THE EXTENDED ALGEBRA OF THE MINIMAL MODELS
PIERRE MATHIEU AND DAVID RIDOUT

ABSTRACT. The minimal model$v (p', p) with p’ > 2 have a unique (non-trivial) simple current
of conformal dimensior = %(p’ —2)(p—2). The representation theory of the extended algebra
defined by this simple current is investigated in detail. tAjhest weight representations are proved
to be irreducible: There are thus no singular vectors in tttereled theory. This has interesting
structural consequences. In particular, it leads to a saeimethod for computing the various terms
appearing in the operator product expansion of the simpieotwith itself. The simplest extended
models are analysed in detail and the question of equivalehconformal field theories is carefully
examined.

1. INTRODUCTION

This article is the second in a series in which we analyse-kredlvn conformal field theories
from the viewpoint of an extended symmetry algebra definea fiynple current. Here, we present
the minimal model case. This series was initiated by [1], ok we constructed and studied
the extended algebras of tB& (2) Wess-Zumino-Witten models. Whilst these two articles are
formally independent, we will see that the main results iolet in [1] have formal analogues in
the study of the minimal model extended algebras. The asctgtn of the latter is in fact easier in
many respects, because the algebrais only graded by therowifdimension, and not additionally
by thesl(2)-weight. However, this structural reduction makes the ysialof the minimal model
extended algebras somewhat more difficult tharSihé€2) case.

1.1. Motivation. The reformulation of the minimal models from the point ofwief the extended
algebra generated by their simple current fits within theegalinprogram of trying to understand
and/or derive fermionic character formulae (see for exan@) by intrinsic conformal field the-
oretical methods. Such fermionic formulae reflect the dpson of the space of states in terms
of quasi-particles subject to some restriction rules. Witine framework developed here, the
quasi-particles are represented by the modes of the simmpient. The first objective towards con-
structing the fermionic formula is to derive a complete gatamstraints on strings of these simple
current modes so as to obtain a complete description of theespf states. The character will then
be the generating functions of these states.

The best studied minimal models are those with- 2. Their basis of states has been derived
in [3] (through an analysis inspired in part by that of thegfarmionic models in [4]). For fixed
p, the basis is formulated in terms of the Virasoro modes at&l gontrolled by partitions with
difference 2 at distande wherep = 2k+ 3. However, these models do not fit within our framework
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as they possess no simple current. More precisely, the sicoptent of thév( (2, p) models reduces
to the identity field.

The next simplest cases are thig3, p) models. Here, there exists a non-trivial simple current,
namely ¢ ;. These minimal models have been reformulated from the pfiniew of the ex-
tended algebra generated ¢y, in [5], and this reformulation has led to the proposal of adab
states expressed solely in terms of {he modes (see also related results in [7]). Although some
justifications for the linear independence and spanninggay of the states were discussed, no for-
mal proofs were presented, although the resulting ferraioharacters were derived, reproducing
known expressions (given for instance in [8]).

There are two natural ways to extend these resulfg te 3. One can either pursue the con-
struction of a basis in terms @b ; — noting that forp’ > 3, @ 1 is no longer a simple current —
or look for an extended formulation in terms of the new masimple current. The description
of the basis of states for tH& (p’, p) models withp’ > 3 in terms of thegy 1 modes is plagued
with serious technical difficulties rooted in the fact tha bperator product expansiongsf; with
itself has more than one channel. This construction is masu [9]. Here we follow the second
approach, which amounts to giving the role of basic gengratayed byg 1 in the M (3, p) ex-
tended algebra, to the corresponding simple current of éme@IM (p’, p) model,p’ > 3. This
simple current isgy_1 1 (Section 1.3).

In [5], the M (3, p) basis of states is formulated in termgmwélependent constraints on the strings
of modes ofg, 1 at distance 1 and 2. However, the precise mechanism by wihésfetconstraints
arise was not clearly isolatédDo these conditions on the basis of states follow solelynfthe
operator product expansion @f > with itself, by considering a sufficiently large number afits
(as exploratory computations seem to indicate)? Do theura@nd simple current singular vectors
play any role with regard to these constraints? Moreovgg]iit was implicitly assumed that there
are no singular vectors in the extended algebra, so that Inwastions were needed to construct
the character. However, no arguments supporting this gasumwere presented there, apart from
the fact that ignoring such potential singular vectors dideied reproduce the correct characters.
Finally, all issues relating to linear independence of theppsed basis could be treated rather
informally because the fermionic characters, with whick #tate generating function could be
compared, were already known in precisely the same form.

For p’ > 3, the situation is completely different. Although fermiomexpressions are known
for all irreducible minimal models [10], they are not obvsby of the type that would suit the
combinatorial descriptions of the bases foundbs= 3. To make progress then, we require defi-
nite conclusions concerning the representation theorfi@atgebra defined by the simple current
modes. It is therefore mandatory (both for thle= 3 case and its generalisation) to consolidate

INote that another proposed basis has been presented inifépuivmuch rationale. This alternative basis involves
both the Virasoro angy 1 modes and it unifies, in a sense, fife= 2 andp’ = 3 bases.

2Seein particular the discussion presented in the two papagrbefore [5, Eqn. (3.16)].
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the foundation and reanalyse carefully the mathematicatdtism implied by this simple current
approach. This is the subject of the present paper. Basissssill be reported in a sequel [11].

We mention that reformulating theories through a quasii@arapproach has many physical
advantages and applications. As some of these have alresydiscussed in [1], we will not
address them further here.

1.2. Outline. The article is organised as follows. Some preliminary ressaite first collected in
the following subsection, where we also fix the notation. €keended algebra itself is defined in
Section 2. In short, this algebra is defined by the operatmtymt expansion of the simple current
@y—11 With itself. We first examine the commutativity and assaeigt of the defining operator
product expansion, and a neat (rigorous) argument is piexséor the necessity of introducing an
S-type operator in this expansion, anticommuting with tmede current modes wherhg_ 1 is
odd. Whilst the necessity of such an operator is not seeredete! of the full (non-chiral) theory
(which explains why it was not observed until recently), iews that its presence is nevertheless
essential to a consistent treatment of the representdiemnyt.

It is then a simple matter to extend the Virasoro algebra ¢odaligebra defined by the simple
current modes. Animportant consequence of the dimensigp.of 1 not necessarily being integral
or half-integral is that the defining relations of the algebf modes must be formulated in terms
of generalised commutation relations involving infiniteteu The representation theory of this
extended algebr#s then developed in Section 3. We emphasise here the ceoleaplayed by
the monodromy charge. Symmetry properties of the genethismmutation relations are also
studied, and we identify for later use those generalisedneotation relations, amongst the many
that we generate, which are actually independent.

Various examples of extended minimal models are present&kction 4. In the context of
extended algebras, we clarify the meaning of equivalend¢e@iconformal field theories. We do
this by introducing a sequence of (partially) extended nwddose infinite limit is the genuine
extension under study. These “incomplete” versions aresemce defined by truncating the depth
at which the operator product expansionggf_, 1 with itself is probed.

The central result of the paper is then presented in Sectiomhere it is argued that in the
extended algebra, all modules are free of singular vectinss is first supported by a number of
explicit computations within the simplest minimal model$ien, a generic argument is presented
which demonstrates that in the vacuum module of the extettingealy, there are no singular vectors.
In other words, the vacuum Verma module is already irredeciBinally, an appeal to a (claimed)
general property of the Virasoro vacuum singular vectag (the at gradép’ — 1) (p—1)) is used
to lift this conclusion to the other (extended) highest veignodules appearing in the theory. The
claimed general property in this case is that the correspgmubll field completely controls the
spectrum of the minimal model as well a of its singular vectors.
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Restated differently, our main result states that whemtakito account sufficiently many of the
terms in the operator product expansionggf_1 ; with itself, the vacuum and the simple current
principal singular vectors identically vanish (and we wklahat this then implies the vanishing of
the other singular vectors). This means that the correspgndrasoro singular vectors are coded
as identities in the model's defining operator product esgan But once this is established, it
can be turned around and used to deduce recurrence relrdhe various terms of this operator
product expansion. Such relations are derived in Sectiomh&se appear to be rather powerful
technical tools, as the displayed illustrative computaiexemplify.

1.3. Notation and Preliminaries. The minimal models may be defined as those two-dimensional
conformal field theories whose state space is constructedfoa finite number of irreducible
representations of the Virasoro algeB#&. This is the infinite dimensional Lie algebra spanned
by the mode4.,, (n € Z) andC, subject to the commutation relations

m+1 C
[Lm, Ln] = (M—n)Lmin+ ( 3 )5m+n70§ and [Lm7C] =0. (1.1)
ThelL, are the modes of the energy-momentum field
T@2)=YS Lz "2, (1.2)
; n

whose operator product expansion is

T@Tw) =2 2TW 0T (1.3)
(z—w)"  (z—w) Z—W
The generato€ is central, and acts on the irreducible representationgpasing the theory as
multiplication byc, the central charge.

Up to a finite ambiguity in the modular invariant, the mininmabdels are classified by two
coprime integerp > P’ > 1 (in fact, by their ratio). We will generally denote a mininmaodel
by M (p/, p), presuming that the modular invariant is diagonal unlebsmtise specified (we will
actually only be concerned with the structure of the theompa chiral level). The central charge
of M (p/, p) is given by

6(p—p)°

pp
and the irreducibl&ict-modules which appear (the spectrum) have highest weigtessof confor-
mal dimension

c=1- (1.4)

ho_ (Pr=P9”=(p=p)°
’ 4pp
where 1< r < p'—1 and 1< s< p— 1. We note the symmettyy_; ,_s = hr s which implies a
redundancy in the spectrum. We will generally denote a pyrfiald of conformal dimensiohy s
by @& s(z), and the corresponding highest weight state#dp;g). The aforementioned symmetry is
then expressed by the field identificatiopg (z2) = @y_r p-s(2). In particular, the identity field is

(1.5)



MINIMAL MODEL EXTENDED ALGEBRAS 5

@1.1(2) = @y_1p-1(2), and the corresponding highest weight state is the vacuinchvwe denote
by [0) = |@r1).
The fusion rules for the (diagonal) minimal models are kn@wplicitly [12, 13], and read

min{r+r'—=1.2p'—r—r'—1} min{s+s—-1,2p—s—s -1}
/

PsX Gy = )3 ' B, (1.6)

m=1+|r—r’| n=1+[s—9|
where the primed summation indicates thaandn increment in twos. We are interested in so-
calledsimple currentsfields whose fusion with any primary field gives back a simglenary field.
We see thaty ¢ is therefore a simple current precisely when

1+|r=r[=min{r+r'—1,2p —r —r' -1} forall1<r<p —1, (1.7)

and 1+ |s—s|=min{s+s—12p—s—5 -1} foralll<s<p-1. (1.8)

We consider Equation (1.8) first. When-s < p, this become$s— S| = s+ — 2, so squaring
gives

(s—1)(§—-1)=0 foralll<s< p-s5s. (1.9)

Thuss =1 ors = p—1 (forcings= 1). Similarly, whens+s > p, [s—§|=2p—s—5 —2, s0

(s—p+1)(S—p+1)=0 forallp—s <s<p-1. (1.10)
Again,s = p—1 or§ =1 (forcings= p—1). The analysis of Equation (1.7) is identical, so we
find that the only simple currents are
Q1=@y-1p1 and  @pi1=@_ 11 (1.11)

For p’ = 2, these coincide, so there are no non-trivial simple ctstefforp’ > 2, there is a unique
non-trivial simple currentpy_4 1, which we will generally denote by for brevity. Its conformal
dimension is given by

_ -2 (p-2
h=hy_11= 7] (1.12)
and its fusion rules take the simple form
PX@s= (pp’—ns- (1.13)

Note thatp x @ = ¢y 1.

We wish to extend the symmetry algebra of the minimal madép’, p) by adjoining the modes
@ of the simple current to the Virasoro modeg. Because the conformal dimensibrof the
simple current is not integral in general, we do not expeat this extended algebra will be a Lie
algebra, but will instead be defined by generalised comnontaelations. Mathematically, we
therefore seek a (graded) associative alg@yg, generated by they, in which Dix, or rather
its universal enveloping algebm(%itmp) appears as a (graded) subalgebra. Here, the subscript
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“p, p” indicates that we identiff€ with cid in this universal enveloping algebra (although we will
often drop this subscript for brevity in what follows).

Before turning to the construction of this algebra, let utertbat a part of the structure is al-
ready available to us. Ag(w) is a primary field, its operator product expansion with thergy-

momentum tensor is

hp(w) | do(w)
(z— W)2 Z—W
Assuming that these two fields are mutually bosonic, thidiesghe familiar commutation rule

[Lm, @] = (m(h—1) —n) @nen. (1.15)

This (mutually) bosonic behaviour can in fact be derived,doample from the analogue of the
Jacobi identity (see [1, Eq. 2.5]).

We can also extend the canonical antilinear antiautomsnphj, — L_, (defining the adjoint
on representations) to the simple current modes. The grdgiconformal dimension restricts this
extended adjoint to have the forgn — £¢@_n, where|e| = 1. Requiring this to be an antiautomor-
phism with respect to Equation (1.15) gives no further c@msts ong, so we may choose =1
for simplicity. In other words, we choose the adjoint of tixéeemded theory to be given by

T(2p(w) = +... (1.14)

Ll=L.mn and @ =q, (1.16)

We will verify later (Section 2.2) that this defines an angar automorphism of thell extended
algebraly ,, defined by generalised commutation relations.

2. CONSTRUCTING THEEXTENDED ALGEBRA

2.1. Commutativity and Associativity. We will suppose from now on that > 3, so that there
always exists a unique non-trivial simple curreptof order 2 and conformal dimensidn=

%(p’ —2)(p—2). Since@ x ¢ = @1, the corresponding operator product expansion must be of
the form

0(2) 9(w) = iA“)(w) (z—w)i2, 2.1)
=

where A% (w) should be the identity field. Observe that the exponénh&ed not be integral,
signifying that we should take some care when using Equé8dr) in formal manipulations.

One of the requirements of the fields of a conformal field théothat they should satisfy some
sort of mutual localityprinciple, meaning that the operator product expansiowofftelds should
be independent (up to a statistical phase) of the order ictwifie fields appedr Applying this
principle to the operator product expansion (2.1) howewads to a slight ambiguity whem# 7Z:

SWe have already applied this principle in deriving Equat{@ril5) from Equation (1.14) — there the fields were
mutuallybosoni¢ meaning that the statistical phase factor is unity.
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Comparing the expansions @{z) ¢ (w) and@ (w) ¢ (z) is not possible unless we first agree on how
to compargz—w)’ 2" with (w—z)’ 2",

This issue may be bypassed by reformulating the mutualitggainciple as the following com-
mutativity requirement:

2h 2h

Z-W)T@(2) p(W) = p(W) @(2) (W—2)7". (2.2)

Inserting the expansion (2.1) andzts- w analogue into this equation now leads to integral powers
of z—w andw — z, settling the ambiguity mentioned above. We mention thatonsidering the
mutual locality of two different fields (such as the constime in [1]), we need only require that
the corresponding equality in Equation (2.2) hold up to asptfactor. However, it is easy to check
that when the two fields are identical (the case of interest)h¢his phase factor is necessarily
unity.

Another requirement of the operator product expansion tfdies that it defines an associative
operation. Assuming this requirement, the triple produt) ¢ (z) @ (w) is unambiguously defined.
We now derive an interesting conclusion by combining thgureement with the commutativity
condition, Equation (2.2), and the generic operator prodxpansion (2.1).

Applying commutativity twice, we may write

2h 2h
(

(x=w)?(z—wW)*9(x) (2) p(W) = 9(W) 9 (x) @ (2) (W—X)*" (W—2)*". (2.3)

Expandingp (X) ¢(z) as in Equation (2.1), multiplying both sides by— z)Zh*V (for some arbitrary
y € Z), and contour-integratingaroundz gives

YZ; (y_zjh_ 1) [A(j) (2) @(w) (z—w) =V _ (1)L ) A (2) (w— Z>4h+j*V+1] _o
: (2.4)

J

As 4h € 7Z, this may be simplified to

VZ: (y_zjh_ 1) (z— W)4h+j—y+1 [A(j) (2) p(w) — (_1)4h @ (W) Al) (Z)] =0, (2.5)
i=

from which we may conclude that
A (2) p(w) = (-1 p(w) AV (2), (2.6)

for eachj, by analysingy = 1,2,3,... consecutively. This proves that the fieldd) (z) appearing
in the operator product expansion (2.1) commute witv) when 4 € Z (the fields are mutually
bosonic), but anticommute with(w) when 4 ¢ Z (the fields are mutually fermionic).

Recall now thaA(®) (z) was supposed to be the identity field. This clearly conttadite above
commutativity conclusion whenr2¢ Z. Indeed, theAll) (z) with j > 0 should be (Virasoro) de-
scendants of the identity field, hence should be expressittegms of normally-ordered products
of T (z) and its derivatives. But these are also mutually bosonik veispect tap (w) (Section 1.3),
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so we face a similar contradiction. This contradiction caty de satisfactorily resolved if we
assume that each!) (z) contains an operatérwhich satisfies

ST(2)=T(2)8, but Sew)=(—1)*"pWw)s. (2.7)

Such an operatc$ was first introduced in [5] for thév( (3, p) models (though with a less direct
justification).

It is worth noting that associativity doemt require the introduction o$-type operators in the
corresponding full non-chiral theories (with the diagomeddular invariant) [14]. Essentially, the
antiholomorphic component will contribute an additionattor 01‘(—1)4h to Equation (2.6), re-
moving the contradiction that necessitated the appearming&eWhilst it may then be argued that
this operator is in some sense “unphysical”, the fact remtiat the discipline of conformal field
theory rests heavily upon its chiral foundations, and mdngsa@pplications (especially in mathe-
matics, but also physically when boundaries are concemeegire a consistent chiral formulation.
We will illustrate this explicitly in Section 5.1, by demdnating that the properties 8farecrucial
in showing that théV( (3,5) singular vectors vanish identically.

We will find it convenient to explicitly factor this operat8rout from each of the\(}) (2), re-
defining the latter so that the operator product expansion is

=38 Z}A w)l 2, (2.8)

This expansion replaces Equation (2.1), to which we shdllref@r again. Thus, for example,
A (w) is now genuinely the identity field. We note tt&% commutes withp(z), hence with its
modes, and is therefore a multiple of the identity in anydu@ble module of the extended algebra
(which will be constructed shortly). We also note tBatust leave the vacuurﬁ®> invariant, so
that it does not interfere with the state-field corresporden

2.2. Algebraic Structure. We turn now to the derivation of the algebra defined by the made
¢@(z). At a formal level, this uses a standard trick [15] involvihg evaluation of

ff @(2) @(w) 2™ YW (7 W)Zh‘yzd—rzn% (yeZ)  (2.9)
in two distinct ways. We can expand the operator producttireusing Equation (2.8), or we can
break thez-contour arounadv into the difference of two contours about the origin, ondwat > |w|
and the other withz| < |w|. The final result is a generalised commutation relatiorapetrised by
y, mandn:

© (l—2h+y—1 v
‘Zj( ‘ V Ntnﬂ_e%k(_ D" thean- V‘“”“‘Z*”W]_S%( y— 1X j )Am+n,

(2.10)
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whereA,(T’;ln denotes the modes of the field§) (w) appearing in the operator product expansion
(2.8). Note that determines how many terms of this operator product expartsiatribute to the
corresponding generalised commutation relation.

We observe that if R € Z, the generalised commutation relations wita 2h reduce to commu-
tation or anticommutation relations:

2h—1
nth— (1) hn = 8;(;“11 1>Am+n (2.11)

In contrast, whenl2¢ Z, every generalised commutation relation has infinitely yterms on the
left hand side.
It remains to determine the fieldé!) (w), at least for smal]. As in [1], we invert Equation (2.8),
oh-j-1 dz
= § 0@ oW z-w 1122, 2.12)
let both sides act on the vacuum, and seni 0. The result determines the corresponding states
as
AD) = §|AV) = ghj91[0) = thj| @) (2.13)
[The fieldsAll) (w) may be expressed purely in termsTofw) and its derivatives, hend&()) is a
linear combination of the gradeVirasoro descendants of the vacuum, angjgg))) = |AU)) ]
(' (w) = 0. There is a unique
Virasoro descendant at grade 2,}9@) must be proportional tb_2}0>. This constant of propor-
tionality may be evaluated by using Equations (1.15) antl) tb. derive

(0|Lo|A?) = (O|Logh—2-n|0) =h  and <0\L2L_2\o>:g. (2.14)

It follows that thatA® (w) = 2'T (w). Similarly, A®) (w) = 19T (w).

Atgrade 4, there are two possible Virasoro descendantse$mvel AU)) = aL_4|0) +BL2,|0),
for some unknowns andf. Applying <0\L4 and(O\L% to both sides gives two linear equations to
solve, which may be solved to give
3h(c—2h+4 2h(5h+1

2<(:(5c+22)> T W c(éc—i—ZZ)) TW)TW):
Of course these expressions are all well-known [16].

We remark that whem = ‘TZZ this last computation breaks down because the vacliitn
module has a singular vector at grade 4. As far as the inmeiygt is concerned,,4\0> and
L§2\0> are not linearly independent. We would therefore need tqancbejA(“)} separately for this
special value of the central charge (choosing which stateegard as independent). Of course,
this central charge corresponds to flig2,5) model, which is not of interest here, as it has no
non-trivial simple current. However, singular vectorslwilentually appear (for example, at grade
6 for M (3,4)) and therefore complicate the calculations.

AP (w) = (2.15)
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It should be clear then that a knowledge of the singular veatbthe Virasoro vacuum module
is essential to continuing these derivations. Whilst timewledge is not beyond reach [17], the
implementation rapidly becomes cumbersome at higher grdtlis therefore worth observing that
it is possible to derive recurrence relations for && (w). We will present such derivations as an
application of our extended algebra formalism in Sectidn 6.

For later reference, we display a few of the generalised cotation relations. When applying

these relations, it is often useful to explicitly indicate tvalue ofy employed. As in [1], we will
“y”

us to indicate an equality obtained using a generalised cotatimn relation with parameter
Y. Clearly wheny < 0, the right-hand-side of the generalised commutatioriogia vanish, giving
/i <£ - 2h2_ - 1) [(R‘n—é%—i—é - (—1>y%+2h—y—€(ﬂn—2h+y+é] = 0. (2.16)
Similarly, A© (w) = 1 implies that they = 1 generalised conjugation relation is
go <£ ;Zh) [%M%M + Ghi2h-1-¢ %72h+1+£} = G inoS: (2.17)
Continuing, we have:
go (Z - 2£h " 1) [%HJ%M - %+2h—2—€@n72h+2+4 2 _(n+h-1) Omn,08, (2.18)

[ee]

{—2h+2 n+h-1 2h
;} ( ) [ Gt Bhir + (Pn+2h—3—£(Rn—2h+3+£] 2 [( 5 ) Om+n0+ —Lm+n} S,
(2.19)

[oe]

{— 2h +3
[(Pm—é Ght — Gh2h—a—¢ %—2h+4+4
=0

h—1 h

e n+h-1
and /Z( )[Gﬂne%+z+%+2h5z%2h+5+z] 2 ( )

3h(c—2h+4) /m+n+3\ h
ez (2 ) emnramnn-n]Ln,

) 5m+n70

2h(5h+ 1)

C(5C—l—22) z ' Lelmgn—r ]8 (221)

rez
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We now definé the extended symmetry algeb?gy , of the minimal modelV (p', p) (with
p’ > 2) to be the graded (by conformal dimension) associativebaly generated by the modes
¢h, Subject to the set of generalised commutation relatiogsiaion (2.10), and equipped with
the adjointg! = ¢@_n. It is easy to check theftmr,(y)T = R_n_m(y) (using the left-hand-side of
Equation (2.10)), hence that this adjoint defines a genumtiérear antiautomorphism iy ,,.
We summarise this result by noting that this adjoint makesesxtended symmetry algebra into
a graded-algebra (the grading being by the conformal weight and‘takyebra meaning simply
that the adjoint satisfies the usual properties with resjoeitte algebra operations). Note that the
generalised commutation relation wigh= 1 requiress to be self-adjoint.

3. REPRESENTATIONTHEORY

3.1. Monodromy Charge. Consider now the Virasoro highest weight st@&) corresponding
to the primary fieldg s(z). The simple current fusion rules (1.13) imply that

_rs(W
0(2) @(w) = T e G
(z—w)™s
wheren; s is a constant (or possibly an operator likef required by associativity). The leading

exponen®; s is then given by
1 1
Bs=h+hs—hy s=1—rs+ 5 [p(r—1)+p' (s—1)] € éZ. (3.2)

As @ is a simple current, the omitted terms in the operator proejgansion (3.1) all havig — w)-
exponents of the form— 6, s, wherej € Z,..

The common value (modulo 1) of these exponents tells us hexgdandy (z) into modes, when
acting on\(pr7s>. We see this by noting that

02| @s) = Im @) @s(W) |0) = NisZ **[@yrs) + .. (33)
implies thatg(z) must be expanded in powersoéqual to—6; s modulo 1:
0(2)|@s) = Mz " " @s)- (3.4)
nezZ+ r_s—h

We interpret this as investing each highest weight staté it associated chargé;s, whose
value modulo 1 dictates which modes of the simple currend fieghy act upon this state. Modes
corresponding to the wrong charge do not have a well-defiogdraon this state. We shall refer
to 6; s as theu(1)-charge of\(pﬁs>, and we shall call its value modulo 1 tineonodromy charge
(following [18]).

4This definition is in fact not quite complete because we hhus far avoided specifying the values that the index in
¢n can take. As with all fields exhibiting non-bosonic statistithese values depend upon the state on which the mode
acts. This will be specified when discussing the representttieory of the symmetry algebra in Section 3.
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Whilst the monodromy charge controls which indices on thelesg, are allowed when acting
on a highest weight state, th¢1)-charge tells us for which indices this action necessairitgg0.
By writing (pn\(pﬁs> as a contour integral involving the operator product exwan3.1), it is easy
to see when the integrand becomes regular (hence when gggahtvanishes). The result is

@|@s)=0  foralln> 6 s—h, (3.5)

and of course this is non-vanishing whee: 6, s — h. In other words, the (1)-charge specifies the
first descendantf the state @ s) with respect to the extended algeBg .

Theu(1)-charge is non-negative on the Virasoro highest WeighESth7s>. To prove this, we
note that as gcfip’, p} = 1, eitherp or p’ must be odd. Without loss of generality, we suppose it is
p (otherwise swap andp’, andr andsin what follows). Then, foreach=1,...,p—1, thereisa
uniquer € R such tha, s = 0. From Equation (3.2), this value is

(P-2)(s-1) (3.6)

r=1
+ 2s—p

Suppose that this uniqudies between 1 ang@’ — 1 (non-inclusive). Then

2s—p
If s> p/2, this requires > p— 1. Similarly, if s< p/2, this requires < 1, so both conclusions
fall outside the allowed range fa It therefore follows that fos=1,...,p—1, 6 s # 0 for
1<r<p—1 Now,Bis=0y 1, s=3(P—2)(s—1) >0 forall s# 1, so we conclude that
6 s > 0 with equality if and only ifg s is the identity.

We can generalise the notion of monodromy charge to desnestides in the same fashion. It
is not difficult to infer (as in [1]) from Equations (1.15) a(2.10) that the monodromy charge of
a state is left invariant (modulo 1) by the application of aagbro modé.,, but is changed byI?
(again modulo 1) by the application of a mogie

0< <1, asp > 3. (3.7)

3.2. Ay p-Verma Modules. We define arly ,-highest weight state to be a st¢lp,=> satisfying
@|Y)=Lm|lg)=0  forallmn>0. (3.8)

We include annihilation under the Virasoro modes of positidex to ensure that &y ,-highest
weight state is necessanila Virasoro-highest weight state. Ay ,-Verma module is then the
module generated from such a highest weight state by thenagfithe (allowed)g,, modulo the
algebra relations (the generalised commutation relatiolie will denote thely -Verma module
generated from the highest weight sth;g} by Vrﬁ’(s’p.

The Virasoro highest weight condition follows easily framj lJJ> = 0 whenhis sufficiently small (use the generalised
commutation relation witly = 4 for example). However, it is not clear if this continues tdchtrue for allh.
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Consider therefore an arbitra?yy ,-highest weight statbp>. Being aUit-highest weight state,
it has (Section 3.1) a definite(1)-charge®. Its first descendant is then given by Equation (3.5) as

Po—n|W) # 0. (3.9)

If & > h, this contradicts the definition of highest weight stateegivn Equation (3.8), so we
conclude tha®ly ,-highest weight states must necessarily ha{)-charged < h.

Now recall that the Virasoro highest weight staﬁqqgs> appearing in the minimal models have
6.s > 0 andbs € 5Z. Itis easy to derive the identity

1
Ors+ 6y rs=5 (P —2)(pP—2)=2h (3.10)

from Equation (3.2), from which we deduce titat < hif and only if 6y_; s > h. In other words,
|@s) is an2y ,-highest weight state precisely whepy_ ) is not (unles; s = h, a special case
that we shall discuss shortly).

It follows that theséUir-highest weight states of charge greater thamust occur as descendants
(with respect to the extended algebra) of thg ,-highest weight states, whose charges are not
more thanh. We specify this relationship precisely by considering (fiest) descendant state
(p9,7sfh\gq,s> (where s < h). The conformal dimension of this descendaritis— 6. s+h=hy_,
by Equation (3.2), suggesting that

(per.s—h}(n'75> = }fpp’—r7s>a (311)

the Vir-highest weight state. This can be confirmed by acting wighgbsitive Virasoro modes
(n > 0) and using Equation (3.5):

L@, o—h|@s) = [Ln, @5 o—n]|@s) = (N(h—1) — B s+ ) @6, —n|@s) = 0. (3.12)

We remark that it is possible for the highest weight sﬂm@ to have6 s = h. In fact, this
occurs if and only iff = p’/2 ors= p/2 (hence cannot occur f andp’ are both odd). We have
then twoUit-highest weight state$g0r,s> and (,q)}(p{,s>, of the same conformal dimension. These
are bothly ,-highest weight states, according to the above definitioa.ndiv ask whether these
two highest weight states are linearly independent. A szlewbservation to this question is that
as@|@.s) is aPit-highest weight state,

(@s|@las)=1  so  @&las) =|as), (3.13)

assumind@s) andg| @ s) to be either proportional or orthogonal.

If we take these two highest weight states to be proportjahah Equation (3.13) limits the
proportionality constant tec1. We therefore have two possililgy ,-Verma modules which are
identical asWir-Verma modules, but which are distinguished by the eigemvalf ¢y on their
highest weight states. If we instead take these two highegthi/states to be orthogonal, then the
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linear combinations

}(Pr7s> + (R)‘ (Pr7s> (3.14)
are the highest weight states of (distirit) ,-Verma modules. Again, these are identicais-
Verma modules, but can distinguished by the eigenvalug, an their highest weight states. It
follows that the choice of wheth%}(prvg is proportional or orthogonal thpﬁs) is of no essential
importance.

The above discussion suggests that we should augment théidefof an2(y ,-highest weight
state to include being an eigenstategpflassuming thatg is allowed to act upon it). The eigen-
value, when defined, would then Hel for states oft(1)-chargeh, and O otherwise. Whilst this
is in full accord with general Lie-algebraic principfesonsidering eigenstates g leads to a
certain inelegance in the formalism. In particular, we aredd to relinquish our picture of thg
as beingntertwinersbetweertJic-Verma modules, that is that the action of egiitakes us from
oneYir-Verma module to another whilst the action of a subsequebtings us back again.

To restore this intertwining picture, we shall adopt thédeing convention concerning modules
whose highest weight states havgl)-chargeh: We declare thaﬁ(pﬁs> is an2ly ,-highest weight
state and tham)\(p@ is its orthogonal descendant. In this way, (as well as the otheg,) act
as genuine intertwiners between tix-Verma modules generated fro\rm,s> andqb\(pﬁs) The
2y p-Verma modulégenerated bi/(pﬁs> then contains tw@jit-highest weight states (given above),
just as thed y ,-Verma modules withi (1)-charge not equal th do.

The picture which now emerges is thg, ,-Verma modules have a highest weight s.tqalg}
which is aUit-highest weight state with; s < h, and the first descendam@rﬁs_h\(pﬁs) is another
Uir-highest weight statﬁpﬂ_rvs) which has6y_,s > h. In fact, this exhausts the set of (inde-
pendent) Virasoro highest weight states (which are not feséres Virasoro descendants) in any
2y p-Verma module. The proof of this statement is identical tat if the analogous statement
in [1, Prop. 5.2], so we omit it here.

An 2y ,-Verma module therefore decomposes into ®8a-modules. From a mathematical
perspective, what we have shown is thatitijectionof graded*-algebras,

U(Q}itmp) — 91p’,p7 (3.15)

describing the extension of the symmetry algebra, leadstwjactionof the corresponding Verma
modules:

=~ =~ /

VEP@ VP — VP, (3.16)
Here we mean thagy commutes with_o, C andS whenever it belongs tdy ,, hence may be consistently included
in a “Cartan subalgebra” (maximal abelian subalgebr&) of,.

"This module however has the curious property of decompdsioegwo differenty ,-Verma modules, headed by
the vectors (3.14). This is indicative of the fact that thigdule is not, strictly speaking, a Verma module, because its
highest weight state is not an eigenstate ofrtieximalabelian subalgebra @t ,: We have deliberately chosen a
highest weight state which is not an eigenvectoppfNevertheless, we will refer to this module as a Verma module
(for regularity in exposition), with this slight subtletynderstood implicitly.
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Here,f?ﬁjs’p denotes théJiry ,-Verma module whose highest weight statedgss). We mention
that this surjection is a homomorphism Bic-modules (strictly speakingfit & Uit-modules),
meaning nothing more than that the action of the Virasoroesas the same on both sides. Fur-
thermore, because the adjoints of thess#gebras completely determine the sesquilinear forms on
the Verma modules up to normalisation, it follows that we chnose (and indeed have chosen)
this normalisation so that our surjectionsemetric(norm-preserving).

3.3. S-eigenvalues. Recall from Section 2.1 thét commutes with all theg, up to a factor of
(—1)4h. Its action on a®ly ,-Verma module is therefore completely determined by iteeiglue
on the highest weight state. Using the generalised comrmontaglations, Equation (2.10), we will
compute (some of) these eigenvalues, under the assumptomrveryJic-highest weight state
has norm 1. We will describe an algorithm for computadfythese eigenvalues (recursively) in
Section 6.2.

On a®ly ,-highest weight state af (1)-charge 0 (which is necessarily the vacuqmb), the
generalised commutation relation wigh= 1 gives

(0[8]0) = (Ol gne-n|0) = (@) =1 = 8]0) =|0). (3.17)

This is of course a consequence of the normalisation we as$aftrthe end of Section 2.1. How-
ever, if}w> is a¥y ,-highest weight state of char@ethen we derive

(Ws|w) = (W2t 120200y =2 = S|w)=2[w), (3.18)

asgol/z,h\tm is a (normalised) Virasoro highest weight state. Intengyi charge X,y ,-highest
weight state$tp> requirey = 3:

2h C
1=<w\%71@7h\w>i<w\;msw> = 8\w>=m\w>, (3.19)
wherehy, is the conformal dimension dfy), as does the chargpcase:
1 2h
1= (Y|@h-3/203/2- hW’> (Y| (—+—Lo)5}¢’> = 5W’>— \llf> (3.20)

Similarly, the charge 2 case requings- 5:
(c+18h+38) 2h(5h+1)
c(5c+22) ' c(5c+22)

c(5c+22)
hhy [2(5h+1)hy — (c—2h+4)] ). (3:21)

1= (Y| h2@sn|w) 2 <w\{ (L§+2Lo) | 8|u)

= sy -

and so on.

We remark that we could have instead chosen the norms dbtkldnighest weight states (or
included constant factors in Equation (3.11) appropnyated as to make th&-eigenvalues above
equal to 1. However, we would still have to compute these samany genuine calculation,



16 P MATHIEU AND D RIDOUT

so this does not represent a simplification of the formalidkie observe that to compute ti§e
eigenvalue of & ,-highest weight state of char@git is necessary to useya= 26 + 1 generalised
commutation relation whefl € Z, but we can get away with g= 26 relation wheng ¢ Z. This
pattern regarding the required orders of generalised cdation relations is quite common when
computing with extended algebras, and we shall see why itidpeg.4.

Consider now a theory with € Z, M (3,10) or M (5,6) for example. According to the above
discussion, computing the eigenvalue&bn an®y ,-module of charged = h requires us to
employ a generalised commutation relation wite 2h+ 1 (and no smaller). This is interesting
as this relation receives contributions from every singtéam of the operator product expansion
(2.8), as well as from the first regular term. In other wortlss not possible to compute ths
eigenvalue using only the information contained in the siagterms. We will shortly see further
computations where it will prove necessary to use geneciemmutation relations which include
contributions from further regular terms of the operatadarct expansion.

It is also interesting to consider tiSeeigenvalue if thet (1)-charge of theXy ,-highest weight
state were negative. We easily find that in this case

Ghoo@ /W) 20, but @ ot n|w) = S|w). (3.22)

It follows that§ must vanish identically on ariy ,-highest weight states of negative charge, hence
on the corresponding Verma modules. (We have not brackieése tcalculations Witbtp\ because
we will need this conclusion to apply singularhighest weight states in Theorem 5.1.) Note that
such a bracketing shows that the first descendanﬁ\tm of such an highest weight state must
be singular (though this is independent of whether the lghweight state itself is singular). In
fact, an easy induction argument shows that every desceantlarighest weight state of negative
charge is singular, so the corresponding irreducible neodul be trivial.

3.4. Symmetriesof the Generalised Commutation Relations. It may seem that the algel®gy ,

is determined by an enormous number of generalised comioutaiations. However, there is in
fact a huge amount of redundancy present in these equatidmsh we shall now reveal. This
redundancy is exposed by two easily derived symmetriesetipression®nn (y) (see Equa-

tion (2.9)), whose evaluation defines the generalised camation relations. Using the form of
Rmn (Y) given on the right-hand-side of Equation (2.10), and theimial identity

000

Rnn (Y) = Rm-1n41(Y) =Rmn(y—1). (3.24)
Similarly, the left-hand-side of Equation (2.10) makesftiilowing symmetry evident:

Rnn(¥) = (=1)Y "Royan_ym-2nsy (V). (3.25)

we easily derive that
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It is important to realise that these symmetries should b&ed as identities iRy , which make
sense when applied to a state of definite monodromy charge.

Equation (3.24) shows that the generalised commutati@tioals of given ordey contain all
the information inherent in the generalised commutatidatians of ordety— 1 (because the latter
can be derived from the former). It follows that any genseadi commutation relation of order
Yy < y may be derived from the generalised commutation relatiérosder y. This should not be
surprising when we recall thgtmerely parametrises how many terms from the operator ptoduc
expansion (2.8) contribute to the generalised commutagiation.

More interestingly, if we fix the conformal dimension+ n (which is of course conserved),
then Equation (3.24) implies that every generalised coratiaort relation of ordey is equivalent
to any other arbitrarily chosen generalised commutatitatiom of ordery, modulo those of order
y— 1. In turn, this generalised commutation relation of orgerl is equivalent to some arbitrarily
chosen generalised commutation relation of ongderl, modulo those of ordey — 2, and so on.
SinceRmn (y) = 0 for y < 0, we can conclude that any given generalised commutatlatiae is
equivalent to a (finite) linear combination of “basic” gealésed commutation relations, one for
each order parametgr Furthermore, we can choose these basic relations ailyitrar

There is one slight proviso to the above argument: We mupertsnonodromy charge restric-
tions throughout. Practically, this means that for a givenfarmal dimensiom-+ n, there are in
fact two disjoint classes of generalised commutation ialat corresponding to the two possible
monodromy charges (integral and half-integral) of theestdhey are to act upon. This follows
from Equation (3.24) by realising that it can not be used tateRnn (y) wWith Ryy_1/2n11/2 (V)
because these would have to act on states of different momgydrharge. A more precise version
of our above conclusion is therefore that by restrictingdms fixed conformal dimensiam-+n
and monodromy charg@, any given generalised commutation relation is equivatera (finite)
linear combination of “basic” generalised commutatiomtieins, of which there is one (which we
can choose arbitrarily) for each order parameter

We can improve on this whgnis everby noting the following. lim—n= 2h—y, Equation (3.25)
implies that

Run(y)=0  (m—n=2h-y). (3.26)

Note that this may or may not be allowed by the monodromy @hafghe state on which we are
acting. Ifit is not, we note that in—n = 2h— y+ 1, Equation (3.25) implies th#&y_1n1(Y) =
—Rmn (), and substituting into Equation (3.24) gives

Rnn(4) = pRma(y—1)  (m-n=2h—y+1) 3.27)
In either case, Equation (3.24) now implies that wheis even, any generalised commutation
relation with parametey may be expressed as a linear combination of generalised atation
relations with parameter— 1. In other words, the set of generalised commutation miativith



18 P MATHIEU AND D RIDOUT

even parametey contains the same information as the set with parametet. From the point
of view of a set of basic generalised commutation relatichegen arbitrarily), this means that we
can drop those correspondingyt@ven.

This explains the property observed in Section 3.3 that edimg the eigenvalue of on a
highest weight state of chargerequires a generalised commutation relation of ogder26 + 1
when6 € Z, but onlyy = 260 when6 ¢ Z. Essentiallyy = 26 + 1 is the correct order, but when
6 ¢7,20+1iseven, hence itis convenient to use instead the (equiya@eneralised commutation
relations of order 2.

4. EXAMPLES AND EQUIVALENCES

In this section, we investigate the structure of the extdradgebragl,y ,, with several examples.
These examples are chosen so that one can identify theselegtehiral algebras with those of
other familiar theories. In other words, we provide simgiet(detailed) instances of an apparent
equivalence between conformal field theories. This is ¥edld by a careful study of what such
an equivalence means at the level of chiral algebras. We shawhere are some subtleties to be
addressed here, which we pin down by reconsidering what vesiiog an extension of an algebra.
We then illustrate our conclusions with an interesting edesl example (relegated to Appendix A)
in which a more involved conformal field theory equivalens€dérived.

4.1. Examples.

M (3,4). The simplest minimal model exhibiting a simple current &tttorresponding to the Ising

model, whose central chargeds- % The simple currenp = @ 3 = ¢ 1 has conformal dimension

= % and it is well-known that the extended theory describega fermion. This may be seen

explicitly by substituting the first fewA()) (w) (derived in Section 2.2) into Equation (2.8), with
h=c=3:

P(2) (W) =8 %VHT (W) (Z—W) + 0T (W) (z—w)? +...| . (4.1)

The presence of th& in this equation (and those that follow) is not an essentiahication,
as it commutes with they by Equation (2.7), hence is a multiple of the identity on e@gh-
Verma module. We may therefore treat it as a scaling factbichvwe could set equal to the
identity by suitably choosing the norms of the constituBint-highest weight states (Section 3.3).
Alternatively (and equivalently), we may redefine the feomc field as

W(2)=8"29p(2). (4.2)

We note that the operator product expansion (4.1) implias th

T (W)= e 1 0Q(W)Q(W): =100 (W) Y (w) @3)
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as befits a fermionic theory. Finally, we recover the famiiaticommutation relation from the
generalised commutation relation wigh= 1:

Onlh+ Gn = dmin0S <= {Wm Un} = Snino- (4.4)

M(3,5). Nowh= 2 andc= 22, and we have the simplest example ofraded parafermionic
theory,osp (1|2), /u(1) [19,20]. This follows from the operator product expansion

W—ST (W) (z-w)"?—..], (4.5)

and the identifications (with the notation used in [19])

P2 p(w) =8

9(2) — Yr2(2  and T(z)%%z(‘)(l/z)(z). (4.6)

We remark that associativity (Section 2.1) forces the dpenaroduct expansion of this graded
parafermiony > (2) to involve a non-trivial operator analogousddat least when thesp (1]2)-
level is equal to 1). This was overlooked in the original tne@nts (but corrected in [5]).

One may wonder why we do not just redefine the simple curreldt fes we did withV (3,4),
to remove$ from @(z) @(w). Taking 812 such that$1/2¢ = ip8'/2, we can definay (z) =
e 7481/2¢(2) to achieve this goal. However, we then face the problem¢h@ satisfies the
same commutativity relations &%z), so associativity (Section 2.1) demands tid) ¢ (w) in-
volve anS-type operator, contradicting the fact that it was cons&diso as not to. The problem
here is that it is in fact not possible to make the above reiiefinbecauses doesnot have such a
square rodtwhen anticommuting withp.

M (3,8) andM (4,5). Whenh= % the extended theory definesaperconformalield theory. We
can see this explicitly by taking the generalised commaitatelation

m+ 3 3
o+ e 2 | ("3 2 ) dnino ol 49
and defining
2c
—. /= 4.
Gn 33 h (4.9)
(note thatS and@, commute) to get the familiar relations
c
{Gma Gn} 2 2Lmin+ (m2 — %1) 5rn+n,0§- (4.10)

80f courses hasmanysquare roots, being a self-adjoint operator on a complex)igilbert space. What we claim is
that none of them commute with the simple current field up torestant multiplier (necessary for the above redefinition
to work). Any prospective square ro6tsay, for whichTg = A ¢T, must satisfyA2 = —1, hence

T|0) = Tgh@_n|0) = A28T|0) = A2T|0) = —T|0)  (asgh@-n|O0) 1 0)). (4.7

Obviously7\0> cannot vanish aS|O> = \O) so our claim if proved: No such square r@otan exist. Conversely, it
is easy to construct such a square root wh@ommutes withyp, because is just a multiple of the identity on each
extended Verma module.
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The central charges 6f( (3,8) andM (4,5) (‘T21 and 1—70) identify their extensions with the super-
conformal field theorie§M (2,8) andSM (3,5) respectively.

4.2. Equivalences and Algebra I somorphisms. We have just seen that the algebraic structure of
the extensions of several minimal models can be identified thiat of other well-known confor-
mal field theories. Specifically, we have based this (loadetification on the explicit form of a
finite number of terms of the operator product expangidn) @ (w) (or on the terms of a particular
generalised commutation relation). However, this onlyrgotees that the generalised commuta-
tion relations defining the extended chiral algebra havéognas under our identification when

is sufficiently small, hence not for arbitrary valuesyofAs might be expected, this means that it is
strictly speakingncorrectto declare that these extended minimal models are prediselespec-
tive well-known models that we have loosely identified theithwbecause their chiral algebras
may not be isomorphic. We are therefore led to a consideratigrecisely what we mean when
we say that two conformal field theories are equivalent anhig what we mean by saying that
one is an extension of another.

Before discussing these considerations, let us remarkhigatoncern is indeed valid, because
such mismatches between chiral algebras have tangiblegoesces at the level of representation
theory. Thisis bestillustrated with the example of the pdt algebra of thie= %’ modelsM (3, 8)
andM (4,5), considered in Section 4.1. There, we identified these drtdalgebras with those
of certainsuperconformaminimal models, exhibiting a super-Virasoro algeba@i) symmetry.
Specifically, extending\( (3,8) gave (roughly speakinddM (2,8), and extendingvt (4,5) gave
SM(3,5).

The easiest way of seeing that the corresponding chirabedgearenot isomorphic is to note
that the2(3 g and®l4 5-Verma modules are irreducible (as we shall prove in Sediaj, whereas
it is well-known that those of the corresponding super-Sr@ algebras are not (they contain non-
trivial singular vectors). As the definitions of highest glat state and Verma module for these
two chiral algebras are compatiBj¢he notion of irreducibility should be preserved by anyehig
isomorphism. We are therefore forced to conclude #hat and®l4 5 arenot actually isomorphic
to (the universal enveloping algebra of) the correspondinger-Virasoro algebrasUir, g and
sYirz 5, respectively.

The identification made in Section 4.1 (which we have juststjoaed) was limited to Equa-
tion (4.8), the generalised commutation relations with 3. The results of Section 3.4 demonstrate
that these generalised commutation relations imply thagew 3, but not necessarily those with
y > 5. Our non-isomorphism result therefore requires thaitlearst further identities satisfied in
23 g and2, 5, which have no counterpart in the super-Virasoro algebrd éae responsible for the
irreducibility of the Verma modules of the extended theory)

SWe refer to [1, Sec. 5.4] for an example where they are not.
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For example, we could consider the generalised commutatiation withy = 4, which receives
a contribution from the first regular term in the operatorduct expansio (z) @ (w). At the level
of fields, we have (using Equation (4.9))

cp(w)p(w) : =AW (w) = %iaT w) = :G(W)G(W): =T (w). (4.11)
The latter relation is of course standard for superconfofiel theories, and reflects thg £ 3)
anticommutation relation

{G,3/2, G,3/2} =2L 3. (4.12)
(This illustrates the fact that whenis even, the generalised commutation relations of oydeay
be obtained from those of ordgr 1.) The generalised commutation relations wita 5 however
imply the identity
17 3(c+1)

1 0G(W)G (W) = Tk T(W)T (wW): +ma2T (W), (4.13)

which is not a generic identity in superconformal field thhedndeed, we will see in Section 5.1
that such a relation cannot be satisfied identically, bexdlisy = 5 generalised commutation
relations are sufficient to prove the vanishing of the firagsiar vector in the extended algebra
vacuum Verma module, but this vector does not vanish idalhtiin the super-Virasoro vacuum
Verma module.

This example is typical of the general situation: Compadirignite number of terms in the defin-
ing operator product expansions (or generalised comnouatagiations) is not generally enough to
demonstrate an isomorphism of chiral algebras (even ifiedjudar terms are included). To make
this point precise, we introduce a sequence of extendedlcahgebraéllg,’?p, Y € Z, in which only
the generalised commutation relations of orgare imposed. The results of Section 3.4 allow us
to depict this sequence as follows:

~

Sp/pﬁﬁm(il)imm) _)22[(1) iQ[(Z)

p.p p.p 7 *pp p’,pﬁm(@:ﬂ?pimm 2 — = Ay p. (4.14)

P P

Here, §p p denotes the free algebra generated by ghenodes, and the arrow fromg;)l) to

Q(Sf)p represents the quotient map obtained by factoring out the-¢ided) ideal generated by the
generalised commutation relations of orgteiThe “fully” extended algebraly ,, is then thedirect

limit of these “partially” extended algebras:
Uy p = lim2A) (4.15)

In this formalism, the precise version of the corresponddretweerl(s g, 245 and the appro-
priate super-Virasoro algebras is as follds

ATH = U(sTirgg) ZAgy  and AL = U(sBirgs) 2 A%, (4.17)

10e remark that the algebra isomorphisms constructed ind&, 4 must also be understood in this sense. Specifi-
cally, if we denote the extended chiral algebra of the l&v&U (2) Wess-Zumino-Witten model By, then the precise
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The compatibility of the respective definitions of a highestght state imply that these isomorphic
chiral algebras have isomorphic Verma modules, and mor@itaptly, isomorphic irreducible
highest weight modules. In general then, a simple currefmete an infinite family of extended
chiral algebras, parametrised by the ordgrdff the defining generalised commutation relations. In
this sensell(sYir, ) is anextension ol (Virz g), but not a “maximal” extension (in the obvious
sense).

Physically however, it is not the Verma modules which aredamental, but the corresponding
irreducible modules. We might expect that different exiems (defined by differeng) would have
isomorphic irreducible representations, and this is iddege under one important proviso. This
follows from the fact that it is immaterial to the constractiof the irreducible modules from the
Verma modules whether the singular vectors vanish iddhtioaare quotiented out. The proviso
follows from the fact that the algebraic structure of theeesions must be sufficient to be able to
compute whether a given vector is singular or not. The génleua fundamental, requirement of
actually being able to compute with a given symmetry algédmes to quite non-trivial bounds on
y. For example, we have seen in Section 3.3 that compg@teigenvalues requirgs> 2h.

A full analysis of this proviso will not be required here, bese we only consider extensions in
which we knowa priori that computation is possible. The upshot is then that thmésphisms and
non-isomorphisms of (4.17) still imply the correspondisgmorphisms between the irreducible
238 and®?4 s-modules and the irreducible super-Virasoro modules @hawt between the cor-
responding Verma modules). These isomorphisms therefetal éxplicitly the conformal field
theory equivalences

M(3,8)=8M(2,8) and M (4,5)=SM(3,5), (4.18)

and imply the corresponding character identities.

We conclude this discussion by mentioning the other egenads noted in Section 4.1, involving
the theories describing the free fermion and the (level ayigd parafermion. If we denote their
chiral algebras by and & respectively, then the algebra isomorphisms describe tia&e the
form

A5,=F  and AR =6 (4.19)
Here, we defing§ as the associative algebra defined by the anticommutatiatiores of Equa-
tion (4.4) and the relation

-1 1
Ly = = % <m+ 5) S @nCh-m (4.20)

isomorphisms proved there are
AP APy e 0y,  and AP =U(s((3)y) 2 s (4.16)
We expect that the first of these isomorphisms can be exteonddldy > 3 (hence for the fully extended algebras). The

presence of non-triviadl (3),-singular vectors implies that such an extension is notiplesi the second case (hence
the non-isomorphism indicated).
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corresponding to Equation (4.3) (and necessary for cordbsgmmetry). Similarly, we defin® as
the associative algebra defined by the generalised comomtatations given in [19]. We will see
in Section 5.1 that foR(3 4, y = 3 is sufficient to prove that all singular vectors vanish. rEfiere,
even if there were further non-trivial algebraic relati¢osrresponding ty > 5 for example), these
relations would have to act trivially on every represewntaf{irreducibleor Verma).

5. SNGULAR VECTORS

Recall from Section 3.2 that there is an isometric surjec{®16) mapping the (direct sum of)
the two constituertJir-Verma modules onto the corresponditg ,-Verma module. Furthermore,
this is a homomorphism dfiit-modules. The natural question to ask then is which vectets g
mapped to zero. In other words, what is the kernel of this haorphism. As our homomorphism
Is norm-preserving, we immediately see that this kernelazdy consist of null vectors. Clarifying
our original question slightly, we are led to ask whethkétheJic-null vectors are mapped to zero,
that is, is the kernel precisely the set of null vectors? Aatieg answer to this question necessarily
requires that there exist non-trivial singular vectorshiel y ,-Verma module.

Now, the irreducibleélit-modules comprising the minimal models are well-known tagbe-
tients of the corresponding Verma modules by a submodulergéed by twd! singular vectors,
which we refer to as therincipal singular vectors. The explicit form of these singular vesto
is only known in special cases [17], but their grades follasgily from Kac’s determinant for-
mula. Specifically, théJit-Verma module@ﬁ;p has principal singular vectors at gradssand
(P =1)(p—9).

We will restrict ourselves to considering the images of thegipal singular vectors in the vac-
uum®ly ,-Verma modulé\?ff’lp. There are three to consider, at grages 1 andp— 1, correspond-
ing to the simple currermif-module, and at gradg’ — 1) (p— 1), corresponding to the vacuum
Yit-module. We will first investigate the explicit form of thesmgular vectors in the simplest
minimal models, before lifting our conclusions to the gahease. For clarity, we will usually
restrict attention to the principal singular vector of I@vgrade.

5.1. Examples.

M (3,4). We recall the well-known fact that the irreducible modulésdk spaces) of the extended

algebra are freely generated, that is, no null vectors areweriered in their construction. Indeed,

1n the vacuum Verma moduﬁéff’lp, the first of these i£,1|0>, which is usually taken to vanish identically. Physi-
cally, this reflects the requirement that the (chiral) vanune invariant under the (chiral) global conformal transfar
tions generated bly;, Lo andL_; — that is, under the (chiral) conformal group. Mathematicahis may be derived
as a simple consequence of the state-field correspondlenp|@> corresponds to the derivative of the identity field.
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the first (principal) singular vector of the extended vacuuodule is

3 3
('—2 - ZLz—l) o) = (Lz - Zl—al) ¢-1/2|0) = @_1/5L2|0)
31

= 2<p_1/z<P_3/z<P—1/z}0>a

which clearly vanishes due to the anticommutation relati@n4). Similarly, the second principal

singular vector is
4
<L3 —4L oL 1+ :—,)le) ®_1/2/0) = (L_3@_1/2—4L 20 3/2+8¢_7,) |0)

= (@_1/2L3—4¢ 3/5L ) |0)

3

(5.1)

. (5.2)
79-1/29-5/20-1/2— 2<P—3/2(P—3/2(P—1/2) |0)

=0.
Finally, a direct computation using thye= 3 generalised commutation relation shows that the last

singular vector

9 36
may be expressed as a linear combination of the veccpgﬁ/zqo,l/z\O}, q0,9/2q0,3/2\0>, and

Q7 /2q0,5/2\0>, whose coefficients exactly cancel.
To summarise, the singular vectors of the extended Vermauhadtfj‘l1 all vanish identically.

This Verma module is thus irreducible. The same can easilyeliéied for the remainings 4-
Verma moduléij‘Z‘, whose highest weight state has conformal dimengjon

22 31 16
(L_e + 204l - L%, — 2—7|_32) 0) (5.3)

M (3,5). It is not hard to show that the first (principal) singular \@cinay again be shown to
vanish identically:

3 3 (-4 _ 6 _ 6
(L—z - ELzl) ®_3/4|0) = <?¢7/4€01/45 ORI 547711/4(!’3,/4S Y0 30— 5@"11/4) |0)

4 6 6
= <§(P7/4(P1/4(P3/4 + 5 P-11/a®/aP-3/2 §(P11/4) 0) (5.4)

6 6
= (E(P—11/4 - §¢_11/4> 0)=0.
In the third equality here, we have made use of the simpl¢tioak
®-10.0/0) =0 and  @hgn[0) =0), (5.5)

which apply quite generally and which will be used withoutrcoent in the future. We remark that
to obtain this vanishing result, we must remember ghanticommutes with thes, and Ieave$0>
invariant. It should be clear that if there were $wperator, then the final result above would be



MINIMAL MODEL EXTENDED ALGEBRAS 25

‘letp_ll/ﬂr\O) rather than zero, implying that

<L_2+2L21) lp) =0 (5.6)

(which contradicts the fact that this linear combinationas even null).

The second principal singular vector also vanishes ideltjcalthough the demonstration of
this is deferred to Appendix B. This computation capturesdhsential complications of such a
verification for the second primary singular vector. Theishimg of the Virasoro vacuum singular
vector (at grade 8) may be demonstrated similarly, but thdsthe corresponding computations for
the otherRl3 5-Verma module will be omitted.

M (3,7). We haveh = % andc = *725 The first (principal) singular vector is

3 3 6
<L—2 - ;Lzl) ¢_5/4]0) = (90—5/4'——2+ 2%-13/4~ ?‘P—13/4) 0)

3 (—10 3

= <—7 P_5/49-3/49P-5/4— %4’13/4) 0)
5.7

s (-10[7, 3 (®.7)

=\ 7 |2g--2" g®134%/4 (P—5/4—28(P 13/4 | |0)

21 <|- 2—§|- )QO 5/4/0),

and so it again vanishes. This calculation typifies the gdnpcedure: The Virasoro modes are
commuted to the right until they act on the vacuum, therythe8 generalised commutation relation

is used to write them in terms @f-modes. We then apply a suitable generalised commutation
relation to the two leftmosp-modes in order to re-express them in terms of Virasoro mdutesly
getting back a multiple of the singular vector.

M (3,8). We consider the first singular vector df(3,8) (c = *721), and apply the procedure out-
lined above. Commuting and usipg= 3 gives

3 3 1,
<|-—2— §L21> o) = < P320-12— g ~L2 ) ®). (5.8)
We now applyy =5 to @_3,»,¢_1/, and tidy up, getting
3 3
(Lz — éLz_l) 0) 2 —6 (Lz - éLél) ®), (5.9)

hence the (by now) expected vanishing.

M (4,5). If we try to apply this procedure to tH¥{ (4,5) vector (L_ 2— 8 1) “P> (c= 110), we
find that we end up with precisely this vector again, rathanta non-trivial multiple of it:

(Lz— gl-z—l) |®) 2 <30(P 3/2¢- 1/2—}|- ) }fP> ('—2— gl-z—l) @) (5.10)
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Of course, this vector is not null in thE (4,5) model, so it should not be surprising that it does
not vanish identically. The first singular vector is in fact

4 4 4
(Ls —gl-2b1+t EL—l) @), (5.11)

and our procedure with= 3, 5, and then 5 again, proves that it indeed vanishes igzlytic

5.2. The General Case. Based on these computations, it seems reasonable to corjdicat all
the Virasoro singular vectors vanish identically when nepmto the appropriatély ,-Verma
module. A proof is presented below for the vacuum module.oddnhately, the same argument
cannot be extended to ally ,-Verma modules. In particular, it breaks down completelyewh
applied to modules of charge However, after presenting this proof, we will discuss whg t
vanishing of the singular vectors in tfy, ,-vacuum Verma module in fact implies the corre-
sponding result for the other Verma modules. We mention gsipg that the method established
in Section 5.1 to demonstrate the vanishing of the singwgators requires using the generalised
commutation relations witly = 4h— 1 (or, equivalently, A— 2 when 4 is odd). These clearly
receive contributions from many regular terms in the omenatoduct expansion (2.8).

Theorem 5.1. The vacuun®y ,-Verma modulé?f’lp of theM (p/, p) model with p> p’ > 2 has
no singular vectors, hence is irreducible.

In [1, Thm. 5.3], we have established the analogous resulthi®SU (2) Wess-Zumino-Witten
models (and all modules) by direct, though highly non-&diycomputation. Such a direct proof is
not possible in the present context as we do not have aseatbtaknowledge of the explicit form
of the principal Virasoro singular vectors. The method afgdtiwe give below is therefore indirect,
being essentially a proof by contradiction. We remark th& tontradiction argument is in fact
quite general and should serve as a prototype for futurergksegions.

Before giving the formal proof of Theorem 5.1, let us outlihe simple idea behind it. The vac-
uum2(y ,-Verma module consists of two Virasoro modules (of unknoharacter). If one of these
modules contained a non-vanishing singular vector, theswitld have to possess a non-vanishing
singular?ly ,-descendanin the other Virasoro moduleBy comparing the depth (conformal di-
mension) of this supposedly singular descendant with tipghdeof the known singular vectors
of this other module, we derive a contradiction, showing thare could not have been such a
non-vanishing singular vector to start with. We illustrties idea schematically in Figure 1.

Proof. We argue by contradiction. Let us begin with the first priw@tsingular vectotxl> of the
Vir-Verma modulé?gfll atgradey’ — 1. In Vf:’lp, | X1) is aDit-highest weight state of conformal
dimensionp’ — 1+ h. As there can be no null vectors of conformal dimension lotlan this in
Vf:’lp, it follows that}xl> must in fact be a®(y ,-highest weight state. Suppose that the singular
vector\)@) doesnot vanish identically (although its norm does of course). Itsinihen have a
u(1)-chargef (not exceedindp). In addition,})(1> is an eigenstate & with eigenvalue(—l)4h #£0,
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Depth

\@*» 70
) - h

X Lhipoa
?)
) Lhipoa
|X3) 1 (P -1)(p-1)

y

FIGURE 1. A pictorial representation of the vacuwfy -Verma moduleV?;,
illustrating the mechanism behind the proof of Theorem Fhe stateétxi>, i =

1,2,3, are the principal Virasoro singular vectors, qﬁﬁ)dis the purported singular
descendant whose non-existence gives the contradiction.

from which we conclude tha cannot be negative (Section 3.3). As the first descenda{rx@f
is obtained by acting witlg_, it has conformal dimensiop’ — 1+ 2h— 6. This descendant is
non-zero by definition, and its norm obviously vanishes:

{X1|h-e@—n|x1) O (X1|x1) =0. (5.12)

On the other handfpgfh\)@ is a state iri\~7§’:’1p which is not a descendant hf_1\0> (as this has
been taken to vanish identically). It is therefore either Yirasoro vacuum singular vector, or a
(Virasoro) descendant thereof. The desired contradigiorow obtained (ap > 4) because the
first singular elemerﬁx3> of T?f:’lp (hence the first state with zero norm that has not yet beereprov
to vanish identically) has conformal dimensigni — 1) (p—1), and

pP—1+2h—-6>(p-1)(p-1) = p<2—2p—?<2. (5.13)
The singular vectob(1> therefore vanishes identically. Clearly its Virasoro dgstants will then
also vanish identically.

The next primitive singular vector i\s(2> € T?ﬁfm at gradep— 1. Its conformal dimension is
thenp— 1+ h. Since we have just shown that there are no non-vanishirigraaiors of lower
conformal dimension ifoj’lp, X2> must also be aRly ,-highest weight state of charge06 < h.

If non-vanishing, it would necessarily have a non-vanighdescendant of conformal dimension
p—1+2h— 6, which is smaller thaip’ — 1) (p— 1) unlessp’ < 2— % < 2, another contradiction
(asp’ > 3). So, \ x2> and its Virasoro descendants also vanish identically.
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Finally, the primitive singular vectql)(3> € {75’,1p at grade(p’ — 1) (p—1) should have, if non-
vanishing itself, a non-vanishing singular descendan?g}fll. But we have seen that all the

singular vectors iﬁ?gfl.l vanish identically, hence there is no such descendant. |a$ti€ontra-
diction proves the result. [ ]

Abstractly, this result may be restated as follows: Evemasforo singular vector, hence every null
vector, inf?fj’lp and\~7ﬁ’|,f’171 is mapped to zero by the surjection (3.16). Thus, we have tigip
characterised the kernel of this map. This is summariseadrallowing corollary.

Corollary 5.2. When r= s =1, the kernel of the surjection (3.16) is precisely the subm®df
Virasoro null vectors, hence
LYPOLOP  =VPP P (5.14)

where£ and£ denote therreducibleUiry , and2ly p-highest weight modules (respectively).

We consider now the argument behind the proof of Theoremes. it applies to the othéXy -
modules of the theory. The problem with this argument isithaasy to see that it cannot work for
all modules. The most extreme example illustrating thisi€lg ,-module whose highest weight
state has charge Such modules are composed of two identiét-modules, connected by the
modeg. Evidently, a singular vector in one of the¥kc-modules has a counterpart in the other at
the same grade, so establishing our conclusion the same walgl \@mount to justifying that the
charge of the singular vector is greater tigjcontradicting it being afly ,-highest weight state).

Instead, we recall that in a rational conformal field thetwy¥acuum singular vector is supposed
to determine which highest weight modules can be conslgtedtied to the theory. In other words,
it controls the spectrum of the theory. Specifically, a nowigl singular vectoﬂ x> of the vacuum
module corresponds to a null fiejdz) under the state-field correspondence. The zero-myp@é
the null field then selects the allowed highest weight stiesigh the simple requirement that

Xo|y) =0. (5.15)

It is worth emphasising that this is a consistency requirdrtieat all conformal field theories must
satisfy. It has been checked explicitly for thvé(2, p) models in [3], where it is claimed that the
result for general minimal models was proven in [21].

This begs the question: Why do the singular vectors of therdiighest weight modules of the
theory not further restrict the spectrum? The answer appedne: Because these other singular
vectors may all be obtained from the vacuum singular vetore precisely, we have:

Claim. If \X> is the M (p/, p) vacuum singular vector at gradgy’ — 1) (p—1), and \Zr7s> is the
first principal singular vector of the Verma module headed\ tpys> (with r and s chosen so that
rs<(p' —r)(p—=9)), then

‘Zr,s> = X—rs‘l.Ur7s>7 (5.16)
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up to an arbitrary normalisation. The second principal sty vector is then a linear combination
of X_(p—r)(p-s)| Yr.s) and Virasoro descendants [df; ).

Obviously,x_rs\ l.Ur7s> is null, hence proportional tms>, so our Claim is just that this proportion-
ality constant is non-zero. Note th)m} l.Ur,s> vanishes identically for alh < rs.

This is not hard to verify in simple cases (for instarieg(2,5) andM (3,4)). Indeed, it follows
easily from [3, Thm. 3.6] that it is true for all{ (2, p) models. However, we are not aware of
proofs of this Claim for general minimal models, even thoughare certain of its truth. We shall
therefore assume that it is valid in what follows.

The power of this Claim should be evident. By proving thatwheuum singular vector identi-
cally vanishes in the extended theory (itself a consequehttee vanishing of the singular vectors
of the simple current module), we obtain the vanishing ofribi field x (z), and hence the van-
ishing of each modg,. If the singular vectors of every (allowed) Virasoro modate induced by
these modes acting on the relevant highest weight staesthiey must also vanish identically in
the extended theory. The implication of Corollary 5.2 ig#fiere the following strengthening:

Corollary 5.3. Assuming the above Claim,

LEP@LEP (= VPP = PP, (5.17)

forall1<r<p —-1,1<s<p-1

In other words, every suchy ,-Verma module is irreducible, and decomposes ufiiep , into
the direct sum of two irreducible modules. This is our masuie

Let us conclude this section with a final remark. From the poiiview of the algebr&ly ,, it
is not natural to leave the central role in determining thectium to the Virasoro vacuum singular
vector. It would be more natural to have a picture in whichttix principal singular vectors of the
simple current module would themselves control the whokcspm (after all, it is the operator
product expansion of the simple current with itself thatuipmosed to contain all the information
of the theory). We will present computations supporting #{pectation in the next section.

6. SOME SIMPLE APPLICATIONS

The absence of the singular vectors in % ,-modules which has just been demonstrated has
immediate structural consequences. In particular, thiegirscipal singular vector of vanishing
identically implies powerful recurrence relations for tieds A(J) (w) appearing in the operator
product expansion (2.8) ap(z) with itself. These relations provide a fundamental caldolel
tool for computing within these extended algebras. We titats this by showing how they may
be used to efficiently determine tlSeeigenvalues (proceeding directly as in Section 3.3 rgpidl
becomes cumbersome when the monodromy charges are largeundamental computational
tools, it is important to determine the applicability of sieerecursion relations. We will see that on
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occasion a given recursion relation may fail to determinmalk(finite) number of thé\!) (w), and
isolate this phenomenon precisely through an amusing isearcnumber theory. We conclude the
section with a brief discussion on the role of the singulatees of the extended vacuum module
in restricting the spectrum of the theory.

6.1. Recursion Relations for the \A(j)>. We illustrate the derivation of these recursion relations
for the M (3, p) models, for whichh = %(p— 2). The first principal singular vector of the simple

current module is 3
(Lo zmrsts) 19 61

S0 its vanishing n‘v and the usual commutation relations give

3
e (L-Z‘m e

3 3(2h+1—j | (8h+1—3]j
= {(L—Z_ﬁl—zl) %j+2_ul——l%j+l+u%]} ‘§0>

2(2h+1 2h+1 2(2h+1)
(6.2)
Recalling Equation (2.13), we can recast this result in ¢t f
J(Bh+1-3j) (), _ 3(2h+1— i—1) 3 i-2)
2(2h+1) [AT) = 2h+1 Lo A0) — (L2 2(2h+ 1) 1) [AT72). (63)

The prefactor on the left hand side vanishes (th&@) is not determined) whepnp= 0 or 3j =
8h-+ 1. But the latter can only occur if- 3 = 8h+ 1 € 3Z, hencep € 3Z. As p’ = 3 andp must
be coprime, we therefore find that for @l 0,

Ay = 6(2h+1- ) L |00y 4

j(8h+1—3j) j (8h+1—3j) 2 )

(6.4)
With the initial conditions A®) = |0) and |A=1) = 0, this recursively determines all the terms
of the operator product expansion, Equation (2.8), forh€3, p) models. Noting that for these
modelsc = —2h(8h—5) / (2h+ 1), this relation effortlessly reproduces the results of Bac?.2
(for these models) and more:

ADY =0,
[AZ) = —FL2]0),
A¥) = —38EL-3(0),

h 2
AD) = G2l [_3(h—1) L 4+3(2h+1) L_z},

. 2(2h+1)
2 A=y S\ =TT
La]AT75) j(8h+1-3j)

I S I T | 03
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6 h 2
A®) = e {_ (1202 —38n+23) L g+ (2n+1) (3h—5)L 4L 7

+(2h+1) (h=2)L25— §(2h+1)%L3,),

7 2h 3 2
AT = argaiE |5 (120 - 38+ 23) L7+ §(2h+ 1) (4h-T)L sl
+23(2h+1)(2h—3)L 4L 5— 2 (2h+1)? L,3L%2} .

One can similarly derive recursion relations for higlper For example, thév( (4, p) models
haveh = % (p—2) and singular vector

2 1,
(L—3 - EL—ZL—l + m'-_l) ‘§0>, (6.6)

leading to the recursion relation

A = {3(2h—|—2—j)(2h+1—j)—2(h+1) (Bh+1— |

) (i-1)
(- (Eh+1-) AT

3(2h+2—j) (o2 2(h+D)(2h+2—j) (2
h-pan-p A T T ey A
T T e e T AR T [ (XX e T A

h(h+1)

(i-3)
ICEIC = >}’ ©7)

with |A©) = |0) and|A-D) = |A=2)) = 0. We note thah = $p— 1 implies thath,3n+1 ¢ Z,
so this recursion relation does indeed defié)) for all j > 0. Whilst this recursion relation may
appear somewhat intimidating, its derivation and utilagire easy to implement on a computer
algebra system.

It is very interesting to compare thg¢ = 3 andp’ = 4 recursion relations in the single case where
they both apply:M (3,4). As shown in Table 1, their respective solutidné))) agree forj < 5,
but donotagree forj > 6. However, the difference between the tyve 6 solutions can be checked

tobe 90 22 31 16

2007 <L6+ gLal2- 3—6LE - 2—7L§2) 0), (6.8)
a multiple of the vacuum singular vector (given in Equatisi3)). Likewise, higher-grade solutions
differ by descendants of this singular vector. At first, ieses somewhat astonishing that these
recursion relations, derived from the principal singulactors of the simple curreAfiic-module,
may be used to compute the singular vector of correspondiogum module. On second thoughts
though, this is perhaps not entirely unexpected given tiatblutions to the recursion relations

must be consistent. But more fundamentally, this is quitesient with the concluding remarks
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j Basis p' = 3 solution| p’ = 4 solution
2 (L-2) (2) (2)

3 (L-3) (1) (1)
et 3y | @

5| (alala) 52) (3.2)

| (Lolalis®) |(hdkd) | (Bhdhd
P b a Lt alo?) | (3R &S | (S i85 28

TABLE 1. SolutiongAll)) to thep’ = 3 andp’ = 4 recursion relations whep= 4
andp = 3, respectively. Both describe the operator product expard the Ising
model simple current (the free fermion) with itself. The @ed column gives an
ordered basis (when acting @)) for the subspace of the vacuum Virasoro module
of gradej, and the third and fourth columns give the coefficients ofgbkitions
with respect to this basis.

of Section 5.2: In the extended chiral algebra framewotkn&drmation concerning the spectrum
should be derivable from the two principal singular vectarthe simple current module.

6.2. Recursion Relations for S-Eigenvalues. In Section 3.3, we derived general expressions for
the8-eigenvalues of a highest weight st¢¢e> of u(1)-charged < 2. As the charge increases, these
expressions become increasingly more difficult to commgeyvidenced by Equations (3.17-3.21).
In general, we may write

1= (¢|gn-ogo_n|y) *E* <¢}512;9)<299_ j)A(()j)W>

20

-1
9 .
= (Ul = [.Z)(ze_,-)<w\#\é”}w>] - (6.9)
J:
The problem lies in computing the terms

fi= (A |w) (6.10)
for large j. But this problem is tailor-made for the recursion relasiaf Section 6.1. A recursion
relation for the) A} induces a similar relation for the corresponding fieéds (w), and therefore
for their modes. We illustrate this for thé (3, p) models. Equation (6.4) implies that

A =—ai(i-)A V4B (-1 (1 -2A P +y 3 LA (6.11)

rez
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(hereaj, Bj andy; denote the coefficients af 1|AU-Y), 12,|AU=2) andL_,|AlU~2)) in Equa-
tion (6.4), respectively), hence that

fj=—aj(i-1) fia+ B (- (-2 +y (hy+i-2)]fj 2 (6.12)

With fo =1 andf_1 =0, itis now a trivial task to determine tfseeigenvalues.
For example, whep = 17 (= £2), the highest weight states of charge,...,% = 2h are
determined by Equation (6.12) to have respective eigeegalu

1,2,39, 2 % 380494012350 -12350494Q —380,— %, -2, 20 -2 and—1.  (6.13)

It is a strong consistency test of our formalism that thesepmaations respect the symmetry im-
plied by Equations (2.7) and (3.11), which relates §heigenvalues of the states of cha@and
2h— 6. Indeed, this symmetry is by no means apparent from the sexurelations.

Observe that Equation (6.12) may also be used to formallinBteigenvalues for higher charge
states, for example a charge 8 highest weight staé (8, 17) would have eigenvalu@lT7 accord-
ing to our recursion formula. Given thateigenvalues of states of negative charge must vanish
(Section 3.3), this appears to be at odds with §keigenvalue symmetry mentioned above. But
such states cannot actually be present in the theory, agdthegt respect the singular vectors in
the simple current module (as we will see in Section 6.4) eGithat the above recursion relations
were originally derived from these singular vectors, it & surprising that the “non-physical”
solutions to these relations do not satisfy 8aeigenvalue symmetry we might otherwise expect.

6.3. General Applicability. It should be clear that the method employed to derive thersemu
relations for thqA(j)> may be applied quite generally, the only obstacle being éterchination of
whether the common denominator of the coefficients everstasi (forj € Z, ). It is tempting to
conjecture that this denominator never vanishes, as inti&nsy6.4) and (6.7), hence that for every
M (P, p) (with p> p’ > 2), these recursion relations determ|Aé!)) for all positive j. However,

it turns out that forp’ = 6, the common denominator for the coefficients of the reoarsglation
obtained from the level 5 singular vector is (up to a multative constant involving)

j(h—j)(h—1-3j)(2h+1—j)(10h+8-3j), (6.14)

which vanishes fof =h=p—-2¢c Z andj =2h+1=2p—3 € Z. It follows that for these two
values ofj (as well asj = 0), thep’ = 6 recursion relation does not determiwéj))

Remarkably, it seems that this property that the commonméraior factors nicely is a general
feature of M (p/, p) models. Based on explicit calculations fpr< 10, we conjecture that the
common denominator of the coefficients of the recursiontimiaderived from the grade’ — 1
principal singular vector is (up to drdependent multiplicative constant which can be normdlise
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away) given by

/

p-1
kI_I k(k—=1)p—p'(j+k-1)]. (6.15)
=1

The factor withk = 1 gives the expected vanishing whea- 0. The other factors give zero (for
somej) whenp' dividesk (k — 1) p (abbreviateq | k(k— 1) p), hence whem' | k(k— 1) (for some
1< k< p). In Appendix C (Proposition C.1), we show that skabnly exist wherp' is not a prime
power. Thus forp’ = 6,10,12,15,.. ., the corresponding recursion relation will fail to detenmi
\A(J')> for at least two (positive) values fgr(the precise number is determined in Proposition C.2).

One can analogously derive similar recursion relationmfdescendant singular vectors. We
shall call these “descendant recursion relations” to mijstish them from the “principal recursion
relations” discussed above. It is easy to show that thesseddant recursion relations have coef-
ficients whose common denominator is that of the principalirgon relation (conjectured to be
(6.15)), multiplied by othef-dependent factors which depend on the particular desoénded in
the derivation. Hence these descendant recursion resatidialso fail to determine thgAl)) for
the same set of as the principal recursion relation (and may fail for othes well).

However, there are two independent principal singularorsah theJic-Verma modul&gflll,
so we should be able to derive two independent principalrrenae relations (we have aIréady
compared the solutions of these #dr(3,4) in Table 1). At the level of the common denominator of
the coefficients of these relations, swapping between fheipal singular vectors merely amounts
to swappingp’ and p. Assuming the conjecture (6.15), we may therefore ask ifetiaee| AU))
(with j > 0) which are not determined by either principal recurrerstation. Numerical studies
suggest that the answer is “no”; Thbﬁ\(i)>, and hence the operator product expansiop ()
with itself, may always be computed from these two princrgalurrence relations. However, we
have not been able to construct a proof of this claim.

Finally, we mention an intriguing reformulation of our cenjured expression (6.15) for the
common denominator of the principal recurrence relatiaivdd from the principal singular vector
at gradep’ — 1. We can express this singular vector in the form

}X> - Ae?zp/la)\ Loaboa L*)\/()\) ‘(P>, (6.16)
whereP, is the set of partitionad = ()\1 =A== )\4(;\)) of n, and thea, are unknown (rational)
coefficients. We can follow the derivation of the corresgagdecursion relation, only keeping
track of the coefficient of the term in which all Virasoro med®&e removed by commutation with
the g-mode. This coefficient defines the common denominator ofékarsion relation, so our

12e used M\PLE to search for sucly, and found that no suchexist whenp’, p < 1000.
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conjecture for this implies that

aA|_|

AET#
whereh = %1 (P’ —2) (p—2) (and thea, are appropriately normalised).

We have not tried to prove this formula, but it has been cheeketo p’ = 10 (for all p). It
seems amazing to us that the coefficients of the singulaovshbuld satisfy such a nice relation
— indeed, forp’ < 6, this relation completely determines the coefficiests(up to an overall
normalisation). One can of course substitute in explicfressions [17] for the singular vector
coefficients, leading to bemusing identities of considieralomplexity. We will not attempt to
analyse these here, but it would be very interesting to tryriderstand these observations at a
deeper level.

o(A) p-1
(A+1) h+ )\.—j] = [ k(k=1)p-p (j+k-1)], (6.17)
=k+1 k=1

6.4. Singular Vectors and the Spectrum. As remarked at the end of Section 5.2, it is well-
established (though difficult to prove) that the chiral 4peun of a rational conformal field theory
is to a large extent controlled by the singular vectors ofweuum module (with respect to the
chiral symmetry algebra). For examplé,(3,4) has a principal singular vect¢x> in its vacuum
QTir—moduIeT?i’:‘l1 at grade 6. The corresponding fieldz) is therefore null, hence its modgs
must mapany state of the theory into a singular state. By computing thmaof xo on an arbi-
trary highest weight state, one finds that the result is $argin fact vanishing) if and only if the
dimension of the highest weight state is,or 3.

In this way, the principal vacuum singular vector determaitiee chiral spectrum of the theory.
We ask the obvious question of whether this property is prvesein the extended theories: Do
the principal singular vectors of the simple current modalko determine the spectrum of the
(extended) theory? We have seen in Section 6.1 that (atflaragte Ising model) these singular
vectors already “know about” the vacuum singular vectorwsoexpect that the answer to our
question is “yes”.

This may indeed be demonstrated in simple cases. We sud@@ is a (Virasoro) highest
weight state of monodromy char@eand conformal dimensiofs. In anM (3, p) model, the singu-
lar vector (6.1) defines a null fielgl (z) (vanishing in the extended theory) whose modes have the
form

3(h+n)(h+n+1)
Xn = Ligh s — =0. (6.18)
: EZ e 2(2h+1)
We may therefore calculate
30(6+1
O:XG—h‘Lm = <(P6h|-0+(l’9h+1|—1— ﬁ%h) ‘LI/>
(6.19)

30(6+1)
[A o= (2h+1} “hly).
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As (PQ,h‘LIJ> # 0, this gives a simple relation between the charge and dimerd any highest
weight state in adv{ (3, p) model:
6(36 —4h+1)

A= "%

(6.20)

Clearly, this does not completely determine the spectruth@theory®. What is needed is a
second relation between the charge and dimension, andstpi®vided by the second principal
singular vector. As an example, in the Ising modlel:(%), this second relation is easily verified to

be
(260 —1) (ZA—%) =0. (6.21)

Solving the two spectrum-constraining relations then ge= 0, %,1 andA =0, 1—16,% (respec-
tively), as expected.

Of course, this analysis can be repeated for other modelsthied singular vectors, with similar
results. We restrict ourselves to a final remark. It is pdesio show explicitly (for example with
M (5,6)) that the constraints derived from the principal singulecters select all fields from the
Kac table, andhot just those which contribute to the D-type modular invariant
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APPENDIXA. THE DECOMPOSITION OFM (3,10)

In this appendix (which is a continuation of Section 4), vikestrate fully the process of deriving
a conformal field theory equivalence by constructing an qohism of chiral algebras. Uniquely

amongst the minimal model3( (3,10) has a simple current of conformal dimensios- 2. The

central charge is = %44, so the operator product expansion takes the form

B 1 5 T(w) 50T (w)
PROMW) =8 | G 22 2w

(A1)

13Interestingly, theM (3, p) spectrum is completely determined by this constramd by requiring that the charge
be an integer or half-integer between 0 dndHowever, this complete determination is a peculiarityte ¥ (3, p)
models. In general, some of these charges will also be fdenid
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Again, 8§ commutes with theg,, and its eigenvalues on the fi2& 19-highest weight state}s«pLs}
(s=1,...,5) are given by Equations (3.17-3.21) as
S|pra) = 44|ra), and  8|@5)=—-110¢5).
We consider the linear combinatiaif (z) +b¢(z), a,b € C. This is a field of conformal dimen-
sion 2 whose operator product expansion with itself is gasidd off from the operator product
expansions (1.3), (1.14) and (A.1). It can be verified thet lihear combination again defines a

Virasoro field (that is, théour singular terms of the operator product expansion have time &
those in (1.3)) if and only if

(A.2)

1 /11
a=1 b=0 or azé, b=+i 108" (A.3)
We define
T(2) = }T (2) +i 11 (2) (A.4)
—2 \ 105 %" '

and note that these Virasoro fieli$ (z) correspond to a central chargeoaf= =22 (which in turn
corresponds to the minimal model (2,5)). Furthermore,

TT@QT W= :TT(WT (W): +... (A.5)

has no singular terms, as is readily checked, so the comdsygp Virasoro algebras are indepen-
dent. We have therefore constructed an isomorphism of edgeb

Ao = U(DVirzs) @ U(Vitps). (A.6)

The superscript”) reminds us that this algebra is defined by the generalisednetation relations
with y = 4 (only the singular terms of the operator product exparssiwave been used in the
construction of this isomorphism).

It is important to note that the Virasoro modes

1, . /1
LnizéLnjzl T (A7)

corresponding to the field6* (z) are only defined to act on states of integral monodromy charge
(son € Z). The representation theory corresponding to the isomsmpfA.6) is therefore restricted

to the2s 10-modules headed b)), |¢13) and| ¢y 5), which build theD-type modular invariant of

M (3,10). It will not be possible to relate the modules headeq:ldm) and \ @1.4) to any module of
‘)Jit%. This situation is analogous to that of [1, Sec. 4.2], in vahite equivalence of thB-type

SU (2), andA-type (diagonalbU (3),; Wess-Zumino-Witten models was constructed.



38 P MATHIEU AND D RIDOUT

We can identify the nature of the highest weight states uttt@jir%-action by computing

§10)=0 and  Lloa) = sLolos) = ¢ lous), (A8)

using Equation (1.5). As expectqm;} and\g0> = \41179> are not even highest weight states under
this action:

LF|gr7) = i%qolqo_l}qw - i%}%e) 40, (A9)

/11 o /11
L5 |@) = i Ecngo_z‘@::tt F)\o>7éo. (A.10)

The analysis fof¢ 5) requires a little more delicacy. Léﬁg,) = @|@5), so that

1 iv—1 -1 iv—1, ~
Ly |ous) = <§LolL ! 10 Clb) lo1s) = E\%sﬂt 1\10_\%5) (A.11)

By similarly computing_Z | @1 5), we see that thé]it%-highest weight states are actugig s) -+
|@u5) and |@s) — |@us). Their conformal dimensions are 0 and, but it is not possible to say
which state has which dimension without choosing whetfiell should be or —i.

To summarise, the isomorphism (A.6) induces the followielgtrtonship between the highest
weight states ofl3 19 and‘l]it%:

_les+las) 10l

0) —[0)"@[0)", |@z) — |z @5, (A.12)

os)—las)  [)Telo)

Here we have denoted tRéir, 5-highest weight state of conformal dimensidby \A>i (including

a label™ to distinguish the two copies @firy5). As the respective definitions of highest weight
state are compatible with this relationship, this implies tollowing isomorphisms of irreducible
modules (using Corollaries 5.2 and 5.3):

Lheliy=vi =11 el (A.13)
Ll li =Viy =L e L7, (A.14)
(LeLts) @ (Lh5eLll) 2 vig = L3a L3’
Of course, this last chain of isomorphisms may be more satigiexpressed in the form

Y25 _ %25, %25 _ %25 . 310
L@l =L150L071 =475, (A.15)

so Equations (A.13-A.15) complete the tensor product pliddation table for the irreducibl@ic-
modules making up\((2,5). This table has been previously derived (though indirgdtiy[22,
Prop. 7.2.1] using results on the asymptotic growth of tharatters of these irreducibiBit-
modules.
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We conclude by studying the effect of imposing the: 5 generalised commutation relation on
our construction. In particular, we impose the (equivgdléatd identification

oW @(w): =8 232 T (W) T (W) : — ;zdzT (w)| . (A.16)
As (W) T (w): = :T(w)e(w):, Equation (A.4) gives
THWT (W) : = % TWTW): — %dZT w). (A17)

As the T* (w) generate the modes defining each side of the tensor prégiugt © Uity 5, we
might expect that this product vanishes. However, we sdettbannot, as this would require

[LZ_Z - §L4] 0) =0, (A.18)

and this vector is not even singularifi(3, 10). Nevertheless, we can back-substiflite T+ + T~
to show that

1 3 1

(T W T W) — —202TH (W) ) + 2 3
( )

(:T(W)T(W): ——dZT(W)) =0. (A.19)

2 20 2 20

Applying this to the!z]itgﬁfg-vacuum}@+ ®|0) ", we therefore recover the vanishing of fiig2, 5)
singular vector (in each copy):

[(Lﬂtz)2 = :—gl_i] 0)* =o0. (A.20)

It follows thatalg’%o andU (Virp5) @ U(YVirps) are not isomorphic, because the former contains a
defining relation which proves that the primitié (2,5) vacuum singular vectors are identically
zero (which cannot be proven U(Dir,5)).

APPENDIX B. THE VANISHING OF AN M (3,5) SINGULAR VECTOR

This appendix is devoted to outlining (by example) how one demonstrate that the second
principal singular vector of the vacuum Verma module vaessidentically. ForM (3,5), this
singular vector is explicitly given (up to normalisation) b

55 45 , 125
S R TN T T S [T S
X) (4573138_2+57 21

We have established in Section 5.1 that the first singulanv¢w> vanishes identically, hence so
do all its descendants. In particular, its descendantsaalegiour,

125
372&1) ®_3/4|0). (B.1)

1 3
‘€> = L%l}w> = (L_4—|— L3l 1+ EL_ZL%]' — 1_0L41) §0_3/4}0> (B.2)

3
and |{)=L_o|w)= <L22 — EL_2L21> ¢_3/4|0), (B.3)
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must vanish identically. Note thg@ is not (obviously) a linear combination of these descerslant
We compute:

7
L_a|) = <(P3/4|-4+ Z(P19/4) 0)

5 -8 5 5
= ¢ 3/4 <?(P—13/4<P—3/4 - §|— ) 0) + —|—4 1|9) (B.4)
-8 52 .25 |2 241,
( ®_3/4P 13/4— —|— 2+1—2|— oL ~ 1152 1) [22

The @-bilinear may be evaluated recursively:
5 15 15
<(P3/4(P13/4 - §¢77/4(P79/4+ §(P711/4(P75/4 - 384(P 19/4%/4) ‘(P> = 0
1 1 1
<(P—7/4(P—9/4 ~ 5P 11/4P-5/4 E(P—19/4(P3>/4) o) =0,
and <§0—11/4§0—5/4+ 3 §0—19/4§03>/4) \§0> —|- 4l@)

25 17 25 175,
= 9073/490—13/4‘@ - (ﬁl‘ 4+ 128§019/4(P3/4) ‘q0> - <§L 4+ 3072 ) ‘ >

(B.5)
Substituting back and tidying up, we find that
20 , 25 1
‘r]> = <|__4— 13L 2 13L 2L%1_ §L41> §0_3/4}0> =0. (BG)
Basic linear algebra now shows that), |£), \Z> and|n) are linearly dependent. Indeed,
2725 112
‘X> = 1482‘E> B ‘Z> + ‘ > (B.7)

which completes the proof that the second principal smgu%tor of the vacuunlz s-Verma
module vanishes identically.

APPENDIX C. TwWO NUMBER-THEORETIC RESULTS
This appendix is devoted to the proof of two simple (relataghber-theoretic results, which are

used in Section 6.1.

Proposition C.1. Let p> 3. Then, p k(k—1) for somel < k < p if and only if p isnota prime
power (p#£ q", q prime and > 0).

Proof. If pis a prime powerp | k(k—1) impliesp|kor p|k—1 (since gcdk—1,k} =1). But
then,p < k (ask # 0,1), so there can be nod k < p satisfyingp | k(k—1).
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Suppose then thatis not a prime power, so we may wrife= abwherea,b € Z, a,b > 1, and
gcd{a,b} = 1. We can therefore find,b’ € Z such that

alf —bd = 1. (C.1)

Note that this property is invariant undg’,b’) — (a’ + ¢a,b/ + ¢b), for all £ € Z. Hence we may
choosé’ so that

O<a(b'+¢b)=abl+¢p<p-1 (C.2)
Letk = a(b’ +¢b). Then, by Equation (C.1),
k—1=all—1+¢ab=ba +/lab=b(a +(a), (C.3)
hence
k(k—1)=a(b'+¢b)b(a' +ta) = p(b' +¢b) (a' +(a). (C.4)

We have therefore construct&dsatisfying O< k < pandp | k(k—1). It remains to show that
k> 1.

If k=0, (b’ + ¢b) =0 (asa > 1). But then, substitutinly into Equation (C.1) givesb (& + fa) =
1, contradictingp > 1. If k=1, we derive a similar contradiction (from Equation (C.8)mpleting
the proof. ]

Proposition C.2. p| k(k— 1) for precisely2" — 2 integers k in the rangé < k < p, where n is the
number of distinct prime divisors of p.

Proof. The proof of Proposition C.1 shows that every factoringpofto coprime integersa, b >

1 produces a unique integer<dk < p such thatp | k(k—1). There are of course"2- 2 such
factorings, corresponding to the ways of partitioning tieinct prime factors op into two non-
empty subsets (the missing two correspond to choosingreitbeb to be 1, corresponding to the
empty subset). We need to show that this map from the set twirfags into the set dk satisfying
the required conditions is a bijection.

We first show that different factorings give differdntLet p=ab= af3, a+# a, be two such
factorings, producingg andk respectively. Then, there must exist a prigqeividing one ofa and
a, but not the other (otherwisewould equalx). Without loss of generality, suppogéabutqt a.
Theng| p, soq| 3, and

k=a(b'+¢b)=0 (modq) but k=a(f'+AB)=aB =1 (modg), (C.5)

sincea3’ — Ba’ = 1. Thereforek # k.
We now show that everi between 1 andg that satisfiegp | k(k— 1) corresponds to such a
factoring ofp. Given such &, we set

a=gcd{k, p} and  b=gcd{k—1,p}. (C.6)
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Then, gcda, b} = 1 because gcfk,k—1} = 1, andab= p sincep | k(k—1). Finally,a=1
impliesp | k—1 > 0, hencep < k— 1, a contradiction ak < p. b= 1 also contradicts this, so
we have the required factoring. We complete the proof by shpthat this factoringp = ab does
indeed produce our original integler Clearly we can trivially satisfiald — ba = 1 by choosing

k k k—1 k—1
r_n — —
“aTgeatkpr 0 *T b gedk—Lp) €1
The integer produced by the proof of Proposition C.1 is thus
a(b'+¢b) =k+¢p, (C.8)
and clearly? = 0 as this integer must lie between 1 gnd |
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