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FOR FRACTIONAL LEVEL WZW MODELS|
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ABSTRACT. The modular properties of fractional Ie\@I(Z)—theories and, in particular, the application of the
Verlinde formula, have a long and checkered history in confdifield theory. Recent advances in logarithmic
conformal field theory have led to the realisation that protdevith fractional level models stem from trying
to build the theory with an insufficiently rich category ofpresentations. In particular, the appearance of
negative fusion coefficients for admissible highest weigptesentations is now completely understood. Here,
the modular story for certain fractional level theories impteted. Modular transformations are derived for the
complete set of admissible irreducible representations \letevel isk = f% ork= f‘é‘. The S-matrix data
and Verlinde formula are then checked against the known riusites with complete agreement. Finally, an
infinite set of modular invariant partition functions is ctmsted in each case.

1. INTRODUCTION

This is the fourth part of a series of articles devoted to aitbet understanding, as conformal field
theories, of the fractional level Wess-Zumino-Witten msdeith symmetry aIgebrﬁ[(Z). The first three
articles [1-3] deal exclusively with the case in which thmleofsf[(Z) isk= —%. The first described the
minimal (chiral) spectrum that is obtained from the adnfileshighest weight modules of [4] by demanding
closure under conjugation and fusion, clarified the refabetween the chiral a|geb&(2)_1/2 and that
of the By ghost system, and solved the long-standing issue of whyig repplication of the Verlinde
formula to this model results in negative “fusion coeffi¢t®n[5—7]. The second article of this series
proved a remarkable relationship betwea?(e(ﬂ)_l/2 and the triplet algebr® (1,2) of [8-10]. This was
then used to motivate and study a natural extension of thetrsipe. The third article tackled the difficult
task of computing the fusion rules for this extended spettrproving that this generated reducible yet
indecomposable modules of the type called “staggered” énMinasoro literature [11, 12]. The present
article deals again primarily with the leviel= —%, though the cask= —g, previously studied in [13-15],
is also discussed in depth. We will report on the generadisatof the results presented here to arbitrary
(admissible) fractional levell (2)-models in a sequel [16].

The issue regarding negative fusion coefficients in fraaidevel theories has a long history. Such
theories were initially proposed [17] as a speculative gaigation of the theories witka non-negative in-
teger, the idea being that such generalisations would aloaset construction of the non-unitary minimal
models that naturally generalised that of their unitarystosi[18]. Shortly thereafter, it was shown [4,19]
that certain levels possess a finite seadiissiblenighest weight modules which carry a representation of
the modular groufsL (2;Z). With the announcement of Verlinde’s formula [20] for fusicoefficients at
around the same time, its application to fractional leveldn rules seemed natural. However, the negative
coefficients [5-7] so derived demanded explanation and alidnatch those that were deduced using more
traditional means [21-26]. Of course, much was made of tkemtion [6,21,27] that the two approaches
to fusion could be reconciled if negative signs for coeffitsewere interpreted as indicating that the mul-
tiplicity applied to modules that wereonjugateto certain admissible highest weight modules. However,
it seems that no compelling explanation for this intergietawas known. Because of this, the status of
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fractional level theories as conformal field theories wagrded as questionable at best and “intrinsically
sick” [28] at worst.

A significant advance in the understanding of fractionatlataeories was reported in [13], where the
algebraic approach to fusion that has come to be known asahemMsaberdiel-Kausch algorithm [29, 30]
was applied ta?[(Z) at levelk = —g. There, it was pointed out that the sets of admissible higleght
modules and conjugates of these modules that had been emetsid the literature weneot closed under
fusion. Rather, fusion also generates modules whose coafatimensions are unbounded both above
and below, as well as modules on which the Virasoro miaglacts non-diagonalisably. The presence of
the former class of modules should actually have been exggeat they arise from applying the familiar
symmetries known as spectral flow transformations. Thegpiess of the latter class indicates that —‘é‘
fractional level models are logarithmic conformal fielddhies. The general validity of these conclusions
was subsequently tested 5?(2) atk = —% in [31, 32] using free field methods. There, some evidence
was given supporting the natural prediction that this ledsb leads to modules with conformal dimensions
unbounded from below and logarithmic theories (though & @aigo claimed that a non-logarithmic theory
at this level also exists). These predictions were evelytaahfirmed as corollaries of the detailed analysis
of [1-3] — we refer the reader to [2, Sec. 6.1] for a discussibthis.

We note that neither [13] nor [31, 32] tried seriously to addrthe modular properties of the theories
atk = —‘g‘ andk = —%, respectively. As remarked above, [1] gives a complete tataieding of why the
Verlinde formula gives negative fusion coefficients wheplegal to the admissible highest weight modules.
However, this says next to nothing about the infinitely mattyeo irreducible modules in the spectrum
(which are not highest-weight). In what follows, we will ti#g this shortcoming. Roughly speaking,
the negative coefficients arise because the characters @ifthitely many irreducible modules are not all
linearly independent as meromorphic functions: The mamfn@odules to charactersiiginite-to-one. Our
approach is simply to reject the interpretation of characés meromorphic functions, and instead regard
them as formal power series (or more precisely, as algedihgidefined distributions). This allows us to
work with a one-to-one map between irreducible modules dzdacters. A distributional interpretation
of characters is nothing new in non-rational conformal fiblglory (see [33, 34] for example), however we
believe that this is the first time it has been applied to fometl level theorieg. The resulting modular
properties are beautiful.

The article is organised as follows. We first introduce, ict®® 2, our notations and conventions for
3[(2)_1/2 and its representations, reviewing what will be needed @arieg the spectrum, fusion and char-
acter formulae. Section 3 then considers the modular ptiepasf the irreducible characters, considered as
distributions. The idea here parallels that which was usestitdy the modular transformationsgif1/1)-
modules and their extended algebras in [35-37] and lead{pmpective) representation & (2;Z) for
which the S- and T-matrices are both symmetric and unitargreHmatrix” should be understood in a
generalised sense in which the entries are indexed by aruntatde set. These S-matrix “entries” are
then used to calculate fusion “coefficients” (which are alijudistributions) using the obvious continuum
analogue of the Verlinde formula. The results are then afeb¢e agree perfectly with the projections of
the fusion calculations of [3] onto the Grothendieck ringbéracters.

With the modular properties completely understood, Sacidurns to the question of constructing
modular invariant partition functions. We note the invada of the diagonal and charge-conjugation par-
tition functions before showing that there exists an addal infinite family of modular invariants, one
of which is the invariant predicted in [2] on the basis of tle&tionship betwee}s’T[(Z)_l/2 andW (1,2).

Iwe have recently learned that the idea of a distributionpt@gech to fractional level characters was briefly proposd82], but was
discarded on the grounds that the approach did not seemisnffjcfruitful.
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Following [38], these are then interpreted as simple ctiireriants arising from diagonal invariants for
extended algebras.

Section 5 then applies the technology we have developea my,l/z to the only other case for which
reliable fusion data is knowm[(2)74/3. After again reviewing what is known about theories withsthi
symmetry algebra, we derive the modular transformatiortketharacters and apply Verlinde. This time,
the results confirm the fusion rules reported in [13], butagensistent with a conjectured fusion rule stated
there. We correct this and verify that there is again an itgifamily of simple current extensions leading
to modular invariant partition functions. One of these mayidentified as that which relat€3(2)74/3 to
thec = —7 triplet algebraw (1, 3) [14, 39]. The article concludes with two appendices: The briefly
reviews an important identity that we need in the text. liciek rather easily from the denominator formula
of 51(2/1). The second is devoted to proving that the structure diagrahich we have derived for certain
k= —‘g‘ indecomposables actually determine them up to isomorphism

Itis very interesting to note that the extended theoriestvhie have constructed at bdth- —% andk =
—‘é‘ are rational logarithmic conformal field theories, meartimgt their spectra each contain only finitely
many irreducible modules. We expect that a detailed arslyfstheir properties will help to illuminate
many of the poorly-understood properties of rational Iibaric theories (see, for instance, [40-44]). Itis
too tempting not to speculate that these extended theoiigst tmave a geometric realisation in terms of
the Wess-Zumino-Witten models &t (2;R) and its coverg. Since the fundamental group 8E (2;R) is
isomorphic toZ and its centre is isomorphic @, it seems plausible that the diagonal modular invariant
describes strings propagating on the simply-connectagttsdl cover (that physicists sometimes refer to as
AdS3) and that the “smallest” of the rational simple current n@ats corresponds to strings 6h (2;R),
or perhap$SL (2;R). It would be interesting to pursue such realisations in estrn

In general, we believe that fractional level theories areetignt toy models for learning about loga-
rithmic, and even non-rational, theories in general. Thalatively accessible algebras, coupled with the
well-behaved modular properties derived here, only brdsterr belief that these theories should be re-
garded as fundamental building blocks for bulk and bounttzggrithmic conformal field theories, much
as their non-negative integer level cousins are for ratiooaformal field theories. It is worth emphasising
that having a working Verlinde formula, assuming of coutsa tt can be shown to be valid, enables one to
easily deduce an enormous amount of information aboutriusiles that is otherwise extremely difficult to
obtain. In particular, we can obtain the character of a fugimduct. This then can be used to decide how
more detailed methods, the Nahm-Gaberdiel-Kausch fudgorithm in particular, should be applied and
when they should be terminated. We hope to report on thetsesfutombining these methods in the future.

2. BACKGROUND

2.1. Algebraic Preliminaries. This section serves to review the results of [1-3] concertieories with
sf[(Z)k—symmetry, specialising tk = —% when necessary. We fix a badis,h, f} of s/(2) so that the
non-vanishing commutation relations are

[hel=2¢ [ef]==h  [hf]=—-2f. (2.1)

This basis is preferred because it is compatible with a guiéar decomposition respecting theg2;R)
adjoint, e’ = f andh' = h, the latter being required to realise tBg ghost system as a simple current
extension o?[(Z)fl/z. The Killing form is given in this basis by

k(hh) =2, k(e f)=-1, (2.2)

2SL(Z;]R) and its covers are all non-compact three-dimensional Lieggrolience their third integral cohomology groups vanish. It
follows that the standard Wess-Zumino-Witten action onetgrsups imposes no quantisation constraints upon thekevel
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with all other combinations giving zero.
The non-vanishing commutation relationssof2) are therefore

[hmﬁn] = 2€mn, [hm7hn] = 2MJmn,0k, [em’ fn] = —hmin —Mdmyn,ok, [hm7 fn} = —2fmin. (2.3)

As we will habitually identify the levek with its common eigenvalue on the modules being considétred,
is convenient to denote this aIgebraﬂAjX(Z)k when we wish to emphasise the value that the level is taking.
The energy-momentum tensor is now uniquely specified byirieguhat the current fielde(z), h(z) and

f (z) are conformal primaries of dimension 1. Itis given by

T(z)= 2(%—2) (; h(zh(2): —:e(9)f(2): —: f(z)e(z):) (2.4)

and the central chargeds= 3k/ (k+2), hencec = —1 whenk = —%. The modes of the energy-momentum
tensor are denoted, as usual, Ly

The automorphisms (ﬁ[(Z) which preserve the span of the zero-mobgsk andLg are generated by
the conjugation automorphism and the spectral flow automorphism The first may be identified with
the non-trivial Weyl reflection of[(2) and the latter with a square root of the generator of the atios
subgroup of the affine Weyl group 5f(2) (it corresponds to translation by the dual of the simple afot
s[(2)). These automorphisms act as follows (both |elaire/ariant):

w (en) = fn, w (hn) = —hp, w (fn) = en, w(Lo) = Lo,

O (en) =en-1, 0 (hn) = hy — dn 0k, 0 (fn) = fay1, 0 (Lo) =Lo— Sho+ 3k.
Note thatwo = o~ 1w. Our interest in these automorphisms stems from the fatthlest may be used to
“twist” the action ofsl (2) on a modulé\(, thereby obtaining new modules (M) ando™ (M). The firstis
just the module conjugate . We shall refer to the second (and its iterates under repéatsts) as being

“spectrally-flowed” or just “twisted”. Explicitly, the tvaited algebra action defining (M) andog* (M) is
given by

(2.5)

Jw (V) =w (w?O)W), 3o () =0"(c)|v) Eesi). (26

In what follows, we will not bother with the superscript“which distinguishes the algebra automorphisms
and the induced maps between modules. Which is meant willdae fiom the context.

2.2. Representation Theory. Our chosen triangular decompositionséf2) (with e an annihilation opera-
tor andf a creation operator) lifts to a decompositionsbf2) that allows one to define the usual notion of a
Verma module and its irreducible quotient. However, these out to be insufficient for the field-theoretic
applications at hand. We will instead consider the gersmdltriangular decomposition

sl(2)=g @g’@g", 2.7)

whereg® is the subalgebra off (2) generated by they, h, and f, with +n > 0 andgP is the subalgebra
spanned by, ho, fo andk. Note thatg® is isomorphic tgyl(2). An sl(2)-moduleM may then be regarded
as ag®-module by lettingk act as a multiple of the identity (this multiple is also destbbyk) and then as
ag®® gt-module by lettinggt act trivially. From this, we can apply the induced modulestanction to
obtain ansA[(Z)k-moduleM T

I

M1t =Ind? (@ 3. (2.8)

0@g+

If M is an irreducibles! (2)-module, then the induced moduié 1 will have a unique maximal submodule
J. We shall denote the irreducibi&(2)-module)M 1 /g by M and refer to it as the affinisation . We
further remark that one can also obtain twisted versim’r(§vt) by choosing a differentl (2)-subalgebra to
commence the induction procedure.
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The classification of irreduciblel (2)-modules results in the following list.

L£,: There is a highest weight state of weight N and a lowest weight state of weight\ .
D, : There is a highest weight state of weight? N and no lowest weight state.
D, : There is a lowest weight state of weight? —N and no highest weight state.
é,w: There are no highest or lowest weight statdsdenotes the common weight of the states mod2
andA the eigenvalue of the Casimir.

The multiplicities of the weight spacebgfeigenspaces) are always one. We remark that the weight of
a highest or lowest weight state completely determines igenealue of the Casimir, but this eigenvalue
is free in the absence of a highest or lowest weight state. edery whenA and A satisfy the relation
appropriate to having a highest or lowest weight state, théuie denoted above @\,A will no longer be
irreducible. We will not attempt to spell out the preciseducibility conditions for these modules, though
it is not difficult, but will return to this point later.

We will call ansl (2), -moduleadmissibléf it defines a representation of the vertex algebra whoseespa
of states is the irreduciblg (2),-moduleLq. This generalises the original notion of admissibility féyond
highest weight modules and categdhysee [45]). Indeed, physical consistency requires us targalour
module category significantly. We therefore propose a etiar of the axioms of categor§ so that the
objects satisfy:

(1) Eachsl (2),-moduleM is finitely generated.
(2) hg acts semisimply ot (thoughL need not).
(3) Given any|v) € M, there exist$N > 0 such that,|v) = 0 for all J € s[(2) andn > N.

The morphisms are the usual module homomorphisms. We retinark3) is where our category differs
from categon (there, the space obtained by acting| mhwith arbitrary linear combinations of monomials
in the positive modes is required to be finite—dimensionaéﬁnh]v>). This also generalises the twisted re-
laxed category considered in [46] which is not closed undsioh (it does not admit the staggered modules
that we shall introduce in Section 2.3).

Specialising now tk = —%, the admissible irreduciblé[(2)71/2-modules from this relaxed category
fall into two countably-infinite families and one uncourltamfinite family:3

o' (Lo), o'(£1), d'(&y) (tez,Ae(-L1\{£3}).

Here, £, denotes the affinisation of the(2)-module£, and€, denotes the affinisation (ﬁ,\,A, where
the Casimir eigenvalud is chosen so that the minimal conformal dimension among ttes of€ , is
—%. We will discuss the excluded case= {i%} in some detail in the next section. Finally, note also the
identifications

0 (Lo) = 91_1/2’ o (Lo) = D)2 0(L1) = ®t3/2’ o (L) = D3/, (2.9)

which relate the twisted modules**(£o) ando**(£1) to the affinisations of the[(Z)—moduIes@Im
and@L/z. The irreducible spectrum is illustrated schematicallfigure 1 for convenience.

2.3. Fusion. The fusion rules of the admissilte- —% irreducibles are known, up to a conjectured relation

concerning the interplay between spectral flow and fusissiiaed to be valid for all modulég andN:

o1 (M) x 02(N) = a2 (M x N). (2.10)

3We mention that we will always chooge 1,1] as the fundamental domain Bf/ 2Z.
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(0.0)

FIGURE 1. Depictions of the admissible irreducib?é(Z)_1/2—modules. Each labelled

state declares itsl(2)-weight and conformal dimension (in that order). Conforrmlial
mensions increase from top to bottom ai(R)-weights increase from right to left.

We know of no proof for this relation despite much evidencésrfavour. Assuming its validity, we can
restrict the fusion rules to the “untwisted” sector, whéreyttake the following form:

LaxLy=Lxiy, Lrx€u=Exip,
N L itA+pez, (2.11)
y=
0 (Erspr1y2) 0 H(Exyp1/2) oOtherwise.

Here, and in what follows, the addition of weights labellimgdules is always taken mod2. This shows
that fusion does not close on the untwisted sector and therfyproducts need not be completely reducible.
Indeed, fusion generates two additional indecomposabliutesSy ands; which are uniquely specified
by their structure diagrams:

/\ 7N
\/ NS

These indecomposables are tﬁéZ)fl/z-analogues of the staggered modules studied in [12] for ihe V
rasoro algebra. Indeedly acts non-diagonalisably on boflz andS;, with Jordan cells of rank at most
2. These modules are responsible for the logarithmic natilcenformal field theories witlaA[(Z)_l/2 as
chiral symmetry algebra.

Diagrams such as these are to be interpreted as annotagiohgeof the Loewy diagrams widely used
in representation theory to indicate how the compositiatdia of an indecomposable module are “glued
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together”. More precisely, they visualise a socle seridb®8 :

0=80cscs?cs®=s,, 2.12)
2.12
1) 0(0) A 2) o) o 3 /02 ~

sV/sW g, 8P/ 02(L),)0?(Lara), S8 =gy,
This is a series whose consecutive quotients are complgtelicible and are maximal in this respect. The
fusion rules involving the, take the form

Exx8u=02(Exipr1) B2EN 10 0% (Exipia),
Sy xSpu=02(S) ps1) 2831y B 0% (Spps)-

Those of the twisted modules’ (8, ) then follow from (2.10).

We will define the fusion ring as the free abelian group geeerdy the indecomposabld(zo),
o'(£L1), a(€,), 0*(8o) and o*(81), equipped with the fusion product of (2.11) and (2.13), edesl
by (2.10). There are of course many more indecomposablesaibigs beyond those discussed above, as
may be seen from the various submodules and quotients @f’t@;\ ) We will only need to consider four
additional families of indecomposables, specifically, filllowing four submodules oﬁil(s;\) and their
images under spectral flow:

L)\ XSM :S,H,“, (213)

0~ 1(£1) =Dy, 0(£L1) =Dy, 0~ (Lo) =Dy 0 (Lo) =D7y ),
€51 l €12 l €1/ l €10 l
0 (Lo) = gt1/2 0 *(Lo) = D12 o(L1) = Dt3/2 o (Ly) = D3/,

Despite their reducibility, it is clear that these four mistushare much in common with the irreducibles
EywithA ¢ Z+ % In particular, the minimal conformal dimension of the etabf the&il/2 is f%, this
space of states of minimal conformal dimension has weighisiware unbounded in both directions, and
the multiplicity of these minimal weight spaces is alwayslddeed, we will see in Section 3.2 that the
characters of théil/2 are given by substituting = i% into the character formula for the irreducildle.
For this reason, we will sometimes refer to fh;pandeil/z (as well as their images under spectral flow) as
beingé-type modulesWe remark that the superscript™ labelling the reducible -type modules is meant
to indicate that the indecomposablé¢2)-module formed by the minimal conformal dimension statesana
highest ¢+) or lowest () weight state.

While we are introducing terminology, we find it convenientitaw attention to the fact that tiéetype
modules that we have defined agyenerically irreducible generic here meaning that the weights do not
belong toZ + % Their images under spectral flow are likewise genericatBducible. This is reminiscent
of the generic irreducibility of (type 1) Kac modules in Liegeralgebra theory [47], so we will often refer to
the irreducible€ -type modules (and their spectral flow images) as bgipgal Similarly, theaf(Ei

ﬂ/z)
and their subquotients’ (£o) ando’(£1) will be referred to as beingtypical

2.4. Characters. The characters diV] (y; z q) = try; y<2'0g-0—¢/24 of the admissible highest weight mod-
ules are very well known:

_y"?| n@ , n@ Loy —in@  n()
chlo] = 2 l194(z;q)+193(z;q)]’ ch[D% 2] = 2 lﬁl(z;q)+192(z;q)]’ 2.1
yY2[ n@  n@ . 1 yY[-in@ n(@ '
chi£a] = 2 [194(2;q) 193(2(])]7 ch[DZy,) = 2 lﬁl(z;q) 92(zq)
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The characters of the other “twisted” highest weight mosialé(L,\) are then obtained from
chlo” ()] (v:z.a) = ch[M] (yZd /% zd/%q). (2.15)

In doing so, one notices that the characters obtained inrhisner are not all linearly independent. More
precisely, the periodicity of the Jacobi theta functioregeto the relations

ch[o*(Lo)] +ch[o™™(£1)] =ch[o" 1 (£1)] +ch[o" 2 (Lo)] = 0. (2.16)

There are therefore only four linearly independent charaa@mong the dw’ (£, )], which we may take
to be those of the admissible highest weight modules (2.14).

This linear dependence of characters is not matched bysgameling isomorphisms between modules.
Rather [31], the characters must be distinguished, as pgevis iny, zandg, through their natural domain
of convergence. More precisely, the formal power serieskbep track of the (graded) dimensions of the
weight space will only converge to the characters (2.14)ctotainq andz For o‘*(LA), this region of
convergence is

o<1 oY <jz? <o (2.17)

We emphasise that the linear dependencies (2.16) involaeacters whose natural convergence domains
aredisjoint, hence these must be understood as relations among the orplomextensions (2.14) of
the characters to theplane. We must therefore be careful to distinguish betwaeracters as formal
power series and characters as meromorphic functions infalf@vs. This distinction makes it clear why
the linear dependencies of the meromorphic extensionseotltlaracters do not reflect isomorphisms of
(irreducible) modules. However, modular transformatidosiot preserve the natural annuli of convergence,
so one might think that one is forced to use such extensiooartsistently investigate modular properties.

The characters of the irreducibig (the typical modules) and their twisted cousins are lessknewn
and even more problematic:
y-1/27)
Yy A~ (2.18)

n@° nez

This clearly converges nowhere in th@lane. However, this character formula also applies tatgpical
indecomposable module&il/z, a fact that we shall prove in Section 3.2. These atypicatatars are
alternatively given, by definition, as the sum of the chamecbfo*!(Lo) ando™(£1). By (2.16), this
sumvanishesipon meromorphically extending these characters to the-falane. One therefore concludes
that the “meromorphic extensions” of the characters ofétﬁ?/z are identically 0. The same argument
applies to the atypical indecomposab$gsands, with the same conclusion. From here, it seems plausible
that the same should be true for the meromorphic extensidahg eharacters of the typicél, as well.

This proposal has a nicer interpretation at the level of tis&oh ring which makes its consistency mani-
fest. Instead of merely declaring that various (linear cimations of) characters should be set to zero, we

assert that we wish to study the quotient of the fusion rin¢hieydeal generated by the modules

ch[éy] =

o' t(Lo)@a (L), 0" ML) @o(Lo), 0'(Ex).  0'(S0), 0(S1) (2.19)

whose characters we would like to set to zero. That this doastitute an ideal is an easy consequence
of (2.10), (2.11) and (2.13). The quotient ring is free ofk@nand we may take the generators to be the
equivalence classes of the admissible highest weight resd{iCo], [£1], [@fl/z} and [®j3/2]. The
fusion product descends to the quotient, where we denoye:it, lgiving the following product:
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X [ (L] [DYyp] [DYg)]
[Co] | [Lo]  [£a]  [DIyp] [l

[L 1] [ [LO] [Df3/2} [Dtl/z]
@J—rl/z] [Dfl/z] [Dts/z] - [Ll] - [LO}

[ﬂts/z] [Dts/z] [Dtl/Z] - [LO] - [Ll}
We now have a bijective correspondence between (equivaldasses of) modules and linearly independent
meromorphic extensions of characters. It is not hard tolcteat the modular S-matrix

1 -1 1 -1
. 11-1 1 1 -1
S=—- 2.20
211 1 i i ( )
-1 -1 i i

obtained from the latter recovers, through the Verlindenidia, the structure constants of the fusion oper-
ation x on the former. This, of course, explains how the Verlinderfalia is able to give negative integers
when applied to the admissible highest weight modules ddctifsnal level Wess-Zumino-Witten model.

3. MODULAR TRANSFORMATIONS

The issue of extending the characters of the admissible leeda meromorphic functions df is a
rather subtle one. However, we have seen that doing so alo@go reconstruct the structure constants
for a certain quotient of the fusion ring from the modulargsts action on the (extended) characters. The
price one pays is that the fusion ring quotient is rather krhaing generated (as an abelian group) by the
four admissible highest weight modules. Our aim in whabfel is to extend the modular group action to
the complete set of characters, that is, to the full fusiag.riMore precisely, we will demonstrate that the
Verlinde formula reproduces the structure constants o@tathendieck ring of fusion, defined as the ring
obtained from the fusion ring by identifying each indecosgiae with the direct sum of its composition
factors® This is the best we can hope for, as the input to a Verlinde itaris the transformation properties
of the characters, and characters do not distinguish imdposable modules from the direct sum of their
composition factors.

The key idea that makes such an extension possible is thisatiah that one can do better than taking
meromorphic extensions of characters for modular conafiers: The correct setting is to extend the
characters adistributions This is not a new idea (see [33, 34] for example), but applyirto fractional
level models gives us the opportunity to analyse the bebawbsuch extensions in detail. In particular,
we find that the Verlinde formula relevant to our model is thgious generalisation of the rational one to a
continuous spectrum. We therefore find this result bedultifuminating, and rather satisfactory in the light
of the more complicated “generalised Verlinde formulaedtthave been proposed for other logarithmic
conformal field theories [41, 43, 50-52]: There are no tresbine “log)” factors andr-dependent S-
matrices to deal witA,and no need to postulate, nor try to interpret, “pseudoattiars”. Moreover, we
expect that our formalism will lead to a better understagdaifithese generalised Verlinde formulae.

4That the Grothendieck ring is well-defined, meaning that tigtoih product descends to the quotient, is not at all obvidMbat
one needs to check is that the fusion produeact While this can indeed be verified lat= —% from the known fusion rules, we
mention that the irreducibility of the fusion unif ) is generally taken as a strong indicator of the exactnefissain, see [48,49].
5Actually, we will see that the S-matrices we derive do have akwedependence, but it is entirely contained within the pHagsér.
This causes no trouble as such phases always cancel whetnapple Verlinde formula or studying non-chiral phenomenehsas
modular invariants.
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3.1. Modular Properties of Typical Characters. We begin by interpreting Equation (2.18) distribution-
ally. Writey = 2™t 7= 2™ andq = 27, so that
—mt ZmAZ —imnt 27‘[1)\Z —im

Y etmnd — S Y 8(20-m)= Tk Y ™52 —m). (3.1)

( nez '7(T) mezZ n(t) mez

ch[éy] =

Applying spectral flow as in (2.15) gives the twisted chazexhs

e—imt 17Tf2T/4
ch[o’(&,)] = 72@"”” “2)5(27 + 41 —m). (3.2)
U(T) mezZ
With the standard action of the modular S- and T-transfoionat
S: (t|Z|t)— (t=2%/T|g/t|-1/T),  T:(t|{|1)— (t[{|T+1) (3.3)
(for which $* = (ST)® = id), we compute
—int jind2 /T o —im2 /4T ) _y_
[l e} - £ - g (2t
(—1/T) mez T
= Il e 5 2 el T/ 4 M 5 (27 +mr — 1), (3.4a)
—iTn(t )" mez
T{ch[o’ ()] } = MO 2/0cn[of (&) . (3.4b)

Equation (3.4a) requires further manipulation. We claiat the S-transformations of the typical characters
take the form

s {chlo’( 2/ Steayeanch[a” (€x)]d’, (3.53)
ez
where the “S-matrix” elements are given by
1 |t] ; ! o gl _pt
S(Z,A)(z’,)\’) _ E%emw /2—(A 4/\)' (3.5b)

Verifying this is straight-forward: One substitutes (3.8imd (3.2) into the right hand side of (3.5a), per-
forms theA’-integration (obtaining &) then them-summation, and finally relabel$ asmto obtain the
right hand side of (3.4a). This proves that the charactethetypical irreducibles close under modular
transformations.

Of course, the S-matrix element (3.5b) has an exptigitependence. However, we view this as not
being a serious problem because this dependence is cahiaitie phasér| /T = e~'2'97, This phase will
cancel in the Verlinde formula as well as when one considelistbhodular invariants. More abstractly, we
see that the typical characters only furnisbrejectiverepresentatiohof the modular group (see [36] for a
related example where the modular representation is opfggtive). This may be checked explicitly. For
exampleS? has matrix elements

1t ((+)¢ J2—0 (A+A") = (e+07)A!
2/ Sf)\ 5/)\/ A0 AT) d)\l 4 '[2 Z/ + / ( + ) (+ ) )d)\l
ez ez
1 .. L
_ _Ee—Zlargr 2 e—lné’()\ +)\”)5[+£//:0
ez

6The reader may object at this point to our application of thedard Fourier-theoretic identify,cz, e2mnd — Ymez 0 ({ —m). This

is indeed problematic becauges complex in general which makes the claim that test functexist with the appropriate analytic
properties rather dubious. This can be resolved by movingporely algebraic characterisation of distribution: Thet feinctions
are the 1-periodic trigonometric polynomialsgfrand the pairing with trigonometric power series (the distiitns) is effected not by
integrating over a period, but by taking the residue, meattiagoefficient of the constant term.

A projective representatiorr of a groupG is a representation on a projective vector spade When viewed from the perspective
of the regular vector spadg this means that the representing matriagg) need only satisfy the group laws up to a non-zero scalar.
For examplert(gh) = wyh71(g) 11(h) for somewyp € C\ {0}.
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—e 29T, o8 (A +A"=0mod 2, (3.6)

so it follows thatS* = e=4297id. The non-zero phase 429" is a manifestation of the projective nature of

the representation. Here, we use a convenient shorthamfifite sums of delta functions:
S3(A=0modj)= ) 5(A—jm). (3.7)

meZ

A similar calculation givegST)® = e 6197 id. We remark that, up to the phase 229", 52 implements

conjugation at the level of chiral characters. This phadiecamncel when we combine chiral characters with

their antichiral partners, s§? is precisely conjugation for bulk characters.

Note also that the S-matrix we have computed satisfies

S(é.)\)([/7)\/) = S(Z/-,)\/)(&/\)’ S(&’U(”ﬁ’) = S(_é/._A)(_ély_Al). (38&)
Moreover, a straight-forward calculation shows that i&ainitary (with” denoting conjugate transpose):
t
[SS ](f-,)\)(///a)‘//) = 6(1[//5 (A = )\H mod 2) . (38b)

These properties give us confidence that the Verlinde fammdll work exactly as claimed. However,
before checking this, we must analyse the modular transfthoms of the atypical characters, in particular,
those of the vacuum character[¢h) .

3.2. Modular Properties of Atypical Characters. Before studying the modular properties of the char-
acters of the atypical irreducibles’ (£o) andc*(£1), we pause to prove a character identity which we
claimed in Section 2.4. Specifically, we will show that theuarcters of the atypical indecomposakﬂ{;r‘&2

are given by the same formula (2.18) as those of the typimadirciblest ,, hence that the results of Sec-
tion 3.1 apply to them and their images under spectral floghduld be clear from their structures that the
characters of théil/2 do not depend upon the superscrigt”; hence this label will sometimes be omitted
(in characters) when convenient. We emphasise that asythiea@tcharacters are non-zero, Equation (2.16)
is incorrectwhen characters are treated as distributions rather thareesmorphic functions.

We begin by recalling that the characters of the mdecontpesai L1y are given by the sums of the
characters of their composition factors. The latter aremias meromorphic functions, by Equations (2.14)
and (2.16), but we know that the sums will vanish in this sgttiOur strategy will therefore be to expand the
composition factor characters in their (disjoint) anndilconvergence (2.17) and then sum them as formal
power series irz. This expansion will be carried out using a convenient itgrtf Kac and Wakimoto
which we review in Appendix A.

Consider flrslef/2 Its character will result from summing the following asrfal power series:

i _y¥2[in(q) n (9
chlo™*(Lo)] == [gl(z;q)+192(z;q)

y2 | —in(@ n()
chjo(L1)| = —
o5 = 91(za)  92(zq)
We apply Equations (A.3) and (A.4) to the quotients appegiinthese functions in order to deduce the
appropriate expansions i In this way, we obtain

] (g <74 < 1),
(3.9)

] A<z <|q™

in () 91(u;0) 1

91(za)  91(uzq)n (q) Znezzl uef R (3.10)

. ,,9 u; 2 |
in(q) 1(u;) > uq a<lz<lag™

91(za)  91(uzq)n (o)’ & 1-ud'
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Treating the right-hand sides as formal power seriegs and thus forgetting about the regions of conver-
gence, their sum becomes

91(u;q) 91 (u:q) L )
91(uza)n (o) {—m)= -1)M3({ —m 3.11
19 (UZ; q)n 2 neZZ n q 2 rT;Z 191 ezmmu q) ( ) ’7 (q)Z rgz( ) ( ) ( )

/2
T n(q)? L7 (3.12)
’7 nez

sinced: (e?™u;q) = —91(u;q). This is the result of summing thg /9; terms in (3.9). We can find the
sum of then /9, terms usingd»(z q) = 91(e""z q) and thereby compute that

y /272 1 . y1/2/2 .
ch[&y)0] = 1@’ ngz(u(—l) )2 = YR nezzzz, (3.13)
as (2.18) requires. The result for[(zhl/z} follows from an identical analysis (or through conjugajiand
applying spectral flow immediately extends this to everjat{€.4,,)].
We can now turn to the modular transformations of the atymicaracters. To attack this problem, it is
convenient to summarise the structure of the mdecompesahileﬂ/z) through the following short exact

sequences:
0— 0?%(L1) — 0(81/2) — Lg—0, 0— 0?(Lo) — 0 (& 1/2) —5L1—0. (3.14)

Splicing these sequences iteratively with their appraplysspectrally-flowed versions, we obtaigsolu-
tions (infinite exact sequences) for the atypical irreducitlgsand £1:
7 5 3
—a (8*1/2) —0 (8172) —0 (8*1/2) — 0(852) — Lo —0, 3.15)
c .
(81/2) o (Eirl/z) (Ef/z) — G(Etl/z) — L1 —0.

Spectral flow may be applied to obtain resolutions of the raditygpical irreducibles. Exactness now implies
the following character identities:

0

chla’(£,)] = Y (1) ch[a+?” )] =0, (3.16)
7'=0

In this way, one expresses the atypical characters in tefielsamacters of indecomposables which behave,
as far as modular transformations are concerned, as if tleeg typical. This trick has been used, at the
level of characters, in many superalgebra studies, for pla@f86, 53-55]. We mention that we could have
used the exact sequences descrlbmgahé( 11 /2) to derive resolutions for thé€, (involving negative
powers ofg). In either case, the resulting character identities areegent (as formal power series) as
one can easily check that only finitely maéiytype characters contribute to the multiplicity of any give
weight space.

As the characters of thel(ﬁil/z) are given by Equation (3.2), the modular transformationgl(3
and (3.5) apply to them. We may therefore check (3.16) by @oimdp it with (3.4b) to determine the
T-transformation of the atypical characters. This gives

[e4]

T {ch[aé (LA)]} _ Z;O(_l)e' oim((e+20+1) (A —Z/4+é’/2+1/4)—1/6)ch[ o+20 H(qwu/z)]

— oin((t+1)2 *£2/4+1/12)Ch|:0'£ (£2)], (3.17)

which may be checked to agree perfectly with the expectedgai8i(®» ~¢/24 (whereA, is the conformal
dimension of any state off(L,\) andc = —1 is the central charge). Combining (3.4b) and (3.16) then
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gives the S-transformation of the atypical characters:

© ’ gt 1"
S {Ch[UZ(L,\)]} = Z (—1)6 Z / lS(€+2€’+l,)\+€’+l/2)(W,/\”)Ch[U€ (SA//)]dA”

=0 0en’
1 H " " " " " hd ! A !
_ }ﬂ 2 / QUTI(E0" /2—LA" "2 = )ch[aé (&rn)] Z (—1)" e 2MA"'qr” (3.18a)
2T g1 =0

ch[o” (€n)]dA". (3.18b)

11| 1 gin(ee"/2—0a"~t")
T Z”eZ‘/l cos(mA")
We therefore set (compare with (3.5b))

17| QlI(E0 /2~ A" —1'X)

PN — AT ) 1
SEAEA T 357 cos(\) (3.19)
with the overline indicating an irreducible atypical repeatation. In particular, we obtain
11| 1
— = 2
SO0itA) = 4 ~it cos(mA) (3.20)

for the vacuum representatidiy.

We remark that we will make no attempt to define S-matrix ‘iestrbetween two atypical represen-
tations as WeII$W). Quite aside from the point that we would have no use for nthies, it is
important to emphasise that the above treatment of atypiremlucible characters makes it clear that we
are choosing the characters of the irreducible typioél(§,\ ) for A # +1, and theindecomposablatyp-
icals 05(811/2) as our basis. The complete set of S-matrix entries was thrergfiven in Section 3.1.

Equation (3.19) is just a dependent quantity that will befulder studying atypical irreducibles in what
follows.

3.3. The Verlinde Formula. We now turn to a verification of the Verlinde formula. Becao$¢he con-
tinuous spectrum, this will involve an integral much as theghsformation formulae (3.5) and (3.18) do.
We begin by checking the typical fusion rule

o' (€)) x a™(Ey) = 0™ (E) L prag2) T HEN i 1)2). (3.21)
The Verlinde formula gives
N, ) /1 SEN)(EA) M (NS ) (e )
(&A)(mu) b= 1 SW(U;)\,)

_1 Y (M=)l 22— (A+p—v)) /'1 efin(éﬁrmfn))\’cos(rm/) Y
2/ /-1

_ % Z eir[(((+mfn)£’/27€’()\+IJ*V)) (5[+m7n:1+5é+m7n:71)

ez

=&—r+m10 (V=A+pu+3mod 2 +d-rim16(V=A+u—3mod2. (3.22)

This is in perfect agreement with (3.21) because it prediwtsGrothendieck “fusion rule”

o0 (€4)] % (0™ (€4)] = X [ Nieayim ™ 'ehl0"(E1) v

nez” —

=ch[o™™™ (&) yi1/2)] +eh[o™H(E) 1 u1/2)]- (3.23)

We remark that this confirmation of the Verlinde formula giwtrong additional support to the conjecture
(2.10) concerning the interplay between fusion and spieitdra
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The Grothendieck fusion rule correspondingat(£,) x o™(€,) = o't™(€, ) follows from the
Verlinde formula even more easily. The resulting fusionfiicients are

Nmm,m(”’v) =-rsm0(V=A+pmod2, (3.24)

as expected. The derivation correspondingt¢£, ) x o™(£,) = 0™ (£, ) is slightly less straight-
forward and deserves comment. Indeed, one computes that

N (nv) _ 1 Y eiml(tamon)/2-(a +u-v))e / ' 7e_m(€+m_nw (3.25a)
@mp 84~ _1 cos(mA’) '
1 had " 1 : " !
_ §6<V _ A +IJ _ % (é-i-m—n) mOd 2) Z (_1)5 / efln(é+mfn+l+2€ ))\ d)\/
Py J-1
—)=Em D25y = A+ u—L(¢+m-nymod?, ifn—¢—m-1e?2N,
e ( =3l ) mod 2 (3.25b)
0, otherwise.

The alert reader will have noticed that the integral in ()25 actually divergent. We recall that the
cosine function appearing here, and in the denominator8.a@B) and (3.20), results from summing the
geometric series appearing in (3.18a) at the boundary e&diis of convergence. These denominators
should therefore be understood as formal placeholders@®géometric series. The above computation
proceeds smoothly once this series has been correctliyatgdsn (3.25a) and it is then easy to check that

00

ch[a(£,)] xch[o™(Lw)] = Y (~1)" ch[a™™2*L (e, i riaja)] = ch[o™™(Lh )] (3.26)
=0

This shows that the Verlinde formula correctly reprodutes@rothendieck fusion rules involving the
irreducible typicalso® (€, ) and the irreducible atypicals®(£, ). It is routine to check that this is also
consistent with the fusion rules of the atypical indeconaptasso’ (8, ); such checks are therefore omitted.
We remark only that we will not use the Verlinde formula to gurte fusion coefficients of the forid,,© in
which c refers to an atypical irreducible (and do not expect thah sucapplication would be meaningful).
The reason is again that the atypical irreducibles do nairggeto the basis of characters which we have
chosen to work with.

4. MODULAR INVARIANTS AND EXTENDED ALGEBRAS

4.1. Modular Invariants. With the modular properties of the characters well in hanel,may now turn
to the question of constructing modular invariant pantittanctions. The most obvious candidate is the
diagonal partition function, which in our context is givey b
Ziog = X | 0T (€] ch0" (€1)] . @1)
tez’ 1
T-invariance is obvious and S-invariance follows direétbm unitarity (Equation (3.8)). The invariance of
the charge-conjugation partition function

Ze= ¥ / llch[of(eA)]ch[off(e_A)]d;\. 4.2)

is likewise deduced from Equations (3.4b) and (3.8). We rérttaat the atypical regima = i% cannot
be ignored in these invariants, despite representing & sst@sure zero, because it is where the vacuum of
the theory resides. Indeed, the character relations

chlo’ ()] =ch[o" *(Lr_1j2)] +ch[oH(Lasa2)], (A ==£3), (4.3)
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show that the combinationh|£o|ch[£o] occurs with multiplicity two in the integrands of bothyigg.
and Z .. This does not imply that these theories have two vacua @edd,any vacua) because the
partition function does not tell us if such states are eigetors, or merely generalised eigenvectorg,of
Nevertheless\,ch[i:o] |2 occurring is necessary for the corresponding theory to haxscuum.

One can, in fact, construct infinitely many different modutavariants from the admissible spectrum.
Classifying these is an interesting problem, but one theteil$ beyond our present aims. Instead, we will
consider certain invariants built fromdiscretesubset of the spectrum. In particular, we recall [2] that the
coset relation betweezﬁ(Z)fl/2 and the triplet algebr¥V (1,2) strongly suggests that there should exist
a modular invariant of the former involving the atypical miek and the typical irreducible;sf(so) and
o' (&1). Moreover, theo! (€0) should not couple to the” (€1) (because their coset versions do not in the
coset modular invariant).

We begin by analysing the constraints of T-invariance fés $ipecial case. I’ (8 A) and am(E u) are
to be coupled in a T-invariant partition function, then Etmpa (3.4b) requires that

14 m
(()\—4) :m<u—z) mod 2 (4.4)
WhenA = p, this simplifies rather nicely as
(0—21)%=(m—21)?> mod 8 (4.5)

from which we obtain (for 2 € Z) that?¢ andm either have the opposite parity ta 2or they have the same
parity as 2 and? — mis divisible by 4. The simplest condition guaranteeing Vaiance, wheml € %Z,
is therefore to také = mmod 4.

Based on this observation, we propose the following (T+ilawvd) partition function:

3
Zp= ) ). ) ch[o"(&2)]ch[o™(€;)2)]. (4.6)
leZmeZ j=0
{=mmod 4

As with the diagonal and charge-conjugation invariantwabh:h[ﬁo} }2 appears with multiplicity 2, so
the vacuum can be accommodated within this proposal. It myains to check S-invariance. For this,
one applies (3.5), obtaining two more sums over spectral flak@meterg’ andnm’ and two integrals over
s[(2)-weightsA’ andp’. The phases from the S-matrix elements factorise in suchydtvea the sums over
£, m=/{+4nandj may be performed. The first two give

1
2
respectively, while the third is a geometric series whicmstio 0 unlesg’ — n is divisible by 4, in which
case the sum is 4. Noting the “ médin the second delta function’s argument, we thereforeiobta

26(A' =30+ —3mmod2  and 5(p'=3mmod3), (4.7)

3

S{Zz} = Z Z Z Ch[(f” (8(/’+j’)/2)} Ch[o'm (8(m'+11)/2):| = ZZ, (48)
VeZmeZ j'=0
£'=m’ mod 4

because shifting’ to j = ¢ + j’ shiftsm’ + j’ tom’ — ¢ + j = j mod 4. We contend thatyZs the partition
function of the§[(2)_1/2—theory whose coset is the triplet model(1, 2).
In fact, Z; is the first of an infinite sequence of discrete modular irmrpartition functions. Takk to
be a positive even integer. Then, we claim that
2b-1

Zp=}) ), Z;)Ch[aé(ﬁj/b)]Ch[Um(ﬁj/b)] (4.9)
LEZMEZ =
{=mmod Db
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is modular invariant. A® is even, we see that the terms with- %b and j = 3b will contribute atypical
characters in Whicﬂ‘ch[Lo] |2 appears twice. T-invariance follows from

b 2b

which itself follows from¢ —m e 2bZ C 47 and/+ m € 2Z. Finally, S-invariance follows exactly as with
b = 2, the parity ofb only being used to shiff’ in the final step.

(£2j>2(m2j)2(6m)(€+m)8j“n0mod8 (4.10)

4.2. Extended Algebras. One can interpret the modular invariantsid terms of simple current extensions
of the algebra?[(Z)fl/z. Assuming Equation (2.10), the twisted vacuum modm‘é@@o) are all simple
currents of infinite order. Their states will have integendnsions precisely whehis a multiple of 4. For

b an even integer, we may construct an extended algétPaas in [56,57] using the fields associated with
0% (Lo). As angA[(Z)_l/z—module, the algebra decomposes into

WP = @o? (Lo), (be2Zy). (4.11)
LT

Restricting the simple current so that its states have @ntdgnensions guarantees that the character of this
decomposition will be an eigenvector for the modular T4farmation. One can also construct modules
for the extended algebra by combiniﬁ@Z)fl/z—modules along orbits under fusion with the chosen simple

)

current. In particular, we consider tfw(b)-moduleﬁEE\b which decompose inta(Z)fl/Z-modules as

b) ~
EX =~ @Po®(e,), (be2z,). (4.12)
leZ
Spectral flow then generates, for eachan additional B— 1 non-isomorphidV(®-modules. It is easy to
check that the corresponding characters will be T-eigeovechence that the extended algebra generators
will act with integer-modingif and only ifbA € Z. The natural diagonal partition function fol#&®) -theory
is then

2b-12b-1————
Zgag[W®] = Y Y chlo" (D)) ]ch[o" (BL)],  (be2zy). (4.13)
r=0 s=0

Decomposing this combination int?j(Z)_l/z-characters, we identify @V(®)] as the invariant partition
function Z,.

There are other simple currents with which we can extﬁr@ﬁ)fl/z. In particular, the twisted irre-
duciblesa®(£1) are simple currents of integer dimension for# 2 mod 4. Indeedg?(£1) generates
the (cyclic subgroup of) integer dimension simple currenigith these, one can construct the extended
algebras

W =~ [a“b‘ (Lo) @ 022+ (Ll)} . (be2z, 1), (4.14)
e
whose (untwisted§ -type modules are given by

B = [0 (1) 8 0B (ey0)| 2 EP 5 0B(ED),  (bezz -1, @15)
el

when restricted appropriately. Noting tha° (E&b)) = ]Ef\bll and that T-invariance requird® € 7 + %

the diagonal partition function would have the form

2b—12b—1
b b
Zaiag[W®] = )" Y chlo" (ES) )] ch[o" (B, ;)] (be2Zy —1)

r=0 s=0
4b-12b-1 2
b b b
=Y % |[ohlo (85, 1)) ehlor (B lenlo 25D, )| 410
r=0 s=
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However, one can check that this expression is not S-invariélhile there are undoubtedly other modular
invariants to find, they are not constructed from the simpleantso’ (Ll) 8

The reason for this is ultimately rooted in the fact that tinepse currentso?(£1), unlike theo®(£o),
cannot be obtained from the vacuum module by twisting wittaatomorphism of[(Z)fl/z. More con-
cretely, observe that the spectral flow automorphisthsatisfies

Soeay A = S(e+204) (¢ A1) = embe'efzmm's(m)(“/), (4.17)

so that the S-matrix is left unchanged wheis even andA’ € Z. The transformation rule fao: (¢,A) —
(¢+2b,A +1) is rather
in(bfl)é/efzmb)\’sm)\)(ﬁ/\/)- (4.18)
Forb odd, one can therefore guarantee S-invariabdé € Z) or T-invariancelfA’ € Z + %), but not both.
Returning tob even, we remark that the extended algebra theories witktiparfunctions Z[W(b)} =
Zy, arerational in the sense that they are constructed from a finite numberexducible representations.
However, their modular behaviour is not exemplary. It isigfint-forward to compute the S-matrix for the
characters of the” (E&b)) using (3.5b):

Swer) ey =¢

1|t i o pxl_ gl
Sy = %%e (te/2- V=R (4.19)

This is a 4° x 4b® matrix, symmetric and unitary. However, one quickly run®idifficulty when at-
tempting to apply this to a Verlinde formula: The trick usirgsolutions to construct the atypical irre-
ducible characters, and the vacuum character in partjotéar no longer be used because the periodicity
o (E&b)) = E&b) leads to divergences. Summing the S-matrix contributiBnk9) directly likewise leads

to divergences — the matrix elemerﬁm(m,) are undefined wheA’ takes on an atypical value. This
bad modular behaviour seems to be a fundamental problemewtiémded theories. Indeed, it is straight-
forward to deduce the (Grothendieck) fusion rules of & -theories and see that the fusion matrices are
not diagonalisable, hence that the standard Verlinde fawannot apply. In this, the extended theories are
similar to theW (1, p)-models studied, for example, in [41-43, 49,58, 59]. We ekfieat a detailed inves-
tigation of the extended theories constructed here wilh helshed further light on the modular properties
of rational logarithmic conformal field theories in general

5. MODELS WITH5A[(2)74/3-SYMMETRY

In this section, we summarise the result of applying the wathdescribed above fdr= —% to the
case when the level is= —‘g‘ and the central charge s= —6. This is the only other level for which
the fusion rules and resulting indecomposable structuase een (partially) computed and analysed,
respectively [13, 15]. We include this case to demonstitaé dur approach to modular transformations
and the Verlinde formula is quite robust. Indeed, we shadlitiso complete the structural analysis of the
staggered modules generated by fusion and to provide arivial-theck of a conjectured fusion rule. The
generalisation of the above formalism to arbitrary adrbissievel sl (2)-theories, for which there is no
detailed description of the fusion rules, will be discussksgéwhere.

5.1. Spectrum and Fusion. The admissiblé& = —‘é‘ irreducibles from our relaxed category once again fall
into two countably-infinite families and one uncountabt§isite family:

0'(Lo), 0'(DPyq), 0(€x)  (L€Z,Ae(-LI\{£3}).
8We also mention that one can extend by the simple cumé"l‘ltﬁo) with b odd. The dimensions of the extension fields are now

half-integers so one expects fermionic behaviour. However, we expecthigatnodular invariant constructed using supercharacters
and half-integer moded sectors will coincide with the bosamiariant 2j,.
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(0.0)

FIGURE 2. Depictions of the admissible irreducib?é(Z)_4/3—modules. Each labelled
state declares itsl(2)-weight and conformal dimension (in that order). Conforrmlial
mensions increase from top to bottom am(®)-weights increase from right to left. We
have shifted the middle row to emphasise the conjugatiomsstny. Moreover, the mod-
ules of this row do behave in many respects as if they shoulsbigned a half-integer
spectral flow index.

Here, the minimal conformal dimension among the state§ )ofs —% and we shall use the following
identifications liberally in the rest of this section:

0(Lo)=Dlyg 0 HLo)=Dyg 0 H(DF,5) =Dy (5.1)

This spectrum is illustrated for convenience in Figure 2.
Regarding the, with A # i% as typical, we have four atypicéltype modules whose structure dia-
grams are

D+

Dt ~4/3

D35 223 Dys

€10/ €0 €703 €loa

D

D 2/3

i4/3 DZ/3 Dt2/3

As with the cas&k = —%, further indecomposables may be constructed throughrfugdssuming (2.10),
we can summarise the computations of [13] as follows:

Dg/g X Djz/:,’ =Lo® Eop, DtZ/S x Ep = SJ:Z/S, Eox o= EpBSo. (5.2)

Of course L acts as the fusion identity. Boffy andS™ 2/3 are indecomposable modufem whichLg acts

non-diagonalisably, and the same is true for their imageleuspectral flow. We therefore regard them as
staggered modules. Unfortunately, while the analysis3h ptovides detailed structural information for the

SWwe find it natural to affix a superscrip#” to Sf2/3 as this module is not expected to be self-conjugate. Instea@xpect that its

conjugate is"’(sfz/a) = afl(sjz/a), which we will therefore denote t}Sg/S.
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first two filtered quotients employed by the fusion algorithitwas not clear if this information is sufficient
to derive full structure diagrams and characters. We witifitm in what follows that this is indeed the case.

The fusion rules involving the other typicé) were not considered in [13]. However, the fusion rules
involving the staggered moduleg and Sf2/3 are noted to follow from associativity and the following
conjectured rule:

sz/g X 80 = sz/g. (5.3)
This conjecture was again supported by explicitly consingacertain filtered quotients of the fusion prod-
uct. For completeness, we remark that this conjecture @apliat
EoxX 8= 280, 8o X 89 = 280, 8o X St2/3 = 281_2/3,

B B (5.4)
@2/3><8f2/3=280€950, EoXS 2/3—28 2/3 82/3><8f2/3=4€o€9250.

Equation (2.10) is assumed to extend these rules to thestrafig-flowed versions.

5.2. Characters. The characters of the admissible highest weight moduleseardily determined:
y74/3q1/42n62 (_1)n22nq3n(n+1)/2 __\4/3 ’91 (ZZ;qS)
M. (1 24)(1-d)(1-z 20 91(%q)
ch[D*, ;] = y Pz Rq Yy (- 1) 22 _ 43743/ 81(Zq %)
473 [T (1-2q) (1-d) (1-z2d"~ 1) 91(q)

T4/3fz/3q71/1?2ne GO —y*4/3 72/3q1/6’91(22q o)

[T (1-2d)(1-d)(1-z%0"1) 91(2q)
As meromorphic functions, these formulae lead to the i@hati

ch[o" (D7, 3)] +ch[o"**(Lo)] = ch[o""*(Lo)] +ch[o(DF,,5)] =0, (5.6)

Ch[Lo] =

(5.5)

ch[DT5s] =

which demonstrates that the space spanned by the‘¢4 )] and the clic’ (D+2/3)] again has a basis
given by the characters of the highest weight admissiblestebler, the atypical mdecomposab&E/2
again have vanishing meromorphic characters.

The annulus of convergence in which one should expand thactea ofo’ (Lo) is given by

o<1 oY <jz? <o (5.7)
This contrasts with the annulus for that@ﬁ‘(@fz/s) which is given by
al<1, o <[z <o Y. (5.8)

We note that the relations (5.6) again correspond to sumatiagacters whose natural regions of expansion
are disjoint.

To compute the characters of the atypic&E /30 We again use the identity of Kac and Wakimoto detailed
in Append|x A. For82/3, we begin by using (A.4) to expand the characte[Dd1‘4/3 in the annulus k
|12 < |g| %, obtaining

2391(Za7%q )191(U q) Y Zud’

ch[D —iy~437743q . (5.9)
Pl = 91 (uZaq)n (o) Az l-ud
We next compute the characteribg/3 and then expand it in the annuljgg < |z < 1 using (A.3):
ch[D5 ] y 43213 1/6191(22(1_2?‘13) — _y 3 4/3q2/3’91(22q )
23 91 (zzqfl'q) 91(22;09)
91 (2 9 n
— iy 4/374/32/3 1(Zq%0%) 1(“ q) Y z (5.10)

191(u22 Q) (q ) neZl_uqn.
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Adding these expansions (as formal power series) now gives
2/3'91(22q q )’91(u q) Y2
91(uZ;q)n (g ¥

iy 4/374/32/3 Y 91(e*™Mg % q )191(u3 q) 527 —m)
mez Bl(ez"‘mu a)n (a)

4/3,-4/3

ch[&zi/g] =iy” q

~4/32/302/3719 5 ) S1(a7% 2n
=iy
(q nezz
/3
a3 2 ZZZ" (5.11)
’7 nez

A similar calculation (or conjugating) gives an analogoasfula for cr{efz/s]. We remark that these
results agree perfectly with the character formula fordybirreducibles, namely

ch[&,] = *4/3,7 @7 ZZ (5.12)

Indeed, this can even be derived from (5.11) using the gestetature theory outlined in [46, 60].

Finally, consider the fusion ring generated by the modalesto), of (D+2/3) 0‘(&o), “(8o) and
ag( i) /3) (we exclude the other typical irreducibles as [13] says ingtlabout their fusion rules). The
quotient of this ring by the ideal generated by the zero-atter modules

o't (th/e,) ©0*(Lo), 0 H(Lo) @O’ (Djz/s) , 0'(€), 0'(S0), (S+2/3> (5.13)

is free of rank 3. Taking the equivalence clas$€s|, [Dj4/3] and [Dj2/3] as an ordered basis, the
induced produck on the quotient is given by:

X Lo] (D7, 3] [P, 3]
[Col | [Lo]  [DIys]  [DTy)
[@1/3] [Di4/3] - [Diz/s] - [LO]
[Diz/ﬂ [®f2/3] - [L 0} [®t4/3]

The reader might like to verify that the Verlinde formula egers these structure coefficients from the
S-matrix obtained [4] from the meromorphic characters)(5.5

1 1 -1
'S: - 1 e4m/3 _e2rri/3 . (5_14)
\/é 1 _eZm/S e4m/3

5.3. Modular Transformations. We begin by applying spectral flow (2.15) to the typical clotaes (5.12),

obtaining
o—87it/352mil%1/3
ch[o’(€,)] = B Y el MATARIMG (27 4 0T —m). (5.15)
meZ

Here, as before, we have get= 2™, z= 2™ andq = 7. The method detailed in Section 3.1 now
easily determines the modular properties of these chasacte
1T . 12! _ gl
s{ch[ EZZ/ Seayeanch[o” (Ea)JdN,  Suaywan = E%el"(“” [3-'=2)
e
(5.16a)

T{ch[o’ ()] } =42/ 2/0ch[o" (e,)]. (5.16b)
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Of course, these transformations also apply to the chasaotehe atypicalséii2 /3 We remark that the S-
matrix is again symmetric and unitary (Equation (3.8)) amat tonjugation is implemented, up to a phase,
by S2.
To deduce the modular properties of the other atypical cars we construct resolutions as in Sec-

tion 3.2. Splicing together the short exact sequences itbasgithe structure diagrams of th}eiz/?’, we

obtain the resolutions
RN 05(8;/3) — 04(€f2/3) — 02(83/3) — 0(€f2/3) — Lg—0, 517)
06(82/3) - 04(8;/3) - 03(82/3) — 0(8;/3) - DJ:2/3 — 0. .
Applying spectral flow, these imply the following charadigentities for the irreducible atypicals:

(o)

chlo (£o)] = ¥ (e[ +H (e, 5)] —chlo % 2(e5.,)]).
=0 (5.18)

ch{o! (7)) = 1 (oo 4(eg,)] ~chla ¥ (e, )] ).

We therefore arrive at the modular transformation propertif the atypical irreducibles by summing over
those of the indecomposables. In particular, we compute tha
17| eirré(4l’/37)\') 7| ein(€+l/2)(4£’/37)\’) cos(mA’/2)

SE0WA) T 2 it 1t 2coqm) U ZACA) T ip 1+ 2co8(\) - (519

As before, the overline indicates that the pair refers totgpieal irreducible ¢*(£o) and af(sz/g),
respectively). We mention that these formulae provide gedidence for the claim that thef(D’_Lm)
should be assigned a spectral flow inde%af%. Finally, note that we are again using the characters of
the typical irreduciblesr[(e,\ ) supplemented by those of the atypical indec:omposaiﬂégr ) as the

12/3
character basis.

5.4. The Verlinde Formula. We first apply the Verlinde formula to the (Grothendieck)ifusof two
typicals. The denominator-tcos(riA’) of the vacuum S-matrix entries leads to three contributions

Ny g /1 S(é.,)\)(é’,/\’)ss(rn.u)(é/,)\/)Sjn’V)( )
o vez’1 ©.0)(' A)
= Onrm-18 (V=2 +p—3mod 2 + &y md(v=2+pmod 2
+Opimi18(V=A+pt+gzmod2).  (5.20)

This is again consistent with the conjectured relation@R.1Setting/ = m = 0 for clarity, the Verlinde
formula implies the Grothendieck fusion rule

ch[€,] xch[€y] =ch[o™(Exypu_asa)] +Ch[Erip] +Ch[0 (Erspiass)]- (5.21)

Comparing conformal dimensions, we deduce that the fusidh @and€, is completely reducible, except
perhaps whel + = 0, 1,i§. WhenA + 1 = 1, we conjecture that the result is also completely re-
ducible!® WhenA + i = 0, however, Equation (5.2) shows that(€,/3) ando (€_,/3) combine (with
appropriate superscriptst”) to form the indecomposabl&; and thatég splits off as a direct summand.
We therefore deduce the following structure diagram forstiaggered modul&o:

10rhis conjecture may be verified using the Nahm-Gaberdiel-&aaggorithm as in [3, 13]. However, a detailed descriptibths
calculation (and other direct fusion computations) is belibre scope of the present article, and we defer it to a futubdigation.



22 T CREUTZIG AND D RIDOUT

/\

2/3 2/3-)

\/

Similarly, whenA + u = +2, we expect that_,/3 combines witha?l(eﬁ/?,) (again with appropriate
superscripts) to form the indecomposaﬁ@/g The other factoraﬂ(Eo), again splits off as a direct
summand. The relevant structure diagrams are therefore

/D”\ 7 “\
I

This confirms and refines the structural conjectures madd3h'f Note that these diagrams become
symmetric in terms of spectral flow indices upon regard])'@z/3 as having indext%. We further remark
(see Appendix B for justifications) that these structurgydians uniquely determine the= —‘g‘ staggered
modules, asdmissiblanodules, up to isomorphism.

The (conjecturalf -type fusion rules may therefore be summarised as follows:

Eo@ 8o if A+u=0,
_ . 2

Exxey=1° H(E0) #8755 TATH="35 (5.22)
0 (E0) D855 if A+p=2,

0'71(8)\+“,4/3) @ 8)\+IJ o (8)\+“+4/3) otherwise.

Turning next to the (Grothendieck) fusion of the irredueibtypicals with typicals, we find that fusion with
the vacuum and its images under spectral flow behaves astesfas is easily verified). We therefore turn
to fusing Witthz/3 and its spectrally-flowed versions. This time, the Verlifiolenula gives

N —73imp V) = Gretym0 (V= —2mod 2) + &rimi20 (v=H+2 mod 2. (5.23)

This yields, for example,
ch[D 2/3] x ch[€o] = ch[€_5/3] +ch[a(&53)] =ch[8 2/3] (5.24)
which is consistent with (5.2) and confirms the above stmeclingrams. However, it also yields
Sh[D ] x chlSo] = ch[D 7, ] x (ch[o™*(e273)] +eh[o (& 273)] )

ch[o™* (&) ] +ch[€_z/s] +ch[o (€23)] + ch[o®(€o)]
ch[o™* ()] +ch[8*, 5] +ch[o*(€o) ], (5.25)

UThe structure osjm was also partially identified in [15] using an explicit canstion based on lattice vertex algebras (similar to
the free field methods of [31, 32]). An intertwiner was alsostancted there which is consistent with the second fusi@nati(5.2).
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which isinconsistentvith the rule (5.3) conjectured in [13]. Indeed, this congtign leads us to conjecture
that the correct fusion rule is instead

D53 x 80 =0"*(E0) 8T, 3@ 0% (Eo). (5.26)

We remark that conformal dimensions do not rule aut (€o) ando?(&g) combining into an indecom-
posable. However, we view this as unlikely. Assuming (5.28fociativity now implies that the fusion
rules (5.4) must be replaced by

D35 X 8% 53 = 280D o,
Eox8o=01(8;3) ®280® T (87, 5),
Eox 8%y 5=0"1(E0) @287, 3 0%(€0),
Sox8o=0">(E0) B0 (8;3) B2E0® 280 T (87 y5) © 0°(€0),
80x 8ty 3=20""(€0) B0 H(S0) ®28*, 30 0%(S0) ©20%(€0)
82/3 % sz/s = 071(827/3> DAL D 280D 0 (sz/s)'

(5.27)

In computing these rules, we have first used the Verlinde titarto confirm that the fusion rule de2/3 X
®f2/3 given in (5.2) is correct.

The conjectured fusion rule (5.26) nicely highlights thditytof the Verlinde formula. Computing
fusion rules directly using the Nahm-Gaberdiel-Kausctoatgm is very difficult in general. A subtlety
that deserves emphasising for SIsAch)-computations is that one is often required to perform sehserch
computations, determining different filtered quotienttheffusion product, in order to detect components of
differing spectral flow index. Worse yet, one hasapriori knowledge concerning which of the infinitely
many filtrations will lead to non-trivial contributions fdhe fusion product. For example, the filtrations
used in [13] do not see the statesmf!(&q) or 0%(&q), hence these modules were missed in the original
conjecture (5.3). The Verlinde formula, however, yieldss tlequireda priori knowledge effortlessly. It
predicts the spectral flow indices of the contributing medudnd so tells us exactly which filtrations must
be considered in order to deduce a complete picture of thefusodule and its indecomposable structure.

5.5. Modular Invariants and Extended Algebras. The search for bulk modular invariants is similar to
the case ok = —%. We again have the obvious diagonal and charge-conjuggddition functions, given
by (4.1) and (4.2), respectively, and their invariance adallows from the standard properties of the S-
matrix. There is also a family of discrete bulk modular in&at partition functions corresponding to simple
current extensions (1?((2)74/3. The fusion rules reported in (5.2), (5.22), (5.26) and {pshow that the
integer dimension simple currents again form a cyclic sabgrand that it is generated W(Lo).

Taking thereforeb € 3%, we may construct extended algebf&?, and &-type extended algebra

modulesJEgb), which decompose intl (2)_4/3-modules as follows:

WO =Y o%(Lo), EP=Y a%(€,) (be3z.) (5.28)
e LeL

The corresponding diagonal partition functions therefake the form

b-1b-1— b-1_
Zo=Y)_ ) ch[o"(Ey))]ch[o (By)] = Y- Y- Y ch[o(€jm)Jch[0™(Exp)].  (5.29)
r=0s=0 teZmeZ j=0

{=mmodb

T-invariance is easily checked and S-invariance may be dstrated in an analogous fashion to khe —%
case. We therefore only repeat the main steps: The modutanSformation leads, as usual, to a sum over



24 T CREUTZIG AND D RIDOUT

¢, m € Z and an integral ovex’, i’. Performing the sums ovér m= ¢+ bnandj leads to the factors

2

26 (A =30+ — 3 mod 2), Bé(u’:is‘nf mod 2), by —m modbs (5.30)

respectively, and simplifying recovers,ZWe remark that Z is our candidate partition function for the
5[(2)74/3-theory whoséi (1)-coset is (related to) the= —7 triplet modelW (1,3).
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APPENDIXA. AN IDENTITY OF KAC-WAKIMOTO

In this appendix, we will briefly review a remarkable ideptif Kac and Wakimoto [61, Eq. (4.8)] which
turns out to be very useful for computing the characterseiilecomposable atypie?atl( 2)- modulesﬁil /2
in Sections 3.2 and 5.2. The identity in question is derivedhfthe denominator formula for the affine Lie

superalgebral (2|1):
2 (1—uvd) (1- ) (1—utv-ig-1)
g (1+ud)(1+vd) (1+ulg-1)(1+v1ig-1)

o 1-utvt
C (L+u (14w

Z Z ] m—H‘I mvnqmn (Al)

mn=1 mn=-1

This equality holds for formal power seriesgnBoth sides converge absolutely in the region whefe: 1
and|u|,|v| < |g|~*. Kac and Wakimoto then interpret the right-hand side of itthéstity as a power series
in u, obtaining

12[ (1—uvd) (1- ) (1—_u‘1v‘1q“1). __y (—1)mum. A2)
1 1+uq (1+vd)(I+utgd Y (I+vig-t) &= 1+vg"
The region of convergence is ndg < |u| < 1.

We make the replacements— —u andv — —v in (A.2) in order to write the left-hand side more

compactly. The resultis
i(uia)n(@°® _ y o
91(u;q) 91 (v;q) ey, 1—vd"
The region of convergence is important. If we replad®y uqin the above, then we instead derive that
91 (uv;q)n (a)® Ly u™vg™
81(“ Q) 81(V Q) mez L= V"
These identities will be used to expand characters, wrdtemeromorphic functions, in the appropriate

regions of convergence. However, the results will be idieatias expressing the characters as formal power
series for which convergence issues may be neglected.

(laf <uf <2). (A3)

@< ul<lg™. (A.4)

APPENDIXB. THE STRUCTURE OFk = —3 4 STAGGEREDMODULES

In this appendix, we consider whether the structure diagrdeduced in Section 5.4 completely deter-
mine the staggered module up to isomorphism. &grthis may be settled using the method applied to
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its namesake & = —%, as detailed in [3, Sec. 4.3]. In brief, we choc}x§> to span the weight space of
8o of weight 2 and conformal dimensionl, then definday) = f_1|x}) and|x;) by e_1|xg ) = | ).
Finally, the logarithmic partneyo) of |aw) is normalised so thato|yo) = |wp). The structure o8y is
then determined by the six constants appearing in the folpwquations:

ellyo) =Bo[x3 ), eo|yo) = Boh-1|x3) + By f-ze1|xg ).

filyo) = Bolxg ). foyo) = Boh-1|xg ) + Bie 2f1|xy ).
These constants are completely determined by the coristea&|yo) = f2fo|yo) =0, h1eo|yo) = 2e1yo),
hafo|yo) = —2f1|yo), €0 fo|yo) = foeo|yo) andLo|yo) = |av), yielding

(B.1)

o=fo-g.  B=R=-5 B-RK-> ®.2)
We conclude tha$ is determined up to isomorphism by its structure diagram.
That the staggered modu$g is admissible, meaning that it is a module of the vertex dpewgebra,
can be checked by acting ¢yo> with the zero-mode of the null field

X =—36:ehf: +24:edf: +9:hhh: —96:def: —18:0hh: +49°h, (B.3)

which corresponds to thg-descendant of the (non-trivial) singular vector of thewan Verma module.
The result isxo|yo) = 48(Bo — Bo) |ap) = 0 as required. We remark that the conclusfin= Bo has a
curious consequence: From
Bo(§ 1x5) = (@olyo) = Bo(Xg [ ). (B.4)
we conclude that the norms 6t} ) and|x; ) must be taken as equal. In other words, we are not free to
choose the relative normalisation of these vectors, as agiet fmave néely supposed.
The analysis f06f2/3 is somewhat more subtle. Now, we cho¢x§2/3> to span the weight space of

weight 3 and conformal dimension 3, and then definéw_,/3) = fo\xf2/3> and|x:2/3> by e,llx:2/3> =
|w_5/3). The logarithmic partner tpw_/3) will be denoted byly_,/3) and is normalised as usual so that

(Lo+3) |Y-2/3) = |w_2/3). We therefore have only two constants to consider, defined by

ely_2/3) = 5—2/3|Xf2/3>, f1ly_2/3) = ﬁ—2/3|X:2/3>- (B.5)

The only obvious constraint, however,(ilso + %) |y,2/3> = \w,2/3> which yieldsf_5/3 + fi,z/g = —%. It
therefore appears that there may exist a one—parametelyfaf’rf[(2)_4/3—m0dules sharing the structure
diagram of8f2/3.12 But, we have not yet imposed the requirement of admissibilibing so, one obtains

Xo|y—2/3) = 24(B_2/3— sz/s) |ap) = 0, hence that
B.o3=PB23=-3 (B.6)

We conclude tha$_» 3 is determined, as an admissi@[é2)74/3—module, up to isomorphism by its struc-
ture diagram. Note that this again forces the normb@g/g) and |x:2/3> to coincide.
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