MODULARITY OF LOGARITHMIC PARAFERMION VERTEX ALGEBRAS
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ABSTRACT. The parafermionic cosets C; = Com(H, Li(sl2)) are studied for negative admissible levels k, as
are certain infinite-order simple current extensions By of C;. Under the assumption that the tensor theory
considerations of Huang, Lepowsky and Zhang apply to Cy, irreducible C;- and By-modules are obtained from
those of Li(sly). Assuming the validity of a certain Verlinde-type formula likewise gives the Grothendieck
fusion rules of these irreducible modules. Notably, there are only finitely many irreducible Bi-modules. The
irreducible Cy- and Bj-characters are computed and the latter are shown, when supplemented by pseudotraces,
to carry a finite-dimensional representation of the modular group. The natural conjecture then is that the By, are
C>-cofinite vertex operator algebras.

1. INTRODUCTION

Logarithmic conformal field theory is of significant interest in both mathematics and physics. From its
earliest appearances [1, 2], it has found applications in both statistical physics and string theory whilst its
characteristic feature, reducible but indecomposable modules over a vertex operator algebra, poses signifi-
cant (but rewarding) challenges to representation theorists. As with the more familiar rational case, there are
certain logarithmic theories that may be regarded as somehow archetypal [3] including symplectic fermions
[4], the triplet model [5—7], bosonic ghosts [8] and admissible-level Wess-Zumino-Witten models [9-11].

It is of fundamental importance to develop a theory of good logarithmic conformal field theories. One
very natural class consists of those that are C,-cofinite [12] (or lisse), meaning that the corresponding
vertex operator algebra only possesses finitely many (isomorphism classes of) irreducible modules. It seems
plausible that the representation category of a C,-cofinite vertex operator algebra is a so-called log-modular
tensor category [13, 14], a mild non-semisimple generalisation of the modular tensor categories that arise
when restricting to the rational case [15]. We would like to gain better intuition about log-modular tensor
categories. Unfortunately, the only really well understood examples of C,-cofinite vertex operator algebras
are the triplet algebras [16,17] and their close relatives [18,19]. In particular, the other archetypes mentioned
above are not C;-cofinite, so there is an obvious need for more examples.

The picture advocated in [20,21] for constructing new examples is as follows:

extension
Le(g) B = @oes o (Li(g))
coset coset (1.1)
C, = Com(H, Ly (g)) extension B = Com(V(, Ex).

Here, g is a simple Lie algebra, Li(g) is the corresponding simple affine vertex operator algebra at a negative
admissible level k, and V| is a lattice vertex operator algebra extending the Heisenberg vertex operator
algebra H associated to the Cartan subalgebra of g. The vertex operator algebra E; is a simple current
extension of L(g) by the images of the vacuum module under a subgroup S of spectral flow functors
(see Section 2). By is then an extension of the parafermion vertex operator algebra C; governed by an

abelian intertwining algebra. The results of [21] suggest that both E; and By have a good chance to be
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C-cofinite. However, the former has the undesirable property that its conformal weights are unbounded
below, a property that is not shared by the latter if £ < 0.

Parafermionic cosets C;, with k € Z>( were introduced independently in the physics [22,23] and mathe-
matics literature [24,25]. Despite the fact that physicists have long regarded these parafermions as textbook
examples of rational conformal field theories, the nature of the underlying vertex algebras (C,-cofinite and
rational) has only recently been rigorously established [26-28]. More recent work [21, 29] indicates that
the traditional methods employed by physicists to analyse parafermions can also be made rigorous and that
these methods should also be applicable to the logarithmic parafermions that arise at admissible levels.

We mention that the physicists’ parafermion chiral algebras actually correspond to generalised vertex
operator algebras obtained as finite-order simple current extensions of the C; cosets with k € Z>1. In par-
ticular, the generating fields (the parafermions themselves) for g = sl are Virasoro primaries of conformal
weight n(1 — %), where n = 1,...,k— 1. When k = 1, the parafermion theory is trivial. When k = 2, it
follows that the parafermion chiral algebra is the free fermion, while C; is the Ising model vertex opera-
tor algebra. (This generalisation from the free fermion is in fact the reason for the name “parafermions”.)
There are, of course, other finite-order simple current extensions of Cy, k € Z>, that are Cp-cofinite ver-
tex operator (super)algebras. However, these are rational and therefore have a very different flavour to the
admissible-level infinite-order extensions By that we study here.

For k admissible, the simplest case is, of course, g = sl for which Li(sl) is fairly well understood
[30-33]. Our objective is to better understand the extended parafermions By in the case where k is also
negative. In this article, we will determine (conjecturally all) the irreducible B;-modules, as well as a few
reducible but indecomposable ones, and establish the modular properties of their characters. The results are
consistent with the By being C,-cofinite, but non-rational, vertex operator algebras. In subsequent work,
we plan to prove this Cy-cofiniteness and study further properties of these vertex operator algebras with the
motivation being to gain a better understanding of C,-cofinite vertex operator algebras in general.

We mention two natural extensions of our study. First, one would like to understand the parafermions of
L_541/a(sl2) for positive integral n. These are non-admissible levels, but the affine vertex operator algebras
allow for large extensions that relate to the triplet algebras via quantum hamiltonian reduction [34]. We
suspect that their parafermionic cosets also allow for interesting and possibly C,-cofinite vertex operator
algebra extensions. Second, one has the closely related parafermionic cosets of Ly (0sp(1]2)) at admissible
levels, also known as graded parafermions [35,36]. For general admissible levels, Ly (0sp(1]2)) is currently
under investigation [37,38]. The more familiar positive integer cases, together with their parafermionic

cosets, are addressed in [39], see also [40].

1.1. Schur-Weyl duality for C;. Here, we summarise the relevant results of [21] concerning the Heisen-
berg coset C;, = Com(H,L;(g)), where g is a simple Lie algebra. We are mainly interested in how the
decomposition of L (g) into H® C;-modules allows us to determine the structures of the C;-modules and,
consequently, those of the B;-modules.

We note the following assumption that we consider to be in force throughout this paper.

Assumption 1. The vertex tensor category theory of Huang, Lepowsky and Zhang [41] may be applied to

the Ci-module categories that we study below.

We remark that the validity of [41] has been verified for the category of ordinary modules of L (sl;) at
admissible level k in [42] and for the Heisenberg vertex operator algebra H in [21]. Determining the ap-
plicability of [41] beyond C,-cofinite vertex operator algebras is in general a very important open problem.
The key conditions to prove are the closure of a given subcategory under the P(z)-tensor product and the
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convergence of products and iterates of intertwining operators. Work on the latter condition for C; is un-
derway.
We now recall how the results of [21] apply to our setting.

Result 1.1. As an H® Cy-module, the simple affine vertex operator algebra Li(g) decomposes as

Le(g)l = P Fr®Cy, (1.2)
1€Q

where Q denotes the root lattice of g. Here, F denotes the Fock space of H with highest weight A and the

C,, are irreducible Ci-modules.

Result 1.2 ([21, Thms. 2.6 and 3.1]). Cg is the vacuum module of the simple vertex operator algebra Cy,

and the €, are simple currents whose fusion rules include
G;L®Ck GH%G,H#. (1.3)

Throughout, we understand that a fusion rule refers to the original definition used by physicists, namely
the decomposition of the fusion product of two modules into isomorphism classes of indecomposables.
The multiplicities with which these indecomposables appear in a given fusion product are called the fusion

multiplicities.
Result 1.3. For k <0, the decomposition (1.2) is multiplicity-free, meaning that Cy % €y, whenever A # U.

This last result follows [21, Sec. 3.2.1] from the fact that the conformal weights of L, (g) are bounded below.
In fact Result 1.3 is also true for Ly (sly) with k > 0 and k ¢ Z, by the criterion of [21, Sec. 3.2.2]. We are
neglecting the positive k cases as the convergence of the coset module characters is then rather subtle.

Result 1.4. If M is an indecomposable Li(g)-module on which H acts semisimply, then its restriction to an
H ® Cy-module is

M2 @ FueDy, (1.4)
nea+Q

for some o € C®7 Q. Moreover, this decomposition is structure-preserving: If M has socle series 0 C
M! - c M € M and we define Ci-modules DL by
Ml P FuoDi, i=1,..,0-1, (1.5)
nea+Q

then 0 C @L C---C Dﬁ_l C Dy, is the socle series of Dy, for all i € o0+ Q.

Result 1.5. Given an indecomposable Cy-module D, there exists o, € C ®7 Q such that the induction
(Fu©D)T = Li(9) Oy, (Fu®@D) (1.6)

is an (untwisted) Ly (g)-module if and only if 1 € a + Q'

Here, Q' denotes the dual lattice of Q with respect to the bilinear form defined by the operator product
expansions of the generating fields of H. This form is k times the Killing form of g, where we normalise
the latter so that the length squared of the highest root is 2.

We mention that when F;, ® D does lift to an Li(g)-module, as in the previous result, the lift will be
irreducible if and only if D is irreducible (by Result 1.4).

Given a lattice L C C®yz Q, there is a simple current extension V| of H satisfying

Vil @7, (1.7

A€EL
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This extension is a vertex operator algebra (superalgebra) if and only if V| is Z-graded (%Z-graded) by
conformal weight [25]. A theorem of Li [43] now implies that C; has an extension By satisfying

Bkig@ez (1.8)

Ael
as a Cy-module. Moreover, By is a vertex operator algebra (superalgebra) if and only if it is Z-graded
( %Z-graded) by conformal weight.
We now ask whether a given Ci-module D lifts to an untwisted Bi-module

DT =By ®c, D (1.9)

Assuming that By, is Z-graded for simplicity, the answer is that it lifts if and only if the monodromy of Cj
and D is trivial for all A € L [20,44,45]. When these monodromies are scalars, which happens for example
when End D = C, this triviality is decided by conformal weight considerations alone. We record this simple

conclusion for later use.

Result 1.6. If By is Z-graded by conformal weight, then the lift DT of a C-module D with EndD = C is
an (untwisted) Br-module if and only if it is Z-graded. Moreover, if D is irreducible as a Ci-module and it
lifts, then DT is irreducible as a By-module.

We remark that the second statement above is quite general, but must be interpreted with care when working
with simple current extensions of vertex operator superalgebras. Then, the statement fails if one is working
over Z,-graded modules (as one customarily does in this situation). Specific counterexamples may be found
by considering the N = 1 superconformal minimal model of central charge 1 whose order 2 simple current
extension is the N = 2 superconformal minimal model of level 1.

Finally, to compute the (Grothendieck) fusion rules of C; and By, we also need the fact that the induction
functor T is a tensor functor of vertex tensor categories. This is the main theorem of [29] and was previously
conjectured for simple current extensions in [46]. For this computation, we need a further assumption.

For k admissible, there is a category <7 of finite-length L;(sl;)-modules that we define explicitly be-
low after Remark 2.8. If .27 is closed under fusion products and fusing with any module defines an exact
endofunctor on it, then fusion descends to a product on the Grothendieck group of <7, (in which a mod-
ule is identified with the sum of its composition factors). We shall refer to the decomposition of a given
Grothendieck fusion product into images of irreducibles as a Grothendieck fusion rule and to the multiplic-

ities of said irreducibles as Grothendieck fusion coefficients.

Assumption 2. For k admissible, the Grothendieck fusion rules of <7, are well defined and the Grothendieck
fusion coefficients are computed by the standard Verlinde formula of [46,47].

With this highly non-trivial assumption, the Grothendieck fusion coefficients of L (sl,) have been computed
in [31,32], see also Section 2.3. The results are consistent with the fusion rules that have been computed
[9,11]fork = f% and — % We remark that this assumption is actually a theorem for the category of ordinary
Ly (sl)-modules, for k admissible, by [42, Cor. 7.7].

With this assumption, we can compute the Grothendieck fusion rules for C; and By, from those of L;(sl,)

using the following result.

Result 1.7. For any Cy-modules D and &, choose §,¢ € C®Rz Q such that (Fs @ D)1 and (Fe @ )T are
L (g)-modules. Then,

(Fs2D)T By () (Te® T (Fse®(D B, et (1.10)



MODULARITY OF LOGARITHMIC PARAFERMION VERTEX ALGEBRAS 5

Moreover, if both DT and &1 are By-modules, then

@T@Bk et~ (D ®c, et (1.11)

1.2. Outline and results. We begin in Section 2 with a detailed review of the admissible-level simple ver-
tex operator algebras Ly (sl,), their representation theories (category & and beyond), and their Grothendieck
fusion rules. This serves to fix notation and conventions as well as collect the various results that will be
needed for what follows. We adopt here the language of the standard module formalism (standard, typical
and atypical) introduced for logarithmic conformal field theories in [46,47]. As it is also convenient for
describing the representation theory of the parafermion and extended parafermion coset vertex operator
algebras, we use this language throughout.

The parafermion cosets C;, with k admissible and negative, are analysed in Section 3. We first determine
the decompositions of the standard and irreducible atypical Li(sl;)-modules as H ® Ci-modules, thereby
deducing the characters of the standard and irreducible atypical C;-modules (Propositions 3.1 and 3.3). The
Grothendieck fusion rules of the irreducible Ci-modules are then presented (Propositions 3.9 and 3.11). We
conclude this section with a brief discussion of three “small” examples. After recalling that C_; , and C_4 3
have been previously identified [48,49] with the singlet vertex operator algebras S » and S; 3, respectively,
we concentrate on C_;/3 and find that it is isomorphic to the bosonic orbifold of the N = 1 supersinglet
vertex operator superalgebra sS; 3 introduced by Adamovi¢ and Milas [19].

Section 4 then addresses the extended parafermion cosets By, again assuming that k is admissible and
negative. Identifying By as an infinite-order simple current extension of Cj, we show that the former has
only finitely many irreducible modules (Remark 4.4). After reporting on the Grothendieck fusion rules
(Propositions 4.5 and 4.6) and noting that B_, />, B_4/3 and B_, 3 coincide with certain explicitly described
orbifolds of the (super)triplets Wy >, W1 3 and sW/ 3, respectively, we compute the irreducible By-characters
(Propositions 4.7 and 4.11 and Remark 4.12).

We conclude with a detailed investigation of the modular properties of the By-characters. Those of the
standard modules are easily deduced (Proposition 4.8), whilst those of the atypical irreducibles are much
more subtle. Our main result here is Theorem 4.17 which states that the parts of the atypical irreducible
characters of modular weight 1 define a finite-dimensional vector-valued modular form. It also gives an
explicit upper bound for the dimension that we believe is sharp. As the remaining parts may be expressed
as linear combinations of standard characters, it follows that the irreducible By-characters and the objects
obtained by multiplying the weight 1 parts of the atypical irreducible characters by the modular parameter
T, together span a finite-dimensional representation of the modular group. We expect that the latter objects
correspond to pseudotraces. As this is precisely how the irreducible characters of a C-cofinite vertex
operator algebra [50] behave under modular transformations, we conjecture that the By are C,-cofinite for

1

all k admissible and negative (noting that this is already known for k = — 7, —% and —%). We intend to

prove this Cp-cofiniteness in a sequel.
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2. THE SIMPLE VERTEX OPERATOR ALGEBRA L;(sl,)

In this section, we review those aspects of the admissible-level vertex operator algebras L;(sly) that
will be required for our analysis of the corresponding parafermion cosets. Our main sources for this are

[30,32,33] to which we refer for additional details and references.

2.1. Representation theory. Recall the standard basis {e, &, f} of sl in which the Cartan subalgebra b is
spanned by /. The non-zero commutators are specified by

[h,e] = 2e, le, ] =h, [, f] = =2f 2.1
and the Killing form is normalised so that

(h,h) =2, (e,f)=1. (2.2)

~

The affine Kac-Moody algebra sl is then defined to be the universal central extension of the loop algebra
sh® (C[x,x’l]. We choose generators e,, h, and f, in ;[2, for n € Z, such that they project onto e ® x",
h®x" and f ®x", respectively, upon quotienting by the centre. The central element is denoted by K and its
eigenvalue is the level k.

Fix k € C and consider the Verma module of 5A[2 whose highest weight is (k— A)wy + Ao, for some
A € C, where @y and o, are the fundamental weights. Its irreducible quotient will be denoted by D}f.
When A € Z>(, we shall also denote this irreducible quotient by £, | to emphasise that its ground states
(the states of minimal conformal weight) form a finite-dimensional subspace of dimension A + 1. The
irreducible ;[z—module D = L1 is well known to carry the structure of a simple vertex operator algebra,
which we denote by Ly(sl,), provided that k # —2. We exclude this crifical level from considerations.

We recall certain properties of the simple vertex operator algebra Ly (s(;) and its modules, when the level
k is admissible:

k+2=t=%, Welsy, vels, ged{uv}=1. 2.3)

We shall also define, for later convenience, w = —kv = 2v — u. The level k being admissible is equivalent
to the level k universal vertex operator algebra associated to 5A[2 being non-simple. The central charge of

Le(sl) isc=3—¢.

Theorem 2.1 (Adamovi¢-Milas [30] and Dong-Li-Mason [51]). Let k = —2+ | be an admissible level and
let
Ars=r—1—1s. 2.4)

Then, the highest-weight Ly (sly)-modules are exhausted, up to isomorphism, by those of the L, = L Aot 1
forr=1,...,u—1, and the D;’:X :DI Sforr=1,...,.u—lands=1,...,v—1.

Remark 2.2. The weights (k— A.5)@y + As01, for r=1,...,u—1 and s =0,...,v— 1, are the highest
weights of the admissible level-k 5A[2—modules, as defined by Kac and Wakimoto [52]. This original defini-
tion of admissibility was motivated by the observation that these irreducible modules admit a generalisation

of the Weyl-Kac character formula for integrable modules.

The conformal weight of the ground states of each of these highest-weight L (s[)-modules is determined
by its highest weight, hence by the parameters r and s. Specifically, the conformal weight of each ground
state of D is given by

’ A C(r=ts)? =1 (vr—us)? —v?
e 4t N 4uy ’
where r =1,...,u—1and s =0,...,v— 1. We note the symmetries

(2.5)

lu—r,v—s = _Ar,s - 27 Au—r,v—s = Ars- (26)

y
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It turns out that for non-integer admissible levels, these being those with v > 1, it is not sufficient to
consider only highest-weight modules. Instead, one is forced [9, 11] to broaden the class of modules to
include, in particular, the relaxed highest-weight modules. These are defined as modules that are generated
by arelaxed highest-weight vector, this being a weight vector that is annihilated by every mode with positive
index. For 5A[2, this means an eigenstate of A (of definite level) which is annihilated by the positive modes
en, hy, and f,, n > 0. A normal highest-weight vector for 5A[2 is therefore a relaxed highest-weight vector
that happens to be also annihilated by e.

Before presenting the classification of irreducible relaxed highest-weight Ly (sl,)-modules, we recall
that the Cartan subalgebra-preserving automorphisms of ;[2 define an infinite group, isomorphic to Z, X Z,
of invertible functors acting on Ly (sl )-modules. This action is called rwisting by the automorphism. This
group is isomorphic to the affine Weyl group, but the free part should actually be identified with translations
by the dual of the root lattice Q rather than the coroot lattice [53]. The torsion part of this group has a
generator w called conjugation that may be identified with the generator of the Weyl group of sl,. Twisting
by conjugation therefore negates sl,-weights but leaves conformal weights (and the level) unchanged.

Consider now an irreducible weight module over sl, that is neither highest- nor lowest-weight. Identi-
fying sl with the horizontal subalgebra of f/v\[z, we extend this to a module over the subalgebra generated
by the modes of non-negative index by requiring that its level is k and that the positive modes of 5A[2 act
trivially. Inducing to an ;Iz-module now results in a relaxed highest-weight module that is determined by
the class A @; + Q of its sl,-weights, modulo Q, and the conformal weight A of its ground states, which is
fixed by the eigenvalue of the quadratic Casimir on the original irreducible weight module.

We shall identify the root lattice Q of sl, with 2Z throughout and will frequently abuse notation by
identifying A € C with A®; € h*. It follows that the level k relaxed highest-weight module just constructed
is parametrised by A +Q € h*/Q = C/2Z and A € C. Let £,.5 denote the unique irreducible quotient
of this relaxed highest-weight module so that £;.4 = Eu:x if A = p (mod Q). It is likewise a relaxed
highest-weight module.

Theorem 2.3 (Adamovi¢-Milas [30], see also [33]). Let k = —2 +% be an admissible level. Then, the

irreducible relaxed highest-weight L (sly)-modules are exhausted, up to isomorphism, by the following list:
o The Ly, forr=1,...,.u—1;
o The D, forr=1,....u—lands=1,...,v—1;

s
e The conjugates D,  =w(DJ), forr=1,....u—lands=1,....v—1;
o The &yp,, forr=1,....u—1,s=1,....v—Tland A € h* with X # Ar5,Ay—ry—s (mod Q).

Apart from the identifications Ejy.p, . = Ep.a,_,,_,» that follow trivially from (2.6), and Ey.a, = Eyn,,, if

A =u (mod Q), the modules in this list are all mutually non-isomorphic.

Remark 2.4. The caveat that A # A,,A,—»—s (mod Q) in the classification of the irreducible relaxed
highest-weight Li(sl,)-modules arises from the fact that an £-type module with parameters (A,.; A ) or
(Au—rv—s; Ars) must be reducible. Indeed, the irreducible weight sl-module from which we induced must
have either a highest- or lowest-weight vector. Of course, one may also induce from reducible weight
sly-modules. For each r =1,...,u—1 and s = 1,...,v — 1, one thereby arrives at two distinct relaxed
highest-weight L(sl,)-modules, both reducible but indecomposable, by quotienting the induced module
by the (unique) maximal proper submodule whose intersection with the space of ground states is zero. We
denote these Ly (sl>)-modules by & = EL;A” and €, =¢&; . .
isomorphism, by the following non-split short exact sequenceé: V

noting that they are characterised, up to

u—r,y—s

+

0— D —¢&—D —0, 0—D —& — D,  —0. .7
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These exact sequences were originally stated in [33]. A rigorous justification will appear in [54].

Remark 2.5. We observe that the £,, r = 1,...,u— 1, are self-conjugate: w(£,) = L,. The conjugates of
the relaxed highest-weight L (sl>)-modules are given by w(€j.4,) = € 3.4, and w(eh) =&,

While Theorem 2.3 classifies the irreducible L (sl;)-modules in the category of relaxed highest-weight
;[z-modules, it is still easy to construct irreducible Ly (sl;)-modules that are not isomorphic to those intro-
duced so far. This construction uses the free part of the automorphism group Z; x Z, the elements of which
are called spectral flow automorphisms. We choose the generator o of the free part as in [32,33] so that

wo = o~ 'w and the following isomorphisms hold.

Proposition 2.6 ([32]). Fix an admissible level k = —2 + % and assume that v > 1. Then, we have

c(L,) =Dl

u—ry—1°

G*I(Dj’s) ~D-

u—ry—1—s?

o (L) =D r=1,...,u—1,

—ryv—1>
o (2.8)
r=1,...,u—1, s=1,...,v—2.
Together with the isomorphisms of Remark 2.5, these generate a complete set of isomorphisms among twists

of the Li(sl)-modules introduced above.

Remark 2.7. When v = 1, so that k is a non-negative integer, the list of irreducible relaxed highest-weight
L, (sl2)-modules in Theorem 2.3 collapses to just the £,, with » =1,...,u — 1 = k+ 1. The corresponding
conformal field theories are the rational Wess-Zumino-Witten models describing strings on SU (2) [55]. In

this case, the isomorphisms involving spectral flow are generated by 6 (£,) = L, _,.

Because twisting by an automorphism is an invertible functor, it preserves structure. In particular, twist-
ing an irreducible module results in another irreducible module. Moreover, since these automorphisms lift
to automorphisms of the affine vertex algebra, it is easy to see that each twist of an L (sl,)-module results in
another Ly (sl2)-module. Spectral flow therefore gives us an infinite set of new irreducible L (sl;)-modules

for each of the irreducible Ly (sl,)-modules listed in Theorem 2.3.

Remark 2.8. Fix an admissible level k = —2 + % and assume that v > 1. Then, the irreducible L (sl3)-

modules of interest in this paper consist of the following:
e The o'(D}f), with( € Z,r=1,....u—lands=1,...,v—1;
e The 6¢(Exn,, ), With( € Z, r=1,....u—1,s=1,...,v—1and A € (R/2Z)\ {Ays, Au—rp—s}-

Again, aside from 6*(E3.a,,) = 6%(Exa, ,, ) = 6 (Ea,,), where A = p1 (mod Q), the modules in this
list are all mutually non-isomorphic. The restriction to real sl weights in R/2Z = b /Q is physically
motivated and confirmed by modular considerations [31,32].

We shall suppose throughout that we are working in the full subcategory <7 of L (sl,)-modules in which
the simple objects are the irreducibles of Remark 2.8 and every object is a subquotient of the (iterated) fusion
product of a finite collection of simple objects. This, of course, presupposes that these fusion products are
sufficiently nice (for instance, we believe that they all have finite composition length) and that each of
their irreducible subquotients is isomorphic to one of the irreducibles introduced above. For the admissible
levels k = —% and —%, the explicit fusion calculations reported in [9, 1 1] lead us to expect that this niceness
continues to hold for all admissible levels (see Section 2.3 for some relevant results in this direction).

As discussed in [20], the category <7 is interesting because it is expected to contain the projective
covers of the irreducible L(sl;)-modules. Whilst rigorously identifying these projective covers remains
out of reach here (as is the case for almost all logarithmic vertex operator algebras), the corresponding
subcategory for the W(p)-triplet algebras does contain all of the indecomposable projectives, according to
[56,57].
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Remark 2.9. For k admissible and non-integral, there are irreducible Ly (sl,)-modules besides those listed
in Theorem 2.3 and their spectral flows. In particular, there are the Whittaker-type modules constructed in
[58]. However, they seem to play no role in the modular properties of [32] and, being non-weight, they
cannot appear in fusion products of the irreducibles of Theorem 2.3 [59]. We shall therefore ignore these

non-weight modules in what follows.

2.2. Characters and modularity. The character of an ;[z-module M is defined to be the following formal
power series in y, z and g:
ch[M] (v,2,q) = try, yrogto</%, (2.9)

~

At the level of characters, twisting an sl;-module M by conjugation or spectral flow yields

ch[w(M)] (y,z,q) = ch[M] (.2 ',q), ch[c*(M)] (v,2.¢) = ch[M] (yzgqéz/“,zq[/z,q), (2.10)

assuming, of course, that M has finite-dimensional weight spaces (so that characters exist).
For u,v € Z>, coprime, let M(u, v) denote the Virasoro minimal model vertex operator algebra of central
—_ 2 . .

charge 1 — % and, for r=1,...,u—1and s =1,...,v— 1, let (r,s) denote the irreducible M(u,v)-

module whose ground states have conformal weight

M) (vr—us)? — (v—u)?

A = 2.11
(1) 4uv ( )
The character of this module will be denoted by )(('\f S{,v) (g). For completeness, we give an explicit formula:
X('\:lE;‘V)( ) _ 1 Z q(2uvn+vr7us)2/4uv_q(2uvn+vr+us)2/4uv ) (2.12)
’ n <Q) nez
Proposition 2.10. Fix an admissible level k = —2+ 7 and assume that v > 1. Then, we have the following
character formulae:
k_Ck 02k/4 ., M(u,)
Vg o (@)
ch[6!(E1a,.)] = () Y gt (2.13a)
’ n (6]) HEA+Q
k_tk 02k/4 ., M(u,)
YT s (a)
ch[o’(&})] = ) ) R A (2.13b)
’ n (q) IJEkr..H“Q
v—1 oo
ch [O'Z(Lr)] _ Z (_l)s -1 Z (Ch [szers +é(8;,)] —ch [62(m+1)v7s Jré(a;rir‘}ix/)} ) 7 (2.13¢)
s'=1 m=0 ’ '
v—1
ch[o/ (D))= Y (—=1)* *ch[o® *H(&F )]+ (=1)""Fch[o" T (Luy)]. (2.13d)
s'=s+1 '

If k < 0, then the infinite sum in (2.13c) converges in the sense of formal power series in z, meaning that the

coefficient of each power of 7 converges to a meromorphic function of q (for |q| < 1).

Remark 2.11. The character formulae given in Equations (2.13b) to (2.13d) were originally derived in
[32, Prop. 4 and Prop. 8], while (2.13a) was stated without proof. Recently, a proof for generic values of A,

r and s was given in [58] using an explicit construction of the modules. A full proof will appear in [54].

u—ryv—s

Remark 2.12. It is easy to check that ch [O'Z(Er_’x)] =ch[o’(€;) )] using (2.7) and the exactness of the

spectral flow functor.

Remark 2.13. In the standard module formalism introduced in [46, 47], the irreducibles 65(8 K;Am) are
the typical Ly (sl)-modules. The reducible but indecomposable modules GZ(SiY) are examples of atypical
Li(slp)-modules. Together, these two classes form the standard modules of Li(sly). The o’ (D)) are
likewise atypical, but are not standard: their characters are expressible as infinite linear combinations of
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(atypical) standard characters. However, these character formulae only converge as formal power series if
k < 0. The question of what this means for k > 0 will not be addressed here.

Remark 2.14. The character formulae given above for the irreducible atypicals were deduced from the

following resolutions [32]:

> 63%1(8;—1) — e (e — szl(eil)

N cy2v71(8+ ) N GVH(EZZM)

ufr.vfl) — T GV+2(8+

u—r2

— o (&

ry—1

)—>---—>62(822)—>6(5I1)—>Lr_>07 (2.14a)

) —> o (&

) = 0 (E] sl

0— 6" (Lyy) — o5& a2

ol ) — Dy — 0. (2.14b)
For s = v — 1, the latter resolution reduces to the isomorphism & (£,_,) = DXS. One can obtain other
resolutions by applying the conjugation and/or contragredient dual functors to (2.14) and these may lead to
somewhat different looking character formulae. For example, conjugating (2.14a) leads to

v—1

ch [Gé (Lr)] _ Z (-1 )SL] i (Ch [GmevfsUré(E;S/)} —ch [672(m+1)v+s/+€(8;_ryv_3/)] )
m=0

s'=1

v—1

_ Z (_1)@/,1 i (Ch [GmevﬁgUr/l(g;r_m_s,)] —c¢ch [672(m+1)v+s’+€(8:;,)]), (2.15)

s'=1 m=0

using Remarks 2.5 and 2.12.

2.3. Fusion. The fusion rules of the admissible-level L;(sl,)-modules have only been (partially) computed
for k = —% [9] and k = —% [11,53]. However, the Grothendieck fusion rules are known for all k£ [31, 32],
subject to two assumptions. The first is that fusing with an irreducible L (sl;)-module defines an exact
functor on the module category .27}, (see Section 2.1), so that the fusion product induces a ring structure on
the Grothendieck group of <. The second is that the structure constants of the Grothendieck fusion product
are computed by the standard Verlinde formula of [46,47], which we understood first in the example of
Vi (gl(1|1)) [3,60]. We shall assume that these Grothendieck fusion rules are correct, hence that the fusion
rules are known up to ambiguities involving non-trivial extensions. This was the content of Assumption 2,
as stated in Section 1.1.

In general, we let ®,, denote the fusion product of a given vertex operator algebra V and K, its
Grothendieck fusion product. The image of a V-module M in the Grothendieck ring of V shall be denoted
by [M].

Before stating the Li(sl) fusion rules, it is convenient to introduce some notation for the fusion rules

(r// 7SI/

of the Virasoro minimal model vertex operator algebra M(u,v). Let [(”) (v i, denote the fusion

)] M(u,v)
coefficient involving the irreducible M(u, v)-modules (r,s), (¥/,s) and (¥”,s"), so that

(r//7s//)
(59) S (5= €D |
) 5" (I",S) (r/3sl) M (u,v)

Here, the direct sum runs over the irreducible M(u,v)-modules (#’,s”) in the Kac table

C{Lu—1)x {1, v—1}
Kac(u,v) = s)~ (a—rv—s) . (2.17)

(", s"). (2.16)

In what follows, sums indexed by irreducible M(u, v)-modules will always be assumed to run over Kac(u, v).

Note that because M(u,v) is rational, its fusion rules and Grothendieck fusion rules coincide.
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Proposition 2.15 ([32, Props. 14, 15 and 18]). Fix an admissible level k = —2 + % and assume that v > 1.
Given Assumption 2, the fusion rules of the irreducible Ly (sly)-modules with the c'(L,) are then

u—1 r 7
¢ ¢ ~ (r",1) v

o (L) ®Lk(5[2)o- (Lr’)—rgz (1) (7, 1)] M(u,v)o- (L), (2.18a)

u—1 b
Gé(ﬁr) 0, o1 )Gll(Drf bE @ (r, 1/) O-ZHI('Dju ), (2.18b)

k(542 »” = _(r, 1) (r s 1)_ M (u,v) ”

u—1 7 1

G[(Lr) ®L (sh) Gél(gl/;A/ ,/) = @ (r ,1/) G“—Z/(Er*lJrl/;A " ./)' (2.18¢)
k(S s et _(r, 1) (I" , 1)_ M) s

When v = 1, the fusion rules are instead given by (2.18a) alone.

Remark 2.16. Because (1,1) and (u— 1,1) are simple currents of M(u,v), it follows from these fusion
rules that the *(£1) and 6/(L,_1) are simple currents of the L;(sl,)-module category .o%, for all £ € Z.

Proposition 2.17 ([32, Props. 13 and 18]). Fix an admissible level k = —2+ % and assume that v > 1. Given
Assumption 2, the Grothendieck fusion rules involving the atypicals GZ(ZD;FS) and the typicals ¢*(& AiAs)

then include

(0" (Exa,,)] 5, (sty) ["[(El’;AM)]

= (V »S ) 4 ’
N (r;s"”) {(r,s) (r/,s/):| M) ([Gé+[ +1(81+l/7k;A,.//‘S//)] + [Gé+é 1(8l+l/+k;Ar//‘S//)])
(r,s") (r",s") S+
- ,,Z,, ([ (r',s" — 1)} {(r,s) (s + 1)} M, v)) [0 (€42 A ,,)] (2.19a)

r// )

, v ( o+
[G (SA;AM)] |X|Lk<5[2) [G (.D:;,s’)} = ,,Z,, |:(V,S) (r S/+1):| M, V)[ + (El-ﬁ-l/ oA N)]
(",s") } (041
—+ (o (81 Ay n //) (219b)
(NZ//)|:V;S) ) M (u, )[ +’5+1Ar ]
If s+5s' < v, then we have in addition
"o
(D)) = “(DF )] = s
[0- ( r,s)] Li(sla) [G ( s )} (o _(r,s) (r’,S’) M(u,v)
”i:l [ (1) }
=1 _(r,l) (rlal) M (u,v)

040
[G * +l( Ar”,s+s/+l ;Ar//?s//)]

[o"(Df )] (2.190)

while if s+ > v, then we have instead

¢ 4 _ [ (r",s") (40 +1
[G (D;ﬂ)] Ing(ﬁ[Z) [G (D:’_,s/ﬂ - (r;s"’”) _(r,s—|— 1) (r’,s’—|— 1)} M) [G o (8’1r ksl + A s//):l

—1 /"
) (r 71) 00 +1 +
" Z (r 1) (I’/, 1):| (u,v) [O- (DM " s+s v+1)] . (219(1)

=1 L\"»

3. THE PARAFERMION COSET C;

In this section, we study the parafermion vertex operator algebra C; = Com(H, L (sl)), where H denotes
the Heisenberg vertex operator subalgebra generated by the field (z) € Li(sl,) and the level k is admissible
and negative. We first decompose the characters of the L (sl)-modules given in Proposition 2.10 into
characters of H® Cg-modules. This relies on the Schur-Weyl duality result summarised in Result 1.4. We
also obtain (Grothendieck) fusion rules for the C;-modules, illustrating the results with examples.
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3.1. Decomposing characters. We start by recalling that the irreducible modules of the Heisenberg vertex

operator subalgebra H are the Fock spaces F;, 1 € C. Including the level, and identifying the Heisenberg

weight with the sl,-weight, the characters of the Fock spaces are given by

yhh gh? /4
n(q)

where 7 is Dedekind’s eta function. As the central charge of H is 1, that of the parafermion vertex operator

ch[Fu](v,2,9) = : 3.1)

algebra Cy is ¢ =2 — ?. Denoting the Virasoro zero mode of C; by Ly (which in the coset realisation is
identified with Ly — ﬁhg), the character of a C;-module M is defined to be

ch[M] (g) = try gm0/, (3.2)

Since all the irreducible modules of <% may be resolved in terms of the standard L (sl;)-modules
c(&).a,,) and Gé(EXS), the first natural step is to obtain the “coefficients” of the Fock space characters

in the Schur-Weyl decomposition of these standards.

Proposition 3.1. Given Assumption 1, the standard Ly(sl)-modules decompose into H® Cy-modules as

Gé(g’l;Am)\L = @ «rfquék ® eliz;r,s (A’ # )’r,h )vu—r,v—s (mOd Q))’ (333)
HEA+Q
(&N P Fua®Cr  ENE P Fuu®Cpuy, (3.3b)
HEAs+Q HEAy—ry—s+Q
where the Gﬁ;m are irreducible highest-weight Ci-modules and the @im are length 2 indecomposable Cy-
modules. Their characters are given by
—u2/4k . M(u,w)
a s (@)
e + (r;s)
ch[€E,,] (q) = ch[es,,] (g) = T G4
n(q)
Proof. Schur-Weyl duality (Result 1.4) immediately implies that
El;Ar,s*I’ = @ Sr,u ® ei;r,s? (3.5)

HEA+Q

where the @fj;r’s are irreducible Cz-modules. We obtain the parafermion characters by decomposing (2.13a)
(with £ = 0):
ko, M(uv k2n4A (2n4A)2 J4k q—(2n+k)2/4k%M(M7") (q)

)
Y X(rs) (9) 2t Yz q (rs)
chl€&,. . \B) 7 z n+A _ . y
[Eria 1(q)? nzez HZEZ n(q) n(q)

—(2n+A)? 4k xM(mv) (q)

(r,s)

q
= éCh [?ZnJr/l] 77(‘])

The desired result now follows by identifying 2n+ A with u € A +2Z = A +Q.
Analogous decompositions hold for the 6 (& A:A,, )» SO it remains to show that the parafermion modules

(3.6)

appearing in these decompositions may be identified with the @ﬁm s- This follows from the lifting condition
(Result 1.5). Indeed, this condition guarantees that there exists f € Q ®7 C = C such that F, ® Gﬁ;m lifts
to an L (sl)-module if and only if v € f + Q', where Q' = kZ is the dual lattice of Q = 2Z (with respect
to the natural bilinear form (/,4) = 2k induced by the operator product expansion of A(z) and h(w)). As
(Fu® Gﬁ;rﬁs)T = €).a,, 18 an Li(sly)-module, we may take § = L.

It follows that for any ¢ € Z, the lift (Fyu ® GS;M)T =@puer Fu+a ® efi;m is an Ly(sl,)-module and
it is irreducible because Gﬁm s 18 (by Schur-Weyl duality). A calculation very similar to (3.6) shows that this
irreducible module has the same character as Gg( €:a,, ), hence they are isomorphic. This therefore estab-
lishes the decomposition (3.3a) for all £ € Z. The results for the atypical standard modules ¢* (Efs) follow
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using similar arguments, the main difference being that the isomorphisms follow from the indecomposables

being completely characterised by their Loewy diagrams (the extension groups are 1-dimensional). [ ]

Remark 3.2. We point out that this result used the fact that the irreducible L (sl,)-modules are determined
(up to isomorphism) by their characters. The same is unfortunately not true for characters derived above

for the standard Cz-modules. For example, (‘3“ s and cé share the same character, despite being non-

—lirs
isomorphic (for u # 0). We can see this inequivalence as#follows. First, as ¥, ® Gﬁ;m lifts to the Li(slp)-
module €., ,, the lifting condition (Result 1.5) says that the tensor product Fy & Cﬁ;m lifts to an L (slp)-
module if and only if v e u+ Q. If Gﬁ s and (?_ﬂ s
ve(u+Q)N(—u+Q’) which is empty unless 2u € Q'. It follows that 6” s and 67“ s

if2u ¢ Q. But, if 2u € Q' = kZ, then u = —p + ¢k, for some ¢ € Z, and any isomorphism Gu rs = Gﬁu s

were isomorphic, then there would have to exist

are not isomorphic

would lead to
Euinye = (Tu ©CL ) T2 (T @€l )T (T €8, )T 2 6% (Epa,,), 3.7
which is a contradiction unless ¢ = 0, hence y = 0.
Combining this result with the character formulae given for the atypical irreducibles in Proposition 2.10

and/or the resolutions of Remark 2.14, we deduce the latter’s decompositions into (H ® C;)-modules and

character formulae for the resulting parafermion modules.

Proposition 3.3. Given Assumption 1, the atypical irreducible Ly (sl,)-modules decompose into (H® Cy)-

modules as

cé([‘ = @ ?[Hr[k ® Gp Nl Gé(‘D:;)\I, = @ ‘rfquZk ® e[,?;r,s? (3.8)
UEAN+Q LEA+Q

where the Gﬁ;r and Gf;m are irreducible highest-weight Ci-modules characterised by the following resolu-

tions:
T G:L——(Sv—l)k;r,v—l e GZ—(2v+2)k;r,2 - e;r—(zvﬂ)k;r,l
— e;:7(21}71)k;ufr,vfl T e[Jirf(\h%)k;ufrﬂ — e[Jirf(thl)k;ufr,l
L
— Gz_w_l)kmv_l — e — Gﬁ_zm’z — e;:—k;r,l — €7, —0,  (3.9)
L
0—C/ (\ pur — Gzi(vilﬂ)k;w L O i = G g Cirs — 0. (3.9b)
Their characters are given by
el I g) =
ch[(?ﬁ;,] (q) _ Z(_l)sfl g Z ( (L—sk+2wm)? 4k _ g —(utsk+2w(m+1)) /4k) (3.102)
s=1 n (q) m=0
M (u,v
vl / l / (Q) /
hl:el?rs] ( ) — Z (_l)s —s—1 (rs)( ) q—<“-_(5 —S)k>2/4k + (_l)v—l—s Ch [efliwiv)k.uir] . (310b)
1 nigq o
s'=s5+1

Remark 3.4. It is easy to check from these formulae that eP Lirv—1 and C° have the same character,

u—ku—r
consistent with the fact that these Cx-modules are isomorphic (by (3.9b) with s = v —1).

Remark 3.5. As an alternative to the resolutions (3.9), we present the following non-split short exact

sequences that characterise the atypical standard Ci-modules:

00— Ciipy — Cy — € s — 0 (s # 1), (3.11a)
O—>e/.?+ku ry—1— vﬁeursﬁefgu ry— s_>0 (s#v—1). (3.11b)
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L
u+kir

whens =v—1.

When s = 1, the rightmost module of the first sequence should be replaced by C

L
u+ku—r

. Similarly, the leftmost

module of the second sequence should be replaced by C

Remark 3.6. If we had started with the resolution obtained from Equation (2.14a) by conjugating, then we
would have instead arrived at the following character formula:

o aee(g) = 2 z
ch[@ﬁ;r] (q) = Z(il)s—lwi Z (q—(u+sk+2vkm) J4 _ g (u=sk+2vk(me-1)) /4k). (.12)
s=1 Tl (Q) m=0
Replacing u by —u and comparing with (3.10a), we conclude that Gﬁ;r and C° 1 have the same character,

despite being non-isomorphic (for u # 0). The reason is exactly the same argument as in Remark 3.2.

The natural category of Ci-modules to consider is thus the full subcategory whose simple objects are the
irreducibles Gﬁ;r, GEM and Gﬁ;m and whose objects are all realised as subquotients of the fusion product of
a finite collection of simple objects. We shall assume that no further irreducible C;-modules are generated

as subquotients of such fusion products, hence that this category does indeed exist. It shall be denoted by
Gk

Remark 3.7. We do not claim that the Gﬁgr, CE;,_’ s and Gﬁ;ns exhaust the irreducible C;-modules because
of the Whittaker-type L (slz)-modules mentioned in Remark 2.9. Indeed, H acts non-semisimply on these
L, (sl2)-modules, so we cannot use Result 1.4 to easily check if decomposing into H ® Cy-modules gives

anything new.

For future convenience, we collect the conformal weights of the ground states of these C;-modules. For
the Cx-module denoted by €., (for appropriate ® and %), this weight will be denoted by S;l "

Proposition 3.8. The conformal weights of the ground states of the Ci-modules introduced above are

3 + u?
Biis = 8ins = Ans— o (3.13a)
2
Ao~ if 1] < Ao,
8§~ = (3.13b)
.0 4k 2 K| = Aro,
2
Ar,s - % lf.u- S A‘r,s:
Sty = A (s#v—1) (3.13¢)
Ar,s - E + 2 s lfﬂ Z }fr,s,
For s = v — 1, we have instead 5‘?;”71 = S‘f_k;u_r, by Remark 3.4.

Proof. These results follow easily from the observation that any state of minimal conformal weight in an Ag-
eigenspace of an glz—module will be a highest-weight vector for both the Heisenberg and parafermion vertex
operator subalgebras. The conformal weight of such a state, with respect to Cy, is then its 5A[2 conformal

weight minus its Heisenberg conformal weight. ]

3.2. Fusion. Recall that we only know the (Grothendieck) fusion rules of Ly (sl) up to the validity of
Assumption 2. To deduce the (Grothendieck) fusion rules of C; from those of L(sl;) using Result 1.7
and Propositions 3.1 and 3.3, we also need Assumption 1, namely that the category %) of Ci-modules
forms a vertex tensor category. We recall that this assumption is in force throughout.
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To illustrate the method, consider the Ly (sl) fusion rule (2.18a). Applying Proposition 3.3 and Re-
sult 1.7, we deduce that

(3ot Towon (3roei )1 = B[S0y | (o)

=1

F AR D K7 o[ es |t 14
- ( ”*”/®( wr Ge #’;r/)> - ””®§2 DD gy ) (.14

whenever 4t =r—1 (mod Q), ' =r'—1 (mod Q) and u”" =r"—1 (mod Q). It follows that the H® C-
modules being induced on the left- and right-hand sides of (3.14) appear as direct summands of the same
Ly (sl)-module upon restricting to H® Cy. As these direct summands are completely determined by their

Heisenberg weights, we can read off the C; fusion rule by identifying u” with u + p'.

Proposition 3.9. Given Assumptions 1 and 2, the fusion rules of the irreducible Cy-modules with the @ﬁ;r

are
Cir 56, Qi Lj,ll enin, s S (3150

\
I

Remark 3.10. Note that the Gﬁ_l with u € Q and the Gﬁ.u_l with € u+ Q are all simple currents in the
Cr-module category %. The vacuum Ci-module (?(i | is the fusion unit, as expected. Excluding the vacuum
module, the simple currents of minimal conformal weight are either Giz‘l or one of Géufl and Gilglkl,

according as to whether u is even or odd, respectively. These minimal conformal weights are

c v - (w—2)v - (w=2y v
Oy =1+ W 1 = R 0Lt 1 = 7 T (3.16)

by Proposition 3.8 (recall that w = 2v — u). The order of Géufl is 2, assuming that u > 2, whilst the other

(non-vacuum) simple currents all have infinite orders.

Proposition 3.11. Given Assumptions 1 and 2, the Grothendieck fusion rules involving the atypicals @E;m

and the typicals Gﬁ;m include

€88 [l = X [ T (€] + [ ]
Hins C wir's’ (r”s”) (T,S) (}"/,S/> M(u,v) Hwar s /l+ll/+k;r”,s”

() ) 8
+ (" 5") < |:(V,S) (r”s/ — ]) M) + (r,S) (V/,S/+ 1) M) [GNJFH/;,,//,S//], (3.17a)

[CE ] X [G‘D ] _ Z (", s") [@5 }
winsl =Cp Ll s i (r’ S) (r/7S/ + 1) M) o s
(", s") .
' (r”Z") |:(r, 5) (r',s") M (u,) [G“Jm’*k;r”,s”] : (3.17b)

If s+5' < v, then we have in addition

€2 0= (€2, 0= ¥ [ U 1 e ]
s C whr' st (.5 (r,s) (V/,S/) M(u,v) HoEp ks



16 JEAN AUGER, THOMAS CREUTZIG, AND DAVID RIDOUT

N ﬂi] |: (//, 1) :| [QD } (3.170)
=1 (r7 1) (r,, 1) M(ut,v) uAu'sr” s+ 10 .
while if s +s' > v, then we have instead
o
GD X GAD/ r | = (r o ) GE ’ "o
[ I—l,r.,S] Ci [ u'sr ,s] Exd) [(r7s+ 1) (r/7s/+ 1) M(u,v)[ uAp —k;r" s ]
u—1 (r// 1) o
: ' /"ot . 3.17d
+rél [(rv 1) (r/a ]):| M(u,v) [e“+u —hu—rl,sts _V+J ( )

Remark 3.12. One can also determine the modular transformations of the characters of the irreducible
Cy-modules and check that the standard Verlinde formula reproduces the Grothendieck fusion rules given
here. These modular properties may either be computed directly or, more easily, from the known modular
properties of the irreducible Ly (sl;)- and H-modules. We will not pursue these straightforward computations
here. Instead, we shall study the much more interesting modular properties of an infinite-order simple

current extension of Cy, in Section 4.

3.3. Examples. The parafermion coset construction for the levels k = —% and k = —% has already been
discussed in detail [48,49] with the result being that C_; ; and C_, /3 may be identified as the well known
singlet vertex operator algebras S, and S;3 of central charges ¢ = —2 and & = —7, respectively. The
decomposition of L (sl)-modules into C-modules is given very explicitly in [61, Sec. 4] and singlet fusion
rules have been computed (within the conjectural standard module formalism) in [47, 62, 63]. A rigorous
computation of certain fusion coefficients for the p = 2 singlet has also recently appeared [64]. All these
computations are consistent with the (Grothendieck) fusion rules reported here. We add that for these levels,
much is known about the category % of Ci-modules. In particular, it is a vertex tensor category provided
that a Cy-cofiniteness condition and a finite Jordan-Holder length condition hold, see [65, Thm. 17].

An important family of parafermion cosets C;, are those with k = —%, forn € Z>,. Sinceu=n+1
and v = n in these cases, the Virasoro characters appearing in the parafermion characters and the Virasoro
fusion coefficients appearing in the parafermion fusion rules are those of the unitary Virasoro minimal
models. One reason for this importance is their relation to the vertex operator superalgebras Ly (sl(2]1))
with K’ a positive integer [66]. We intend to report on this in the near future. A second reason is that it is
also expected that C>-cofinite extensions of orbifolds of this family of parafermion cosets C; coincide with
certain cosets of the minimal W-algebras of 505, ) at level zero [67].

Here, we list the inequivalent irreducible C_,_y)/,-modules explicitly, recalling Remark 3.4:

o the G, withr=1,...,nand 4 € 2Z+r—1;

e the GEM withr=1,...,n,s=1,....n—2and u+ 3 € 2Z+r+s—1;

o the Gﬁ;m with either r=1,..., 5, s=1,...,n—land u+ 3 ¢ 2Z+r+s— 1, if nis even, or
r=1,...,n,s= 1,...,% and =+ 5 ¢ 2Z+r+s—1,if nis odd.

In terms of conciseness, it would be convenient to replace the Gﬁ;, by the Gir’nq in the above list. However,

we prefer to distinguish the £-type modules explicitly as they include all the simple currents (including the

vacuum module).

The first member, n = 2, of this family of vertex operator algebras is, as was mentioned above, the singlet

C, 2= S1,2. The above list recovers the known [47] module spectrum. Specifically, there are two series of
L
2m+1;2°

and one series of €-type modules (‘,’5; 1 HEZA % The minimal conformal weight is Aj | = —%.

L-type modules Gfm;l and C m € Z, which are all simple currents, no (inequivalent) D-type modules
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A more interesting (and less familiar) example is n = 3, thus k = —% and ¢ = —%. This central charge
matches that of the N = 1 logarithmic superconformal minimal model sLM(1,3) [68-70]. Up to isomor-

phism, we now have six families of irreducible atypicals

L ~eD Iy ~ D L~ D
Com1 =€, 2/3:3,2 Comi12 = G2m+1/3 2,2 Coms = €z 2/3;1,2
m IR . (meZ) (3.18a)
62m+2/3 1,1 Com— 1/3;2,1 62m+2/3 3,1
and three families of typicals
&~ peE &~ et &~ e
epll*eu32 eu21*€u22 eu31*6u12’ (3'18b)

where U ¢ ZZj: S E27 %5 Land u ¢ 27,4 2 % respectlvely The s1mple currents are the (‘3 ] and sz 35
their conformal welghts are 5L 4= = 3|m|(|m|+1), 52?113 3(Im/+3)*+ 4, if m#0, and 8- 03 = 3.

The conformal weight 3 5 simple current § = 60;3 has order 2: G ®C72/3 § = C_y3. As the dimension of
the space of ground states of § is 1, the corresponding simple current extension of C_, 3 contains precisely
one copy of the vertex operator superalgebra sSLM(1,3). We denote this extension by sC_5 3 so that

SC_2/3\Lg C_2/3€B9. (319)

The character of this extended parafermionic vertex operator superalgebra is easy to determine using
(3.10a):

ch[sC_5/3] (4) = ch[€g,] (9) +ch[Cs5] (4)
M(4,3) M(4,3) o

_ 1(1.1) (9)+ %(1’2) (9) Z [q3<2m+2/3)2/3 . q3(2m+4/3)2/8}

n (Q) m=0

1 lq
~ n(q)

:q‘5/24(1+q3/2+q +2¢°% +2¢° +3¢"% + 4¢* +5¢°* + 64° +)

Z [ (m1)2/6 _ o (Gm2) /6} (3.20)

This shows that sC_, /3 2 sLM (1,3) because the coefficients of qs/ 2 and ¢ in the latter’s character are only
1. However, this extra state of conformal weight 3 3 leads us to the decomposition

ch[sC_, 3] ( Z 762%11 31 = ch[sS1 3] (q), (3.21)

sLM(1,3)
(2m+1,1)

has conformal weight A

where ¥ (g) denotes the character of the irreducible sLM(1,3)-module whose highest-weight vector
sLM(1,3)
(2m+1,1)

5
gebra [19,71] of central charge —5.

= %m(3m +2) and sS; 3 denotes the N = 1 singlet vertex operator superal-

It is now straightforward to verify, with the aid of a computer, that the operator product algebras of
the bosonic orbifold of the N = 1 supersinglet sS; 3 and the parafermion vertex operator algebra C_; /3
coincide. Since both vertex operator algebras are simple, they must be isomorphic. We therefore identify
the parafermion vertex operator algebra C_5 3 as the bosonic orbifold of the N = 1 supersinglet sS; 3 and
its simple current extension sC_5 3 as sS1 3.

We conclude this example by considering the induction of C_; ;3-modules M to (twisted) sC_, ;3-modules
via

MI=sCope , M —  (MDl=Me (5o, M), (3.22)
Whether the resulting module is twisted or not (Ramond or Neveu-Schwarz) depends only on the difference

mod Z of the conformal weights of M and § ®C72/3 M. Noting that the fusion rules of Proposition 3.9
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specialise to

D g@D

&  ~ p&
psd—r1> J ®C_2/3 Chirt =€

L ~ pL
S®c ,,Cr =€ g

Hir pid=r? J ®C_2/3 eu;nl (3:23)

it easy to check that this difference is 5 (mod Z). The nine families of irreducible C_, ,3-modules listed in
(3.18) therefore lift to six families of irreducible sC_, /3—modules in the Neveu-Schwarz sector (r odd), three
of which are just parity-reversed copies of the other three, and three families of irreducible sC_ 3-modules

in the Ramond sector (r even), each of which is isomorphic to its parity reversal.

Remark 3.13. In the early W-algebra literature, the vertex operator superalgebra sS; 3 is referred to as
the N = 1 super-W3 algebra because the additional fields of conformal weights % and 3 naturally form a
superfield generalising the weight 3 field of the Casimir W-algebra of sl3. It was one of the first examples
found of an “exotic” W-algebra, meaning that it only exists for a discrete set of central charges, in this
case —% and % [72]. The latter central charge received much attention, see [73] and references therein, as
it corresponds to a unitary value for both the N = 1 superconformal minimal models and the Casimir W-
algebras of sl3. However, we are not aware of any detailed study of the non-unitary (and in fact logarithmic)

= —% super-W3 algebra in the literature.

4. THE EXTENDED PARAFERMION COSET By

We now study a larger vertex operator algebra By, as a coset of an extension of L (sl,) or, as advocated
in (1.1) of the introduction, as a simple current extension of C;. As we shall show, the B are not ratio-
nal, because they admit reducible but indecomposable modules, but have a finite number of irreducibles,
up to isomorphism. Moreover, the characters of the irreducible Bg-modules will be shown to define a
finite-dimensional vector-valued modular form. We therefore conjecture that the By are C,-cofinite. As in
the previous section, the level k will be assumed throughout to be admissible and negative. Throughout,

Assumptions 1 and 2 are understood to be in force.

4.1. By as a coset and a simple current extension. Recall that the vacuum module of Ly (slz) is £; and
that its images (L) under spectral flow are simple currents. We consider the module @, 6% (L),
where o € Z. 1Tt is easy to check that this simple current extension of Lj(sl) will be a vertex operator
algebra if and only if it is Z-graded, which happens if and only if k> € 4Z. This implies that o needs
to be an integer multiple of v and a convenient choice that works for all admissible levels is &¢ = 2v. We
thus define the vertex operator algebra E; as the simple current extension which decomposes into L (sl,)-

modules as follows:

Exl =P o> (L1). 4.1)

LeZ
We remark that because the conformal weights of 6‘(£1) are not bounded below whenever || > 2, the
vertex operator algebra Ey is not Z>o-graded by its conformal weights.
Inserting the decomposition of Proposition 3.3, Equation (4.1) becomes
Bl = D D Turowe @ Gﬁ;l - 4.2)
LeZ neq
Consider the lattice vertex operator algebra

VL=, (4.3)
A€L
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where L = —2vkZ = wQ (recall that w = —vk = 2v — u). By considering the modules with y = 0, we see

that (4.2) may be rewritten as

Erl = @VM—L@G“]— P Vi®
HEQ Ael’/L

Det. | @
peL
where V, | denotes the V| -module @,cy, Fy ¢ With A € L' = %Z. Note that L’ is the dual lattice of L
with respect to the normalisation (/,/) = 2k induced from the operator product expansion of A(z) and i(w).
The coset construction applied to V| C E; now defines the vertex operator algebra By = Com(V|, E)

whose decomposition into Ci-modules takes the form
Bil=@Pey,. 4.5)

peL

For p € L, the Gﬁ; = GZLWE;I with ¢ € Z are simple currents (Proposition 3.9), so we conclude that By is also

a simple current extension of Cg.
Remark 4.1. By Proposition 3.8, the conformal dimension of the ground states of Gizm and G’i 4] ATC

850, =(@v—u)(v+1) and &5, =2Q2v—u)(2v+1)>28;, (4.6)

2wir*

It follows that the primary field of Ci4w; | appears in the regular terms of the operator product algebra
obtained by extending the strong generators of C; by the primary fields of Gizw;l. Generalising this obser-

vation, we see that this extended set strongly generates By.

This development completes the picture described in the introduction and summarised in the diagram
(1.1). The aim of the rest of this section is to identify B;-modules, compute their characters and fusion
rules, and then prove the modularity of the irreducible characters: their linear span extends to a finite-

dimensional representation of the modular group.

Remark 4.2. The choice @ = 2v, leading to L = 2vkZ = 2wZ, is not always minimal. For instance, when
k= f%, the constraint ko2 € 47 is satisfied by @ = v =3, which would lead to L = wZ = 4Z instead of 8Z.
The upshot is that the extension B_4/3 studied here has an order two simple current of integer conformal
weight. Indeed, Proposition 3.8 gives the conformal weight of this simple current as 64% =5 — the resulting

simple current extension of B_4 3 is, of course, the ¢ = —7 triplet vertex operator algebra W 3.

Given the decomposition (4.5), it is now straightforward to lift a Cz-module M to a (possibly twisted)
Bi-module MT using the fusion rules of Proposition 3.9. Indeed,

MT =By ®c, M — (M) = Q}e;L | ®c, M. 4.7)
AeL
If End M 22 C, then this lift will be an (untwisted) Bg-module if and only if it is Z-graded (Result 1.6). This
condition is obviously satisfied for all irreducibles as well as the atypical standards.
Let us illustrate the procedure by using the fusion rule (3.15¢) to analyse the lift of a typical Cx-module
Gﬁ;m withr=1,...,u—1l,s=1,...,v—1land 4 # A5, y—ry—s (mod Q):

& & ~
By = Br®c, Ciynss Blionsd = @em@ck s = D exrs (4.8)
AeL Aeu+L
Proposition 3.8 makes it easy to check that this lift will be untwisted if and only if u € L' = %Z, assum-
ing that @ # A,5,Ay—ry—s (mod Q). It is also simple, by Result 1.6. We note that ‘Bi‘” coincides with
Bi:u rv_s and B“ s When A = u (mod L).

Applying this same procedure to the atypical standard and irreducible Ci-modules gives the decomposi-
tions of the resulting B;-modules.
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Proposition 4.3. Given Assumptions 1 and 2, the typical Ci-modules Cﬁ;m lift to irreducible highest-

weight By-modules, denoted by Bﬁ;m, only if @ € L. The atypical irreducible Ci-modules Gfl;r and (?E;m
always lift to irreducible highest-weight By-modules, denoted by CB,f;r and Bim, respectively. The atypical
standard Cy-modules Cﬁ;r,s likewise always lift to length 2 indecomposable By-modules, denoted by Bﬁ;m'
The corresponding decompositions as Cr-modules take the unified form
Bk D €. 4.9
Aep+L

for appropriate ® and x, and we have B} . = B}, when A =u (mod L).

Remark 4.4. Note that the isomorphism classes of the typical Bg-modules are parametrised by r and s,
which take finitely many values, as well as (a subset of) the finite quotient L' /L. Similarly, those of the
atypical irreducibles are parametrised by r, s and the finite quotient Q/L. We conclude that the Bx-module
category % obtained from %) by simple current extension has finitely many simple objects, up to isomor-
phism. It is not, however, clear if By has finitely many irreducible modules, up to isomorphism. Neverthe-

less, we are confident that this is so (see Conjecture 4.19 below).

4.2. Fusion. Recall that in this work we are assuming that the C;-module category %} can be given the
structure of a vertex tensor category. Combining Result 1.7 with Propositions 3.9 and 3.11 therefore imme-
diately leads to the following (Grothendieck) fusion rules.

Proposition 4.5. Given Assumptions 1 and 2, the fusion rules of the irreducible By-modules with the Bﬁ;,

are

In particular, the 3ﬁ;l with w € Q/L and the Bfukl with U € u+ Q/L are all simple currents in the
Bi-module category %;.

Proposition 4.6. Given Assumptions 1 and 2, the Grothendieck fusion rules involving the atypicals thj;r-,x
and the typicals Bﬁ;r’s include

B 8o, (8] = X | ) (1B i + (B i)
wirs ] By L7 plsr ! )(,,7 5) (r,s') M) A =k s A ks s

(r// ,S”

(r//7s//) (r//, s//) e
L ([ms) (r',s'n}wu,vﬁ[(ns) (r',s'+1>}wu,v>> Brrate] G110

(i’”,S”)
D 1 (".5") ¢
o Buwrdl = 2 [(ns) (.5 + 1)y

(" s

[Biirs]

JTH

sy [ ) B ] (4.11b)
(75" (r,8) (r',s") M) pp k] )
If s+5' < v, then we have in addition

B2, B0, = X [ T B ]
irs ] By L7l ! o (r,s)(F,s) M) A =k s
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+ uf {(r,(lr)ﬂ(’rl’? 1)} M(uv)

=1

[Bf+u’;r”7s+s’] ’ (4.11¢)

while if s +s' > v, then we have instead

» (.5") :
B#/;r/,s’] = (}’ s+ 1) (r/ s+ 1) [B,u+/i’fk;r”,s”}
(r”,y”) ) 9 M(u,v)

+ uf {<r7(1};/6r1’? 1)} M(uv)

=1

[Bins] S, |

(3,

l~t+u’—k;u—r”,s+s’—v+1] : (4.11d)

4.3. Examples. As noted in Section 3.3, the parafermion coset C_; ; is isomorphic to the singlet vertex
operator algebra Sy,. It is therefore not surprising that the extension B_;, is isomorphic to the triplet
W1 . This is consistent with L = 27 and 5f2;1 = 3; for more detail, see [61]. We also recalled that C,4/3
is isomorphic to the singlet S 3. However, B_4 /3 is not Wy 3: as discussed in Remark 4.2, it is rather a
Z-orbifold of Wy 3.

Consider the extended parafermion coset B_, 3, remembering that C_, 3 has been identified with the
bosonic orbifold of the supersinglet vertex operator superalgebra sS 3. Since L =4Z and 6f4;] =9.B 23
is not the bosonic orbifold of the super-triplet vertex operator superalgebra sWj 3 [19]. Indeed, B_;/3 has
three simple currents 3&, BZL;I and 353 whose spaces of ground states have dimensions and conformal
weights 1 and %, 2 and %, and 2 and 3, respectively. Under fusion, they form (along with the vacuum module
Bé 1) a group isomorphic to Z; @ Zj:

£ £ L
Biir @5, B = By tirsr—1 (mod 4 (u, 1" €{0,2}, r.r' € {1,3}). (4.12)

The simple current extension of B_/3 by this group of simple currents is a vertex operator superalgebra
with strong generating fields of conformal dimensions % 2, % %, 3 3,3 and 3. This vertex operator
superalgebra and the super-triplet sW 3 are thus extensions of the same vertex operator superalgebra sSj 3
with same type of strong generators. We expect that one can now prove that they have to coincide by using
the Jacobi identity to show that sS; 3 admits at most one such extension. We omit this long computation
and refer to the proofs of [67, Thm. 3.1] and [74, Lem. 8.2] for similar arguments.

We shall instead demonstrate this coincidence of vertex operator superalgebras by proving that the simple
current extension of B_ /3 is a subalgebra of sWj 3. Since both vertex operator algebras have the same
type of minimal strong generating set, they must therefore coincide. We noted in Section 3.3 that fBé3 is
contained in sS; 3. Hence, we only need find one other generator of the group of simple currents inside
sW 3. We will now show that indeed Bzﬁ;l is contained in sWy 3.

For this, we use the notation of [19], while the spirit of the proof is closer to the arguments in [61]. Let
F be the vertex superalgebra of a single free fermion. Consider the lattice aZ @ BZ, with a> = —% =3
and aff = 0. The sW 3-algebra is defined [19] as the kernel of a screening operator Q acting on the tensor
product of F and the lattice vertex operator algebra Vy:

sW 3 =kerg(Vaz ® F) = @ kerg(Fua @ F). (4.13)
nez
In particular, it is a subalgebra of V57,57 ® F.

We denote the vertex operator corresponding to the highest-weight vector of the Fock module F,,4 5
by ¢"*+"B _The odd triplet fields of conformal weight % are denoted by E, H and F in [19] and they belong
to Fq ®F, Jo®F and F_y @ F, respectively. Now, sWy 3 is simple [19, Cor. 10.1], so it admits a non-
degenerate invariant bilinear form [75] and thus every field of conformal weight 4 must possess a conjugate
field of same conformal weight such that their operator product expansion involves the identity field. For
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the super-triplet field E, the only possibility for the conjugate field is F, so we have

a 0
E(2)F ~ .. 4.14
(Z) (W) (Zi W)S + (Z* W)4 + ) ( )
for some non-zero a. We rescale E and/or F' so that a = —%.

Define now the fields e(z) = E(z)ef € Forp @F and f(z) = F(z)e P e F_a—p ®F whose conformal

weights are both % — % = 1. Let h(z) be the Heisenberg field of Vg, normalised such that

2e(w) —2f(w) —4/3
h ~ , h ~— so that h(z)h ~ . 4.15
@elw) ~ 200 hE ) ~ @h) ~ @)
Then, the fields e, & and f generate an affine vertex operator algebra X with g = sl, and level k = —%.

Suppose that X is not simple, hence that it has a non-trivial proper ideal I. Let v be a vector of minimal
conformal weight in |. Applying the zero-modes of e or f if necessary, we may assume that v has sl,-
weight zero and hence belongs to the commutant of the Heisenberg field # in X. However, we identified
this commutant as the simple supersinglet algebra sS; 3 in Section 3.3, which obviously has no non-trivial
proper ideals. This contradiction proves that X is simple, hence that X = L_; 3(sl2).

We thus have the following inclusion of vertex operator algebras:
L,2/3(5[2) C kerQ(V(aJrﬁ)Z@F). (4.16)

Here, we have noted that Q annihilates both e and f. Decomposing the lattice vertex operator algebra into

Fock spaces now gives

kerg(Vqrpyz ® F) = @ kerg(Franp @ F) = @ kerg(Fra ® F) @ Fa, 4.17)

nez nez

whilst the decomposition of the affine vertex operator algebra into H® C_5 ;3-modules is

L_s3(sh) = D €5, @ Fon- (4.18)

nez

It follows that 651;1 C kerg(Fpe ® F), for all n € Z, and so the simple current BZL;I satisfies

By = P €, cPCs € Pkerg(Fua ®F) =W, 33, (4.19)
ne2Z+1 nez ne7z

by (4.13). This proves that the simple current extension of B_, 3 introduced above is isomorphic to sW 3,
as claimed.

We conclude by noting that the spectrum of irreducible B_;/3-modules comprises 6 of £-type, 6 (in-
equivalent) of D-type and 24 of -type. Summing over the orbits of the group of simple currents, we arrive
at 2, 2 and 8 inequivalent sW; 3-modules (not accounting for global parities) whose properties are sum-

marised in the following table:

L L D D
e0;1 el;2 ¢ e5/3;271

& & & &
2311 Corn Gz Crlaa C

& e
5/3:1,1 Cooq €

2/3:2,1
i @ i B 6
Sector | (NS,NS) (R.R) | (NS,NS) (R,R) | (NS,NS) (NS,R) (R,R) (NS,R) (R,NS) (RNS) (R.R) (R,NS)

e e
Can 64/3;2,1

N
Here, A denotes the conformal weight of the ground states and “Sector” gives the N = 1 and super-W3 sec-
tors as an ordered pair.

Finally, let us remark that our construction nicely compares to the very recent study of [58, Sec. 8].
There, the sW 3 vertex operator superalgebra was realised as a coset of an N = 3 superconformal algebra
which is itself a simple current extension of L_, /3 (slp) [32]. While our construction is instead to first take

the coset and then perform the simple current extension, the realisations are otherwise the same.
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4.4. Standard Bj-characters and modularity. Given the decompositions (4.8), we can clearly sum the
characters (3.4) of the standard C;-modules to obtain those of the standard B;-modules.

Proposition 4.7. Given Assumptions 1 and 2, the characters of the standard B-modules are

XM(M \)( .
& + —A% 4k
[Bu rS] ( ) [Bu rs] (‘1) TI(CI) ke%ﬂ_q (4.20)

To investigate the modularity of these characters, we introduce the following theta functions associated
to the lattice L:

Sui(zng)= Y, g el 4.21)
l€u+L

2wit

Writing z = 2" and g = e as usual, the modular S-transforms of these theta functions are given by

\/_Tl.efzmkgz/r Z
IL/LL a&0n

To compare with characters, we shall need to set { = 0 (z = 1) and will then drop { (or z) from the

S (§/T] —1/7) = e (] ). (4.22)

list of arguments. With this convention, it is obvious that the theta functions are invariant under reflection
about zero, ¥4 (T) = Yy (7), and translations in L. We shall refer to these properties as the affine Weyl
symmetry of the theta functions. Moreover, if we set p = % |L/L| = vw, then (4.22) becomes

/—it 2=l itm) 2
Bpy (—1/7) = NeT) Y e Py (1) = V=it Y S, D (T), (4.23)
P =0 =0
where
5 ,/lecosMTm if ¢ € pZ,
S, = - o . 4.24)
\/; cos =% otherwise
and we may restrict mto 0,1,...,p.

Since the standard B-characters (4.20) can be written in the form

M (u,v

ch[BE, ] () = Zy (@)
o (v)

it is now easy to obtain their modular S-transforms. We recall that the S-matrix of the Virasoro minimal
model M(u,v) is

By (T), (4.25)

M(u, 2 1ys . vrr | uss'
(,_"(:;(V,)/J/):f2 E(fl)r“””sm o sin——, (4.26)

S

where the entries (r,s) and (r/,s') run over the irreducible M(u,v)-modules of the Kac table Kac(u,v), see

(2.17). As before, sums indexed by M(u,v)-modules will always be assumed to run over Kac(u, v).

Proposition 4.8. Given Assumptions 1 and 2, the modular S-transforms of the standard By-characters are

[B’i/v rS] ( I/T (/Z/ ZZ S Su Vr’ ') SﬂfCh [Bf/v v, s’} (T) 4.27)

Remark 4.9. Note that the S-matrix appearing in (4.22) is symmetric whilst that of (4.24) is not. This is

not unexpected because the standard By-characters, as we have defined them, are not linearly independent.

4.5. Atypical Bj-characters. In principle, the decompositions of Proposition 4.3 also yield character for-
mulae for the irreducible atypical Bg-modules B . and BD i:r,s- For example, substituting the resolution
formulae from (3.10) results in the following expression for the former:

M(u, v)

v—1
Ch[gﬁ;r] _ Z( 1) 1% Z Z g (A+2mw—sk)? 4k _ (7L+2(m+1)w+sk)2/4k>' (4.28)

s=1 Tl(q) lGﬂ-&-Lm
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Consider the double sum in this expression, rewritten in the form

Z Z ( (H—sk+2w(l+m))? 4k qf(u+.9k+2w(€+m+l))2/4k). (4.29)
LeZm=

This sum is clearly not absolutely convergent, so we must take care in how we manipulate its terms.

Note first that the left-hand side of (4.28) is invariant under u — —u, by Remark 3.6 and Proposition 4.3.
The same must therefore be true for the right-hand side. Replacing ch[Bj.,] by 1(ch[B,] +ch [‘Bf# )
transforms the double sum into § (A1 (q) +A_+5(q)), where

Z Z( (A=2w(l+m))? 4k _ q (/l+2w(€+m+l))2/4k)_ (4.30)
LeZm=

This will be identified (see Lemma 4.10 below) with a linear combination of the theta functions ¥y,
u €L/, of (4.21) and their derivatives

Za wl — w.
’9;/1+L(Z,CI) Z—*ZﬁuJFL(Z,Q)——i@wL (z,q +Z€z“ 2 /q (u=2w0)? /4 4.31)

2w LT

As usual, we may omit z (or §) from the argument of these theta functions, understanding that it is then

evaluated at z =1 (or { = 0). These specialised derivatives are affine Weyl-antisymmetric, being L-periodic
S Y ,

and anti-invariant under reflection: ¥’ ,, (¢) = =0, (¢).

We record the following easily proven identities for the lemma that follows:

Byt (q) = i (qf(pfzwé)z/élk+q7(u+2w(€+1))2/4k>7 (4.322)
=0
, B - (2w (u2w(tH1)2/4K N —(u—2wh)? 4k
ui(9) = =5 -Bur(g)+ ) (C+1)(g q Y q . (4.32b)
(= =0

Lemma 4.10. For any A € L', we have

p A
1) =203 (@) + (147 ) 9ra(o) @3

Proof. Consider first the partial sum
Z Z ( (A—2w(l+m)) /4k7q—(7t+2w(€+m+1))2/4k)' (4.34)

Replacing m by n = ¢ + m and swapping the order of summation gives

=

—2wn)? — w(n 2
Af(q) = Z(’H'l)( ~(A=2wn)?/4k _ (= (A 2w(n 1)) /4k>

n=0
l .- - —zwn 2
=0 1 (@) + 5 -Onale)+ Y g A, (435)
n=0
by (4.32b).
Sending ¢ to —¢ — 1 and setting m = n+2¢+ 1 in the complementary partial sum
Z i ( (A—2w(t+m))2/4k _q—(l+2w(2+m+1))2/4k)7 4.36)
{=—ocom=0
we instead arrive at
A5 (g q)+ Z Z ( (A—2w(l+n))? )4k q—(l+2w(é+n+l))2/4k). (4.37)

=0n=-20—1
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Noting that for fixed ¢, the summand indexed by n precisely cancels that indexed by —2¢ — 1 — n, we see

that only the n = —2¢ — 1 summand contributes. We conclude that
_ (L —2wl)2
A5 (@) = AL (@) +Dasilg) =2 ) g F 20 (4.38)
=0
by (4.32a). Since A, (q) = Az(q) +A4; (¢), the proof is complete. ]

Recalling that ¥, and 6;1 4L are Weyl-symmetric and Weyl-antisymmetric, respectively, we can use
this result to express the character formula (4.28) as follows.

Proposition 4.11. Given Assumptions I and 2, we have

oy e K @ ,
ch [Bu;r} (q) = ; (_1) n (q) /.L+sk+L(q) - ﬁufsk«%L (C])
—(v—s)k +(v—2s)k
B | RECEY)

forallr=1,...,.u—land u=2A0=r—1 (mod Q).

Remark 4.12. Equation (3.10b) and Proposition 4.3 imply that the characters of the remaining atypical
irreducible Bg-modules are given by

v—1

ch [33’5] (C]) = Z 1(_ 1 )Sli“;l ch [Bﬁ—(s’—s)k;r,s’] (q) + (_ 1 )V7 - ch [Bﬁ—(v—s)k;u—J (q) : (4.40)
s'=s+

We shall not try to simplify this expression. As the standard Bj-characters close on themselves under mod-
ular transformations, those of the D-type Bj-characters will transform as a linear combination of standard
and L-type By-characters if the £-type Bi-characters do. We therefore only need to demonstrate this result
for £-type By-characters.

4.6. Interlude: linear dependences. Now that we have the characters of the Bfl;r in terms of theta func-
tions and their derivatives, it is in principle straightforward to determine their modular S-transforms. To
this end, we shall analyse certain linear dependences that arise in the terms that appear in these characters.
We first note that we may restrict attention to the terms that involve the theta function derivatives in the
character formula (4.39) — the other terms may be expressed in terms of standard By-characters and these
S-transform into one another, by Proposition 4.8. We isolate these terms in the following definition:
2 ()

v—1
F,u;r(Q) = Z(_l)hwl W 0[./L+sk+L(CI) - [flf.yk+L(q)i|’ H=r— 1 (mOd Q) (4.41)
s=1

Note that these terms constitute the part of the atypical module characters of modular weight 1. The re-

maining part has modular weight O so there can be no (non-trivial) linear dependences between the parts.

Lemma 4.13. Givenr=1,...,u—1land u =r—1 (mod Q), we have
F/,L;r = Fu+2w;r7 F[J;r = F,“;r, F[.L;r = (—I)V7lrw+u;u7r; F[J;r = (—1)V71Fw7u;u7ra (4.42)

where we recall that w = —vk =2v —u.

Proof. The first two identities reflect the affine Weyl-antisymmetry of the theta function derivatives. The
third uses, in addition, the Kac symmetry of the Virasoro minimal model characters:

. M(u,v)
s=] s (@)

r . _ -1 s—1 (r,s) / : _19/7Y

wir(q) v;( ) 717@) [ u+‘k+L(Q) M skrL(q)
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M(u,v)

- X(rv—s) (9)
= Z V o IW [ﬁ,Lth(vfs)kJrL(q) - ﬂ,thf(vfs)k+L(q):|
M (u,v)
ol Xy (@)
= (—1)""! Y (1) : (un E;)) [ skl (9) — ﬁ;lterfskJrL(Q)} : (4.43)
v=1

Note that 4 =r—1 (mod Q) implies that y +w=r—14+2v—u=u—r—1 (mod Q), as required. The
fourth is obtained by combining the second and third. ]

The first two relations of (4.42) allow us to restrict i to a fundamental domain of the affine Weyl group
Zo % 2wZ. We choose 0 < u < w, remembering that g must match » — 1 in parity. Next, the fourth relation
states that we can always exchange r for u — r, hence we may impose r < 5. If u is odd, then we are done.
If u is even, however, then we can slightly refine the analysis by noting that when r = 7, the fourth relation
lets us exchange u for w — u, hence we may insist that 4 < 5 in this case (note that u even implies that w
is also even).

Consider the vector space Vj spanned by the I'y,.,, with r =1,...,u—l and g =r—1 (mod Q). The
assertions above allow us to significantly reduce this spanning set.

Proposition 4.14. A spanning set of Vi is given by the elements L'y, with

wodd:  pu=0,1,...,w, r=12,...,3u-1),
u=0,1,...,w, r:l,2,...,%u—l and
u even: w |
u=0,1,.. SEE r=su,

subjectto u =r—1 (mod Q).
We let B, denote the set of pairs (u;r) satisfying these conditions.

(u—1)(w+1) if u is odd,
Corollary 4.15. dimc V; < |By| =

FNISENT

uw—S(v—1—u) ifuis even.

Remark 4.16. We believe that the spanning set {I';;., : (1;r) € B} of Proposition 4.14 is actually a basis,
hence that the upper bound of Corollary 4.15 is actually an equality. However, we have not tried to prove
this as it is not needed for the modularity result that follows.

4.7. Modularity of atypical B;-characters. We turn now to the modular properties of the weight 1 terms
Iy, of the characters of the Bﬁ;r, first determining the S-transform of the theta function derivatives

/ _ ¢
“""L(C | T) - _27l'i~2W19u+L<§ ‘ T)' (444)
This is easily derived by differentiating Equation (4.22) with respect to £, resulting in
VT e | ‘
19'&+L(C/T|_1/T):T/L‘e zﬂlkc /T Z elﬂ.’lﬂ/k Tﬁi+L(C|T)—;6A+L(C‘T) . (445)
Ael’/L
Specialising to { = 0 and u = m/v therefore gives
/ Vit ! —imlm/p q/ 3/2
v (—1/7) = V2p Z e By () = (—i7) Z S, fﬁé/v+L ) (4.46)

=0

where we recall that p = vw = v(2v — u) and have set

2wl
t o= Zsin ™ (4.47)
P p
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Because ﬁé/vﬂ(’r) =0, for £ =0 or p, it is natural to restrict the range of £to 1,...,p — 1. However, the
S-matrix entries S/, , are 0 for both £ = 0 and £ = p, so these values may be included in the summation range

when convenient.

Theorem 4.17. Given Assumptions 1 and 2, the elements of V), define a finite-dimensional vector-valued

modular form with

el 4
Tur(=1/0)==it Y Sl Tww (1), Tup(t+1) =020, (1), (4.48a)
(u';r')€By

where SuL;r was given in (3.13b), ¢ =2 — ?, B, was given in Proposition 4.14 and
ifr' =% and u' € wZ,

2A,,. / !
Sl[ u'sr! sin TTry o8 Tup ifr # % and |’ ¢ w2, (4.48b)

wr (W) = T s t k-’

N =

AIJ’;r’ =

—_

otherwise.

Proof. The behaviour under the modular T-transform 7 — 7 + 1 follows immediately from the relation
between I'y;;, and the character of Bﬁ;r, noting that the conformal weights of the latter match those of Gf;r
(up to an integer) which were given in Proposition 3.8. We therefore turn to the S-transform.

From the definition (4.41) of the weight 1 parts of the atypical characters, we deduce that

() M(u,v) _
v=l Z(r’ X/)Sl(\/l Y (! /)X(/ 9 (T) -2 -t ls
Cur(—1/7) = —it Y (—1) 1 =L s J7rs . e TH/WGin 09! (1), (4.49)
M ( / ) A;( ) 77(7) /72[7 fr? v Z/t+L( )

where the modular S-matrix of M(u,v) was given in (4.26) and we have used the first equality of (4.46).

The sum over s is easily evaluated:

v—1 v—1
Z (—1)*! (—1)’,3 sin(7s's) sin mls = Z cos(x(r' —1)s)sin(—7xts's) sin mts
% v

s=1
v—1
= ) sin(wAy ¢s)sin s
s=1 ' v
1 v—1
=3 [cos(m(Ay g —£/v)s) — cos(m(Ay g +£/v)s)]

§=

(4.50)
0 otherwise.

1
{i; if ¢/v==+2A.y (mod Q),

We mention that the case //v = A ¢ (mod Q) and £/v = —A,» y (mod Q), which would give O for this
sum, does not occur because it would require that 2&,@51 € Q, hence that us’ € 2vZ, hence s’ € vZ.
The contribution to I';,(—1/7) from the £ satistying /v = A ¢ (mod Q) is therefore

2 21 oomrr X('\:I’(?")V) (7)
Z Z (_l)rs Siniefurfu/w ;
vV uw (r',s") =0 !

—iT
n(7)
L/v=Ny g (mod Q)

9/, (7). (4.51)

As the summands are manifestly 2p-periodic in ¢, the ¢-sum is over a full period — this is the reason we
use (4.46) above instead of (4.47). Writing £/v=r —1—ts'=r — 1 —ks' (mod Q), weset u’' =¢/v+ks
sothat ' =+ —1 (mod Q) and p’ is 2w-periodic. The contribution (4.51) now becomes

M (u,v)
-2 il / mrr o Xy (T)
it — 1) sin D e KEES) DDy, (), (4.52)
\/W(,/ZJ/)”QO( ) t 77(7) I sk+L( )

w'=r'—1 (mod Q)

where we have noted that (—1)* e~ ## = (—1)(t=s" = _(—1)¥~1 since g = r—1 (mod Q).
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For the contribution from the ¢ satisfying ¢/v = —4, ¢ (mod Q), we likewise write u’ = £/v — ks’ so
that again 4’ = —' +1=7r'—1 (mod Q) and p’ is 2w-periodic. This contribution now evaluates to the
same form as (4.52) but multiplied by —1, because of the sign in (4.50), and with 19"1,_ 4L Teplaced by

19/

sl L We therefore conclude that

2w—1 / X(M(”’v) (7)

J—1 . Trr 4 / s
MW(z) Z (—1) Lgin z el /k n(’l«'i) [ﬁL,H,HL(r)—GL,_S,HL(T)}.
V ') 1'=0

w'=r'—1 (mod Q)

Lpr(=1/7)=—it

(4.53)
Suppose now that « is odd. Then, the (+,s')-sum over the Virasoro Kac table Kac(u«, v) may be expressed

as a double sum where ' ranges from 1 to %(u —1) and s’ ranges from 1 to v — 1. In this case,

$u—1)2—1

1Tﬁ rg} “g(]

w'=r'-1 (mod Q)

wrr /
Tpr(—1/7) = — sin$el’w Ao (). (4.54)

We can write this as a sum over the spanning set By of Proposition 4.14 by combining the terms with
i #0,wusing [y, =Ty, yr.v, which follows from the first two identities of (4.42). This gives the values
of Ay,» and the modular S-transform of the theorem for u odd.

If u is even, so v is odd, then the (r/,s")-sum may be expressed as the sum of two contributions, the first

being a double sum with ' ranging from 1 to § —1 and s’ ranging from 1 to v — 1 while the second is a
single sum with 7’ fixed at 4 and s’ ranging from 1 to *5=. The contribution from ' < § is analysed as in
the u odd case with the same result (the upper limit of the r'-sum is now § — 1).

The analysis of the contribution from 7 = § is a little more intricate. First, note that if r is even, then
this contribution vanishes because sin(7rr't ') = 0. We may therefore assume that r is odd, hence that u

is even. We now compare the ' = § contribution to (4.53) from a given s’ to that from v — 5. The latter is

il IR //kX(M/(g’v) /)(T) ,
. _1) 5 tgin MY gimun u/2,v—s S, , o, /
lT\/Wu’Z:'O( ) Sin——¢€ n(z) [ WA (v—s )k+L(T) 1 —(v—s )k+L(T):|
wW'=u/2—1 (mod Q)
2w—1 M) (7)
- _ ﬂrv inuu’/kx(“/2=5/) / Y
”‘-\/W Z > € n(z) [‘9;1 +wrstkrL (T) 0/.1/+wfs/k+L(T)]
—u/2 1 (mod Q)
M (u,v)
2 2wl 11 TV ruu k% H(7)
__ S=1 . YV g e (u/2,8) ’ Y,
it NTD, Z (1) sin el m N B (O (D= B (1)), 459)

*u/2 1 mod Q)
where we have used the following facts: v is odd, w and u are even, the theta function derivatives are
2w-periodic, and the p’-sum is over a full period. The contributions from s” and v — s’ therefore coincide
for r odd and 7' = §. The r' = § contribution to I'.-(—1/7) is then half that obtained by summing s’ from
1 to v— 1. It therefore has exactly the same form as the generic case ' # 5 analysed above except for the
additional factor of % [

An obvious consequence of this result is that the vector space spanned by the I'.- and —itI'y;, carries a

representation of the modular group. Recasting the character formula of Proposition 4.11 in the form

¢ [ ] 1—‘/4 rt+ Z ( ) [BﬁJﬂk rs] M [Bﬁ \krs]) (456)

2w
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and recalling Remark 4.12, we conclude that the direct sum of this vector space and the span of the standard

characters ch [‘Bﬁ;m], with 4 € L'/L and (r,s) € Kac(u,v), contains the characters of all the irreducible

Bj-modules and carries a PSL (2; Z) -representation.

Corollary 4.18. Given Assumptions 1 and 2, it follows that the characters of the irreducible By-modules
are modular: they generate a representation of PSL(Z;Z) of dimension p(u—1)(v—1)+2dimV; < oo,

Conjecture 4.19. The vertex operator algebra By, is Cy-cofinite.

Remark 4.20. The C,-cofiniteness of triplet and super-triplet algebras is known [16, 19]. Moreover, orb-
ifolds by finite abelian groups of C,-cofinite vertex operator algebras are also known to be C,-cofinite [76].
It follows that C>-cofiniteness is established for B_; /, because is it isomorphic to the triplet W 5, B_4/3
because it is isomorphic to a Z,-orbifold of Wy 3, and B_, /3 because it is isomorphic to a Z; & Z,-orbifold
of sW/ 3 (assuming that the main result of [76] also holds for appropriate vertex operator superalgebras).

REFERENCES

[1] L Rozansky and H Saleur. Quantum field theory for the multivariable Alexander-Conway polynomial. Nucl. Phys.,
B376:461-509, 1992.
[2] V Gurarie. Logarithmic operators in conformal field theory. Nucl. Phys., B410:535-549, 1993. arXiv:hep-th/9303160.
[3] T Creutzig and D Ridout. Relating the archetypes of logarithmic conformal field theory. Nucl. Phys., B872:348-391, 2013.
arXiv:1107.2135 [hep-th].
[4] H Kausch. Symplectic fermions. Nucl. Phys., B583:513-541, 2000. arXiv:hep-th/0003029.
[5] H Kausch. Extended conformal algebras generated by a multiplet of primary fields. Phys. Lett., B259:448-455, 1991.
[6] M Gaberdiel and H Kausch. A rational logarithmic conformal field theory. Phys. Lett., B386:131-137, 1996.
arXiv:hep-th /9606050.
[7] M Gaberdiel and H Kausch. A local logarithmic conformal field theory. Nucl. Phys., B538:631-658, 1999.
arXiv:hep-th/9807091.
[8] D Ridout and S Wood. Bosonic ghosts at ¢ = 2 as a logarithmic CFT. Lett. Math. Phys., 105:279-307, 2015. arXiv:1408.4185
[hep-th].
[9] M Gaberdiel. Fusion rules and logarithmic representations of a WZW model at fractional level. Nucl. Phys., B618:407-436,
2001. arXiv:hep-th/0105046.
[10] F Lesage, P Mathieu, J Rasmussen, and H Saleur. Logarithmic lift of the s (2)_|/2 model. Nucl. Phys., B686:313-346, 2004.
arXiv:hep-th/0311039.
[11] D Ridout. Fusion in fractional level sT[(Z)—theories with k = —%. Nucl. Phys., B848:216-250, 2011. arXiv:1012.2905 [hep-th].
[12] Y Zhu. Modular invariance of characters of vertex operator algebras. J. Amer. Math. Soc., 9:237-302, 1996.
[13] T Creutzig and T Gannon. Logarithmic conformal field theory, log-modular tensor categories and modular forms. J. Phys.,
A50:404004, 2017. arXiv:1605.04630 [math.QA].
[14] T Creutzig and T Gannon. The theory of C,-cofinite VOAs. In preparation.
[15] Y-Z Huang. Rigidity and modularity of vertex tensor categories. Commun. Contemp. Math., 10:871-911, 2008.
arXiv:math/0502533 [math.QA].
[16] N Carqueville and M Flohr. Nonmeromorphic operator product expansion and C,-cofiniteness for a family of W-algebras. J.
Phys., A39:951-966, 2006. arXiv:math-ph/0508015.
[17] D Adamovi¢ and A Milas. On the triplet vertex algebra W (p). Adv. Math., 217:2664-2699, 2008. arXiv:0707.1857
[math.QA].
[18] T Abe. A Z,-orbifold model of the symplectic fermionic vertex operator superalgebra. Math. Z., 255:755-792, 2007.
arXiv:math/0503472 [math.QA].
[19] D Adamovi¢ and A Milas. The N = 1 triplet vertex operator superalgebras. Comm. Math. Phys., 288:225-270, 2009.
arXiv:0712.0379 [math.QA].
[20] T Creutzig, S Kanade, and A Linshaw. Simple current extensions beyond semi-simplicity. arXiv:1511.08754 [math.QA].
[21] T Creutzig, S Kanade, A Linshaw, and D Ridout. Schur-Weyl duality for Heisenberg cosets. Transform. Groups, to appear.
arXiv:1611.00305 [math.QA].
[22] A Zamolodchikov and V Fateev. Nonlocal (parafermion) currents in two-dimensional conformal quantum field theory and

self-dual critical points in Zy-symmetric statistical systems. Soviet Phys. JETP, 62:215-225, 1985.



30 JEAN AUGER, THOMAS CREUTZIG, AND DAVID RIDOUT

[23] D Gepner. New conformal field theories associated with Lie algebras and their partition functions. Nucl. Phys., B290:10-24,
1987.

[24] J Lepowsky and R Wilson. A new family of algebras underlying the Rogers-Ramanujan identities and generalizations. Proc.
Nat. Acad. Sci. USA, 78:7245-7248, 1981.

[25] C Dong and J Lepowsky. Generalized Vertex Algebras and Relative Vertex Operators, volume 112 of Progress in Mathematics.
Birkhéuser, Boston, 1993.

[26] C Dong and Q Wang. On C,-cofiniteness of parafermion vertex operator algebras. J. Algebra, 328:420-431, 2011.
arXiv:1005.1709 [math.QA].

[27] T Arakawa, C Lam, and H Yamada. Zhu’s algebra, C»-algebra and C,-cofiniteness of parafermion vertex operator algebras. Adv.
Math., 264:261-295, 2014. arXiv:1207.3909 [math.QA].

[28] C Dong and L Ren. Representations of the parafermion vertex operator algebras. arXiv:1411.6085 [math.QA].

[29] T Creutzig, S Kanade, and R McRae. Tensor categories for vertex operator superalgebra extensions. arXiv:1705.05017
[math.QA].

[30] D Adamovi¢ and A Milas. Vertex operator algebras associated to modular invariant representations of Agl). Math. Res. Lett.,
2:563-575, 1995. arXiv:g-alg,/9509025.

[31] T Creutzig and D Ridout. Modular data and Verlinde formulae for fractional level WZW models 1. Nucl. Phys., B8§65:83-114,
2012. arXiv:1205.6513 [hep-th].

[32] T Creutzig and D Ridout. Modular data and Verlinde formulae for fractional level WZW models II. Nucl. Phys., B875:423-458,
2013. arXiv:1306.4388 [hep-th].

[33] D Ridout and S Wood. Relaxed singular vectors, Jack symmetric functions and fractional level sl (2) models. Nucl. Phys.,
B894:621-664, 2015. arXiv:1501.07318 [hep-th].

[34] T Creutzig. W-algebras for Argyres-Douglas theories. Eur. J. Math., 3:659, 2017. arXiv:1701.05926 [hep-th].

[35] J Camino, A Ramallo, and J Sanchez de Santos. Graded parafermions. Nucl. Phys., B530:715-741, 1998.
arXiv:hep-th/9805160.

[36] J-F Fortin, P Mathieu, and S Warnaar. Characters of graded parafermion conformal field theory. Adv. Theor. Math. Phys.,
11:945-989, 2007. arXiv:hep-th /0602248.

[37] D Ridout, J Snadden, and S Wood. An admissible level osp (1|2)-model: Modular transformations and the Verlinde formula.
Lett. Math. Phys. (to appear). arXiv:1705.04006 [hep-th].

[38] T Creutzig, S Kanade, T Liu, and D Ridout. Admissible level osp (1|2)-models. In preparation.

[39]1 T Creutzig, J Frohlich, and S Kanade. Representation theory of Ly (osp(1|2)) from vertex tensor categories and Jacobi forms. to
appear in Proc. Amer. Math. Soc. arXiv:1706.00242 [math.QA].

[40] IEnnes, A Ramallo, and J Sanchez de Santos. OSP (1|2) conformal field theory. In Trends in Theoretical Physics, volume 419
of AIP Conference Proceedings, pages 138-150, La Plata, 1997. arXiv:hep-th/9708094.

[41] Y-Z Huang, J Lepowsky, and L Zhang. Logarithmic tensor product theory I-VIIL arXiv:1012.4193 [math.QA],
arXiv:1012.4196 [math.QA], arXiv:1012.4197 [math.QA], arXiv:1012.4198 [math.QA], arXiv:1012.4199 [math.QA],
arXiv:1012.4202 [math.QA], arXiv:1110.1929 [math.QA], arXiv:1110.1931 [math.QA].

[42] T Creutzig, Y-Z Huang, and J Yang. Braided tensor categories of admissible modules for affine Lie algebras. arXiv:1709.01865
[math.QA].

[43] H Li. On abelian coset generalized vertex algebras. Commun. Contemp. Math., 3:287-340, 2001. arXiv:math /0008062
[math.QA].

[44] A Kirillov Jr and V Ostrik. On a g-analogue of the McKay correspondence and the ADE classification of sl conformal field
theories. Adv. Math., 171:183-227, 2002. arXiv:math /0101219 [math.QA].

[45] Y-Z Huang, A Kirillov Jr, and J Lepowsky. Braided tensor categories and extensions of vertex operator algebras. Comm. Math.
Phys., 337:1143-1159, 2015. arXiv:1406.3420 [math.QA].

[46] D Ridout and S Wood. The Verlinde formula in logarithmic CFT. J. Phys. Conf. Ser., 597:012065, 2015. arXiv:1409.0670
[hep-th].

[47] T Creutzig and D Ridout. Logarithmic conformal field theory: Beyond an introduction. J. Phys., A46:494006, 2013.
arXiv:1303.0847 [hep-th].

[48] D Adamovié. A construction of admissible A(ll)—modules of level — %. J. Pure Appl. Algebra, 196:119-134, 2005.
arXiv:math/0401023 [math.QA].

[49] D Ridout. s.A[(Z)_l/z and the triplet model. Nucl. Phys., B835:314-342, 2010. arXiv:1001.3960 [hep-th].

[50] M Miyamoto. Modular invariance of vertex operator algebras satisfying C-cofiniteness. Duke Math. J., 122:51-91, 2004.
arXiv:math/0209101 [math.QA].



MODULARITY OF LOGARITHMIC PARAFERMION VERTEX ALGEBRAS 31

[51] C Dong, H Li, and G Mason. Vertex operator algebras associated to admissible representations of sAlz. Comm. Math. Phys.,
184:65-93, 1997. arXiv:q-alg/9509026.

[52] V Kac and M Wakimoto. Modular invariant representations of infinite-dimensional Lie algebras and superalgebras. Proc. Nat.
Acad. Sci. USA, 85:4956-4960, 1988.

[53] D Ridout. ;[(2)71/2: A case study. Nucl. Phys., B814:485-521, 2009. arXiv:0810.3532 [hep-th].

[54] K Kawasetsu and D Ridout. Relaxed highest-weight modules I: rank 1 cases. arXiv:1803.01989 [math.RT].

[55] E Witten. Non-abelian bosonization in two dimensions. Comm. Math. Phys., 92:455-472, 1984. _

[56] K Nagatomo and A Tsuchiya. The triplet vertex operator algebra W (p) and the restricted quantum group Uy (sly) at g = er.
Adv. Stud. Pure Math., 61:1-49, 2011. arXiv:0902.4607 [math.QA].

[57] A Tsuchiya and S Wood. The tensor structure on the representation category of the W), triplet algebra. J. Phys., A46:445203,
2013. arXiv:1201.0419 [hep-th].

[58] D Adamovi¢. Realizations of simple affine vertex algebras and their modules: the cases Y/(-E) and ov;(\l,Z) arXiv:1711.11342
[math.QA].

[59] M Gaberdiel. Fusion in conformal field theory as the tensor product of the symmetry algebra. Int. J. Mod. Phys.,
A9:4619-4636, 1994. arXiv:hep-th/9307183.

[60] T Creutzig, T Quella, and V Schomerus. Branes in the GL (1|1) WZNW model. Nucl. Phys., B792:257-283, 2008.
arXiv:0708.0853 [hep-th].

[61] T Creutzig, D Ridout, and S Wood. Coset constructions of logarithmic (1, p)-models. Lett. Math. Phys., 104:553-583, 2014.
arXiv:1305.2665 [math.QA].

[62] T Creutzig and A Milas. False theta functions and the Verlinde formula. Adv. Math., 262:520-545, 2014. arXiv:1309.6037
[math.QA].

[63] D Ridout and S Wood. Modular transformations and Verlinde formulae for logarithmic (p+, p—)-models. Nucl. Phys.,
B880:175-202, 2014. arXiv:1310.6479 [hep-th].

[64] D Adamovi¢ and A Milas. Some applications and constructions of intertwining operators in logarithmic conformal field theory.
Contemporary Mathematics, 695:15-27, 2017. arXiv:1605.05561 [math.QA].

[65] T Creutzig, A Milas, and M Rupert. Logarithmic link invariants of Uff (sl>) and asymptotic dimensions of singlet vertex
algebras. https://doi.org/10.1016/j.jpaa.2017.12.004, arXiv:1605.05634 [math.QA], 2017.

[66] B Feigin and A Semikhatov. W,(12) algebras. Nucl. Phys., B698:409-449, 2004. arXiv:math /0401164 [math.QA].

[67] T Arakawa, T Creutzig, K Kawasetsu, and A Linshaw. Orbifolds and cosets of minimal W-algebras. Comm. Math. Phys.,
355:339-372, 2017. arXiv:1610.09348 [math.RT].

[68] P Pearce, J Rasmussen, and E Tartaglia. Logarithmic superconformal minimal models. J. Stat. Mech., 2014:P05001, 2014.
arXiv:1312.6763 [hep-th].

[69] M Canagasabey, ] Rasmussen, and D Ridout. Fusion rules for the N = 1 superconformal logarithmic minimal models I: The
Neveu-Schwarz sector. J. Phys., A48:415402, 2015. arXiv:1504.03155 [hep-th].

[70] M Canagasabey and D Ridout. Fusion rules for the logarithmic N = 1 superconformal minimal models II: Including the
Ramond sector. Nucl. Phys., B905:132-187, 2016. arXiv:1512.05837 [hep-th].

[71] D Adamovié¢ and A Milas. The N = 1 triplet vertex operator superalgebras: Twisted sector. SIGMA, 4:087, 2008.
arXiv:0806.3560 [math.QA].

[72] T Inami, Y Matsuo, and I Yamanaka. Extended conformal algebras with N = 1 supersymmetry. Phys. Lett., B215:701-705,
1988.

[73] P Bouwknegt and K Schoutens. W symmetry in conformal field theory. 223:183-276, 1993. arXiv:hep-th/9210010.

[74] T Arakawa, T Creutzig, and A Linshaw. Cosets of Bershadsky-Polyakov algebras and rational W-algebras of type A. Selecta
Math. New Ser., 23:2369-2395, 2017. arXiv:1511.09143 [math.RT].

[75] H Li. Symmetric invariant bilinear forms on vertex operator algebras. J. Pure Appl. Algebra, 96:279-297, 1994.

[76] M Miyamoto. C,-cofiniteness of cyclic-orbifold models. Comm. Math. Phys., 335:1279-1286, 2015. arXiv:1306.5031
[math.QA].

DEPARTMENT OF MATHEMATICAL AND STATISTICAL SCIENCES, UNIVERSITY OF ALBERTA, EDMONTON, CANADA T6G2G1

E-mail address: augeri@ualberta.ca

DEPARTMENT OF MATHEMATICAL AND STATISTICAL SCIENCES, UNIVERSITY OF ALBERTA, EDMONTON, CANADA T6G2G1

E-mail address: creutzig@ualberta.ca

SCHOOL OF MATHEMATICS AND STATISTICS, THE UNIVERSITY OF MELBOURNE, PARKVILLE, AUSTRALIA, 3010

E-mail address: david.ridout@unimelb.edu.au



	1. Introduction
	1.1. Schur-Weyl duality for Ck
	1.2. Outline and results

	Acknowledgements
	2. The simple vertex operator algebra Lk(sl2)
	2.1. Representation theory
	2.2. Characters and modularity
	2.3. Fusion

	3. The parafermion coset Ck
	3.1. Decomposing characters
	3.2. Fusion
	3.3. Examples

	4. The extended parafermion coset Bk
	4.1. Bk as a coset and a simple current extension
	4.2. Fusion
	4.3. Examples
	4.4. Standard Bk-characters and modularity
	4.5. Atypical Bk-characters
	4.6. Interlude: linear dependences
	4.7. Modularity of atypical Bk-characters

	References

