be used to obtain a
representation of the braid group on n strands. We begin by explaining how one ob-
tains the monodromy representation in general before providing an explicit example
of such a representation.

Definition 6.5.1. [35, p. 159] Let 7 : £ — N be a smooth vector bundle and
¢ : M — N a smooth map. Let V be a connection on E. Note that the notion
of a pullback bundle is defined in Example The pullback connection ¢*V is
defined on ¢*(FE) by requiring that the relation

(0"V)x(¢70) = 6" (Vag(x)0) (6.97)
holds for all tangent vectors X and sections o € F(E)E]

At the end of Appendix [B, we show that this does in fact define a connection.
The case where 7 : [0, 1] — M is a smooth curve on M is particularly important. In
this case, we will call a section o € I'(y*E) parallel if

(v*V)xo(p) =0 (6.98)

for all X € I'(T'[0,1]) and p € M. Let {o;} be a local frame, which we show exists
for any smooth vector bundle in Appendix [B] In the case of the tangent bundle, we
denote such a local frame by {0;}. Since Vy,0; € I'(E), we can expand this in terms
of our local frame to obtain

V.05 =Tloy (6.99)
for some T'}; € C*°(M) called the Christoffel symbols.

°It is important to note that we consider tangent vectors X and not vector fields. By d¢(X),
we mean d¢,(X) where X € T,M.
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Now, let X € I'(T[0,1]) be a vector field and let n € I'(y*E) be an arbitrary
section. By Example [B.0.1 X = «(¢)d; with ¢ € [0,1] and a € C*°([0,1]). We can
also write n = 17 (t)(v*0;)(t) locally for some ' € C*°([0,1]) By Equations (6.99),

(6.35)), and (6.36)), we obtain

(V' Vawan = (7' Vawa’ (t)(v'0;)(1) (6.100)
= a(t)(v'V)an’ ()(v"0;)(t) (6.101)
= o(t)(0 () () + 1’ (£) (V" V), (77 0;) (1)) (6.102)
= o) (9P (t)ay (t) + 7 (DT (") (1)) (6.103)

where F’“ Y ok := Vp,v"0; are the Christoffel symbols of the pullback bundle.
We now deduce that a section n € I'(v*E) is parallel if we locally have

Oy ()0 () + 17 (DT (7 o) () = 0 (6.104)

for all ¢t € [0, 1] on any open set. This is a system of first order differential equations
for the components of 7. If we fix n(0) € 7~ (y(0)), we obtain an initial value
problem. By the Picard-Lindel6f theorem, this has a unique solution. We can now
define a map called the parallel transport map.

Definition 6.5.2. [35, p. 31] Let V be a connection on a smooth vector bundle
m: E — M and let v : [0,1] — M be a smooth curve on M. The parallel transport
map is the map

P’Y : EA/(O) — Ev(l) (6105)
e — (1) (6.106)

where 7, is the unique smooth section satisfying 7.(0) = e and whose components
satisfy Equation ((6.104]).

Given a path in the base space of a smooth vector bundle, the parallel transport
map allows us to move elements between two fibres in a way that depends on the
path taken. Of particular interest to us is the case where the path is a loop. The
image below gives a visualisation of the parallel transport map for a loop in the base
space of a line bundle.
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In the case where v is a loop, it is not true in general that homotopic loops give
the same parallel transport map. However, for certain connections they do and this
allows us to study the monodromy of these vector bundles. In fact, we have the
following theorem.

Theorem 6.5.1. [2], p. 451] The connection V is flat if and only if for any two
homotopic loops 1, 2 on M, we have P, = P,,.

If 74 and v, are loops at p, notice that uniqueness of the solution to the initial
value problem given by Equation (6.104]) implies

Py, =P,oP, (6.107)

Y1772

where ;2 is the loop traversing v; for ¢ € [0,1/2] and 7, for ¢ € [1/2,1]. We then
see that P, is invertible for all loops . If v : [0,1] — M is a loop then define

v~ 1:00,1] = M by v () = v(1 — t). Theorem then implies
PyoP, 1 =P i0P, =Py (6.108)
where id(t) = p for all ¢t € [0, 1]. Noting that (id)y is homotopic to v for any loop 7,

we see that there is a group structure (with Pjy being the identity) on the collection
of parallel transport maps for a given p € M. We call this the holonomy group at p

211, p. 450] ]
Definition 6.5.3. [21], p. 450] For a smooth vector bundle = : £ — M with flat
connection, the monodromy representation of the fundamental group m (M, p) is a
representation p defined by
p:m(M,p) = GL(r~(p)) (6.109)
v = Py (6.110)

This is a representation by Equation (6.107)).

6 A precise relationship between holonomy and curvature for principal bundles is given by the
Ambrose-Singer theorem.

94



We now see that the monodromy representation of the conformal block bundle
is a representation of the pure braid group 7 (Conf,(C)). Kohno [25, p. 80] explains
how to use this to obtain a representation of the Artin braid group in the case where
Vi=Vy,=-.--=1V, =V. One defines a right action of the symmetric group S,, on
Hom¢(V®", C) by

(@) (1@ ®vy) = (Vs(1) @ @ Vo(m)) (6.111)

for ¢ € Homc(V®",C) and o € S,,. It can then be shown that the KZ equation on
the vector bundle

Conf,(C) xg, Homc(V®", C) — Conf,(C)/S, (6.112)
is flat, and so we obtain our desired representation.

Example 6.5.1. We will now give an explicit representation of the braid group
on 4 strands. Recall the expressions we obtained for the four-point correlators in
Section[5.5] We computed six correlators and the span of these six correlators give a
subspace of the vector space of solutions to the KZ equations. It was shown that the
following two linearly independent correlators give a basis for this subspace. These
are

_ C1 _
@00 e = fin [T 5" = e s 11 %7 61)
1<i<j<4 1<i<j<4
-1/6 01772/3 —-1/6
(D(20)P(2)0(23)(2a)) = fs(m) [ 25" = 1) I = (6.114)
1<i<j<4 U 1<i<j<4
where the cross ratio is defined to be
p = U2 (6.115)
212234
Recall from Section .4 that one of the affine Ward identities was
fe(n) = fa(n) + fs(n) (6.116)
where
_ ci(n+1)3 _
W)dz)(z)oi) = i) [] 2" == — 11 =" e
1<i<j<4 1<i<j<4
Now, using the identity
213224 — 212234 = 214223 (6.118)

we can see how 7 transforms when interchanging any two of our four coordinates. To
keep track of our branches, we need to write down a path defining this interchange.
For 1 <i<3andt € [0,1], we will consider the transformations

1 1 ;
Zi = 5(2% + 2i11) + 5(% — Zip1)e™ (6.119)
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1 1 ,
Zit1 — 5(21 + Zi—i—l) + E(Zi—H — Zi)eﬂlt. (6120)

This corresponds to z; — z;41 +> e”it(zi — zi+1), and so the coordinates are being
rotated rotated anticlockwise as shown in the diagram below.

2

Zi Ri+1

N

Under the interchange z; <+ 29, we have

294713

_— (6.121)
6“?122’34
_¢€ (212234 + 214%93) (6.122)
‘ 212234
=e ™ (14+n). (6.123)
Under the interchange 25 <> 23, we have
n s emiAE2 (6.124)
213224
S R C (6.125)
212234 + 214723
S (6.126)
212234 + 214793
: 1
=™+ — 6.127
1+n ( )
;N
=M — 6.128
1+7n ( )
Finally, under the interchange z3 <> z4, we have
n ey 2 (6.129)
6”?122’34
_€ (212234 + 214203) (6.130)
A 212734
=e " (1+4+n). (6.131)
Under the interchange z; <> 25 (and also 23 <> 24), we therefore have
c c
fa(n) = - ; (6.132)

— - -
N B+ DV (emm(1 4 )V (emmin) /P
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1

— 6—2m‘/3(1 +7]>1/3(n)1/3 (6.133)
— 23 g, (). (6.134)
Furthermore,
SR G ) i
fs(n) = (njlu1)1/3 s (e=min)1/3 (6.135)
=" fi(n) (6.136)
= e "B (fa(m) + f5(n)). (6.137)

The last equality follows from Equation (6.116). To see how the correlators
transform, note that for the interchange z; <+ z;,1 we have
~1/6 ~1/6_—1/6_—1/6_—1/6_—1/6_—1/6 —i)6 ~1/6
H Zi /6 — 212/ 213/ 214/ 223/ 224/ z34/ — e H Zij /8, (6.138)
1<i<j<4 1<i<j<4
We can now represent the transformation of the basis correlators (¢(z1)p(z2)1(23)0(24))

and
(p(21)Y(22)1(23)¢(24)) under the interchange z; <> 25 as

(0(21)0(22)1(23)1(2)) s (€70 (0(21)p(22)(23)1(24))
< (0(21)9(22)1(23) 9 (24)) ) - ( e el ) ( (@(21)p(22)1(23)(24)) ) '

(6.139)
We will define

i 627ri/3 0 67ri/2 0
A=e /6 ( 6—71'1'/3 —7i/3 = 6—7ri/2 —7i/2 : (6140)

€ €

Note that this matrix also represents the transformation of the correlators under
23 <> 24 since the transformation of 7 is the same for both z; <+ 2, and 23 <+ z,. We
will now compute the transformation matrix corresponding to z5 <+ 23.

Under the interchange z, <+ 23, we have

C1 C1
— — 6.141
Ja) = S DB 7 (e (1 )R ) (6.141)
(14 n)%?
= T (6.142)
=e ™R fs(n) (6.143)
= e ™3 fs(n) + f5(n)) (6.144)
where the last equality follows from Equation ((6.116)). Furthermore,
2/3 mi 2/3
cin ci(e™n/(1+mn))
_ 6.145
L Py VA GV G o (6:145)
' 2/3

_ 2mi3 Al (6.146)

(1+n)'
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= ™3 £ (). (6.147)
We now see that the correlators (¢(z1)p(22)1(23)1(24)) and (@(21)1(22)1(23)P(24))

transform as

(0(21)0(22)9(23)1(20)) I (0(21)9(22) 1 (23)1(24))
( (0(21)1(22)1(23) 9 (2)) ) o ( 0 e ) ( (9(21)0(22)1(23)0(2)) )

(6.148)
We then define
—7i/3 —7i/3 —7i/2 —7i/2
i e e e e
B = e ™/0 ( 0 o2i/3 > = ( 0 oTi/2 ) : (6.149)

Given our calculations, we can now construct a two-dimensional representation
of the braid group on 4 strands as follows. Let V' be the complex vector space

spanned by the correlators (¢(z1)p(z2)1(23)1(z4)) and (P(21)Y(22)1(23)@(24)). Let
{0i}1<i<3 denote the generators of the braid group on 4 strands. Define

p: By — End(V) (6.150)
o1 A (6.151)
oy B (6.152)
o3 Al (6.153)

Since p(o1) = p(o3), we have p(o1)p(o3) = p(os)p(o1). Therefore, to show that p
defines a representation, we need only show that ABA = BAB. We have

/2 0 —7i/2 —mi/2 mi/2 0
e e e .
ABA = ( o= Ti/2  p—i/2 > ( 0 T2 ) ( o—Ti/2  o—if2 ) (6.154)

em/2 0 0 —1

— ( 6771’7;/2 677Ti/2 > < 1 1 ) (6155)

0 €—7ri/2
= ( J— 0 ) (6.156)
Also,
—7i/2 —7i/2 /2 0 —7i/2 —7i/2
e e e e e
BAB = ( 0 emi/2 ) ( e Ti/2  ommi/2 ) < 0 eTi/2 ) (6-157)

( _11 (1) ) (6.158)

0 e—m/2
:(e—m‘/? . ) (6.159)

and so we conclude ABA = BAB as required. We have therefore constructed a
two-dimensional representation of the braid group on 4 strands by studying the
monodromy of our solutions to the KZ equations/[]

“This is not the complete monodromy representation since we have used our solutions with
no dependence on the hypergeometric functions. One should be able to obtain a more general
representation that reduces to this one for the case co = 0, where co is the second arbitrary
constant in our general solution to the KZ equations.
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Conclusion

In this thesis, we introduced the theory of semisimple Lie algebras and affine Lie
algebras. Of particular importance was our loop algebra construction of the un-
twisted affine Lie algebras. We used this loop algebra construction in the study of
the Wess-Zumino-Witten models. We saw that the states of these models could be
realised as elements of certain highest weight representations of an untwisted affine
Lie algebra.

In our study of the Wess-Zumino-Witten models, an important result was the
Sugawara construction. This construction gave us a canonical way to embed the
universal enveloping algebra of the Virasoro algebra into a completion of the uni-
versal enveloping algebra of any untwisted affine Lie algebra. Another important

result was the derivation of the m Knizhnik-Zamolodchikov equations at level £.
We saw that the equations we arrived at differed slightly from those commonly used
in the literature. This disparity is a result of an assumption regarding commuting
fields that is not completely justified.

Our main result in the study of the Wess-Zumino-Witten models was the compu-
tation of a collection of four-point correlation functions. For this, we used the Ward
identities, the affine Ward identities, and the Knizhnik-Zamolodchikov equations.
We then introduced vertex operator algebras to give a free field realisation of the

m Wess-Zumino-Witten model at level 1. This allowed us to verify our solutions
to the Knizhnik-Zamolodchikov equations using vertex operators.

Finally, we introduced the Knizhnik-Zamolodchikov equations on the conformal
block bundle. We showed how one can obtain a representation of the fundamental
group of the base space of any flat vector bundle. In the case of the conformal block
bundle, this gives a representation of the braid group. By studying the monodromy
of our solutions to the Knizhnik-Zamolodchikov equations, we constructed a two-
dimensional representation of the Artin braid group on 4 strands.

There are further questions that can be investigated. It would be interesting to
see if we could explicitly construct a representation of the braid group using our
solutions to the Knizhnik-Zamolodchikov equations for arbitrary constants ¢; and
cs. These general solutions contain hypergeometric functions and so one would need
some identities of hypergeometric functions to construct such a representation.

There are also many topics worth investigating that are related to this thesis.
For example, the monodromy representation on the conformal block bundle has
connections to quantum groups. An important result in this area is the Drinfeld-
Kohno theorem, which states that the monodromy representation of the braid group
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is equivalent to a representation obtained from a certain universal R-matrix [21],
p. 459]. Ome could verify this explicitly for the case of the representation we con-
structed.

Instead of looking at purely mathematical aspects of this area, one could con-
tinue in the direction of conformal field theory. There are many more complicated
conformal field theories currently being studied, such as those of the logarithmic
kind. An introduction to logarithmic conformal field theory is provided by [7].
There are other fundamental concepts in conformal field theory worth investigat-
ing including characters, modular invariance, and fusion rules. There are also more
sophisticated methods of constructing conformal field theories such as the orbifold
and coset constructions. This is all discussed in detail in [§].
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Appendix A

Lie Theory Results

Theorem A.0.1. Let k.q denote the Killing form of a Lie algebra g and let k =
Qh%/ﬁad denote the rescaled Killing form. Let {J*} be a basis for g which is orthonor-
mal with respect to the rescaled Killing form. Then

2hY gq = Z fave feva- (A1)
Proof. We have
tr(ad(J)[ad(J*), ad(J")]) = tr(ad(J)ad([J?, J°))) (A.2)
= favatr(ad(J)ad(J*)) (A.3)
= 21" fupae (A.4)
d
= 2hvfabc' (A5)
Furthermore,
tr(ad(J%)[ad(J*),ad(J®)]) = tr(ad(J)ad([J*, J"])) (A.6)
= tr(ad(J%)ad(J*)ad(J")) — tr(ad(J)ad(J")ad(J®))
(A7)
= tr(ad(J%)ad(J*)ad(J)) — tr(ad(J")ad(J)ad(J®))
A.8)
= tr(ad([J¢, J*))ad(J")) (A.9)
= feaatr(ad(J")ad(J]")) (A.10)
d
= 20" " feadOap (A.11)
= 20 fomp. (A.12)
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S0, fave = fear- Now, clearly fupe = — frae- Permuting the indices then gives fu. =
— faep- We will now use this to derive our result. Note that

[Je, J4 = Z Fade® (A.13)
k(J JY) = (ad(]“)ad(Jd)). (A.14)
Now,
ad(J%)ad(J?)J¢ = [J%, [J%, J] (A.15)
— [J", > debe] (A.16)
b
= Zfdcbeabeje (A.17)
b e
= Z Jaco fave . (A.18)
be
So,
tr(ad(J*)ad(J%)) Z Jacb fabe = Z Javefeba- (A.19)
Here, we have used total antisymmetry of the structure constants. We conclude that
Kaa(J T = 20" k(T J?) = 21000 =  fabefebd (A.20)
as required. O
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Appendix B

Vector Bundles

Definition B.0.1. A real smooth vector bundle of rank k is a triple (E, M, )
satisfying:

1. E and M are smooth manifolds.
2. m: F — M is a smooth surjection.
3. 71 ({p}) 2R for all p € M.

4. For every point p of M we require that there is an open neighbourhood U of
M containing p and a diffeomorphism

¢: 7 (U) = U x RF (B.1)
such that for all z € 771(U) we have:
(a) (pru o ¢)(z) = m(x).
(b) prer © @lr—1(gpy : 7 H({z}) = R¥ is a vector space isomorphism.

Here, pry and prge denote the projection map onto U and R¥ respectively. We
call the map ¢ a local trivialisation of the vector bundle. If the vector space
7 1({p}) has dimension k for all p € M then we say that the vector bundle
has rank k.

Definition B.0.2. Given a vector bundle with local trivialisations (U,, ¢4), we
obtain functions

$ad' : (Ua NUp) x R* = (U, N Us) X R” (B.2)
(p;v) = (p, Tap(p)v) (B.3)

where 7,5 : Uy, N Usg — GL(n,R) is a smooth map. We call the maps 7,5 the
transition functions of the local trivialisations.

The following theorem [20], p. 269] gives a useful method of constructing vector

bundles.
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Theorem B.0.1. Let M be a smooth manifold with an open cover {U,} and a
collection of smooth maps

Top - Ua NUz — GL(n,R) (B.4)

satisfying TagTsy = Tay. Then there is a canonical smooth vector bundle of rank n
with local trivialisations whose transition functions are the maps Top.

Example B.0.1. An important example of a smooth vector bundle is the tangent
bundle m : TM =[], T,M — M. Before we discuss the local trivialisations, note
that we can view the tangent space T, M of a manifold M of dimension n at some
point p as the vector space of derivations at p, that is the vector space of linear
maps D : C°(M) — R satisfying

D(fg) = D(f)g(p) + f(p)D(g) (B.5)

for all f,g € C*(M). A basis for the tangent space at p is given by the derivations
0; defined by (0;f)(p) = (0;(f o 1)) (¢(p)) where ¢ : U — ¢(U) C R™ is a local
coordinate containing p and 9;(f o ¢~ ') is partial differentiation in the usual sense.ﬂ
Now, let (¢, U,) be a chart on M. We can define a map

b TN UL) = R (B.6)

(m, Z Ui@») = (o), v1, .., 0p). (B.7)

=1

This map defines a topology on T'M so that V' C T'M is open if and only if @(V N
7~ 1(U,)) is open for every . A smooth structure on T'M is then defined by the
charts (g/ﬁ;, 7 1(U,)). Finally, we can define transition functions 7,5 by sending an
element p of U, N Up to the Jacobian of the map qﬁagzﬁgl at the point ¢,(p). By
Theorem , we can construct our desired bundle called the tangent bundle [20],
p. 252).

Definition B.0.3. Given a vector bundle E with transition functions 7,3, the dual
bundle is given by Theorem where we take our transition functions to be
((Tap)T) ! and the fibres are dual to the fibres on E. Here, ((745)T)"! is the map
defined by ((7a5)T) "1 (p) = ((Tas(p))T) ™! and (745(p))T denotes the transpose of the
linear map 7,3(p).

Example B.0.2. The cotangent bundle 7 : |_|p€M T,M* — M is defined to be dual
to the tangent bundle.

Example B.0.3. Given two smooth vector bundles £ and F' over the same smooth
manifold M, we can define the tensor product bundle £'® F' to be the vector bundle

IThis is proven in [26]. One first shows that this is the case for M = R™ and then taking the
pushforward of these basis elements under ¢! gives the desired basis for an arbitrary smooth
manifold.
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whose fibres are the tensor products of the fibres of E'and F'. To obtain the transition
functions, note that we already have the transition functions

755 Ua N Uz = GL(n,R) (B.8)
785 Ua NUs = GL(m, R) (B.9)

where n, m € N are the ranks of ' and F respectively. We can then define

755®F : Uy, NUg = GL(nm,R) (B.10)
D+ Tos(p) @ Top(p)- (B.11)

Definition B.0.4. A smooth section of a smooth vector bundle 7 : £ — M is a
smooth function o : M — F satisfying m o o = id| ;.

Example B.0.4. Given a smooth vector bundle 7 : £ — N and a smooth map
¢ : M — N, we define ¢*FE = {(p,e) € M x E | ¢(p) = m(e)}. This gives us the
commutative diagram below.

We call pry, @ ¢*E — M the pullback bundle of F under ¢. Notice that the
commutativity of the above diagram implies that prz(pry/ (p)) = 7~ H(¢(p)) for all
p € M and so we obtain the vector space isomorphism pry/ (p) = 7 (¢(p)) for all
p € M. The local trivialisations of ¢*E are obtained from E as follows. Given a
local trivialisation (a, U) of E, we obtain a local trivialisation (3, ' (U)) of ¢*E
with 3 defined as

B:pryf (@0 (U)) — ¢ H(U) x R (B.12)
(p,e) = (p, (pres 0 @)(e)). (B.13)

Given a smooth section 0 : N — FE, we obtain a smooth section ¢*c : M —
¢*(F) called the pullback section defined by

¢*a(p) = (p, (0 0 9)(m)). (B.14)

Definition B.0.5. Let # : E — M be a smooth vector bundle with local trivi-
alisations (¢;,U;). A local frame defined on Uj; is a collection of smooth sections
o; : Uy — E such that o;(p) is a basis for 7~ !(p) for every p € M.

Given a smooth vector bundle 7 : £ — M of rank n, we can construct a local
frame as follows. Define o; : U; — E by 0;(p) = ¢; ' (p, e;) where e; is the standard
basis for R" and ¢; : 71 (U;) — U; x R™ is a local trivialisation with p € U;. Then,
given a smooth section o, we have ¢(o(p)) = (p, > ., @e;) for some a; € R. This
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implies o(p) = ¢~ (p, 11, cuies) = YL i~ (p,ei) = YL, cioy(p)f| For this
reason, we can say that a local frame defines a basis for the space of smooth local
sections in the sense that any smooth local section o can be written in the form
o =Y, o;0; where the coefficients c; depend on p € M. This is useful in Chapter
[0l where we would like to view connections locally.

Definition B.0.6. Given a vector space V, the exterior algebra A(V') is defined
to be T'(V')/I where I is the ideal generated by elements of the form = ® = where
x € V. Here, T(V) is the tensor algebra on V. The exterior product A is defined as
x Ay =2x®y+ I. The kth exterior power of V' is the subspace of A(V') spanned by
elements of the form z; A zy A -+ A . This is denoted A*(V).

Definition B.0.7. A smooth differential k-form on a smooth manifold M is a
smooth section of the kth exterior power of the cotangent bundle of M. Note that
the kth exterior power of the cotangent bundle is defined to be

| | AMT; M) = M (B.15)

peEM
For our purposes, we wish to generalise this definition slightly.

Definition B.0.8. A Lie algebra-valued differential k-form is a smooth section of
the bundle
(gx M) | | ATz M) — M. (B.16)
peEM

Here, m : g x M — M is a trivial vector bundle. We then take the tensor product
bundle with | | ., A*(TrM) — M.

Similarly, one can define a vector space-valued differential k-form. We have a
useful characterisation of Lie algebra valued differential forms given in [29].

Theorem B.0.2. Let G be a Lie group and g its associated Lie algebra. A map

where f : TG X --- X T),G — g s an alternating multilinear map defines a Lie
algebra valued differential form.

To conclude this section, we show that Equation defines a connection on
¢*(E). Consider a local frame {o;} of E. Then it is easy to show that the pullback
sections {¢*0;} give a local frame of ¢*(E). Given (p,e) € ¢*(E), we can write
e=> 1" a;(¢(p))oi(e(p)) for some o € C®(N) since e € 71 (¢(p)). Then we have

(p,e) = (p, Z a;(é(p))(o; o qb)(p)) (B.18)

2Recall that the restriction of a local trivialisation to a fibre defines a vector space isomorphism
and so the second equality holds.
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= Z(O@ °© ¢)(p)(p, (0i 0 9)(p)) (B.19)

= Z Bi(p)(¢*0:)(p) (B.20)

where 3; = a; 0 ¢ € C°(M). Now, given any local section n of ¢*(E), we can use
our local frame of ¢*(FE) to write

n=>_ o (B.21)
=1

for some v; € C*°(M). So, given that we have defined ¢*V on any pullback section
¢*o, we can use our local frame {¢*0;}, R-linearity, and the Leibniz rule to define
¢*V on any section of ¢*F.
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Appendix C

Lie Groups

In this section, we briefly discuss Lie groups and introduce the Maurer-Cartan form.
The Maurer-Cartan form will be used in Section B.I] to define the action of the
Wess-Zumino-Witten models. Hall [I5] provides an excellent discussion of matrix
Lie groups. For a discussion of more general Lie groups, see [23] or [6].

Definition C.0.1. A Lie group is a topological group equipped with a smooth
structure such that the group multiplication and inversion are smooth maps.

Given a Lie group G with identity element e, its corresponding Lie algebra g is
defined to be the vector space TeG.[] The Lie bracket is constructed as follows [9],
pp. 2-3]. First, for X € G define

Ady : G — G (C.1)
Y - XYX L (C.2)

Taking the pushforward of this map at the identity gives a map

T.(Ady) : T.G — T.G. (C.3)

Now, define
Ad: G — GL(T.(G)) (C4)
X — T.(Ady). (C.5)

The map Ad defines a Lie bracket on 7,(G) by
X, Y] = Ad(X)(Y). (C.6)

We can study a Lie group from its corresponding Lie algebra. More specifically,
we can recover the local information of a Lie group through the exponential map,

! Alternatively, one defines the corresponding Lie algebra as the space of left invariant vector
fields on G. The Lie bracket is given by noting that a vector field on G can be viewed as a derivation
on the ring of smooth functions on G, so that one can take the commutator of two vector fields.
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which we define ad?

exp:g— G .
X — 7(1). (C.8)

Here, v : R — G is the unique continuous group homomorphism satisfying +'(0) =

X.

Example C.0.1. The group SL(2,C) of 2 x 2 complex matrices of determinant 1 is
a complex Lie group whose corresponding Lie algebra is sly(C). The outline of the
argument is as follows. We can view SL(2,C) as a (closed) submanifold of GL(2,C)
and so the Lie group structure of SL(2,C) is inherited from that of GL(2,C)F]| To
see what the tangent vectors look like at the identity, we can (to first order) consider
a curve

y(t)=1+tA (C.9)
on SL(2,C) for some matrix A. To first order we have
dety(t) =1+tr(A)t =1 (C.10)

and so we can deduce that tr(A) = 0. We can then see that the Lie algebra of
SL(2,C) must correspond to traceless 2 x 2 complex matrices, which we can identity
as sly(C).

In Appendix [B| we introduce vector bundles and the notion of a Lie algebra-
valued differential 1-form. This allows us to define the following 1-form that will be
used in Section B.11

Definition C.0.2. Let GG be a Lie group. Define

fo:G—=G

C.11
h +— gh. ( )

Note that f, is smooth for all g € G since G is a Lie group. The pushfoward of f,-
at g defines the Maurer-Cartan form wj.

We can see that the Maurer-Cartan form associates to every point g € G a map
wy : T,G = g. (C.12)

By Theorem [B.0.2] this is a Lie algebra-valued differential 1-form.

#We call this the exponential map because we can write exp(X) =Y o, )f—,l for certain matrix
Lie groups.
3This is a theorem of Cartan called the closed-subgroup theorem.
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Appendix D

Conformal Invariance for the
Wess-Zumino-Witten Models

We would like to obtain the OPE J%(z)J%(w). This can be done using conformal
invariance. Our method of obtaining the OPE follows [33, pp. 25-27]. This is
essentially the same method we used to compute the OPE given by Equation (3.77]),
but it requires a bit more work. In the holomorphic sector, we have a conserved
charge

1 1 _
Q= o %%(6(2), J(2))dz — o P k(€(Z), J(Z))dz (D.1)

corresponding to a symmetry B
g faf (D.2)

with f and f holomorphic and antiholomorphic respectively. Using the exponential
map, we can write

f(2) = exp(e(2)) (D-3)
[(Z) = exp(e()) (D-4)

where €(z) and €(Z) take values in the Lie algebra. Under the symmetry
g~ faf (D.5)

we have (to first order in €, €, Je, and O€)
J(2) = k(g7 —e(2)g™! — g7 '€(2))(0g + 02(Z) + €(Z)0g + dge(z) + gde(2)). (D.6)
So,

5cJ(2) = —ke(2)g'0g + kg~ '0ge(z) + kde(2) (D.7)
= [J(2),€(z)] + kOe(2). (D.8)

Now, let {J*} be a basis for g orthonormal with respect to the Killing form. Write

e(z) = €(2)J" (D.9)



= Jz)J" (D.10)

for scalar fields (z) and J(z). We have
k(e(2),J(2)) = Xb: €"(2) " (2)K(J?, J") (D.11)
= Z €1(2)J%(2). (D.12)

This allows us to write
J(w) = [Q J( (D.13)

- f Z J(w)]d= (D.14)
= Z 5 j{ 2)R{J(2)J°(w)}dz (D.15)

In the last line, we have used the contour trick from Section |3.3] Using Equation

, we can also write

bed (w) =) (Z Fape (W)€ (w) + ke (w )) (D.16)

using total antisymmetry of the structure constants fu. (proven in Appendix .
Comparing this with Equation (D.15]), we can read off the OPE

P2 )~ +3 fu — (D.17)

In an arbitrary basis for the Lie algebra g, the d,; term should be replaced with
k(Je, J°).
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Appendix E

Canonical Quantisation of the Free
Boson

We begin with studying a classical field ¢(0,t) on a cylinder parametrised by angle
0 and height t. We require that ¢ satisfies periodic boundary conditions. The
Lagrangian density for the free boson is [§]

g
£ =210 - u0)?]. (E.1)
Here, g is a coupling constant. Recall the Euler-Lagrange equation for L = |, o1 L,
oL d oL
— — ——=0. E.2
00 dt 96 (E2)

This is obtained by extremizing the action S for some time interval [a, b]. We define

S— / L (E.3)
S1x[a,b]

The Euler-Lagrange equation gives us the classical equation of motion,
(02 — 3B)6 = 0. (E.4)

To obtain a quantum field theory, we begin by decomposing the field into a sum of
modes as follows.
6(0,8) = 3 /R, (1), (E5)
nez

Here, R is the radius of the cylinder [§]. We can consider our Lagrangian density to
be a function of these modes. The ¢,, are then generalised coordinates, and we can
define the generalised (conjugate) momenta by m, = 0L/ d¢,. We then impose that
these modes be operators with equal-time commutation relations. This is known as
canonical quantisation.

The free boson, in the context of conformal field theory, is studied on the complex
plane. We can apply a similar process of canonical quantisation after mapping the
cylinder to the plane. This is done with the coordinates [32]

5 — (O0-)/R 5 _ —i(0-1)/R (E.6)
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The corresponding equations of motion result in fields d¢(z) and 9¢(2) that are
holomorphic and antiholomorphic on C\{0} respectively [32]. By Laurent’s theorem,
we can expand these as Laurent series in any punctured neighbourhood of the origin
with coefficients a,, and @, respectively. Our process of canonical quantisation then
involves imposing the following commutation relations [32].

600 6m(0] =0 [00(0), In(0)] = 5200w [Balt), (0] =0 (ET)

We also impose that the a, and @, are operators. From this, we can deduce the
commutation relations of the modes a,. We do this by first expanding our fields
0¢(z) and 0¢(Z) in terms of modes. We write

0p(2) =Y apz"" 0(2) =Y @z " (E.8)
nel nez

This gives

N Al R1 in(0—t)/R i
=5 /8¢ dz = — ——(0p — Or) (0, t)e Ezd&. (E.9)

21 Jo 21z

Here, we used

Op = %z@ . }%?8% (E.10)
7 7
= ——= —205. E.11
O = =520 + 170z (E.11)
So,
L2 0(m+n)/R 0(m+n)/R | /R
- = 10(m+n i0(m+n —int E.12
n = i T Z me O Z e Om(t)] e do ( )
meZ meZ
1 . ] —int/R
=—|— _ — _ 1
e [ Oming_n(t) — 2R n(t)} e (E.13)
= (Bo-a+ bt ) e (B.14)
]

Now, we calculate

s = [ (30001 + 26 0)) %, (2t 4 256 )) ]

(E.15)
= (10000 6o (0] + (0, D) + T8, 60
= L Bal0) b)) et (B.16)
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— (B0 0] = TG0 (0] ) O (BT
an am ng
= Vpom— —0n-m = —O0n —m- E.1
8 7 T 4T (E.18)
Typically this is rescaled so that [an, @] = nd, _,. We also introduce a central

clement K that satisfies [a,, K] = 0. We then write [ay, @] = 10y, — K. From this,
the elements {a, } U {K} generate a Lie algebra called the Heisenberg algebra. The
operators a, and the field d¢(z) correspond to the holomorphic (or chiral) sector
of the theory. It turns out that the free boson has a holomorphic factorisation,
meaning that we can mostly study these sectors independentlyﬂ

More specifically, representations of the Lie algebra containing the operators @, form the states
in what is known as the antiholomorphic sector of the theory. The space of states for the free boson
is @,y (Vo ® Vp,) where each V,, represents a particular sector.
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Appendix F

Free Boson Vertex Operators

In the free boson, our Lie algebra of interest has a basis {a, }nez U{k} with bracket
[, Q)| = N0y ok [an, k] = 0. (F.1)

We have a field 0¢ analogous to the fields J%(z) in the WZW models given by

00(z) = Zanzfnfl. (F.2)

ne”L

This field is obtained by a process called canonical quantisation. This process is
outlined in Appendix [E] The state-field correspondence can be used to deduce the

OPE
1

9¢(2)0¢(w) ~ we

Let ¢(z) be a field satisfying 0.¢(z) = 0¢(z). Note that this is not necessarily
unique. Let ¢y be the zero mode of the field ¢(z) — aglogz. Define the field

(F.3)

V;,(Z) — eP%o ppaologz H [epa—nZ"/nefpanZ‘"/n] ) (F.4)

n=1

Such a field is called a vertex operator][]]

There is a subtle issue with enlarging our CFT (or more specifically, our vertex
operator algebra) so that the mode ¢ is contained in the corresponding Lie algebra.
The issue is that a physically meaningful theory of the free boson which includes the
mode ¢g must be non-chiral. Such theories are not able to be formalised within the
framework of vertex operator algebrasﬂ and so there is no vertex operator algebra
which contains the free boson and the mode ¢q in a consistent manner. For an
explanation of what we mean by chirality, see Appendix [E] We will assume that it
makes sense to talk about fields such as that previously defined. This is fine for our

1One usually encounters vertex operators written in the form V,(z) = exp(: ip¢(z) :).

2Vertex operator algebras formalise the chiral sector of a CFT. Certain questions about how to
combine the holomorphic and antiholomorphic sectors of a CFT cannot be answered within the
framework of VOAs.
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discussion since our ultimate goal is to compute correlation functions, which are not
affected by this issue.

The state corresponding to the vertex operator previously defined is |[p). An
outline for showing this is given in [32]. We will now present the details, starting
with computing [a,, ¢o]. Since ¢q is the zero mode of ¢(z) — aplogz, we can write

1
Gy = i (d(w) — aplogw) w™'dw. (F.5)
We also have [ay, aplogw| = [ay, apllogw + ag[an, logw] = 0 since logw is a scalar. So,
1
0] = 5 Pla )™ du (F.6)

Writing a,, = ﬁ fo 0¢(2)z"™dz and using our contour trick, we have

[an, do] = ]{ }'{ 0¢(z )2 w  dzdw. (F.7)

The only possible OPE for 0¢(z)¢(w) which is consistent with the OPE for 0¢(z)d¢(w)
is
1

z—w

99(2)p(w) ~

Substituting this into our expression for [a,, ¢o] gives

[@n, Po] = 27rz 7{]{ dzdw (F.9)

W dw = Gy - (F.10)

(F.8)

" 2mi 0

We now wish to show
Ip) = eP% |0). (F.11)
Since [an, o] = 0 for n > 0, it is clear that [a,,$E] = 0 for n > 0. As a result,

[y, eP%] = 0. We also know that [ag, @] = 1. If we assume that [ag, df] = koh !,
then

[ao, #6] = [ao, dgld0 + dglao, do] = (k + 1) (F.12)

By induction, [ag, #2] = n¢y~ " and so

PP N p_n N —pn 0 1 po
aan O pa n aOa(bO _;(n_1)| = pe B (F13)
Therefore,
ape?” |0) = [ag, e¥*°]0) = pe”® |0). (F.14)

Similarly, a,eP? |0) = 0 for n > 0. We conclude that

p) = e [0). (F.15)
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Before deducing the OPE for V,(2)V,(w), we need to prove some more results.
First, for n # m, we have

[eomn o] = §° 9} efa-m] = (. (F.16)
7!

=1

The last equality follows from applying commutator identities to [a’,, a’ ) and using
the bracket [a,,a_,] = 0 for n # m. Another result of interest is

eringraioss TT era—ns"ln| — (F.17)

n=1

for n > 1. This follows from commutator identities and the results

[er%0, er*—n"/] = (F.18)
[ePoologz gpa—nz"/n] — (), (F.19)

For n > 1, equations (F.18]) and (F.19)) hold and follow from commutator identities
and the brackets [¢g, a_,] = [ap, a—,] = 0. The third result that we will use is

e efPo — gof ghdogaao, (F.20)
This can be proven using the Zassenhaus formula [5]. Since [ag, ¢o] = 1, the formula
simplifies significantly and we have

a0 B0 aao+p¢o plaao,fdo] _ aao+Beo ab/2 F21)

=e
BP0 gaa0 _ paaot+Boo [Bdo,ca0] _ aaotBoo,—aB/2 (F.22)

Combining these two equations gives the result. From the first two results, we can
deduce

k
lim V},(2) |0) = lim eP?0ePl8* lim [ep“—"zn/"efpanz_n/n} |0) (F.23)
z—0 z—0 k~>oon 1
k k
— T pdo ,paplogz 1: Pa_pnZ /n —panz~"/n
l%@ e kh_}r& 1 e li[l [e } |0) (F.24)
— 1 eP%o paologz pa—nz"/n
ll_rf(l)e e 1_[1 e 110) (F.25)
_ T pa_nz™/n] _pdo paologz
l% 1 e | er%e |0) (F.26)
= lim [epa”‘zn/”] Ip) (F.27)
z—0 1
= |p). (F.28)
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This tells us that the state corresponding to the field V,(z) is |p).
We remark that this derivation ignored some subtle issues by assuming

k k
ppo paplogz pa_nz™/n| __ pdo paplogz pa_nz™/n
[e 0Pt klggol_[le ] ]}erolo [e 0Pto 1_[16 ] (F.29)
and -
i pa—nz /n pa_nz"/n
lli% 1 e l1p) = Hhm e 1) (F.30)

Finally, we can deduce the OPE for V,(2)V,(w). Using the same method in
proving Equation (F.17)), we can deduce

k
[ep%epaologz’ H epa—nz"/nepanz—n/n] =0. (F?)l)

n=1

This result and Equation (F.20)) allow us to compute

Vi(2) la) = Vy(2)e* [0) (F.32)

|: pa_ nz”/ne*panzin/n] €p¢oepa010gzeq¢0 ‘O> (F33)

||:8 ||z8

[epa,nz"/ne—panz—"/n] epqlogze(p-i-q)d)o epaologz |O> (F34)

[ [ e rens )+ ). (F.35)
n=1

Using Equation (F.16)) gives

o0 Z,n
Vi(2)la) = 2P%exp [ p ) gan> p+q) (F.36)
n=1
— LPa - ]il A—ny " Qoni pytotn;
=z Z,' Z o zM P+q). (F.37)

- 7!
=0 ni,...n; EN

By inspection, the OPE V,(2)V,(w) can be computed to any order using the state-
field correspondence

: [H:L:ll [ak1¢(2)] H [6kl¢( )H p+q(2) :
(ky —1)!-- (kl —1)! ’

1

ay, - aly lp+q) <—

(F.38)

Explicitly, we have
V() Vi(w) = (= — w)pq{mq< )+ 08(w)Vpeglw) : (= — w)
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1

+5 10" 06(w) (W) Vpsg(w) : +p : (W) Vpg(w) i](z—w)2+'“}- (F.39)

We conclude this section by proving that F(z) and F'(z) anticommute with both
¢(w) and ¥ (w) up to singular terms and the first regular term. The generalisation
of this result to arbitrary level was used in Section The fields E(z) and F(z)
correspond to the vertex operators V, 5(z) and V_ 5(2) respectively. The fields ¢(w)
and ¢ (w) correspond to the vertex operators V. 3 (w) and V% (w) respectively. One

of the possibilities is trivial, and so we focus on showing that V\/ﬁ(z)V\—Tl(w) =
2
—V%l (w)V /5(2) up to the singular terms and the first regular term. Up to these
2

terms, we have

Vil WVo () = ——{Vy () +V2: 06()Vs () : (= —w)}  (F.40)

—w
w

f< L3 oty

(w) : . (F.41)

1
7

|

o
&
=
)
&

|

|
<

S
S

|

w
|
S

— Vo (w)V 5(2) = z\/i " +—: 8@5(2)‘/%(2) - (F.44)

Expanding the fields on the right hand side as Taylor series in w, we obtain

Vo ()Vig(e) = 5+ VL () + s 06(w)V (w) (F.45)
)

Using the expression V% (w) = exp(: \%qﬁ(w)
2
\/Li : 6¢(w)V% (w) :. We therefore obtain

., we can identify OV E (w) with
2

V%(IU)
(w)Vs(2) = +V2: dp(w)V. 1 (w) (F.46)

—V

Sl

as required.
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Appendix G

The Reconstruction Theorem

We will now present the reconstruction theorem, which allows us to verify that the
vertex algebras we are interested in are in fact vertex algebras.

Theorem G.0.1. Reconstruction Theorem. Let V' be a Z>-graded vector space
with |0) € Vi not the zero vector. Let T : V — V be a linear map of degree 1. Let
{v"}nes be a collection of homogeneous elements of V' with S C ZEI Assume that
for each element v™, we have a field

v"(z) = Z ot L (G.1)

Furthermore, assume that the following hold:

~

v |0) =0 for allm >0,neS.
.0 |0) =" foralln € S.
. All pairs of fields v"(z) are local.

2
3
4. T10) =0.
5. [T,v"(2)] = 8.0™(2) for alln € S.
6

. The elements
vt - '"UZC’“ |0) (G.2)
form an ordered basis for V with i; < i;11, 1; < 0 and if i; = i;41 then
n; S UJESE
Then defining Y (-, z) : V. — EndV|[[z]] to be the linear extension of

co Ty ()07 2 w2 (2) - O e (2)
(i — D iy — 1) (=i, — 1]

gives the structure of a vertex algebra on V.

Y(levZQ-nvZf 0),2) =

(G.3)

We call an element of a graded vector space @D
n € Z.

nez Vn homogeneous if it lies in V,, for some
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Proof. We begin by defining a grading on V' with the function

VRO 0 [0) e =Y iy, (G.4)
n=1
Now, note that the field
o,y (2) (G.5)
has degree —i;. This is easily shown by induction. For the base case, we can see
that v™(z) has degree 1 since the degree of v is —m by our choice of grading.
The inductive step follows from [T,v"(z)] = 0,v"(z) and the assumption that T
is homogeneous of degree 1. By Lemma , the field Y (v;'vp? - - vp* 0) , 2) has
degree — 22:1 in-
We now use induction to prove that Y (A4,z)|0)|..o = A. For the base case
A =" 10), we have

Y (02 10),2)[0) =0

1 ng ,—m—l
= = Z(—m —1D(=m—=2)---(—m —1+1)v*z |0>] (G.6)
meZ z=0
= 0™ 0) . (G.7)
This can be seen since for m > 0, v [0) = 0. The terms for m < —I are zero since
we are evaluating at z = 0. The terms for m = —1,—-2,...,—1l 4+ 1 are zero due
to the term (—m — 1)(—m — 2)---(—m — 1+ 1). The only term that is nonzero
corresponds to m = —[. Now, assume that the field
Y(A, z) = Z Apz "1 (G.8)
meZ
satisfies
Y (A, 2)|0)|.—0 = A. (G.9)
Let a > 0. Note that
0r o (z) = Y 0t (G.10)
meZ
= Z(—m— D(=m—=2)---(—m —a+ L)urz"""¢ (G.11)
me”Z
= Z(—m —2+a)(-m—34a) - (—m)vpt 2" (G.12)
meZ

So the mth mode of 9%~ tv™(2) is
(—m—=2+a)(—m—=3+a) - (—m)v,t _,. (G.13)
Then
Y (v, A, 2)[0) =0
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o™ (2)Y (A, 2)
R

_ a_l,z<2 —m = 24 a)(=m = 3+ )~ A

neZ \m<-1

(G.14)

+ Z Apemi(—m—=2+a)(—-m—3+a)--- (_m)vngl_a) 21 0)

m>—1

By assumption,
(=m—=2+a)(-m—=3+a) - (=m)v/1, ,[0) =0 (G.16)

form>a—1. Form=0,...,a—2, the factor (—m —2+a)(—m —3+a)---(—m)
is zero. Now we use the fact that A,, |0) = 0 for m > 0 and A_,]0) = A by our
inductive assumption. As a result, we know that

1

-1 <Zl(—m —2+a)(-m—34a) - (—m)vpt o Ap 1z "|0) =0
Gan)
for n > 0. Furthermore, this is zero for n < —2 as a result of evaluating at z = 0.
So,
Y (0™ A, 2)]0) |.=0
= a_1|z _2+a( m_3+a)"'(_m) m+1 aA*m 2|0>
(G.18)
=ov™ A_1|0) (G.19)
=v"A (G.20)

as required.
Induction can be used again to prove that [T, Y (A4, 2)] = 0,Y (A4, z) forall A € V.
The base case A = v™ |0) is immediate from

[T, 0% 0™ (2)] = 0%0™(2). (G.21)

We now assume that [T,Y (A4, z)] = .Y (A, z). Given two fields A(z) and B(z) we
have

1 0,A(2)B(z) 1 + : A(2)0.B(2) :

— Z < Z —mAp—1Bn_m + Z —mBnmAm1> 52

nezZ \m<—1 m>—1
(X - o
neZ \m<-—1
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+ ) —(n- m)Bn_m_lAm> P (G.22)

m>—1
=) —(n+1) (ZA Bnm1+ZBnm1A)
neL m<—1 m>—1
(G.23)
=0,:A(2)B(z) :. (G.24)
It is also clear that the identity
[T,: A(2)B(z) :] =: [T, A(2)]B(2) : +: A(2)[T, B(2)] : (G.25)
holds. These properties will be used to finish the inductive step.
1
T,V (v™ A, 2)] = =1 [T,: 07 "™ (2)Y (A, 2) ¢ (G.26)

_ 1 T MY (A, 2) s 2 02T Y (A, 2)] )
(G.27)
1

= oy UMY (A 2) 4 0T (2)0.Y (A, 2) 1) (G28)
e _1_1)182 FOTTMY (A, 2) = 0.V (VA 2). (G.29)

Finally, it remains to prove that for all A, B € V, the fields Y (A, z) and Y (B, w)
are local. This is also done using induction. The base case requires showing that
Y (0™, 10), z) and Y (v"* |0) ,w) are local. This follows from the locality of 92~ tv™ (2)

and 0’ *v™*(w). Note that the inductive step also follows from the locality of these
two fields by Lemma [5.1.4] Using the locality of v (z) and v™ (w), we have

(z —w)N o™ (2),v™ (w)] = 0 (G.30)

for some N € N. Differentiating with respect to z and multiplying by z — w then
gives

(z —w)N o0 (2), 0™ (w)] = 0. (G.31)

Similarly, we can differentiate with respect to w and multiply by z — w. We can
repeat this as many times as we like to show that 99 1v™(z) and 9’ 'v™(w) are
local for all @ and [. ]
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Appendix H
The Braid Group

The definitions in this section can be obtained from Chapter 1 of [2].

Definition H.0.1. The nth configuration space of a topological space X is defined
to be
Conf,(X) = {(x1,...,2,) | z; € X, z; # x; for i # j}. (H.1)

The symmetric group .S, acts on this space by permuting the x;. That is,
o (21, %n) = (To(1)s - -+ To(n))- (H.2)

Definition H.0.2. Given our action of S,, on Conf,(X), we can form the quotient
space
UConf, (X) := Conf,(X)/S,. (H.3)

We call this the unordered nth configuration space of X.

Definition H.0.3. The Artin braid group on n strands is defined to be
B,, = m (UConf,(R?)). (H.4)
The pure braid group on n strands is defined to be
P, = m(Conf,(R?)). (H.5)

By considering representatives of the fundamental group of UConf, (R?), we can
draw diagrams of braids up to homotopy equivalence. The diagram below shows an
example of an element of Bs.

)
>
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Notice that one of the strands moves over the top of another strand. This is a
different element of the braid group to the element obtained by choosing the other
strand to move over the top instead. In fact, the two elements obtained in this way
are inverses.

We will now discuss the relations satisfied by the elements of the braid group.
First, define o; to be the braid given by swapping the ¢th and (i 4+ 1)th strands. It
is clear that these braids generate the braid group. Now, note that o,0; = o;0; for
|i—j| > 2. This is clear since for |i —j| > 2, the ith and (i+1)th strands do not cross
the jth or (5 4+ 1)th strands. More interestingly, the relation 0;0;,10; = 0110041
holds for i < n — 2. By keeping track of the start and end points of each strand, we
can see that this is the case for 1 =1, n = 4.

) )
LS
J

" "

This similarly holds for other values of ¢ and n. We therefore obtain the presentation

B, = {(01,...,0n_1 | 050, = 0;0; for |i — j| > 2,0,0,410; = 04410011 for i <n —2).

(H.6)

We generalise our definition of the braid group to arbitrary connected topological
spaces as follows.

Definition H.0.4. The braid group of n strands on a connected topological space
X is defined to be
B,(X) = m (UConf, (X)). (H.7)

Definition H.0.5. The pure braid group of n strands on a connected topological
space X is defined to be
P,(X) = m(Conf,(X)). (H.8)
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