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Abstract

A method is introduced for constructing lattice discrei@as of large classes of in-
tegrable quantum field theories. The method proceeds in temss The quantum
algebraic structure underlying the integrability of thedabis determined from the
algebra of the interaction terms in the light-cone reprid@m. The representation
theory of the relevant quantum algebra is then used to agrigtre basic ingredients
of the quantum inverse scattering method, the lattice Lakiogs and R-matrices.
This method is illustrated with four examples: The Sinh-@&or model, the affine
5[(3) Toda model, a model called the fermioni2|1) Toda theory, and thél = 2
supersymmetric Sine-Gordon model. These models are aterkto sigma models in
various ways. Thé&l = 2 supersymmetric Sine-Gordon model, in particular, dessri
the Pohlmeyer reduction of string theory AdS x S, and is dual to a supersymmet-
ric non-linear sigma model with a sausage-shaped targeéspa

1. Introduction

1.1 Motivation

There is a growing family of quantum field theories that arevian or expected to be integrable
at the quantum level. If this is the case, then one may leaghrabout certain non-perturbative
phenomena in these quantum field theories. One gains, ioydart full control over interesting
topics such as non-perturbative dualities, giving deegimsnto the nature and the relevance
of these in quantum field theory. A particularly striking exale is the conjectured duality
between theN = 4 super Yang-Mills theory and string theory &S in the limit where the
rank of the gauge group is large. There is considerable sgaléor the integrability of both
theories and for their equivalence as quantum theoriedAsts] for a review.
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However, a proof of the integrability of these theories hafas remained elusive. More gen-
erally, despite a lot of important progress in the field oégrable models, there are only a few
guantum theories for which quantum integrability has bedlg éstablished. In most cases, one
needs to regularize ultraviolet divergences. Integrigtigi hard, if not impossible, to control in
this process unless the regularized theory is itself iatielgr One of the most successful reg-
ularization schemes uses integrable lattice regulaomatior which a certain supply of known
techniques is available.

Among the integrable lattice regularizations, the spiaisimodels seem to be the most pop-
ular. A spin-chain is defined by choosing a collection of esgntations of a Lie algebra (or
some deformation thereof). These representations areasotiated with certain sites of a
given lattice. However, it is often not clear at the begigniha given spin chain will corre-
spond to the quantum field theory that one is trying to regzearThe proper definition of the
continuum limit may be intricate and important characterssof the theory may depend heavily
on how exactly this limit is taken.

Another class of lattice regularizations exists which appeéo capture more of the features
of the quantum field theory that the lattice model is suppdsectgularize. We will call a
lattice-discretizationailor-madeif

¢ the local degrees of freedom of the lattice model are in thedation to the field variables
of the corresponding continuum quantum field theory, and

¢ the quantum algebraic structure underlying the integitgbd the same in the continuum
models and the corresponding discretization.

Formulating these requirements more precisely is one dodious in this paper. The first of these
two features is, in particular, realized when the variabliethe lattice model can be identified
with averages of the continuum field variables over smalioreg of space and/or time. The
second is naturally much more subtle. Another of our aims latwollows is to explain in
some detail how this can be precisely realized for a certamily of examples.

From a practical point of view, it seems to be preferable te astailor-made lattice-
discretization when possible. One then has very good reasexpect that the continuum limit
will be the quantum field theory which one is interested incdh also facilitate the solution
of the theories considerably — important consequenceseointiegrable structure are already
under full control in the discretized version, and theseuess remain essentially unchanged
when the continuum limit is taken. This remark applies intipatar to the functional rela-
tions obeyed by the generating functions for the eigengatig¢he conserved quantities (such
functional relations are collectively known as T-, Q- orysgems).



1.2 Aims

To reiterate, our main aim in this paper is to present a metbhoa@onstructing tailor-made
lattice regularizations that appears to be applicable &wgelclass of models. We illustrate this
method with several physically relevant examples. Verghdy the method proceeds in two
steps:

e First, we identify the algebraic structure underlying thiegrability of the model in ques-
tion. This follows from the algebra generated by the chiedVls of the interaction terms.
The consideration of these chiral halves is physically swadkivated in the light-cone rep-
resentation, as we will explain in Section 4. The relevagehbtaic structures for our
examples turn out to be quantum affine (super)algebras.

e The second step then consists of constructing the basidimgiiblocks of the lattice regu-
larization from the representation theory of the algebs#igcture identified above. Prac-
tically, this means computing Lax matricks (A) on the lattice using our knowledge of
the relevant quantum affine (super)algebra. In doing this,drucial in our approach to
use a discrete light-cone representation for the two-dgioeal lattice. The monodromy
matrices may then be constructed in the form

M(A) = Ly(A)LG(A) - Ly (AL (A). (1.1)

The Lax matricesF(A) represent parallel transport along the light-cone diotiin a
two-dimensional discrete space-time. Our constructidhb&isimilar, but not equivalent,
to the previous constructions of this type described in [FRRR].

The four examples which we will consider in the following dween chosen for their phys-
ical interest and because they appear to be prototypichkisénse that they exhibit a certain
variety of different qualitative features. These modeks thie Sinh-Gordon model, the(3)
affine Toda theory, a model that we call the fermiosti@|1) affine Toda theory, and thé = 2
supersymmetric generalization of the Sine-Gordon model.

The last two models are of particular interest. They seemetthk first models contain-
ing a mixture of fermions and bosons for which a lattice ragamhtion has been constructed.
Moreover, theN = 2 supersymmetric generalization of the Sine-Gordon mogieéars in the
Pohlmeyer-reduction of string theory &S x S [GT]. Proving that this theory is integrable
supports the hope that Pohlmeyer-reductions of stringrigeon anti-de Sitter spaces can be
consistently quantized.

We mention that all of the models under investigation shaeeimportant feature: The pres-
ence of a non-compact bosgnwith exponential interactions?%®, ¢ = +1, +2. This feature is
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shared by all non-linear sigma models with anti-de Sitt@iceg as targets. As we will explain
in more detail, the presence of such exponential intenastiwoduces subtle divergences in the
ultraviolet. The proper treatment of these divergencedymwes non-perturbative counterterms
which dominate the deep-quantum behavior of the theoreslihg to interesting duality phe-
nomena [T2]. In the case of thé = 2 Sine-Gordon model, one finds a dual description in
terms of a non-linear sigma model with a sausage-shapeet g, HK]. This means that
the corresponding lattice model constructed in this papsinultaneously an integrable lattice
regularization for thé\ = 2 supersymmetric sausage sigma model.

1.3 Structure of this paper

The structure of this paper is as follows. Section 2 firstoidirces the models of interest via
their Lagrangian descriptions and discusses some of tlasic features. In Section 3, the
integrability of these models is discussed at the clasgwal. Zero curvature representations
are given for the classical equations of motion, making tagsical integrability of these models
manifest.

Section 4 then reviews the known relations between quantiime algebras and the integra-
bility of the bosonic affine Toda theories. The algebra ofitheraction terms in the light-cone
representation plays a crucial role. The fact that one castoact representations of the nilpo-
tent subalgebras of certain quantum affine algebras frosetiméeraction terms leads, in certain
cases, to direct constructions of quantum monodromy neatric

Letting ourselves be guided by these examples, we contm8ection 5 with the identifica-
tion of the relevant quantum algebraic structures undeglyhe fermionics((2|1) affine Toda
theory and thdN = 2 super Sine-Gordon model. It turns out that we have to cengjdantum
affine superalgebras in these cases.

In section 6, we reformulate the known lattice discretmatof the Sinh-Gordon model in
way that serves as a paradigm for the construction to be qexsdor the other models. We
commence Section 7 by formulating a general recipe for tmstcoction of integrable lattice
discretizations that should be applicable to large class@stegrable quantum field theories.
This recipe is then illustrated by working out the basic dind) blocks (the Lax matrices) for
the remaining three models studied here. The article cdeslwith a brief outlook and two
appendices which discuss some technical points.

2. The models of interest

We will be interested in the following family of models whielne related in various ways, but
also exhibit a certain variety of different qualitative fie@es. These models are of affine Toda
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type or some generalization thereof. In the following, w# uge the anticipated relations with
certain affine Lie (super)algebras as a classification tool.

2.1 Lagrangian formulations

Let us begin by listing the action functionals defining thedels of interest on the classical
level.

e The Sinh-Gordon modeThis model is classically defined by the action
S— /d2 (Oa )+ pe D% 4 vePn) 2.1)
and is formally related to the Sine-Gordon model by settingif.
e Thesl(3)affine Toda theoryThe action is

S= /d2 aacpl) (c?a(pz) + e~ b“’lZCosm\/_bcpz)JrveZb“’l) (2.2)

e The fermionias! (2|1) affine Toda theoryinteresting new features arise when we consider
models containing fermions. As one of the simplest exampleshall consider the model
defined classically by the action

_ _ b? _ _
— [ ( e+ B0, + F0Y — U, Ty
— 2nub( Py P + Yo p_)e PP 4 8P ule20n +47Tve2b“’l) . (2.3)

The reason for calling this model the fermiosi¢2|1) affine Toda theory will be explained
in Section 3.3.

e The N= 2 super Sine-Gordon modeMe will also study a supersymmetric model, the
N = 2 super Sine-Gordon model. The action is

/d2 ( (Ga@r)? ((3a¢2)2)+(ﬁ+0_w++tﬁ_d+¢_)
_b/dz w ‘/—’— 'b@+Lll+lll_eib<02)efb¢l+v(ll_l+d7_eib@+L[1+Lp_e*ib‘»"2)eb¢’l>

+ 4n/ d?z (2 1+ v2e 2 _2uvcoq2bg)). (2.4)

TheN = 2 supersymmetry can be made manifest using the superspataiton [KU].
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An important parameter in each of the models that we are denieg is the constart which
appears in the exponential interaction terms. By a rescafitite fields, one may factor it out in
front of the action, leading one to identif with Planck’s constarfi as it controls the strength
of quantum fluctuations. The above action functionals mayetore be used as the starting
point for constructing a perturbative expansion in the pegt@rb. The method to be used is a
variant of the background field method in which one expandsrat a solution to the classical
eqguations of motion that follow from these functionals.

2.2 Descriptions as perturbed free field theories

Another way to approach the definition of these models is tmtjge the field theories whose
actionS is obtained by setting = v = 0 in their respective action functionals. One then tries to
define the interaction terms as certain composite operatmstructed from the quantum fields
present in the theory defined By, leading to a prescription for the evaluation of the cotreta
functions as formal series in powers@fandv. In the implementation of this procedure, one
typically encounters two types of difficulties:

e The treatment of ultraviolet divergences requires themaatization of both the composite
fields appearing in the interaction terms and the couplingstzmts.

e The dependence of the correlation functiongiemndv involves non-perturbative behavior
which depends sensitively on the choice of infrared reggaéion.

In this section, we shall briefly discuss the first of theseassfor the interesting regime cor-
responding tdo = i3, B € R. The problem of constructing the interaction terms turnistou
be fairly tame in this case in the sense that there exist ftations of the models in which
standard free field normal ordering suffices. For real vatids which is the case of our main
interest, there arise additional subtleties in the ulbiatibehavior of the theories which will be
discussed in Section 2.3.

The description as perturbed free field theories is abdglateaight-forward for the actions
(2.1) and (2.2). Defining the exponential functions of thi&lien andg, by standard free field
normal ordering will be sufficient. The situation is more geln the remaining two cases.



2.2.1 The fermionisl(2|1) affine Toda theory as a perturbed free field theory

Instead of (2.3), let us consider the action

/d2 ( 001([)1 +L,U+a L,L’++L,U a+w— ‘,L’+'~l_’+w—‘ﬁ—

—2mub( iy g+ i )e PR+ ZWGZb%) . (2.5)

which differs only by dropping the term proportionalfi8. Settingu = v = 0 yields an action

S which describes a free bosonic fighgland a decoupled massless Thirring model. The terms
proportional tou andv are considered to be interactions coupling the bosonic ardidnic
fields.

One should note, however, that the action (2.5) is not slaitilo constructing the semiclas-
sical expansion in powers & In the limitb — 0, the products of the terms proportional to
e % generate the finite additional contribution@? [ d?z e 2% to the action. Indeed, let us
consider the following contribution at ordgr:

p2p? / PPud’z, P (z)§(21) : € P22 gy ()Y (2) e PR@2) 0 (2.6)

Directly takingb — 0 would produce a non-integrable singularityz; — z>| =2 from the fermion
operator product expansion

_ i,y
We(@) P (W) = — 2

2.7)

We need to introduce a cut-affand split the integral into a contribution frojn — 2| < € and
the rest. For smalt, we get a good approximation for the contributions frn— z| < € by
using the operator product expansion:

411 b? —2bo1(2) / 2, . o2
‘e —art [ d22 Pz 2.8
/ /w<s ‘W‘2+b2 v’ 28)

The term on the left has a finite limit fdr — O which ise-independent. It can be taken into
account by adding the ternt@® [ d°ze 2% to (2.5). The resulting action is exactly (2.3).

In order to arrive at a description of this model as a pertifioee field theory, it is useful to
apply the boson-fermion correspondence to the model defin€d.5). This yields the action

S= /dz( (Oa)? (da(pz) 2ubeb‘plcos(\/?<p2)+ve2b‘pl), (2.9)
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where the parametebsandk in (2.9) are related blg? = k —2. The action (2.9) was the starting
point for the investigation of this model in [F1].
2.2.2 The N= 2 Sine-Gordon model as a perturbed free field theory

In the case of thé&\ = 2 Sine-Gordon model with action (2.4), we may taieto be defined
by the terms in the first line of (2.4), treating the terms ia second line as perturbations and
considering the terms in the third line of (2.4) as countertegenerated from the renormaliza-
tion of the perturbations in the limid — 0. Bosonizing the fermions in tHe = 2 Sine-Gordon
model, we obtain the action

S= 4 [ 2 ((06@)*+ (0@ + (2)?)

—ub/dzzzcos(\/i@ﬂrb(pz)eb“’l —vb/dzzzcoq\/i%—b@)eb"’l. (2.10)

In this form, one easily recognizes the model as a special akitie so-called SS-model intro-
duced by Fateev [F2].
2.3 The ultraviolet behavior of real exponential interactians

Turning to the case of our main interdst R, it is worth noting that the exponential interactions
now lead to rather subtle ultraviolet behavior. As an ilason, let us consider the simple
example of Liouville theory:

2
S= / d—nz (0,070 + TEP?). (2.11)

Consider those-th order terms in the perturbative expansion of this actbich contain
(—nﬁ’)” / 2. / P, 200 . ZD0(tn ). (2.12)

By using the operator product expansion

e2b(p(Z,Z) e2b(p(W,VV) ~ |Z — W| —4p? e4b(p(W~,VV) ,

it is easy to see that there are singularities produced bgdhksible “clustering” of integration
variables. Ifm of the integration variables are close to coinciding, ong eftectively represent
the product of then fieldse?2®(U1,t) . . . g200(Um,Um) [y @2mbp(um.tm) |t follows that the integration
over um 1 encounters an effective singularity of the forag, — um+1]—2mb2. As a function of
b?, one will therefore encounter poles in perturbative corafiohs wherb? is rational. Even if
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one excludes the rational valuesffrom consideration, there will still be a small denominator
problem to surmount. For takingf irrational means that the summation ovewill produce
terms in whichnb? comes arbitrarily close to the values where (2.12) has poles

It can be argued [T2] that the proper renormalization oférgegularities necessitates dual
interactions which contain exponential operators propoai to et At the moment, the
lattice regularization seems to be the most powerful apgréathe quantization of these theo-
ries as is illustrated by the results obtained for the Siined@n model and for Liouville theory
in [ByTel, T1, ByTeZ2].

2.4 Description as perturbed conformal field theories

It is important to note that all of the models above share atierst feature: They have interac-
tion terms proportional tef?®, ¢ = +1, 42, that become strong whem — +oo. If however,
one setsy = 0 in the above actions, one obtains models in which all ictevas vanish for
@ — oo. This is closely related to the appearance of conformakiamae in they = 0 models.
The following table summarizes the resulting models ani tieral algebras.

Massive model Limitv=20 Chiral symmetry
s[(2) affine Toda Liouville theory Virasoro algebra
s[(3) affine Toda conformal Toda theory W5 algebra
s[(2|1) affine Toda Sine-Liouville theory Parafermion algebra
N = 2 super Sine GordonN = 2 Liouville theory | N = 2 superconformal algebra

All of these conformal field theories are non-rational. Tleg features, including the spectrum
and the three-point functions, are known in the cases ofillileLtheory, Sine-Liouville theory
andN = 2 Liouville theory.

3. Classical integrability

3.1 The Sinh-Gordon model

The classical Sinh-Gordon model is a dynamical system whklegeees of freedom are de-
scribed by a fieldp(x,t) defined on(x,t) € Sk x R (assuming periodic boundary conditions
@(x+Rt) = @(x,t)). The dynamics of this model may be described in the Hanmdtoformal-
ism in terms ofp(x,t) andlM(x,t) = ¢ @(x,t), the Poisson brackets being

{A(x,t),p(X,t)} = 2md(x— ). (3.1)
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The time-evolution of an arbitrary observalidét) is then given as

aO(t) = {H,0()}, (3.2)

with the HamiltoniarH being defined as

— / § dX + ()* + 8 cost{2bg) | . (3.3)

It is well known that the equation of motion for the Sinh-Gondnodel can be represented
as the zero curvature condition

[ —U(x,t;A),0c— Ux(x,t;A)] =0, (3.4)

where the matricegy(x,t; A ) andU;(x,t; A ) are given by

b /2 m(AeP% 4 A ~lethe
et = (o 4wz . Gsa
mAe™?+A~*e™?) —bdi/2
boxp/2 m(Ae P9 — A ~1gtbe
Ur(x,tA) = o X"’/il B ( AN (3.5b)
m(Ae™? — A~ e "%) —bdkp/2

and wheremis related to the coupling constamtby n? = mbu. The constand € C is known
as the spectral parameter.

The classical integrability of the Sinh-Gordon model falfofrom the existence of suffi-
ciently many conserved quantities. These conserved diggndire generated from the trace of
the monodromy matrix of the connectid— Uy(x,t; A ):

TA)=tr(M(A)), M) = @exp(/oRdx Ux(x7t;)\)) . (3.6)
The Poisson brackets for the elements of the maiix ) can be written in the form
MM)EM(p)} = [RA/1),M(A) @ M(p)], 3.7

whereR(A) is the matrix

)\—i—)\*lH@)H+ 2 (
A—A"1 2 A—A-1

R(A) = EQF+F®E) (3.8)
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E:(O 1), H:<l 0), F:<° °>. ©9)
00 0 -1 10

The mutual Poisson commutativifyT (A), T (i) } = 0 follows easily from (3.7).

with

3.1.1 Light-cone representation

Another useful representation of the zero curvature card(B.4) is obtained by passing to the
light-cone coordinates. =t 4+ x and the corresponding derivatives = %(dt +dy). The zero
curvature condition (3.4) can now be written as

(0. —U,(2),0_—U_(A)] =0, (3.10)

where the matricels; = 3 (U +Uy) andU_ =  (U; —Uy) are given by

Uy(A) = +t—2)Ha+(p+ ME1e~ % + mEge™, (3.11a)
U_(A) = —g HJ_ @ — mF1e 2% — mFpe?. (3.11b)

Here, we have used the notatibn= AE, Eg = AF, F; = A ~1F, Fp = A ~1E which is motivated
by the relationship to the affine Lie algetfr[z@Z) (this will be important for us later). Recall that
the affine Lie algebr§[(2) has Chevalley generatdes, Hi, F, i =0, 1. Itis easy to see that the
identifications

o (Ei) = Ej, T (Fi) = Fi, o (H1) = =155 (Ho) = H, (3.12)

define a representation Eif(Z) in which the central elemefity + H1 is represented by zero.

The zero curvature condition (3.4) implies that

M(A) = Wexp(/oRdx ux(x,t;)\)> _ f@exp(lgds%u}()\)) , (3.13)

for any contouf#” that can be deformed intép = {(x,t) : 0 < x< R}, preserving the start and
end points. We may, in particular, choose the “saw-bladeta@ar 4y = U,’Q'Zl%lj U%, , where
%ki are the light-like segments

¢ = {(KA+ut+u) : 0<u<A/2},

(A:=R/N). (3.14)
6. ={(KA+Vvt+A—V) 1 A/2< V< A}
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G G
G 1 G
This allows us to rewritd1(A) as
M(A) =LyA)LG(A)--- Ly (A)LT (A), (3.15)

where
Lo(A) = @exp([g+ dx; U+()\)) , Le(A) = 9exp<[g_ dx_ U()\)) : (3.16)

This representation of the monodromy matxA ) will be a particularly useful starting point
for the quantization.

3.1.2 Massless limit

The Sinh-Gordon model is well known to be related to (m)Kd¥edry. This can be seen as
follows. The massless limih — O turns the Sinh-Gordon equation into the equation for the
massless free field, whose general solution is

P(X,t) = @ (X4 ) + @ (x-). (3.17)

Interesting integrable structures can be preserved in #Eskess limit if the limitm — 0 is
combined with the limil — o or A — 0, keepingA, = mA or A_ = mA ~1 fixed, respectively.

In order to discuss the limmh— 0, A — o with A, = mA fixed, for example, it will be useful
to consider the saw-blade contogiy with N = 1 which leads to the factorization

M(A;m) = N_(A;m)Ny(A;m). (3.18)

In the limit under consideration, we see that(A; m) becomes a simple diagonal matrix while
N.(A;m) — N4 (A4), say, does not. The main point to observe is that

Ty (Ay) :=Tr(Ny (A1) (3.19)

is a functional ofg, (x;) from which one may obtain the conserved quantities of th&(i¥)
hierarchy in the asymptotic expansion for lage

In order to explain this statement in more detail, let us fiestrite T, (A} ) in a way that
makes manifest that it is a functional of the left-movingtpar(x;.) only. To this aim, let us
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use the gauge transformation
0r — W, (x4) := g H(x,1)(dr — UL (AL)g(xt), (3.20)
with matrixg(x,t) chosen ag(x,t) := (@ (X:)=¢-(x))/2 The matrixW, (x, ) is found to be
W, (x,) = Ay (e 2P (XE 4 200 (%)) (3.21)

It will furthermore be convenient to considit, (A, ) := (g(0,0)) "IN, (A,)g(0,0). It is then
easy to show tha¥l; (A) can be represented in terms of the Lax connedfibiiA ;) as

Mi(A4) = eanp+gZeXp</c)RdX+ W+(X+)> ; (3.22)

wherep,; = (@1 (R) — @ (0))/2m. It now remains to observe that the Hamiltonian functions
H of the (m)KdV theory are obtained from the asymptotic exjpamsf log(T, (A, )) as

1 [oe]
o log(T-(A+)) ~ A+ Y CHAAL2 for Ay — o (3.23)
n=1

The ¢, are normalization constants whose precise forms will nohéeded in the follow-
ing. With a proper choice of the, we find, for example, thaH." = fORdx+U(x+) and

Hy = Jfdx; (U(x.)2 where
1
U(x:) = (0401 (%)) — 5542r¢+(x+)- (3.24)
Let us also note that the Poisson brackets following fror)(fr ¢, are

{0:W),0:()}, = Jsg(u—V), (3.25)

where sgg(u) is the sign function foru| < R/2, continued to all reali via sgrg(u+R) =
sgrk(u) + 1. The Hamiltonian functionsl;” will then generate the (m)KdV-flowsd/, via

Oy Wi (t) .ty 5. ) = {Hy Wi (t 8, ) ) (3.26)
where one should identify, andt;".

In the limitm— 0, A — 0 with A_ = mA 1 fixed, a similar development leads to

M_(A_) = gﬂexp(— /ORdX_ W_(x_)) o H (3.27)
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with W_(x_) = A_(e?? < )E 4 e 2¢-0)F) and p_ = (¢@_(0) — ¢_(—R))/2m. The matrix
M_(A_) defines the integrable structure of the right-moving gafix_) in a way that is analo-
gous to what was described above. Note that

2n(py —p-) = @ (R)+ @ (—R) — @ (0) — ¢_(0) = ¢(R,0) — ¢(0,0) =0, (3.28)

hencep,. =p_=p.

3.2 Classicalsl(3) affine Toda theory
The classical equations of motion of thig3)-Toda theory are

—0,.0_¢ = 2rve®® — 2rue % cosi{(v/3bgy,), (3.29a)
—0,.0_ @ = 2mu+/3e "? sinh(v/3bg, ). (3.29b)

In order to formulate the zero curvature representatiorhefdquations, let us introduce the
Chevalley generatork;, Hi, F, i = 0,1,2, of the affine Lie algebr§[(3). They satisfy in
particular the relations

[Hi,Ej] = AjE;j, [Hi,Fj] = —AjFj, [Ei,Fj] = aijHi, (3.30)
whereA is the Cartan matrix
2 -1 -1
A=]-1 2 -1]. (3.31)
-1 -1 2

LetsA[(S)o be the loop algebra defined by setting the central eletdgntH; + Hy to zero. We
may then define the foIIowin@[(3)o-vaIued fields:

b 1 1
Ur(A) = +§ <H10+((P1+ 7§(P2) +H20, (@ — 7§(P2>>

+m(Ere P@HV3R)/2 | E e BleVER)/2 y Eiehh), (3.32a)
b
2-(2) =~ (Ho-(a+ L)+ Ha0- (¢ - L))
— m(Fre P@HVIR)/2 | peb(@V3R)/2 | poehhr) (3.32b)

The zero curvature condition

[0y — % (A),0_—% (A)] =0 (3.33)
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reproduces (3.29) it = v = m?/2mb. In order to get the corresponding Lax matrices, note
that we could use any representatiorﬁt(B)o. Of particular interest are the two fundamental
representations realized @%. These may be defined by

T2 (Eo) = AEay, T2 (Ho) = Esz— By, ) (Fo) = A 'Eqs, (3.34a)
T4 (E1) = AE12, o) (H1) = BE11— Epp, M (F1) = A Bz, (3.34b)
T (E2) = AEgs, T2 (Hz2) = E22 — Egs, oy (F2) = A 'Es2 (3.34c)

and

1, 5 (Eo) = —AEay, 1, 5 (Ho) = Esz— Euy, 1, 5 (Fo) = —=A 'Eis, (3.35a)
1, 5 (E1) = +AEgg, 1L,  (H1) = E22 — Esg, 1,5 (F1) = +A Ea, (3.35h)
12 (E2) = +AE12, T, 5 (H2) = E11— B, 15 (F2) = +A 'Ezy, (3.35¢)

respectively, wher&;; denotes the matrix with 1 in th@, j)-th entry and zero everywhere else.
The resulting Lax matrices differ only by the permutationrsofne matrix elements and some
signs. We will, however, find interesting differences betwéhe lattice versions of these Lax
matrices when we consider discretizations in Section 7.2.

3.3 The fermionicsl(2|1) affine Toda theory

Turning our attention to the theory defined classically @y dlstion (2.3), we observe an inter-
esting feature: The presence of fermions necessitateglesason of Lie superalgebras for the
formulation of a zero curvature condition. Let us consider affine Lie superalgebr%(Z]l)
with Cartan matrix

0 -1 +1
A=|-1 2 -1]. (3.36)
+1 -1 0

This superalgebra has Chevalley generatgisH;, F, i = 0,1,2, with Eg, E», Fp and R,
fermionic, all other generators being bosonic. They satisparticular the relations

[Hi.Ej] =AjE;,  [HiF]=-AjF,  EF-(-)PPIFE=4§H;,  (3.37)

in which p; € {0,1} denotes the parity d& andF. The loop aIgebraA[(Z\l)0 is again defined
by settingHg+H; +H2 = 0.

We now introduce a real bosonic figpdand two complex fermionic fieldg;., x— (depending
on bothx; andx_). These fermions anticommute among themselves and alisommute with
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the fermionic generators @At(2|1). With these, we construct

U+(A) = —(H10:+¢ —2(Ho — Ha) X+ X+ )

+m(E1€ + 2B, €% + 2Ex e ?) +nPe 2P {Ey, B}, (3.38a)
U-(A) =+(H10-¢ —2(Ho—Ha)x-X_)
—m(Fe? +2Rx_e ¢ + 2Rox_e ?) +nPe 2 (R, R} (3.38b)

The zero curvature condition (3.33) then yields the systeegoations

0=0.0 ¢+ §<e“¢ —nmPe ) —mP(x x- + X X)e . (3.39a)
0=0:(x-e?)+(0r¢+2x X )x_€?—mx e, (3.39b)
0=0_(x €+ (0 ¢+2x_x )x.e?+mPx e (3.39¢)

These equations are equivalent to those following from)(@i8e we identify
p=2b"1¢, 2mbv=n?, 2nmub=n?, Y. =2v2b"1y,. (3.40)

We take the fact that the equations of motion follow from a-&lgebraically defined Lax pair,
similar to the ones used in the purely bosonic affine Todartegoas a justification for calling
this theory the fermionic affine Toda theory associated wiit®|1).

The fundamental representationstAb(fZ\l)o is defined on the vector superspa&! with two
bosonic basis vectong, v, and one fermionic basis vectes. With respect to this basis, the
elementary matriceB; 3, E»3, E31 andEs, are fermionic (parity-reversing), whereas the rest of
theEj; are bosonic. The fundamental representatiors fic 1), is then

Tha (Eo) = AEzs, Tha (Ho) = E22+ Egs, M) (Fo) = +A 'Esp, (3.41a)
o) (BE1) = AEs, o (H1) = B11— Bpo, M (F1) = +A Bz, (3.41b)
o (E2) = AEay, T, (Hz) = —E11— Egs, M (F2) = —A 'Ega. (3.41c)

The second fundamental representation may be obtainedtfisnioy exchangingy and J,,
J=E,H,F. We may use the representation (3.41) to get conserveditigaifitom traces of
the path-ordered integrals of the Lax matdx:= g, (%, — %-).
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3.4 TheN = 2 Sine-Gordon model

3.4.1 Supersymmetry and equations of motion

In order to write the equations of motion in a manifestly sggmmetric way, let us intro-
duce the complex superfiefd(x,,x_; 6., 6_), which depends upon the additional Grassmann
variablesf,, 0_, together with the super-derivatives

9 o g -2 .9 9 (3.42)

7+ =ga. T %ok a6 "% o

With these definitions, we will write the classical equasiasf motion for theN = 2 Sine-
Gordon model in the form

P_2,.®=nPsinh(20),  Z_2,.® = nPsinh(20), (3.43)
where® denotes the complex conjugate superfield. Written out ingeficomponent fields,
P=0+60. X, +0_X_+0a6,6_, DP=¢+6,X,+6_X_+ab6,.6_, (3.44)

one finds the equations

0.0_¢ = 2n? (2x, X_sinh(2¢) — acosh29)), 9. x_ = —2nPx, cosh2§), (3.45a)
a = nm?sinh(2¢), 0_x, = +2nPx_cosh2§). (3.45b)

It is straight-forward to verify that these equations araiegjent to the equations of motion of
theN = 2 Sine-Gordon theory if one identifies the respective fietds a

g=2b"'¢,  gL=2V2blx.,  nf=2nmby, (3.46)
whereg is the complex combinatiog + i@,.

3.4.2 The super-Lax representation

In order to construct a zero curvature representation feretjuation of motion (3.43) of the
N = 2 Sine-Gordon model, let us consider the affine Lie supelmdagAé(2|2) with Cartan matrix

0O +1 0 -1
1 -1

Ao | O ot (3.47)
0O -1 0 +1

-1 0 +1 O



18

This superalgebra has fermionic Chevalley generdtqrk;, i = 0,1, 2,3, and bosonic genera-
torsH; of the Cartan subalgebra, satisfying the relations (3.3® will again restrict attention
to the loop aIgebraA[(2|2)0 defined by settinddo + H1 + H2 + H3 = 0. With these definitions,
let us consider the super-zero curvature condition [InKiaka2]

DL N+ D-LeA) = { L (V). Z-(A)} =0, (3.48)

where
LA = —% (HZ, O+ HP, D) + 2=, + m(Ee® + E26% — Ese ® —Eoe ®),  (3.49a)
L (A) = +% (HZ ®+HZ @) - 2= —m(Fe® + Re® —Fe® —FRe™®).  (3.49b)

Here, we have used the notatibh:= H, — Ho, H := H; — Hz and Z := Hog + H,. The zero
curvature condition (3.48) implies, on top of the equatiohsnotion (3.43), the additional
equation

9 =, — 9,=_ = mP(cosh2®) — cosh2D)). (3.50)

This does not constrain thie. uniquely. Rather, it means that there is some freedom to ehoos
the=. to solve (3.50) without constraining any further than (3.43) does. For later purposes,
we note that the equation for the coefficiéntof 6. in = is

04& +0_& =4n? (x; X cosh2¢) — X, X_ cosh(2¢)) = d, (X4 X+)+0-(x-X-), (3.51)
where we have also used (3.45). It follows that setting
§r = XX+ (3.52)
is a particularly natural choice, consistent with the eiunat of motion (3.43).

In order to get the corresponding super-Lax matrices, ong fominstance, evaluate the Lax
matricesZ’. in the fundamental representatiag, ofsA[(2|2)0 which may be defined by

(Eo) = AE4s, T4 (Ho) = +E11+ Eyg, T (Fo) = +A 1Eaa, (3.53a)
(E1) = AEas, T4 2 (H1) = —E11— Egs, Ma (F1) = —A 1Eay, (3.53b)
(E2) = AEsp, Tha (H2) = +E22+ Egg, o (F2) = +A 1Ezs, (3.53c)
(Ea) (Hs) (F3) = =2 'Esz, (3.53d)

There is of course another fundamental representationy®utill restrict our attention to this
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one in what follows.

3.4.3 Ordinary Lax representation

The zero curvature condition (3.48) implies a zero cuneatandition of the usual form (3.33),

where
2N =20 N - (20)?, (3.54)

given the expansior. (A ) = i(o) (A)+ Gifi(l) (A)+... Indeed, (3.48) guarantees the exis-
tence of solutions to the equations

(24— L (ANWA) =0, (Z_— L (A)WA)=0. (3.55)

Expanding inf., one easily finds from (3.55) that the lowest compongif () of the super-
field W(A) satisfies the equations

0 — 2 (A)PON) =0,  (0-—27-(A)¥YO (1) =0, (3.56)
with the %2 (A ) defined in (3.54). The Lax matrices are explicitly given by

Yeh) = 5O + F0.B) + ZX. K

+2m(Eyx. €’ + Eox. € +Egx,e ?+ EO)@e“f)

—nP({Ey,Ey}e? 0 — {E, Eg}e?? + {Eg Bl — {Eq,E 16 ?), (3.57a)
U-(A)= +%(Hd+¢ +HA ) —-Zx_Xx_

—2m(Fx_ e +Fx e +Fox e P +Fox e ?)

— P ({Fy, Fo}e? ™0 — (R Fa}e? 0 4 (R, Fole % — (Ry Fi}e? ). (3.57b)

Here, we have used the choice (3.52) to fix the coefficien& dthen, one finds that all of the
equations which follow from (3.4) and (3.57) are implied bg equations of motion (3.45).

4. Quantum affine algebras and integrable quantum field theories

We have seen that affine Lie (super)algebraic structuresrliedhe classical integrability of
the models of interest. It therefore seems natural to expatthe quantization of these models
will lead to some deformation of these structures. In ordadéntify the precise form of this
deformation, we are going to argue that the algebraic stradtehind the integrability becomes
visible through the algebra generated by the interactiomgen the light-cone representation
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of the dynamics. In order to explain this more preciselyeribat the light-cone representation
of the classical dynamics admits a fairly direct quant@ain which the interaction terms of
the equations of motion are realized as operafprs =0, ..., r, on suitable Fock spaces. The
key observation to be made is that these operators genaegtessentation of the nilpotent part
A~ of some quantum affine (super)algebra. The existence oitelfirmany local and non-
local conserved quantities can then be deduced from thishifiemugh purely algebraic methods
[FF1, FF2, FF3]. This gives highly non-trivial evidence tbe claim that the quantum affine
(super)algebra behind the integrability is one whose tépbpart is 4_.

This discussion is sharpened considerably by the obsen/LZ3, BHK] that the quantum
monodromy matrices of the corresponding massless modelsnminaryb can bedirectly
obtained from one of the most basic objects associated wiimtgm affine (super)algebras,
the so-called universal R-matrix, in a way to be describedvielin the following section,
we shall review and slightly generalize what is known abbese connections for the models
of interest. Based on this discussion, we will try to formelatore precisely the proposed
connection between quantum affine (super)algebras andtédggability of our models.

Relations between integrable quantum field theories andtgomaffine algebras have also
been found in [BL1, BL2]. These works are concerned with the-local conserved charges
related to the appearance of solitonic excitations in tfiaite-volume scattering theory. This
does not seem to labrectly related to the connections discussed in our paper. One ns&y\ah
in particular, that the approach of [BL1, BL2] was generalifethe N=2 Sine-Gordon model
in [KUY], and it was found by these authors that the quantuim@flgebra associated with the
non-local conserved charges%(gl(Z)) in this case, while we will argue below that it is the
quantum affine superalgeb%(s?[(Z]Z)) which is relevant in our context. Despite the apparent
differences, it seems clear, however, that such appeaaficgiantum affine algebras must be
related on a deeper level. A better understanding of theiosl, in connection to integrable
guantum field theories, seems highly desirable.

4.1 Quantum affine algebras

Let g be the (untwisted) affine Kac-Moody algebra associateddaiimple Lie algebrg. We
let r denote the rank of and assume, for simplicity, that all the real rootsydfave the same
length (this is the only case that will concern us). The quanaffine algebra/(g) may then
be defined [J, D] as the Hopf algebra generated by the elertidthe unit),E;, F, K; = g™
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(i=0,1,...,r), andg®, subject to the following relations:
-1

g T
°E =q®Eq®,  KiKj=KjK,  d°Ki =K, CIDFu —q %FRd°,  (4.1b)

KiEj = qAij EiKi, KiFj = q"*i FiKi, EiFj - FE = 51 (4.1a)

1A 1- A 1 _ g 1- A A
n i n Aj-n j ng. g 1A N
nz (—1) { 0 ] E'EjE = z { ]ql:, FiF =0. (4.1¢)

Here,Ais the Cartan matrix of and we use the standagehumber notation

nqn
ql

q
Hm—n]! q— (4.2)

m [mg!
{n]q: [”]q—q’ nlg! =[nlgn=1q---[Ug,  Mlg=

Equation (4.1c) is known as the Serre relations. This is leuppnted by a coproduét given
by

A(E) =E®K+1xE, A(Ki) = K ®K;, (4.3a)
AF)=FR®l+K 'oF, A(QP) =P edP. (4.3b)

There is also a counit and antipode, though their explicin®are not important for us, except
in noting that there exist Hopf subalgebr#s. and %_ generated by thE;, K;, q° and theF;,
Ki, oP, respectively. These are the analogs of Borel subalgebhsvarwill refer to them as
such. The subalgebrag’, and.#_ generated by thg; and theR;, respectively, will be called
the nilpotent subalgebras. They are not Hopf subalgebras.

As in the classical casg & 1) above, we will generally be interested in level O représen
tions. Because of this, we will often denote a quantum affigelaia by7, (ﬁo), understanding
that the linear combination of Cartan generators givingehellhas been setto 0. As the level is
dual to the derivatio® under the (extended) Killing form, it is therefore oftencagsermissible
to ignoreD in our computations.

4.2 Universal R-matrices

The physical relevance of quantum affine algebras stemstfrieraxistence [D] of the so-called
universal R-matrixZ. This is a formally invertible infinite sum of tensor prodsicif algebra
elements
%:zai@)bi, aj,biEJZ/q(/g\), (4.4)
|



22

which must satisfy three properties:

ZN(X) =AP(x) %  forall x € %), (4.5a)
(A@ Id) (,@) = K13%>3 and (Id ®A) (%) = H13%12. (4.5b)

Here A°P(x) denotes the “opposite” coproduct®f,(g), formally defined ad°P(x) = g (A(x)),
where the permutatioa acts as
O(XQY) =yRX. (4.6)

We have also used the standard shorth#hsgl= yia @b ® 1, Z13= ;a8 ® 1@ bj and %23 =
Siloa®hb.

Quantum affine algebras have an abstract realisation irstefa so-called quantum double
[D] which proves the existence of their universal R-matricEsis realisation moreover shows
that these R-matrices can be factored so as to isolate thetedion from the Cartan generators:

#=d%, t=3 (A", HaH,, (4.7)
1)

Here, A denotes the non-degenerate extension of the Cartan mattte tentire Cartan sub-
algebra (includindgd). This is achieved by identifying this matrix with that ofettfappropri-
ately normalised) standard invariant bilinear form on thet@asubalgebra. The so-called
reduced R-matrix% is a formal linear combination of monomials of the fol® Fj =
Ei, - B ®@Fj - Fj, (1 ={is,.... i}, I={j,- .- Je})-

It is worth noting [KT] thatZ is already uniquely defined by (4.5a) and (4.7). In order to ge
some idea why this is so, let us first note that puttng K; into (4.5a) shows that each term

E| ® F; in the expansion of the reduced R-matrix is constrained dahieaaffine weight ok,
cancels that oF ;. Second, putting = F into (4.5a) and using the relations

(FekYd=dFel), (QoR)d=dKaoR), (4.8)
we find that (for the algebras and superalgebras we are stéera)
(% F el =(KeoR)Z-% (K taR). (4.9)

This relation can be solved recursively by expand@?gas a formal series in the monomials
E; ® F3. In particular, it is easy to deduce that the expansion todnder is

§:1®1+(q—q*1)z(Ei®H)+... (4.10)



23

We will use (4.9) repeatedly in Sections 6 and 7 when we dsslaisce regularisations.
We note that a second solution to the defining propertie3 {@diven by
% = (0(%)) L (4.11)
This alternative universal R-matri®~ is then of the form
R =% q, (4.12)

in which %~ is a formal series in monomials of the folm ® Ej. In order that the symmetry
between the two universal R-matrices is emphasised, wealsaluse the notatio® ™ := %.

It easily follows from the defining properties (4.5) that™ and% ~ satisfy the abstract Yang-
Baxter equations

R R gy = Ry 15715, (4.13a)
K2R3 %3 = Rz 13%15 (4.13b)
R R (5% = Rps 3% 15 (4.13c)
R P17 3 = Ry R 13% 15 (4.13d)

It is also useful to note tha#™ and%~ may be related by an anti-automorphigngiven by
{(E)=FR, ((R)=E, {MH)=H, D)=D, =g’ (4.14)

This action can be continued to tensor productsiia®y) = {(X) ® {(y). In terms of{, we

can represen¥— as
R~ =L(ET). (4.15)

Indeed, applying] to the defining property (4.5a) shows that := {(#") likewise satisfies

(4.5a). Moreover#' is clearly of the formz’ = ,%7’q*‘, with %' a formal series in monomials
of the formF; @ Ej. As. %™ is uniquely determined by these two properties (4.5a) aridj4

we conclude tha#?’ = %~ .

Applying appropriate representations of the Hopf algel#asand % (ﬁ) to (4.13) results
in more familiar forms of the Yang-Baxter equation. In partar, we will frequently be con-
structing representatiors, ) (A € C) and g so that we can applyg, ) ® 1, ® g to (4.13).

We thank A. Bytsko for pointing this out.
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The resulting specialisation of (4.13a), for example, ttades the form

Ri2(A, 1) L13(A) Laz() = Loz (M) L1z (A) Riz(A, 1), (4.16)

when we set

RA W) = (@) (£27) and  LA)=(mrem)(Z"). (4.17)

Note that this requires that, 5 be a representation &#(g), whereast need only be a repre-
sentation of the Borel subalgebta .

4.3 Relation to the algebra of quantum monodromy matrices

Let us now formulate the conjectured relation between outetswand the representation theory
of quantum affine (super)algebras on a somewhat abstraadt I&ecall that the key objects
used to establish the classical integrability of our modedge the monodromy matricéé, (A )
which can be defined for each choice of representatignof the relevant loop algebig. We
conjecture that the quantization of the models producesatgrevalued matrice®l;(A ) which
satisfy algebraic relations of the following general form

Ran(A, 1) (Ma(A) @1) (1@ Mp(p)) = (1@ Mp(H)) (Ma(A) @ 1) Ran(A, 1). (4.18)

In order to write the relation compactly, we considés(A) andMp(A) as endomorphisms of
corresponding representation spaggand 4, so that (4.18) may be read as a relation between
operator-valued endomorphisms 4f @ 74,. The entries of the matriR,n(A, 1) in (4.18) are
not operator-valued — they play the role of structure cantstan these algebraic relations.

The main point here is that the so-called R-maRix(A, U): 7a® % — Ya® % is related
to the universal R-matri¥Z of the affine Lie (super)algebrég (ﬁo) deforminggg via

Rap(A, 1) := (Th) @ Th ) (Z). (4.19)

In the quantum case, the representatimpg and g, , should therefore be deformations of the
representations defining the corresponding classical LaixicesMa(A) andMp(A ), respec-
tively.

In order to get the quantum counterparts of the integralsaifan, it is then natural to con-
sider traces of the monodromy matrices, taken over theiaoxgpaces/;:

Ta(A) :==Try (Ma(A)). (4.20)
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The mutual commutativity,

for all allowed values oA andy, and all admissible choices of representatiops and g,
then follows easily by taking the trace of (4.18) ov&r® 7. By varying the choice of rep-
resentationg, ,, one may generate a large famil§ of mutually commuting operators. We
expect that the Hamiltoniart$ of our models can be constructed from the elementg of

Proposing the existence of operator-valued matiidgs\ ) which satisfy the relations (4.18)
may seem bold in a quantum field-theoretical context, bexabtithe possibility that modifica-
tions to (4.18) will be required by renormalization. Howe\va the case of imaginary, there
exist [BLZ1, BLZ3] direct quantum field-theoretical consttioas of monodromy matrices
Ma(A) satisfying (4.18), as we will shortly review. For real veduz b, there is strong evidence
for one of the most important consequences of the existefibe bl;(A ), namely the functional
relations satisfied by the eigenvalues of the transfer oefiz(A ) [ByTel, T1, ByTe2].

4.4 Light-cone representation for integrable quantum field heory

A somewhat unconventional picture for integrable quantetd theory models can be obtained
by taking the piecewise light-like saw-blade contéfjrfrom Section 3.1.1 as an initial-value
surface. For notational simplicity, let us begin with theseaf the Sinh-Gordon model, the
generalization to the other (bosonic) affine Toda theorgad straight-forward (we briefly
discuss thel(3) case in Section 4.6).

4.4.1 Classical dynamics in the light-cone representation

In the light-cone picture for the classical dynamics, oresathe values of the fiel@ on the
two light-like segments o#7,

g (2u)=g(uu) and ¢ (v)=@3-v5+v), 0<uv<§, (4.22)

as initial values for the time-evolution from whighix, t) can be found for atk andt by solving
the equations of motion. The dynamics may still be represkm the Hamiltonian form by
using the Poisson structure

[0 (W),0" ()} = Jsgm(u—t),  {¢~ (V.9 (V)} = JsgmR(v—V)  (4.23)

on the light-cone datg™ and ¢~ (brackets betweep™ andg~ are zero). The Hamiltonians
H, andH_ which generate the time evolution in the two light-like diiens may be found
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by expanding the trace of the monodromy maivixA ) around the singular poin#s = o and
A =0, respectively. One finds, for example, that

. Rdx_ _\2 1 2 _ R -+
H__/O E((a_(p ) _Bd_(p )+u/o dx; 2cosh{2bg™). (4.24)

Using the representation (3.18), it is easy to see that tfeeaiction terms irH_ are directly
related to the matrix elements gf (A;m). The equation of motion can now be represented in
the Hamiltonian form as

0_(0+9) ={H_,0+ ¢} = —4nbu sinh(2bg). (4.25)

The same equation of motion is found by exchanging the rdlgs and¢—, of course.

4.4.2 Quantization

The Poisson brackets (4.23) are those a massless free fl@dyugntization is therefore stan-
dard. Let us write the expansion @f (x..) into Fourier modes in the form

21T
¢ (Xs) =q4—ﬁpxi+fp<i(xi)+fp>i(xi)7 (4.26)
where . .
PE() = 3 Tare R gEx) = F afe FR (4.27)
n<0 n n>0 n

The modes} (¢ = £), q andp are required to satisfy the canonical commutation relation

[ / 1
[qv p} = 57 |:ar£n7aﬁ} - émém—Fn,OéSE" (428)

Quantum analogs of the exponential functie#®’ " are then constructed by normal ordering:
L PO i expl2a ¢ (x1.)) €2 (9 2PR/R) expl 20 o (x, ). (4.29)

The quantum Hamiltoniart$, andH_ corresponding tél. andH_, respectively, will similarly
be defined by normal orderin{@s ¢*)? and cosk2bg™).

4.4.3 Conserved quantities

The quantum equation of motion for an observablbuilt from d, ¢*(x;.) can then be repre-
sented in the form
—i0_-0=[H_,0]=u[Q§ +Q7,0], (4.30)
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where the operators
R
QF = / dXVi(x),  Vo(x) = :etD0:  vy(x) = e D (4.31)
0

are called screening charges. We see that finding consenaatities is reduced to a purely al-
gebraic problemFind all operatorsO (built from .. ¢ (x; )) which commute with the screening
chargesQg, Qf . Note that we require the commutativity ©fwith bothQJ andQ; indepen-
dently. This is motivated by the fact that we could easilyayatize the right hand side of (4.30)
to [uQ¢ +vQF,0] by a shift of the zero mode.

This problem was studied in [FF1, FF2, FF3]. A key point uhdeg the approach used in
these references is the fact that the operafgrsi = 0,1, satisfy the relations

(QN)%Qf —[84(QN)*QF Qf +[3,QQf (Q)* - @ (@)* =0, (4.32)

with g = e ™ The validity of these relations was first shown in a relatedtext in [BMP].
It can be checked by direct calculation — we detail the metho8ippendix A. The relations
(4.32) can be identified with the Serre-relations (4.1chefquantum affine algebl%(gl(Z)).
They imply that the operatoi®;", i = 0,1, generate a representation of the nilpotent péirt
of %q(;[(Z)). Based on this observation, it is possible to prove that teeis infinitely many
local [FF1, FF2] and non-local [FF3] conserved operars

These results represent a first basic link between the ety of the Sinh-Gordon quantum
field theory and quantum affine algebras. The main lessontbawish to extract from this
example is that there is a direct relation between the adggbnerated by the operatds,
describing the perturbations in the light-cone represemaand the integrability of the theory.
The fact that the perturbing operat®s generate a representation of the nilpotent subalgebra
of some quantum affine algebra implies the existence of tefinmany conserved gquantities.

4.5 Quantization of the monodromy matrices

The connection between quantum affine algebras and iniétyraan be strengthened signifi-
cantly by considering the quantization of the monodromyrio@s in the massless limits. Fol-
lowing [BLZ1, BLZ3] we shall, in the following, describe the gutization of the monodromy
matrices of the (m)KdV theory fdsimaginary together with its link to the representation tlyeo
of the quantum affine algeb@q(;[(Z)).
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4.5.1 Quantization of (m)KdV theory

In the regime whereé =i, B € R, it is straight-forward to construct the quantized coupdet
M (A;) of the monodromy matrid_ (A ) as [BLZ1]

R
M+<A+>=e"bp“@exp( [ vv+<x+>), (4.33)
0
where
0 ce 200 (9
W+(X,A) - )\+ : e2b<p+(x) : O . (434)

M. (A) is a priori defined as a formal power seriesAn whose coefficients are represented
by ordered integrals over products of normally-ordereceential fields. These integrals con-
verge if % < % and it can be shown [BLZ3] that the summation over powers fconvergent

in this case.

It was shown in [BLZ3] that the commutation relations sattfy the matrix elements of
M4 (A) can be written as the exchange relations

RA/W (ML) @) (1oMy (1) = (1@ M (1) (ML (A) @1)RA /1), (4.35)

with matrix R(A) given by

qir—gr1 0 0 0
0 A=A"1 gl- 0
R(A) = oo . (4.36)
0 qg-—qgqg A-A 0
0 0 0 qr—gr1

The commutation relations (4.35) represent a natural gqgegin of the Poisson structure (3.7).
It follows immediately from (4.35) that the operatdrs (A) := Tr(M+()\ )) commute for arbi-
trary values of the spectral parameter:

[T4+(A),T(u)] =0  forallA,uecC. (4.37)
The family of operatorsl' | (A) generates the algebra of quantum integrals of motion in the

guantized (m)KdV-theory.

The quantized counterpavt_(A_) of the monodromy matrid_(A_) can likewise be con-
structed as R
M_(A_)= @exp(/ dx_ W_(x_)) e™PH, (4.38)
0
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where

. ot 2 (X) -
0 € ' ) . (4.39)

W_(XA)=—A_ < - @20 (X) - 0

The quantum monodromy matriM_(A_) defines a second copy of the quantum (m)KdV-
theory which may be associated to the second chiral halfeofrtassless free field.

4.5.2 Representation-theoretic interpretation of the otomy matrices

A beautiful relationship between the quantization of (mytieory and the representation the-
ory of the quantum affine algebr%q(gl(Z)) was found in [BLZ3] and proven in [BHK]. It
asserts the equality & (A, ) with the evaluation of the universal R-matd&* in certain rep-
resentationst, ,, andrq of the Borel subalgebra®, and%_ of the quantum affine algebra
%(E[(Z)O). For the representatiory, 5., we may take the representation defined in (3.12),
which may be checked to define a representatioftsl(2)o) for all values ofg. For rg, we
shall take

1 (Ho) = —2ip/b, 4 (Fo) = 15 'Q¢ (4.403)
1 (H1) = +2ip/b, g (F) =1,'Q7, (4.40b)

wheretq ;= q— g~ L. It follows from (4.32) and straight-forward calculatidmat (4.40) indeed
defines a representation of the Borel subalgeBraof 7% (sA[(Z)O). The observation of [BLZ3]
can then be formulated as the assertion that the monodrormxrdefined in (4.33) is equal to

Mi(A4) = (T, @1 )(Z7), (4.41)

whererg, ), andna* are the representations defined in (3.12) and (4.40), reégglgc In order
to prepare for the comparison with the casévbf(A_) we have included the proof of (4.41)
(following [BHK]) in Appendix B.

With very similar arguments (see Appendix B), one may show tha

M_(A-) = (Tax @G )(Z7), (4.42)

where the representatioy of %, is defined by

15 (Ho) = +2ip/b, 1 (Eo) = rq‘l/oRdL L gt20e-(x) - (4.433)

15 (H1) = —2ip/b, 1 (E1) = rql/o_RdL g2 (x) - (4.43b)
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It follows from (4.13b) and (4.42) thd¥l_(A_) satisfies relations of the form (4.35) with the
same matriR(A ).

The proof of (4.42) described in Appendix B shows that théed#nt orientations in the in-
tegrations appearing in the definitions (4.33) and (4.38)10fA,) andM_(A_), respectively,
are precisely accounted for by replacify in (4.41) by%~ in (4.42). It seems quite remark-
able that the two chiralities of the massless free field aterally related to the two universal
R-matrices discussed in Section 4.2. This will become evearel in our discussion of the
lattice regularization below (Section 6.3).

4.6 sl(3) affine Toda theory

This story generalizes fairly easily to the affine Toda mealhigher rank. As an example, let
us discuss the case of the affine Toda theory associaté@@p The integrable structure of the
massless limit is related to the Boussinesq equation.

4.6.1 Conserved quantities in the light-cone representatio

The quantization of this theory in the light-cone repreatoh can be performed along the same
lines as described above. We introduce chiral free figjdandg;" with mode expansions of the
same form as (4.26). The modes@‘f are required to satisfy commutation relations obtained
from (4.26) by the obvious replacements. Out of thie one may then construct the vertex

operators
Vi(x) = : e blef (0+v3e () .

Vo(x) = : €28 X, ’ 4.44
0(X) Vo(x) = : e*b(fpf(x)*\/éq’;(x)) . ( )
From these vertex operators, let us define the screeningehar
R
Q =/ dx Vi(x). (4.45)
0

Using once more the technique described in Appendix A, tiogseators may be checked to
satisfy the relations [BMP]

(Q)*Q ~[24Q Q" +Qf (@)*=0  (#1), (4.46)

again withq = e ™. As before, it now follows from the results of [FF1, FF2, FR3at there
exist infinitely many local and non-local conserved quaetit
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4.6.2 Quantum Boussinesq theory

The quantization of this theory [BHK] leads to the monodronmgtix
R
M, (A;) = e®HP) gexp <)\+ / dx (E1V1(X) + E2Va(x) + EoVo(x))) : (4.47)
0

where(H,P) = (p1+ p2/v/3)H1 + (p1 — p2/v/3)H2, theV; were given in Equation (4.44) and
the E;j in Equation (3.34). Our aim is to relate this monodromy nxatoi the representation
theory of a quantum affine algebra, as we did for quantum Kaddithin Section 4.5.2.

We define the following representation of the Borel subalgebr C % (;[ (3)0):

1 (Ho) = —2ipy/b, g (Fo) = 74 'Q¢ (4.48a)
1 (H1) =i(p1+V/3p2)/b, o (F) =15'Q7, (4.48b)
g (H2) =i(p1— v/3p2)/b,  (F2) =14 Q3. (4.48c)

The arguments described in Section 4.5.2 can now be usedwotbht

Mi(A) = (Top @ 1) (%), (4.49)

with 15, ), and g being the representations defined in (3.34) and (4.48)entisply.

It follows in particular, from the abstract Yang-Baxter teda (4.13) satisfied byZ7, that
the operator-valued matriM_ (A) satisfies Yang-Baxter type relations of the form (4.35) with
matrix R given by

RA M) = (Tap @ o) (£), (4.50)
up to an irrelevant scalar factdfA , ). Explicitly, this R-matrix has the form
3 3
RAu)= > pj(AWEi @Ejj+ Y aij(A, u)Ej ®Ej, (4.51)
i,j=1 i,j=1
wherep;; andajj are the(i, j)-th entries of the matrices
)\3q—1_u3q AS_H3 )\3_“3
p=| A—p® Aqgt-pdq A3-pd |, (4.52a)
/\3_’13 )\3_u3 )\Sq_IJSqfl

O u A
o=-Ap(a—gH[r o ul. (4.52b)
u A0
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As before, one may deduce the commutativity of the intego&lsotion of the quantized
Boussinesq theory from the Yang-Baxter type relations (4.33)e modifications necessary
to constructM_(A) are clear. It also satisfies the relations (4.35) with the Rimét.51).

5. Models related to quantum affine superalgebras

Let us now discuss the modifications to the formalism of $ecti that are necessary to treat
the cases related to quantum affine superalgebras.

5.1 Quantum affine superalgebras

As we saw in Section 4.1, the defining relations (4.1) of a gwanaffine algebra amount
to ag-deformation of the presentation of the corresponding @fac-Moody algebra in the
Chevalley basig;, F, Ki = g, P, including in particular, the Serre relations. The defuniti
of quantum affine superalgebras precisely mimics this dedtion. However, the analogs of
the Serre relations for superalgebras are significantlyernomplicated than (and not nearly as
well understood as) their bosonic counterparts. Indeedetstill seems to be some controversy
over the completeness of superalgebra Serre relations (g complicating factor is that the
Dynkin diagram of a superalgebra need not be unique, leadigfinite number of different
presentations and (potentially) a finite number of différ@eformations. We refer to Yamane
[Y2, Y3] for these Serre relations and thgudeformations — as they do not seem to admit an
obvious general form, we will only give them as needed. A sdammplication is that certain
Lie superalgebras require two derivations. We shall defdisaussion of this point until its
consideration becomes necessary (Section 5.2.2).

Aside from the Serre relations, the defining relations angftédgebraic structure of a quan-
tum affine superalgebréy (ﬁ) (assumed for simplicity to derive from a superalgeprahose
real roots all have the same length) are very similar to thesonic counterparts. Indeed, the
only change at this level is that the commutatoEp&ndF; is replaced by

- Ki— K1
EiFj — (—l)p'pJ FiE = §; —ll , (5.1)
q—q
whereA is a Cartan matrix of the affine superalgebr@ndp; = p(E;) = p(F) € {0,1} denotes
the parity, even or odd (bosonic or fermionic), of the eleta& andF. The Cartan elements
Ki, o° are always even.

It is convenient for a compact presentation of the Serrdiogis to introduce the following
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notation. Define the gradedcommutator by

X, Ylg = xy— (~1)PPPYqyx  [xy] = [x,Y]1. (5.2)

Forg= 1, this is the usual graded commutator. From nowpxyry] will denote the anticommu-
tator if bothx andy are fermionic.

The parity of the generators is particularly important witensidering the coproduct of a
guantum affine superalgebra. Let us first introduce the grgetesor producks which satisfies

(X1 ®@sX2) (Y1 @sY2) = (—1)PU2IPY) (x1y7 @5 %0y5). (5.3)

The superalgebra coproduct is then simply (4.3) witreplaced byws. With a suitable counit
and antipode (which we will not need), the quantum affine salgebraz, (ﬁ) becomes a Hopf
superalgebra. As before, we have Hopf subalgebfasand %_ which are generated by the
Ei, Ki, g° and theF;, K;, P, respectively, and non-Hopf subalgebras and.4_ which are
generated by thg; andF;, respectively. We will again refer to these as Borel subakzhbnd
nilpotent subalgebras, as appropriate.

Let us also generalize the notatiAf to superalgebras via
AP=goh,  O(x@sy) = (—1)PWPVy@ex. (5.4)

The universal R-matrixZ* of a quantum affine superalgeb?g(g) is then defined as an in-
vertible element of the forny; a; ®shi, a € B, bj € 4_, that satisfies the standard universal
R-matrix axioms (4.5) but witkp replaced byws. The existence and uniqueness of the universal
R-matrix was shown for the quantum affine superalgebras efast to us in [Y1]. As before,
this implies abstract Yang-Baxter equations identical ta3% Equations (4.7) and (4.9) are
also valid for these superalgebras (withreplaced byxs). Equation (4.10) generalises, how-
ever, to

#"=10s1+(a-a7) Y (1) (B @sF) + ... (5.5)

|
The alternative universal R-matri®~ is again defined as in (4.11). It may also be related to
2" by an anti-automorphisrd which is defined as in (4.14), but with one small modification:
In order that{ continues to define an anti-automorphism on tensor prodooissistency with

(5.3) requires us to set
¢ (x®sy) = (~1)PYPYE(x) @4 (y)- (5.6)

With this modificationZ~ = {(#™) as before.
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5.2 N = 2 super Sine-Gordon model

Our next aim will be to determine the algebraic structureantyihg the integrability of the
N = 2 Sine-Gordon model. An interesting new feature arises wietry to follow the path
described in the previous section. There, we observed ablatween the generators of the
nilpotent parts of certain quantum affine algebras and ttexantion terms in the light-cone
representation. In this case, we have two options to consftecording to our discussion in
Section 2, we could either take the interaction terms mahifethe classical action (2.3) or
those appearing in the representation as a perturbed fidg(2i®). We will work with the
second of these options. We shall observe that these opesatiisfy the Serre relations of the
affine superalgebr@q(gl(ZIZ)).

Based on this observation, one may try to define quantum mongdmatrices by evaluating
the universal R-matrix o??/q(g[(2|2)) in appropriate representations. In order to establish the
connection with theN = 2 Sine-Gordon model, we will then verify that the classicaiit of
these monodromy matrices correctly reproduces the thgradtée structure of the massless
limit of the N = 2 Sine-Gordon model. This turns out to be more involved tinathé previous
cases.

5.2.1 Appearance of the quantum affine superalgébjé;[(Z]Z))

Following the path described in the previous section leads gonsider four screening charges,
constructed as

R
QF (x) = / dxVi(x), i=01,23 (5.7)
0
with
Vo(X) = (I, (x) : e D@ 0@ 0 vy (x) = g, (x) : e D@ (0@ () -
5.8
VoK) = B (0 OO v =, () e AW,
We find that these screening charges satisfy, in partidilarfollowing relations:
(Q)2=0, QQf,+Q,Q =0, (5.9a)
Q1 — Ui g Qi — Qi T QG i1 =0 (5.9b)

Here,q=e ™", i € Z4, and we have used the shortha®dl = Q" Q" --- Q. These relations
may be compared with the Serre relations of the quantum aa‘ﬁperalgebr?/q(g[(2|2)) with
Dynkin diagram
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as listed in [Y3]. This list may be presented in the followm@nner:

F2 =0, [Fi,Fii2] =0 fori=0,1,2,3, (5.10a)
[[[F.H,F}qﬂ, - 1}q_1, i|=0 fori =0,2, (5.10Db)
[[[F.H,F}q_l, 1] q+1, F]=0 fori=1,3, (5.10c)

[Fij2,F } 0 fori =0,1,2,3 andm> 1. (5.10d)

Here,Fi(m) is defined recursively fam > 0 by

co_p o JIUIR™ Y RoalquFielgaFis)R] fori=02 (5.11)
_F FM_ ] | |
| |:|:|:|:F|(m 1)7 Fi*lj| q+17 Fle] q—17 Fi*3:| 9 Fi:| fOI’ | = 173

The relations (5.10a) are easily identified with (5.9a),le/helations (5.9a) and (5.9b) ensure
that the definitionr@(F.) = rq_lQiJr represents the relations (5.10b) and (5.10c). We have
furthermore verified that th@;" satisfy the sixth order relation (5.10d) with= 1, but have to
leave the validity of the relations (5.10d) for> 1 as conjecture.

This gives us a representatimq of the nilpotent subalgebral” of % (s?[(Z\Z)). As usual,
we need to extend this to a representation of the Borel sulvalgé . It is easily checked that
this may be accomplished by setting

1 (Ho) = —i(p{ —ip3)/b, g (H1) = +i(pf +ip3)/b, (5.12a)
M (Hz) = +i(p{ —ip3)/b, 7 (Hg) = —i(pf +ipg)/b. (5.12b)

One should remark that the quantum affine superalg@lar(aA[(2|2)) contains non-trivial
ideals by which one might wish to take quotients in order tbndesmaller quantum affine
superalgebras. For examplgy (@(2|2)) may be obtained in this way. The Serre relations
of these quotients will then include those %(3[(2|2)). A more complicated example is
the algebra denoted byg((A(L, 1)(1))‘%0) in [Y2, Y3]. This may be obtained as a quotient
of a one-dimensional (non-central) extensiormf(gl(Z\Z)). Nevertheless, its Serre relations
include (properly) those o (s?[ (212)) [Y3]. It seems then that the Serre relations alone cannot
distinguish these three quantum affine superalgebras.
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However, any representation élfq(p/s:[(2|2)) is also a representation d¥q(s!(2/2)) in
which the generators may satisfy additional relationstiarmore, one of the representations
we want to use to construct Lax matrices is the representdgdined in (3.53), which actually
defines a four-dimensional representatign, of % (5/1\[(2|2)) for all values ofg. It is easy to
check that thistg, , does not descend to a representatioﬁ/g(ﬁs?[(Z]Z)). For this reason, and
because we have no motivation to consider the extensioireetto defineZ ((A(1,1)V)”),
we will consider? (;[ (2]2)) rather than any of the alternatives in what follows.

5.2.2 Quantum monodromy matrices

Following our previous discussions, it is natural to coasifl, (A) = (T4, ®sTg )(#) as a
candidate for the quantum monodromy matrix describingritegrable structure of the massless
limit of the N = 2 Sine-Gordon model.

A new feature of this quantum affine superalgebra is thaethegtwo linearly independent
central elements, which we may take to@ge= Hp + H, andCs = H3 + H1. In order to find
an explicit representation for the elemenwhich represents the Cartan part of the universal
R-matrix we therefore now need to introduce two derivatiovisich will be chosen aBg and
D3 with the non-trivial commutation relations

[Di,Ej] :djEj, [Di,Fj} :—éij (i=0,3). (5.13)

We remark thaDg coincides with the “standard” derivatidh. One may compute the element
t appearing in (4.7) by extending the Cartan matrix (invarlgihihear form) to include these
derivations or by simply requiring (4.8). The result is

t = —H; ®sH2 — Ha ®sH1 4+ Co ®s Do + C3 ®s D3 + Do ®sCo + D3 ®sCs. (5.14)

As before, the representationshat we are considering all satisfy{Ho +H1 + Hy +Hg) =
m(Co) + m(Cg3) = 0, so they are representations of the quantum loop aIg@Q(E[(2|2)O).
Because of this, we therefore only need to consider the catibmD’ := Dy — D3 of the
derivations. The definitions ot , andrq above therefore need to be supplemented by

1 1 1
A (D) = _§(E11+ E2o+Ezz—Eas), G (D) = §P+—BP§, (5.15)

wherep, is the fermion number operator defined oy, Y1 | = Yy, [+, Y] = — .
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It is now easy to generalize the arguments of [BHK] to the casaad to show that

= R
M (AL) :qf>+z/2e"b@*Hﬂ’*H)/Z@exp(;\+ / de+(x)), (5.16)
0

with the operator-valued Lax matrix

3
W, (x) = _%Efvi ®  (E = (E). (5.17)

=
We use, as in Section 3.4.2, the notattda- Hy, — Hp, H= Hy —Hs, Z =Ho+ H», and define
pt =p{ +ips, p" =p7 —ips. The counterparM_(A_) of this monodromy matrix may
be likewise computed by slightly varying the representatig . Explicitly, we construct a
representatiorrg; of %, by 1 (Ei) = ralQi and definingrg (Hi) as in (5.12), but with a
relative sign (and exchanging afl labels for— labels). With#Z~ = (%), the analysis now
proceeds identically.

It again follows from the Yang-Baxter relation (4.13) sa@dfby% that the operator-valued
matrix M1 (A;) satisfies Yang-Baxter type relations of the form (4.35) witditmx R replaced

by R(A/u) = (T ®sTay)(#). This matrix may be calculated by analyzing the relations
following from (4.5a). It is found to be given by

4 4
RAu) =% pij(A, WEi ®sEjj+ 5 0ij(A, u)Eij @sEji, (5.18)
i,]=1 i,j=1
up to an inessential scalar multiple, wherpanda;; are the(i, j)-th entries of the matrices
A4q_1—ll4q /\4_”4 A4_u4 A4_u4
)\4_“4 )\4q_l—l~14q )\4_u4 )\4_114

= , 5.19a
p )\4_“4 /\4_“4 /\4q_u4qfl )\4_u4 ( )
)\4_“4 )\4_u4 /\4_u4 A4q_“4q—1
0 +Au —p? -2
2 442
o=-Ap(g—q?) HAu 0 A H (5.19b)

+A%2 4p?> 0 —Apu
+u2 422 Ay 0

Note the relative signs ips3, ps4 and the last two columns af. These correlate with the
(relative) fermionic nature of the third and fourth basegtes in the representationg, .
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5.2.3 Classical limit

We will now compare the classical limit &f (A, ) with the monodromy matrid (A, ) that
would be obtained by adapting the discussion of the maskheidrom Section 3.1.2 to this
case. This would lead to the consideration of the monodrotyirn

- R
M, (1) = B2 e [, wx.) ). (5.20)
0
wherep= (¢*(R) — ¢ (0))/mb andW, (x; ) is given by the formula

W, (1) =Z X4 X+ + 2m(E1X+e2¢+ FEX. €9 +Exx, e + Eo)ae_z‘iﬁ)
— P ({Ey, Ep} €29 ) — {E, E5}e? 97
+{E3,Eg}e 2@ 00 [ B30T 0)) . (5.21)

To see howM_; (x;) may be obtained frorivl . (x; ), observe that the terms in the second line of
(5.21) are produced in the limit— O from the short-distance behavior of the higher order terms
in the expansion of (5.16). In order to see this in more déttilus recall the relations (3.46)
between the respective variables. The term&.il_ (x;) are easily identified with the terms
of ordermin the expression (5.21) fal, (x;) if A is chosen appropriately. When taking the
limit b — 0, one encounters a subtlety similar to that discussed itidde2.2. To elaboraté,
let us consider the term proportional {&1,E»} at order)\f, for example. It is given by the
integral

—(2m)2/ dxqdX X4 (X1) 1 €28 00 1 X, (xp) 1 €29 02) - (5.22)

X1>X2

where the minus sign is due to the fact that Bh@nticommute with the fermionic fields. The
contribution from the regiofx; — Xo| < € may be approximated with the help of the operator

product expansich ,
Y ()P (y) ~ X—y—i0 .. (5.23)

This allows us to represent the term in (5.22) to leading oade

20 00+F ) . _ M (8 0+87 () -
(2m) /dx/ o|y8yl+b2 _ /dx & . (5.24)

2After submitting the first version of this paper, we were mied by A. Zeitlin that similar arguments had
previously been used by him in [Ze].

3The variablex, y appearing in (5.23) are related to the variables previoussd in (2.7) by the usual map
from the complex plane to the cylinder, thatis: €%, etc...
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We see that the result has a finite limit for— 0. The resulting contact terms from higher
orders in the expansion can all be taken into account by gddithe Lax connection the term
—mP{Eq,Ez} : ®+7) - n a similar way one finds the other terms in the second line o
(5.21).

In order to see where the term containing the central ele@eonmes from, let us note that
the operator product expansion (5.23) implies that

{¢+(X)7lﬁ+()’)} = —47115(X—y), (525)

which implies that the fermion number operagor can be represented as
i R - m . 2' R . v .

P+ = ET/O dx g ()P (X) 1 = W/o dx 1 X+ (X) X+ (X) . (5.26)
It follows that the term containing, in (5.16) reproduces the contribution proportionalZto
in (5.21). AsZ is represented by the identity matrix, the termq, x_ will give a contribution
to M, (A) that can be factored out like the corresponding factor ib@p. This concludes our
check that the classical limit d¥1. (A,) reproduces the monodromy matrix of the classical
massles®l = 2 Sine-Gordon model.

5.3 Fermionicsl(2|1) affine Toda theory

To round off the picture, we shall conclude by listing theevaint results for the remaining case
corresponding to the fermionit(2|1) affine Toda theory. Related results have been obtained in
[KZ1, KZ2, KZ3, Ze]. The results in this subsection are fentimore related to those obtained
in [BaTs] by bosonization of the fermions.

5.3.1 Appearance of the quantum affine superalg%@ﬁ(Z]l))

Let us define .
Qﬁ:/ dxVi(x), =012, (5.27)
0

with N
Vo(x) = @ (x) s e P

Vi(X) = :e2b“’l+(x):,
109 Va(X) =y (x) 1 e DA X

(5.28)
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With the technique described in Appendix A, one may then ktieat the screening charges
Q. i=0,1,2, satisfy the following relations (with = e~™®”):

(Q§)*=(@)*=0, (5.292)
Q' (Q1)*—[2,Q7 Q' QT +(Q))’ Q" =0 ([=0,2), (5.29b)

Q10202+ [ g (R1020+ Qo220+ Q2012 + Q20201
= Q120201 [2lq (Qo1202+ Qo102+ Q0210 + Qdp02r  (5-29¢)

In this last relation, we have again made use of the convéal'renthand}fjfmk =Q'Q Q.
The relations (5.29) can be identified as the Serre relatdiise quantum affine superalgebra
%q(;[(2|1)), given in [Y2] in the form

Fe=F?=0, (5.30a)
[ [FO7 Fl} qfl7 Fl} q - [F:L? |:F17 FZ} qfl:| q = 07 (530b)
[Fo, [F2, [Fo. [Fo: Fu] g 1]]] = [P [Fo, [Fe, [Fo. Fa] 1] (5.30¢)

It follows that settinW(H) = rngi* defines a representation of the nilpotent subalgetira
of %(s(2/1)). We conclude tha(s!(2/1)) is the quantum algebraic structure underlying
the integrability of the fermionig((2|1) affine Toda model.

5.3.2 Quantum monodromy matrices

The representatiorq is extended to a representation of the Borel subalgéhrdy setting

15 (Ho) =ip1/b—p, /2,

£ (Hy) = —2ipy/b,
6 () =2 ) /b2

(5.312)
wherep, is the fermion number operator defined in the previous stiosecWe may define,
as beforeM, (A) = (1) ®s T ) (%), whererTg,, is given in Equation (3.41). This operator-
valued matrix may again be shown to possess a represengatmpath-ordered exponential of

the form (4.33) with
W, (% A) = E2Va(X) + E2Va(X) + EoVo(X), (5.32)

whereE; := 1, (E). We conclude by computing the R-matrix @5(3[(2|1)) in the tensor
product of the representations , and 7% ,. Appealing once again to Equation (4.5a), the
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result is proportional to

3 3
ROA, )= > pj(A WEi @sEjj+ 3 aij(A, u)Ej @sEji, (5.33)
i,]=1 i,j=1

wherep;j andai; are the(i, j)-th entries of the matrices

)\3q—1_u3q AS_M?) )\3_“3

p=| A—p® Alqgt-pdq A3-pd |, (5.34a)
)\3—113 )\3_“3 )\Sq_IJSqfl
0 +pu —A
o=-Ap(g—agH[+r 0o —pul. (5.34b)
+u +A 0

The entryps3 again reflects the (relatively) fermionic nature of thedhiasis state in the eval-
uation representatiort, 5 (note also the signs in the third columnay.

6. Lattice light-cone approach to the Sinh-Gordon model

The difficulties with real exponential interactions debed in Subsection 2.3 have another con-
sequence of importance for us. The constructions desciibéloe previous section do not
immediately generalize. A careful regularization of thegmting functiond 5(A) of the con-
served quantities is needed and the only regularizatianghanown to work at present is the
lattice regularization. In this section, we will first rewi¢he known lattice-regularization of the
Sinh-Gordon model. It will then be reformulated in a way thegpares for the generalization
to the other models of our interest. The reformulation thatwill use is a lattice version of
the light-cone representation discussed previously incthssical case. It is similar, but not
equivalent to the lattice light-cone formulations intredd in [FV1, BBR]. We will discuss the
precise relation between our formalism and theirs in Sedib.

6.1 Lattice Sinh-Gordon model

For the case of the Sinh-Gordon model, it has been known fong time how to construct a
tailor-made lattice regularization [FST, 1zKo, S]. To nwvatie this construction, one can intro-
duce a minimal distance (ultraviolet cutoff) It is then natural to formulate a regularized ver-
sion of the theory in terms of averages of the basic field &egp(x,t) andl(xt) := g @(x,t)
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over intervals of lengtih. We therefore introduce

1 (n+1)Ad 1 (n+1)Ad n 6.1
%:Z/m X Q(X), nnzﬁ/m XM (x). (6.1)

These operators will satisfy the commutation relations

(¢h, M| = 125n7m- (6.2)

We are looking for a matrik,(A) such that:

(i) The Lax matrixUy(x,t;A) is recovered in the continuum limk — O as

Ln(A) = | +AUx(nAE;A) 4+ O (A2). (6.3)

(i) The elements of the lattice Lax matrix(A) satisfy the commutation relations

ROA/W)(La(A) @ D)1 Ln(H)) = (1@ Ly(1)) (La(A) @ R(A /1), (6.4)

with matrix R being obtained from the universal R-matrix%(g[(Z)) via (4.50).

The relations (6.4) imply similar relations for the elenseot the monodromy matrix
Ma(A) = Ln(A)Ln-1(A)---L1(A), (6.5)

which can be seen as the most natural quantization of thedtolzacket relations (3.7).

A suitable choice foty(A) is known [FST, IzKo, S]. It can be written as

(6.6)

LSG()\) B un + MPA%vnunvn mA()\vn—i—)\_lvrTl)
n MAAvR Y+ A"y, unt+mPAcy tus vyt )

where we have used the operatoxs= 2™ andv, = e P% which satisfy the relations

UnVm = G~ P™muin, q= e ", (6.7)

It is elementary to check that this choice fof A ) satisfies both requirements (i) and (ii) above.
It therefore defines a suitable integrable lattice regeddion of the Sinh-Gordon model.
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6.2 KdV-theory on the lattice

In the following, we want to explain the representationetfeic origin of the Lax matrix (6.6)
on the one hand, and how all this is related to the light-cepeasentation for the model on the
other. In order to do this, we begin by discussing the maséiags of the model for which we
have previously observed a particularly simple relatiomveen the integrable structure and the
universal R-matrix 0f%4(s(2)). This will turn out to have a very simple discretized version
which was studied in [G, V1, V2].

The procedure of Section 3.1, which gave us the integrahletste of the massless limit of
the Sinh-Gordon model, can now be also be applied to thedaBinh-Gordon model. Taking
the limitsm — 0, A — oo with p; := AmA fixed, orm — 0, A — 0 with p_ := A /mA fixed,
yields the Lax matrices [G, V1]

Vn n _ v,;l
L:(u#—) = < o 1 utl > ) Ly (U-) == (I«lfl K _1 ) ) (6.8)

Hivn ™ up

respectively. These matrices define interesting quanta&de versions of (m)KdV theory.

Remembering the discussion in Section 3.1, one would liketerpret the degrees of free-
dom of the integrable lattice model defined by the Lax masri¢g(A ) as a discretization of the
left-moving part@, (x,) of the massless free fielg(x,t). This raises an apparent problem as
Ly (A) contains the same degrees of freedom per lattice sité®48 ) did. In order to see how
this puzzle is resolved, let us consider the family of opmsat

THA) = Tr(LEA)LG_1(A) LT (A)). (6.9)

The main observation to be made [V1] is that the operafdr&\ ) depend on the variables,
vp, N=1,...,N, only through the combinations

Wi, = (UnVtn v 1) /2 = @Mt It a4, (6.10)
which can be seen as lattice analogs of the field variahlés %)9x1 (the indexn is of course
definedmodulo N. This can be verified by using the operator-valued gaugestoamation

r Un H+Vn> g = ( q 4w piwiy
L=

Ch (1) =gt B . (6.11)
" T\t gt a2 (wi) T A )

where

_1/2 1/2
Un Vn 0
= ) 6.12
On < 0 Vﬁl/zu%/z) ( )
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One may also introduce the operators

1/2 — eb(nn+1+nn—2(%+l—%))/4’ (613)

Wp = (unVr;lun+1Vn+l)

which are lattice analogs of the field variabl®&—%¢xt) We have the following commuta-
tion relations:

E-m)/2pEwE  if In—m| =1,
Wn Wr; - WrT’]Wn ) Wp W% = a men ’ | (614)

wwi otherwise.

It follows that all operators/,;, n=1,...,N, commute withT " (A ). Similarly, one may see that
THA) =Tr(Ly AL, (A) - LT (A)), (6.15)

commutes with the operatorg’, n=1,...,N. This shows how the Lax matricés (A) de-
scribe two decoupled integrable structures for the lattiseretization of a free field correspond-
ing to two decoupled lattice KdV theories associated with Bnd right-movers, respectively.

6.3 Representation-theoretic origin of the massless Lax miax

Our first concern is to discuss how the Lax matritg€gA) are embedded into the general
representation-theoretic scheme described in the prewedations. This is rather simple. Let
us considet.t(A). Itis easy to check that

kon = T n(Ko) = un 2, fon =g n(Fo) = rq—lun“v,;a (6.16a)
kin = Tgn(K1) = ug?, fin = Mgn(F) = Tq tup i, (6.16b)

with Tg =q— q 1, defines a representati(u;[n of the Borel subalgebrgg_ of % (E[(Z)O) (the
Serre relations follow trivially from the fact thdg andf; commute). We mention that this
representation is a close relative of those referred tp@scillator representations in [BLZ3].

We are going to show that there exists a functi¢A ) such that the following equality holds:

Ly (A) = T(A)(Ter @ Tgn) (2). (6.17)

Here, the representationg , and ng‘fn are defined in (3.12) and (6.16), respectively. Indeed,
thanks to the simplicity of the representatiams, and nafn, we will only need to use generic
properties of% to establish (6.17).

It is useful to keep in mind the factorization (4.7) of thewarsal R-matrixZ into a Cartan
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partqf = q(H1®M1)/2 and the reduced R-matri%. First note that in the representatimg, , the
non-trivial monomials in the operatoks := T\ (Ei) are of the form

(EoE1)" = EoEy, (E1Ep)" = E1Eo, (EoE1)"Eo = Eo, (E1EQ)"E1 =E;, (6.18)

which represent a basis in the space of two-by-two matridéext, recall that for each term
E| ® Fj appearing in the expansion of the reduced R-mattjthe affine weight (with respect
to thekK;) of the monomiaE, must cancel that df;. As the monomial basis elemerntg), (E,)
have weights taking values #1,0?,q 2} and asfonf1n = finfon is @ multiple of the identity,
the corresponding monomiaig ,(F;) may be taken from the s¢tl, fon,f1n}. It follows from
these observations that the reduced R-matrix has the form

— (a) b)fin
(o) @ Tn) (%) = <c</\)fo,n d) ) (6.19)

wherea(A), b(A), c(A) andd(A) are proportional to the identity operator ig,, (they may
also possess an implictdependence). We can compatd, c andd by evaluating (4.9) in the
representation, ) © rqn, both forFy andF;. This yields constraints whose solutions are

aA)=d(A) and bA)=c(A)=A(q—q Har). (6.20)

Our claim (6.17) now follows easily upon premultiplying thetCartan part

1/2
+ ty (H]_@hl,n)/?_: k17/n 0 6.21
(7_%,)\ ®Tﬁ,n)(Q) q 0 K2 (6.21)
1,n

In order to understand the representation-theoreticroogl,, (A ), we introduce the repre-
sentationvg , of . which is defined by

Ton(Ko) = ug?, Ton(Eo) = T vy futh, (6.22a)
Ton(Ky) = up? Ton(Er) = 14 vy fup ™. (6.22b)

Repeating the above analysis now, we obtain

Lo (A) = 9(A)(Tep @ TR 0)(Z7), (6.23)

whereg(A) is some scalar function. It now follows from the abstract d@axter equation
(4.13b) thatl;/ (A) andL, (A) both satisfy an RLL-relation of the form (6.4) with tlsame
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R-matrixR(A) as that which appears in the relation satisfied (A ).

6.4 Recombining left-and right-movers

We have seen that the two simple Lax matritggA) for the lattice (m)KdV theory can be
obtained from the Lax matrik;%(A) of the lattice Sinh-Gordon model by a limiting procedure.
It is easy to see that by taking classical continuum limit&pfA) andL, (A), similar to the
limit taken in (6.3), one recovers the classical light-chag matricedJ (A) andU_ (A ) defined
in (3.11), respectively.

Recall the representation of the monodromy matrix in termthefsaw-blade contou#gy
of Equation (3.15). This naturally suggests an alternameroach to the discretization of the
model: Use averages of the fiel@g N, over the light-like segmenlié’ki as basic variables. Out
of these, construct the quadruple of operatdrs: €Pn v& = e P% ¢ — + with commutation
relationsuévé, = g~ %% vE L€, If we now redefine

_ N
L (i) :=( n “*V*), L;<u_>::< tn M) 1>7 (6.24)

U+(V+)7l (Un+)71 H_"vp (un )71

then a natural discrete version of the saw-blade represem8.15) forM(A) may be con-
structed as
MA)=ANA) AR, LA) =Ly (o)L (Be), (6.25)

wherepy = AmA andpu_ = A /mA. It follows from the RLL-type relations (6.4), satisfied by
Lt (1) andL, (p-), that the monodromy matrix# (A ) satisfies RLL-type relations with the
same R-matrix ak;! (i), Ly, (U-), and hencé3S(A).

What may be confusing is the apparent doubling of the numbelegfees of freedom as-
signed to a lattice site with label We are are therefore going to show that the lattice diszaeti
tion defined by (6.25) with Lax matrices (6.24) is physicatuivalent to the one introduced in
Section 6.1.

6.4.1 An ultralocal representation

To this purpose, it is useful to note tHat (.. ) andL;, (u_) can be factorized as

L) = Lo M (6.263)
" 0 ) w1 )7 |

oo 1 patwy) T (un O
L”(u_)_(uilwa L )(o (ua)‘1>’ (6.26b)
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wherews = (uf)~Ivi andwy = vy (uy) 2. It follows that the Lax matrix

( r pratw) ™ fupug O 1 [TV~
gn()\)_<u_1wn 1 )( 0 (unum_l> (um(wn*)l 1 ) (627

only depends upon the operatovg, w;, andUp := uy uf. Note thatw,, andw, commute as
they act on different tensor factors. The combinatign(w;) ! also commutes with/, and is
therefore central in the algebra generatedvly w;; andUy,. It follows that we may consider

a representation in whioli; (wi)~! is represented by a scalar multiple of the identity. Taking
this multiple to beg~* and definingvy, := (Uner)_1 then gives

(6.28)

L) = Un+ Hy = VaUn Vi Il—i-VrTl‘i‘l'l:an
" VAL Ve Ut e Ve tug vt )

This Lax matrix is equivalent to that defined in (6.6) when alesiu, andu_ as in (6.25).

6.4.2 A non-ultralocal representation

Another way to identify the variables that the monodromynwavZ (A ) depends upon is to use
a gauge transformation similar to that used in (6.11). Sioadly, with

1\—1/2 vt 1/2 0

o = ((un) 0( ) (v+)—1/2(u+)1/2> , (6.292)
_\—1/2 v -1/2 0

o = ((un) 0( ) (v)l/z(u)l/2> , (6.29b)

we can write.Z(A) in the form

A (A) = gf Ly (TG () - L (UL () (g) (6.30)
Here,

. L t+ “ ql/4t+
L) = bt + n ) 6.31a
n (Il+) (gn ) n (Il+)9n <U+q1/4 (tﬁ)_l q_l/z (tﬁ)_l ( )
. i t u—tg Y4y,
() = (g) Lo (i )gn = n . 6.31b
n(H-) = (9hs1) ~Ln (H-)0n (uzlq—l/“ (o) ()] (6.31b)
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and thet are given by

ty = (v Y2 )22 Y2ty = (vi) MR

1 Y22 vV (6.32)

In this form, it is manifest that# (A ) depends on the correct number of local degrees of free-

dom. The price to pay is that we now have non-vanishing coratiaut relations between the

operators associated to neighboring sites (non-ultritgra
thoatn =Yt ot =a Y. (6.33)

We mention that the variablegs!)? have the virtue that they make the form of the (discrete)

time evolution equations particularly nice [FV2].

6.5 Comparison to other approaches

The construction (6.25) a#,(A ) is inspired by similar constructions in [FV1, BBR], but differs
in detail. In [FV1, BBR], the authors proposed a Lax matEfX(/\) which, in our notation,
would be obtained by replacing the mattix (u-) in (6.24) by

Lo ()= (ulu’i ; :lv”_> : (6.34)

(va) ™t (u) 7t

Reducing to the physical degrees of freedom as describecciioS&.4.1, one would obtain a
Lax matrixLn(A) that is equivalent to the Lax matrlx*? (A ) defining a non-compact version
of the XXZ-model [ByTel]. This Lax matrbty**(A) is related toL;®(A) by multiplication
with g1 and a simple equivalence transformation in quantum spaee[By/Tel] for details).
This relationship implies the physical equivalence of the approaches when the numbér
of lattice sites iseven while the lattice models are physically inequivalent ie ttase obdd

N (see [NT, Appendix D] for a detailed discussion of this pomthe closely related case of
the lattice Sine-Gordon model). It is of course quite pdsdibat the inequivalence of the two
approaches for odd disappears in the continuum limit.

A detailed study of the spectrum of these models and of thaiticuum limits has so far
been carried out only for the lattice Sinh-Gordon model a@efihy the Lax matrix;¢(A) on
lattices with oddN [ByTel, T1]. This is due to the fact observed in [ByTel] thastbase is
the most convenient one for the analysis of the spectrumeofdbpective lattice models. The
results obtained in [ByTel, T1, ByTe2] demonstrate that oyr@gch is indeed suitable for
defining the Sinh-Gordon continuum quantum field theory ln@the continuum limit of the
lattice Sinh-Gordon model discussed in this paper.
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For us, the main advantage of the Lax mai#f(A ) defined in (6.25) will be that it will turn
out to have a very natural generalization to the other modslgve are now going to explain.

7. Generalization to the other models

In tailor-made lattice regularizations, we want to preseas much of the structure of the quan-
tum field theories as possible. This will include the algebralations (4.18) that the elements
of a quantum monodromy matrix are supposed to satisfy. Téeudsion of the lattice Sinh-
Gordon model suggests a natural way to realize this featut@raatically, as we will now
discuss.

7.1 The general scheme

In the case of a lattice model witthsites, one has? = 74 R 745 R ... 4. We will construct
the monodromy matrix#,(A ) of the lattice model as a product of local Lax matrices

MA)=INA)LN-1(A) - (D), (7.1)
which are themselves constructed from the universal R-miatthe following way:

LA =Ly (uo)by (), Ly (M) = (Tap, ® ) (27). (7.2)

Here,u; = AmA, u_ = A/mA, and then;fn are representations of the Borel subalgeb#as
on#:* such that#, = 2,7 @ £, . It follows from (4.13a) and (4.13b) that bottiy (1) and

Ly (K+) satisfy
RA, 1) (Ly M) @) (Ioly () = (1@ Ly (1) (Ly (M) @ 1)RA, p), (7.3)
with the same matrix
RO, 1) = (Top © Tap) (). (7.4)

The monodromy matrix constructed in (7.1) therefore sas#.18), as desired.

When applying this construction to the remaining models, veedfore need to:

() Find representatioms;{{n and g, , of the relevant Borel subalgebraé_ and %, respec-
tively, such that the Lax matricds; andL,, defined in (7.2) reproduce correctly the cor-
responding classical Lax matrices in the classical cootimiimit.
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(i) Make sure that the physical degrees of freedom of themodel, defined initially with
an auxiliary doubling of the lattice degrees of freedom, iackeed in one-to-one corre-
spondence with discretized versions of the field variables.

We are now going to apply this strategy to the remaining nedeinterest.

7.2 The Boussinesq model on the lattice

We begin by applying the general scheme described in Settioto thesl(3) affine Toda the-
ory. Let us begin by explaining how to find the Lax matiik(A ) associated to the left-moving
degrees of freedom in the massless limit. It was previougjyed that the relevant algebraic
structure is the quantum affine algel@a(;[(S)). The main task is then to find suitable repre-
sentationsgg, ;, and g, with which to construct the Lax matrix! (1) as (e, ® 1g,)(%).

To begin with, we shall consider the case in whi@, is the representation defined in
(3.34). In order to motivate our choice fmqn, it will be useful to make some observations
on the generic structure of Lax matrices representing aeusaV R-matrix%. First, recall
the factorization (4.7) ofZ into a partq' containing only Cartan generators and a reduced R-
matrix@, the latter being a formal sum of monomials in the generdpgsl and1® F. The
factort = %zi Hj ® H; yields a diagonal matrix undem, ;, ® nafn. With Hj := &, (Hi) and
hin := T n(Hi), we may write

(Mo ® T0) () = %1 H=Min/3 — diiag(us p, uzp, u), (7.5)
where
o=kt P un =k wn =k ke, (kin=q").  (7.6)

In order to calculate the factdrg, ;, ® 15,)(#), we will again use the intertwining property
(4.5a) ofZ in the form of Equation (4.9). But as our choicemf, is such tha€; := g ;,(Ej)
is proportional tau, the first order expansion (4.10) already gives the reptatea of # as

0 fin O
Li (1) == (T @) (2) =id+u(@—ag ) [ 0 0 fon | +013), (7.7)
fon O 0

with fi  := nafn(F.).

This should be compared with the form of the classical Laxrixg8.32) to whichL,l (u)
should reduce in a classical continuum limit analogous t8)(6 The comparison suggests
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that the operators; , should be constructed from exponential functions of theayesp; n of

15 (X) = 3 @(x,0) over light-like segmentg;,", while thef; , should be proportional to operators
vi.n Which represent discrete versions of the exponential fonstone finds in the off-diagonal
elements of (3.32). A more detailed comparison suggestswhdake

Uon = e_nb(Pl,n_PZ,n/\@)’ von = et2ban (7.8a)
upn = et TPL+P2n/V3) Vi = e Plantv3an) (7.8b)
g = € 20P20/ V3, Vo = e Platn—v3azn) (7.8¢)

We note that we do not have to takg strictly equal tov; . It is possible to multiply; n by
combinations of the; , which would disappear in the continuum limit singe, = ¢'(A). From
the point of view of the representation theory, such a maatite will not change the affine
weight of thef », but is, in this case, necessary for satisfying the Setegioas of% (E[(3)).
It is easy to check that defining

fini= Tq_lui_’nlvm (7.9)

allows us to achieve all the requirements above. Indeedl|avs that

finfirin = Afiranfin, (7.10)
in which the first indices take values #y. The Serre relations are now trivial to check.

Terms of higher order in the expansion (7.7) can be strdmfwtardly calculated by evaluat-
ing Equation (4.9) in the representatiog, ® rqn. It is useful to organize the calculation as an
expansion in powers gi. In the case at hand, we easily find that the terms propotttorja®
vanish due to the relations (7.10). In this way, remembetonigrultiply by (7.5), we arrive at

the Lax matrix
Uin HMvin 0
La() =€) [ O uzn Hvan |, (7.12)
Hvon O uo,n

where/ (u) is an unimportant scalar function.

It is also interesting to repeat this computation using EhHesentatiom;J\ given in Equa-
tion (3.35) (but thesamerqn). The resulting Lax matrix may be expressed in the form

-1 2,—1
uo,n Hug nv2n H Voyn

LnJH(“) = _UZVZ% Ui% Huonvin | - (7.12)

2,—1 -1
—Huznpvon —H Vin Uin
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We observe additional off-diagonal terms in this case. No&t these are perfectly consistent
with the expected classical continuum limit, @&= ¢ (A?) is then of sub-leading order.

7.3 Thesl(3) affine Toda theory on the lattice

Inspired by the example of the Sinh-Gordon model, we will nogk for a monodromy matrix
A (A) for the latticesl (3) affine Toda theory of the form (7.1). We have already deteechin
the local Lax matrix_;". To determind.,;, we must repeat the analysis of Section 7.2 with the
representatiomqn of %_ replaced by a representatia),, of % It is easy to see that sending
Hi to —H; andF, to Ej achieves this, givingif/n nan(K.) ande rgn(E.) as

Uon = (kg kg n)?3, ugn= (k) 30 3, ugn= (kg Pkg,) Y3, (7.139)
&in=Tq Vin(uin) ™ (7.13b)

We mention that we have commuted the operators in the exprefgs thee; , dropping theg-
factor thereby obtained, for computational conveniendéxiAg similar labels to the operators
in L, we now have two local Lax matrices:

+ +
Upn  HiVig 0

Lim)=| 0 ufy pevig| (7.149)
“+V(J)r7n 0 “gn
”I,n 0 Il_lVan

Ly (b) = | uohvg,  ug, 0 : (7.14b)
0 U 1v2n uan

To be clear, the operatou{n and v;fn are constructed as in (7.8), but with the substitutions
pi — pfp andqgi — qf, fori =12, e =+, n=1,...,N (the local position and momentum
modes are now taken to satisfpf i m} 20mdj0). We remark that one can check
(7.14b) by applying the anti-automorphisfrto (7.14a), while simultaneously considering the
slight differences betweer, ,, and g, .

The key observation to make now is that (A) actually depends upon onlyN4+ 2 alge-
braically independent combinations of thi 8!ariable3pﬁn and qﬁn. This is an easy conse-
guence of the following observations:

First, the operators which appear in the matrix elements hef product.£h(A) =
Lo (L)L (p4) can all be expressed in terms of the six operatpgs= ki ki, vin = e fiy
andzjn = =€, (f+) 1 wherei = 1,2. The operators; n andyin commute with thezj n, but

z1n does not commute withp . Using this observation, one can show directly that thetalge
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2, generated by the , yi n andzj n has no non-trivial central elements. This is an important
difference as compared with the case previously discuss8ddtion 6.4.1.

Note, on the other hand, that the algebra generated by thexrakgments of the individual
factorsL,, (u_) andL} (i) contains a non-commutative subalgef¥awhich is generated by

_ _ - _ \-1\-1 _ - _ \—-1\—1
nl:on(kInfan) 1(ez,n(kl,neo,n> 1) ) n2:ffnkzn<f6tn) 1(eLnkZ,n(eQn) 1) . (7.15)

It can be checked th&8, commutes with the algebrd,. We conclude that the monodromy
matrix does not depend on any function of the elemenf8,pfThis means thai# (A ) depends
only on &\ combinations formed out of thel\Boperatorsp;fn andqﬁn.

We may repeat this argument for the produq§1(u+)Lg(u_), i=1,...,N—1, of Lax ma-
trices associated td — 1 neighboring sites. It allows us to find anoth¢N2- 1) combinations
of the basic variables that the monodromy matvix(A ) does not depend upon. We conclude
that.# (A ) depends on onlyM+ 2 independent variables.

Another way to explicitly identify a minimal set of operasofrom which all elements of
. (A) can be constructed goes as follows: Insert the identityerfom (g&) ~1g¢ to the right

of each factorLg(A) in (7.1). We will choose the;i andg;, to be the respective diagonal
matrices with elements

+

() 3 E (g 3 () ()~ 3(vg0) 50z 0) "2 () 2
(U ) TR S (us) 3 (va)TE s, and (up) T3 (v ) P (up) S (vp) 3, (7.16)
() "3 () 3 ()P S(v3) (1) "3 (Vi) 75 () "3 (v ) 5
This induces a gauge transformatigf(A) — L&(u) of the form
q_l/BtIn q+1/3ll+tf,n 0
TE 0 a P, g, | (7.17a)
q+1/3u+t3:n 0 q_1/3t6r,n
q+1/3tiﬂ 0 q_1/3“:lt6,n
Ly(uo) = a3ty g3y, 0 : (7.17b)
0 qfl/su:ltin qH/Sta,n

)

1 -1 _

wheret;' := (g )i~ uin (&1 iis tin := (&1)ii Ui n(€n )ii- The monodromy matrix# (A ) is then

represented as

M (A) =gy L ()L () - D (OB () (8) 7 (7.18)

In this form, it is manifest that# (A) depends only upon theNdvariablest? , i =12, n=

i,n
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1,...,N, € = +, together with the twq(g; )., i = 1,2. As in Section 6.4.2, the price to pay

for making manifest the correct number of local degrees eédom is the presence of non-
ultralocal commutation relations: We cannot guaranteé thaand tf:m will commute with
each other unlesa—m| > 1.

7.4 Fermionicsl(2|1) affine Toda theory on the lattice

To discretize the fermionic fieldg.. (x), g1 (x) in a way that is compatible with our previous
fermion conventions, we introduce a set of operatigfsyg, € = +, satisfying the algebra

{Ll’rf,ll’r%/} :07 {Lprfvll_lrf”:} :_£i5nm588’7 {Lﬁgalﬁrﬂ} =0. (719)
Definingpf := i [Ys, P§], we then have
[prfa lllﬁﬂ = 5nm5es’¢’rfa [Pﬁ, ‘ﬁr‘m = _5ﬂm5‘s£"~l_’r§' (7.20)

Finally, letp, qf be operators which satisfy

/ / 1 /
[pﬁny pim} =0, [pig,nuq‘jg,m} = Edj OnmOss¢’, [qinaqim} =0. (7.21)

The operatorsps, g5 will represent the discretized fermionic fields (x), ¢¢(x), while g§,
p§ will representf and its conjugate momentum, respectively, at the lattitersi Out of
these operators, let us construct the following represientaf the Borel subalgebr&g_ of
Ua(51(2/1)):

natn(HO) ipn /b prT/z f(—)tn = an(Fo) = —Tq_le_bqﬁq_ﬁq—PrT/Z, (7.22a)
Tgn(H1) = —2ipg /b, f o= Tgn(FL) = +14 e g Pr (7.22b)
natn(HZ) 'Pn /b‘l‘prT/z f;,n = TGFn(F2> = _Tq_le_bqn+ llfrTq_p'T/z- (7-220)

As usual,7qg = q— gl The signs in the above expressions for fhehave been chosen to
ensure consistency with the classical Lax matrix (3.38hag Serre relations (5.30) follow from
the observation that

fom finl g1 = [finf2nl g1 =0, (7.23)

along with some manipulation of the left hand side of (5.30 note for later use that
[f3 s fonl g = —i0™21g e g P (7.24)

recalling that this is g-anticommutator by the conventions of Section 5.1.
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The corresponding Lax matrix is again defined g$u, ) = (T, ®sTgn)(Z") with 15,
as in (3.41). We will sketch the derivation (up to the usualé@vant scalar multiplier) of

L (W) = 6L (), (7.25)
where
g qpn+/2 (e—nbpﬁ Eq1+€™Pn By + qp’T/ZE;gg) (7.26)

and

Lo (y) =id+ piy (Elzequ'#q*p’T/Z +Egae™ ™ i + Egge ™0 LPrT) q A2
+ip2 Y2ty tEp e P g (7.27)
Here as beforek;j denotes the & 3 matrix with 1 in position(i, j) and 0 elsewhere. For clarity,
we will defer this analysis to the end of the section.

Similar Lax matrices (with the roles of quantum and auxyligpaces exchanged) have been
presented without proof in [BaTs].

A similar analysis computes;, (u_) = L (u_)¢; from the representation

Tan(Ho) = —ipy /b+ 0y /2, eqpi=Tgn(Eo) = +14 e Png P /2, (7.28a)
T n(H1) = 2ip, /b, el = Tgn(E1) = +14 1€ g P, (7.28b)
Tan(H2) = —ipn /b—pn /2, egpi=Tgn(E2) = —1q te Mg P /2y (7.28¢)

The signs in thezijn have been chosen for consistency with the classical Laxixn@:38b).
One can check that these signs do not affect the validityeoBtrre relations (5.30). It is easy
to see now that, may be obtained from; by merely changing the- labels to— labels:

by =g /? (e_nbpa Eq1+€™Pn Epp+ qp5/2E33> : (7.29)

The story is somewhat more subtle t_o;]r because of the signs associated with certain fermions
(for example inrg . ). The resultis

Ly (u-)=id—p-tqPn/2 (E21e2bq,;qu,:/2 + Egpe ™ @y + Eqge ™ WE)
+ip=2q Y21 tEye g P (7.30)

As before, this can be checked using the anti-automorpgisramembering that its action on
graded tensor products is given in (5.6). The full Lax maigiknally constructed as/,(A) =
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L, (u-)Li (), as before. By repeating the discussion in Sections 6.4.7 &hdt is easy to
check that the resulting lattice model has the correct nummbaegrees of freedom per site.

It is interesting to observe that the continuum liit> O would suppress the terms in the
second line of (7.27): These terms would be of ordéA?) in the limit, sinceu, = ¢'(A). In
this way, one recovers (5.32). One may, however, combindrttieA — 0 with the classical
limit b — 0'in such a way thaty 2 = &/(A). Assuming thats = b? andp, =AMy, itis easy
to see that this combination of the classical and the contmlimits allows us to recover the
classical Lax matrix (3.38a). What we observe here is dyewthlogous to the phenomenon
discussed in Section 2.2.1 — the term in the second line @7§forresponds to the contact
term produced in the classical limit.

The expression fok,] can be derived as follows: First, note thgt= (1%, ®sg,)(d") is

obtained by substituting= Ho ®sHp + Ha ©sHo. To evaluate; (1) = (e, ®s G (%),
we consider (4.9) in this representation. Substituting

Eﬁ = %Eab@)sta,b’ 7-%,[.1+(Fi) = (_1)62 IJ—T—lE—i.,—i—la 7-Ei,l.l+(Ki) = qu'CECC (731)
Cc
and extractindeg, from each term, we arrive at

(~1)P ) g, gl i (~1)328 L i 1=
py [(—1)P(Gatda) qiagh [ q Mol pfit | (7.32)

Here, the indices,b,i are taken inZs, though we conventionally take b € {1,2,3}, i €
{0,1,2}. Them 5 are the diagonal entries of the matrices,, (Hi), somp = (0,1,1), my =
(1,-1,0), mp = (—1,0,—1). This represents 27 equations in 9 unknowns (though they are
far from being independent) and can be used to recursivatylede the coefficients of the

expansiorLap = S5 oL _gk%m in powers ofp,..

We commence the recursion by using the expansion (5. 5? ofrhis glvesL = §j and
_i(lj) (=1)P1 14f T i.ndi,j—1. More explicitly, the non- zerﬁ( Y are
1 1
(3= —Tafon  Lip=+Taf{n  L[31=—Tafin (7.33)
Substituting these results into the second order recursiations and noting that weight con-
siderations and the propertiesmf,,, force EI(ZJ) [ 8a p+1, We obtain

2 2
- -

—Iq [f({m fii:n] gl Tq [ffm on} gl 21— —Iqg [fZW f&n} q (734)
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At this point, we can significantly simplify our calculati®by using the properties of the repre-
sentatiorvqn. Indeed, the coefficient ¢d; in ffn was chosen so as to simplify (7.34) as much
as possible. Because of th[éif% and If(32% actuallyvanishand (7.24) gives

_(2) = +iqY/ 21y te B g, (7.35)

The third order recursion now glve\:j[ 1= '—2% = If(?’) Moreover, the fourth order equations

with a=b = —i+1 show thatlf&% commutes with eaclﬁfn. L?; likewise commutes with
each Cartan representative (it has no affine weight), hencenayeset it to a scalar multi-
ple of the identity: Ij?% —1®)id. The above analysis immediately generalises, resulting
Iffl')‘”) — | (3K) _g%, wherer = 0,1,2. The formula (7.27) fok (u) follows easily from these
considerations (after dropping the tensor product symbols

7.5 TheN = 2 super Sine-Gordon model on the lattice
Let &, YE, pt (with € = +) be matrices as in Section 7.4. These again represent tretiis-

tion in the fermionic sector. As the super Sine-Gordon mbdslbosonic fieldgf withi = 1,2,
we letpf,, af, be operators which satisfy

{Pl n 9j, m] = a OnmOge- (7.36)

From these, we introduce the following operators:

hon = —i(P1n—iP2n)/b, fin = — T Y P8 —I20) P /2, (7.37a)
hin=+i(pin+ipsn)/b; iy = — 1t Ptz g gei /2, (7.37b)
hy = +i(pin—ip3n)/b, = — T v P20 P /2, (7.37¢)
hi,=—i(pin+ipP3,)/b, = —Tg v Ptz g gei /2, (7.37d)

This we will supplementwitld’ " =3Py —p3,/b. Itis not hard to check that settimg,(H;) :=
hit " na*n = f+ andrg (D) := :=d/," defines a representation of the Borel subalgeBraof
Uy (5[(2|2)) The Serre relatlons (5.10a) are obvious and the rest faltuwediately from the

observation that the coefficient pf in thefJr has been tuned to guarantee that

[ il g anl g =0 fori =0,2, (7.38a)
Hfl_:—l n7f|+n} q—17f|+ 1n}q =0 fori=1,3. (7.38b)
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As before, we shall define the Lax matrix by (1) = (Tau. ®sT,)(Z"), whererg, ;. was
given in Equation (3.53). It again factors as

L (k) = 6L (), (7.39)
where (up to the usual irrelevant scalar multiple)
0 =P /? (enbpf "Byt e TPinEy, + efian{nE% 4P, 4) (7.40)
and

Lo (1) = id+py (El3¢’n+ebqﬁ + Egofy €% + Epaty &2 + E411ﬁn+efba”+> q P2 (7.41)
—ipfry tq P [q_l/z (ElzequI” + Ezle_quIn> —q'/? <E43<-1‘2iqu+’n + E34e_2iqun>} '

Here, we have used the shorthapid= qy, +iqz, af = di,, —idz,

|n’

To computel (4-) = Ly (U-)¢,, we define a representation &, by 1 ,(Ei) :=
)

T n(Hi) :=h; , and7g, (D) :=dj,”, where
hon = +i(PLn—1P20n)/b; on = TTg e P20l g P /2 (7.42a)
hin=—i(pLn+ipPzn)/b, ein = 1 te Pl ) g 2y (7.42b)
hyn=—i(prn—iP2n)/b, o0 = +Tq te P %2nl g P /2 (7.42¢)
h3p=+i(pLn+iP2n)/b; egn = —1q Yo PGt i92n) g 2yt (7.42d)
andd,” = —3p, + pon/b. We then sek (U-) = (T ®sT,) (%) as usual. Explicitly, we
obtain
ly=qg/? (e”bpinE11+e*”bpinE22+e ! P2nE33+e"bP2nE4> (7.43)
and

Ly (u) =id—p=tq Pn/2 (Eglw—ebqﬁ +Ega(ly € + Egotfyy; &% + E14Lﬁ—e‘b‘?5) (7.44)

—ip =Pty g [ql/z (Ez e®in 4 Ep,e 2n ) —q1? (Eg e?Pizn | Eyqe z'bqZH)] .

The full Lax matrix is again constructed &, (u—) = L, (u— )L (u5) and one may check that
the resulting lattice model has the correct number of degoédreedom per site. Taking the
classical continuum limit in the manner discussed in Sectid, we recover the classical Lax
matrices.
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The calculations leading to these results are very simiahose of the previous section.

In particular, the computation cb?+ YabEab®s Eab Is again based on converting (4.9) into

recursion relations for the coefﬁaentslq;b = Zk bu+ This time If;t), = Ogp Yields

EE‘}% = ~Tqfopn, E(Zzi = +Tq[fgn. f3 n]q 1 3,% = Tq/[fon 3 n}q 1,3 n) g (7.459)
(8= tafin  CA=Tolfinfnl g 053=Tallfnfonl g fnlqs  (7.45D)
o=t = +Talfinfinlgr L= tallfnfialg i g (7450
= —Tfin  Wa= TG0 e D= wlloflgn e (7459

By Equation (7.38), the third order coefficients vanish aredrést of the derivation proceeds in
an identical fashion to that of Section 7.4.

8. Outlook

These examples illustrate our proposed scheme for theraotish of integrable lattice regu-
larizations. We expect that this scheme can be applied ¢e lelasses of integrable quantum
field theories. The key ingredients are the light-cone gmtation and the realization that the
lattice Lax matriced;[(A) andL, (A), which describe parallel transport in the light-cone di-
rections, can be obtained from the universal R-matri#esand% ~ of certain quantum affine
(super)algebras by evaluating them in suitable represensa

What we have described here should of course be seen as thastesiep towards the solu-
tion of the models in question. However, the relations weetdiscussed with the representation
theory of quantum affine (super)algebras will determineribet steps to a large extent. The
reader may in particular note that we have not yet definedaeates analog of the dynamical
evolution law. However, within the framework of the quantinverse scattering method, there
are standard recipes for defining lattice Hamiltonians ftbenso-called fundamental R-matrix
R(A) which can be obtained from the universal R-matrix by choosfiggsame representation
in auxiliary and quantum spaces. A variant of this constomcturns out to work for the class
of lattice models discussed in our paper. An object reptatie fundamental R-matrix can be
obtained from the universal R-matrix by choosing a certdiimiite-dimensional representation
in auxiliary space instead of the finite-dimensional repngationsrg, , used in this paper. The
monodromy matrices defined from these analogs of the fund&ain@-matrices turn out to be
related to the Baxter Q-operators. They may furthermore led ts construct natural lattice
Hamiltonians and discrete time-evolution operators. Rerdase of the lattice Sinh-Gordon
model, we recover the generator of the discrete time ewlwdf [FV2] in this way, which was
obtained from the Q-operator of the lattice Sinh-Gordon ehawl [ByTe2]. We shall defer a
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proper discussion of these topics to a forthcoming pubtoat
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Appendices

A. The Algebra of Screening Operators

The aim of this appendix is to briefly describe how to identifg quantum symmetry algebra
generated by the variossreening chargewhich we have constructed for our sigma models.
This follows from a variant of the standard treatment forescing charges in the free field
description of conformal field theories (see [GR-AS, Ch. 1ioflexample) and a simple al-
gorithm described in [BLZ3, App. A]. We outline the method &eass it is fundamental to our
constructions.

LetV; (x) denote a vertex operator for some collection of free bosbhs standard derivation
of the quantum symmetry generated by a given set of screepiagtors

Q= / dx Vi (X) (A1)

results in an action of operatofis ki on the vector space of screened vertex operatong. igf
such a screened vertex operator, one identifiegth left-multiplication ofV by Q; andk; with
multiplication by thebraiding factorof V; (w) andV. The natural generalisation of this action
to tensor products of screened vertex operators gives doptréormulae:

Affi) =fiol+ktof,  Ak)=k@ki. (A.2)

With the conventions of Section 4.4.2, the braiding factorghek;-action may be determined
from the formula for a single boson:

L0909 : BOY) ;= g 1TaB/2: BOY) ;g0 (x> ). (A.3)
Elementary computation then gives

kifj = Oq?_jlfj ki, (A.4)
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whereaw j is the factor obtained from braiding (z) with V; (w).

If we can identify the braiding factors as
w,j =g, (A.5)

whereA is the Cartan matrix of some Lie algelyathen (A.4) suggests that tfieandk; define

a representation of the Borel subalgelfa of %4 (g) To prove this, it only remains to check
the appropriate Serre relations. Before discussing metfuodhis, let us first remark that we
have also found instances in which the braiding factors tadéorm

w,j=(-1)PPigh, (A.6)

in which Ais the Cartan matrix of a Lie superalgelgrandp; € {0, 1} denotes the parity of the
corresponding simple root. This signals that we shouldaegab by the graded tensor product
®s of Section 5.1 in Equation (A.2). Repeating the above deamatow corrects the braiding
factors by a sign. The upshot is that Equation (A.6) revertsguation (A.5), consistent with a
representation of the Borel subalgeb#a of the superalgebrés(g).

To verify the Serre relations in either case, we rewrite adidpicts ofn screening charges
Qi,,---,Qi, in terms of a fixed basis and then search for linear relatietwden them. We may
then choose the basis elements for the vector space of gsosenned by thQ i) - - Qqiy)
(o a permutation) to be defined by

Jinizenin = //"'/dxldXZ"'anVh (Xl)ij(Xz)---an (Xn) - (A7)

X1 >Xp>++->Xn

That these elements really do constitute a basis is a siropkeguence of the braiding relations
(A.3).

As always, an example best illustrates the method. When2 andw j = oNi with A =
(f% ;g) the Cartan matrix oﬁ(Z), we can express the product@f andQ in terms oflJy »
andlJ, 1 as follows:

Q1Q2=/ XmdX2V1(X1)V2(X2)+/ dxidxe V1 (X1) Va2 (%2)

X1>X2 X1<X2

= J172 + // dxdx V1 (Xz) Vo (Xl) = J172 + q2 // dxidx Vo (Xl) V1 (Xz)

Xo<X1 X1>Xp

= J12+ %21 (A.8)
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The third equality uses the braiding relations (A.3). Samy, we can derive tha®,Q1 =
Jo1+ q2J1,2. Basic linear algebra therefore allows us to conclude thagéoericg, Q1Q» and
Q2Q1 are not linearly relatei. This calculation therefore finds no Serre relations invajvi
these products of screening charges.

Of course, we can search for Serre relations involving gtineducts and for highear. The
number of basis elements can be as largalaso this quickly becomes tedious. However,
each calculation reduces to an exercise involving only pgations and linear algebra, hence
is easy to implement in a computer algebra package. Witr\, we were able to quickly
find all Serre relations witim < 7 for the quantum symmetries of the models considered here,
and determine which were algebraically independent. We hayproof that the relations found
are exhaustive (they should not be in at least one casehéystffice to identify the quantum
symmetry as a quantum affine (super)algebra.

B. Quantum monodromy matrices from universal R-matrix

In this appendix, we present a proof of the assertions (add)4.42) following the arguments

in [BHK]. This assertion exhibits the monodromy matrix of tpgantum Sinh-Gordon model

(with imaginaryb) as the universal R-matrix c# (;[(2)) in a suitably chosen representation
Ty ® T . We refer to Section 4.5.2 for further context.

To begin, it will be useful to consider

DLy = (Thp @id)(Z"), (B.1)

which may be considered as a kind of universal monodromyimm?;}\ can then be expressed
as a formal series@;)‘(F.) of matrices whose entries are monoLniaIs formed out ofRhe
Rewriting the basic propertyid @A) (2") = %{3%7, in terms of Z* and applyingm, ) ®
id®id leads to the non-trivial identity

P (K1+X2) = 25, (%2 25, (%), (B.2)

whereX; 1, X; » are the generatoi§ 1 :=F ®landX > := Kf1® F. As the identity (B.2) holds
in the sense of formal power series, it implies that

ParXin+Xiz) = 275 (Xi2) P4, (Xi1) (B.3)

will hold for any set of operator; 1, X > that satisfy the same relations ¥s;, X >, namely

“We use the term “generic” to mean tlgashould not be a root of unity. In this case, we only reqaites 1,
but other similar computations end up excluding other robtmity.
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the Serre relations (4.32) and
Xi2Xj 1= qM X 1Xi 2. (B.4)

The main idea is to compare the factorization (B.3) with thetdazation of the path-ordered
exponential appearing in the definition (4.33):

@exp(/oRde*(x)) = @exp(/dexW*(x)) @exp(/oyde*(x)) : (B.5)

In order to do this, let us consider the “partial’ screenihgrges

1
q—-q?

1

Xi1 = q—q*

y R
/ dxVi(x), Xio = / dx V;(x), (B.6)
0 y

which appear in the expansion of the factors on the right Isaahel of (B.5). It follows easily
from the braid relations (A.3) that the operatig, X » satisfy the relations (B.4). The Serre
relations (4.1c) are verified by means of the technique de=stin Appendix A.

Considering the limiy — 0, whereX; 1 ~ €(y), and using (4.10), we observe that
y
P55 (Xia) = id+/0 dXW* (A ) + G (YP). (B.7)

As the identities (B.5) and (B.7) together uniquely charaotethe path-ordered exponential,
this allows us to conclude that

R
P, = yexp(/o dxvv+(x;/\)> , (B.8)
from which (4.41) follows easily.

We may similarly consider”_ , = (Tt ) ®id)(<%7*). Rewriting (iId®A)(Z ™) = H#13%1,
now leads to the identity

Poa(Yia+Yiz) = 2, (Yi2) P, Vi), (B.9)
wherey; 1, Y, » are the generatol 1 := E ® K; andY; > := 1® Ej. As before, it follows that

P (Yia+Yiz) = 2, (Yi2) 25, (Yia) (B.10)
will hold for any set of operator¥; 1, Y; » that satisfy the relations

Yi2Yi1=qMY1Yi2 (B.11)
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We note that the difference in the signs of the exponent ibtarling phases appearing in (B.4)
and (B.11) is precisely accounted for by the different oaéinns of the integration contours that
appear in the definitions &fl  (A) andM_(A_), respectively.
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