SUPERCONFORMAL MINIMAL MODELS AND ADMISSIBLE JACK POLYNOMIALS
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AssTrACT. We give new proofs of the rationality of the N = 1 superconformal minimal model vertex operator superalgebras and
of the classification of their modules in both the Neveu-Schwarz and Ramond sectors. For this, we combine the standard free
field realisation with the theory of Jack symmetric functions. A key role is played by Jack symmetric polynomials with a certain
negative parameter that are labelled by admissible partitions. These polynomials are shown to describe free fermion correlators,
suitably dressed by a symmetrising factor. The classification proofs concentrate on explicitly identifying Zhu’s algebra and
its twisted analogue. Interestingly, these identifications do not use an explicit expression for the non-trivial vacuum singular
vector. While the latter is known to be expressible in terms of an Uglov symmetric polynomial or a linear combination of Jack
superpolynomials, it turns out that standard Jack polynomials (and functions) suffice to prove the classification.

1. INTRODUCTION

The purpose of this article is to give a new proof of the classification of the simple modules of the N = 1 superconformal
minimal model vertex operator superalgebras M(p., p_) in the Neveu-Schwarz and Ramond sectors. The rationality in
both sectors is also established. The proof of this classification makes use of a deep connection between the theory of
symmetric functions and free field realisations. Moreover, the method of proof in both sectors is essentially the same. This
method has previously been applied to classify the simple modules of the Virasoro minimal models [1], the admissible
level affine sI(2) models [2] and the triplet algebras [3].

Let p, and p_ be integers satisfying p,, p- > 2, p_ — p, € 2Z and gcd{%(p_ - p+),p-} = 1. Let
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where r and s are positive integers. Additionally, let £NS(h, ¢) and LR(h, ¢) denote the simple highest-weight modules over
the Neveu-Schwarz and Ramond algebras, respectively, whose highest-weight vectors have conformal weight 4, central
charge ¢ and even parity. Then, we can state the main result as follows (referring to Section 2.1 for our conventions

concerning modules and the notion of parity reversal).

Theorem. The N = 1 superconformal minimal model vertex operator superalgebra M(p., p-) is rational in both the
Neveu-Schwarz and Ramond sectors, that is, both sectors have finitely many simple Z,-graded modules and every Z,-

graded module is semisimple.

(1) Up to isomorphism, the simple M(p.., p_)-modules in the Neveu-Schwarz sector are given by the LN (N, Cp, p_), With
1<r<py -1, 1<s<p_—1andr+s e 2Z and their parity reversals.

(2) Up to isomorphism, the simple M(p., p_)-modules in the Ramond sector are given by the LR(h,,S,cphpf), with
1<r<p;—1L,1<s<p_—landr+s € 2Z+1, and, if p, is even, the parity reversal ofLR(thz,pi/z) (the

other simple Ramond modules being isomorphic to their parity-reversed counterparts).

The (non-rigorous) classification of the simple modules appearing in the N = 1 minimal models was, of course, very
well known to physicists [4-6] and the celebrated coset construction confirmed their results for the unitary minimal models
M(p+, p+ + 2) [7]. However, rigorous proofs that included the non-unitary models remained elusive. Following Wang’s
explicit identification of Zhu’s algebra for the Virasoro minimal models [8], Kac and Wang conjectured the corresponding
result for the N = 1 minimal models [9], but were unable to provide a proof for the non-unitary cases. Subsequently,
Adamovié¢ [10] extended the coset proof to the non-unitary cases as a simple consequence of his classification [11],
obtained with Milas, of the simple modules of the admissible level ;\[(2) models. However, he only determined which

N = 1 modules appeared in the Neveu-Schwarz sector. The coset construction also produces the simple modules in
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the Ramond sector, but they were not considered because Zhu’s algebra cannot be used to determine whether one has
indeed found them all. The appropriate generalisation of Zhu’s algebra appeared shortly thereafter [12], but it seems that
a complete proof for the Ramond classification did not appear until [13].

Our classification proof applies to both Neveu-Schwarz and Ramond sectors and is not contingent on a coset con-
struction. As noted above, it instead relies on embedding the N = 1 vertex operator superalgebra into a free field vertex
operator superalgebra and using tools from the theory of symmetric polynomials to calculate within the latter. This con-
nection between symmetric polynomials and free field realisations originated in the work of Wakimoto and Yamada [14]
and was continued in [15-17], where it was used to derive compact formulae for singular vectors of various vertex oper-
ator algebras in terms of their free field realisations. However, the actual utilisation of these singular vector formulae for
classifying irreducible modules appears to be new.

Recently, there has been a resurgence of interest in using symmetric polynomials to construct singular vectors, particu-
larly for the N = 1 superconformal vertex operator superalgebras, thanks to the AGT conjectures [18]. In particular, there
have been two parallel developments that are closely related to the work reported here. One approach [19,20] uses a basis
of symmetric polynomials called Uglov polynomials [21], a specialisation of Macdonald polynomials that are similar to
Jack polynomials, and leads to singular vector formulae involving a single Uglov polynomial. However, this has thus far
only been studied in the Neveu-Schwarz sector. The other approach [22] instead works with superspace analogues of Jack
polynomials, called Jack superpolynomials, that directly incorporate anticommuting (Grassmann) variables. Singular
vector formulae have been conjectured in both the Neveu-Schwarz and Ramond sectors [23,24] and similar results have
recently been rigorously proved [25]. However, these formulae involve linear combinations of Jack superpolynomials.

Our work differs from these approaches in that we are not interested in explicit singular vector formulae themselves.
Rather, the point is to instead use implicit formulae for singular vectors to explicitly identify Zhu’s algebras for the
N = 1 superconformal minimal models and thereby classify the irreducible representations in the Neveu-Schwarz and
Ramond sectors. A simple corollary of this is the rationality of these minimal models. Moreover, we do not employ
Uglov polynomials nor Jack superpolynomials in proving the classification theorem, but instead find that the standard
Jack symmetric polynomials are sufficient. This does require some more sophisticated tools. In particular, our proofs rely
on the theory of negative parameter Jack polynomials associated to admissible partitions that was introduced by Feigin,
Jimbo, Miwa and Mukhin [26]. This aside, many of the arguments are still significantly more involved than one would
expect given the elegance of the arguments for the (non-super) Virasoro minimal models [1]. It will be very interesting
to determine whether our pure-Jack formalism can be generalised to accommodate Uglov and/or Jack superpolynomials
and thereby recover this expected elegance. We mention that the recent results of [25] show that the non-trivial singular
vector in the vacuum module can be expressed in terms of Jack superpolynomials. However, the calculations that connect
this expression to Zhu’s algebras turn out to be independent of the superspace construction (the anticommuting variables)
and reduce to those reported here.

This article is organised as follows. Section 2 begins with a review of the N = 1 universal vertex operator superalgebras
and their simple quotients, the N = 1 superconformal minimal model vertex operator superalgebras. This is followed by
a description of their standard free field realisations and an outline of the construction of screening operators, essential
for the singular vector computations to come. The section concludes with derivations of explicit formulae for certain
correlation functions, particularly those involving free fermions. Most of this material is standard, but is included for
completeness as well as to fix notation and conventions.

The main topic of Section 3 is an important ideal of the ring of symmetric polynomials that is intimately connected to
Jack polynomials that are labelled by a given negative parameter and the so-called admissible partitions. This is actually
a special case of a much more general picture that was introduced and studied in [26]. We begin by collecting a few
combinatorial results concerning admissible partitions that will be used in the calculations that follow. The main goal is to
express the free fermion correlation functions of the previous section in terms of Jack polynomials for certain admissible
partitions. The results are very elegant for the Neveu-Schwarz correlators, but their Ramond analogues are (perhaps
unsurprisingly) somewhat more complicated.



Section 4 then combines these expressions for the fermion correlators with the symmetric polynomial theory detailed
in [27] to identify Zhu’s algebra and its twisted generalisation for any N = 1 superconformal minimal model. These
identifications quickly yield the desired classification and rationality of the corresponding vertex operator superalgebras
in the Neveu-Schwarz and Ramond sectors, respectively. Generalising the point of view of [2, App. B], we explain in
Appendix A that the definition of twisted and untwisted Zhu algebras is nothing but an abstraction of the action of zero
modes on ground states. We also emphasise that a field only induces an element of a given Zhu algebra if it has a zero
mode when acting in the corresponding sector. It seems that this point of view is rarely made explicit in the literature. In
our opinion, this greatly obscures the underlying simplicity and utility of Zhu theory.

The actual calculation of the twisted and untwisted Zhu algebras for the N = 1 minimal models first notes that these
algebras are quotients of polynomial rings in a single variable. The goal therefore reduces to computing a single polyno-
mial for each. These polynomials may, in turn, be determined by studying which highest-weight vectors are annihilated
by the zero mode of a single (carefully chosen) null field. Our first result is that this null field may be constructed in the
free field realisation. The proof uses the Jack polynomial technology developed in Section 3. Our second result is that
the corresponding polynomials are in fact non-zero. This follows in the untwisted case from a quite general argument,
but the twisted version of this is considerably more involved and is instead proven as a corollary to the identification of
the untwisted polynomial. These results then allow us to attend to our main result, the actual identification of these poly-
nomials (which also requires the free field realisation and Jack technology). The calculations are notable for the fact that
the methodology does not appear to allow these polynomials to be computed directly, unlike the cases detailed in [1, 2].
Nevertheless, we are able to determine sufficiently many zeroes that complete identifications can be made by appealing
to an obvious symmetry property. It would be very interesting to determine whether these polynomials may be directly

determined by generalising to Uglov or Jack superpolynomials.
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2. N = 1 SUPERALGEBRAS AND THEIR CORRELATION FUNCTIONS

In this section, we recall several well known results concerning the N = 1 vertex operator superalgebras and their free

field realisations. This also serves to settle notation and conventions for the sections that follow.

2.1. N = 1 vertex operator superalgebras. The N = 1 superconformal algebras are a pair of infinite-dimensional
complex Lie superalgebras parametrised by a label € € {0, %}:
soire = (P CL, & P CG, ® CC. 2.1)
nez meZ+e
This defines a vector space direct sum decomposition into an even (bosonic) subspace, spanned by the L, and C, and an
odd (fermionic) subspace, spanned by the G,,. The superalgebra with € = % is known as the Neveu-Schwarz algebra [28]
and that with € = 0 is the Ramond algebra [29]. The defining Lie brackets of both are given by

1
[Lin, Ly] = (m = n)Lypiy + E(nf — M)Smin0C,

1 m,n €7,
(L, G/l = <2m - V) Gnirs (2.2)
rSEZ+E,

1 1
(G, G5} =2L,5 + g (rZ - 4>6r+s,0C7

and C is central. We identify C with a multiple of the identity, C = c - id, when acting on modules and refer to the number
¢ € C as the central charge. Modules over the Neveu-Schwarz algebra are said to belong to the Neveu-Schwarz sector,
while modules over the Ramond algebra belong to the Ramond sector.
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For reasons coming from physics (which are discussed at the end of this subsection), we shall require that all superal-
gebra modules are Z,-graded, meaning that they admit a vector space direct sum decomposition into an even and an odd
subspace. This decomposition must be compatible with that of the superalgebra so that the action of an even superalgebra
element preserves the even and odd subspaces of the module, while the action of an odd element maps between these two
subspaces. It follows that there is an ambiguity in imposing this structure on a given indecomposable module over the
superalgebra, even once the vector space decomposition has been agreed upon, because we may swap the even and odd
subspaces with impunity. In general, each indecomposable superalgebra module therefore comes in two flavours, isomor-
phic as modules but not as Z,-graded modules, which only differ in the global choice of parity. Given a superalgebra
module, we shall refer to the module obtained by swapping its even and odd subspaces as its parity reversal. Of course,
it may happen that a module and its parity reversal are isomorphic as Z,-graded modules.

Recall the standard triangular decomposition of the Neveu-Schwarz algebra:

soiry), = D CL.y ® @ CGup,  svin)), = CLy® CC. (2.3)

n>0 m>0

Writing svit$), = svir], & st} ,, the Neveu-Schwarz Verma module

MY, ¢) = Ind™™ N(h, ¢) (2.4)

soity

is induced from the 1-dimensional snirf/z—module N(h, ¢) = CQy, . characterised by the parity of the generating vector €, .
being even and
L()Qh’c = th,m CQ/,,C = CQh,C, snirf/z Qh,c =0. (25)

There are, in addition, parity-reversed Neveu-Schwarz Verma modules that are induced from an odd vector. Note that
Neveu-Schwarz Verma modules are never isomorphic (as Z,-graded modules) to their parity-reversed counterparts. By
the structure theory of these modules [30], this also holds true for Neveu-Schwarz highest-weight modules.

The construction of Ramond Verma modules is slightly different as the decomposition

soitg = @) CLey ® @ CGam,  svir) = CLy & CGo & CC (2.6)

n>0 m>0

is not a triangular decomposition of the Ramond algebra, because svir) is not abelian. However, we may proceed instead

via generalised Verma modules which are induced from an arbitrary simple svir)-module. The following classification

follows easily from the fact that GZ = Lo — 2—14C (in the universal enveloping algebra).

Proposition 2.1. The finite-dimensional, Z,-graded, simple snirg-modules are classified by the unique eigenvalues h and

¢ of Ly and C, respectively, and the global parity.

o Ifh # 57, then there is exactly one such module (up to isomorphism), denoted by R(h,c). Its dimension is 2 and it is
isomorphic to its parity reversal.
o If h = 53, then there are exactly two such modules (up to isomorphism): R(c/24,c) and its parity reversal. Their

dimensions are 1.

For each &, ¢ € C (and each choice of global parity), we may extend R(A, ¢) to an svirg-module and then induce to obtain
the Ramond Verma module
MR(h,¢) = Indzg‘;% R(h, ¢). (2.7)
Ramond Verma modules with & # 57 are always isomorphic to their parity-reversed counterparts, while those with 2 = 57
never are. Again, this statement also holds for Ramond highest-weight modules [31].
For h = 0, the Neveu-Schwarz Verma module MNS(0, ¢) is reducible and the singular vector G_;,,€ generates a

proper submodule. We denote the quotient by
MNS(0, ¢)
(G_1290,) "

It carries the structure of an N = 1 vertex operator superalgebra.

V(e) = (2.8)



Definition 2.2. The universal N = 1 vertex operator superalgebras are the unique vertex operator superalgebras that are
strongly generated by an even field T (z) and an odd field G(z), have defining operator product expansions
c/2 2T (w) oT(w)

@-w?* (@-w? (z-w)’

3G(w) L 9Gw)
@-w?  z-w’

2¢/3 2T (w)

+ >

z-wy  z-w

T()T(w) ~

T(2)Gw) ~ (2.9)

G()G(w) ~

and satisfy no additional relations beyond those required by the vertex operator superalgebra axioms. These vertex

operator superalgebras are parametrised by the central charge c € C.

We recall that a vertex operator superalgebra is strongly generated by a set of fields if any field of the vertex operator
superalgebra may be written as a normally ordered polynomial in the fields of the generating set and their derivatives. In
particular, since the fields 7'(z) and G(z) of the universal N = 1 vertex operator superalgebra V(c) satisfy no relations other
than the operator product expansions (2.9), the set of all normally ordered monomials of derivatives of 7(z) and G(z) form
a basis of V(c) (after also imposing a Poincaré-Birkhoff-Witt ordering on the monomials).

The operator product expansions (2.9) imply that the modes of the Laurent expansions

T() =Y Lz"?% G@=) Gz (2.10)
nez nezZ+1/2

satisfy the commutation relations (2.2) of svir;/,. Indeed, as an svir;,-module, this universal vertex operator superalgebra

is isomorphic to V(c¢) and so we will denote it by the same symbol.

Proposition 2.3 (Astashkevich [30]). The universal N = 1 vertex operator superalgebra \(c) contains a proper non-

trivial ideal if and only if
2
_3(17— P+) ’ 2.11)
P+P-

for some positive integers py and p_ satisfying p— > p. > 2, p_ — p+ € 2Z and gcd{%(p_ — p+), p-} = 1. For these

| W

C=Cp.p. =

central charges, the maximal proper ideal is simple and it is generated by a singular vector x,, p_ of conformal weight
2+ = D(p- = D).

Note that the ordering p_ > p. is not required, but we shall assume it for later convenience.

Definition 2.4. For p, and p_ satisfying p- > p. =2, p_ — py € 2Z and gcd{%(p, — p+), p-} = 1, the minimal model
N = 1 vertex operator superalgebra M(p., p_) is defined to be the unique simple quotient of the universal N = 1 vertex

operator superalgebra V(c,, , ) by its maximal proper ideal:

\Y
M(ps. p_) = <(C’”’>) 2.12)
P+:P-

We conclude by formalising the type of modules (and twisted modules) that we wish to classify. As noted above, we
insist that all modules possess a Z,-grading that is consistent with that of the superalgebra. This is required for many
conformal field-theoretic applications including those that require fusion or modular transformations (supercharacters).
Indeed, for (super)characters to exist, we must also require the finite-dimensionality of the generalised eigenspaces of L

(this, in turn, implies that any Jordan blocks for Ly have finite rank). We therefore make the following declaration:

Unless otherwise noted, all (twisted) modules M over a vertex operator superalgebra shall be understood to be
o finitely generated;

e 7Z,-graded, in the sense described above;

o adirect sum M = @, M,, of finite-dimensional generalised Ly-eigenspaces M, of eigenvalue n.

In what follows, we shall generally only qualify modules explicitly as being Z,-graded, for brevity.

We emphasise the imposition of the lower bound % on the eigenvalues of Ly on M. This serves to guarantee that a non-

zero module will possess vectors of minimal Ly-eigenvalue and thus will yield a non-zero module over the corresponding
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Zhu algebras (see Appendix A). The lower bound on the conformal weight also guarantees that the action of a field on a

module element is a formal Laurent series, compatible with the requirements of operator product expansions.

2.2. The free field realisation. In this section we define the free boson and free fermion vertex operator superalgebras
and embed the universal N = 1 vertex operator superalgebra V(c) into their tensor product. Such an embedding is called
a free field realisation of V(c).

2.2.1. The Heisenberg algebra V). The Heisenberg algebra is the infinite-dimensional complex Lie algebra

h=EPCa, @C1, (2.13)
nez
whose Lie brackets are
[am,a,] = m6m+i1,017 m,n € Z. (2.14)

The element 1 is central and will always be identified with the identity when acting on an h-module.!
The Heisenberg algebra admits the triangular decomposition
b* =P Cawn, 1’ =Cag®Cl, (2.15)
n>0

which we shall use to construct Verma modules. Writing h> = h* @ 1° as usual, we define
¥, =1Ind). C|p), peC, (2.16)
to be the Verma module induced from the 1-dimensional h>-module characterised by

aolp) = p|p), 1|p)=|p), b*|p)=0. (2.17)

Verma modules for the Heisenberg algebra are always simple and are also known as Fock spaces.

Definition 2.5. The Heisenberg vertex operator algebras H(ap), also known as the (deformed) free boson, are the unique

vertex operator algebras that are strongly generated by a field a(z), have defining operator product expansion

a(z)aw) ~ (2.18)

1
(z=w)*’
and satisfy no additional relations beyond those required by the vertex operator algebra axioms. These vertex operator

algebras are parametrised by ay € C which determines the choice of energy-momentum tensor:
1
T = 5 a@) + %&l(z), a € C. (2.19)
The central charge is ¢'® = 1 - 3a3.

The operator product expansion (2.18) implies that the modes of the Laurent expansion
a@@) =Y a,z""! (2.20)
nez
satisfy the commutation relations (2.14) of the Heisenberg algebra f). As h-modules, the H(a) are isomorphic to Fy, for
all @y € C. Note that the choice of energy momentum tensor (2.19) turns the Fock spaces J, into Virasoro modules via

1 a
L= ;Z A’ — 70(}1 + Da,. (2.21)

This action determines the conformal weight of the highest-weight vector | p> €J,tobe h, = % p(p — ap).

2.2.2. The free fermion algebras f.. The free fermion algebras are a pair of infinite-dimensional complex Lie superalge-

bras parametrised, as with the N = 1 superconformal algebras, by € € {0, %}:

fe = @ Ch, ® C1. (2.22)

nezZ+e

Iprovided that the central element acts non-trivially, the generators a, can always be rescaled so that the central element acts as the identity on a simple
module.



The Lie brackets are
{bim, bn} = Opanl (2.23)

and 1 is again central and will be identified with the identity when acting on f-modules. As with the N = 1 superconformal
algebra, the f;/2-modules constitute the Neveu-Schwarz sector and the fp-modules the Ramond sector.

The free fermion algebra f;/, admits the triangular decomposition

fin =@ Chun, 1),=Cl, (2.24)

n>0

leading, via flz/z = TT/z ) f(l) /20 tO the Neveu-Schwarz Verma module
5N = Ind}” C|NS). (2.25)
Here, C|NS> is the 1-dimensional ff/z—module characterised by ‘NS> having even parity and
1|NS) = [NS), §},|NS) =o0. (2.26)

This Verma module, together with its parity-reversed counterpart, are simple and are the only Neveu-Schwarz Verma
modules. They are called Neveu-Schwarz Fock spaces.

The algebra fy similarly admits a generalised triangular decomposition

fs = @ Chbuns o =Cho@Cl (2.27)

n>0

in which {by, by} = 1. There is a unique simple Z,-graded ’fg—module C‘R> @ Cb0|R> on which 1 acts as the identity. In
particular, this module is isomorphic to its parity-reversed counterpart. Extending this to a module over f = i @ f), by

letting f§ act as zero, the corresponding generalised Verma module is
FR = Indgg(c\m ® Cho|R)). (2.28)
0

This generalised Verma module is also unique (hence invariant under parity reversal). It is simple as a Z,-graded fp-module

and is called the Ramond Fock space.

Definition 2.6. The free fermion vertex operator superalgebra F is the unique vertex operator superalgebra that is strongly

generated by an odd parity field b(z), has the defining operator product expansion
1
b()b(w) ~ ——, (2.29)
Z-w

and satisfies no additional relations beyond those required by the vertex operator superalgebra axioms. The energy-

momentum tensor is

1
1) = 5 :0b@)b(2): (2.30)
and the central charge is ¢ = %

The modes of the (generalised) Laurent expansion

b) =Y bz "? (2.31)

nezZ+e

satisfy the commutation relations (2.23) of the free fermion algebra f.. As an f;/,-module, F is isomorphic to FNS,

2.2.3. Realising the universal N = 1 vertex operator superalgebras. Although neither H(a) nor F contain an N = 1
vertex operator superalgebra individually (for instance, neither has a primary field of conformal weight %), their tensor
product HF(ap) = H(ap) ® F does.

Proposition 2.7. Whenever a3 = % — 3, there exists an embedding of vertex operator superalgebras \V(c) — HF(ao) that

is uniquely determined by the assignment
1 1
T(z) — 3 :a(z)a(z): + %aa(z) + 3 :0b(D)b(2):, G(z) — a(2)b(2) + apdb(z). (2.32)

We omit the tensor product symbols for brevity, identifying a with a ® 1 and b with 1 ® b.
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Proof. The image of T is T + T(™, the standard choice of energy momentum tensor for the tensor product of vertex
operator superalgebras. By explicit computation, one verifies that the images in (2.32) satisfy the operator product expan-
sions (2.9) with ¢ = % — 3a}. The assignment (2.32) thus induces a vertex operator superalgebra homomorphism. This
homomorphism is obviously an embedding when V(c) is simple. When V(c) is not simple, hence ¢ = ¢, ,  for some

integers p., p_ satisfying p_ > p, > 2, p_ — p, € 2Z and ged{p,, "} = 1 (Proposition 2.3), this follows easily from

a result of Tohara and Koga [32, Theorem 4.1]. In detail, HF(ay) is isomorphic to To @ TS asa h® f ,2-module and
(2.32) endows the latter with the structure of a svir;,-module. Iohara and Koga determined this structure, showing in
particular that the V(c)-submodule generated by ’O> ® ’NS> is, for ¢ = ¢p,, ,,_, a length 2 highest-weight module whose
socle is generated by a singular vector of conformal weight greater than % This submodule is clearly the image of the
homomorphism (2.32) and standard highest-weight theory proves that it is isomorphic to V(c,, ,_). Thus, (2.32) induces

an embedding and the proof is complete. ]

Remark. The non-trivial part of this proof is to show that, for minimal model central charges, the image of the singular
vector xp, p. € V(cp, p_) is non-zero in the free field realisation. This non-vanishing is crucial for what follows as we shall

construct this image, rather than xp, ,_ itself, and use it to classify the modules of the minimal model.

Now that we have established that V(c) embeds into HF (), we will identify the fields of V(c) with their images under
(2.32) in HF (). From here on, we will assume that a determines the central charge ¢ = % - 3a3.
The tensor product modules
S =5,8F, Fi=F,8F%; peC, (2.33)

are HF(a()-modules and so are also V(c)-modules. Their highest-weight vectors, denoted by

piNS) = |p)® NS), |p:R) =|p)®|R), (2.39)
have conformal weights
1 1 1
Iy = 3p(p—ao),  hy = Sp(p—a0)+ ¢, (2.35)

respectively.

2.3. Screening operators. A special feature of the Heisenberg algebra is that it allows one to define so-called vertex
operators. These, in turn, allow one to construct screening operators for the (non-super) Virasoro minimal models [33,
34]. This construction was generalised to the Neveu-Schwarz and Ramond algebras in [5, 35,36]. We summarise this
generalisation here, following [32].

Extend the Heisenberg algebra by by a generator a satisfying the relations
lam,al = 6mo, [a,1]=0. (2.36)

A vertex operator is the operator-valued formal power series

V,(z) = ePiz® H [exp (paﬂzm) exp (—pa—mz_mﬂ, (2.37)
m>1 m m
which defines a linear map
V,2): Fy = Fpaglz '] 27, (2.38)

after identifying e ’q> with | p+ q>. Note that we have grouped the factors of the product such that the exponentials
within the square brackets commute for distinct values of m. For later use, we record that the composition of k vertex

operators is given by

k k k
N ) a_m, m am —-m
Vi, (z1) - Vp (z0) = eaZfllpi | | (zi — 2;)PPi - | |lezfl0 . | | [exp(m Zpizi > exp (—m Zpizi )] . (2.39)
1 i=1 i=1

1<i<j<k i= m=1

A standard computation reveals that the vertex operators V,(z) are primary fields of the free boson vertex operator
algebras H(ay), of Heisenberg weight p and conformal weight h,, = % p(p — ap):

hpV,(w) N aV,(w)

(@) ~
TRV, ) ~ T+ T

a(z)V,(w) ~

PZVf(::), (2.40)



The vertex operators of immediate interest here are those with 4, = % since they are the building blocks of the screening

operators introduced below. This quadratic equation has solutions

1
p=a+=2<aoi a%+4>, (2.41)

which satisfy ,a- = -1 and a; + - = ap.

Remark. For the central charges c,, ,_ of the N = 1 minimal models, we may take the free field data to be

P- P+ pP-— D+
= al=— B = 22 (2.42)
! P+ p- \P+P-

Of course, we may also swap p, and p_ in these formulae.

Definition 2.8. A screening field for a free field realisation ' < W is a field of the free field vertex operator superalgebra
W, that is, a field corresponding to a vector in a module over W, whose operator product expansions with the fields of VV

have singular parts that are total derivatives. It suffices to check this for the generating fields of V.

Proposition 2.9. Both

Q,(2) = b(z)Va,(z) and Q (z) = b(2)V,_(2) (2.43)
are screening fields for the free field realisation (2.32) of V(c) in HF (ag):
Tt ~ 022 G0 w) ~ . (2.44)

Z=w ar 7w
The appeal of screening fields for a given free field realisation V — W is that their residues, when well defined,
commute with the action of V. These residues, referred to as screening operators, therefore define V-module homomor-
phisms. In particular, they map singular vectors to singular vectors (or zero) and are thus a convenient tool for explicitly
constructing singular vectors of V-modules.
Consider the following composition of k screening fields Q..(z):

k

Qu(z) - Qulz) = bz) -+ blzy) € ] (@ — 2 - T [ 2=

1<i<j<k i=1

. H [exp (a+a"” Zk:z;") exp <—a/+a’” izi’")] . (2.45)
m>1 m i3 ms
This differs from the analogous compositions required for non-supersymmetric vertex operator algebras [1, 2] in that
permuting fermions is skew-symmetric, rather than symmetric, which is problematic if one intends to apply symmetric
function techniques. This can easily be remedied by factoring out the Vandermonde determinant A(z) = [ ] ;<< (zi — 2)):

[TG-2)% =20 @-2)%" = A [ ] @ - z) "2 (2.46)

1<i<j<k 1<i<j<k 1<i#j<k

(we have suppressed a complex phase in the second equality). Noting that (a2 — 1)/2 = —ag/2ax, this allows us to rewrite
(2.45) in the form

N 7;\ ~@0/2ax k ) 1) (2 —1)/2
Qi(Z])”'Qi(Zk):ekaiaH (1_71) HZ:Y ap+(k=1)(az 1)/

1<i#j<k Zj i=1

k k
A@bGE) b [] [exp (a“m’" ZZE") exp (—af;’j Zz;’“)] . (247)
i=1

m>1 i=1
where the skew-symmetry of the fermion fields is now countered by that of A(z).

To define screening operators as integrals of compositions of screening fields, there need to exist cycles over which to
integrate. The obstruction to the existence of such cycles lies in the multivaluedness of the second product of the right-
hand side of (2.47). If the exponent a.ag + (k — 1)(ai —1)/2 evaluates to an integer, when we act on a Neveu-Schwarz free
field module }FES (so ag is replaced by g), then there exists such a cycle I'(k, ag), generically unique in homology (up to
normalisation) and constructed in [34]. These cycles are homologically equivalent to the cycles over which one integrates
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in the theory of symmetric polynomials to define inner products — see [3, Sec. 3] for details. The actual construction of
the cycles I'(k, a) is rather subtle and we refer the interested reader to [34] for the complete picture.

We mention that when acting on a Ramond free field module R, the cycles I'(k, @) exist when a.q + (k — 1)(ai -1)/2
evaluates to a half integer (to compensate for the half integer exponents of the free fermion fields). However, screening

operators between Ramond free field modules shall not concern us in what follows.

Definition 2.10. For u = %(1 -kbas + %(1 — k — 20)as, where k and € are integers and k > 0 is positive, the screening

operator QM. F'EIS Fz’fka is well defined as the V(c)-module homomorphism defined by

ol = / Q.(z1) - Qu(zp) dzy - - - dzg, (2.48)
T'(k,a0)

meaning that the cycle I'(k, ag) exists. We choose to normalise this cycle such that

g i\ 2az dz, ---d
/ T (1 —5) [ B (2.49)
J (k) 1<i#j<k Zj 212k

We shall lighten notation in what follows by suppressing the cycle I'(k, @) in all integrals.

Remark. As previously stated, the two factors A(z)b(z1) - - - b(z;) and

11 |f:xp( Zz’”) exp< é ””)] (2.50)

m>1

that appear on the right-hand side of (2.47) are both invariant under permuting the z;. The action of the screening

operators O™ can thus be evaluated using the well studied family of inner products of symmetric polynomials defined by
- dzx

; _ _ dzy -
toi= [ 11 ( Z‘) S g ) T, 251)

1<i#j<k Zj 12k

where f and g are symmetric polynomials and t € C \ {0}. The Jack symmetric polynomials P, (z) are orthogonal with

respect to the inner product labelled by t — see Section 3 for more details on the role that Jack polynomials will play here.

2.4. Correlation functions. In this section, we review some standard results about correlation functions for free bosons

and fermions that will be important in later sections.

2.4.1. Heisenberg correlation functions. Let F, be the graded dual of the highest-weight h-module F,. Then, F), is a

lowest-weight right h-module generated by a lowest-weight vector < p| satisfying

{plp) =1, (p[p~=0. (2.52)

It is convenient to extend the domain of the functionals in F, to all Fock spaces ¥, g € C, but to have them act trivially

unless g = p.

Definition 2.11. Let B be any combination of normally ordered products of free bosons a(z), vertex operators V ,(z) and
their derivatives. The free boson correlation function in F, is then defined to be (p|B|p).

Proposition 2.12. The correlation function of k vertex operators is given by

(PIVi @)V @)|P) = praeimen | [ @ — 2P l‘[z””‘ (2.53)

1<i<j<k

Proof. This follows directly from the vertex operator composition formula (2.39),

(p|Vpz) - Vypo|p)y =] @ -z - Hzp”’- {plp+pi+-+pi) (2.54)
I<i<j<k

and noting that (p|p + p1 + - + pr) = 6p setp0- n

2.4.2. Free fermion correlation functions. Let (S"NS)* and (STR)* be the graded duals of ™ and JR, respectively, and
let <NS| and <R| be the respective dual lowest-weight vectors:

(NS|NS) = (R[R) =1, (NS|ij, =0, (R|i;=0. (2.55)
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Definition 2.13. Let F be any combination of normally ordered products of free fermions b(z) and their derivatives. The

free fermion correlation functions <F > and <F > R are then defined to be

(F)ys = (NS|FINS). (F), = (RIF[R). @50

Often, free fermion correlation functions can be conveniently expressed in terms of pfaffians. The determinant of a
skew-symmetric matrix A = —AT can always be written as the square of a polynomial in the coefficients of A. This
polynomial is, up to an unimportant sign ambiguity, the pfaffian pf(A) of A. For later convenience, we give two equivalent

definitions.

Definition 2.14. Let A be a 2n X 2n skew-symmetric matrix, so that A is uniquely determined by its upper-triangular
entries A; j, i < j. We shall write A = (A, j)1<i<j<on to indicate a skew-symmetric matrix A with given upper-triangular

entries.

(1) Define the pfaffian of the 0 X 0 matrix to be 1. The pfaffian of A can then be defined recursively by

2n
pE(A) = ) (D) UTA, (A ), 2.57)
=1
where the row index i may be chosen arbitrarily, A;; denotes the matrix A with the i-th and j-th rows and columns

removed, and

1 ifx>0,
0(x) = (2.58)
0 ifx<0
is the Heaviside step function. In particular, i = 1 gives the simplified formula
2n )
pf(A) = ) (—1)A; ;pf(A; ). (2.59)
j=2

(2) Alternatively, an explicit definition of the pfaffian is

pf(A) = ) sgn(@) [ JAvei-n.ons (2.60)
oell i=1
where 11 is the set of all permutations of the set {1, ...,2n} that, in Cauchy notation, can be written in the form
1 2 3 4 ... 2n-1 2n . . L .
o=\ . ) |, i<ir <<, ik < i (2.61)
h g 2 g2 ... In Jn

Note that this implies that i} = 1.

Proposition 2.15.

(1) The correlation function of an odd number of free fermions is zero in both the Neveu-Schwarz and Ramond sectors.

(2) In the Neveu-Schwarz sector, the correlation function of 2n free fermions is

1
(b(z1) -+ b(zon) ) g = PF ( ) ) (2.62)
% = %)/ 1<i<j<on
(3) In the Ramond sector, the correlation function of 2n free fermions is
2n
_ i+ 2
(@) bz = 27" [ [ -pf(ZZ’) : (2.63)
i=1 2i = 2j /) 1<icj<on

Proof. A correlation function vanishes if its argument is odd, thus for an odd number of fermions, proving (1).
We prove (2) inductively using the recursive definition of the pfaffian. For n = 0, the correlation function reduces to
<NS |NS> = 1, in agreement with (2.62). For n > 0, we expand b(z;) and then commute its modes to the right:

(b(z1)bzan) g = 3 (NS|bub(z2) -+ - blz24) NS )z 1/
m>1/2

2n
= Y D/(NS|b(z2) -+ b(z)) - bzan)|NS) Y 7" 222
j=2

m>1/2
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— 2( 1)/

As in Definition 2.14, hats denote omission. Formula (2.62) now follows inductively from (2.59).

b(zob(m +b(z)) - bl22n) - (2.64)

Proving (3) requires a little more work. Define

2n
fo@rzan) = 2" T T (b)) - b(zan) ) (2.65a)
i=1
2n 2
g, za) = Tim [0 = 2 (bobe) -+ blzan) )y (2.65b)
i=2

and note that fy = 1 and fi(z1,22) = % These form the base cases for the assertion that

Zi+2;
Jo(2ts e s200) = pf< j) > (2.66)
4=z 1<i<j<2n
which we shall prove by induction on 7.
Assume therefore that n > 2 and that
Zit 3 73+ 25
oot @1 220) =pf<’> = }:( 1y ez (2.67a)
T2/ 3<icj<on j=4 3~
using (2.59), from which it follows that
8n1(Zas oo 200) = Z( VY fra(zas oy 25y 200)s (2.67b)
j=4
using (2.65b). If we could show that
gn(ZZ’ e ,ZZn) = Z(_l)jﬁlfl(a9Z27 e ’2} e ,ZZn), (268)
j=2

then we would be able to prove (2.66) by expanding b(z;) in (2.65a) as follows:

2n 2n
fa@reeeozon) = 2 [ T2 - (bob(z2) - b(zan) ) + 2" [ T 277+ Y (bmb(z2) -+~ Blz2n) ) 21"

i=2 =2 m>1

2n 2n
= gz, .22 + 2" Y (-1 [ 2% - (bz2) - b(z)) - blzan) )
2 i “ _Zf
i#]

fn 1(219225-”72;7""Z2n)

2n
=Z<—1)fﬁ1_1<a,m,...,2,~... m)+2( N

+2Zj ~ Zi+ 27
= Z( 1)’ jfn 121,22, 3 Zjs e n 20n) = pf(’> . (2.69)
1<i<j<2n

Zi—Zj

Here, we have also used (2.59), (2.65) and (2.67).
To complete the proof, we therefore need to show (2.68). By expanding b(z,) in (2.65b) as before, we arrive at

8n(22s ... 200) = fa1(23, ..., 200) + Z( 1! gn 1235+ 5 Zjs o+ 220)- (2.70)

Using the assumption (2.67b), the second term on the right-hand side can be brought to the more symmetric form

2n 2n

Z —~ ~
Yo Y (e ” fn 2230 s Zja e s Thr - Z2n). (2.71)

3 k=3
= k#j
The Heaviside function here arises because z; is omitted. It is important because it implies that the above double sum

, k) = (r, s) cancels that with (j, k) = (s,7), for r # s.




2z/

Because of this, we are free to add 1 to thereby replacing it by Z%; Comparing with (2.67a), in the form

2-7;°
2n
~ i146(i—ln 22 T Zj ~ ~
f;l—l(ZZ,...,Zk,...,Zzn):Z(_l)'l +(j )ﬁfn—Z(ZS,-~~7Zj,-~,Zk7-~-22n)a (2‘72)
Jj=3 2 7%
Jj#k

we can rewrite (2.70) as

2n
-~ k ~
en(z2, ..., 220) = fuo1(22,23, .-, 200) + 2 D fom1(z2y oo 5 Zhs -5 220)
=3

2n
=) DM@ 2o Zn e 220, (2.73)
k=2
which is (2.68). [ |

3. FROM FERMIONIC CORRELATORS TO JACK SYMMETRIC FUNCTIONS

In this section, we relate the free fermion correlators that were just calculated to Jack polynomials. The latter turn out
to be unusual in that their parameter is —3. Such negative rational parameters are usually not permitted because they lead
to singularities in the definition of Jack polynomials (with their standard normalisations [27]). In [26], Feigin, Jimbo,
Miwa and Mukhin showed that Jack polynomials with negative rational parameter are well defined only for special, so-
called admissible, partitions. Moreover, these admissible Jack polynomials were found to span a certain ideal of the ring
of symmetric polynomials. We review this theory and then show how these results enable one to derive useful identities
relating free fermion correlators and Jack symmetric polynomials. These identities will be crucial for the classification
results of the next section.

The standard reference for symmetric functions and polynomials is Macdonald’s seminal book [27]. There, the theory
of Jack symmetric functions and polynomials is deduced, sometimes implicitly, from that of the more general Macdonald
functions and polynomials. A short explicit summary of the properties of Jack symmetric functions that we shall require
may also be found in [2, App. A].

3.1. Admissible partitions. We begin by discussing an important class of partitions, a special case of that introduced
in [26], establishing the basic properties that we shall later need.

Definition 3.1.

o Let mp be the set of partitions of all integers whose length is at most €. A partition A € np is admissible if
A=A >2, 1<i<t-2. (3.1)

Note that a partition whose length is strictly less than € is understood to be padded with zeroes so that A, = 0.
o Fort{>2andny,ny € Zsuchthat 0 < ny < n; < ny +2, denote by 5O(ny, ny) € mp the admissible partition whose parts
are

8O na)ey =nis 8P m) =nm; 6P m); =6, m)n +2, 1<i<l-2; (3.2)

that is, 6Oy, ny) = [...,n +4,mp +4,n; +2,ny + 2,11, na].

Thus, 6)(ny, n,) is the unique, minimal weight, length (at most) ¢, admissible partition whose last two parts are 7; and 7,
(in that order). Its weight is

Yeny + Leny + Le(t - 2), if ¢ is even,

1601, m)| = (3.3)
L=y + 3+ Dy + $(0 = 1%, if €is odd.

A partition A is said to be bounded from above by another partition u if 4; < y;, for all i (appending zeroes to the end of
A if necessary). This relation will be denoted by 4 C u. In this circumstance, one also says that u is bounded from below
by A. For example, 6(0, 0) bounds every admissible partition in 7, from below. The more familiar dominance ordering,
wherein A is dominated by puif Ay +--- + A; < yuy + -+ + w;, for all i, only applies to partitions of equal weights and will
be denoted by 1 < u.
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Lemma 3.2. If{ > 2 and u € ny is dominated by the admissible partition 5 (m, m), for some m > 0, then

(1) for € = 2n even, the parts of u satisfy ppj1 2m+n—jand ;> m+n— j, for1 < j<n;

(2) for £ =2n—1 odd, the parts of  satisfy ppj1 2m+n—j, for1 < j<mandpj>m+n—j—1for1 <j<n-1.

If u is instead dominated by any admissible partition A which is bounded from below by §©(m + 1, m), then

(3) for € = 2n even, the parts of u satisfy ppj1 2m+n—j+landuj >m+n-— j, forl < j<n;

(4) for € =2n—1 odd, the parts of u satisfy pzj_1 2m+n—j forl < j<n andpj>m+n—j forl <j<n-1

It is useful for the proof to first note that the admissible partitions 6‘”(0,0) and 6‘”(1, 0) have the following parts:
830,001 = 67(0,0)5; = 82 7V(0,005,4 =201~ ). 6*7V(0,0); =2~ j -1 6010y =i (34

We also recall the convenient notation [m¢] for a length ¢ partition, all of whose parts are m.

Proof. The four estimates on the parts of u all follow from the same argument. So, let § be either 89(1,0) or 69(0,0),
A2 6+ [m‘]and u < A. In case § = §9(0,0), we should take A = & + [m’], but this does not affect the proof. Since the
parts of u are weakly decreasing and u < A, we have

{ € 4 t
C—i+ D=2 =) A=) (m+6)=(C—i+Dm+) 6 (3.5)
k=i k=i k=i k=i

The four estimates now follow by evaluating the sum on the right-hand side.

We show the first explicitly. Writing i = 2j — 1 or i = 2, the sum evaluates to

2n 2n
L 00,00 =20 = j+ D=y or Y 00,00 = @n=2j+ Din =)= (n- ), (3.6)
k=2j-1 k=2j

respectively. The inequality (3.5) therefore yields

2(n—j+ Duzjr 2 2(n = j+ D - j),

Gn=2j+ Dy = @n=2j+ D= p—ujy . IIEENT o
as required. The remaining estimates follow similarly. ]
Lemma 3.3. Let € be a positive integer. Then, for every integer k satisfying

160,0)] < k < [6(1,0)|, (3.8)

there exists exactly one admissible weight k partition A € n; satisfying §©(0,0) € A € 69(1,0). Furthermore, the only

admissible partition in 7, dominated by A is A itself.

Proof. Since A is bounded above and below by 6/”(1,0) and 60, 0), respectively, its parts must satisfy

2n=2j+12 ;-1 22n-12j, 2n—2j2 A; 2 2n-12j, if £ = 2n;

M—2j> Ay 22n—2j, 2m—-2j-12A;=2n-2j-2, ifl=2n-1. G5
Every part whose index has the same parity as ¢ is thus fixed, while every other part is constrained to take one of two
possible values. Moreover, if A; takes the larger of its possible values, for some i, then 4;_, must also take the larger of
its possible values, because admissibility requires that 4;_, — A; > 2. It follows that for those parts for which there is a
choice, there exists an integer m, with 0 < m < | £/2], such that the first m parts take the larger value, while the remaining
L€/2] — m parts take the smaller value. Clearly, this gives exactly |£/2] + 1 possibilities for A, one for every weight |1| = k
between |5(0,0)| and |6)(1,0)|.

Now, fix one such A and assume that there exists an admissible partition u € m, that is strictly dominated by A, thus
lul = |4l and g < A, but y # A. Let i be the minimal integer such that y; < A;. Since ¢ and A are both bounded below by
5©(0,0), we must have A; = 6(1,0); and y; = 62(0,0);. As u is admissible, it follows that Hj= 500, 0); < 4y, for all
j > i. This, however, implies that |u| < |4|, a contradiction. [ |

Definition 3.4. Given 0 < m < |£/2], denote by €©(m) the unique admissible partition of length (at most) € and weight
k= |6([)(0, O)| + m that is bounded below by §©(0,0) and bounded above by 6©(1,0), as in Lemma 3.3.



We remark that the parts of these partitions are given by

5O(1,0), ifi<2m,
eOm),; = (3.10)
6©¥(0,0);, otherwise
and that the parts of 6?(0, 0) and 6“(1, 0) were given in (3.4). To illustrate this, suppose that £ = 6 so that
5©(0,0) = [4,4,2,2,0,0] and 69(1,0) = [5,4,3,2,1,0]. (3.11)
It is easy to check that the admissible partitions A € 74 satisfying 6 (0,0) € A € 6©(1,0) are
A=12: A1=1[4,4,2,2,0,0] = €9(0), I =14: 1=[54,3,2,0,0] = €9(2),
(3.12)

IA=13: 1=[54,2,2,0,00=€®1), |A=15: A1=[5,4,3,2,1,0] = €9(3),

in accordance with Lemma 3.3.
To formulate the next result in a concise way, we introduce the following compact notation. Consider a partition y with

at most ¢ parts and let n be an integer such that n > y;. Then, we set

[n—pl=[n—pen—pey,...,n—pul (3.13)

Since the parts of u are subtracted in reverse order, the parts of [n — u] are weakly decreasing. Thus, [n — u] is a partition
and its weight is n¢ — |u.

Lemma 3.5. Ifn > u, then u is an admissible partition if and only if [n — u] is.

Proof. Since the map y — [n — u] is an involution on the set of partitions of length at most ¢ with first part bounded by n,

it is sufficient to merely check the “if” part. Let v = [n — ] and assume that y is admissible. Then,

Vi—Viep = (M — o) —(M—pe—io1) = fe—ic1 —Hein1 22, 1<i<€-2, (3.14)
and, thus, v is admissible. [ ]
3.2. Jack symmetric polynomials at 1 = —3. We now turn to the relationship between admissible partitions and Jack

symmetric polynomials P, recalling that the latter are parametrised by partitions A and a complex parameter 7. It is
common to exclude the case where 7 is rational and negative because the definition [27] of P/, as a linear combination of
monomial symmetric functions m,, with ¢ < A, may then fail for some A. More precisely, the coeflicients of this linear
combination, in the normalisation where P}, = m, + - - -, may diverge for t € Q.

For instance, consider the Jack polynomial labelled by the partition [2, 2]:

2 12
Pl = Mpo+ ———m + ———m . 3.15
2.2] 22+ Gy M2t g ) b (3.15)
It clearly diverges at = —1 and —2. Note that if we set t = —3 and restrict to three variables (so that mp; 1,11} = 0), then it
reduces to
-3 22,22, 22 _2 2 2
P22(z1, 22, 23) = Mp2y(21, 22, 23) — M2,1,11(215 225 23) = 2725 + 2123 + 2323 — 212223 — 212323 — 212223» (3.16)

which vanishes when z; = z, = z3. Moreover, the partition [2, 2] = [2, 2, 0] is admissible for three variables. The essential
insight of [26] was to show that Jack polynomials with negative rational parameter # remain well defined if the partitions
are restricted by a suitable admissibility condition and that this restriction is interesting because the well defined Jack

polynomials always span a space of symmetric polynomials that vanish when a certain number of variables coincide.
Definition 3.6. Let Ay = Clzi,. . .,z/]% be the ring of complex symmetric polynomials in € variables and let I; denote the
ideal of symmetric polynomials f € A, that satisfy

f@1,...,20) =0 whenever z; =2 = z3. (3.17)
Theorem 3.7 (Feigin, Jimbo, Miwa, Mukhin [26]).

(1) Let A € 7y be admissible. Then, the Jack polynomial P, (Z1 s Zg) is well defined at t = =3, that is, its expansion into

monomial symmetric polynomials has no poles at t = 3.
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(2) The Jack polynomials P7> (zl s z[), with A admissible, form a basis of the ideal I;.
(3) The ideal I, is closed under the action of the differential operators

t
L=-Y a2 nz-lnez (3.18)

i=1

and therefore defines a module over a maximal subalgebra of the centreless Virasoro (or Witt) algebra.
We mention that the Jack parameter S8 used in [26] is related to t by 8 = ¢!

Remark. The general form of the admissibility condition introduced in [26] depends upon two integers k and r for which

k+ 1 and r — 1 are coprime. There, a partition A € nty is said to be (k, r, {)-admissible if

Ai=—Qyizr, 1<i<l—k (3.19)

The authors then proved that the Jack polynomial P', with t = —(k + 1)/(r — 1), is well defined whenever A satisfies this
admissibility condition. We will only have need of the special case where k = 2 and r = 2, corresponding to the Jack

parameter being t = =3, hence we refer to the (2,2, {)-admissible partitions as simply being admissible.

Recall from Section 2.3 that A(zy, ..., z7) = [T i<ic i<e(zi—2j) denotes the Vandermonde determinant. As in that section,

we will use this determinant here to trade skew-symmetric functions for symmetric ones.

Proposition 3.8. For every positive integer n, we have

Az, ... ,Zzn)pf< ) = ng")(0,0) (21, . ,Zzn), (3.20a)
i = Zj /) 1<icj<on
Zi+ 2 -

Az, ... ,m)pf(’) =P (T2 22n). (3.20b)
% = Zj /) 1<i<j<on

The identity (3.20a) appears to have been originally stated in [37], though without proof. To the best of our knowledge,
the identity (3.20b) is new. We shall prove both identities here for completeness.

Proof. We first show that the two left-hand sides of (3.20) lie in the ideal I5,. Formula (2.60) implies that these left-hand
sides are equal to

= (Zoi-1) + Zoep)”
AGr, ..., z220) ) sgn(o) [ [ 25—, (3.21)
oell i=1 2o (2i-1) — o (2i)

where we set a = 0 for (3.20a) and a = 1 for (3.20b). This product is clearly symmetric and, as each factor z; — z;, for
1 < i < j < 2n, appears exactly once in the Vandermonde determinant and at most once in the denominator of each
summand of the pfaffians, the product is a polynomial. However, each variable z;, for 1 < i < 2n, appears exactly once
in the denominator of each summand of the pfaffian, where it is paired with a unique z; such that the factor z; — z; of
the summand cancels that of A(zy, ..., z2,). The product (3.21) might therefore be non-zero if z; = z;. However, if three
variables are equal, then the product must vanish and so the left-hand sides of (3.20) lie in the ideal I,.

We next prove (3.20a). Note first that the total degree of its left-hand side is 2n(n — 1) = ’6(2")(0, 0)’. As 6%7(0,0)

is the unique admissible partition of this weight, and as this weight is minimal for all admissible partitions in my,, this

-3
5@n(0,0) (Zl 9.

in monomial symmetric polynomials m, and showing that the coefficient of

forces the left-hand side to be proportional to P ,z2,,). Equality then follows by expanding the left-hand side

2(n—-1) _2(n-1)_2(n-2) _2(n-2
m(;(zm(o,o):Zl(n )Zz(n )23(11 )Z4(n )"'+"' (3.22)

is 1. The only summand of (3.21) which gives rise to this monomial is the one for which o = id and its coefficient is
indeed 1.

For (3.20b), the total degree of the left-hand side is, instead, n(2n — 1) = ]6(2”)(1, 0)|. Moreover, if we expand (3.21)
in the m,, then the maximal exponent appearing in each monomial is bounded above by 2n — 1 and the next-to-maximal
exponent by 2n — 2. The admissible partitions of length 2n and weight n(2n — 1) all have parts that violate these bounds,
except 8@7(1,0). It therefore follows that the left-hand side of (3.20b) is proportional to ngw(w) (21 s ,Zzn). As the



coefficient of the monomial symmetric polynomial Msen( o) = 2712372233 -+ + - - is
) sen(e) = pf(Dgicjen = 1, (3.23)
oell

the last equality following easily from the recursion formula (2.57), the proportionality factor is again 1. ]

Proposition 3.9. Let n be a positive integer. In the Neveu-Schwarz sector, the fermion correlation functions satisfy the

following identities:

2n
[Tz AGr.. ... 220){b1 + W)+ bzan + W))yg = Painoo) (2111220 ) (3.24a)
i=1

[T AGr. .. z20-0){(bz1 + W)+ bzanet + WD) ) = Pannoo) (2112 2m1 ) (3.24b)

i=1
In the Ramond sector, they instead satisfy

2n 2n

2 TG+ w2 1" Al 220 (B(zr + W) -+ Bz + W)
i=1 i=1

n
2, -3 -1 -1 —
=) P congmy (31 )W (3.252)
m=0

2n—1 2n—1

2 [T +w'" - TTa® A, ... 220-1){Bob(zr + W)+ Bzt + W)y
i=1 i=1

n—1

_ @n-1)p-3 1 1 —1-

- 2 Cmn P[2n—2—5(2”‘”(m)] (Zl (AR Z2/1—1)Wn " (3.25b)
m=0

where the cff) € C are constants, the €9(m) are the partitions of Definition 3.4, and [k — A] is the involution of Lemma 3.5.

Proof. For the Neveu-Schwarz sector, we first note that the correlator in (3.24a) is a translation-invariant pfaffian, by

(2.62), hence its left-hand side does not depend on w. By Proposition 3.8, this left-hand side is

2n
[15%77 Piuoo (s -2 220)- (3.26)

i=1
Since the first (and therefore maximal) part of any partition dominated by §??(0, 0) is, at most, §?(0,0), = 2n — 2,
this is the maximal exponent of any z; in the expansion of ng,,)(o 0 (zl, et ,z2n) into monomials. Therefore, (3.26) is a
symmetric polynomial of total degree 2n(n — 1) in the inverted variables z;! that lies in the ideal 1;. It is thus proportional

to P33, 00 (z7',....25,). The equality (3.24a) now follows from the identity

2n
—(2n-2) -1 -1
HZi n . m(;(zn)((),()) (Zl, ey ZZV!) = mlz(n,l),l;(zm(o’o)l (Zl yeees Z2n) (327)

i=1
and noting that [2(n — 1) — 6”(0, 0)] = §?7(0, 0).
For (3.24b), note first that A(zy, ..., 22,-1,0) = l-zfl_l zi - A(z1, - . ., 2o0n—1) implies that its left-hand side is equal to that
of (3.24a), multiplied by z%ﬁ’z and then evaluated at z,,, = 0. The left-hand side of (3.24b) therefore simplifies to

2n—1 2n-1

-2n-2)  p-3 -2n-2) p-3
| | Z,-( (e Psan0.0) (Z1,---,Zzn—1,0) = | | Zi( ! )'Pé(z”-‘)(Z,O) (Zlv""@"—l)' (3.28)
i=1 i

i=1
As [2n -2 - 6%""D(2,0)] = 6?=1(0, 0), the equality with the right-hand side follows by the same reasoning as before.
In the Ramond sector, correlation functions are not translation-invariant. Nevertheless, the translation-invariance of the

Vandermonde determinant still allows us to conclude that

2n
YT +w"? A z) (b + W) - b(zan + W) g = Padngo) (21 + W,y 220 + W), (3.29)
i=1
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using (2.63) and (3.20b). Expand P(S(?")(l 0) (21 +W,...,2m + w) in powers of w:

6@n(1,0)]
- k
Poanoy(z1 +Woonzon +w) = Y fiarso 2wt fi € A (3.30)

Further, since ngm 0 (Z1 +W,...,2, + w) vanishes if three or more of the z; coincide, the same is true for the f;.
They therefore lie in the ideal I, and are thus linear combinations of Jack polynomials Pf (zl, - 22,1), where the A
are admissible. Moreover, the exponents of the z; in each polynomial f; are bounded by the maximal exponents in
PE<§">(1,0) (zl, ... ,z2n). Thus, the admissible partitions A that appear when expanding the f; into Jack polynomials must
be bounded above by 6 (1,0). Lemma 3.3 now implies that each of these partitions must be one of the €??(m), with

0 < m < n, of Definition 3.4. By comparing total degrees, we arrive at
n
- -3 -
P(g(gn)(lyo) (Zl T W, ..., 2m+ W) = Z C;(sn)PE(Zn)(m) (Zl, cees Z2n)wn ", C%n) eC. (3.31)
=0

Now, Lemma 3.3 also states that any admissible partition u € m, dominated by one of the 2" (m) is equal to € (m).

The reasoning followed in the Neveu-Schwarz sector thus applies, yielding

2n n
-2n-1) p-3 _ (2n) -1 -
[ = P (21 + sz + W) = Zcmn P[2n 1-€20(m)] (12 )W (3.32)

i=1

Substituting into (3.29) finally gives (3.25a). Note that setting w = 0 in (3.31) gives

-3 2 -3 2 -3
P6(2n)(1’0) (Z] s ZZn) = CSL n)Pg(Zn)(n) (Z] sees ZZn) = CEL n)P(;(Zn)(l,()) (Zl s ZZn) > (3.33)

hence ¢ = 1.
The Ramond identity (3.25b) for an odd number of variables can be derived as a limit of the case of an even number of
variables. Consider (3.25a) with w = 0 and z; — z;_; (noting that [21n — 1 — €??(n)] = [2n — 1 — §@7(1,0)] = 6?7(1,0)):

2n—1

2n—1
2 Tz T1a"™ Ao s 220-){(b(z0) -+ bzan-1) )y = Py (@0 -2 Z0n)- (3.34)
i=0 i=0

Taking the limit as zp — oo now gives

2n—1

2n—1
[Tz 11" A 220-1{bob(@1) -+ bzan-1) ) = Paiioy (0212 2oy )

i=1 i=1

-3 -1 -1
=P@ivon (2 2) (3.35)
2n—1

= 2'[1a" MG 220-0){bob(z1) - D(zan-1)) g = Paironioy (21s- -2 22n-1)- (3.36)
i=1

This formula, together with the translation-invariance of the Vandermonde determinant, gives the starting point for

analysing the case where the z; are shifted by w, analogous to (3.29). The rest of the argument is identical to that de-

scribed above and we shall omit it, remarking only that it shows that c(z" D=, ]
Remark. Note that combining (3.20b) with (3.31) results in
o n zi+2z; +2w
Zc P (2155 220) W™ = Az, 220)W Pf(j)
=3 1<i<j<2n

1z + 2

= A(Zl»---,Zzn)pf< i Zj + ) 5 (337)
WZi—Zj %3 1<i<j<2n

so taking w — oo yields

P00 (21s- -2 220) = Az, .., 220) pf<

) = 2"P o0y 212+ -2 220 (3.38)
2= 1<i<j<2n
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(2n)
. are

by (3.20a). We conclude that ngn) = 2". The coefficient 62)2”) being non-zero, in turn implies that the remaining c

also non-zero. One can see this by showing that the Taylor expansion (3.31) is equivalent to

; _
- (=L-)" _
ng,,)(l,o) (zl +W,... .2+ w) = Z TP&%’”(I,O) (zl, e ,zZn)wm, (3.39)
m=0 :
where L_, is one of the differential operators of (3.18). Since 6‘2)2’1) # 0, it follows that Z’_Zl Pgé’n)(l 0 (zl, . 7Z2n) # 0 and
thus Zr_nl ng'ﬂ(l,m (zl, . ,Z(zn)) # 0, for all 0 < m < n. Consequently, 65,2_",31 # 0, for all 0 < m < n. However, we do not

need this result for the classifications that follow.

4. THE MINIMAL MODEL SPECTRUM

Zhu’s algebra [38] formalises the notion of the algebra of zero modes acting on ground states, these being vectors
that are annihilated by all modes of strictly positive index [39-41]. It is the most important tool for classifying modules
over vertex operator algebras. The generalisation of Zhu’s algebra to modules over a vertex operator superalgebra and its
twist for the Ramond sector were first formulated in [9, 12]. We give a brief overview of twisted Zhu algebras, fixing our
notation and emphasising the motivation behind the definitions, in Appendix A. Here, we combine this twisted Zhu theory

with the symmetric polynomial technology developed in the previous section to classify the simple M(p., p_)-modules.

4.1. Constructing the singular vector y,, , . The main obstacles to being able to determine Zhu’s algebra for the N = 1
minimal model vertex operator superalgebra M(p.., p_) are finding an explicit formula for the singular vector y,,, ,_ in the
universal N = 1 vertex operator superalgebra V(c,, ,_) (see Proposition 2.3) and then evaluating the action of its zero
mode, or that of its descendants, on ground states. This would allow one to determine the images of the ideal generated by
Xp..p_ in the Zhu algebra A[V(c,, ,_)] and the twisted Zhu algebra A [V(c,, ,_)]. The untwisted and twisted Zhu algebras
of M(p.., p-) are then the quotients of those of V(c,, ,_) by the respective images [9, 12].

The free field realisation (2.32) solves both the problem of finding the singular vector and the problem of evaluating
its zero mode. Recall that the screening operators 0 constructed in Definition 2.10, are module homomorphisms of the
N = 1 superconformal algebra. Acting with either on a highest-weight vector

q; NS> of appropriate highest weight ¢
thus gives a singular vector or zero. For definiteness, we will only use the screening operator 0" in what follows. We
will also, without loss of generality, assume from here on that p_ > p, and that c¢,, , isan N = 1 minimal model central

charge, so that p, > 2, p_ — p, € 2Z and gcd{%(p_ -ps),p-}=1.

Lemma 4.1. The vector Q&p +~1] |—(pJr - 1)a+;NS> is non-zero, hence it may be identified with the singular vector of

Proposition 2.3 that generates the maximal ideal of V(c, ,_) C HF(ap):
Xpop. = QM =(ps = Day;NS). (4.1)

The proof of this lemma uses the theory of symmetric polynomials and their infinite-variable limits, the symmetric
functions. For easy visual distinction, we shall denote the infinite alphabet of variables for symmetric functions by
y = (y1,¥2, - ..) and the finite alphabet of variables for symmetric polynomials by z = (zy, ..., z,). We will also need the
infinite- and finite-variable inner products {-,-)" and (-, ~)£l, referring to [2, App. A] for our conventions, see also (2.51).

For use in the reasoning below, we recall the identity (see [2, Eq. (A.16)] for instance)

[Texo Cp(z)mpm(y)> = LPAEHA0). (42)

m>1

where p,, is the m-th power sum and the Q) (y) are the symmetric functions dual (with respect to {-,-)") to the Jack
symmetric functions P’ (y). We shall refer to the Q' (y) as the dual Jack symmetric functions in what follows.

A simple, but very useful, observation concerning the ring of symmetric functions A is that it is isomorphic, as a
commutative algebra, to the universal enveloping algebra of either the positive or negative subalgebra, h* or §~, of the
Heisenberg algebra. We denote the corresponding isomorphisms by

p;:A—>C[a1,a2,...], py: A— Cla_i,a,...],
y € C\ {0}. (4.3)

Pm — Yam, Pm F— Ya-m,
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Our main use for these isomorphisms will be to identify inner products involving Heisenberg generators with the sym-
metric function inner product {-, -)’. For example, one easily verifies in the power sum basis, hence for arbitrary f, g € A,
that

(8" = (alps,(Npy(@]q) (4.4)

where the right-hand side is evaluated in the Fock space F, for any ¢ € C and any y € C\ {0}.

Proof of Lemma 4.1. Let |¢> = QE{’ + 1] ‘—(er - 1a?; NS> denote the right-hand side of (4.1). The singular vectors of the
free field svir;,-modules }Fys of a given conformal weight are uniquely determined, up to rescaling, if they exist [32].
Further, Q[f *~1'is a module homomorphism so |¢> is singular if it is non-zero. Therefore, we only need to verify that
’¢> is non-zero in order to be able to identify it with the singular vector x, ,_. We do this by evaluating certain matrix
elements and checking explicitly that they are non-zero.

Using formula (2.47) for the composition of screening operators, the right-hand side of (4.1) simplifies to

.\ —@o/2a- P+l S
o= [ T1 (1-5)™" - T1a"""- a@ben - biep,)

I<i#j<p,-1 < i=1
m Z a_m d "’d, —
) Hexp <a+p()> 0; NS> i %pot (4.5)
m>1 m <1 '“ZP+_1
Using the isomorphism p; , -and the identity (4.2), this formula can be re-expressed as
7i\ ~@0/2e- n 2-1(p++p-)
o=/ I1 (-5 114  A@b() bz, 1)
1<i#j<p, -1 Zj i=1
P—Z(L/ag - Q—2(L/ag 0: NS dzy--- de,,fl 46
Z 2 (Z)Pz/ao 2 (y) ) > 71 . (4.6)
1 17" Zp.—1
To further evaluate this formula, we distinguish between p, being odd or even.
Suppose first that p, is odd. Then, setting w = 0 in (3.24a) gives
s 2-1(ps+p-) 3/.-1 1
[Tz 7" A@(bG) - bzp, D))y = P (2055 0), 4.7)
i=1
where « is the admissible partition
K =6"71(0,0) + [(%(p_ —pa)+ 1)’”‘1} ="V (3(p- = pD+ 1L, 5(p- = po) +1). (4.8)

The non-vanishing of |¢> then follows by evaluating the following matrix element as an integral of a product of Neveu-

Schwarz and Heisenberg vacuum correlators:

(0:N8 o, (P21 () ) |#)

P+—1

.\ —o/2a- 1

= [ T (1-2)" - T1a7 " 800 b))y

1<i#j<p,—1 J i=1

—2a-/a —2a_/a - —2a_/a d "’d,+_
’ ZP/IZ o (Z) <0|p-1+/a+ (PK2 fao (y))pZ/ryo <Q/12 a0 (y)) ’0> %

P 1 Zp,—1
— _& a0/ . p-3(,-1 -1 —2a_/ag dz L Tepem dzp. 1 < -2a_/ay —2<L/110>_2w/00
= ;/ ]5i¢lj;£+—] (1 Zj) P (Zl ""’Zp+—1)Pﬂ (Z) PR P, ,Q)
= (P, P2l 2 1%, 4.9)

Here, we have used the identities (4.4) to evaluate the Heisenberg correlator and (4.7) to evaluate the Neveu-Schwarz
correlator. We have also used the pairing of the Jack symmetric functions with their duals. To further evaluate the matrix

element, we remark that Jack symmetric polynomials have an upper-triangular decomposition, not only into monomial
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symmetric polynomials, but also into Jack polynomials PL with a different parameter:
P> (z) =Y caP '™ (z), cq€C.cu=1 (4.10)
HsK
By the orthogonality of Jack polynomials with respect to the finite-variable inner product, the matrix element therefore

evaluates to

<O; NS|PT/Q+ (P;Z(L/ag (y)> ‘¢> — <P;3, P;Za,/ao>*2“’—/a’0 — <P;2(L/QU, P;2a,/ao>*2”—/ao +0. (411)

p+—1 p+—1

When p, is even, the non-vanishing of |¢> instead follows from the non-vanishing of the matrix element

(0:N8 ot (P (3) ) G121 = =(py = Dy (0:NS o, (P20 (v) ) Qb1 =(py = D NS). - (4.12)

Here, we have used that fact that G_;, commutes with Q[f *1 and then evaluated the action of G_1/2 on the free field

highest-weight vector using (2.32). The p. even analogue of (4.7) is obtained by setting w = 0 in (3.24b):
2 o bpp) 30 -1 1
[T A  bap-boi )y = PP (5. (4.13)
i=1

The admissible partition here is again k = 67~V ({(p- — p,) + 1, 2(p- — p;+) + 1). The matrix element (4.12) is now

seen to be non-zero using exactly the same steps as in the p, odd case. ]

4.2. The image of y,, , in Zhu’s algebras. Recall that the vacuum vector of the universal N = 1 vertex operator
superalgebra V(c) is denoted by Q.. Let 1 and T denote the images of Qo and L_,Qy in A[V(c), ,)] and A" [V(c), )]
Let G denote the image of G_3/2€ in A’ [V(c,,ﬂ,,_ )] sothat GZ = T — <& 7 1. We trust that using the same symbols to
denote elements of both A[V(c)] and A'[V(c)] (as well as fields in V(c) and M(p+, p-)) will not lead to any confusion.

Proposition 4.2 (Kac and Wang [9, Lemma 3.1]; Milas [13, App. B]).

(1) The Zhu algebra AIV(c)] of V(c) is isomorphic to C[T], for all ¢ € C.
(2) The twisted Zhu algebra N[V (c)] of V(c) is isomorphic to C[G] = C[T] & C[T]G, forall c € C.

Remark. Recall the finite-dimensional modules N(h, ¢) and R(h, ¢) of (2.4) and (2.7), respectively, from which the Neveu-
Schwarz and Ramond Verma modules were induced. By identifying the action of T € A[V(c)] with that of Ly, N(h,c)
becomes a simple module over AN (c)]. Similarly, by identifying the actions of T and G in A'[V(c)] with those of Ly and
Gy, respectively, R(h, c) becomes a simple module over N'[V(c)]. Naturally, the parity reversals of N(h, ¢) and R(h, ¢) are
also simple modules over A[V(c)] and A'[V(c)], respectively.

Denote by x,, ,_(w) the field corresponding to the singular vector x,,, ,_ € V(c,, ,_). The action of its zero mode on an
arbitrary highest-weight vector |q; NS> or

q; R> then follows from evaluating the matrix elements

(@:NS|xp, »p-W|a:NS), (@ R|xp, . W)|g;R). (4.14)

A large proportion of this section will be dedicated to evaluating such matrix elements. First, however, we address a minor
subtlety: if the singular vector x, ,_ is odd (fermionic), then the corresponding field has no zero mode when acting on
the Neveu-Schwarz sector. In this case, it turns out to be sufficient to consider instead the zero mode of the descendant

field corresponding to G_i2xp. p_-

Proposition 4.3 (Kac and Wang [9, Prop. 3.1]; Milas [13, Lemma 9.3]).

(1) The image of the maximal proper ideal <)(p+”,,_> C V(cp,,p.) in the Zhu algebra A[V(c,,ﬂp_ )] is generated by the image
of Xp,.p_» if P+ is odd, and by the image of G_1,2Xp, p_, if P+ is even.

(2) The image of the maximal proper ideal <)(p+,p7> C V(cp, p_) in the twisted Zhu algebra A [V(cpﬁpf )} is generated by
the image of x p, p_, regardless of the parity of p..

Combining this result with that of Proposition 4.2, we learn that the problem of identifying the (twisted) Zhu algebra of
M(p.+, p-) reduces to the computation of a single polynomial.
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Definition 4.4. Let F,_ , (T) denote the image of xp. ,_, if p+ is odd, and G_1,2x p, p_, If p+ is even, in the Zhu algebra
A[V(cphpf)] = C[T]. Similarly, let F;+,p, (G) denote the image of xp, ,_ in the twisted Zhu algebra A’ [V(cpﬂpf )] = C[G].

The (twisted) Zhu algebras of the N = 1 minimal models are therefore given by the following quotients:

L an L
A+ p)] = ="y (F}.p @)

Determining the polynomials F,, , (T) and F), , (G) is thus our main goal.

A [M(p.. p-)] = (4.15)

The conformal weights of x,, ,_ and its G_;>-descendant imply bounds on the lengths of the Poincaré-Birkhoff-Witt-
ordered monomials that appear when expressing them as descendants of the vacuum o, . These bounds also apply to
the number of generating fields 7'(z) and G(z) that appear in each normally ordered summand of the corresponding fields
of V(cp, p_) and so they apply to the number of zero modes Ly and Gy (the latter only if acting in the Ramond sector)
appearing in each summand of the zero modes of these fields (assumed to be acting on a ground state). In other words,
the bounds on the lengths of the monomials are bounds for the degrees of the images in the (twisted) Zhu algebra, that is,
for the degrees of the polynomials F,_, (T)and F}, , (G). These bounds are easily determined.

Lemma 4.5.

The degree of F,,, , (T) is at most z(p+ — 1)(p- — 1), if p+ is odd, and is at most z(p+ — 1)(p— — 1) + 4, if p+ is even.
2) The degree of F G) is at most 5(p+ — 1)(p- — 1), if p; is odd, and is at most 5(py — 1)(p- — 1) — 5, if p4 is even.

We remark that these bounds might not be equalities because it is conceivable that the longest Poincaré-Birkhoff-Witt-
ordered monomial that could possibly appear in y,,, ,_ might come with coefficient zero. Of course, we also have to rule

out the possibility that these polynomials vanish identically.
Lemma 4.6. F,, , (T) is not the zero polynomial.

Proof. Suppose that Fp,, , = 0, so that the Zhu algebras of V(c,, ,_) and M(p., p_) coincide and every simple V(cp, ,_)-
module is also an M(p., p_)-module. In particular, every simple Neveu-Schwarz Verma module is then an M(p., p_)-
module. We shall show that this contradicts the fact that the modes of x,, ,_(w) annihilate every M(p., p_)-module.
Consider the mode of y,, ,_(w) with index —wty,, ,_. It is non-zero in the universal enveloping superalgebra of
the Neveu-Schwarz algebra svir;, because it acts non-trivially on V(c, , ). Indeed, its projection onto the universal
enveloping superalgebra of the non-positive subalgebra 5nirf/2 = spivy, @ svir) /2 18 a non-zero linear combination of
monomials in the negative modes whose coefficients are polynomials in Ly. Acting with this mode on the highest-weight
vector of a Neveu-Schwarz Verma module MNS(7, ¢p,.p_) therefore gives the same linear combination of monomials, but
where the polynomials in L, are evaluated at Ly = h. These evaluations cannot vanish for every simple Neveu-Schwarz
Verma module because these modules correspond to an infinitude of different values for 4. Thus, the mode of y,, , (W)

with index — wty/,, ,_ does not annihilate the highest-weight vector of some simple Neveu-Schwarz Verma module. m

It is possible to generalise this proof to show that F, , (G) is likewise non-zero. However, this requires a technical detour
addressing the subtleties of normal ordering in the Ramond sector. Instead, we prefer to arrive at this non-vanishing as an

easy consequence of the calculation of F, , (T), see Lemma 4.10 below.

4.3. The untwisted Zhu algebra of M(p., p_). This subsection is devoted to the derivation of the explicit form of the
polynomial F,, , (T'). This result will be used to obtain the classification of simple modules in the Neveu-Schwarz sector
in Section 4.5. We also include a detailed example in which the general argument used in the proof is contrasted with a
brute force computation of the polynomial F's7(T).

Before commencing this derivation, it is convenient to fix a few more definitions.

Definition 4.7. The Kac table of the N = 1 minimal model M(p.., p_) is the set of pairs

Kpp.=1{(r,s) : 1<r<p,—1,1<s<p_-1} 4.16)
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and the Neveu-Schwarz and Ramond Kac tables are the subsets

Kgip, = {(r, s)eEK,, p. 1 THsis even} and K;,p, = {(r, $)eK, p. i THsis odd}, “4.17)

respectively. Let ~ denote the equivalence relation on K, _, given by (r,s) ~ (r',s") if and only if (r,s) = (', s") or
(r,s) = (py — 1, p— — ). Then, the reduced Kac table, as well as the reduced Neveu-Schwarz and reduced Ramond Kac
tables, are defined to be

— —NS —R
Kpop. =Kpop/ ~ Ko, =K [~ and K, , =K5 [~ (4.18)

D+>P-

respectively.

For every element (7, 5s) € K,,, ,_, we define the conformal weight

_ (rp-=sps)* = (p- = ps)’ L1-En™

By = 4.19
- ) (4.19)

The second summand on the right-hand side evaluates to 0, when (r, s) € K}®  and to %, when (1, 5) € KR, , . Note that

P+.P-"
hys = hp,_p_—s. We shall also define
1- 1-
Trm + Tsa,, (4.20)

where we recall that @, and a_ were fixed in (2.42). Note that hgs and hg are both given by (4.19), according as to

A =

whether (7, 5) € K, ,_ has r + s even or odd, respectively (see (2.35)).

Theorem 4.8. The polynomial F,, , (T) is given, up to an irrelevant proportionality factor, by

—NS
Fpp (M) =][T-hsD, (rns)eK,,. 4.21)

(r.)
Proof. As the polynomial F, , (T) does not vanish identically, it may be determined by evaluation at sufficiently many
values, that is, we evaluate the zero mode of x,, ,. (or G_i;2xp, ».) on candidate highest-weight vectors of arbitrary
conformal weight. These evaluations will be performed using the free field realisation by evaluating the action of the

zero mode of ), , (or G_i,2x,, ) on a free field highest-weight vector

¢:NS) of conformal weight h}S = 1q(g — ao),
for arbitrary ¢ € C. This highest-weight vector will be an eigenvector of the zero mode because the vector spans a
1-dimensional weight space and its eigenvalue is F, (hys), by definition. Up to rescaling, F), ,_ (hIq‘IS) is uniquely
characterised by its roots in g (with multiplicity). Finally, as hgs is quadratic in g, the roots of F,, (hl;s) come in pairs:
q is aroot if and only if @y — ¢ is a root.

Consider first the case when p. is odd, so that the singular vector x,, ,_has even parity. Then, F,,, ,_ (hys) is determined

by evaluating the matrix element

(& NS|xp,p (W)

Recall that <q; NS| is the vector dual to

corresponding field is

@:NS) = F,_, (h)S)yw P+~ D"/, (4.22)

q; NS> and that y,, , is expressed in terms of screening fields in (4.1). The

Xpop-W) = /Q+(Z1 +w) - Qu(zp, -1 *WIV_(p,~1)o, W) dzy - - - dzp, 1, (4.23)

hence the matrix element may be expressed as the integral

(g:NS|xp,.p.(W)|g;NS) = /A(z)<b(z1 + W) b(Zp, -1 + W)y

p+—1
2_ —(ps—Da? (p.—
. l I (zi — Zj)(a+ /2 . z » )m(zi F W) (p+—Dasg dzy - dZ[u—l, (4.24)
1<i#j<p,—1 i=1

where we have used the definition (2.43) of the screening fields and the composition (2.39) of vertex operators, as well as
factored out a Vandermonde determinant A(z) = [ ]« <,,-1(zi — z;). Identity (3.24a) of Proposition 3.9 can now be used,

along with (2.42), to rewrite the matrix element as
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p+—1
9 NS> = /Pﬁ_:ur—l)(()’()) (Zl_l, e ’ZI_7+I—1) H Zl__l_(l’—_lh)/z

i=1

<q; NS |Xp+,pf (w)

- ﬁ)_wzm ﬁ(l LI dzy -+ dzp,

1<i#j<p,—1 Zj i=1 w 21t Zp-1

. (4.25)

which we recognise as a (finite-variable) symmetric polynomial inner product, see (2.51). The matrix element thus

becomes

<q; NS |Xp+,p,(w)

Pl a —2a_/ay
g:NS) = <P;3(zl,...,zp+_l),]"[(1+f;) é'> , (4.26)

i=1 ol
where k = 67D (3(p- - p) + 1, 2 (p- = po) + 1).

The product in (4.26) is most easily expanded into Jack symmetric polynomials using an algebra homomorphism Ey,
which maps symmetric functions to complex numbers, called the specialisation map. This is defined to map each power
sum (in an infinite number of variables y = (y;,¥2,...)) to the same X € C. Explicitly, it gives Ex(px (y)) = X, for all
k > 1. We specialise with X = —2g/ay, as in [2, Eq. (A.28)], and combine this with the homogeneity of Jack symmetric
polynomials to obtain

Pl i\ @ 21 /W, =21/
H(1+%) qZHexp(—a+qpk( /W - Zp lw))

i=1 k>1
- ay Pe(=21/Wso s =2p -1 /W) Pk (V1. y2. - )
= ':‘—261/010 |;]!;]1Z €xp (_M Pk
= Y MR (212 1) Eagag [Pf”-/“o (1.2 .. .)} . 4.27)
A

where the sum runs over all partitions.
On the other hand, the Jack symmetric polynomial in (4.26) needs to be expanded into Jack polynomials with parameter
—2a_ [y, for which we make use of the triangular decomposition (4.10). Using this and (4.27), the matrix element (4.26)

now takes the form

—2a_]ay —2aap (

(g:NS|xp,.p_ (W) E_2g/a0 [Pa

4NS) = T oy {2 o, e

Y1, Y2, .. )}
u<k A P+l

— _ —2a- /@y — _ —(p.— -
— Z CKﬂ<PIJ2(L/(Y()’ Qﬂza,/a/o>p+71 0:4_24/(10 [PﬂZ(I,/(IO ()’1,)72, . )] (—W) (p+—D(p- l)/2’ (428)
UK

with the help of (3.3). Up to an unimportant sign, we have therefore identified F,, ,,_ (hgfs) as

Fp,p ()5 =Y S Eagray [P (y1.32.-..) ] (4.29)
UK
where the constants
_ _ —2a_/
CES — CK#<P#20,/00’ Q#Za,/o/o >p+: @ (430)

do not depend on gq.
The explicit form of the specialised Jack symmetric function in (4.29) is (see, for example, [2, Eq. (A.24)])
_ X —-1I'(b) +ta'(b)
=Zo(P) = . 4.31
x(Py) Q 1 + I(b) + ta(b) .31

where a(b), I(b), a’(b) and I'(b) are the arm length, leg length, arm colength and leg colength, respectively, of the box b of
the diagram of u. This shows that the roots in X = —2¢g/a of this specialisation only depend on the arm and leg colengths
(the denominators in (4.31) are manifestly non-zero as t = —2a_/ag = 2p./(p- — p+) is positive). We recall that these
colengths are the distances j — 1 (arm) and i — 1 (leg) from the box b at position (i, j) to the left and top edges of the
diagram. Thus, the boxes that are common to all partitions u < « will give rise to roots that are common to all summands
of (4.29) and are thus roots of F, ,_ (hgls). Invoking the estimate (1) of Lemma 3.2, we learn that the parts of u must
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satisfy ppj 1, o 2 %(p_ + 1) — j, hence that the boxes common to all the y include those that form the partition

p =[5 = Do = D3 (- =3 30- =3 S = p) + 1L Ao - p) +1]. (4.32)

Specialising the Jack symmetric polynomial P;z"- /% will thus give some of the roots of the matrix element (4.22).
Performing this specialisation (and dropping various irrelevant proportionality factors) yields
2q 2a_
E2g/ay (P, 2/0) = (— ~I'(b) - a'(b))
2g/ao\"p g @ @0

3(ps=1) S(p_+1)=i

= [T TI (a+G-Dao+(-Dea-)(g+ G- Hag+(i— Da-)
i=1 j=1

L= Lp_+D)-i p+—1p_—1

= H H (6] - a’2i—1,2i+2j—3) (q - a'2i,2i+2j—2) = H H (CI - a’r,s)- (4.33)
i=1 j=1 r=1 s=r
r=s mod 2

NS
P+-D-

(p+—r,p-—9) € Kl;lipf has p,—r < p_—s—(p-—p4) < p-—5,50@p,_p —sis aroot and, thus, sois ag—a,, ., s = @y.
We have therefore established that g = ., is a root of F,,_, (i)°), for all (r, s) € K}® | . It now follows that F,, , (h}®)

contains the factor

Thus, ¢ = @, isarootof F),,_, (hl;s), for all (r, s) € K]Iis’pf with r < s. Suppose now that (7, s) € K has r > s. Then,

(a9 ns) (q = @prp—s) =2(1)° = hyy), (4.34)

hence that the conformal weights 4,5, with (r, s) € K,Iis . areroots of F, , (T). Since the degree of F,_, (T) is at most

J—‘(p+ — 1)(p- — 1), which coincides with ‘Rllis »_|» we have found all the roots and the theorem follows (for p,. odd).

The proof for p, even uses very similar reasoning. The main difference is that the matrix element to be evaluated is

(g;NS|(G_1/2xp..p )W)

¢;NS). (4.35)
As the screening operator Q[f *is a module homomorphism for the N = 1 superconformal algebra, we have
Goappp = G1pQ | =(py = Day;NS) = Q7G| (py — D NS)
= OV N(p, = Davboip|~(ps - Das;NS). (4.36)
The matrix element (4.35) is therefore proportional to
(NS |20tz )+ 0, pmt + WOV 10, 0] NS) -5 “37)

One now follows the same arguments as before, except that (3.24b) is used to express this matrix element using the Jack
polynomial inner product instead of (3.24a). This inner product can then be written as a sum of specialisations of Jack
symmetric polynomials, thus allowing one to find the common roots g of F,, ,_ (hys), this time by using estimate (2) of
Lemma 3.2. We note that for this case, the partition p of (4.32) is replaced by

[3P-3p-=1L5p- = 1,3p- =2,....3(p- = p) + L, 5(p- = p) + 1]. (4.38)
The rest of the proof is identical. ]

We recall that the filtration on Zhu’s algebra gave an easy upper bound on the degree of F), , (T) (Lemma 4.5). A
consequence of the previous proof is that this bound is, in fact, always saturated. The saturation of this bound was stated
by Kac and Wang in [9, Thm. 3.1], without proof. It seems plausible that a direct proof might be obtained by generalising
the method of Astashkevich [30, Thms. 3.1 and 8.4] from Verma modules to the Neveu-Schwarz module underlying the

universal vertex operator superalgebra V(c), , ). In any case, this saturation implies the following result.

Corollary 4.9. If x . p. € V(cp, ) is expressed as a linear combination of Poincaré-Birkhoff-Witt-ordered monomials

acting on the highest-weight vector Qo ., ., then the coefficient of L(_pz*_l)(p --b/4

(p+=1)(p-—1)/4-3/4
L%

is non-zero, if p, is odd, and that of

G_3)2 is non-zero, if py is even.

‘We mention that the analogue of this result for universal Virasoro vertex operator algebras is proven in [42, Lem. 9.6].
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Let us illustrate the method used in the proof of Lemma 4.6 by working out an explicit example, namely the derivation
of the allowed free field data a,; and conformal weights 4, ; for the Neveu-Schwarz sector of the minimal model M(5, 7).
With p, =5 and p_ = 7, we have k = 6¥(2,2) = [4,4,2,2] and

2 2
ey ] (4.39)
@ P-— P+
The explicit decomposition (4.10) giving the c,,, is highly truncated as there are only p, — 1 = 4 variables:
_ t+3) 6(r+4)
P[43,4,2,2](Zl’ e 24) = Pt[4,4,2,2](21’ ceeaZ4) = mPE4,3,3,Z](ZI, ceaZ4) + m f3,3,3,3](Z1, ceer24)
5 455 54 s
= P[4,4‘2,2](Zl seresZ4) gP[4,3,3,2](Zl seeesZ4) 7P[3,3,3,3](Zl s s Z4)- (4.40)
The diagrams of the contributing partitions are
, , = p= , (4.41)

where p is the diagram formed by the boxes that are common to all three diagrams (indicated with shading). Each box b
of p contributes a factor g — @, s(b) to the polynomial F's 7(T'), where the indices r and s for each box are indicated below
together with the corresponding conformal weights hI,‘IXs and the Neveu-Schwarz Kac table of conformal weights (with

shading indicating the entries determined by p):

3 8 3 8
1,1|1,3]1,5 o338 0 2 8
2,2(2,4(2,6 3l4als 3 4 9
’ ’ ’ 70 35 10 70 35 10

Ay N A LK - ; . (4.42)
3,313,5 3|70 10 3 70
3 8 3

4,4|4,6 210 § 2 0

As noted in the proof of Lemma 4.6, we obtain all the allowed conformal weights from p because of the Z,-symmetry of
the Kac table.
It is instructive to see that the two factors g — a,.; that are missed by p, namely (r, s) = (3, 1) and (4, 2), do actually

appear in Fs 7 (hys). This requires the explicit form identified in (4.29). For brevity, set

ot A n—1U(b)+ta'(b)
Nu(m:) = (P, Q) = g n—C®m)+ 1) +1ab)+1) (4.43)

(see [27, Eq. VI.10.37]), where we recall that (1, 1)}, has been normalised to 1 in (2.49). With this notation, we have

— 4 -
F 5,7(h53) = N4221(4:5) E_24/q, [Pf4,4,2,21] - gN[4,3,3,2] (4:5) E-2g/ay [Pf4,3,3,2ﬂ

54 _
+ = Ni333,31(% 5) E-ag/a [Phass]. (4.44)

where ag = % Let /(1) = [Tpe, (1 + I(b) + ta(b)), so that the specialisation is

] = e
 hy(t)

Ex [P,

[I(x-1®) +1td®)). (4.45)

beu

For the three partitions of interest here, we obtain
haana)() = 24(t + 13t + 2)° (21 + 3)(3t + 4) '= 439193 664,
hiassa(f) = 8(t + D2 + 2)2(t + 322t + 3)(3t + 4) '= 223082496, (4.46)

hi33.3,31(1) = 96(t + D?(t+2)%(t + 3)(t + 92t + 1)(21 + 3) 2 1743565 824.
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Factoring out the product over the common boxes of p now gives

a1\ 12
Fs7(h)®) = (-) N,(4;5) FVF®, (4.47)
@
where the roots determined by p are bundled into
FO = H(q + Jaol' (b) + a_d (b)) = H (g—ars) (4.48)
bep (r,5)eKyS

(r,9)#(3,1),(4,2)

and the two other roots are (hidden) in

FO _ (g +3a_)(g+ ap/2 + 3a) (199) _4(g+3a)(g+ag+2a) (193)
hia422(5) 2311 3 hia332(5) 234
54(q + ap + 20_)(q + 3a0/2 + 2a.) (3 11)
Nk 2. @49
7 hi33331(9) 415 ( )

Here, the rational numbers in parentheses are the contributions to (4.43) from the boxes of each partition that are not in p.

A brute force simplification now results in

35 8
F® o <61 + \/5_> (q + @) = (g —a31)(q — a42), (4.50)

so we do indeed recover the two missing roots, albeit at a significant computational cost.

4.4. The twisted Zhu algebra of M(p.,, p_). We now turn to the derivation of the polynomial F, , (G), required for the
classification in the Ramond sector. The first step is to demonstrate that this polynomial does not vanish identically.

Lemma 4.10. F}, , (G) is not the zero polynomial.

Proof. Recall that F, , (G) is the expression for the zero mode of y,,, , (w) acting on ground states. For p, odd, the
coefficient of L% ~"?-"Y* peing non-zero in Corollary 4.9 implies that the coefficient of T¥+~V(P-=D/4 hence that of
Gr=Dr-=D2 in FT  (G) is non-zero. It is easy to check that the other Poincaré-Birkhoff-Witt monomials give polyno-
mials in G of (strictly) smaller degree, hence this non-zero term cannot be cancelled and F,_, (G) is not zero. A similar
argument settles the case for p, even. ]

Theorem 4.11. The polynomial F;, , (G) is given, up to an irrelevant proportionality factor, by

[T = hys 1), (r,s) € R;,pf, if p+ is odd,
F, (G = 4.51)

oo/T =y -G, () €Ky, \(ps/2.p-/2)), if ps is even,

where T = G? + 1.

1
24Cpe.p-

Proof. For p, odd, the singular vector y,, ,  is even and thus, so is its image in A’ [V(Cm,[h)]- It is therefore a poly-
nomial in 7. The proof then follows the same arguments as in that of Theorem 4.8, starting from the matrix element

(@R |xp. p (W)
the analogue of (4.29) is the seemingly more complicated expression

q; R>. We outline the minor complications that are encountered. First, the identity (3.25a) implies that

3(ps=1)
Foo, (=Y Y o B ageaa [P (12 y20-.0) ] (4.52)

m=0 u<k(m)

where k(m) = [1(p, + p-) — 2 — €*"D(m)] is an admissible partition, by Lemma 3.5, the

- a. Da. —2a_/a
O = (S Ve (P20, Qe o) (4.53)

are constants that do not depend on ¢, and we have suppressed an unimportant overall power of 2. We recall from
Definition 3.4 that e?+~V(m) C 6+~1(1, 0), for all m, hence

K(m) 2 [3(ps + p-) =2 =6P7D(1,0)] =677V (3(p- = po) + 1, 3(p- = p4)) (4.54)
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and so estimate (3) of Lemma 3.2 applies. The result is that every p in (4.52) is bounded below by

p=[30- = D 3P-=3.5(p- =3, 3= =5 3 (- = pe +2 30— = )] (4.55)

and this suffices to conclude the proof as in the Neveu-Schwarz cases.
For p, even, the singular vector is odd, that is, the zero mode of x,, ,_(w) is parity changing. Therefore, any matrix
element of the form (g; R’ Xpop (W)

q; R> necessarily vanishes. To circumvent this, we shall instead evaluate the matrix
element <q; R’bo/\/,,+,,,_ (w)fq; R>. This evaluation proceeds as for p, odd, using (3.25b) and estimate (4) of Lemma 3.2,
the result being (up to irrelevant proportionality constants)

p+—1p_—1
<61;R‘b0)(p+,p7(w) q; R> = H H (q _ a’r,s) (P D(p-=1)/2
Yosmod 2
=I5 =hes) - (g = p,pp o) w0 PP, (4.56)

(r,s)

where the final product is over all (r, s) in R,li’ . except (p1/2, p-/2). The reason for this exception is that when p. is

R
Pep-?

in (4.34), to give a polynomial in hS' The interpretation of this factor in the zero mode algebra (twisted Zhu algebra) is

even, the map (r,s) — (p. — r, p— — s) has a fixed point in K hence the factor g — @, 2,,_/» does not pair up, as

therefore not in terms of Ly (T'), but in terms of Gy (G). Indeed, the free field realisation (2.32) gives

(q:R|boGy

¢:R) = (q:R|bo(aoby — Saobo)

¢:R) = 1(g - 1ap) = (g —ap.pp ), (4.57)

making this interpretation explicit and completing the proof. [ ]

4.5. Classifying modules. The classification of simple modules over the twisted and untwisted Zhu algebras is now an
easy consequence of identifying the polynomials F,_, (T) and F}, , (G).

Theorem 4.12.

(1) The Zhu algebra A[M(p+, p_)] is semisimple and, up to equivalence, its simple Z,-graded modules are exhausted by

. NS . .
the N(hyz, cp, p_), with (r, s) € Kp+,p,» and their parity reversals.

(2) The twisted Zhu algebra A’ [M(p+, p_)] is semisimple and, up to equivalence, its simple Z,-graded modules are

exhausted by the R(h,, cp, ), with (r,s) € R;’pi,

others being isomorphic to their parity-reversed counterparts).

and, if p. is even, the parity reversal of R(hy, ;2. p_12,Cp, p_) (the

Proof. The classification of simple modules follows immediately from the presentations (4.15) and the explicit formulae
for the polynomials F, , (T) and F),_, (G) in Theorems 4.8 and 4.11, respectively. For the semisimplicity, we first
note that 7 would have a single eigenvalue when acting on any non-split extension of two simple modules because
the extension would be indecomposable and T is central in both A[M(p+, p,)] and A’ [M(p+, p,)]. It follows that the
two simple modules would need to be isomorphic. If the simple modules were Neveu-Schwarz, then the self-extension
would have to have a non-semisimple action of 7. Similarly, if the simple modules were Ramond, but not isomorphic
to R(hy,, 2,512, Cp, p_), then the self-extension would have to have a non-semisimple action of G, hence a non-semisimple
actionof T = G*+ 5z 1 (because G has non-zero eigenvalues). In both cases, an indecomposable self-extension is ruled out
because the polynomials F,, , (T') and F/ ;M . (G) have no repeated factors of the form 7 —h, hence T must act semisimply.
The remaining case, where the simple modules are Ramond and isomorphic to R(%,, 2.5_/2, ¢p, p_), would have to have a
non-semisimple action of G, but not necessarily of 7. However, this is ruled out by G appearing as a single unrepeated
factor in F sz b, (G). [ |

Let £LNS(h,c) and LR(h, ) denote the unique simple quotients of the Neveu-Schwarz and Ramond Verma modules
MNS(h, ¢) and MR (h, ¢), respectively.

Theorem 4.13. The vertex operator superalgebra M(p.., p-) is rational in both the Neveu-Schwarz and Ramond sectors,

that is, both sectors have a finite number of simple modules and every Z,-graded module is semisimple.
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(1) Up to equivalence, the simple Z,-graded M(p., p-)-modules in the Neveu-Schwarz sector are exhausted by the
LNS(h,,S, Cp,.p. ), With (r,5) € Risyp?, and their parity reversals.

(2) Up to equivalence, the simple Z,-graded M(p.., p_)-modules in the Ramond sector are exhausted by the LR (h,., Cpop I
with (r, s) € Ri, »_» and, if p. is even, the parity reversal of LR(hm /2.p_j2) (the others being isomorphic to their parity-
reversed counterparts).

Proof. The classification of simples follows from Theorem 4.12 and the usual bijective correspondence between simple
modules over the (twisted) Zhu algebra and simple (twisted) modules (with ground states) over the associated vertex
operator superalgebra. To show semisimplicity, and thus rationality, one needs to rule out indecomposable extensions
of a simple module by another simple. Indecomposable self-extensions are ruled out because they would correspond to
indecomposable self-extensions of (twisted) Zhu algebra modules, contradicting the semisimplicity of the latter. To rule
out indecomposable extensions involving two inequivalent simple modules, M and N, note that either the indecomposable
or its contragredient dual would have to be a highest-weight module. The conformal weight of the ground states of the
submodule, M say, of this highest-weight module would then have to match that of a singular vector in the Verma module
that covers N. However, it is easy to check [31] that a Verma module with conformal weight in K5~ or KR ' never has

P+sP- P+>P-

a descendant singular vector whose conformal weight is also in K[Iff p OF Ki »_» respectively. Such extensions therefore

do not exist and thus the rationality in both sectors follows. ]

APPENDIX A. TWISTED ZHU ALGEBRAS

The results of [9] detail Zhu’s algebra for untwisted modules over vertex operator superalgebras, while [12] introduces
a version of Zhu’s algebra for modules that have been twisted by a (finite-order) automorphism 7. For the N = 1 vertex
operator superalgebras studied here, the untwisted modules are those in the Neveu-Schwarz sector and the Ramond sector
corresponds to the special case in which 7 is the parity automorphism, defined to act as the identity on the even subspace
and minus the identity on the odd subspace. Throughout this appendix, we shall assume that V is a vertex operator
superalgebra, graded by conformal weights in %Z, and that 7 is an order 2 automorphism of V.

Let us say that a vector v € V is homogeneous if it is a simultaneous Ly- and 7-eigenvector and, in this case, define wtv
to be its conformal weight. Let Vo and V{ (V12 and V7 ,) denote the subspaces of V spanned by the homogeneous vectors
whose associated fields have integer moding (half-integer moding) when acting on the untwisted and 7-twisted sectors,
respectively. Then, Vo and V), are the eigenspaces of (—1)?L¢ of eigenvalues 1 and —1, respectively, and we always have

V=Vo& Vi, =Vje Vi, Wegive three examples to illustrate this simple, but crucial, definition:

e Let Vbe an N = 1 vertex operator superalgebra and let 7 be the parity automorphism. Then, V and V, are the even
and odd subspaces of V, respectively, while Vj =V and V|, = 0.

e Let V be the vertex operator superalgebra associated with symplectic fermions (5?[(1 | 1)), or another affine Kac-Moody
superalgebra, and let 7 be the parity automorphism. Then, Vo = V and V;, = 0, while V{ and V| , are the even and odd
subspaces of V, respectively.

e Let V be the bosonic ghost system of central charge ¢ = —1, so that the ghost fields have conformal weight 1, and
let 7 = (=1)*L0. Then, Vy and V|, are the subspaces whose non-zero vectors are constructed using an even and odd

number of ghost modes, respectively, while Vi = V and V|, = 0.

Of course, the first is the example that is important for this paper.

The untwisted (twisted) Zhu algebra of a vertex operator superalgebra V is, as a vector space, a quotient of the subspace
Vo (V). To characterise these quotients and define the algebra operations, we consider the following bilinear products [38]
defined on both V( and V{:

z2 (A1)

(1 +Z)wtu:| (1+Z)wtu:|
71 —_— .

u*v=1Res,_g [u(z)v , uov==Res, {u(z)v
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Both may be motivated by considering the following generalised commutation relation, see [2, App. B], and assuming

that it acts on a ground state:

- <€+k—l

L\ k-

& (Wtu+n+k—1
=0

) [tn-evone = (DMl i) =) j )(u_m+ ks V)0 (A2)

=0
(u and v are here assumed to be homogeneous vectors of definite parities |u| and |v|, respectively). Indeed, taking n = 0
wtu
J
this zero mode action to elements of Vj and V{. Unlike the zero mode action however, this product fails to be associative

and k = 1 gives ugvg = Y, i ( )(u_ wiu+jV)o = (u * v)o on a ground state. The product = is therefore just the abstraction of

in general.
Taking instead n = —1 and k = 2 in (A.2), we obtain the relations (u o v)g = }_; (

wtu
J

these identities therefore amounts to the vanishing of u o v, as defined in (A.1). However, it turns out that one may obtain

)(u,wtu,H Vo = 0. Abstracting

further vanishing relations by taking n = —% (hence u,v € Vi, or V| /2) and k = 1 in (A.2). The abstract version of these

relations leads to the following extension of the product o to both V;; and V7 ,:

1+ wtu—1/2
uov=Res,.g u(z)v% . (A.3)

To impose the required vanishing and fix the non-associativity of *, one introduces the “subspaces of relations”

O[V] = span{uov : u,veVo}+span{uov : u,veVl/g},

(A4)
OT[V] =span{uov : u,veVy} +spanf{uocv : u,veVi,}.
These subspaces are in fact two-sided ideals of Vj and V{, respectively, with respect to the product = [9,12].
Definition A.1. The untwisted and t-twisted Zhu algebras of V are the vector space quotients
Vo Vi
AV]= ——, A[V]= 2, AS
[V] OIV] [V] O IV] (A.5)

respectively, equipped with the product * defined in (A.1).

Remark. In the literature, one normally finds the definition of o extended further so that v is not required to have the
same moding as u. This extension obviously has no interpretation in terms of the vanishing of zero modes, but allowing
it leads to the non-integer moded elements being zero in the (twisted) Zhu algebra. One can then extend * to all of V by
declaring that u = v is zero if either u or v is non-integer moded. The utility of these extensions is not clear to us and they

have the unfortunate consequence of obfuscating the relationship between (twisted) Zhu algebras and zero modes.

Theorem A.2 (Kac and Wang [9, Thm. 1.1]; Dong, Li and Mason [12, Thm. 2.4(iii)]). Both A[V] and A'[V] are unital
associative algebras. In each case, the unit is the image of the vacuum and the image of the conformal vector is central.

Moreover, both algebras are filtered, but not generally graded, by conformal weight.

Let M be a (twisted) module over the vertex operator superalgebra V whose conformal weights are bounded below, that
is, there exists 7 € R such that the real part of every Lo-eigenvalue on M is at least 7. Then, the space M of ground states
of M is non-zero. Further, let M be the subspace of M of vectors that are annihilated by all positive modes of all fields
in V. For example, the space of ground states of a Verma module MNS(#, ¢) over V(c) is spanned by its highest-weight

vector and all its singular vectors. The following results may also be found in [9, 12].

Theorem A.3. Let M be an untwisted (twisted) module over a vertex operator superalgebra \l. Then, the subspace M
becomes an A[V]-module (N [V]-module) on which the action of [u] € ALV] ([u] € A'[V]) is that of the zero mode uy of its
preimage u € Vo (u € V().

Theorem A.4. There is a one-to-one correspondence between simple (twisted) Zhu algebra modules and simple (twisted)
V-modules whose conformal weights are bounded below. More precisely, the subspace M of every such (twisted) V-
module M is a simple (twisted) Zhu algebra module and every simple (twisted) Zhu algebra module M can be induced to

construct a unique simple (twisted) V-module M.
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Remark. A point to be emphasised is that the (twisted) Zhu algebra is, by construction (specifically, that presented
above), canonically isomorphic to the algebra of zero modes acting on ground states of (twisted) modules. In other words,
Theorem A.3 constructs an algebra homomorphism from the (twisted) Zhu to the algebra of zero modes (acting on ground
states) and Theorem A.4 implies that this homomorphism is indeed an isomorphism because every simple (twisted) Zhu

algebra module can be induced.
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