RELATING THE ARCHETYPES OF LOGARITHMIC CONFORMAL FIELD THEORY
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ABSTRACT. Logarithmic conformal field theory is a rich and vibrant area of modern mathematical physics with
well-known applications to both condensed matter theory and string theory. Our limited understanding of these
theories is based upon detailed studies of various examples that one may regard as archetypal. These include the
¢ = —2 triplet model, the Wess-Zumino-Witten model on SL (2;R) at level k = —%, and its supergroup analogue
on GL(1]|1). Here, the latter model is studied algebraically through representation theory, fusion and modular
invariance, facilitating a subsequent investigation of its cosets and extended algebras. The results show that the

archetypes of logarithmic conformal field theory are in fact all very closely related, as are many other examples

including, in particular, the SL(2|1) models at levels 1 and —%. The conclusion is then that the archetypal

examples of logarithmic conformal field theory are practically all the same, so we should not expect that their
features are in any way generic. Further archetypal examples must be sought.

1. INTRODUCTION

Conformal field theories defined in terms of non-linear sigma models on supergroups and their cosets
represent an interesting and very active area of current research. They appear in many important problems
in string theory and condensed matter physics, for example the AdS/CFT correspondence [1] and the theory
of disordered systems [2,3]. Questions about these problems may often be related to WZW models and
their cosets through appropriate perturbations [4—7].

Over the last few years, there has been significant progress in the understanding of WZW models on
supergroups. Correlation functions of WZW models on type I supergroups can be computed in principle
[8]. There are relations to theories with an extended superconformal symmetry algebra [9, 10] and to
twisted super-CFTs [11]. Furthermore, there are results on branes [12], partial results on some specific
examples [13—15], and extensions to supergroup quotients [16,17]. The best understood example is however
the GL(1|1) (or U(1]1)) WZW model. This theory was first studied by Rozansky and Saleur twenty years
ago [18,19]. Later, this model was revisited with the aim of computing correlation functions in the bulk [20]
and on the boundary [21]. Moreover, boundary states have been constructed [22] and the WZW model was
shown to be an orbifold of the theory generated by a pair of symplectic fermions and two free bosons [23].
Nevertheless, there are still many unanswered questions, even for this simplest of supergroup CFTs.

Aside from theories based on the family OSP (1|2m), supergroup WZW models represent a fundamen-
tal family of logarithmic CFTs [19,24]. The importance of such logarithmic theories to modern physics
has recently gained widespread appreciation, due in part to the realisation that they describe non-local ob-
servables in statistical lattice models [25-31]. They also arise in the description of the algebraic structure
of Schramm-Loewner evolution martingales [32] and certain chiral gravity models [33] (we refer to [34]
for further applications). Aside from supergroup WZW models, fundamental classes of logarithmic CFTs
include the so-called logarithmic minimal models [35-42], the fractional level WZW models [43—46] and
ghost theories [47,48]. There are also indications that sigma models with non-compact target spaces may
also display logarithmic behaviour [49]. The remarkably rich mathematical structures exhibited by loga-
rithmic CFTs are studied in [50-56].

The first aim of this note is to comprehensively review the representation theory of the affine Kac-Moody

superalgebra QT[(1|1) as it pertains to CFT. We discuss general Verma modules (which coincide with Kac
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modules [57,58]) and determine their submodule structure completely. Our treatment is distinguished from
earlier ones in that we prove this structure in a logical and self-contained manner. The methods required
are surprisingly elementary, relying on basic algebra and the induced action of the so-called spectral flow
automorphisms. The structure of the Verma modules is then used to derive the fusion rules of the irreducible
highest weight modules, thereby confirming the rules stated in [22]. We also show that the characters of
the irreducibles admit a (projective) action of the modular group SL (2;Z) and that the Verlinde formula
correctly reproduces the projection of the fusion rules onto the Grothendieck ring of characters.

Our second aim is to investigate the (1) cosets of gl [(1]1) and to identify them with interesting known
logarithmic conformal field theories. After carefully decomposing the representations and characters of
é\[(l|l), we find that one such coset can be identified as the By ghost system of central charge ¢ = —1
[47,48]. We then confirm this result through an explicit free field computation using the realization of
al(1]1) used in [23]. This is not the only interesting logarithmic CFT one can obtain as a gl (1|1) /&i(1)-
coset. We also find the N = 2 super-Virasoro algebra of central charge ¢ = —1 and the Bershadsky-Polyakov
We-algebra W3(2) atlevel k =0.

Our third aim is to investigate extended algebras for gA[ (1]1), the inspiration coming from the expectations
of real forms and modular invariance. In a conformal field theory, the choice of real form determines the
adjoint and is reflected in the spectrum. Experience suggests that sigma models defined on compact target
spaces possess discrete spectra while non-compact spaces give rise to continuous spectra. Moreover, one
expects that the characters of the irreducible modules of the spectrum carry a representation of the modular
group. In the case of gA[(1|1), this turns out to be possible only when the spectrum is continuous. We
therefore have to question how this may be reconciled with our expectation that there are choices of real
forms which should lead to discrete, or at least semi-discrete, spectra.

An answer may be found by extending the symmetry algebra. We propose that the true symmetry algebra
for a certain real form, that we call the U (1|1) WZW model, should in fact be taken to be significantly larger
than gl (1]1). Infinitely many characters of gl (1|1) are combined into each character of the extended algebra,
leading to the possibility of a discrete set of representations whose characters transform nicely under the
modular group action.

We therefore turn to a systematic investigation of a class of extended algebras for gA[(1|1), finding for
each positive integer n, a set of n distinct algebras generated by four fields of dimension 5. We compute
these algebras explicitly up to dimension % They are as follows: The dimension % extension is the direct
sum of the 7 ghost algebra and that of the complex free fermion. The two extensions of dimension 1

may be identified with the affine Lie superalgebra 5A[(2|1) at levels k=1 and k = —%. The dimension

% extensions are new W-superalgebras, containing both the Bershadsky-Polyakov and the N = 2 super-
Virasoro algebras. For the dimension % extension, we identify the corresponding real form as u(1|1) and
use the fusion rules of gA[(1|1) to determine the characters of the extended algebra. This allows us to
construct a discrete chiral spectrum (both at the level of 3{ (1|1) and the extended algebra) which is closed
under fusion and for which the extended algebra characters carry an action of the modular group.
Combining our extended algebra and coset studies, we obtain relations between a number of well-known
logarithmic conformal field theories. gA[(l [1) is a simple current extension of its Z,-orbifold (or maximal
bosonic subalgebra) W, an unfamiliar W-algebra generated by fields of dimensions 1, 1, 2, 3, 3 and 3.
1 (1)-cosets of these two algebras lead to the 8y-ghosts and sl (2)_1 2, respectively. The former is a simple
current extension of the latter [48]. Further, 1 (1)-cosets of these give rise [59] to the ¢ = —2 triplet model

W (1,2) of [36] and its simple current extension, the symplectic fermions p/s\[(l|1) [60]. We summarize this
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in the following diagram:

- u(1)-coset u(1)-coset
psl(1]1) ¢« By-ghosts «————— gl (1]1)

simple current simple current simple current
extension extension extension
W(1,2) e—————5l(2) ;) W
’ 1 (1)-coset / 1 (1)-coset

We wish to strongly emphasise that this diagram, coupled with the realisation of s (2]1), and sl 2[1)_
as extended algebras of gl (1]1), indicates that practically all of the best understood logarithmic CFTs are in
fact all extremely closely related. This suggests that any confidence we may have in our knowledge of the
behaviour of general logarithmic CFT may be unjustified. We regard this as the most important conclusion
of the work reported here.

The article is organized as follows. In Section 2, we begin with the finite-dimensional Lie superalgebra
gl(1|1), discussing its structure, real forms and representations. Section 3 then repeats this for the affine
algebra 5 [(1|1). This is complemented by a thorough derivation of the fusion ring and the modular prop-
erties of the (super)characters. In particular, we observe here that while the fusion ring has infinitely many
discrete subrings, we need a continuous set of characters to obtain a representation of the modular group.

Section 4 begins with a review of the By ghost system at ¢ = —1. We then consider a general coset of
the form gl (1|1) /u(1) and show how to choose the boson so as to obtain the ghost algebra. The gA[(l [1)-
modules are decomposed and the coset characters are identified as §y ghost modules. From the fusion rules
of 3 [(1|1) and this identification, we recover the 7 ghost fusion rules derived in [46], thereby providing a
strong consistency check of the former. We conclude by listing some other coset algebras that are of interest
and discuss briefly the implications of coset identifications for the question of discrete spectra.

In Section 5, we search for extended algebras. For this we employ the well known free field realization
used, for example, in [23]. We construct the extensions explicitly when the extension fields have dimension
less than or equal to % In the case of the dimension % extension, we identify the real form as compact and
find a discrete set of extended algebra modules which close under fusion and whose characters close under
modular transformations. We conclude with a short outlook in Section 6. Various conventions and technical

identities are collected in a series of appendices.

2. gl(1|1) AND ITS REPRESENTATIONS

In this section, we review the structure and representation theory of the finite-dimensional Lie superal-
gebra gl(1]1). Although it is not a simple Lie superalgebra, gl (1|1) possesses many features in common
with more general simple superalgebras. Its advantage is that its analysis requires only elementary methods.
Further details may be found in [20,61].

2.1. Algebraic Structure. The endomorphisms of the super vector space C!!! have a basis consisting of
the matrices

y_Ll(t o e (10 . (o1 ind ~ (oo o
“2\o0 —1)’ o 1) Y 7 lo o V=11 o) '
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Note that N and E are parity-preserving (bosonic) whereas ™ and W~ are parity-reversing (fermionic).

This endomorphism algebra admits the structure of a Lie superalgebra because
Ny ] =+y*  and  {y" vy }=E, 2.2)

with all other (unrelated) brackets vanishing. The abstract Lie superalgebra defined by these relations is
called the general linear superalgebra gl(1|1). This superalgebra is not simple because E is central, and
hence generates a one-dimensional ideal. It is easy to check that this ideal has no complement and so
gl(1]1) does not decompose as a direct sum of ideals. Equivalently, the adjoint representation of gl (1]1) is
reducible, but indecomposable.

We define a bilinear form K(~, ) on gl (1]1) as the supertrace of the product in the defining representation
(2.1). This bilinear form is invariant, consistent and supersymmetric. Moreover, it is non-degenerate, unlike

the form obtained by taking the supertrace in the adjoint representation.' Specifically, we have
k(N,E) =«x(E,N) =1 and k(v oy ) =—x(y ,y") =1, (2.3)

with all other combinations vanishing. One standard application of constructing such an invariant form is
to compute the quadratic Casimir Q € U(g[(l|1)). In this case, E qualifies as a Casimir element of degree

1, so the quadratic Casimir is only defined modulo polynomials in E. We choose it to be
Q=NE+y y". 2.4)

We remark that a redefinition of N by shifts of E does not affect the defining relations (2.2) and only changes
the entry K‘(N N ) It follows that we can choose this latter quantity arbitrarily through a simple change of
basis. We prefer, however, to keep the basis (2.1) so as to leave K(N ,N) as 0.

It remains to choose an adjoint and there are several to choose from. While this has little bearing on the
representation theory that we shall shortly turn to, the choice of adjoint reflects the real form that is relevant
to geometric descriptions of the theory. We discuss the real forms of gl(1]1) in Appendix A. Moreover,
one must choose an adjoint for the triangular decomposition (2.6) below — this plays, for example, a subtle
role in the construction of extended algebras (see Section 5). The most natural choice is that suggested by
the defining relations (2.1):

NT=N, E'=E, (v =7 2.5)

The corresponding real form is the unitary superalgebra u (1|1).

2.2. Representation Theory. There is an obvious triangular decomposition respecting the adjoint (2.5):
gl(1]1) =span{y~ } ®span{N,E} ®span{y "} (as subalgebras). (2.6)

Thus, we regard W™ as a raising (annihilation) operator, ¥~ as a lowering (creation) operator, and N and
E as generating the Cartan subalgebra. A highest weight state of a gl (1|1)-representation is then defined
to be an eigenstate of N and E which is annihilated by w*. Such states generate Verma modules in the
usual way.? If n and e are the eigenvalues of N and E (respectively) on the highest weight state, we denote
the corresponding Verma module by V,_1/, .. Note that as y* squares to zero in any representation,
every Verma module has dimension 2. The shift of n by —% in the Verma module index then amounts to
characterising these modules by the average N-eigenvalue. This convention leads to a useful simplification

of many of the formulae to follow.

ISome authors reserve the term Killing form for the supertrace in the adjoint representation. To avoid confusion, we will therefore
refer to K(~, ) as the invariant form. It is not unique, however, even up to constant multiples, because gl (1|1) is not simple.

2Note that gl(1|1) is a rather special Lie superalgebra in that its Verma modules coincide with its Kac modules [57,58]. We will use
the former nomenclature here as it is better suited to fusion studies (Section 3.3).
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Suppose that ‘v> is a (generating) highest weight state of V,, .. Its N- and E-eigenvalues are then 1+ %

and e, respectively. Moreover, it satisfies
vy ) ={yT vy =Elv) = elv), @7

so that the descendant y— ]v) = 0 is a singular vector if and only if e = 0. We see then that Verma modules
are irreducible when e # 0, and when e = 0, the irreducible quotient module has dimension 1. The irre-
ducibles with e # 0 are said to be typical and those with e = 0 are said to be atypical. We will denote a
typical irreducible by T, . =V, . and an atypical irreducible by A,. Our convention of labelling modules
by their average N-eigenvalue leads us to define the latter to be the irreducible quotient of V,,_; 5 o. This is

neatly summarised by the short exact sequence

0—Ay_1/2— Vo —HApp12—0 (2.8)
and structure diagram
v
Ani1)p ————— An-1)2
2.9
Vn,O

Such diagrams illustrate the decomposition of a module into its irreducible composition factors, with arrows
indicating (schematically) the action of the algebra.
The representation ring of gl(1]1) is defined by introducing the graded tensor product of two represen-

tations. This is given by the action
I[yew)] =spyew)+ 0 edw) 0 =NE ¥, (2.10)

where |J| and |v| are the parities of J and |v>, respectively, understanding that linearity allows us to restrict
to elements of definite parity. The notion of parity for states |v> deserves some comment. There is an
obvious notion of relative parity for states, so parity makes sense once we choose that of a generator (here
we restrict ourselves to indecomposable modules without loss of generality). A priori, this requires us to
distinguish between otherwise identical modules based on whether the generator is chosen to be bosonic or
fermionic. We shall not bother to make such distinctions explicit at this point.> This is generally permissible
because it is easy to check that (2.10) allows us to swap the parity of a module by tensoring with the atypical
irreducible A spanned by a single fermionic state.

We will be interested in the representations generated by the irreducible modules. Tensor products

involving the atypical irreducibles A,, are rather trivial to analyse:
An @Ay = Aty A @T =T o @.11)
The corresponding result for the typical irreducibles follows from a straight-forward computation [19]:
Tne ®Tw o = Tnin'+1/2.e+¢ B Tniw'—1/2.04¢ (e+e #0). (2.12)

The restriction that e + ¢’ # 0, meaning that the result is again in the typical régime, is crucial. When
e+ ¢’ =0, one observes that the result is not a direct sum, but is rather a reducible yet indecomposable
module:

Tne®@Tyw —¢ =Py (2.13)

3This becomes important when considering modular transformations (Section 3.4). Surprisingly, this is also relevant when considering
extended algebras (Section 5.2).
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The structure of these new indecomposable modules is given by the diagram

An
RN
An—H iPn An

-1
w‘\ /vf*
An

The symbol P is chosen to reflect the projective nature of these modules and this is what they are generally

(2.14)

referred to in the physical literature.* We mention, however, that the structure diagram shows that the P,
may be viewed as particularly simple examples of staggered modules [55]. Indeed, they may be regarded

as extensions of highest weight modules via the exact sequence
00— ’\7”+1/2’0 — iPn — vnfl/Z,O — 0, (2.15)

and one can verify that the Casimir Q acts non-diagonalisably on P, taking the generator associated with
the top A, factor to the generator of the bottom A, factor and annihilating the other states. The P, are not
highest weight modules, but their appearance in the representation ring is not unnatural. Indeed, we note
that the adjoint representation of gl (1|1) is isomorphic to Py.

To summarise, we have seen that the set consisting of direct sums of irreducible modules does not
close under tensor products in the representation ring. Rather, one is forced to admit the reducible but
indecomposable modules of the form P,. Combining associativity and (2.13) shows that tensoring these

projectives with the irreducibles or themselves yields no new types of indecomposables:

An,O ® :Pn’ = :Pn+n’7 (2.16a)
Tn,e (29 g)n’ = Tn—&-n’-‘rl,e S2) 2{‘Tn+n',e D Tn+n'—17ea (2.16b)
Pr@Py =Puiwi1®2P0 0w ®Priw 1. (2.16¢)

There are further indecomposables which may be constructed as submodules and quotients of the P, (and by
taking tensor products of these submodules and quotients). We will have no use for them in the following;

see [63] for further discussion.

3. 5[(1|1) AND ITS REPRESENTATIONS

The affine Kac-Moody superalgebra 5[(1\1) is defined in the usual manner as a central extension of
the loop algebra of gl (1|1). In this section, we discuss its structure and representation theory, culminating
in a description of the fusion ring generated by its irreducible highest weight modules and the modular
properties of the associated Grothendieck ring of characters. This puts the results stated in [19,20,22,61]

on a solid footing.

3.1. Algebraic Structure. Our conventions for gl(1]|1) carry over to its affinisation gA[(l [1) in the usual

way. Explicitly, the non-vanishing brackets are

[Nr;Es} = rk6r+s,0a [erwsi} = i‘lfis and {l//j,l//;} :Er+s+rk5r+s707 3.1

4The fact that the P, (and the typical irreducibles T, .) are projective in the category of finite-dimensional weight modules is often
remarked upon. We will not have any need for this property here, so we content ourselves with remarking that proofs follow easily
from a mild generalisation of the standard arguments for the non-super category O case (see [62] for example).
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where k € R is called the level. The adjoint of the unitary superalgebra extends from (2.5) to
Nf=N,, El=E, ad (yf) =y7. (3.2)
Note however, that for k # 0, we can rescale the generators so as to normalise & to 1 as follows:

E + 1
N, —N,,  E,— —, v, —>ﬁ

. (3.3)
As with T (1), it follows that the actual value of a non-critical gl (1|1) level k 5 0 is not physical. Never-
theless, we shall continue to give formulae for general & in order to emphasise the presence throughout of
the scaled combinations in (3.3). We mention that (3.3) with k negative will introduce an imaginary scaling
factor for the fermions which will change their adjoints by a sign.’

The Virasoro generators are constructed using (a modification of) the Sugawara construction. Because

the quadratic Casimir of gl (1|1) is only defined modulo polynomials in E, one tries the ansatz [19]
T(z)=a:NE+EN—vy 'y +y y': (2)+B:EE: (z), 3.4

where o and B are constants to be determined. This turns out to satisfy the correct operator product
expansion if and only if a = 1/2k and B = 1/2k%. Then, the gl(1|1) currents N (z), E (z) and y= (z)
are Virasoro primaries of conformal dimension 1, as required, and the central charge is found to vanish. We
record a convenient form for the Virasoro zero-mode for future use:

1 1 1
Ly= -~ NE , —wry i — —Ey+— CEE_, . 35
" kreX:Z ¥ 2k 0+2k2r€% G

There are some interesting automorphisms of gl (1]1) which will be useful in the following. First, there
is the automorphism w which defines the notion of conjugation. Explicitly,
wW(N:)==N,, w(E)=-E, w(y)=v , w(y,)=-y' and w(L)=Lo. (3.6)
Note that w? acts as the identity on the bosons and minus the identity on the fermions. Second, we have the
spectral flow automorphisms ol, ¢ €7, defined by [20]
o' (N;)=N,, o' (E)=E —tkéy, o' (y7)=vy%, and o' (Lo)=Lo—tNo.  (3.7)

Both w and 6 may be used to construct new modules w* (M) and ¢* (M) from an arbitrary gl (1]1)-module

M by taking the underlying vector space to remain the same and twisting the action of the algebra:
Jw () =w (Wl @)P) and T (W) =0 (cT(I))  Geal(1]l). (3.8

Note that w* (M) is precisely the module conjugate to M. We will generally not bother to write the dis-
tinguishing superscript “*” in what follows — whether the automorphism acts on the algebra or one of its
modules will be clear from the context.

3.2. Representation Theory. We can now define highest weight states, Verma modules T?n_e, and their
irreducible quotients as before. By Equation (3.5), the affine highest weight state |vn,e> of \A7,,_,e, whose Np-
and Ey-eigenvalues are taken to be n+ % and e respectively, has conformal dimension

e 162
Ane =N 355

Of course, this formula also applies to singular vectors. We emphasise that the label n refers to the average

(3.9)

No-eigenvalue of the zero-grade subspace of T?me, generalising the labelling convention of Section 2.2.

Verma modules for gA[(1|1) are infinite-dimensional, but a Poincaré-Birkhoff-Witt basis is easy to write

5 Equivalently, the adjoint will be twisted by the automorphism @_; see Equation (A.2).
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down:

(Vo )amNﬁrani% (‘/’jm)dm (y,) N N SES (v 2) (vo)" NﬁllEill (‘/’irl)d1 (wo )™ Vne). (3.10)

Here, the a; and d; are restricted to O or 1 (because the l//fm square to zero), whereas the b; and c¢; (and m)

may take any non-negative integer values. It follows that the character of a Verma module is given by

o (14z74)) (147 1g"!
X\?M (Z;q) = trf?,.,e zNoqLo — Zn+1/2qA,Le H ( zq()l(_qi)z2 q ) |
=

Let us restrict now to the Verma modules V, . Since Ej is central, it annihilates every state in this

(3.11)

module. In particular, it annihilates every singular vector, hence the singular vectors of \A7,,,0 have conformal
dimension 0 by Equation (3.9). This proves that the only non-trivial singular vector of \A7n.o is ¥ ‘Vn,0>-
Taking the quotient by the module it generates gives a module with a one-dimensional zero- grade subspace.
The only singular vector is then the highest weight state, so this quotlent module is irreducible.® We denote
it by An+1 /2,0 as its zero-grade subspace has Ny-eigenvalue n +1 5- The character of this atypical irreducible
is now obtained by imposing ap = 0 in Equation (3.10). This leads to

1 1
x; (zq —Z”H +zq ) J)rzz q)
0 i=1

Identifying the vacuum as the unique highest weight state which is annihilated by all the zero-modes of

(3.12)

gl (1|1), we obtain the vacuum character by setting n = 0.

‘We mention that the submodule of \A7n.o generated by the singular vector W |vn,0> is not isomorphic to
a Verma module because (‘Voi )2]\/”70> = 0. It must therefore be isomorphic to a quotient of \A7,H’o and, by
the above argument, the only non-trivial such quotient is the irreducible fln,l /2,0~ 1t follows that we have

an exact sequence for \A7,,70:
00— ‘An—l/Z,O — \7,,,0 — ‘An-‘rl/Q,O — 0. (3.13)

Splicing this with the analogous exact sequence for T7n71,0 and iterating, we obtain a resolution of the

atypical irreducible flmo in terms of Verma modules:
V720 — V520 — i}n73/2,0 — Vo120 —> Ano — 0. (3.14)

The character of the irreducible AAmo must therefore satisfy the formal relation

o

24, (a) =Y (1) x5 (z:9). (3.15)

=0 Vn—l/Z—j,O

It is of course trivial to verify this from the formulae (3.11) and (3.12).

Let us now turn to the singular vectors of the Verma module \A7n7e with e # 0. Suppose that there is a
singular vector of conformal dimension A,, . +m and Ny-eigenvalue n+ j+ % Then, one has —m—1 <
m. In fact, it follows from (l[/n_ )2 =0 that j = —m — 1 can only be achieved when m = 0 or 1, in which
case the candidate singular vector can only be v/, ’vn_,e> or Yoy, |v,,76>. But, it is easy to verify that these
vectors are never singular. We may therefore assume that | j| < m. Equating A, . +m with A, j . now gives

e
m= ]%. (3.16)

Thus, a non-trivial singular vector can only exist if |e/k| # 0 is rational and at least 1. In particular, we can
conclude that \A7n7e is irreducible for 0 < |e/k| < 1. Regarding these as typical irreducibles, and denoting
them by %,Lg, their characters therefore coincide with those given in Equation (3.11) for Verma modules.

6Equivalently, the Verma modules \7”70 have no (non-singular) subsingular vectors.
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To study the reducibility of the Verma modules for |e/k| > 1, we make use of the spectral flow auto-
morphism o, defined in Equation (3.7), and its induced action (3.8) on modules. As ¢ obviously maps
non-trivial submodules to non-trivial submodules, the submodule structure will be preserved. In particular,
irreducibles will be mapped to irreducibles. Moreover, the image under spectral flow of a state |v> with

Eyp-eigenvalue e will satisfy
Eoo' (|v)) = o*((Eo+ k) [v)) = (e + k) &' (V). (3.17)

Along with
%G((M) (zq) = tr () gt = try . MNogho+tNo — e (24':4), (3.18)

which holds for any gA[ (1]1)-module M, this will allow us to deduce the complete set of irreducible charac-
ters as well as the singular vector structure of general Verma modules.

Let us first determine what happens to the label n under the (induced) action of the spectral flow. De-
noting an arbitrary irreducible highest weight module with average Ny-eigenvalue n and Ep-eigenvalue e by
c n,e and its highest weight state by |n e> the key observation is that ¢ ( ’n e>) is only a highest weight state
for ¢ = 0. Indeed, the l[/r 1» Ny, Er and y,_ | with r > 1 annihilate this state, but

n,e>) = G(l//&|n,e>), (3.19)

which vanishes if and only if e = 0. However, it is not hard to check that for e # 0, y; & (|n,e)) is itself a

v of
highest weight state, hence by irreducibility, it is the highest weight state of ¢ (Ene) This analysis therefore
identifies the result of applying o to all irreducibles:

n1j2erk ife/k=0,—1,

n—1 ek otherwise.

(3.20)

&) o)

One can deduce the full spectral flow action from this, but we will only make the following explicit:

' (Lne) =Lnterax (e/k¢Z) and  6"(Ln0) = Lorre(r)in- (3.21)
Here, we introduce a convenient variant € of the sign function on Z:

+4 ifl=+1,+2,43,...,

e(0)=<0 if £ =0, (3.22)
1 ife=-1,-2,-3,...

This function will prove very useful in Section 3.3.

Consider now the effect of spectral flow on the Verma modules \A7,,‘,e with 0 < |e/k| < 1. As these modules
are irreducible, it follows from (3.21) that we already know that their images under ¢* are the irreducible
hlghest weight modules Ln t.e+tk- Our question is whether these images are in fact the Verma modules
\7" t,e+tk- In other words, we ask if every Verma module \7,, o with e/k ¢ Z is irreducible. This may be
settled using (3.9), (3.11) and (3.18):

© (1 4zg0) (1477 1gi— 0!
xc‘(\A?n.e) (z39) = %5, (Zqﬂ;q) _ Zn+1/2qu+(n+1/z)eH ( g ( q )

i1 (1-¢)
nt41)2, Mmet (12—t 12Ty (1 H2d) (T+271g) ,
= R o ~ %5, (@0). G2

It follows that o’ (T?ne) is an irreducible highest weight module whose character coincides with that of
\A7n7479+gk. The image is therefore this Verma module, proving that all Verma modules with e/k ¢ Z are
irreducible. We will therefore regard such irreducibles as typical, denoting them by ?n,e.
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To analyse the remaining case ¢/k € Z, it is convenient to resort to somewhat more abstract methods.
Since spectral flow preserves the submodule structure, we can apply 6* to the exact sequence (3.13) to

obtain another exact sequence of the form
0— Ly 10 tre)yx — ' (Vo) — Lopr J2—tre(0),k — 0. (3.24)

As \A7n70 is indecomposable, this exhibits o (\A7n70) (with £ = 0) as an indecomposable with two irre-
ducible composition factors. Since (3.23) applies, the result of the spectral flow will be the Verma module
Vi1 cve(o if and only if Ay o gie(oym = An1jarve(e) o that is, if and only if £ < 0. Otherwise,
we obtain an indecomposable in which the conformal dimension of the singular vector is strictly less that
that of the generating state (which is no longer highest weight). With the conformal dimension increasing

as one descends, the difference in structure is as follows:

&)

Lotk n—0,0k

£<0 : :4>0 . (3.25)

L1k Ln1—ek

In fact, the indecomposable on the right is the (twisted) contragredient dual of the Verma module on the
left. In summary,

' Vo) =Vt  (U=—1,-2,-3,..). (3.26a)

This proves that every Verma module \A7n,e with e/k € Z_ is reducible with two irreducible composition

factors. We will therefore regard the irreducible quotients as atypical and denote them by flw. To obtain

the same result for Verma modules with e/k € Z (and their atypical irreducible quotients), we can repeat

the above manipulations for the spectral flow of the conjugate Verma module W(@n!o) , obtaining
' (WVo)) =Yoo (€=1,2,3,...). (3.26b)

To summarise, we have shown that the irreducible highest weight modules split naturally into two
classes: Atypicals flw with e/k € Z and typicals ﬁ'me with e/k ¢ 7. The label n always refers to the average
No-eigenvalue of the zero-grade states. The Verma modules with e¢/k ¢ Z are irreducible, T?n,e = AM, and

those with e/k € Z are reducible but indecomposable with exact sequence
0— Anite — Ve — Ape — 0 (e/k=+1,+2,+3,...), (3.27a)
00— Ay 10— Vpe— Ape — 0 (e/k=—1,-2,-3,..). (3.27b)

(The exact sequence for e = 0 was given in (3.13).) It follows that the unique non-trivial singular vector
of an atypical Verma module i\?n’e appears at grade |e/k| and differs in Ny-eigenvalue from that of the
(generating) highest weight state by &1.7 It also follows that there are no subsingular vectors in the Verma

modules of g [(1]1). The characters of the typical irreducibles are given by
= (1+z¢") (1+z7 "¢ ")

n ne 2 /K2
X- (zq) = 2grelkrel .
Tne E (1-¢')°

(3.28a)

TOne can even use the spectral flow to derive, ab initio, explicit formulae for these singular vectors. We will not require such formulae
here. They may be found in [20].
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and the atypical irreducibles have characters given by

n+1/2 nl+02/2 e (1 (1 1,i-1
< 9 (1+2q) (1+21¢7) if0=11,42,43,...,

I_A'_qu' 1 (1_ -)2
x; (zq)= 2, . ~ (3.28b)
nlk Vl+1/2 nl+0 /2 oo 1+ i 1+ 1 l 1
R (1+20) ( R ) =103
I+ i (1-4/)

For ¢ = 0, the characters were given in Equation (3.12). The latter with £ # O follow readily from this and
Equation (3.18).

3.3. Fusion. Now that the Verma module structure has been determined, we can turn to an investigation of
the fusion rules of their irreducible quotients. As exploring the representation ring of gl(1]1) leads to the
introduction of non-highest weight indecomposables P, it is natural to expect that analogous indecompos-
ables will appear in the fusion ring of gA[ (1]1). Tt is often claimed that an affine superalgebra fusion ring may
be computed by merely truncating the representation ring of the horizontal subalgebra by the constraints
afforded by spectral flow. While this is unlikely to be true in general, we can prove this for 5 [(L|1) using
concepts underlying the fusion algorithm of Nahm and Gaberdiel-Kausch [35, 64].

Roughly speaking, this algorithm allows one to construct a representation § on the tensor product (over
C) of the modules to be fused. The vanishing of singular vectors then amounts to imposing relations upon
this product (the spurious states [64]). Decomposing the resulting quotient representation finally gives the

fusion rule. For g[(1]1), we will see that we only need the action of & on the affine zero-modes:
8 (Jo) [|v> ® |w>} =Joly® W)+ (=DM @dlw) G =NE yh). (3.29)

Note that this precisely coincides with the (graded) tensor product action of gl (1|1) given in Equation (2.10)
(explaining why the affine fusion rules are truncations of the horizontal subalgebra’s tensor product rules).
We begin by discussing the fusion rules 1nv01v1ng the atypical irreducibles .An 0. It follows from the
general theory that the zero- grade subspace of An 0 X A » 0 18 @ quotient of the tensor product of the zero-
grade subspaces of An,O and ‘An’.,()' While the corresponding Verma modules have singular vectors (at grade
0), these do not result in spurious states because they effectively define the zero-grade subspaces. Thus,
there is no truncation and the zero-grade fusion product is one-dimensional. Applying Equation (3.29)

gives the eigenvalues of Ny and E as n+n and 0, respectively, on the fusion product. We conclude that

Ano X Pt 0= Aot 0, (3.30)
because the result is manifestly a highest weight module® with a one-dimensional zero-grade subspace.
The fusion rules involving the typical irreducibles ﬁ,ﬁe with e/k ¢ 7 are even easier to elucidate. Because
their parent Verma modules are irreducible, there are no vanishing singular vectors, hence no spurious states.
Repeating the previous arguments, we see that the zero-mode action on the zero-grade subspace of the fu-
sion products AA,L,() X ‘/J\'ngg and 7, e X ‘3’,,/761 is identical to the gl (1]1) tensor product action. Equations (2.11)

— (2.13) therefore give

~

Jz['\n.() % ‘J-nJrn e (3.31a)
An,e X An’,e’ = §n+n/+1/2,e+el EBﬁrHrn'fl/Z.eJre/ (<e+el) /k ¢ Z) (3.31b)
and ‘?n,e X ‘f,,g_e = i’mngo. (3.31¢)

8We mention that for gA [(1]1), the identification of a fusion product is particularly simple because we do not need to consider modules
whose zero-grade subspace is trivial. Modules with trivial zero-grade subspaces significantly complicate the identification of fusion
products for other affine algebras and superalgebras (such issues are detailed for s[(2) in [43,46]).
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We have excluded (e+¢') /k = £1,42,43,... from (3.31b) and (3.31c) because in these cases, the zero-
grade calculations suggest atypical modules whose Verma parents have singular vectors of positive grade.
Our calculations cannot yet detect whether these singular vectors vanish or not. Moreover, this exclusion
lets us deduce that the sum in (3.31b) is direct because A, 1 1/2.04¢' = Aujw—1/2,e4¢ = (e+€') [k ¢ L.
Equation (3.31c) effectively defines the gA[(1|1)—module i’,,,o whose zero-grade subspace is the inde-
composable gl(1]|1)-module P, described in (2.14) (with average Ny-eigenvalue n and Ep-eigenvalue 0).
Because V,,, 12 o appears as a submodule of P, we may conclude that there is a submodule of 59,,70 isomor-
phic to a quotient of T?nﬂ /2,0- As the singular vectors of the latter are all at zero-grade, inspection allows
us to conclude that this submodule is in fact isomorphic to \A7n +1/2,0- Similarly, we deduce that the quotient

of §n70 by this submodule is isomorphic to T?n,l /2,0 This gives the exact sequence
0—Vor1/20 — Puo — Va_1/20 — 0. (3.32)

We remark that Ly acts non-diagonalisably on ﬁ,,’o. In fact, Ly annihilates every state except those associated

with the top fln’o factor in the structure diagram

/\

/\

n+10 n 1,0 - (333)

\/

These states are instead mapped into the bottom flmo factor. ‘JA’,,D therefore qualifies as a staggered gA[ (1]1)-
module and any conformal field theory in which this module appears is logarithmic.
To investigate the fusion rules of the ﬁn_,e with e # 0, we will exploit the symmetry of the fusion rules

under the induced action of the spectral flow automorphisms:9

Gé(Ml) x o' (M) = o't (M x My). (3.34)

Strictly speaking, this symmetry is only a conjectured relation for affine Kac-Moody (super)algebras, al-
though it has been tested for sl (2) [43,46] and is well-known for integrable modules [65]. We have checked
several fusion rules for 5[ (1]1) using the full Nahm-Gaberdiel-Kausch algorithm and found that (3.34) holds
in every case.

Combining Equations (3.21), (3.30) and (3.34) then gives the fusion rules of the general atypicals AAM.
The result is best summarised by introducing the combination

el l)=e)+e(')—e(t+1), (3.35)

where we recall the definition of the sign function € (¢) from Equation (3.22). We find that

~

Aok X A ok = Anyn —e(0,0),(6+-0)k- (3.36)

Similarly, applying spectral flow to (3.31a) yields

~ ~ ~

An,[k X ‘In’,e/ - ‘In-&-n’—&‘(é).e'—&-[k' (3.37)

9In principle, one can use the Nahm-Gaberdiel-Kausch algorithm. However, the presence of positive-grade singular vectors in the cor-
respondmg Verma modules would result in a tedious search for spurious states. Moreover, the zero-grade subspace cannot distinguish
A,l . from \7,1 . when e # 0, hence one would have to resort to further tedious computations in order to identify the fusion result.
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However, repeating this for (3.31c) requires us to identify the images of the ﬂA’mo under spectral flow. From
Equation (3.21) and the diagram (3.33), we see that the structure diagram of ¢* @n,o) may be obtained
from that of f]A>n70 by setting the Ey-eigenvalue to ¢k and replacing n by n — £+ € (¢). We therefore write

Gé(ﬂA’n,o) = {]\)nf@re([),fka (3.38)

thereby extending the definition of the indecomposables (T’,,_ye to all e/k € Z. With this notation, we can
apply spectral flow to the fusion rules (3.31b) and (3.31c), obtaining

s :Pn+n’+£((e+e’)/k)e+e’ if (e + el) /k €Z,

Tne X Ty o0 = (3.39)

(‘Tn+n/+l/2,e+e’ D {‘Tn+n’71/2,e+e/ otherwise.
The JA’M may also be identified as staggered modules on which Ly acts non-diagonalisably. However, this
non-diagonalisable action is not apparent until grade |e/k|.

Equations (3.36), (3.37) and (3.39) therefore give the complete collection of fusion rules for the irre-
ducible modules of QT[(I [1). It remains to compute the fusion rules involving the indecomposables ?me. As

with the tensor products (2.16), these follow readily from associativity:

Aok X Pt ok = P —e(e.0r) (010 )k (3.402)
Tn,e X ?n/,f’k - 7n+n’+1—8([’),e+€’k @ 27n+n’—8(é’),e+£’k @ 7n+n’—1—8([’),e+é’k7 (3.40b)
P X P ok = P 1—e0.0), (0400 D 2Pnsn —e(0.0),(04-0)k D Prw —1-e(0,0), (040 )k- (3.40c)

3.4. Characters and the Modular Group. For rational conformal field theories, in which the spectrum
consists of irreducible modules, the fusion rules may be computed from the Verlinde formula. This relates
the structure constants of the fusion operation to the modular transformation properties of the characters
of the irreducible modules. In logarithmic conformal field theories, this link between fusion and modular
properties does not hold in general, essentially because the (non-trivial) indecomposable modules cannot be
distinguished from a direct sum of irreducibles by the characters alone. What one therefore expects is that
the Verlinde formula will reproduce the structure constants of the Grothendieck ring of characters. This is
the projection of the fusion ring onto the abelian group generated by the irreducible characters. The ring
structure is determined by the projection of the fusion operation, assuming of course that this projection
gives a well-defined multiplication.'® In this section, we verify that for typical 5[(1 |1)-modules, the Ver-
linde formula does indeed reproduce the structure constants of the Grothendieck ring. As the verification
for the atypical modules is very similar, it is omitted.

First, we check that the Grothendieck ring is well-defined, meaning that fusion descends to a well-
defined operation on the characters. This will be so if the kernel of the projection, the linear combinations
of modules whose characters cancel, forms an ideal of the fusion ring. It is clear that this kernel is generated

by the combinations of the form

Konox = le\nfl,ék ® 2;[",& @ ﬁnﬂ,@k © UAjn,m« (3.41)

We therefore check from Equations (3.36), (3.37), (3.39) and (3.40) that

~

Aok X K ok = Ko —e(e,0ry, 0040y and Ty X Ky e = Py ke X Koy g = 0. (3.42)

~

The kernel is therefore an ideal of the fusion ring and the Grothendieck ring of characters is isomorphic to
the quotient of the fusion ring by this ideal.

10Distinguishing the ring of characters from the fusion ring may seem to be of purely mathematical interest, but it turns out to be very
useful. For example, this shift of viewpoint completely explains the long-standing issue of interpreting “negative fusion coefficients”
in fractional level Wess-Zumino-Witten models [48].
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We now turn to the modular properties of the irreducible characters in order to verify the Verlinde for-
mula. To prepare for this, we define the normalised character of a module M to be (recall that ¢ = 0)

ch[M] (x;y32:9) =tr, xKyFoNoglo, (3.43)

We remark that we have deliberately broken the invariance (3.3) under a rescaling of the level by writing
xkyEo rather than xy£0/* above. This follows the tradition of including a generator x for the level, necessary
for a well-defined action of the modular group. The normalised character of a typical irreducible then
follows from Equation (3.28a):

T = l—i—zqi) (1+Z*1qi71)
ch[Too] (k373 20q) = xkyegn 12 gne/kte? /202 ( ‘
[Tne] ( ) g -
A %EZ,)Z) ' (3.44a)
q

Instead of taking the trace in (3.43), we could have taken the supertrace, thereby obtaining the supercharac-
ter. For typicals, this is
V1 (z:9)
3 )
n(q)

where the choice of sign + is correlated with whether the highest weight state is chosen to be bosonic

sch[T,.e] (x1y12:q) = £inkyez"gne

(3.44b)

or fermionic. To obtain the other Jacobi theta functions, we must twist the typical modules by half-

integral powers of the spectral flow automorphism o. The fermionic currents y* will then be half-integer

moded, so this generalises the Neveu-Schwarz sector familiar from free fermion theories.!!

1/2

Defining
‘fnt"e“ —o1/2 (‘fr,,,l J2.e+k/2)» and noting that ¢~ !/2 preserves the parity of the highest weight state (unlike
c!/2), we obtain the characters of the twisted typicals from a slight generalisation of (3.18):

ch[T,%] (1:y52:4) = ch [Ty 1/peaa] (0 Pivizg 1 71g) = aye2igie 19; ((Zq")z) : (3.440)

Similarly, the corresponding supercharacters are

~

sch[T™] (x;y:iz39) = ke ghne

n.e

% (z:9)
(@)

The fusion rules for twisted modules follow from those given in Section 3.3 for standard (Ramond sector)

(3.44d)

w

modules by applying Equation (3.34). We note that /‘f,fe is a highest weight module with a one-dimensional
zero-grade subspace and that its highest weight state has weight (n, ) and conformal dimension A, , — %
The modular transformations of the typical characters can formally derived as follows. First, write

x = ey = MV 7 — &% and g = €27, The modular T-transformation then maps (¢,V,u,) to

(t,v,u,7+ 1) and induces the following transformation of characters: !>
ch[T,..] (T (t|v|p|7)) = e bnech [T, ] (e|v|u|7), (3.45a)
sch[T,.e] (T (e]v|u|t)) = e dnesch [T, ] (¢]v]u|T), (3.45b)
ch[T] (T (1[v|p|7)) = 7 Bne =18 sch [T] (¢] v u| ), (3.45¢)
sch[TN] (T (t]v|u| 7)) = 2 (Ane=1/8)ch [T (1] v |l 7). (3.45d)

“Indeed, this procedure amounts to considering the modular transformation properties of the bosonic subalgebra W of the universal
enveloping algebra of QT[(1|1), generated by N, E and y*=dy*. For the free fermion, this bosonic subalgebra is just the Virasoro
algebra at c = % In this case, adding twisted sectors is equivalent to reproducing the modular properties of the Ising model.

12The fact that T acts non-diagonally on the twisted (super)characters is standard for theories with fermions.
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Here and below, (super)characters will correspond to typical modules with bosonic highest weight states. If
the opposite parity is required, one merely negates the supercharacters. It is clear that changing the parity
in (3.45) only changes the twisted formulae by an overall factor of —1 on the right hand side.

For the S-transformation, mapping (¢, v, U, 7) to (t —vu/t,v/t,1u/t,—1/7), we recall that

/ dxe—ax2+bx — \/E eb2/4a (346)
R a

when the real part of a is positive. We will define this integral for all a through analytic continuation. Using

(3.46) twice, we compute that
/ zdl’ld (e/k) ch [{]\'n,e] (S (t|v|‘u‘,L.))e271:i(ne'/k+n’e/k+ee'/k2>
R

_ ke2mikvu/T B (p/7 — 1/7 // dnd(e/k) e Q2mi(vetun—,.) /T 2mi(ne [k+ne/k+ee /i)

n(-1/7)°
2
:xk eimk/ 7= .2:1k;1v/7: Oy (‘LL|T /d 2mi(p/t+e [k)n /d (e/k) e —im(e/k)?/T— 2mi(n/T—vk/t—n'—¢' [k)e/k
—i
2
:xk el /v 2.mk/.1v/r Uy (.LL|T) 1m' vk/r+n +e’/k /dne‘”" /T+277:1([,1/T vk/T—n )n
—iT n(z)?
—w (T) xkeZﬂ,’ive/e27riun'e2ﬂi‘EA”/¢,/ Uy (‘LL|T)
n(1)°
=o(r )sch[‘I ] (tlviu|T). (3.47)
Here, we have used the analytic continuation of (3.46) with ¢ = —in/7 to evaluate the integral over n.

The additional square root of —1 which we obtain beyond the desired factor of v/—it is denoted by @ (7).
Inverting this Fourier transform of the characters then gives

ch[T,.0] (S (¢e|v]u| 7)) / dn'd (¢ /) sch[T%,] (¢]v|p|)e 2milne fitaleficre /%) = (3 48a)
Similarly, we obtain

sch[T,] (S (t|v|u|7)) = —iw () / dn' d (¢ JK) sch[Ty ] (1|v|u]c)e 2T (e fi'e/keed J) (3 4gp)

ch[TX) (S (t|viu|7)) = o / dn'd (¢'/k) ch[T, ] (r|v|u|r)e2milne' fln'e/hree /i) (3 48¢)

sch[T,] (S (t]v|u|7))

o(0) [ an'd(¢//k) ch [Ty ] (elvipfe)e 2R enelieed ) Gaga)

To constrain @, we impose the relations S2 = (ST)? = C, where C is conjugation. Note that C (¢|Vv|u|7) =
(1] - v| - pJz) and

ch[Te] (1| = v| = p|t) = +ch[T_n—] (t]v|n|7), (3.49a)
sch [T (1] — v| — p|7) = —sch[T, —] (e|v|u|7), (3.49b)
ch[T.M) (1] — v| — u|z) = +ch [T _] (t|v|u|z), (3.49¢)
sch[T%] (1] = v|— u|t) = +sch [T _ ] (r|v|ul7), (3.49d)

as ¥ is odd as a function of y whereas the other theta functions are even. This indeed agrees with the
identification of the conjugate of ‘IAF,,,e with ‘f_n,_e — the sign for the untwisted supercharacter reflects the
fact that typical modules change parity under conjugation so that conjugate fields have the same parity.
Similarly, one can check that the signs are correct for the twisted modules, essentially because the zero-

grade subspace is then only one-dimensional. Applying Equations (3.45) and (3.48) to check S = (ST)3 =
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C would then reproduce the above results if
o(t)o(-1/t)=1 and  o(-1/7)o(t/(t+1))o(t+1) =i (3.50)

This is easily satisfied. For example, we may choose a T on each PSL (2;Z)-orbit, set @ (7) = i, and extend
o to the rest of the orbit by negating its value every time that S or T acts.

We remark that the factors of @ (7) appearing in the S-transformations are required for a well-defined
modular action, but even with the above choice, the resulting modular action is (mildly) non-linear. How-
ever, our results show that the (un)twisted (super)characters of gA[(1|1) always carry a projective repre-
sentation of SL(2;Z), for which questions about @ (7) are irrelevant. Moreover, this is sufficient for the
application of the Verlinde formula as the 7-dependent phases will cancel.

It moreover appears that we have to include all typical modules, or at least a set of full (Lebesgue)
measure, to get closure under the modular group action.'®> The modular transformations of the irreducible
atypical modules .2[\,,7[]( now follow from (3.15) and its spectral flow versions. In particular, we find that the

vacuum character and supercharacter transform under S as

oo

ch[Aoo] (S(t|vInlt)) = g ch[V_; 1/20] (S(t|v]ulz))

oo

©F - D/ [ dnd(e/b) sch[T2] slviufe) e+ /20

sch[T.] (¢|v|ul7)
/ and (/) i e (3.51a)

sch[Ao o] (S (1| v|u|7)) Zsch ioiya0) (S(vinlD)

sch[ ne] (t|v|/.L|’L')
/ and(e/k) RS (3.51b)

The generalisation to the twisted vacuum module and more general atypicals is straight-forward. These
results also suggest that a set of typical modules of full measure is required for modular invariance.
We now use these transformations to verify the Verlinde formula for typical characters. As we have a

continuous spectrum, this formula will involve an integral over the typical “S-matrix coefficients”

S(n,e)(n’,e’) _ (_i)é ® (‘L’) e—277:i(ne'/k+n’e/k+ee’/k2) (3.52a)

and the vacuum coefficient

i%o (1)
eime/k 4 (_ 1)5' e—ime/k '

S(0.0)(ne) = (3.52b)

In (3.52a), & vanishes unless (n,¢) and (n’,¢’) both correspond to untwisted supercharacters, in which case
itis 1. In (3.52b), 8’ = 1 for the vacuum supercharacter and O for its character. The Verlinde coefficients

for typical characters are then

T S np.e n.e S n e n.e S*n e n.e
N{} . ‘I,,3£3:// dnd (e/k) (n1.e1)(n.e)2(n2,2)(n,6) 2 (n3,e3) (n,e)
et Tnyey R? S(0.0)(n.e)

= // dnd (e/k) e—2n:i(n(e1+e2—e3)/k+e(n1+nz—n3)/k+8(61+ez—e3)/k2) (eiﬂe/k+e—iﬂe/k)
R2

13Clearly, we should exclude e/k € Z from the integration ranges in this section.

14y, fact, these coefficients should be understood to vanish unless (n,e) and (1, ') correspond to an untwisted character and a twisted
supercharacter or both correspond to either an untwisted supercharacter or a twisted character (see Equation (3.48)).
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= 5((61 +e —63)//() {5(”1 +ny—n3+ 1/2) +5(n1 +ny—n3— 1/2)} . (3.53)
They therefore reproduce the fusion rule (3.39), projected onto the Grothendieck ring of characters:
A~ . ‘/j'n € paw
[T ] xch[Tre] = [[ dmdles/mN, o TOeh[T,,]
RZ Tnl -81 7}12,82
=ch [7ﬂ1+ﬂz+1/2~€1+€2] +ch [7”1+ﬂ2*1/27€1+€2] : (3.54)

Note that the non-linear factors @ (7) cancel in the final result. Similarly, the Verlinde coefficients for

typical supercharacters are

No - %= §((e1+ea—e3) /K) [S(m+nzfn3+1/2)—6(n1+n2—n3—1/2)} (3.55)
Tnl,el 7)12162
= sch [(‘Tnlvel] xsch [Tnz-ﬁz] = sch [Tﬂ1+n2+1/2-,81+62] —sch [Tn1+n2*1/2,€|+€2]‘ (3.56)

This correctly reflects the parity of the components of (3.39).

4. COSET THEORIES

~

As we have seen, theories with gl (1]1)-symmetry have vanishing central charge. Any coset by a i (1)-
subalgebra will therefore have ¢ = —1 and the coset by the 1t (1) U (1)-subalgebra generated by the N, and
E, will have ¢ = —2. Our claim is that one may choose the 1t (1)-coset so as to obtain the well-known Sy
ghost system. It will then follow from [59] that the 1 (1) @1t (1)-coset will realise the theory of symplectic
fermions (or one of its orbifolds [60]). In this section, we demonstrate this claim after first reviewing the
B ghost system, following [46,48,59]. This is followed by a brief discussion of some other interesting

cosets that can be obtained from gl (1]1) and what this may mean for gl (1]1) spectra.

4.1. By Ghosts. The ¢ = —1 B ghost system is generated by two bosonic fields whose operator product
expansions are

B()B (W) =2e(w)+ ... BE)YMW) = —— +h(w)+... and 7(E)y(w)=2f(W)+... @1)

—w

The fields e (w), i (w) and f(w) generate an sl (2)-subalgebra at level k = —%. With respect to the zero-
mode hg, the ghost fields B (z) and y(w) have weights 1 and —1, respectively. The energy-momentum

tensor of the theory is of the Sugawara form and is given compactly by

t(z) = % 1B (2)v(z) =B (2)Ir(2) ;- 4.2)

The conformal dimension of the ghost fields is %

This ghost system is a free field theory in the sense that its Verma modules are irreducible. However,
the underlying sl (2)-symmetry restricts the spectrum within the highest weight category to just two mod-
ules, the vacuum module Ly with highest weight 0 and the module L., with highest weight —% (where
“weight” refers to the eigenvalue of /). On the former, the ghost modes carry half-integer indices, whereas
on the latter the indices are integers. Closure under conjugation and fusion forces us to extend the spectrum
by the modules obtained under the induced action of the spectral flow automorphism

s(Br) = Br—1)2 and s(v) = Yr+1/2 (4.32)

which swaps the integer and half-integer mode sectors. Indeed, ¢ (Lo) =L_;, and the module conjugate
to ¢ (Lo) is g~* (Lo). Extending this automorphism to the sl (2) zero-modes gives, in particular,
1

8 )

1 1
g(/’l()> =ho+ 5 and S (fo) =/{y— Eho — (4.3b)



18 T CREUTZIG AND D RIDOUT

where /) is the zero-mode of the energy-momentum tensor 7 (z).

We therefore obtain an infinite family of irreducible ghost modules ¢* (]Lo), all related by spectral flow.
For |¢| > 1, the conformal dimensions of the states of these modules are not bounded below. Enlarging
the collection of irreducibles by admitting relaxed'> highest weight modules [66] (and their images under
spectral flow) leads to a continuum of families of irreducible modules ¢ (E;L) with —% <A< % The
modules E, are all relaxed highest weight modules whose zero-grade states have weights belonging to
Z+ A and conformal dimension f%.

The free field nature of this theory makes its characters particularly easy to determine. For the vacuum
module L, the obvious Poincaré-Birkhoff-Witt basis implies that

N o olo — T 1 _ v 4
%LO (z,q) =t z 0g™0 ,ITl (1 _Z_lq,-_l/z) (1 _Zqi—l/Z) - ml,I;z=0 (q)ml (q)m2
where (q),, = [T, (l —qi) and we use the standard identity [67, Eq. (1.3.15)]. Iterating Equation (4.3)

then gives the characters under spectral flow:

my+my)/2
Fmm (4.4a)

mi+my)/2+(my—my)t/2—(> /8

o (
N 02, 28 2.\ _ q my—my—£)2
X z,q) =2z '°q X, (z2g773q) = Z . (4.4b)
§1 (LO) ( ) Lo ( ) my ,my=0 (q)ml (Q)mz
Similarly, the characters of the [E; and their spectral flow images are
2-1)/8
q( m lm/2
Xipy(@q)=—5— Y "¢"2 (4.4c)
< (B2) (D% mezia—e)2

The fusion ring generated by these irreducible ghost modules has been computed in [59], assuming only
the validity of the analogue of Equation (3.34) (with ¢ replaced by ¢). With this assumption, we can restrict
to the fusion rules involving Ly and the E,, —% <A< %, without loss of generality. The ghost vacuum

module L is found to be the fusion identity, whereas

S ifA+pu=0 (mod1l),
By x By = (4.5)
S(Eripuri) ®6 "(Bazu1p2) ifA+p#0 (mod1).
EyxS=¢*(E;)) ®2E, ®¢2(Ex) and SxS=¢*(S)@2S®¢72(S). (4.5b)

The addition of the indices of ghost modules will always be understood to be taken modulo 1. The ghost
module S appearing in these fusion rules is an indecomposable staggered module of structure

/\

(4.6)
4.2. Au(1)-Coset. We now turn to the analysis of a coset conformal field theory of the form
al(1]1)
= . 4.7

15The definition of a relaxed highest weight state is obtained from that of a standard highest weight state by omitting the requirement
that the state be annihilated by the zero-mode raising operators. In this case, we no longer require annihilation under fy. A relaxed
highest weight module is then a module which is generated by a relaxed highest weight state.
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It is, however, evident that gA[(l [1) has many 1 (1)-subalgebras including, in particular, those generated by
the fields d ¢y , (z) = {N (z) + NE (z) with §,n # 0. These fields satisfy the operator product expansions

2¢nk

5 + regular terms, 4.8)

g (2) 9Pz q (W) =

(z=w)
hence the 1 (1) energy-momentum tensors and the corresponding conformal dimensions of the 1 (1)-highest
weight states are given by
T(z) = ?lnk 109 (2) 00z 4 (2) : and Zn,e = ?lnk (Cn+me)?. 4.9)
In order to obtain the By ghosts, we will identify the correct d¢; ,, (z) as follows: First, define the
extremal states of a gl(1|1)-module to be any state whose conformal dimension is minimal among those
states of the module with the same Np-eigenvalue. Similarly, the extremal states of a 87 ghost module
are the states whose conformal dimensions are minimal among those states of the module with the same

ho-eigenvalue. For example, the extremal states of the 5[(1 |1) and ghost vacuum modules ﬁO,O and I are

070>a ﬁ:1/2|0>7
an
0,0) Y 12/0)

respectively. Now, the extremal states of a gl (1]1)-module are obviously 1 (1)-highest weight states regard-

ZANSERS AP AR
(2R e

(r=0,1,2,..), (4.10)

less of the choice of § and 717. Moreover, given such an extremal state, any other 1 (1)-highest weight state
with the same No-eigenvalue will have the same 1 (1)-conformal dimension. Hence, the extremal states
give rise to the states of minimal conformal dimension in the coset theory among states of constant Np-
eigenvalue. It follows that extremal states in ./Z[Q() will represent extremal states in the coset vacuum module
(which we intend to be LLg) if we can consistently identify Ny-eigenvalues with hg-eigenvalues.

To show that this is possible, note that there is precisely one field (up to scalar multiples) which cor-
responds to a 1 (1)-highest weight state in flop with Ny-eigenvalue 0 and coset conformal dimension 1:
dQ; _y(2) = EN(2) = NE(2). "£ his must therefore represent £ (z) in the coset theory. Normalising by
¢ =1, it follows from e = 0 for Ag o that the eigenvalues of Ny and sy may be identified on their respective
vacuum modules. To determine the constant 77, note that the identity field of the 5 [(1]1) theory must map

to the identity field in the coset theory. Comparing

—2nk . -1
)’ +... with h(z)h(w)= 7(Z—W)2

then gives n = 2—1,{ The appropriate 1 (1)-subalgebra for constructing the coset theory is now fixed by

01y (2)I@1_n () = Yoo @1

requiring that the gl(1]1) field y* (z) is represented in the coset theory by a field of hg-weight 1 and

conformal dimension % (which we will identify with ). This 1 (1)-subalgebra is therefore generated by

1

99 (2) =N (@) + 5 E(2). (4.12a)
We remark that this defines a euclidean boson, whereas the bosonic field
1
99 (2) =N(2) — 5. E(2) (4.12b)

which represents £ (z) in the coset theory is lorentzian. Let o be the zero-mode of d ¢ (z).
To prove that the coset theory (4.7) admits the 3 ghost algebra as its chiral algebra, we will first show

that the decomposition of the gl (1]1) vacuum character into i (1)-characters results in the 8y ghost vacuum
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character. Writing the g?[(l [1) vacuum character (3.12) in the form

1(my+1)/24my(my+1) /2

q ny—m
XA z q 7z 1 2
AO‘O( Q) 1;2 0 (q)ml (q)mz
1 > q(WH*mz)z/Z gmimat(mitm)/2 ) @13
- Zﬂ’l|71’l’l , . )
(Doo =0 (@) (@D, (@),

using the well-known identity [67, Eq. (1.3.16)] and noting that the first factor inside the sum is precisely
the character of an irreducible 1 (1)-module with a-eigenvalue m; — my, we see that the coset character is

1 oo qm|m2+(m1+m2)/2
— Z . 4.14)
Dol s @ @

This will match the ghost vacuum character (4.4a) if the following remarkable identity holds:

oo =)

o z = @ 17, 4.15
/;n\ (Q)oo (q)j—m (Q)/+m j:X‘I:n| (Q)j_m (q)j+m (m S 3 ) ( ) )

Here, the sums either run over integer values or half-integer values so that j &+ m is always integral. We
verify (4.15) in Appendix B.

To complete the proof that the coset algebra of (4.7) is that of the By ghosts, we need only remark that the
chiral algebra is in this case completely determined by the coset vacuum module. Explicitly, the zero-mode
op = No + zlkEo of the 1 (1)-subalgebra has a well-defined action (grading) on the coset theory, hence the
dlmenswn fields of the latter theory are constrained to satisfy

=~ ~ ~ a ~ ~

BB w)~0,  BR)Y(W)~ and  ¥(2)¥(w) ~0, (4.16)

Z—w
for some constant a. Clearly, we can scale the generators to get a = —1. The statistics of B and 7 are then
fixed by requiring that the coset energy-momentum tensor = T — T has central charge —1. The proof is
therefore complete.

It remains to determine the decomposition of the remaining gl (1|1)-modules into % (1)-components. We
have already seen that the vacuum module f/l\o’o decomposes into the coset vacuum module L. It is simple

to generalise the above analysis to the modules AA,,_O, finding that

(n4my— m2)2 qmlm2+(m1 +my)/2—n(m 7m2)7n2/2

q
w0 = g X T

© my,my=! =0

n+mj—my
Z , (4.17)
(D g (Do,

noting only that the additional factor of z* means that we must extract the 1 (1)-character with of-eigenvalue
n—+my —my. With (4.15), this allows us to identify the corresponding coset character as that of ¢=2" (]Lo)
(see Equation (4.4b)).

To extend this to the remaining atypical irreducibles ‘AA,lygk, we use the spectral flow (3.21) to write

Z q

(q)w my =0 (D, (@D,

(m2+my+m3+my ) /240 (n+-0—(£)+my —m3)

n-+0—g(0)+my—myp
)

24,0 =15, ., (@59 z

(4.18)
where € (¢) was defined in Equation (3.22). The analysis is slightly more subtle than before because the
No-eigenvalue of a state in f{n_ﬁk differs from its op-eigenvalue by ¢/2. We must therefore extract the

1 (1)-character with o-eigenvalue n+ %E — & (£) +my —my. Proceeding then gives the coset character as

1 @ gmmatmtm) [2—(n+ 2—€(0) my —my)—(n+/2—e(())* /2

(@)oo ;a0 (@D, (@),

FHeimem 4 q9)
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But here the exponent of z is still measuring the Ny-eigenvalue rather than the hp-eigenvalue we need for
the coset. Since /g has been identified with Ny — ﬁEo (Section 4.1), the coset character must be corrected
by a factor of z~*/2. With this observation, the final result is seen to be the character of ¢~2"~(+2¢(t) (]Lo).

The analysis of the typical irreducibles ﬁ'me (e/k ¢ Z) is similar. We use Jacobi’s triple product identity
[67, Eq. (1.6.1)] to write the character (3.11) in the form

Zn—H/qun’e m(m+1)/2 _m
x5 (2:q) = T 2 4 (4.20)
’ (q)oo me7Z

Extracting the 1 (1)-character with a-eigenvalue m +n+ 1/2 +e/2k and correcting by the factor z~¢/%

gives the coset character as

61(2n+e/k+l)(2;’z+e/k71)/8 q—(2n+e/k)m/2zm @20
2 ’ :
(@)= meZ+n+1/2—e/2k
which we identify from Equation (4.4c) as the character of g’”"e/ k (El /2—e /k).

To summarise, we have decomposed each irreducible gl (1|1)-module into 1 (1)-modules and identified
the resulting coset modules under the action of the By ghost algebra. Specifically, we find that the corre-

spondence between 5 [(1|1)-modules and ghost modules is given by
Ape — 272 O(Lg)  and T — ¢ 2 (E jp o). (4.22a)

Because our 1 (1)-subalgebra acts semisimply on every al (1]1)-module that we consider, we also obtain the
correspondence for the indecomposables fJA’n_,e (with e/k € Z). Specifically, applying (4.22a) to the structural
diagram (3.33) (with the Ey-eigenvalues set to e rather than 0) and comparing with the diagram (4.6), we
deduce that

P — g 220 (). (4.22b)

This follows because the structure diagram of S and the non-diagonalisable action of the coset Virasoro
mode ¢y completely determine it as a ghost module [59]. It is tedious but elementary to check that applying
this correspondence to the fusion rules of E[(l [1) (given in Section 3.3) reproduces the fusion rules of the
ghost algebra (given in Section 4.1).

4.3. Other Cosets. Mathematicians define a general coset algebra g/ 6 to be the commutant of the vertex
algebra associated with 6 in the vertex algebra associated with g. Roughly speaking, this means that the
coset fields may be identified with the fields of g which have regular operator product expansions with
every field of f)\ This definition of coset algebra is, however, usually far smaller than what physicists
would generally regard as the coset symmetry algebra. One is then required to extend the commutant to a
physically relevant coset algebra. For example, applying this to the coset theory determined in Section 4.2
leads to the zero 1 (1)-charge subalgebra of the ghost algebra, generated by the product : Sy : of the ghost
fields. Despite this limitation, the mathematician’s definition has the advantage that the coset algebra is
already equipped with the algebraic structure.'® By contrast, the construction of Section 4.2 proceeded by
determining the character of the coset vacuum module and then deducing the algebraic structure from this.
This is easy when the conformal dimensions of the generators are small, but non-trivial in general.

An alternative means to construct the coset symmetry algebra becomes available when one has a (suit-
able) free field realisation of g. For the commutant of the induced free field realisation of H within that of g
is usually large, yielding (free field realisations of) coset algebras that are usually satisfactory to physicists.
16his may be understood by noting that the conformal dimensions of the commutant fields do not change when passing from the
parent theory to its coset. The form of their operator product expansions therefore remain invariant. For physically relevant cosets,

one needs a way of extending this to fields whose conformal dimensions do change (because the coset energy-momentum tensor is not
the same as that of its parent). This quest for an (interesting) algebraic structure underlies coset studies in general.
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The cohomological issues arising with general free field realisations can cause difficulties in this approach,
but in favourable circumstances, the computations proceed relatively painlessly. This is especially so when
the free field realisation is closely related to the coset being examined.

The coset discussed in Section 4.2 falls into the category in which circumstances are favourable. In
the familiar free field realisation of g[(1|1) in terms of a pair of symplectic fermions and a pair of free
bosons of opposite signature (see Appendix C), the field d¢ = N + E /2k generating the subalgebra may
be identified with the euclidean boson. At the level of free fields then, the coset theory consists of the
symplectic fermions and lorentzian boson algebras. This is of course a free field realisation of the By
ghosts [47]. Note however that the free field commutant is considerably larger than what is required to
construct the ghost fields. The symplectic fermion fields, for example, do not correspond to anything in the
ghost theory in this approach. Instead, one has to identify the ghost fields as a subalgebra of this commutant
by combining the fermions with certain vertex operators for the remaining boson. In general, this is guided
by the character decompositions of the previous section.

For a less familiar example, suppose we take the coset by the subalgebra generated by the lorentzian
boson d¢ = N — E /2k, so that the free field commutant combines the symplectic fermion and euclidean
boson algebras. Character methods suggest that the physically relevant subalgebra will be generated by two
fields g* of dimension 3 and charges %1 (under d¢). Constructing such fields explicitly as g* = : e*¢ : y*
(see Appendix C for our free field notations) leads to the identification of this subalgebra as the Bershadsky-
Polyakov algebra W;z) of level 0 and central charge —1. This algebra is reviewed in Appendix D.

It is clear that there is an infinite number of coset theories that one can construct based on é\[ (1]1), many
of which we may recognise. In addition to those already discussed, the computations of Section 5 suggest
several more. We summarise a selection of these in Table 1, omitting proofs and decomposition formulae

for brevity. It is remarkable that 3[ (1]1) is connected to so many other interesting theories in this way.

’ 6 ‘ u (1) -current(s) ‘ Symmetry Algebra 0f5[(1|1)/f)\ ‘
u(1) N-+E/2k By Ghosts
u(1) N—E /2 W3(2) at level zero
H(eu(l) | N+E/2% psi(1]1)
u(1) 3N/2+E/k s2ir® at central charge — 1

TABLE 1. Symmetry algebras of some QT[(I [1) cosets by a subalgebra b. };5\[(1 [1) is the

symplectic fermion algebra, W3(2) is the Bershadsky-Polyakov algebra and s0it? is the
N = 2 superconformal algebra (see Appendix D).

o~

4.4. Cosets and gl(1|1) Spectra. The identification of the coset gA[(l [1) /u(1) with the By ghost system
suggests some non-trivial possibilities for the nature of the possible spectra of QT[ (1]1). The ghost system is
believed to admit an infinite number of compactified (or orbifolded) theories, of which two are of particular
interest. The first is a non-logarithmic theory built from the irreducible vacuum ghost module Ly and its
spectral flow images ¢ (]LO) with m € Z. These modules decompose into the set of admissible modules
of Kac and Wakimoto (and their spectral flow images) for the underlying 5A[(2)_1 /2-subalgebra [59]. In-
deed, this set is the smallest set of s[(2)_, 2-modules containing the admissibles which is closed under
conjugation and fusion. The second compactification is a logarithmic theory built from the ¢™ (]Lo) and the
images of the relaxed highest weight ghost module Eq under ¢, again with m € Z. The interest in this

larger set of modules arises because, upon decomposing again into sl 2)_, /z-modules, the relaxed highest
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FIGURE 1. Schematic illustrations of the possible spectra of the proposed logarithmic
and non-logarithmic gl (1]1)-theories. At left is the possible spectrum of the atypicals
Ane in both (and for the logarithmic theory, the indecomposables P, . too). At right

is the possible spectrum of typicals /‘T\M in the logarithmic theory (the atypical points are
marked in white for comparison). Modules corresponding to points on the same line yield
the same coset module as indicated.

weight modules are required in order to recover the full spectrum of the ¢ = —2 triplet model under a further
u(1) coset [59]. We recall that the fusion of Eg with itself gives rise to the indecomposable S, whence the
logarithmic nature of the theory [46].

The coset decompositions derived in (4.22) now suggest that it must be possible to consistently truncate
the spectrum of gA[ (1]1) so as to obtain the interesting ghost spectra discussed above. Working backwards, it
follows readily that the non-logarithmic ghost theory allows only the atypical irreducibles ﬁnygk withn € %Z
to be present in the parent gA [(1|1)-theory. The logarithmic ghost theory is somewhat more accommodating,
allowing in addition the typical irreducibles ?,,,e withe/k € Z+ % andn € %Z + %, and the indecomposables
ﬁn.gk with n € %Z. We illustrate these two spectra diagrammatically in Figure 1. Note that they are both
discrete. Our quest to justify such discrete spectra motivates the study of extended algebras for 3 [(1]1), to

which we now turn.

5. EXTENDED ALGEBRAS

We show in Appendix A that there are real forms of g?[(l |1) which are compact, at least in the bosonic
directions. The spectrum of the corresponding theory should therefore be discrete. This is corroborated
by the coset considerations of the previous section — both the By ghosts and symplectic fermions are
believed to admit orbifolds/compactifications resulting in discrete spectra [46,60]. On the other hand, the
characters of the symmetry algebra are supposed to form a representation of the modular group and we
saw in Section 3.4 that this is only possible with é\[(l|1) for a continuous spectrum. Proposing a consistent
discrete spectrum therefore requires changing the symmetry algebra. In this section, we construct several
extended chiral algebras for gA[(l [1). We then show that such proposals can be valid by using one of these
extended algebras to deduce a discrete spectrum that is closed under fusion, yet admits a well-defined action

of the modular group upon combining the characters appropriately.

5.1. Chiral Algebra Extensions. Our search for extended algebras is guided by the following consider-
ations: First, note that if we choose to extend by a zero-grade field associated to any irreducible g?[(l [1)-
module, then we must include the rest of its zero-grade fields in the extension. Second, the fields we extend
by should be closed under conjugation. Third, extending by fields from typical irreducibles will lead to
logarithmic behaviour in the extended chiral algebra because fusing typicals with their conjugates yields
staggered indecomposables of the form i’n,gk.

It seems then that the most tractable extensions will involve zero-grade fields from atypical modules f/l\m ok

and their conjugates fl_,,y_ k- The simplest extension we could hope for would involve a single atypical and
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its conjugate and have the further property that these extension fields generate no new fields at the level of
the commutation relations. This may be achieved for extension fields of integer or half-integer conformal
dimension by requiring that the operator product expansions of the zero-grade fields of ﬁn’gk are regular.

From the fusion rule (3.36), we obtain

Ayt X Ay = ‘;l\ane(/Z),th (5.1

from which it follows that the zero-grade fields of AA,,ygk will have regular operator product expansions with
one another if 2A, s < Ay, —g(0) 20k that is, if

|€| < 2fAn,[k- (52)

Extending by fields of dimension A, s = % therefore gives £ = +1 (£ = 0 would give extension fields of
dimension 0) and extending by fields of dimension 1 requires £ = +1,42 (and so on). In each case, the +
merely accounts for our ability to exchange fln. ok With its conjugate.

Extending by ﬁ,,_,gk and its conjugate amounts to augmenting the affine currents of gA[ (1]1) by four zero-
grade fields. Two will be bosonic and two will be fermionic. As the parity of a field should match that of
its conjugate, there are just two ways of assigning these parities. Computing the extended algebra defined
by a given choice of parity is straight-forward as the atypical irreducibles define simple currents in the
fusion ring of gl (1]1). The formalism for simple current extensions developed in [68,69] may therefore be
applied directly. However, the computations for higher-dimensional extensions become rather intricate, so
we shall instead use the well-known free field realisation of é\[ (1]1) as a subalgebra of the direct sum of the
symplectic fermion algebra with those of the bosons ¢ and ¢ defined in Equation (4.12). This also has the
advantage of choosing a parity for us (which turns out to be important as we discuss in Section 5.2). For
completeness, and to fix notation, we briefly review this free field realisation in Appendix C.

We remark that it is also permissible to extend by rwisted atypicals o~ /2 (AAM) and their conjugates.
These modules have one-dimensional zero-grade subspaces, so this would lead to only two extension fields.
Such extensions are, however, less satisfying than those discussed below as the extension fields are only
able to generate a proper subset of the 5[(1|1) currents. We will therefore not pursue this possibility here.

5.2. Dimension % Extensions. It follows from the above analysis that when the extension fields have
conformal dimension %, there is a unique choice for the atypical module (up to conjugation) by whose
fields we may extend. The four extension fields must in fact belong to the atypicals AAoﬁk and ./Alo,_k, hence
will have weights (j:%, :I:k).

In the free field realisation, the zero-grade fields of the atypical module ﬁqk are given by the vertex
operators » = :e"/2tZ: and y = —:eY/2*Z: ¥~ constructed from the symplectic fermions x* and
the bosons ¢ = Z + %Y and ¢ =Z — %Y (see Appendix C). Those of ./Aloy_k are = :e ¥/2°Z: and
B =+ :e"/27Z . y*. The operator product expansions which have singular terms are then

1
Z—w
—1
Z—w

% (z) (w) = +do(w)+...=—x(w)(z) (5.3a)

and B (z)y(w) =

These fields therefore define a free complex fermion (3¢, 3) and a By ghost system. Because the mixed

+do(w)+...=yW)B(2). (5.3b)

operator product expansions are regular, this extended algebra decomposes into the direct sum (as Lie
superalgebras) of the chiral algebras of these theories.
It follows from Equations (4.12) and (5.3) that the bosonic gAI (1|1) fields N and E are generated as linear

combinations of normally-ordered products of ghosts and fermions. It is likewise easy to check that the
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FIGURE 2. The weights (n,e) of the fields generating the extended chiral algebras along
with the weights of gl(1|1) itself (we label the weights by the corresponding fields).
White weights are bosonic and black weights are fermionic. The first weight diagram
corresponds to the direct sum of a ¥ ghost system with a complex fermion, the second
to sl (2|1),, the third to sl(2] 1)_, , and the last three to the W-algebras of Section 5.4.

fermionic fields y* are also generated in this way:

ﬁ(z)%(w):+ll/if(]cw+"' and y(z)ﬂ(w):—w\/(lzw)—i-... (5.4

This then completes the realisation of 5[(1|1) as a subalgebra of the extended algebra. This realisation

may be used, for instance, to verify that the energy-momentum tensors of the ghosts and the fermions sum
precisely to that of g?[(l |1) given in Equation (3.4). For convenience, we illustrate the weights of these
extension fields in the first diagram of Figure 2.

We remark that the identification allows us to specify which adjoint on 3[(1 |1) is consistent with the
algebra extension. Specifically, the ghost adjoint and the complex fermion adjoint are given by

Bi=v, y =B, and =3, x =x, (5.5)

The operator product expansions (5.3) and (5.4) then imply the generalised commutation relations

= 1 1

Z {%r—[;fs-s-é - jfs—é—lxr-ﬁ—ﬁ—l] =+ <r+ 5) 8r+s,0 +Negs+ ?kEr+Sa (5.62)

(=0
o 1 1
Z [Brff'yx«% + %‘*(*lﬁﬂrkﬁrl} = - (r+ 5) 5r+s,0 +Nr+s - ﬁEH—sa (5.6b)
(=0

oo wi 0 v
Zz) |::Br—f%S+[ + %s—é—l.Br+E+l] =+ \r/{? Z(,) {}’r—ﬂsw + %—é—l?’rwﬂ] =- \;{7 (5.6¢)

from which (5.5) gives
Ni=N_, Ei=E, (v)'=-v, ad (y7) =-y’. 5.7)

Up to the signs for the fermions (we assume k > 0; the signs would be positive for k < 0), this is the adjoint
(3.2) of the unitary superalgebra 1t (1|1).

Finally, we wish to mention a subtlety that occurs when constructing this extended algebra abstractly.
Recall that we had a parity choice for the affine primary field of weight ( %,k). The free field realisation
takes this field to be a fermion (and this fixes the parities of the other affine primaries). If we had instead
declared that this field is a boson, denoting it by 8/, then its conjugate ¥ of weight (—%7 —k) would also

be bosonic. One could then normalise these fields so that their operator product expansion takes the form
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(5.3b) and so we would again conclude that this extended algebra includes a copy of the ghost system.
However, one can check that the boson d¢’ = : 'Y : is now euclidean, rather than lorentzian. Indeed,
further study uncovers contradictions (including failure of associativity) in the structure of this extended

algebra. We must therefore conclude that this parity choice is in fact inconsistent!!’

5.3. Dimension 1 Extensions. If we choose to extend by dimension 1 fields, then there are two distinct
choices: Either we use the zero-grade fields of fll 2,k and ﬁ_l /2,—k» or those of A 1/2,~2k and ﬁ_l /2,2k (using
both generates additional fields of dimension 0). Choosing the parity so that the field of weight (1, k)
(¢ = 1,-2) is bosonic,'® we obtain the second and third weight diagrams pictured in Figure 2. As these
fields all have dimension 1, we expect that the extended algebras will be of affine type and we recognise the
weight diagrams as those of the simple Lie superalgebra s[(2]1) (up to a linear transformation). Indeed, if
we define
E

E
H=N+,  and  Z=N-_. (5.8)

then we precisely recover the weight diagram given in Figure 3 (we report our conventions for s[(2|1) and
its affinisation in Appendix E). Moreover, this definition leads to
2/¢

HOHW =2 4. z@zw-=-——2" 4. (5.9
(z—w) (z—w)
and H(z) Z (w) regular, which suggests, upon comparing with the s[(2|1) Killing form in Equation (E.2),
that the extended algebra will be s (2|1) atlevel 1/¢.

We remark immediately that the case { = —2, giving sl (2|1)_, /2 a8 the expected extended algebra, is a

subalgebra of the extended algebra considered in Section 5.2. This follows from the fusion rules
Ao X Aox =A_1p0k  and Ao X Aok = A2, 2 (5.10)

We will therefore not pursue this extended algebra, but content ourselves with noting that the 87y ghosts of
Section 5.2 give rise to the bosonic subalgebra sl (2)_yn C sl (2[1)_, /5, the complex fermion gives rise to
the 1 (1)-subalgebra and combining the two yields the remaining fermionic fields.

We therefore turn to verifying that the extended algebra when ¢ = 1 is indeed 5A[(2|1)1. Again, we
shall accomplish this by using the free field realisation of Appendix C. However, there is some subtlety
to this computation. To ensure that the ;[(2\ 1), currents have the correct parities, we shall introduce an

operator-valued function y which is required to satisfy

Hapbea = () Uarpera,  (abc,d €D). (5.11)
Note that the algebra generated by these operators has unit iy . The currents are then given by

E=+u:e"%:, H=09Z+09Y, Z =0Z—-9Y, F=—p 1 1:e7%: (512a)
et =—wo:e iy, fT=pp_1:eZixt, e =u ety , T =+u9:eV:iy, (5.12b)
and routine computation now verifies that the resulting extended algebra is indeed sl (2]1),.

We remark that the p,, are all that is required in order to extend the free field realisation of 3 [(1]1) to
sl (2|1),. The ad hoc addition of such a family of operators is a sign that our choice of adjoint, the super-

unitary one (3.2), is not adapted to this extended algebra. Indeed, the spectrum of sl (2|1), predicted in [14]

175uch failures of associativity are, however, not uncommon in abstract constructions of extended algebras. In certain cases [69, 70],
associativity can be restored by introducing auxiliary operators on an ad hoc basis. We expect that such treatments will also work in
this case.

18We remark that if we had instead chosen the field of weight (1,¢k) to be fermionic, then the linear combination giving H and Z
does not lead to operator product expansion coefficients which match (a rescaled version of) the Killing form of s[(2|1). We have not
pursued the implications of this choice further, but suspect that it leads to an inconsistent extended algebra as in Section 5.2.
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~

has both a discrete and continuous nature: The subalgebra s[(2), seems to be compact (its quantum numbers
take discrete labels), whereas the subalgebra 1 (1) generated by Z is non-compact (continuous labels). Of

course, there are real forms of g[(1|1) that have compact and non-compact directions (see Appendix A).

5.4. Dimension % Extensions. There are three distinct choices for extensions of conformal dimension %
corresponding to the zero-grade fields of the atypical irreducibles fllvk, AA_I /4.2t and AA,l_,gk (as well as their
respective conjugates). The latter choice again results in an extended algebra which is a subalgebra of that
considered in Section 5.2 because

~

./zl\oﬂk X ﬁO,k X ﬁO,k = A_1’3k. (513)

We remark that the free field realisation of Appendix C suggests a parity choice in each case. Specifically,
we should take the extension field of weight (% , k) to be fermionic, that of weight (%,Zk) to be bosonic, and
that of weight (—%,3k) to be fermionic. This results in the fourth, fifth and sixth weight diagrams pictured
in Figure 2 (respectively).

We start with the extended algebra for fll’k. Consider first the fermionic dimension % fields G* =

\/g : e+(BY/242) . This normalisation yields operator product expansions which are regular except for

2/3 - 2J(w)2 3IJ(W)JZ(V1)V;+8J(W)+... ;

G" ()G (w)=

(5.14)
(z—w)  (z—w)
as follows from Equation (C.9). Here, J = %8Y+ %82 = %N+ ﬁE is a euclidean boson. With T = % :JJ,
it is now routine to check that the G, J and T generate the N = 2 superconformal algebra it of central
charge 1. The bosonic dimension % fields g= = /3 : eF(Y/2+2) . ¥ likewise have regular operator product

expansions except for

j 3:5w)jw): +329j(w : w)x~ (w):
g+(z)g—(w):(Z—3W)3+(3J—(Vv‘;))2+2'l( )j(w) +28JZ(_)M:|'3 X w)x ( ) Fo (515

where j is the euclidean boson —%aY —0Z=—-N— ﬁE Taking t = % :jj: — :xTx " :,one finds that the
g*, j and t generate the level O Bershadsky-Polyakov algebra W3(2) with central charge —1. The full extended
algebra is not the direct sum Uit @ W;Z) — the non-regular mixed operator product expansions generate

the fermionic gl (1]1) currents:

_ 2y (w)
G R s

The second choice ﬁ_l /42« yields a slightly different extended algebra. This time, the (appropri-

(5.16)

ately normalised) fermionic dimension 3 fields G* = i% - eE0BY/4-22) . 494 % the lorentzian boson

J= —%QY + %QZ and the energy-momentum tensor T = —% :JJ: — i xTx ™ yield the N = 2 supercon-

formal algebra of central charge —1. In particular, we have

G* (2) G (w) = —2/33+ 2J(w)2+—3:J(W)J(W):+9J(_w)—2:x+(w)x’(w): BT
(z—w) (z—w) z—w

The bosonic subalgebra, now comprising the dimension 3 fields g= = v/3: e7¥/4+22) ; ¥% the euclidean
boson j = —4118Y —20Z and the dimension 2 field t = % :jj: — :xtx :,is again the Bershadsky-Polyakov
algebra of level 0 and central charge —1. As the central charges of these subalgebras do not sum to zero,
it is obvious that the full extended algebra is not a direct sum. The fermionic g?[(l [1) currents are again
generated by the mixed operator product expansions:

2y (w)
Vi (z—w)

g7 (1) G (w) = T (5.18)

[38)
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With both these choices, the result is an extended algebra which contains subalgebras isomorphic to an
N = 2 superconformal algebra and a Bershadsky-Polyakov algebra. For completeness, we mention that the
third choice AA_Lgk, which derives from the extended algebra of Section 5.2, also results in an extended
algebra with similar subalgebras. Specifically, we have a subalgebra isomorphic to sWir?) with central
charge —1 and a subalgebra isomorphic to W3( ) with level — 3 2 and central charge —1.

It is telling that the same structure is found with other W-algebras including, in particular, that obtained
from the Drin’feld-Sokolov reduction of the affine Kac-Moody superalgebra sl (3|1) that is induced by the
embedding s[(2) < s[(3|1) given by A — (4 3). This W-algebra does not appear to coincide with any
of the extended algebras constructed here, though it appears to be related to that obtained by changing the

parity of our second extension (assuming that this leads to a consistent extended algebra).

5.5. Extended Characters and the Spectrum. Let us consider the dimension % extension of Section 5.2.
We saw that the simple current modules flo,k and ﬁo,,k extend gl (1]1) to the direct sum of the By ghost
algebra and that of a complex fermion. The vacuum module of this extended algebra may then be identified
with the orbit of the 5[ (1]1) vacuum module under fusion with these simple currents. Equation (3.36) gives

this orbit as the set {j[_[ J2ve(t) ok - LE Z}, so we are led to consider the sum

=R o0 m1m2+(m1+mz)/2+(m17m2+€)2/2
ZCh[.A_g/2+£( 0),tk ] X;¥525 q = Z 5 Z 4 Zmlfmﬁé/Zyék
ez ez Cl)w my =0 (D, (@D,
B N NS WL
(Q)i my,my=0 (q)ml (q)mz €7
: i m1+m2)/2 (y_kzl/2 my—my 1 Z k 1/2 Y €2/2
mp,nmyp )ml (q)mz ) Vel

_ n(q) 93(0*7'%19)
V4 (y*z!/2:q) nig)

Here, we have used Equations (4.18), (4.15) and (4.4a), in that order, to arrive at the product of the ghost
712

(5.19)

vacuum character and the complex fermion (Neveu-Schwarz) vacuum character. The factors y % and
kz1/2 appearing above account for the zero-modes being traced over in the ghost and fermion characters
being No — Ep/2k and Ny + Ey / 2k, respectively.
The modular properties of the character of this fusion orbit are particularly pleasing. Applying the

generators S and T as in Section 3.4 gives the six ratios

%(y kl/2, ) T ka(yszl/z;q)
194( /2 ) 193(},1%1/2;(])
v AN
2 03 (yszl/z;q) O (yszl/z;q)
X 7192 (ykzl/2;q) X s (ykzl/z;q) (520)
eirc/4’-|-\’ —i717/4T
ka( —k1/2, ) (—A 1/2, )

o (#%) S xw( /)

on which one verifies that C = S? = (ST)3 acts as the identity (the extended vacuum module is self-
conjugate). Identifying these ratios as characters of the extended algebra is not difficult, but the interpre-

tation in terms of gA [(1]1) is somewhat less straight-forward. For example, ¥4 /93 corresponds to inserting
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(=1)" and (=1)“ into the complex fermion and ghost vacuum characters, where F and G are the fermion
and ghost number operators, respectively. However, this does not amount to replacing the 3 [(1|1)-characters
in Equation (5.19) by the corresponding supercharacters. Rather, we should modify the usual characters by
inserting an extra factor of (—I)EO/ K,

To identify the g?[ (1]1) content of the other ratios, it is convenient to note that A 0/24e(0) 0k = o' (fl; /270).
One can now obtain the ratio ¥, /94 by replacing the sum over £ € Z in (5.19) by a sum over £ € Z + % The
g/y\[ (1|1)-characters appearing in this sum are therefore those of certain twisted atypicals. The ratio ¥, /33
may be obtained by replacing these twisted gA[ (1]1)-characters by the corresponding supercharacters. 03 /%
also decomposes as a sum over twisted atypical g?[(l |1)-supercharacters, but this time the supercharacters
are those of o' (.AAM,U /2’0) (with ¢ € Z+ %). Finally, ¥4/, decomposes into the sum of the characters of
these twisted atypicals, modified by an insertion of (—1 )EO/ k=172,

The extended algebra characters of (5.20) therefore correspond to linear combinations of the characters
of the 3[(1 |1) atypicals " (flg/m), with £ € %Z, and o' (ﬁ(f_l)/z’o), with £ € Z + % The first set is closed
under fusion, but the second is not. Indeed, it is easy to check that the fusion ring generated by these
atypicals consists of the genuine atypicals ¢* (‘/Zl\n,O), with/ € Z andn € %Z, and their twisted counterparts
with £ € Z—ﬁ—% andn € %Z—l—%.

At the level of the extended algebra, fusion therefore generates an infinite number of additional extended
modules. The number of linearly independent characters, however, turns out to be finite. Beyond those
given in (5.20), one finds only three more. Their modular transformations are summarised by

. 192(y”‘z1/2;q) iS % (y’kzl/z;q) /AT kﬂg(y*kzl/z;q) .
— 5.21
T C w 0y (¥2!/2:q) o (1#e!/23q) o (42/2q) 5 62D

which shows that C acts as minus the identity on these characters. These nine ratios of theta functions

then constitute the (linearly independent) characters of the minimal set of extended algebra modules which
are closed under fusion and modular transformations. We emphasise that this minimal set is nevertheless
infinite. Its elements decompose as 3 [(1]1)-modules into a discrete set of atypicals and twisted atypicals. Of
course, it remains to see if this may be extended by a discrete set of typicals, for example, while maintaining
modular invariance. We will not consider this here. The point is merely to show how the extended algebra
formalism allows one to restrict to a discrete spectrum of é\[ (1]1)-modules and still exhibit closure under
fusion and a well-defined action of the modular group on the characters. A similar analysis should be
possible for the other extended algebras. We hope to return to this in the future.

6. SUMMARY AND OUTLOOK

In this article, we have analysed a collection of logarithmic conformal field theories stemming from
é\[ (1|1). We have used a combination of representation theoretic and free field methods, each being em-
ployed as appropriate. We began with an analysis of the Lie superalgebra 5 [(1|1), its representations, fusion
ring and modular properties. With this in hand, we determined that the 87y ghosts may be constructed as
au(1)-coset of gT[(l [1). This was achieved by identifying the coset algebra at the level of states with that
of the ghost system. Free field considerations also predict this result, though we noted that they must be
supplemented by the analysis of the vacuum character. We completed the description of the coset theory by
identifying how each gA[ (1]1) character decomposes into a ghost character. This was followed by a summary
of our results identifying other cosets of gl (1]1) by different 1t (1)-subalgebras. In particular, we found the
N = 2 super-Virasoro algebra at central charge ¢ = —1 and the Bershadsky-Polyakov-algebra at level k = 0.

These are, however, just some of the infinitely many coset algebras that one can construct.
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The remainder of the article was devoted to finding chiral algebras extending 5[(1 [1). Avoiding loga-
rithmic singularities constrains the extensions to adjoining certain atypical modules and we have computed
these algebras explicitly for all possible extensions of conformal dimension % 1 and % The results include
a complex free fermion plus the 7 ghosts, the Lie superalgebra sl (2]1) at levels —% and 1, and certain new
W -superalgebras which combine the N = 2 super-Virasoro algebra and the Bershadsky-Polyakov algebra.
Our search for extended algebras was motivated by the question of real forms of gl (1|1) and discrete versus
continuous spectra. While the modular properties of the characters of é\[(1|1) require a continuous spec-
trum, we have demonstrated that by combining characters of 5 [(1]1) into extended algebra characters, it is
possible to find a discrete spectrum that is closed under fusion and modular transformations.

As stated in the introduction, the most important conclusion that we draw from the results presented here
is that almost all of the logarithmic CFTs that researchers regard as archetypal are in fact all closely related
to one another. This then raises the important question of whether these paradigms are indeed prototypical
examples or if other models are going to reveal qualitatively new features. Certainly for applications, it is
absolutely necessary to have a good feel for the typical behaviour of this class of CFTs. It is thus crucial to
attempt to understand other examples of logarithmic CFT. We remark that there is some recent progress in
this direction with the ¢ = 0 triplet model [37,71-73]. However, the algebraic complexities of the W (2,3)
algebra have meant that much of this progress is indirect. More tractable candidates, in our opinion, include
the sl (2|1) WZW model (at level k # —3, 1) and fractional level sl (2) theories (with k # —1). We expect
that the fruitful combination of representation theoretic and free field methods will lead to progress and
insights in these examples and beyond, and hope to report on this in the future.

Another area which deserves further investigation is the theory of the W-algebras and W -superalgebras
which arise in the study of affine Lie superalgebras. In [74], certain algebras denoted by Wz(n) were con-
structed as commutants of sl (n) L in sl(n|1) « Moreover, when the level is critical, these algebras arise in
the study of sigma models whose target space is a fermionic coset of PSL (n|n) [75]. The W-superalgebras
which arise as extensions of é\[(l |1) appear to share several key features with these commutant algebras.
However, they are much more accessible algebraically and one may likewise expect that they will be of
some use in string theoretic applications. We also mention that these extended algebras share many features
in common with certain algebras [76] related to manifolds with SU (n) holonomy. These are extensions of
the N = 2 super-Virasoro algebra by two bosonic and two fermionic fields.'” As we have seen, the N = 2
super-Virasoro algebra may be related to gA [(1|1) in several ways (see [11] for another), so it is natural to

ask whether there are extensions of both these algebras which are related in a similar manner.
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APPENDIX A. REAL FORMS

In this appendix, we discuss the real forms of the Grassmann envelope of the Lie superalgebra gl (1]1)
(for real forms of Lie superalgebras, see [77]). This envelope is the complexification of the Lie algebra of
the (real) Lie supergroup GL (1|1) and consists of the elements aN + bE + ¢y W +c_y~, where a and b
are Grassmann-even and the c. are Grassmann-odd [78]. Define a semimorphism of a complex Lie algebra

to be a conjugate-linear transformation which preserves the Lie bracket. Given an involutive semimorphism

I9%e thank Andrew Linshaw for this comment.
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o, a real form is then obtained as the set of Lie algebra elements satisfying @(X) = X. Note that for Lie
algebras, involutive semimorphisms and adjoints are in 1-1 correspondence via @ > —®.
One may extend complex conjugation to the Grassmann algebra as an involutive antiautomorphism 7T,

that is, a parity-preserving map of the Grassmann algebra satisfying [78]:

(1) T(Af+ug) =2AT (f)+aT (g).
@) T(f8) =T ()T (f).
(3) 77 =id.

Here, A, € C, f and g are Grassmann numbers, and A denotes the ordinary complex conjugate of 1. An
involutive semimorphism of the Grassmann envelope of gl (1|1) is then obtained by composing T with the

Grassmann-linear map o defined by
a(N)=N, «(E)=E, o(yF)==2y" (A1)

Twisting the above development by an automorphism of gl (1|1) allows us to construct other involutive

semimorphisms. Such automorphisms include

II(N) = —N, [(E) = +E, I (yF) = y7, (A.2a)
Q(N)=—N, Q(E)=—E, Q(y*) =ty™, (A.2b)
w; (N) = +N, o, (E) = +E, oy (y*F) =2y~ (A.2¢)

~

Note that IT does not preserve the metric; rather, it negates it. Its lift to gl (1]1) therefore negates the level. As
the subalgebras fixed by IT and ITo Q, and their analogues for gl (n|n), are called strange Lie superalgebras,
we will refer to IT as the strange automorphism. It is of order two. The automorphism €, on the other hand,
preserves the metric and is of order four, squaring to @_;. It is the conjugation automorphism of gl (1]1)
(compare Equation (3.6)). The last family @, , A € C\ {0}, consists of inner automorphisms @, , so it is of
little direct importance to real form considerations. However, @; will be used below to ensure that the order
of the semimorphism constructed from I is indeed 2.

The resulting involutive semimorphisms of the Grassmann envelope of gl(1]1) are listed in Table 2,
along with their real forms and the topology of the bosonic submanifold of the Lie supergroup. The semi-
morphisms of the two strange forms are probably unphysical, at least for our considerations, because a

corresponding adjoint for the affine superalgebra is only possible for imaginary level.

Semimorphism | Bosonic Submanifold Real Form
ToooQ SLx sk, unitary superalgebra u (1]1)
Toa Rg xRy real superalgebra gl (1|1)g
Toaollow; Rg x S strange form g[(1|1),
ToaolloQ SL xRy strange form gl (1|1),

TABLE 2. The real forms of the Grassmann envelope of gl(1|1), given along with their
involutive semimorphisms and the topologies of the bosonic submanifold of the corre-
sponding Lie supergroups.
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APPENDIX B. A COMBINATORIAL IDENTITY

In this appendix, we prove the identity (4.15) for m > 0. The case m < 0 then follows from symmetry
under m <+ —m. This identity follows readily®” from a hypergeometric identity of Heine [67, Eq. (1.4.3)]:

ab (abz/c) c/a c/b  abz
; == s g, — . B.1
2¢1( . ,q,Z) ). 2¢1( Y e ) (B.1)
Recall that Heine’s basic hypergeometric series is defined by
ab o (@), (B),
2¢1( ;q7z> = no A, (B.2)
c n;) (©)n (),

where (a), denotes the standard g-factorial [T, (1—aq').
We start by noting that

(a b q2m+2) o= (a)j(b)j qm+2)j o qj2+(2m+])j
b

it F0 gy ) = im Y =Y (B.3)

lim 2¢1 — s
ab—reo $2 a’bl (q)j(qszrl)j j:o(CI)j(qzmH)j

a,b—roo
since (a); /a’ = 12, (e —¢') = (=1)7¢/U=D/2 a5 a — oo. Applying (B.1) therefore gives

4  — lim L <q2m+1/a q2m+1/b' , q)
@)@ aboe (g2 /ab)., g¥m+! D

@ & [@"/a), (@),
a,b—oo (quJrz/ab)oo ];0 (q)j (q2m+1)j qj

o qj2+(2m+l)j

201

- o
=(@)w ), 5T (B.4)
=0 \1/j

Multiplying both sides by ¢™ and dividing by (g),,, and (g)., then gives, up to a shift in the summation
index j, Equation (4.15) for m > 0, as required.

APPENDIX C. FREE FIELD REALISATIONS FOR gl (1]1)

The affine Kac-Moody superalgebra gA[(l [1) has two well-known free field realizations, the standard
Wakimoto realization [20] and one constructed from symplectic fermions and two bosons, one euclidean
and one lorentzian [3]. An explicit equivalence between the two realisations was established in [23]. Here,
we review (and motivate) the symplectic fermion realization for computations in Section 5.

Recall that in Equation (4.12), we identified two commuting bosons

a<p(z):zv(z)+2ik15(z) and 8¢(z)=N(z)—%{E(z), .1

the first being euclidean and the second lorentzian. Taking the coset of gAI(1|1) by the i (1)*-subalgebra
generated by these bosons gives the theory of symplectic fermions, suggesting that a free field realisation
may be built from these fields. Indeed, let us take the fermions y* to satisfy

1
2 (2) %~ (w) = ——— + regular terms, (C.2)
(z—w)

with ¥* (z) x* (w) regular, and construct bosonic fields Z = % (p+¢)and Y = ¢ — ¢ so that

Y (z)dZ(w) = (z—1w)2 + regular terms (C.3)

20We thank Pierre Mathieu for pointing this out in the case m = 0.
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and 9Y () Y (w) and 9Z (z) dZ (w) are regular. Then, the gl (1|1) current fields are expressed as
E(z)=kdY(z), N(2)=09Z(z) and v (3)=vVk:eT:x"(2), (C4)

and a moderately tedious computation shows that the gA[(l |1) energy momentum tensor (3.4) indeed corre-
sponds to the sum of those for the boson and symplectic fermion systems.

It remains to explicitly construct the 3 [(1]1) primary fields. When these fall into typical representations,
this requires the twist fields that define the symplectic fermion primaries [60]. However, these fields are
surplus to our needs (details may be found in [23]). Section 5 in fact only requires the zero-grade fields of
certain atypical modules with |e/k| = 1 and 2. These are particularly easy to construct.

First, note that the vertex operator

:enY(w)JreZ(w)/k - :e(n+e/2k)(p(w) . ef(nfe/Zk)(])(w) . (C.5)

has affine weight (n,e), using (C.4), but conformal dimension ne/k. Restricting to e = k, the atypical
irreducibles f/l\mk correspond to zero-grade fields of weights (n + %,k) and conformal dimensions n + % It
follows that : e("+1/2Y(W)+Z() . realises one of these fields in this case. The other is obtained by acting

with Y, again using (C.4):

ca(m=1/2)Y(W)+Z(w) . 4 —
V(o) s etz VR TTOTE () o)
—w

With the conjugate fields (e = —k), this completes the determination when |e/k| = 1:

cent1/2)Y+Z . L e 12YHZ = (4 | (e = k),
e (m1/2V-Z gk () e (n+1/2)Y-Z . (e = —h). (C.7)
The corresponding quadruplet for |¢/k| = 2 may be taken to be
LT /2Y2Z = (4 L 2YR2Z L o= (1) 9y (W), (e = 2K),
ce(n=1/2)y-2Z . P (w) oxt (w), ce—(n+1/2)Y-2Z . xt (w) (e = —2k). (C.8)

We also record here the operator product expansion for the vertex operators. Let X,, . = nY + eZ/k. Then,

:eXn,e(Z> . :eXn'.e’(W> - (Z_ W)(ng’+n/e)/k |::eXn+n’,e+e’<W) C 4 aXn,e (W) eXnJrn/.eJrg/(w) . (Z_ W)

% : (axnﬁe (W) Xpe (W) + 02X e (w))exn+nc«+e'<w) Cz—w)l4..]. (€9

It follows from this that : e (") +eZ0n/k: ang . YW +ZW)/k . will be mutually bosonic when ne’ +n'e

is an even multiple of k and mutually fermionic when ne’ + n’e is an odd multiple of k.

APPENDIX D. SPIN-% ALGEBRAS

In this appendix, we give for convenience the defining operator product expansions for certain algebras
generated by two fields of conformal dimension % and 1t (1)-charge +1. The first family is that of the N =2
superconformal algebras st in which the generating fields G* are fermionic. Our conventions are
captured by G* (z) G* (w) being regular and

2¢/3 2J(w) 2T (w)+dJ(w)

G+(z)G7(w)=(Z_W)3—|—(Z_W)2—|— P +... (D.1)

Here, J is the (dimension 1) 1 (1)-current under which the G* are charged, normalised so that

1) Iw) = (Zc_/i

)2 + regular terms, D.2)
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FIGURE 3. The weights (H- and Z-eigenvalues) (H,Z) of the simple Lie superalgebra
5[(2|1), labelled by the corresponding weight vectors. White weights are bosonic and
black weights are fermionic.

and T is the energy-momentum tensor. The central charge c is a free parameter.

The second family is obtained when the dimension % fields gi are bosonic. These are the (level k)
Bershadsky-Polyakov algebras W3(2) which are obtained as the Drin’feld-Sokolov reductions of sl (3), in-
duced by the embedding s[(2) < s[(3) given by A — (4 3) [79,80]. The product g* (z) g* (w) is again

regular, but we have

(k+1)(2k3+3) +3(k+1)j§w) +3:j(w)j(w): +3 (k+1)9j (W) — (k+3)t(w) i

—w
(D.3)

where now j is the 1 (1)-current charging the g* and t is the energy-momentum tensor. The current turns

g (@)g (w) =

(z—w) (z—w)

out to satisfy

2k+3)/3
j@jw)= % + regular terms, (D.4)
(z—w)
and the central charge is given in terms of the sl (3) level k by
(2k+3) (3k+1)
=/ 7 D.5
¢ k+3 (0-5)
The critical level k = —3 is excluded from this family for obvious reasons.

APPENDIX E. THE LIE SUPERALGEBRAS s[(2|1) AND sl (2|1)

Here, we briefly outline our conventions for the simple Lie superalgebra sl(2|1) and its affinisation.
Recall that s[(2]1) is defined to be the vector space of supertraceless endomorphisms of C2I", equipped
with the standard graded commutator. Letting E;; denote the matrix with all zero entries but for a 1 in row

i and column j, we choose a basis as follows:

E=FEp, H=E—Exn, F=E), Z=E;+E»n+2Es; (bosons),

. (E.1)
et = Es, fr= —E3, e =E;3 f =Exn (fermions).

The bosons form a subalgebra isomorphic to s[(2) @ u (1), with Z spanning the second summand. The
fermions split into two irreducible representations of the bosonic subalgebra which may be identified
with the tensor product of the fundamental representation of s[(2) and the u (1)-irreducible of charge (Z-
eigenvalue) 1 or —1. We normalise the fermions so that [F,e*| = f* and use the superscript =+ to indicate
the u (1)-charge. The weight diagram of s[(2|1) therefore looks as in Figure 3.
As usual, we take the invariant bilinear form to be given by the supertrace in the defining representation.
This yields
k(H.H) =2, «(Z,Z)=-2, «(EF)=«(FE)=1,

—x(et f) =x(f,e") =1, —x(e f1) =k(ffe) =1, 2



RELATING THE ARCHETYPES OF LOGARITHMIC CONFORMAL FIELD THEORY 35

with all other combinations of basis elements vanishing. We can now construct the affinisation s[(2|1) in
the usual way and use the Sugawara construction to realise the energy-momentum tensor. In this way, one

checks that the dual Coxeter number of s[(2|1) is 1 and that the central charge always vanishes.
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