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ABSTRACT. The Bershadsky—Polyakov algebras are the minimal quantum hamiltonian reductions of the affine vertex algebras
associated to sl3 and their simple quotients have a long history of applications in conformal field theory and string theory.
Their representation theories are therefore quite interesting. Here, we classify the simple relaxed highest-weight modules, with
finite-dimensional weight spaces, for all admissible but nonintegral levels, significantly generalising the known highest-weight
classifications [1,2]. In particular, we prove that the simple Bershadsky—Polyakov algebras with admissible nonintegral k are
always rational in category O, whilst they always admit nonsemisimple relaxed highest-weight modules unless k + % € Z>o.

1. INTRODUCTION

1.1. Background. The Bershadsky—Polyakov algebras BP¥, k € C, are among the simplest and best-known nonregular
We-algebras [4,5]. They may be characterised [6] as the minimal (or subregular) quantum hamiltonian reductions of
the level-k universal affine vertex algebras V(sl3). Here, we are interested in their representation theories and, in
particular, those of their simple quotients BPy.

When k + % € Zs, BPx is known to be rational and C,-cofinite [1, 7], meaning that the representation theory is
semisimple and that there are finitely many simple BPx-modules, up to isomorphism. More recently, the representation
theory of BPx was explored for certain other levels in [2,3]. There, the highest-weight modules were classified and
some nonhighest-weight modules were described. These works both relied on explicit formulae for singular vectors in
BPK. Here, we shall extend these classifications to more general levels where the singular vector method is unavailable.
Instead, we shall exploit the properties [8,9] of minimal quantum hamiltonian reduction.

In particular, we are interested in the relaxed highest-weight theory of the simple Bershadsky—Polyakov algebras
BPk. Relaxed highest-weight modules are a type of generalised highest-weight module [10-12] that have been shown
to be essential to achieve consistent modular properties for many nonrational vertex operator algebras, for example
the admissible-level affine ones associated with sl, [10, 12—19], their affine cousins [18—27] and other close relatives
[28,29]. We therefore expect them to play a central role in Bershadsky—Polyakov representation theory and, indeed, in
the representation theory of most nonrational W-algebras. This will be discussed further in [30].

Here, we classify the simple relaxed highest-weight BP¢-modules with finite-dimensional weight spaces, in both
the untwisted and twisted sectors, when k is admissible and nonintegral. The much more difficult nonadmissible and
integral cases are left for future investigations. This classification includes the highest-weight classification as a special
case. We also show that there are nonsemisimple relaxed highest-weight BP,-modules when k is admissible, nonintegral
and 2k + 3 ¢ Z3o. In a companion paper [31], these relaxed modules are constructed from the highest-weight modules
of the Zamolodchikov algebra [32], the regular W-algebra associated to sI3, using the inverse quantum hamiltonian
reduction procedure of [18,33]. This results in beautiful character formulae for the relaxed BPx-modules, generalising
those found in [16, 19] for Lk (sl;) and L (0sp(1]2)).

1.2. Results. Our strategy in classifying relaxed highest-weight BP¢-modules starts from the highest-weight classifi-
cation. The idea for the latter is to use Arakawa’s celebrated results on minimal quantum hamiltonian reduction [9].
However, we must first establish a subtle technical result concerning the surjectivity of the minimal reduction functor.

This is the content of our first main result.

Main Theorem 1 (Theorem 4.8). Let k be an admissible nonintegral level. Then, every simple (untwisted) highest-
weight BP-module may be realised as the minimal quantum hamiltonian reduction of a simple highest-weight Ly (sl3)-

module.
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In [1], an explicit singular vector formula is used to prove this theorem when 2k + 3 € Z(. Our general proof also uses
the existence of a generating singular vector, but is necessarily very different because an explicit formula is unavailable.

Given this result, it is straightforward to classify the simple (untwisted and twisted) highest-weight BP,-modules
and determine how they are related to one another. For this, write k + 3 = 5, where u > 3 and v > 2 are coprime, and
introduce the set 3, of sl3 weights A = AT — UAF satisfying AT € P43, AF € PL! and Af # 0. Here, P{ denotes the

dominant integral weights of 53 whose level is £.

Main Theorem 2. Let k be admissible and nonintegral. Then:

(a) [Theorem 4.9] The isomorphism classes of the simple untwisted and twisted highest-weight BPy-modules, H ) and
fH;W, are each in bijection with %,,. The connection between the ;13 weights A € X, and the native BPy data is
given explicitly in Equations (4.2) and (4.9).

(b) [Theorem 4.10] Every (untwisted or twisted) highest-weight BPy-module is simple, so BPy is rational in the
Bernstein—-Gel fand-Gel fand category O.

(c) [Proposition 4.13] The module conjugate to 3(;, A € Xy, is H,, where p = [y, A2, A1] € Zyy. The module
conjugate to 9—(3‘” is highest-weight if and only if/llF = 0, inwhich case itis H')', where v = [Ay =, A1, do+ ] € Zuy.

(d) [Proposition 4.14] The spectral flow of the untwisted (twisted) highest-weight module labelled by A € %, is
highest-weight if and only if /If = 0, in which case it is the untwisted (twisted) highest-weight module labelled by
[A2 =2, 20+ 2, 4] € 2y,

This then generalises the highest-weight classifications of [1], when 2k + 3 € Z, and [2], for k = —% and _49'1' We
refer to Section 2.2 for an introduction to the conjugation and spectral flow functors referred to above.

To extend the highest-weight classification to simple twisted relaxed highest-weight modules, with finite-dimensional
weight spaces, we adapt the methodology developed in [24] for affine vertex algebras. This uses Mathieu’s notion of
a coherent family [34], extending it from semisimple Lie algebras to the twisted Zhu algebra of BP*. Let I, consist
of the gIg weights A € ¥, satisfying Af # 0. Writing k + 3 = | as above, it follows that I,y is empty unless v > 3.

Moreover, I}, admits a free Z3-action generated by A — [A; — 5 Ao, A1 + 5] (Lemma 4.19).

Main Theorem 3 (Theorem 4.20). Let k be admissible and nonintegral. Then:

(a) The isomorphism classes of the simple twisted relaxed highest-weight BPy-modules Rt[‘}’m, each of which have
finite-dimensional weight spaces, form families that are in bijection with I,y /Z3. The connection between the sl3
weights A € I,y and the native BPy data is given explicitly in Equations (4.9) and (4.16).

(b) The members of each of these families are indexed by all but three of the cosets [j] € C/Z, the exceptions being
determined as the images of the Z3-orbit of A under (4.9).

(c) The module conjugate to fR‘[‘}’M is th[VijL#, where = [ — 3,0+ 5, A1] € L.

Moreover, the spectral flow of each R‘[‘}’]’ , is never a relaxed highest-weight module.

Our final main result relates to the existence of nonsemisimple relaxed highest-weight BP-modules when v > 3.
Roughly speaking, these “fill in” the three “holes” in the allowed values of [ j] in each family of simple relaxed modules
above. However, there are two ways of filling each hole, each way related to the other by taking contragredient duals.
This is very similar to the analogous nonsemisimple picture conjectured in [12, 16], and proven in [18, 19], for L (sl»).
In the case at hand, we establish this picture by combining a mix of the theory developed in [19,24] with the rationality

of BPy in category Oy (Theorem 4.10). This seems robust and we expect it to generalise to higher-rank cases.

Main Theorem 4 (Theorem 4.24). Let k be admissible and nonintegral. Then:

tw,—

(a) Every A € I,y defines two indecomposable nonsemisimple relaxed highest-weight BP-modules th[‘;]J'A and JQ[]. IR

where j is determined from A by (4.9).
(b) Rt[vj‘.'f/l has a submodule isomorphic to the conjugate of H'Y, where 1 = [Ag, A2 — UM+ ] € Ly, and its quotient
by this submodule is isomorphic to fH;W. The structure of th[‘;”]_A is similar, but with submodule and quotient

exchanged.
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Conjugation and spectral flow works as for the simple relaxed modules, except that the conjugate of a +-type module
is of —-type (and vice versa). These nonsemisimple modules prove that BPy has a nonsemisimple module category,
for k admissible and nonintegral. It follows that BPy is neither rational nor C;-cofinite for these levels. Nevertheless,
these nonsemisimple modules are, along with their spectral flows, the building blocks (the “atypical standards”) for the
resolutions that underpin the so-called standard module formalism [35,36] for modular transformations and Verlinde

formulae for nonrational vertex operator algebras. We intend to return to this in a forthcoming paper [30].

1.3. Outline. We start by defining the universal Bershadsky—Polyakov vertex operator algebras BP* and their simple
quotients BP in Section 2.1. It is worthwhile remarking that we choose the conformal structure so that the charged
generators G* have equal conformal weight % Equivalently, the Heisenberg field is a Virasoro primary. Accordingly,
we study both untwisted and twisted BPX-modules. Section 2.2 then introduces the all-important conjugation and
spectral flow automorphisms and explains how they lift to invertible functors of appropriate categories of BP*-modules.
Happily, the untwisted and twisted sectors of the categories of interest are related by spectral flow.

In Section 3, we embark on the first part of the journey: to understand how to identify BPX-modules, untwisted
and twisted, relaxed and highest-weight. After defining these types of modules, we introduce Zhu algebras and
determine that of BP¥ in Proposition 3.8. This leads to an easy classification of untwisted highest-weight BPX-modules
(Theorem 3.11). The more-involved twisted classification (Theorem 3.23) is then detailed. For this, we review the
identification [1] of the twisted Zhu algebra with a central extension of a Smith algebra [37] (Proposition 3.15) and
classify the simple weight modules, with finite-dimensional weight spaces, of this extension in Theorem 3.22. For later
use, we also introduce coherent families of modules, following [34], for the twisted Zhu algebra.

The hard work then begins in Section 4 where we convert these classification results for the universal Bershadsky—
Polyakov algebras BP¥ into the corresponding results for their simple quotients BPy. Section 4.1 is devoted to Main
Theorem 1, first reviewing the highest-weight theory of the simple affine vertex operator algebra Ly (sl3) [38,39] and
some basic, though deep, results about minimal quantum hamiltonian reduction [6,8,9]. The actual proof of this crucial
result is deferred to Appendix A so as not to disrupt the flow of the arguments too much.

From this, we immediately deduce the classification of highest-weight BPx-modules, as in Main Theorem 2. The
remainder of Section 4.2 then addresses how the highest-weight modules are related by the conjugation and spectral
flow functors. This will be important for the standard module analysis in [30]. Section 4.3 then lifts this classification
to simple relaxed highest-weight BPx-modules, establishing Main Theorem 3. The existence of nonsemisimple relaxed
highest-weight modules, hence Main Theorem 4, is the focus of Section 4.4.

In Section 5, we conclude by illustrating our classification results with some examples. The rational cases with
v = 2 were already investigated in [1], so here we content ourselves with a quick overview of the “smallest” nontrivial
example BP_; > and the slightly more involved example BP3,,. The latter is interesting because it has a simple current
extension that may be regarded as a bosonic analogue of the N = 4 superconformal algebra. In particular, it has three
fields of conformal weight 1, generating a subalgebra isomorphic to L (sl,), and four weight % fields.

We also study three nonrational examples. Two, namely BP_g/4 and BP_s,3, were already discussed in [2] and here
we take the opportunity to explicitly extend their highest-weight classifications to the full relaxed classifications. We
finish by describing the example BP_4/3 which we believe has not been analysed before. After describing its relaxed
highest-weight modules explicitly, we note an interesting fact: it seems to admit a simple current extension isomorphic
to the minimal quantum hamiltonian reduction of L_3/5(g2). It follows then that this g, W-algebra should have a

Z3-orbifold isomorphic to BP_4/3, as well as a Z-orbifold isomorphic to Li/»(s12) [16,40].
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2. BERSHADSKY-POLYAKOV ALGEBRAS

2.1. Bershadsky-Polyakov vertex operator algebras. We begin by defining one of the families of vertex operator

algebras that we will study here.

Definition 2.1. Given k € C, k # —3, the level-k universal Bershadsky—Polyakov algebra BP* is the vertex operator
algebra with vacuum 1 that is strongly and freely generated by fields J(z), G*(z), G~ (z) and L(z) satisfying the following
operator product expansions:
_(2k+3)(Bk+ D1 N 2L(w) N JL(w)

2kk+3)(z=-w)*  (z-w)2 (z—-w)’
Jw) _ aJ(w) 2G5(w) | aG*(w)

L(z)L(w) ~

o L(z)J(w) ~ GowE o) L(2)G*(w) ~ —we T G=w)
: (2k +3)1 . +G*(w) £\
J(@)J(w) ~ ) J(2)G(w) ~ Z—w)’ G*(2)G™(w) ~ 0,
()G () ~ KHDCKEIT 3K+ D) 3:J]:(w) + 3 (k+1)9] (w) = (k+3)L(w) .
(z—w)3 (z—w)? z—w

This family of vertex operator algebras was first described in [4, 5] where it was constructed via a new type of quantum
hamiltonian reduction from the corresponding family of universal affine vertex operator algebras V¥ (sl3) associated to
sl3. In the general framework of quantum hamiltonian reductions [6], BP¥ is the minimal reduction corresponding to
taking the nilpotent of s13 to be a root vector.

From (2.1), we see that the conformal weights of the generating fields J(z), G*(z), G (z) and L(z) are 1, %, % and
2, respectively, whilst the central charge is

_(2k+3)(3k+ 1)

2.2 =
(2.2) ¢ k+3

We shall expand the homogeneous fields of BP* in the form

2.3) AR) = DL A,

neZ—NAp+ea

where A4 is the conformal weight of A(z) and ¢4 = % if Ay €Z+ % and A(z) is acting on a twisted BP*-module (see

Section 3 below), and ¢4 = 0 otherwise. Standard computations now give the mode relations.

Proposition 2.2. The commutation relations of the modes of the generating fields of BPX are

(2k+3)Bk+ 1) m’ —m
k+3 12

+ m +
(L, Jn]l = —nJmsns [Lm, Gs_] = (E - 5>Gr_n+s’
2k +3

[Lin, Ln]l = (m = n)Lppyn —

5m+n,0]] >

(2.4)

[.]m’ Jn] = m5m+n,0]]a []m; Gsi] = iGrin+s: [Gf9 Gsi] = Oa

2 _
(65,61 = 30T = (K4 3) s + 5 (ot 1= ) + (D26 325,001

Bl—

Here, the indices m and n always take values in Z while r and s take values in Z + %, if acting on an untwisted module,
and in Z, if acting on a twisted module. We call the (unital associative) algebra generated by the modes of the fields
of BPX the untwisted mode algebra U, in the first case, and the twisted mode algebra U™, in the latter case. Each is a
completion of the corresponding algebra generated by the modes of the generating fields.

Definition 2.3.

e A fractional level k € C for the Bershadsky—Polyakov algebras is one that is not critical, meaning that k # -3, and
for which BP® is not simple.
e The level-k simple Bershadsky—Polyakov vertex operator algebra BPy is the unique simple quotient of BPX.
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According to [41, Thms. 0.2.1 and 9.1.2], the fractional levels are precisely the k satisfying
(2.5) k+3 =2, whereueZs, veZs; and ged{u,v} = 1.
v

If k is fractional, then we shall refer to BPy as a Bershadsky—Polyakov minimal model and favour the alternative notation
BP(u,v). We note that the central charge of the minimal model BP(u, v) takes the form

_ (Bu=8v)(2u-3v) _ - 6(u —2v)?
B uv a uv

(2.6)

Whilst the central charge is invariant under exchanging ¢ with %, the corresponding simple vertex operator algebras
are not isomorphic. We shall see this explicitly when we analyse their representation theories in Section 4.

2.2. Automorphisms. There are two types of automorphisms of BP¥ that will prove useful for the classification results
to follow: the conjugation automorphism y and the spectral flow automorphisms o, £ € Z. It is easy to verify that their

actions, given below on the generating fields, indeed preserve the operator product expansions (2.1).

Proposition 2.4. There exist conjugation and spectral flow automorphisms y and o*, t € Z, of the vertex algebra

underlying BPX. They are uniquely determined by the following actions on the generating fields:

y(J(2) = -J(2), y(G'(2)) = +G ™ (2), Y(G™(2)) = -G*(2), y(L(2)) = L(2),
2k +3

3
o (L(z)) =L(z) -tz J(2) + 2k6—+3t’22‘21], ¢ (G (2)) =2"G(2)

2.7) o'(J(2)) = J(z) - ez, o (G*(2)) = G (2),

The of with £ # 0 are not vertex operator algebra automorphisms because they do not preserve the conformal structure.
Note that conjugation has order 4, whilst spectral flow has infinite order. Together, they satisfy the dihedral group

relation
(2.8) yo! =o'y,

though we do not have y> = 1.

Proposition 2.5. Conjugation and spectral flow act on the modes of the generating fields J(z), G*(z), G~ (z) and L(z)
of BPX as follows:

YUn) = =Ju, v(G)) =+G,;, y(G))=-G}, y(Ly) =Ly,

2.9) 2k +3
O—[(]n) =Jn— Trén,oﬂ: O'[(G:) = G_rt[: O'[(G;) = G;+{” O'[(Ln) =L,— ¢t +

2k +3
228,01

An extremely useful observation is that if we extend the definition of of to allow ¢ € Z + %, then we see that ¢'/2
exchanges the twisted and untwisted mode algebras U and U introduced above.

Our main application for these automorphisms is to construct new BPX-modules from old ones. This amounts to
applying the automorphism (or its inverse) before acting with the representation morphism. As we prefer to keep
representations implicit, we implement this twisting notationally through the language of modules as follows. Given
a BPX-automorphism @ and a BPX-module M, define »*(M) to be the image of M under an (arbitrarily chosen)

isomorphism «w* of vector spaces. The action of BP¥ on w*(M) is then defined by
(2.10) A(2) - 0 () = 0 (0 (A(2))0), A(z) € BPX, v e M.

In other words, w(A(z)) - w*(v) = w*(A(z)v). In view of this, we shall hereafter drop the star that distinguishes the
automorphism w from the corresponding vector space isomorphism «w*.

Each BP*-automorphism « thus lifts to an autoequivalence of any category of BP*-modules that is closed under
w-twists. The examples we have in mind are the category % of weight modules, with finite-dimensional weight spaces
(see Definition 3.1 below), and the analogous category %, of twisted modules. In particular, the conjugation and

spectral flow automorphisms lift to invertible endofunctors that provide an action of the infinite dihedral group on
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Wy and ‘W/k‘“’. Extending the above formulae for ¢ to allow ¢ € Z + 1 we see that the lift of o!/2 moreover defines
an equivalence between 7 and 7,". We remark that one of the important consistency requirements for building a
conformal field theory from a module category over a vertex operator algebra is that it is closed under twisting by

automorphisms, especially conjugation.

3. IDENTIFYING BERSHADSKY-POLYAKOV MODULES

Our aim is to classify the simple relaxed highest-weight modules, untwisted and twisted, for the Bershadsky—
Polyakov minimal models BP(u, v). In order to have well defined characters, necessary to construct partition functions
in conformal field theory, we shall also require that the weight spaces of these simple relaxed highest-weight modules
are finite-dimensional. By [42], it therefore suffices to classify the simple weight modules, with finite-dimensional
weight spaces, of the untwisted and twisted Zhu algebras of BP(u, v).

A direct assault on this classification seems quite difficult. Our alternative strategy is threefold: First, we understand
the classification for certain associative algebras which have the untwisted and twisted Zhu algebras of BP(u,v) as
quotients. (These algebras turn out to be the untwisted and twisted Zhu algebras of the universal Bershadsky—Polyakov
vertex operator algebras BP¥, but this is inessential to the argument.) This allows us to identify BP(u, v)-modules in
terms of data for these more easily understood associative algebras. Second, we use Arakawa’s results [9] on minimal
quantum hamiltonian reductions to directly obtain the highest-weight classification for the BP(u,v), at present only
known for v = 2 [1]. Third, we combine these results to arrive at the relaxed classification by further developing the
methods developed in [19, 24].

In this section, we complete the first step of this strategy. As nothing we do in this step is special to the minimal

models, we shall work in the setting of BPX-modules. Of course, all BP(u, v)-modules are a priori BP*-modules.

3.1. Relaxed highest-weight BP*-modules. In Section 2.1, we introduced the untwisted mode algebra U of the
universal Bershadsky—Polyakov vertex operator algebra BPX and its twisted version U™. Any BP-module is obviously
a U-module and, similarly, any twisted BP*-module is a U"™V-module. As these algebras are graded by conformal weight

(eigenvalue of [Ly, —]), we have the following generalised triangular decompositions, as in [8]:
3.1 U=U.®Up® U and uv =UY e Uy’ @ UY.

Here, U., Uy and U are the unital subalgebras generated by the modes A,,, for all homogeneous A(z) € BPX, with
n < 0,n=0andn > 0, respectively (and similarly for their twisted versions).

Definition 3.1.

e A vector v in a twisted or untwisted BP*-module M is a weight vector of weight (j,A) if it is a simultaneous
eigenvector of Jy and Ly with eigenvalues j and A called the charge and conformal weight of v, respectively. The
nonzero simultaneous eigenspaces of Jy and Ly are called the weight spaces of M. If M has a basis of weight vectors
and each weight space is finite-dimensional, then M is a weight module.

e Avector in an untwisted BP*-module is a highest-weight vector if it is a simultaneous eigenvector of Jo and Ly that is
annihilated by the action of Us. An untwisted BP*-module generated by a single highest-weight vector is called an
untwisted highest-weight module.

e A vector in a twisted BP*-module is a highest-weight vector if it is a simultaneous eigenvector of Jy and Ly that is
annihilated by G; and the action of UY. A twisted BPX-module generated by a single highest-weight vector is called
a twisted highest-weight module.

e A vector in a twisted or untwisted BP*-module is a relaxed highest-weight vector if it is a simultaneous eigenvector
of Jo and Ly that is annihilated by the action of UY or Us., respectively. A BPX-module generated by a single relaxed
highest-weight vector is called a relaxed highest-weight module.

As every BP(u, v)-module is also a BPX-module (with k + 3 = o), these definitions descend to BP(u, v)-modules in the

obvious way.
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A simple consequence of these definitions is that an untwisted relaxed highest-weight vector of BP¥ is automatically a
highest-weight vector. We shall therefore be concerned with classifying untwisted highest-weight modules and twisted
relaxed highest-weight modules. The name “relaxed highest-weight module” was originally coined in [11] for the simple
affine vertex operator algebra Ly (sl;) and now seems to be quite widespread. Such modules had, however, appeared in
earlier works such as [10]. Here, we follow the definition proposed for quite general vertex operator algebras in [12].

From the actions of the conjugation and spectral flow automorphisms, given explicitly in (2.9) and (2.10), we deduce

the following useful facts.

Proposition 3.2.

o If M is a twisted or untwisted BP*-module and v € M is a weight vector of weight (j, A), then y(v) and o*(v) are
weight vectors in y(M) and o* (M) of weights (—j, A) and (j + @f, A+ jt+ %fz), respectively.

o Let M be an untwisted BP*-module. Then, v € M is a highest-weight vector of weight (j, A) if and only if o'/ (v) is
a highest-weight vector in the twisted module o'>(M) of weight (j + %, A+ %j + % .

o M is a simple untwisted highest-weight BP*-module if and only if c'/*(M) is a simple twisted highest-weight

BPX-module.

In particular, to classify all simple highest-weight BPX-modules, it is enough to only classify the untwisted ones.

We remark that there are simple weight BPX-modules that are not highest-weight, nor even relaxed highest-weight.
In particular, if M is a simple relaxed highest-weight BPX-module, then o (M) is simple and weight, but is usually only
relaxed highest-weight for a few choices of £. We believe, however, that the simple objects of the categories %y and
W, of untwisted and twisted weight BPK-modules are all spectral flows of simple relaxed highest-weight BPX-modules.

3.2. The untwisted Zhu algebra. The main tools that we shall use to classify Bershadsky—Polyakov modules are the
functors induced between these modules and those of the corresponding (untwisted) Zhu algebra. Although originally
introduced by Zhu [42], the idea behind this unital associative algebra was already well known to physicists (see [43]

LIRS

for example). Here, we use a (slightly restricted) abstract definition that is based on the physicists’ “zero-modes acting
on ground states” approach to Zhu algebras. We refer to [12, App. B] for further details (and motivation).
Suppose that V is a vertex operator algebra with conformally graded mode algebra U = U. ® Uy ® U, as in (3.1).

Let UL denote the ideal of U.. generated by the modes A, (so that U, = C1 & U’ as vector spaces).

Definition 3.3. The untwisted Zhu algebra of V is the vector space

Uop
32 ZhulV] = ——————,
(3.2) u[V] U 1 (UUL)
equipped with the multiplication (defined for homogeneous A of conformal weight A4 and extended linearly)
o (A
(33) (Aol o] = [aoBo] = Y () [(4-s snBi]

n=0

where [U()] is the image in Zhu[V] of Uy € Uo.

Zhu defined two functors between the categories of V- and Zhu[V]-modules. We shall refer to them as the Zhu

functor and the Zhu induction functor. The first is quite easy to define.

Definition 3.4. The Zhu functor assigns to any V-module M, the Zhu[V]-module Zhu[M] = MY>, the subspace of M

whose elements are annihilated by U’ .

The second is not so easily defined, but morally amounts to inducing a Zhu[V]-module, treating it as a Up-module
equipped with a trivial UZ -action, and taking a quotient that imposes, among other things, the generalised commutation

relations (Borcherds relations) of V. The details may be found in [42,44].

Proposition 3.5 ([42]). There exists a functor, which we call the Zhu induction functor, that assigns to any Zhu[V]-
module N a V-module \nd[N] such that Zhu[Ind[N]] =~ N.
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The Zhu functor is thus a left inverse of the Zhu induction functor, at the level of isomorphism classes of modules.

However, it is not a right inverse in general. Nevertheless, it is if we restrict to a certain class of simple V-modules.

Definition 3.6. A (twisted or untwisted) V-module M is lower-bounded if it decomposes into (generalised) eigenspaces
for the Virasoro zero-mode Ly and the corresponding eigenvalues are bounded below. If M is lower-bounded, then the

(generalised) eigenspace of minimal Ly-eigenvalue is called the top space of M and will be denoted by M'°P,

If M is a lower-bounded V-module, then M'P is naturally a Zhu[V]-module. In fact, it may be identified with Zhu[M] if

M is also simple, though this will not be true in general. Simple lower-bounded V-modules have the following property.

Theorem 3.7 ([42]). Zhu[-] and Ind[—] induce a bijection between the sets of isomorphism classes of simple lower-
bounded \N-modules and simple Zhu[V]-modules.

To classify the simple lower-bounded V-modules, it is therefore sufficient to classify the simple Zhu[V]-modules and
apply Ind[—]. We remark that for V = BP¥ or BP(u, V), the simple lower-bounded weight modules coincide precisely
with the simple relaxed highest-weight modules.

The first order of business is therefore to get information about the untwisted Zhu algebra Zhu [BPk] .
Proposition 3.8. Zhu[BP| is a quotient of C[], L).

Proof. Since the fields G*(z) have half-integer conformal weights, they do not have zero modes when acting on
untwisted modules. More generally, only the (homogeneous) fields of integer conformal weight have zero modes.
Express the zero mode of such a field as a linear combination of monomials in the modes of the generating fields J(z),
G*(z) and L(z). Next, use the commutation relations to order the modes so that the mode index weakly increases from
left to right — it is easy to see that this is always possible despite the nonlinear nature of the commutation relations
(2.4). Now remove any monomial which contains a positive mode. The image of the zero mode in Zhu[BPk] is
thus a polynomial in [ ]0] and [Lo]. Since [Lo] is central in Zhu [BPk] , the multiplication (3.3) of Zhu [BPk] matches
that of C[],L]. There is therefore a surjective homomorphism C[J,L] — Zhu[BP¥| determined by J +— [Jo] and
L [Lo]. [ ]

It is in fact easy to show that Zhu[BP*| ~ C[J, L], though we will not need this result in what follows.

3.3. Identifying simple untwisted highest-weight BP*-modules. Having identified Zhu[BP¥| as a quotient of the

free abelian algebra C[J, L], we may identify its finite-dimensional simple modules as C[J, L]-modules.

Definition 3.9. A C[J, L]-module is said to be weight if J and L act semisimply and their simultaneous eigenspaces are

all finite-dimensional.

The simple weight modules of C[J, L] are therefore one-dimensional. We shall denote them by Co;a, where A and
A are the eigenvalues of J and L, respectively, on 0. As every simple Zhu [BPk]-module must also be simple as a
C[J, L]-module, we arrive at our first identification result.

Proposition 3.10. Every simple weight Zhu [BPK]-module, and hence every simple weight Zhu[BP(u, v)]-module, is

isomorphic to some Cuvja, where A, A € C.

Proposition 3.5 and Theorem 3.7 then guarantee that if Co; 4 is a Zhu [BPk] -module, then there exists a simple untwisted
BPK-module H ;.2 which is uniquely determined (up to isomorphism) by the fact that its top space is isomorphic to Co; A

(as a C[J, L]-module). As this top space is one-dimensional, J{; A is a highest-weight module.

Theorem 3.11. Every simple untwisted relaxed highest-weight BP*-module, and hence every simple untwisted relaxed

highest-weight BP (u,v)-module, is isomorphic to some J; 5, where A, A € C.

Note that there will be other simple weight BP*- and BP(u, v)-modules such as those obtained from the 3 ;. by applying

spectral flow. Simple nonweight modules also exist in general [2], but they will not concern us here.
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3.4. The twisted Zhu algebra. The theory that extends Zhu algebras and functors to twisted modules was developed
independently, and in different levels of generality, by Kac and Wang [45] and by Dong, Li and Mason [46]. From the
point of view of “zero modes acting on ground states” however, the twisted story is almost identical to the untwisted
one. This is discussed in detail in [47, App. A].

Given a vertex operator algebra V with twisted mode algebra U™ = UY ® Uj¥ ® UY, let U be the ideal of UY

generated by the modes A,,. Then, the twisted Zhu algebra and twisted Zhu functor of V may be characterised as follows.

Definition 3.12.
o The twisted Zhu algebra of V is the vector space
Utw
(3.4) Zhu™[V] = e
Uy’ N (U™UL’)
equipped with the multiplication defined in (3.3), but where [UO] is now the image in Zhu""’ [V] of Uy € UE)W.

o The twisted Zhu functor assigns to any twisted V-module M the Zhu™ [V] -module Zhu™” [M] = MY of elements of
M that are annihilated by UY’.

The obvious analogues of Zhu’s theorems for the twisted setting then hold.

Theorem 3.13 ([46]).

o There exists a twisted Zhu induction functor that takes a Zhu' [V]-module N to a V-module Ind™ [N] satisfying
Zhu™[Ind™ [N]] =~ N

e Zhu'v [—] and Ind™ [—] induce a bijection between the sets of isomorphism classes of simple lower-bounded twisted

V-modules and simple Zhu™ [V] -modules.

Again, the simple lower-bounded twisted weight V-modules coincide with the simple twisted relaxed highest-weight
modules when V = BP* or BP(u, V).

Our aim is to show that Zhu™ [BPk] is a quotient of some reasonably accessible associative algebra. In contrast
to the untwisted case detailed in Section 3.2, the fields G*(z) do have zero modes when acting on twisted modules.
We therefore expect that Zhu'" [BP"] will be more complicated than Zhu[BPk] — in particular, we expect it to be

nonabelian — and so its representation theory will be more interesting.

Definition 3.14. Let Z, denote the (complex) unital associative algebra generated by J, G, G~ and L, subject to L being

central and

1
(3.5) [J,G*] = +G*, [G",G™] = fu(J.L), where f(J,L) =3J* - (k+3)L - g(k +1)(2k +3)1.
Proposition 3.15. Zhu™ [BP¥| is a quotient of Z.

Proof. Every homogeneous field of BP* has a zero mode when acting on a twisted module. As in the proof of
Proposition 3.8, it follows that the zero modes of the generating fields have images that generate Zhu'" [BPk]. The fact
that the generator [Lo] is central is standard [45,46], but is also easy to verify directly in this case.

We therefore start by using (3.3) to compute the products of the images of Jo and Gj in Zhu™ [BPk] :

(3.6) ollGs] =) (,11) [Un-1G*)] = [JoG*)o] + [(J1G* )] = £[GF] + [:JG*x]
n=0
+ < 3/2 + + 3 +
37 63100 = 3. () (G2 anl = 162500 + 31(62,0]
n=0

=[G ] £ [(0G%)] * [G5] = [JGF0].
Here, we have noted that Gf3/2] = Gf3/2]_]1] = ]_]Gf3/21] F Gfs/zﬂ =:JG*: ¥ 9G*, that Gf1/2] = FG* (similarly) and
that (8G*)y = —%Ga—'. With the surjection induced by A +— [Ao] , A = J,G%, L, this proves the first relation in (3.5). The

same method works for the second relation; we omit the somewhat more tedious details. [ ]
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It turns out that Z is in fact isomorphic to Zhu'V [BP"], though again we do not need this for what follows. One
can establish this isomorphism by combining the fact that Zhu™ [BP*] is known [48] to be isomorphic to the finite
We-algebra associated to sz and the minimal nilpotent orbit, while an explicit presentation of this finite W-algebra is
given in [49]. Either way, Zy is a central extension of a Smith algebra, these algebras being introduced and studied in
[37] as examples of associative algebras generalising the universal enveloping algebra of sl,. This is of course well
known, see [1,2] for instance. The representation theory of Zy is therefore quite tractable, a fact that we shall exploit in

the next section.

3.5. Identifying simple twisted relaxed highest-weight BPX-modules. As in the untwisted case, we wish to identify
simple ZhutW[BPk]-modules as Zx-modules. For this, we need a classification of the simple Zx-modules. As Zj is
“s1,-like”, similar classification methods may be used. We shall mostly follow the approach presented in [50] for sl,.

To begin, a triangular decomposition for Zy is given by
(3.8) Z,=C[G"]®C[].L] ® C[G"].

The existence of this decomposition is an easy extension of [37, Cor. 1.3], which guarantees a Poincaré-Birkhoff-Witt-
style basis for Zy. The analogue of the Cartan subalgebra of sl is then spanned by J and L.

Definition 3.16.

e A vector in a Zx-module is a weight vector of weight (j,A) if it is a simultaneous eigenvector of J and L with
eigenvalues j and A, respectively. The nonzero simultaneous eigenspaces of J and L are called the weight spaces.
If the Zy-module has a basis of weight vectors and its weight spaces are all finite-dimensional, then it is a weight
module.

e A vector in a Zx-module is a highest-weight vector (lowest-weight vector) if it is a weight vector that is annihilated
by G* (by G7). A highest-weight module (lowest-weight module) is a Zx-module that is generated by a single
highest-weight vector (by a single lowest-weight vector).

o A weight Zy-module is dense if its weights coincide with the set [ j] X {A}, for some coset [ j] € C/Z. and some A € C.

We note that Zy possesses a “conjugation” automorphism y defined by
(3.9) y()=-J. v(G")=+G", y(G)=-G", y(I)=L.

Conjugating a highest-weight Z,-module of highest weight (j,A) then results in a lowest-weight module of lowest
weight (—j, A) and vice versa. The structures of highest- and lowest-weight Zx-modules are therefore equivalent.

To construct highest-weight Zx-modules, we realise them as quotients of Verma Zy-modules. Let Zf denote the
(unital) subalgebra of Z generated by J, L and G*. Let C; , with j, A € C, be the one-dimensional Zlf -module, spanned
by v, on which we have Juo = ju, Lv = Av and G*v = 0. The Verma Zx-module Vj,A is then the induced module
Zx ®z> C;a, as usual. Itis easy to check that v ;A is a highest-weight module with highest-weight vector v = 1 ® v and
one-dimensional weight spaces of weights (j —n, A), n € Z. Let }{; o denote the unique simple quotient of V; A.

For convenience, we define

n—1
(3.10)  h(J.L)= Zﬁ(]—mH,L) = n[n’1 —%n(2]+1])+%(6]2+6]+1])—(k+3)L—%(k+1)(2k+3)1] :

m=0

where the fi were defined in (3.5).

Proposition 3.17.

o The Verma module VLA is simple, so ﬁj,A = VJ,A, unless h(j, A) = 0 for some n € Z..
o Verma Zx-modules may have at most three composition factors. Exactly one of these is infinite-dimensional.
° Ifh?(j, A) =0 for some n € Z1 and N is the minimal such n, then ij!A ~ VLA/V]—,N,A and dimﬁj,A =N.
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Proof. The first statement follows easily by noting that every proper nonzero submodule of VJ,A is generated by a

singular vector of the form (G™)"v, n € Zs. The condition to be a singular vector is

n-1 n-1
(3.11) 0=G*(G)"0= ) (G GGG ™ = Y (G T K(J.L)(G )™
m=0 m=0

n-1 n—1
= > (G R = mL Lo = (G Y G- mT, Ao =BG, AG) .
m=0 m=0

Since hﬁ is a cubic polynomial in n, there can be at most three roots in Z1, hence at most three highest-weight vectors.

The remaining statements are now clear. ]

Unlike sl,, there exist nonsemisimple finite-dimensional Zx-modules. Examples include the highest-weight modules
obtained by quotienting a Verma module with three composition factors by its socle.

This proposition completes the classification of finite-dimensional Zx-modules and highest-weight Z,-modules. To
obtain the analogous classification of lowest-weight Z,-modules, we apply the conjugation automorphism y. The
conjugate of a simple Verma module VJ,A is the lowest-weight Verma module of lowest weight (—j, A). However, if
v ;. isnot simple and N is the smallest positive integer such that hlk\] (j, A) = 0, then the conjugate of H j.A is isomorphic
to ﬁN_ j—LA-

It remains to determine the simple weight Z,-modules that are neither highest- nor lowest-weight. Such modules
are necessarily dense. As for sl», the classification of simple dense Zx-modules is greatly simplified by identifying the
centraliser Cy of the subalgebra C[J, L] in Z.

Lemma 3.18. The centraliser Cy is the polynomial algebra C[J,L, G*G™].

Proof. Note first that G*G~ obviously commutes with J, by (3.5). Consider a Poincaré-Birkhoff-Witt basis of Z given
by elements of the form J2L?(G*)°(G™)4, for a, b, c,d € Zso. It is easy to check that such a basis element belongs to
Ck if and only if ¢ = d. To show that J, L and G*G™~ generate Cy, it therefore suffices to show that (G*)¢(G™)¢ may be
written as a polynomial in J, L and G*G~, for each ¢ € Z.

Proceeding by induction, this is clear for ¢ = 0. So take ¢ > 1 and assume that (G*)¢~!(G™)¢"! is a polynomial in J,
L and G*G™. Then, the commutation rules (3.5) give

(GG =(G*'G)(GH) G +G (G616 )
c—1
(3.12) = (G'G)(GHI G+ Y (G (UL DG (G
n=1

The first term on the right-hand side is a polynomial in J, L and G*G~, by the inductive hypothesis. For the remaining
terms, note that as L is central and G*J = (J — 1)G™, we have (G*)"J = (J — n1)(G*)" and hence

c—1 c—1
(3.13) DUCHRUDGH TG = ) (U =l LG (G,
n=1 n=1
which is likewise a polynomial in J, L and G*G™. ]

Recall that the weight spaces of a simple weight Z,-module are simple Cx-modules (see [50, Lem. 3.4.2] for example).

The fact that Cy is abelian now gives the following result.
Proposition 3.19. The weight spaces of a simple weight Zy-module are one-dimensional.
To understand these weight spaces, one therefore needs to know the eigenvalues of J, L and G*G™ on a given simple

weight Zy-module. The latter will vary with the weight (j, A) in general, so it is convenient to note that we may replace

G*G~ by a central element of Z, something like a Casimir operator, whose eigenvalue is therefore constant.



12 Z FEHILY, K KAWASETSU AND D RIDOUT

Lemma 3.20. The element
1
(3.14) Q=G"G +G G +2]° +]—2]((k+3)L+ g(k+ 1)(2k+3)ﬂ)

is central in Zy and we have y(Q) = —Q and C = C[], L, Q].

Proof. We start by noting that
(3.15) [G*G™,G*] = ~-G* fu(J,L) = —G+(3]2 — (k+3)L— Lk + 1) (2K + 3)11).

Since [J",G*] = G*((J + 1)" = J™), we can cancel the terms appearing on the right-hand side (starting with 3J?) by

adding counterterms to G*G~. In this way, we arrive at an element Qe Zy that commutes with J, G* and L:
(3.16) Q=G'G +J° - %]2 + %] —]((k +3)L+ é(k + 12k + 3)11).

By using G*G™ = G~G* + f(J, L), we obtain a second expression for Q. Adding the two expressions, we see that
(3.17) Q:2§+(k+3)L+%(k+1)(2k+3)1]

also commutes with J, G* and L. But, the explicit form (3.14) shows that it also commutes with G~ because the

conjugation automorphism (3.9) gives y(Q) = —Q. ]
By (3.14), the eigenvalue of Q on a highest-weight vector (+) or lowest-weight vector (—) of weight (j, A) is given by

(3.18) wiA =Q2j£D|jG 1) —(k+3)A- %(k+ 2k +3)].

These eigenvalues satisfy the following relations:

(3.19) WA= @A =00

We note that the first equality is consistent with conjugation.

We now construct dense Zx-modules by induction. Let C;, be a one-dimensional Cx-module, spanned by v, on
which we have Jo = ju, Lv = Av and Qu = wwv, for some j, A, w € C. Define the induced module ﬁj,A,w =2k ®c, Cjrw
and note that a basis of ﬁj,A,w is given by v = 1 ® v and the (G*)"v with n € Z;. The weights therefore coincide with
[j] x {A} and so R j.Aw is a dense Zx-module generated by v.

Proposition 3.21.
"
j—n—-1A"

Jj+n+1,A°

e Foreachn € Zso, (G™)"v is a highest-weight vector ofij,A,w ifand only if o = w
e Foreachn € Zso, (GY)™ v is a lowest-weight vector ofﬁj,A,w ifand only if o = ©

o The dense Zx-module ﬁj!A,w is simple if and only if @ # wZA (equivalently o # w; ) for any i € []j].

® Rjaw has at most four composition factors. If it is not simple, then one composition factor is infinite-dimensional

highest-weight and another is infinite-dimensional lowest-weight; any other composition factors are finite-dimensional.

Proof. The existence criteria for highest- and lowest-weight vectors is straightforward calculation using (3.19). The
simplicity of R j.Aw is equivalent to the absence of highest- and lowest-weight vectors. However, v # OF_pA for all
+

j—n—-1A
the desired condition. The statements about composition factors now follow from the fact that w — o}, is a cubic

n € Zso implies that 0 # w for all n € Zsg, by (3.19). Combining with v # w};mA for all n € Zso, we get

polynomial in i, so it can have at most three roots i € [j]. [ |

It follows from this proposition that we have isomorphisms R iAw = R j+1,A,0 When these modules are simple. We shall

therefore denote these simple dense Zx-modules by ﬁ[ il.Aw» Where [j] € C/Z.

Theorem 3.22. Every simple weight Z-module is isomorphic to one of the modules in the following list of pairwise-

inequivalent modules:

o The finite-dimensional highest-weight modules ﬁj!A with j, A € C such that b (j, A) = 0 for some n € Z.s,.
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o The infinite-dimensional highest-weight modules ﬁj,A = VLA with j, A € C such that hi(j,A) # 0 for alln € Z.,.

o The infinite-dimensional lowest-weight modules Y(ﬁj,A) = Y(Vj,A) with j,A € C such that hi(j,A) # 0 for all
neZs.

o The infinite-dimensional dense modules ﬁ[j],A,w with [j] € C/Z and A, w € C such that w # wZA forany i€ [j].

Proof. The classification was already completed after Proposition 3.17 for the first three cases, that is when the simple
weight module has either a highest- or lowest-weight (or both). If the simple weight module has no highest- or lowest-
weight, choose an arbitrary weight space. This is a simple Cx-module, hence it is one-dimensional (Proposition 3.19)
and spanned by v say. As there are no highest- or lowest-weight vectors, G* and G~ act freely on v and so the simple
weight module is dense and so isomorphic to one of the R[] a in the list. |

As in the untwisted case, the fact that Zhu'" [BPK] is a quotient of Zx means that every simple Zhu'" [BPK] -module
is also simple as a Zg-module. Theorem 3.13 then guarantees that every simple weight Zhu'V [BPk] -module M
corresponds to a simple twisted relaxed highest-weight BPX-module M = Ind"™¥ [ﬁ] which is uniquely determined (up

to isomorphism) by the fact that its top space is isomorphic to M (as a Zx-module).

Theorem 3.23. Every simple twisted relaxed highest-weight BP*-module, and hence every simple twisted relaxed
highest-weight BP(u,Vv)-module, is isomorphic to one of the modules in the following list of pairwise-inequivalent

modules:

o The highest-weight modules f]-(;wA with j, A € C such that hi(j, A) = 0 for some n € Z.,.

o The highest-weight modules H?A = V;T”"A with j, A € C such that ki (j, A) # 0 for all n € Z,.

o The conjugate highest-weight modules y(ﬂ-(j.""’A) = y(V}‘f’A) with j, A € C such that b (j, A) # 0 for all n € Z..
o The relaxed highest-weight modules ‘(Rt[\;l] ro With [j] € C/Z and A, w € C such that & # wZA foralli e [j].

Again, we remark that spectral flow will allow us to construct simple twisted weight BPX-modules that are not relaxed

highest-weight, in general.

3.6. Coherent families. A crucial observation of Mathieu [34] concerning simple dense g-modules, for g a simple
Lie algebra, is that they may be naturally arranged into coherent families. Here, we extend this observation to dense
Z-modules in preparation for showing that it also extends to Zhu' [BP(u, v)]—modules. While Mathieu’s general
results rely heavily on the properties of his twisted localisation functors, our discussion of this simple case will be quite

elementary.

Definition 3.24. A coherent family of Zx-modules is a weight module [ for which:

o L and Q act as multiples, A and w respectively, of the identity on C.
o There exists d € Z>q such that for all j € C, the dimension of the weight space C(j,A) of weight (j,A) is d.
e Foreach U € Cy, the function taking j € C o trg () U is polynomial in j.

Coherent families are highly decomposable. Indeed, a coherent family of Zx-modules necessarily has the form
(3.20) e= P ey
lilec/z

If all of the @[ 71 are semisimple as Zx-modules, then € is said to be semisimple. If any of the @[ j1 are simple as
Z-modules, then C is said to be irreducible. Tt follows immediately from Proposition 3.19 that the common dimension
d of the weight spaces of an irreducible coherent family of Zx-modules is 1.

We would like to form a coherent family of Zx-modules by summing over some collection of dense modules ﬁ[ 1Aw>
[j] € €/Z, whilst holding A and w fixed. However, this is mildly ambiguous because there will always be at least one
[j] (generically three) for which the corresponding element in the collection will not be simple and so we should then
specify precisely which module we mean. For such j, we shall specify this in three distinct ways (though there are

others).
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o The firstis to define i[ 1A tobe ij-,sA,w, where the semisimplification M*® of a (finite-length) module M is the direct
sum of its composition factors. This is well defined as ijsA o = _ji LAw-

e An alternative is to define ﬁ[ jl.A0 to be ifj]’ Aw = ijw,w, where we choose j* € [j] to have smaller real part than
those of the solutions i € [j] of w = a)ZA. This ensures that i[);] A Das no highest-weight vectors.

e We may instead define R} a0 to be R;1 4, = Rj- a0, Where we choose j~ € [j] to have larger real part than those

of the solutions i € [j] of w = w;,. This ensures that i[_j]’ Ao has no lowest-weight vectors.

For each of the three choices above, we take the direct sum of the ﬁ[ il.Aw over [j] € C/Z. The result is easily
verified to be an irreducible coherent family of Zx-modules. It will be denoted by ézw, @;w or @A_’ «» respectively. The
first is semisimple, whilst the second is nonsemisimple with G* acting injectively and the third is nonsemisimple with

G~ acting injectively. It is easy to check that the conjugates of these irreducible coherent families are
_ =SS —ss _ =+ —- == —+
(321) Y(GA,w) = eA,—w’ Y(GA,w) = eA,—w and Y(GA,(A}) = eA,—w'

—SS —SS
For classifying simple BP(u, v)-modules, the semisimple coherent families €, ,, are most suitable. Note that C, , is
the unique irreducible semisimple coherent family of Zx-modules on which L acts as multiplication by A and Q acts as
—+ -
multiplication by @, up to isomorphism. We shall return to €, , and C, ,, in Section 4.4 when considering the existence

of nonsemisimple BP(u, v)-modules.

Proposition 3.25.

o FEvery simple weight Zy-module embeds into a unique irreducible semisimple coherent family.
o Every irreducible semisimple coherent family of Zx-modules contains an infinite-dimensional highest-weight sub-

module.

Proof. By Theorem 3.22, a simple dense Zx-module M is isomorphic to some i[ ilL.Aw> Where [j] € C/Z and A,w € C
satisfy w # “)ZA for any i € [j]. As is[;],A,w = ﬁm,A,w, we have an embedding M — @zw. The target is obviously
unique, up to isomorphism, since no other irreducible semisimple coherent family has the correct L- and Q-eigenvalues.

A simple highest-weight Zx-module M is isomorphic to K ji.a, for some j,A € C. Take w = w}’! A» SO that ij,A,w is

S

not simple and there is a highest-weight vector of weight (j, A) in R

i Aw» Dy Proposition 3.21. This vector generates a

copy of H j.A» SO We again have an embedding M — @Zs,w with unique target.

Finally, if M is a simple lowest-weight Zx-module, then we have an embedding y (M) — @SAS,M for some unique
A,w € C. By (3.21), we have M — @SAS,,M. This covers all possibilities, by Theorem 3.22, so the first statement is
established.

For the second, a given irreducible semisimple coherent family Ezw is uniquely specified by choosing A, w € C. As
w— “)Z » 1s a cubic polynomial in i, there is at least one solution in C, i = j say. Then, R j.Aw is not simple and has an

infinite-dimensional highest-weight submodule, by Proposition 3.21, hence so does ﬁjsA w C Gi o [

4. MODULES OF THE SIMPLE ADMISSIBLE-LEVEL BERSHADSKY-POLYAKOV ALGEBRAS

Recall [51] that if | is an ideal of a vertex operator algebra V, then Zhu[V/I] ~ Zhu[V]/Zhu[l]. If J* denotes the
maximal ideal of BP¥, then classifying the relaxed highest-weight modules of BP, = BP*/J* is then just a matter of
classifying those of BP* and then testing which have Zhu-images annihilated by Zhu [Jk]. The twisted classification
then follows, roughly speaking, from spectral flow. Unfortunately, it is hard to compute Zhu [Jk] in general.

Instead, we shall combine Arakawa’s celebrated classification [39] of the highest-weight modules of all simple
admissible-level affine vertex operator algebras L (g), specialised to g = sl3, with his results [9] on minimal quantum
hamiltonian reduction. The result will be a classification of the highest-weight modules for the Bershadsky—Polyakov

minimal models from which we will extract the full (twisted and untwisted) relaxed highest-weight classification.

4.1. Admissible-level sI; minimal models. Recall from (2.5) the fractional levels of BP* and their parametrisation
in terms of u and v. These are also the fractional levels for the affine vertex operator algebras associated to slz —
VK(sl3) is not simple [41, Thm. 0.2.1] when k is a fractional level. For such k, the simple quotient will be denoted by
Lk (sl3) = Az (u, v).
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Definition 4.1. An admissible level k for the affine vertex operator algebras associated to sl3, and the Bershadsky—

Polyakov algebras, is a fractional level for which u > 3.

Every highest-weight module for the affine Kac—-Moody algebra slyis a VK(sl3)-module [51]. Let £, denote the
simple highest-weight ;I3—module of highest weight A = Agwo + Ajw1 + Arwy, where the A; are the Dynkin labels and
the w; are the fundamental weights. To be a level-k module, we must have Ao + A; + 1, = k. Let P; denote the set of
dominant integral level-¢ weights of ;13, that is the set of weights A satisfying A; € Zs and Ag + 1| + A, = £. This set is
obviously empty unless ¢ € Zs¢. Let w;, i = 0, 1,2, denote the Weyl reflection corresponding to the simple root «; of
;13.

The following definition specialises that of [38] to ;13 (see also [52, App. 18.B]).

Definition 4.2. Let k be an admissible level. A level-k admissible weight A of 513 is one of the form
@.1) A=w- (A’ - EAF’W),
v

where w € {1,w;} is a Weyl transformation of sla, - is the shifted Weyl group action, AT € P‘;3, ABw ¢ P‘;l and
/lf’wl > 1. A weight of the form (4.1) will be called a w = 1 or w = w| admissible weight according as to which w is

used.

We remark that one may allow w to range over the full Weyl group, adding appropriate restrictions on the A™*, but this
gives no further admissible weights. In fact, every set of w = w’ admissible weights is equal to either the w = 1 or
w = w sets and, moreover, these two sets are disjoint [53, Prop. 2.1].

Arakawa’s highest-weight classification for affine vertex operator algebras now specialises as follows.

Theorem 4.3 ([39]). For k admissible, the simple level-k highest-weight module L) is an A, (u,v)-module if and only
if A is admissible.

Denote by H’(—) the minimal quantum hamiltonian reduction functor [6] taking V¥ (s13)-modules to BPX-modules,
so that H?(Vk(s13)) = BPX. For definiteness, we take the nilpotent element of sI3 defining this functor to be the negative

highest-root vector . We assemble some useful results about this functor, specialised to our setting.

Theorem 4.4.

o [8, Thm. 6.3]1 If K denotes the Verma module of V*(s13) with highest weight , then H°(X},) is isomorphic to the
Verma module V; n of BP* with

A=A

— )2 - o
(4.2) j:T and A:(Al 2)* =3+ ) (2(k+1) -4 — A2)

12(k + 3)

o [9, Thm. 6.7.41 H*(L,) = 0 if and only if Ay € Zso. For Ay & Zo, we have instead H°(£L ) = Hja, where j and A
are given by (4.2).

e [9, Cor. 6.7.3] The restriction of H’(-) to the category @ of level-k ;13-m0dules is exact.

e H°(-) induces a surjection from the set of isomorphism classes of simple highest-weight \*(s13)-modules to the
union of {0} and the set of isomorphism classes of simple highest-weight BP*-modules. Moreover, there are at most

two inequivalent £, mapping onto the same H; a.

Proof. We only prove the last assertion. It follows from the second assertion above and by inverting (4.2) to obtain two
solutions (A, A7) for each (j, A). We have to ensure that at least one solution gives A9 ¢ Zs¢. But, a simple calculation

gives

(4.3) do=K=2A —A =1+ Vak+3)A+ (k+1)2 =32,

so the zeroth Dynkin labels of the two solutions sum to —2. ]
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Definition 4.5. For k admissible, we shall call a level-k weight A of ETI3 surviving if it is admissible and Ay ¢ Zs.

Theorem 4.4 then ensures that H (L) is nonzero (and is moreover a simple BP*-module).

Lemma 4.6.

o Every w = wy admissible weight is surviving.
o Aw =1 admissible weight A is surviving if and only if/lg’" > 1.
o wy- gives a (j, N)-preserving bijection between the w = 1 surviving weights and the w = wi admissible weights.

o If A and pi are distinct w = 1 surviving weights, then H°(L,) and HO(LH) are not isomorphic.

Proof. The zeroth Dynkin label of a level-k admissible glg-weight A has one of the following two forms:
(4.4) do =20 — SAg’“ w=1) or Jg=A+al- g(ag’w + Af"”l) +1 (w=w).

Consider first a w = 1 admissible weight A. Since A**! € P‘;', we clearly have Ay € Z if and only if Ag’" = 0. On the
other hand, a w = w; admissible weight A necessarily has 0 < Ag’w‘ + Af M <y, since AP'W € P‘;‘l and Af’w‘ >1. It
follows that the Dynkin label Ay can never be an integer in this case. The first two statements are thus established.

For the third, let u be a level-k weight. Explicit calculation shows that the Dynkin labels of wg - wy - u are
u u
45 [ . —].
4.5 Ho = oo Hos pt
Let A = wy - (Af = YAF"1) be a w = wy admissible weight. Then, wy - A has the form y =y’ — 441 with
(4.6) =2 A and T = 20 e 2p AP 1.

It is easy to see that u/ € P4~ and ™' € PY"!, so pris a w = 1 admissible weight. Moreover, p5"' > 1 implies that y
is surviving. Since wy - (—) is clearly self-inverse, we have the desired bijection between w = 1 surviving weights and
w = w; admissible weights. To show that it is (j, A)-preserving, we show that the functions j(A) and A(A) defined by
(4.2) are invariant under A — wy - A. This is clear from (wp-A); =k+1—=7Ayand (wg-A) =k+1-41;.

Finally, let A and y be surviving weights and suppose that H*(£,) =~ HO(L,,), so that j(A) = j(p) and A(A) = A(p).
We have just seen that A and wy - A always give the same j and A. But, if A is a w = 1 surviving weight, then
1= wpy-Aisaw = wp surviving weight. Since the intersection of the sets of w = 1 and w = w; admissible weights
is empty [53, Prop. 2.1], we have A # u. As there are at most two weights corresponding to a given choice of j and A

(Theorem 4.4), this shows that there are never two distinct w = 1 surviving weights giving the same j and A. ]

In what follows, a surviving weight shall be understood to mean a w = 1 surviving weight unless otherwise indicated.
The set of (w = 1) surviving level-k weights will be denoted by %,,. We shall also start dropping the label w from
AFw understanding that we mean w = 1 unless otherwise indicated.

Let IX denote the maximal ideal of V¥(sl3), so that L (s13) = VK(sl3)/I¥. If k is an admissible level, then Theorem 4.3
says that k. £, =0if and only if A is an admissible weight. If, in addition, v > 2, then

(4.7) HO(Lk(s13)) = H*(Liwy) = Hoo = BPx,

by Theorem 4.4. Moreover, the exactness of H’(—) means that the maximal ideal J* of BP¥ is then isomorphic to
HO(I%). Tt follows that H%(L,) is a BPx-module if and only if H(I%) - HO(£;) = 0.

Recall that H(—) corresponds to tensoring with a ghost vertex operator superalgebra G, graded by the fermionic
ghost number, and taking the degree-0 cohomology with respect to a given differential (see Appendix A.1 for the details).
Denote the cohomology class of a (degree-0) cocycle a by [a] (we trust that this notation will not be confused with the
notation for Zhu algebra images in Section 3). Given (degree-0) cocycles a and v of the BRST complexes I* ® G and
£, ®G, respectively, the action of [a] € H(I¥) on [0] € H%(L;)is givenby [a]-[v] = [a](2)[v] = [a(z)v] € HO(IK-L;).

For A admissible, we therefore obtain
(4.8) HO(%) - HO(L,) c HO(K- £;) = 0.

This proves the following assertion.
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Proposition 4.7. Let k be admissible with v > 2. If £ is an Lc(s13)-module, then H°(L ) is a BPx-module.
This also motivates the following assumption, which we shall understand to be in force for everything that follows.

Assumption 1. In what follows, we shall restrict to fractional levels k = =3+ withu > 3 and v > 2. The restriction on
u means that K is an admissible level for sl3, whilst the restriction on v guarantees that the minimal quantum hamiltonian
reduction of L (s13) = Ay (u, V) is BPx = BP(u,v) (for u > 3, we have H*(Ay(u, 1)) = 0 instead).

Of course, to obtain a classification of simple highest-weight BP,-modules from Arakawa’s classification of simple

highest-weight Ly (s13)-modules (Theorem 4.3), we need a converse of Proposition 4.7. This is much more subtle.

Theorem 4.8. Letk be as in Assumption 1. Then, every simple highest-weight BP-module is isomorphic to the minimal

quantum hamiltonian reduction of some simple highest-weight Ly (s13)-module.

Note that if Ay € Zs, then H’(£,) = 0 is a BPx-module, irrespective of whether or not it is an Ly (sI3)-module. It is
therefore enough to show that if Ay ¢ Zs( and £ is not a BP-module, then H O(L 1) is not a BPy-module. Equivalently,
we must show that Ay ¢ Z>o and I - £, # 0 implies that HO(I%) - H°(L£,) # 0. We defer the somewhat intricate proof
of this assertion to Appendix A.

4.2. Simple highest-weight BP(u, v)-modules. From Theorems 4.3 and 4.8 and Lemma 4.6, we conclude that the
HY(L,), with A € %, form a complete set of mutually nonisomorphic simple untwisted highest-weight modules for the
Bershadsky—Polyakov minimal model vertex operator algebra BP(u, v) (assuming that the level is as in Assumption 1).
The charge (Jo-eigenvalue) j and conformal weight (Ly-eigenvalue) A of the highest-weight vector of H*(L;) was
given in (4.2): H(L;) = 3 o. This is then a classification of the simple untwisted highest-weight BP(u, v)-modules.

Moreover, Proposition 3.2 extends this to a classification of their twisted cousins.

Theorem 4.9. Let k be as in Assumption 1. Then:

o Every simple untwisted highest-weight BP(u, v)-module is isomorphic to one of the H; n, where j and A are determined
from the Dynkin labels of a unique surviving weight A € %, by (4.2).

e Every simple twisted highest-weight BP(u, v)-module is isomorphic to one of the H{E.WA, where j and A are determined

from the Dynkin labels of a unique surviving weight A € % by
M- 2k+3 (M =h)? =3 +h)(2K+1) -1 — 1) N M—4  2k+3

d A=
3 e 12(k+3) 6 24

4.9) Jj

Moreover, the 3 o and iHE.WA determined by the surviving weights are all mutually nonisomorphic.

In light of this classification, we let Hy = J; o and U-Cflw = fH;WA, where j and A are given in terms of A € %, by
(4.2) and (4.9), respectively. Note that this implies that

(4.10) HY = o!2(3¢y),

by Proposition 3.2. With this new notation, the vacuum module g is identified as J{,, where A = [k, 0,0] has
A =[u—-3,0,0] and AF = [v—1,0,0].
We record the following strengthening of Theorem 4.9, following [54, Thm. 10.10], for later use.

Theorem 4.10. Let k be as in Assumption 1. Then, every highest-weight BP(u,Vv)-module, untwisted or twisted, is

simple.

Proof. We prove this for untwisted modules as the twisted case follows immediately from (4.10) and the invertibility
of spectral flow. Since the simple quotient of any highest-weight BP(u, v)-module H is isomorphic to some H, with
A € Xy, by Theorem 4.9, it is enough to show that H cannot have a composition factor isomorphic to J, for some
u € Xy distinct from A. Indeed, it is enough to show that the Verma module V, = V; o of BP* does not have such a

composition factor.
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Recall that K, denotes the Verma module of V¥(s13) of highest weight A and let [X; : £,] denote the multiplicity
with which £, appears as a composition factor of ;. By Theorem 4.4, quantum hamiltonian reduction takes X, to
V; and only £, and £, are sent to }{,,. As reduction is exact, we must have [V;L : 5{,1] = [5(,1 : LF] + [fKA : Lw.ﬂ]
(noting that p and wyg - p are distinct since p € %,y ).

It follows that if 'V, has H,, 4 # A, as a composition factor, then X has either £, or £,,,., as a composition factor.
But, A, p and wy - p are all admissible ;Ig-weights (corresponding to w = 1, T and wy, respectively, see Lemma 4.6),

hence they are dominant. This is therefore impossible by the linkage principle for Verma ;13-m0dules. |

Because the Bernstein—Gel’ fand—Gel’fand category 0, of level-k BP(u,v)-modules admits contragredient duals, it
follows from Theorem 4.10 that every extension between }; and H,, with A # p, splits. It is likewise easy to see
that a nonsplit self-extension of J{, requires a nonsemisimple action of Jy or Ly (which is forbidden in O,y). O,y is
thus semisimple and, by Theorem 4.9, has finitely many isomorphism classes of simple objects. We may therefore
summarise this as follows: BP(u, v) is rational in category O, .

In order to extend the highest-weight classification of Theorem 4.9 to twisted relaxed highest-weight BP(u, v)-
modules, we need to know when the top space (f}{}""A)“’p = Zhu™v [fH;WA] is infinite-dimensional. The condition for this

is beautifully succinct when expressed in terms of surviving weights.

Proposition 4.11. The top space of the simple twisted highest-weight BP(u, v)-module J'C;LW is finite-dimensional if and
only if Af = 0. When Af = 0, the dimension of this top space is A{ + 1.

Proof. By Proposition 3.17, (J{;WA)“’P is finite-dimensional if and only if h(j,A) = O for some n € Z; and, if it is
finite-dimensional, then the dimension is the smallest such n. Substituting (4.9) into the definition (3.10) of hﬁ and
simplifying, we find that

(4.11) BeGLA) = n(n == D{n+ Ao+ 1= 2).

The only possible roots in Zy are thusn = A; + 1 and n = % — -1 AsA=M- %/IF, the former requires A; € Z so
/lf =0andn = /1{ + 1 € Zs1. On the other hand, the latter requires n = —(/15 +1)+ %()Lg + 1) which is only an integer
if A = v — 1. However, this contradicts A¥ € PY"! and A5 > 1 (Lemma 4.6). m

Corollary 4.12. Given k as in Assumption 1, there are (up to isomorphism):

. %(u = 1)(u—=2)v(v — 1) simple untwisted highest-weight BP (u, v)-modules;

° %(u — 1)(u—=2)(v — 1) simple twisted highest-weight BP(u, v)-modules with finite-dimensional top spaces,

° i(u = 1)(u=2)(v—1)(v=2) simple twisted highest-weight BP(u, v)-modules with infinite-dimensional top spaces;

In particular, there are no simple twisted highest-weight BP(u, v)-modules with infinite-dimensional top spaces when
v = 2. This is in accord with the fact that the BP(u, 2) with u > 3 are rational [1].

Recall that the conjugation automorphism y of BP(u, V), given in (2.9), negates Jy and preserves Ly. At the level of
their eigenvalues, this is effected in (4.2) by exchanging the Dynkin labels A; and A, of A. The result of this exchange is

clearly still a surviving weight, by Lemma 4.6.

Proposition 4.13. For each A € X, we have:

o Y(Hpapan1) = Hiaga -

. Ifﬂtf =0, then y(fJ—CRW) ~ }CLW, where i = [Ay = ¥, A1, Ao + Y], hence ul = [)Lé, A{,Aé] and pf = [Ag +1,0, /lg -1].
Otherwise, Y(j{t[‘:{o,/h,/lzj) is not highest-weight (though it is relaxed highest-weight).

Proof. The result of conjugating a simple untwisted highest-weight BP(u, v)-module is clear from the above remarks,

because the top spaces are one-dimensional. For the twisted case, first note that the conjugate of f]-(;w will be again

highest-weight if its top space is finite-dimensional (otherwise the top space of the conjugate module will be an infinite-

dimensional lowest-weight Z,-module). By Proposition 4.11, this requires Af = 0, hence A, = /1{. Assuming this,
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let j and A denote the charge and conformal weight, respectively, of the highest-weight vector of J—f;w. Then, the
highest-weight vector of y(3(}") has charge A, — j and conformal weight A.

We therefore need to find y € X, corresponding to these eigenvalues under (4.9). Solving for p, we find two
solutions:

Ho=A-k=-3, mym=»x4 and p=Ap+k+3,
(4.12)
or /10=k+1—/12, y1=—/1()—2 and ,u2:k+1—/11.
We know from the proof of Lemma 4.6 that only one of these is a w = 1 surviving weight and the other is a w = w;
survivor obtained from the w = 1 one by applying the shifted action of wy. It is easy to check that the first solution is

the w = 1 survivor by writing it in the form
u u
(4.13) yozxg—;(xgﬂ), p =2 and Mzgé_;(xg_l),

Indeed, AF > 1 implies that gf = [AL AL A1) e PY3, 0F = [AF+1,0,AF —1] e P Land uf > 1, hencethatp € 3,,. m
0 p H 2% > o H 2 0 > Ho H X

It remains to determine when the spectral flow of a simple highest-weight BP(u, v)-module is another such module.
By Proposition 3.2, it suffices to consider the untwisted case. Again the key is the finite-dimensionality of the top space:
o (3,) will be highest-weight if and only if J—C;W = ¢!'/2(%;) has a finite-dimensional top space, that is if and only if
/lf = 0 (Proposition 4.11). Indeed, if )Lf = 0 and v denotes the highest-weight vector of J,, then that of o(H}) is
easily checked to be (Gl_/z)’l{o(v). We compute its charge and conformal weight, then determine the (unique w = 1)
surviving weight that gives these eigenvalues under (4.2), as in the proof of Proposition 4.13. We thereby obtain the
following proposition.

Proposition 4.14. If A € 3, satisfies Af = 0, then o(3H;) = H,, where p = [Ay = §, A0 + v, A1l € Zyy, hence

v

ul = [/Ié, /1(1), /1{] and pf = [/15 +1, Ag -1,0]. If/lf # 0, then o (3,) is not highest-weight (nor relaxed highest-weight).

Combining this with the dihedral relation (2.8) and Proposition 4.13, we obtain the following characterisation of the
spectral flow orbit of a simple untwisted highest-weight BP(u, v)-module 3{,. We recall from Proposition 3.2 that a
twisted member o'+/2(7;), ¢ € Z, of this orbit is highest-weight if and only if its untwisted predecessor o*(7;) is.

Theorem 4.15. Take A € 3, and define p, v, i, v € 2y by

ph=[A025,41), pf = [A + 1,45 - 1,0], V= (AL AL AL v = [Lv—-2,0],
(4.14) and

B =LA AL 7= + 1,045 - 1] v = [, A0, AL 7 =[1,0,v-2].
o o(H,) is highest-weight if and only if/lf = 0. In this case, 0 (H,) =~ H,,.
o o 1(Hy) is highest-weight if and only tf)tg = 0. In this case, o™ " () ~ Hj.
02(Fy) is highest-weight if and only if A\¥ = [1,0,v — 2]. In this case, c*(H,) ~ H,.
07 2(H;) is highest-weight if and only if \F = [1,v = 2,0]. In this case, c™>(H;) ~ H;.
For |t| € Zs3, o' (H}) is highest-weight if and only if v = 2. In this case, 0= (3(}) =~ H,.

Note that when v = 2, every A € X, has A= [1,0,0]. The spectral flow orbits thus take the form

12 12 12 12 12 12 12 12
o o o o o o o o
(4.15) o H o HY o H, o LW»—> y = HY — Hy o -

s

where p and v are as in (4.14) (with pf = vF = [1,0,0]). We picture the v > 3 spectral flow orbits in Figure 1.

4.3. Simple relaxed highest-weight BP(u, v)-modules. As we noted in Theorem 3.11, every simple untwisted relaxed
highest-weight BP(u,v)-module is highest-weight. The classification of simple untwisted relaxed highest-weight
modules was therefore completed in Theorem 4.9. It remains to classify the simple twisted relaxed highest-weight
modules, specifically those whose top spaces are simple dense Zx-modules (those whose top spaces are simple lowest-
weight Z,-modules are conjugates of the simple twisted highest-weight BP(u, v)-modules classified in Theorem 4.9).
A simple twisted relaxed highest-weight BP¥-module M is a BP¢-module if and only if its top space M'°P = Zhu™ [M]

is annihilated by Zhu'" [Jk] , where J¥ denotes the maximal ideal of BP¥. An obvious consequence of Theorem 4.9 is
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1/2 1/2 1/2 1/2 1/2 512

F 3F
AFE 20
g2 1/2 /. ) /\ /2 ﬂ g2 /\ g2 \ 1/2 o1/2
B _ ..
AF¢1/1F¢0 AF¢1)LF¢O
o1/2 1/2 1/2 1/2 1/2 1/2 1/2 1/7 1/2 o1/2
AF =11,0,v-2] =[v-1,0,0] =[1v-20]

FIGURE 1. A picture of the weights of the three types of spectral flow orbits through a simple highest-
weight BP(u, v)-module with v > 3. The charge increases from left to right, whilst the conformal
weight increases from top to bottom. The given constraints on the Dynkin labels of A¥ must be satisfied
by the simple untwisted highest-weight BP(u, v)-module J, appearing at that point in the orbit. Note
that the unpictured modules in each infinite orbit, indicated by - - -, are neither highest-weight nor
relaxed highest-weight: their conformal weights are unbounded below.

that Zhu' [J¥] annihilates Zhu™ [H}Y] = (A, with j and A determined by A as in (4.9), if and only if A € 3,,. We
extend this to the simple relaxed highest-weight modules R™Y

1A of Theorem 3.23 using an argument similar to that of
[24, Prop. 4.2].

Proposition 4.16. The irreducible semisimple coherent family Ezs’w of Zx-modules is a Zhu'™ [BP(u, v)] -module if and

only if one of its infinite-dimensional submodules is.

Proof. Obviously, Ezs,w being a Zhu'" [BP(u, v)] -module implies that every one of its submodules are too, in particular
the infinite-dimensional ones.

To prove the converse, we lean heavily on the general methodology developed in [24] to classify relaxed highest-
weight modules for affine vertex operator algebras, though the argument here is easier because the relevant coherent
families have one-dimensional weight spaces. The first step is to consider the subalgebra Ax = Zhu'¥ [Jk] N Ck, where
we recall that C, = C[J,L, Q] (Lemma 3.20). The relevance is that a simple weight Zhu™ [BP]-module M is a
Zhu™ [BP(U, v)]-module if and only if Ax annihilates some nonzero element of M. This fact is proved in exactly the
same way that [24, Lem. 4.1] is (see also [55]) and so we omit the details.

We next note that the action of Ay preserves each of the one-dimensional weight spaces of the irreducible semisimple
coherent family @Zw and that this action is polynomial: for each a € Ax C C[], L, Q], there is a polynomial p, in three
variables such that a acts on the weight space ESAS@ (J, A, w) as multiplication by p,(Jj, A, w). Since A and w are fixed by
the choice of coherent family, we may regard p, as a single-variable polynomial.

If we now assume that one of the infinite-dimensional submodules of ESASM is a Zhu'" [BP(u, v)]—module, then it is
annihilated by Zhu™ [Jk] and thus by Ax. Thus, for every a € A, we have p,(j, A, w) = 0 for infinitely many distinct
values of j, whence p,(—, A, @) must be the zero polynomial. But, then a annihilates all of ESAS@, whence ESAS’M is a
Zhu' [BP(u, v) |-module. n

Note that the top space of every (simple) Rt[‘;], Ao embeds into some irreducible semisimple coherent family and that
every such family has an infinite-dimensional highest-weight submodule JH ; 5, by Proposition 3.25. From Theorem 4.9,
we have classified all the simple highest-weight BP (u, v)-modules in terms of surviving weights. Proposition 4.16 thus
determines the irreducible semisimple coherent families that are Zhu'" [BP(u, v)] -modules and in this way we find all

the th[V]Y] A, that are simple BP(u, v)-modules. Algorithmically, this classification proceeds as follows.
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Let I,y denote the set of (w = 1) admissible Eﬁg—weights A of level k with Ag # 0,sothat A € X, (Lemma 4.6), and
/111E # 0, so that J—CBLW has an infinite-dimensional top space (Proposition 4.11). Then, I}, parametrises the isomorphism

classes of the simple highest-weight BP(u, v)-modules with infinite-dimensional top spaces.

e For each A € [},,, compute j and A using (4.9), then substitute into (3.18) to compute w:

2
(4.16) © = 0fp = =57 (A~ ha +K+3) (2 + 22~ K) (A + 2 ~ 2k = 3).

Js

This gives the eigenvalues of J, L and Q on the highest-weight vector of (J—C;W)“’P.

e Then, the Rt[‘}’,]’ A ATC, for all [j'] € C/Z satisfying wZA # w for every i € [j’], simple relaxed highest-weight
BP(u, v)-modules (by Theorem 3.23 and Proposition 4.16) and all such modules are obtained, up to isomorphism, in
this way.

As with the highest-weight BP(u, v)-modules classified in Section 4.2, it is convenient to let fR‘[‘;YL 3= ﬂ%t[VJY]’ A’ where A

and w are given in terms of A by (4.9) and (4.16), respectively.
We may now summarise this classification as follows.

Theorem 4.17. Let k be as in Assumption 1 and let j be such that fR‘[‘}’] ) is simple. Then, TR‘[‘;Y] ) is a (twisted)
BP(u, v)-module if and only if A € T,.

In fact, we shall see that a complete classification does not require considering every possible weight A € I},,. First
however, we recall from Corollary 4.12 that there are no highest-weight BP (u, v)-modules with infinite-dimensional top

spaces, hence I},, = @, whenv = 2.

Corollary 4.18. Let k be as in Assumption 1 with v = 2. Then, every simple (twisted) relaxed highest-weight
BP(u, v)-module is highest-weight.

Again, this is consistent with the fact [1] that BP(u, 2) is rational for every u € 2Z.¢ + 3. It is therefore convenient to

slightly refine Assumption 1 as follows.
Assumption 2. In what follows, we shall restrict to fractional levels k = =3 + g with u,v > 3.

The levels of Assumption 2 are also known as nondegenerate admissible levels in the literature. We shall understand
that Assumption 2 is in force for the rest of this section.

Given an irreducible semisimple coherent family @Zw of Zhu'" [BP(u, v)] -modules, we ask how many inequivalent
infinite-dimensional highest-weight submodules it possesses. By Proposition 3.21, the direct summands ﬁ[ 1A are
not simple for at least one, and at most three, [j] € C/Z and each nonsimple summand has precisely one infinite-
dimensional highest-weight submodule. The answer to our question is therefore either one, two or three. In fact, for k
as in Assumption 2, the answer is always three.

Lemma 4.19. Ifk is as in Assumption 2, then each irreducible semisimple coherent family ESAS’(U of Zhu'" [BP(u, v)] -
modules has precisely three infinite-dimensional highest-weight submodules. The map T, — C? given by A — (A, w)
is thus 3-to-1. Moreover, the highest weights A = Al — %/IF of these three submodules are related by the following
Z5-action.

b [Ao, AL = [ = G Ao i+ Pl = AL = L Ao+l o
4.17) s [ALAL ] > (AL AT (AL AL A —

o AT A A -1 A LA -1

Proof. 1t is easy to see from (4.17) that if A € I}y, then so do its images under the Z3-action. The three highest-
weight modules corresponding to the Zs-orbit are thus BP(u, v)-modules with infinite-dimensional top spaces if any
is. Moreover, substituting A; — Ag =k —A; — A and A, — A + k + 3 into (4.9) and (4.16) shows that A and w are

invariant under this Z3-action. The three highest-weight modules therefore arise as submodules of the same irreducible
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semisimple coherent family. These modules are mutually inequivalent because their highest weights can only coincide
if Al =2l = AL =432 and AF = A = 2] + 1 = ¥. But, this requires both u and v to be divisible by 3. [

From Corollary 4.12, we now have a precise count of the number of irreducible semisimple coherent families of
Zhu'v [BP(u, v)]—modules. Each direct summand of such a family is the top space of a simple twisted relaxed highest-
weight BP(u,v)-module, by Theorem 3.13. With Equation (2.9), Lemma 3.20, and Proposition 4.16, we have the

following theorem.

Theorem 4.20. Let k be as in Assumption 2. Then:

o There are %|1"u,v| = é (u=1)(u=2)(v=1)(v=2) irreducible semisimple coherent families of Znu™ [BP(u, v)] -modules
éi o Up to isomorphism.

o The families of twisted relaxed highest-weight BP(u, v)-modules iRt[‘;Y] 1= iR‘[‘}’] A, are in 1-to-1 correspondence with
Luv/Zs, where Z3 acts freely as in (4.17).

o for each A € 1.y, the twisted relaxed highest-weight module th[VJY] 5 is a simple BP(u,v)-module for all cosets
[j] € C/Z except three, namely the three distinct cosets that contain a root i of the polynomial o}, — .

R[W
[-7L.A

,A,w) = A —w”

o The conjugate of the simple twisted relaxed highest-weight BP(u, v)-module iRt[‘;f] A IS y(iRt[‘;Y]

Note that if (A, w) corresponds to a coherent family of ZhutW[BP(u, v)]-modules, then the conjugation functor
requires that so must (A, —w). In fact, it is easy to check that A is invariant and o is antiinvariant under the Z,-action
[A0, A1, A2] & [A2 = §, A1, Ao + 3], that is

\%
(4.18) (29, A1, 3] = LALALL (A5 AL AT ] e— [AS + 1,41, 4G - 1],

which obviously preserves belonging to I,,. With (4.17), this defines an action of W = S3 on I},,. The orbits clearly
have length 6 unless w = 0, in which case Lemma 4.19 forces them to have length 3. It is easy to check that this is
consistent with the explicit factorisation of w given in (4.16).

We remark that the spectral flow images af(Rt[‘;f]’ 1)» £ # 0, of these simple twisted relaxed highest-weight BP(u, v)-
modules are likewise simple BP(u, v)-modules, but they are not relaxed highest-weight because their conformal weights
are not bounded below.

4.4. Nonsimple relaxed highest-weight BP(u, v)-modules. In Section 3.6, we introduced three classes of irreducible
coherent families of Zx-modules. The first, the semisimple class, was the key ingredient in the classification arguments
of the previous section. Here, we will analyse the other two classes in order to demonstrate the existence of certain
nonsemisimple twisted relaxed highest-weight BP(u, v)-modules, assuming that k is as in Assumption 2. We will also
describe the structure of these nonsemisimple modules in terms of short exact sequences.

Consider therefore the irreducible nonsemisimple coherent family @; » Of Zx-modules on which G* acts injectively.
Recall that its simple direct summands are the i[ i1.A.-» for all but (up to) three [j] € C/Z, and that its nonsimple direct
summands are denoted by ﬁ[ij], Aw- We begin by determining the structure of these nonsimple Zx-modules in the case

relevant to studying BP(u, v)-modules.

Proposition 4.21. Let A € T, and let j, A and w be defined by (4.9) and (4.16). Then, the nonsimple Zx-module i[ij] Aw
has exactly two composition factors, ﬁj,A and )7(%_ j=1,A), both of which are Zhu'™ [BP(u, v)] -modules. Moreover, we

have the following nonsplit short exact sequences:

(4.19) 00— ?(?C_j_]’A) — i[)rj]’A!w — %JEA — 0, 0— JTC]-EA — i[_j]’A — )_’(ﬁ—j—l,A) — 0.

(0

Proof. We only consider i;] A as the argument for ifjJ,A,w is identical. First, note that ﬁj,A is an infinite-
dimensional Zhu™ [BP(u, v)] -module, by Theorem 4.9. The irreducible semisimple coherent family @SAS » 18 therefore

a Zhuv [BP(u, v)]—module too, by Proposition 4.16, hence so is the lowest-weight module }7(%_ j-1,A) C ﬁg[zl Aw- As
ﬁslj 1A 18 the semisimplification of §l+1 1A they have the same composition factors. To demonstrate that there are no

more factors beyond the two already found, it suffices to show that F_ j-1,A is infinite-dimensional.
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Since the conjugate of ﬁ_j_l,A is a Zhu‘W[BP(u, v)]—module, ﬁ_j_m must correspond to some p € Xy, by
Theorem 4.9. Proceeding as in the proof of Lemma 4.6, we find that the unique solution is y = [Ag, A2 — §, A1 + {1,
hence ' = [A{, A4, Al] and pF = [AE, A5 +1,AF - 1]. Because pf = A7 + 1 # 0, it follows that ;i € I, and so ﬁ_j_l,A
is infinite-dimensional, as desired. This establishes the first exact sequence in (4.19). It is clearly nonsplit because G*
acts injectively on ifj], Ao ]

At this point, it is not clear if the ﬁ[i;] A corresponding to A € I, are Zhu' [BP(u, v)] -modules, even though their
composition factors are. We settle this using a simplified version of the argument of [24, Thm. 5.3].

Proposition 4.22. Let A € I,y and let j, A and w be defined by (4.9) and (4.16). Then, the nonsimple Z-module
i[ij],A,w is a Zhu™ [BP (u, v)|-module.

Proof. Again, we shall only detail the argument for J_QFJ-L Aw- Recall that J¥ denotes the maximal ideal of BP* and so
Zhu'™ [J¥] - J{ja = 0, by virtue of I(; o being a Zhu™ [BP(u,v)|-module. From the first exact sequence in (4.19), we
conclude that Zhu' [J¥] 'i[j Ao € CT(FH_j 1)

As Zy is noetherian (this is an easy generalisation of [37, Cor. 1.3]), so is its quotient Zhu™ [BPK] (Proposition 3.15).

The ideal Zhu"" [Jk] c ZhuV [BP"] is therefore generated by a finite number of elements ay, ..., a, which we may,
without loss of generality, choose to be eigenvectors of J. Let j; denote the J-eigenvalue of a;, i =1,...,n.
—+
Choose j” € [j] such that j* < j — max{ji,...,jn}. Then, a; takes the J-eigenspace of R}, of eigenvalue j’

into the J-eigenspace of J(H_; j-1,n) of eigenvalue j' + a; < j. But, the eigenvalues of J acting on 7(H_; j-1,A) are
bounded below by j + 1, hence a; annihilates the J-eigenspace of fR[ ilAw of eigenvalue j’, for each i. It follows
that Zhu'V [Jk] annihilates this eigenspace. But, this eigenspace generates fR[ .M hence Zhu'" [Jk] (being an ideal)

annihilates iR[ Ao ]

By Zhu-induction (Theorem 3.13), one may construct from each Zhu'™ [BP(u, v)] -module i[ij]’ Aw atwisted BP(u, v)-
—+
module whose twisted Zhu image (its top space) is R} - Consider the submodule of this induced module obtained
by summing all the submodules whose intersection with the top space ﬁ[ij], A 18 Zero. Quotienting by this submodule
results in a twisted BP(u, v)-module, which we shall denote by th[‘jJiA = fRT}’fA’w, that has i[i;] A @8 its top space and
has the property that its nonzero submodules intersect this top space nontrivially. In a sense, Rt[";’]i’w is the smallest
BP(u, v)-module whose top space is ﬁ[ijm,w.

The th[‘;fﬁ are clearly nonsemisimple, because their top spaces are. This proves the following result.

Theorem 4.23. When k is as in Assumption 2, the simple vertex operator algebra BP(u,v) admits nonsemisimple

modules. In physical language, the corresponding minimal model conformal field theory is logarithmic.

As we have mentioned before, the Bershadsky—Polyakov minimal models corresponding to BP(u, 2), with u € 2Z.5¢ +3,
were shown to be rational in [1].

Our final task is then to determine the structure of these nonsemisimple BP(u, v)-modules. For this, it is convenient
to introduce new modules W“;“]J'A = Wt[‘j +A ., that are obtained by treating i[ij]’ A @ @ module over the twisted mode

algebra U})W of (3.1), letting UY act as 0, and then inducing to a U™ -module. It follows that Wt[‘}’ﬁ is a “relaxed Verma”

BPK-module whose top space is ﬁ[i;] Aw- 1N asense, it is the largest BPK-module with this top space.

As such, we may consider the sum NW * -, of all the submodules of WtW+ whose intersection with the top space
ﬁ[ij]’ A 18 zero. Because this top space is nonsem1s1mple, Nt[‘;’]’ , is a proper submodule of the maximal submodule
M[[‘;’]i/l of Wt[‘;’]i/l Its utility lies in the fact that it provides an alternative construction of the BP(u, v)-module le[‘;’]iA

tw,+ tw,+ tw,+
(4.20) R =W [N

This exploits the fact that th[‘;’]j is, in a sense, the smallest BPX-module with top space ii LA

We now proceed in an analogous fashion to [19, Sec. 4].



24 Z FEHILY, K KAWASETSU AND D RIDOUT

Theorem 4.24. Let k be as in Assumption 2 and let A € 1, define j, A and o via (4.9) and (4.16). We then have the

following nonsplit short exact sequences of BP(u,v)-modules:

4.21) 0— y(f}{l_“;_l’A) — Rt[‘;’fA’w — 9{2’2 — 0, 0— 9{;"’2 — :Rt[\;/i,_A,w — y(f]{t_‘x}_l’A) — 0.

Proof. Once again, we only give the argument for IR‘[WrA First, note that the twisted Verma module Vtw is clearly

isomorphic to the quotient Wtw + / y(\?‘w L A)» by (4.19) and the exactness of induction. Hence, i]-f‘w is also a quotient
and (4.20) gives

RIW+ tw,+
LA o llAe g
(422) TR T I
Aol = [jlAw 1Aw

since relaxed highest-weight modules have unique irreducible quotients. Thus, ?(E.WA is a quotient of th[V;f'A o

Next, note that the (unique) maximal submodule of y(VtW 1a) 18 y(VtV; )N NtW’Jr , because the only submodule

of y(VtW L ») intersecting its top space nontrivially is y(VtW L ») itself. We therefore have

y(V™ W) YV )+ N
(4.23) Y(HE 0 = o - 13A\ftw+ = wa+ e
( —j- ]A)m [j1.A00 [j].Aw
which is clearly a submodule of Wt[‘;’ ol NtW]+A . RtW]JrA o Thus, y(3™_, ) embeds into thW]JrA e
To demonstrate exactness of the first sequence of (4.21), we note that
tw,+ tw,
J%[] Ao W[] +Aw Vt.w
(424) g_ctw = tw tw,+ = tw 1w + tw
Y( IA) Y(V 1A)+N [i1.A0 (Y(v ]A)+N )/Y(IH lA)
using (4.20) and (4.23). This shows that Rtw H [V (HY ™ _,4) is a twisted highest-weight BP(u,v)-module. By
Theorem 4.10, it is simple and therefore 1som0rph1c to J{;’ , by (4.22). This completes the proof. ]

5. EXAMPLES

We conclude by illustrating the above classification results with some specific examples of Bershadsky—Polyakov
minimal models. The examples with v = 2 extend the results of [1] whilst the (u,v) = (3,4) and (4, 3) examples extend
those of [2].

Example: BP(3,2). For k = —%, the central charge of the minimal model is ¢ = 0. Since A € Pg = {[0,0,0]} and
AF € Pl is constrained by AL > 0 so that A¥ = [1,0,0], we only have A = [0,0,0] — %[1,0, 0] = [k, 0,0]. There is
therefore a unique simple untwisted highest-weight module H_3,,,,» = Ho and a unique simple twisted highest-weight

module th“g Vi fJ-C 7o (up to isomorphism). This is clearly the trivial minimal model.

Example: BP(5,2). Fork = —%, the central charge is instead ¢ = % and we have A Pi and AF = [1,0,0]. There
are thus |Pé| = 6 simple untwisted highest-weight modules and so 6 simple twisted highest-weight modules, all with
finite-dimensional top spaces. We illustrate these modules in Figure 2, arranging them according to A’ and listing
the charges and conformal weights of their highest-weight vectors. We also indicate the effect of the conjugation and

spectral flow automorphisms in this arrangement.

Example: BP(9,2). We discuss one further minimal model with v = 2, that with k = % and ¢ = —%. This time, there
are |P6>’ = 28 simple untwisted highest-weight modules and, of course, each has a single twisted cousin. As always
when v = 2, the top spaces are all finite-dimensional and the fractional part A’ of the corresponding sAIg—weights is
[1,0,0].

An interesting feature of this minimal model is that the (integer) spectral flows of the vacuum module Iy correspond
to Al = [0,6,0] and [0, 0, 6], hence (j,A) = (2,1) and (=2, 1). Recalling that spectral flows of the vacuum module are
always simple currents [56], it follows that BP(9,2) admits an order-3 simple current extension A. Moreover, if E and
F denote the highest-weight vectors of the simple current modules J{, ; and H_, 1, respectively, then it is easy to check
that E, F and J define a (nonconformal) embedding of the sI; minimal model A (3, 1) = L;(sl;) into A.
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FIGURE 2. The charges and conformal weights (j, A) of the untwisted (left) and twisted (right)
simple highest-weight BP(5, 2)-modules, arranged by the Dynkin labels of the integral parts A’ of the
corresponding surviving weights A. The subscript on the twisted labels gives the dimension of the
top space. Conjugation y is indicated by reflection about the dashed line and spectral flow o by 120°
anticlockwise rotation about each triangle’s centre.

J
’r—‘ |
A
F J E
G G G*G'
oF _LadJ JoE
T T+
JF: JJ: JE:

FIGURE 3. The states with conformal weight A < 2 of the “N = 4-like” vertex operator algebra
A =3 o) ®Hoo ® Hy, that extends BP(9,2). Here, T* = G, /26+ and T~ =G*, ,G .

Defining G = G, /2E and G = G*, /2F , we see that A has four linearly independent fields of conformal weight
% and that they decompose into two sl;-doublets (G_,5+) and (G ,G*). A may thus be regarded as some sort of
bosonic analogue of the N = 4 superconformal vertex operator superalgebra, see Figure 3. However, a major difference
is that the elements E, J, F, G* G and L do not strongly generate A. For example, the singular part of the operator
product expansion of G*(z) and G (w) is a simple pole whose coefficient is the (j, A) = (0,2) field corresponding to
T™ = (G, ,)’F.

It is nevertheless easy to explore the representation theory of A. The set of 28 (isomorphism classes of) simple
untwisted highest-weight BP (9, 2)-modules decomposes into 10 spectral flow orbits: 9 of length 3 and one fixed point.
It is easy to check from the charges and conformal weights that only four of these orbits define untwisted A-modules.

There are therefore precisely 4 simple untwisted A-modules:
5.1) A=Hy10HopooHa, Ho116® Ho—1/30 Hi1e Hor-176 © Hopz ® Hi—1y6 and  Ho_o/9.

One can also classify the simple twisted A-modules, but now there are several more twisted sectors to consider.

Example: BP(3,4). Consider next the Bershadsky—Polyakov minimal model with k = _49'1 andc = —%. This model
arises as the p = 4 member of a series B, of interesting vertex operator algebras constructed in [57]. As A e Pg
and Af € P*; satisfies Ag > 1, there are |P2>| = 6 simple untwisted highest-weight modules and 6 simple twisted
highest-weight modules, 3 of which have finite-dimensional top spaces. We illustrate these in Figure 4 as we did for
BP(5,2), but arranging the data according to AF instead of A!. One can check that this recovers the highest-weight
classification of [2].

In this illustration, the spectral flow functor ¢ is again represented by a 120° anticlockwise rotation, but does not

preserve being highest-weight (because v # 2). Indeed, the three spectral flow orbits through the simple highest-weight
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FIGURE 4. The charges and conformal weights (j, A) of the untwisted (left) and twisted (right) simple
highest-weight BP(3,4)-modules, arranged by the Dynkin labels of the fractional parts Af of the
corresponding surviving weights A. The subscript on the twisted labels gives the dimension of the top
space. Conjugation y is indicated by reflection about the dashed line, restricted to the modules with
finite-dimensional top spaces (the conjugate of a highest-weight module with an infinite-dimensional
top space is not highest-weight).

BP(3, 4)-modules are

512 g2 1/2
> Ho1yp 7= HY 4 o167

ol/2 ol2 ol/2 o2 1/2

(5.2) |—>17-Cl/4 3/8'_’9'(0 5/l6i—>f}( 1/4- 3/80—>5'f 1/2,-9/16 7 s
o2 o112 o2 o2 o2 o2 o2
"_’5{1/2 1/4'_’9{1/4 116 7 F— Floo — HY 1a—116 7 Ho1ja- 1/4'_’5H 3/4,- 9/16'_’""

where the - - - indicate simple BP (3, 4)-modules that are not highest-weight.

The three simple twisted highest-weight modules with )Lf > 0 have infinite-dimensional top spaces. They also share

the same conformal weight A = —2 and w-parameter © = w? A= 0, the latter computed as in (4.16). It therefore
follows that BP(3,4) admits one famrly of simple twisted relaxed highest- welght modules iR Ul-9/160°J %> % —?—1
(mod 1), as per Theorem 4.20. As a consistency check, substituting k = —— and A = — 16 into (3.18) indeed gives
(5.3) OF gpe=@= Qi+ D +j+ 1) -0=20+ DU+ G+,

as expected.

This family was first constructed in [2, Thm. 7.2], though four exceptional values of j (mod 1) were given there
instead of three. Here, we have also proven that there are no other families. We also note that Theorem 4.24 proves
the existence of six nonsemisimple twisted relaxed highest-weight BP(3, 4)-modules, each characterised by a nonsplit
short exact sequence:

0 — y(3 3/4-9/16) — jzt[W1+/4 —9/160 :me —o16 — 0,
(5.4a) 0— Y(:H—lﬂ —o/16) ™ th[W1+/2 —9/160 — H S1/2-9/16 — 0
0 — y (3% 1/a-9/16) RI[W;M ~9/160 — J—C“*EM —oy16 — 0,
0 — “1/4,-9/16 Rt[wr_/zt] ~9/160 Y(:H—s/4,—9/16) — 0,
(5.4b) 0 — ~1/2,-9/16 th[Wr_/z] —9/160 ~ Y(j{t—wr/z,—wm) — 0,
0 — 23/4,-9/16 th[ws_/zr] 9/160 Y(j{t—‘z/4,—9/16) — 0.

There are other nonsemisimple BP(3,4)-modules. In particular, there exist staggered (logarithmic) modules on
which Jy acts semisimply but Ly has Jordan blocks of rank 2. This follows from the Well known fact [58, 59] that
staggered modules exist for the triplet vertex operator algebra W(1,4) of central charge —%*. The connection is that the
coset of BP(3,4) = B4 by the Heisenberg subalgebra generated by J is the singlet algebra I(1, 4) [57] and that the latter
has W(1,4) as an (infinite-order) simple current extension [60]. We shall not study these staggered BP (3, 4)-modules

here, but intend to investigate them more generally in a sequel.



RELAXED HIGHEST-WEIGHT MODULES FOR THE BERSHADSKY-POLYAKOV ALGEBRAS 27

(5~ 75) (15 =72)1
(3 1) (1% 3)>
(53 (% 3
(=3 ) (=3 %)
(=5~ 15) (=% %)
(=5:3) (-2 =%)e
(=3:3) (~75 %)
(5:3) (5 7)
(0.0) (=75 =7):

FIGURE 5. The charges and conformal weights (j, A) of the untwisted (left) and twisted (right) simple
highest-weight BP(4, 3)-modules, arranged by the Dynkin labels of the integral (small-scale) and
fractional (large-scale) parts A’ of the corresponding surviving weights 1. The subscript on the
twisted labels gives the dimension of the top space.

Example: BP(4,3). The minimal model with k = —% and ¢ = —1 was also studied in [2]. This time, we have A € F’;
and Af € P2>, hence there are ‘Pl>||Pl>| = 9 simple untwisted highest-weight modules. Moreover, 6 of the simple twisted
highest-weight modules have finite-dimensional top spaces whilst the top spaces of the other 3 are infinite-dimensional.
We arrange the highest-weight data in an sl3-covariant fashion in Figure 5, making the scale for A’ significantly smaller
than that for A¥ to improve clarity. It follows that there is again only one family of generically simple relaxed highest-
weight BP(4, 3)-modules. This family must therefore be closed under conjugation and so « = 0. This can of course be
checked explicitly using (4.16).

Along with the simple twisted relaxed highest-weight BP (4, 3)-modules fR —1/8.0° Jj#E - 6, 2, 6 (mod 1), we
also deduce the existence of six nonsemisimple twisted relaxed highest-weight BP(4, 3)-modules, characterised by the

following nonsplit short exact sequences:

0— Y(g{t—“;/@—l/S) - :RtW1+/6 “1/80 3 S1e-18 — 0,
(5.52) 0— Y(g'ft—wlﬂ—us) - :Rtw1+/2 ~1/8,0 j'clwl/z 18 — 0
0 — (32 6-1/8) :Rtws/f,] 1780 U Zsj6-178 — 0,
0 — Y 21/6-1/8 Rtwl_m] ~1/80 Y(g{75/6,71/8) — 0,
(5.5b) 00— 3 5 1js — Ry o1g0 — VI o yje) — 0,
0 — FT ~5/6,-1/8 Rtws_/s —1/80 T Y(Ht—vﬁ/s,—l/s) — 0.

As with the case (u,v) = (3,4) discussed above, there are other nonsemisimple BP(4, 3)-modules, in particular there
are staggered (logarithmic) modules (as was already noted in [2]). We review the argument briefly for completeness.
First, note [2, Sec. 5.2] that the Bershadsky—Polyakov minimal model vertex operator algebra BP (4, 3) embeds in the
symplectic bosons vertex operator algebra B (also known as the bosonic ghost system, fy ghosts and the Weyl vertex
algebra) with ¢ = —1. We recall that B is strongly generated by § and y, both of conformal weight 1, subject to the

operator product expansions

-1
(5.6) P(2)p(w) ~ 0 ~y(2)y(w) and  fz)y(w) ~ —
An embedding BP(4, 3) < B is then given by

1 + 1 . . - 1 . . 1 . . . .
5.7 J— gzﬁy:, G — ﬁﬁﬁﬁ, G — —3—\/§ﬁﬁﬁ, L+— E(.aﬁy. —:9ypr).
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FIGURE 6. The charges and conformal weights (j, A) of the untwisted (left) and twisted (right) simple
highest-weight BP(5, 3)-modules, arranged by the Dynkin labels of the integral (small-scale) and
fractional (large-scale) parts Af of the corresponding surviving weights A. The subscript on the
twisted labels gives the dimension of the top space.

This suggests, and it is easy to check [2, Prop. 5.9], that BP(4, 3) is (isomorphic to) the Z3-orbifold of B corresponding
to the automorphism e>". As B is known [29,61,62] to admit a family of staggered modules, each member related to
the others by spectral flow, so does BP(4, 3). In fact, BP(4, 3) admits three such families.

Example: BP(5,3). We conclude with the Bershadsky—Polyakov minimal model with k = —% andc = % With Al € P;
and A € Pi, there are |P2> | | Pl2 | = 18 simple untwisted highest-weight modules and the twisted highest-weight modules
divide into 12 with finite-dimensional top spaces and 6 with infinite-dimensional top spaces. We illustrate the highest-

weight data in Figure 6. There are thus two families of generically simple twisted relaxed highest-weight modules, one

with A = é and one with A = —%. As these conformal weights differ, each family must be closed under conjugation
and so we have w = 0 for both (again). We therefore have simple twisted relaxed highest-weight BP(5, 3)-modules
:Rl[‘}/J,l/&O’j * —%, —%, é (mod 1), and 91‘[‘]’7],_3/40’0,j * —%, —%, —% (mod 1), along with the 12 nonsemisimple versions

guaranteed by Theorem 4.24.

Aninteresting feature of this minimal model is the existence of modules H 5,3 | corresponding to A'=10,2,0],[0,0,2]
and A = [2,0,0]. These are not spectral flows of the vacuum module, but we nevertheless conjecture that they are
simple currents generating an order-3 simple current extension C of BP(5,3). As with BP(9,2) (and assuming this
conjecture), the highest-weight vectors E and F of H,/3; and H_;/3 1, respectively, generate a copy of an sl minimal
model, this time A;(5,2) = L;,2(s1»). But unlike the situation for BP(9, 2), the embedding A; (5, 2) < C is conformal.

We recall from [16, Sec. 10], see also [63], that A| (5, 2) has a simple current whose top space is the four-dimensional
simple sl,-module with conformal weight % We therefore conjecture that this order-2 simple current extension of
A (5,2) is isomorphic to C, illustrating the low-conformal weight states of C in Figure 7 for convenience (and noting
that the A; (5, 2) Cartan element H is identified with 3]). This extended vertex operator algebra was conjectured to be the
minimal quantum hamiltonian reduction of L_3» (g2) in [16, Sec. 10]. This was settled affirmatively in [40, Thm. 6.8].

The conjectured embeddings BP(5,3) < C «— A;(5,2) may be tested through representation theory. Indeed,
A1(5,2) has two simple highest-weight modules with finite-dimensional top spaces, in addition to the vacuum and
simple current module. Their direct sum may be identified with the simple C-module H_;/33/10 © Ho4/5 ® F1/33/10-
Likewise, there are four simple highest-weight A (5, 2)-modules with infinite-dimensional top spaces and they combine
to give two simple C-modules F_7/6,1/8 ® H_1,2,1/8 ® H 16,178 and H_s/6 3740 ® H_1/2,-3/40 ® H_1/6-3/40. The story
is predictably similar for the relaxed highest-weight modules.

We finish by noting that BP(5, 3) also admits staggered (logarithmic) modules because A;(5,2) does [18,58], see
also [23]. In fact, we expect that staggered BP(u, v)-modules exist for all v > 3 and hope to return to this in the future.
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FIGURE 7. The states with conformal weight A < 2 of the extended algebra C = H_5;3 1 ®Ho,0®Ho/3 1
of BP(5,3). Here, G' = G', ,Fand G =G, ,,E, whilst :EE: and :FF: are proportional to (Gil/z)zF

/ 12
and (G~, /Z)ZE, respectively.

APPENDIX A. PROOF OF THEOREM 4.8

In this appendix, we adopt the notation of Section 4.1 and assume throughout that Ay ¢ Z¢ so that H(£,) # 0 (and

that the level k is as in Assumption 1). With these assumptions, the aim is to prove the following assertion:
(A.1) k.20 = H»IF-HL,) #0.

H°(-) is a cohomological functor which involves tensoring with a ghost vertex operator superalgebra whose vacuum
element will be denoted by |0). With this, we shall prove (A.1) by exhibiting elements y € I and v € £, for which
x ®]0) and v ® |0) are (degree-0) closed elements of the appropriate BRST complexes and the (clearly closed) element
xnv ® |0) is not exact, for some n € Z. Using brackets to denote cohomology classes, [ y,v ® |0)] then gives a nonzero
element of HO(I%) - HO(L,):

(A2) [x®10)] - [o®0)] = [x ®[0)](2)[v ®[0)] = [x(2)v ®|0)] # 0.

As noted at the end of Section 4.1, this amounts to a proof of Theorem 4.8. To prove (A.1) however, we need to delve a

little deeper into the details of minimal quantum hamiltonian reduction for V¥(sl3).

A.1. Minimal quantum hamiltonian reduction. Recall from [6] that the minimal quantum hamiltonian reduction
functor H’(—) computes the cohomology of the tensor product of a given V¥ (sl3)-module with certain ghost vertex
operator superalgebras. Specifically, we need a fermionic ghost system F* for each positive root a € A, of sl3 and one
bosonic ghost system B corresponding to the two simple roots ¢} and ;. Denoting the fermionic ghosts by b* and c¢%,
a € A4, and the bosonic ghosts by f and y, we take the defining operator product expansions to be

and p()y(w) ~ ——,

zZ—WwW zZ—Ww

(A.3) b*(z)c(w) ~

understanding that the remaining operator product expansions between ghost generating fields are regular. The tensor
product of these ghost vertex operator superalgebras will be denoted by G = F* ® F* ® F? ® B, for convenience.
We fix a basis of sl3 for the computations to follow. Let E;; denote the 3 x 3 matrix with 1 in the (i, j)-th position
and zeroes elsewhere. Then, we set
e =Ep, h™ =E| —Epn, f"=Ey,
(A4) ee =E3, fe = E3.
e” =Ex, h™ =Expn-Epn, f%=Es,
Here, 0 = a1 + o is the highest root of s13 and we shall also set h? = h* + k%2 = E|| — Es3.
To define H (M) for a V¥ (s13)-module M, one first grades M ® G by the fermionic ghost number, that is by the total
number of c-modes minus the total number of b-modes. Equivalently, the ghost number is the eigenvalue of the zero

mode of the field 3¢, :b%(z)c*(z):. Next, one introduces [5, 6] the following fermionic field of ghost number 1:

(A.5) d(z) = (ee (z) + ﬂ)cg(z) +(e"(2) + B(2))c™ (2) + (€™ (2) + y(2))c™(2) + b2 (2)c® (2)c™ (2)-.
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H e@ e @  pol poo fal faz f@ ‘ prr e par @ b@ CH /3 Y
# 0 0 0 0 0 0 0 0| -1 1 -1 1 -1 1({0 O
7 0 1 -1 0 0 -1 1 0 1 -1 -1 1 0O 0|1 -1
x 1 1 3 3 1 1 1 1 11
Ao 5 5 L1 5 5 2|53 3 3 32 0 1]z 3

TaBLE 1. The ghost numbers #, charges j and conformal weights A of the generating fields of the
vertex operator superalgebra VK(sl3) ® G.

A straightforward computation verifies that d(z)d(w) ~ 0. We then form a differential complex by requiring that d(z)
is homogeneous of conformal weight 1 and equipping M ® G with the differential d = d (which obviously squares to
0).

With (A.5), this requirement on d(z) requires that the conformal weight of c? is also 1, whilst that of e’ is 0. The
latter may be achieved by adding %ah‘) to the standard Sugawara energy-momentum tensor T5'¢ of V¥(sl3). When
this is done, homogeneity and (A.5) now fix the conformal weight A of all the generating fields as in Table 1. The

energy-momentum tensor of V¥ (sl3) ® G is thus

~ 1 «
L=T5¢4 Eahe + Z T + T8,
(A.6) achy
a1 o L 1
where TF" = E:ab"“c“’ +ac%b%:, T =:9b%% and TB = E:ayﬂ — dPy:.

The central charge matches that of BP, see (2.2):
8k (2k+3)(3k+1)

A7 —— —06k+1+1-2-1=
(A7) k+3 Ok +1+ k+3

As the notation suggests, L is closed and its image in cohomology (that is, in H (VK (s13)®G, d) = HO(V¥(sl3)) ~ BP¥)
is L. Note that the “symmetric” deformation of adding %8h9 to TSU¢ ensures this result. There are other deformations

consistent with d being a differential — they correspond to adding a multiple of 8] to L. Speaking of which, the element
~ 1
(A.8) J= g(h"‘l — h®) + %M — R e® — By

is likewise closed and its image in cohomology is J [6]. We give the charge @-eigenvalue) of the generating fields of
VK(sl3) ® G in Table 1 for completeness. We also note that
G = % 4 :h®f: — b0 — ¥ ™ B+ 2:b%c® B + b0 Br + BBy + (k+ 1)9p

(A9) —
and G~ = f% — :h%y: +:6%c0: - 2:p% My 4 b2 c®y: — b9y 4 yy i — (k+ 1)y
are both closed. Their images in cohomology are G* and G~, respectively [8].

We remark that deforming the energy-momentum tensor of VK(sl3) means that we now have two distinct mode
conventions for affine fields. Our convention will be that mode indices with respect to the deformed conformal weight
will be denoted with parentheses. Thus, for an affine generator a with deformed conformal weight A as in Table 1, we

shall write

(A.10) a(z) - Z anz—n—l — Z a(n)z_”_A

nez nezZ-A
We shall not bother to so distinguish mode indices for ghost fields: their expansions will always be taken with respect

to the conformal weights in Table 1.

A.2. The proof. We start with a well known fundamental result for the highest-weight vector v of £, recalling that
we are assuming throughout that Ay ¢ Z¢ and that k satisfies Assumption 1. Let |0) denote the vacuum vector of G.

By [9, Lem. 4.6.1 and Prop. 4.7.1], we have the following lemma.
Lemma A.1. Foralln € Z, (efl)"v ® |0) is closed and inexact. In particular, [v ® |0)] # 0.

We next consider the maximal ideal I of V¥(s13).
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Lemma A.2. ¥ is generated by a single singular vector y whose sl3-weight and conformal weight are (u — 2)6 and

(u = 2)v, respectively. Moreover, y ® |0) is closed.

Proof. This follows easily from [38, Cor. 1], which says that the maximal submodule of a Verma module whose highest
weight is admissible is generated by singular vectors of known weight. In our case, the highest weight is kawg (which is
admissible because k is) and the only generating singular vector that is nonzero in the quotient V¥ (s13) of this Verma
module has weight w - (kwg), where w is the Weyl reflection corresponding to the root —6 + v§. Here, & denotes the
standard imaginary root of sl3. This singular vector is y and its sI3- and conformal weights are now easily computed.
The fact that y ® |0) is closed follows from y being a highest-weight vector. ]

In fact, y ® |0) is also inexact, though we will not need to a priori establish this fact for what follows.

We remark that a nice conceptual proof of [38, Cor. 1] starts from the celebrated fact that the submodule structure of
a Verma module only depends on the corresponding integral Weyl group [64]. This structure is therefore the same for all
admissible highest-weight ;13—m0dules, irrespective of their level. In particular, this structure matches that of a Verma
module whose simple quotient is integrable, integrability being equivalent to admissibility for simple highest-weight
modules with v = 1. However, the fact that the maximal submodule is generated by singular vectors is well known in
the integrable case, see [65] or [66].

Suppose now that y(z)o = 0. Because y generates I¥, it follows that I¥ - v = 0. Since v generates £, as a V¥ (sl3)-
module, and I¥ is a two-sided ideal of V¥(sl3), we get I* - £, = 0. Thus, the hypothesis of (A.1), that £, is not an
L (sl3)-module, requires that y,v # O for some n € Z. As y has sl3-weight (u — 2)8, our knowledge of the weights of
£ lets us refine this requirement to y_(y—2)—;v # 0 for some i € Z. There is therefore a minimal N € Z( such that
X-(u-2)-N0 # 0.

As L is simple, there therefore exists a Poincaré—Birkhoff—-Witt monomial U € U(s?I3) such that

(A.11) Ux-u-2-Nnv =10
(rescaling y if necessary). We choose an ordering for U so that

o o o (4 o (04
(A.12) Ja<o < Moco < enco < fuso < Ppso < €50

(obviously we may omit the hj and K). This means, for example, that the f;* with n < 0 are ordered to the left while
the eZ with n > 0 are ordered to the right. For n > 0, we have eg x =0and elv = 0, hence

(A.13) en X-(u-2)-N0 = (€§ X)—(u-2)-N+n0 = 0.

We may therefore assume that U contains no e -modes with n > 0. Similarly,

(A.14) by x-u-2)-Nn0 = (U=2)0(h") x_(u-2)-(N-m? = 0

for n > 0, by the minimality of N. Thus, we may assume that U contains no h%-modes with n > 0 either. Finally, v
is not in the image of any f*, with n < 0, h%, with n < 0, or e5, with n < 0. All these modes may therefore also be
excluded from U. We conclude that U may be taken to be a monomial in the modes f,* with n > 0.

Given a partition & = [£] > & > - -], let £(&) denote its length and |£| denote its weight. We write f;;x = fgfg e

Then, there exist partitions &, 7 and p such that U = ffe !

(A.15) f; FE N X (u-2)-NV = 0.

Moreover, considering 13- and conformal weights gives

and so

(A.16) t(n)=e(p), (&) +e(r)=u—2 and |&+|x|+]|p|=u—2+N.

Lemma A.3. Let F(z), F € sl3, be an affine field and let Uy be a monomial in the negative root vectors fi* of 5:13. Then,
the modes of the field (Uy y) (w) satisfy

(A17) [Fos (Uo20n] = (FoUoX)mens  for all m,n € Z.
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Proof. Observe that Upy is annihilated by the F,, with m > 0. Consequently, the assertion follows easily from the
operator product expansion

(A1) P (U (w) ~ L0000) .

We apply Lemma A.3 to the left-hand side of (A.15), noting that the f-modes all annihilate v. The result is

(A.19) FEAE 1 earno = (D O S P () P ) o

using (A.16). This looks complicated, but it allows us to determine the partitions &, 7 and p.
Lemma A.4. If any of the parts of &, & or p are greater than 1, then fsf £ fp“‘ X-(u-2)-N0 = 0.
Proof. Suppose that £ has a part & > 1 (the argument is identical if 7 or p has a part greater than 1). Then, we can

form a new partition ¢’ from & by subtracting 1 from &; and reordering parts if necessary. Note that £(¢’) = £(¢) and
|€’] = |&] = 1. Then, Lemma A.3 and N being minimal give

A.20 0= fffe _( 0E) (porytlm) ( panye(p) )
(A.20) f§ @2 0y w2 -(n-10 = (D ()P y (el el | N1
= ((f(f)f’(f) (foaz)f(ﬂ) (foal)t’(p))()ov
But, this is the right-hand side of (A.19). [ |

Combining (A.15), which is manifestly nonzero, with Lemma A.4 now forces all parts of £, 7 and p to be 1. As partition
lengths and weights are now equal, the relations of (A.16) are easily solved to give |£| =u—2 — N and |7| = |p| =
In particular, (A.15) now becomes

(A.21) PO ZNEINEIN x(uma)-no = 0.

By rescaling y again, if necessary, we arrive at following key result.

Proposition A.5. If N is the minimal integer such that y__2-nv # 0, then

(A.22) FEN N xoumay-no = (7)Mo

The idea now is to use the fact that the right-hand side of (A.22) is inexact when tensored with |0) (Lemma A.1) to
prove that the same is true for y_(,—2)-no0. For this, we need to replace the action of flo’2 and fla‘ with elements that

preserve exactness, for example any closed elements.

Lemma A.6. Foralli, j € Z>o, we have

(A23) (Gt1/2) (Gl ) (X=w-2-n0 ®10)) = () () X-(u-2)-nv0 © [0).

Proof. We start with (A.9), which gives

(A.24) (1/2) f(1/2) Z h(m))/ m+1/2 + al Z R Y-me1/2 + -

mezZ

where the - - - stands for pure ghost terms. As these ghost terms annihilate |0), we have

(A.25) G(_1/2) ((flal)j)(—(u—2)—NU ® |0>) = (flal )j+1X—(u—2)—NU ®|0) - Z hfﬁ;‘ (flm )jX—(u—Z)—NU ® Y—m+1/2|0>s

m=1

for any j € Z-o. Now, m > 1 implies that h;?0 = 0, hence that

(A.26) R (£ xou-2)-n0 = [hE (F7) 1 x= - -no + (F7) (RS, X-(u-2)-N]0.

The first commutator on the right-hand side is a sum of terms, each obtained from ( fIO‘1 )/ by replacing one of the fla‘

-2 fﬁll However, each of these terms is 0 by Lemma A.4. On the other hand, the second commutator is proportional
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t0 Y_(u-2)-(N-m). SO it annihilates v by minimality of N. We therefore obtain
(A27) G ((EY w0 ® 10)) = £ (K x-wa w0 ® [0),

from which we conclude inductively that (5(‘1/2))j()(_(u_2)_N0 ®10)) = (f{)! x-(u-2)-n0v ® |0, for all i € Zy.
To deduce (A.23), we now repeat the argument by acting with 5?1 /2 ON ( flaz)i ( fl"!l ) X-(u-2)-nv ®|0). There are no
essential differences between this case and that described above, so we omit the details. []

Corollary A.7. y_(u-2)-~v ® |0) is closed and inexact.

Proof. We have already seen that y__2)-nv ® |0) is closed. Suppose therefore that it is exact. As [d, 5(*1 /2)] =0,

since G* is closed, it now follows from Proposition A.5 and Lemma A.6 that

(A.28) (Gli2) ™ (Gliy) ™ (X-w-2-n0 @ 10) = (AN AN x-w-2)-n0 @ 10) = (7)o
is also exact. But, this contradicts Lemma A.1. []

This corollary completes the proof of Theorem 4.8.

We conclude with a few remarks about this proof. First, proving that quantum hamiltonian reduction indeed realises
all simple highest-weight modules is obviously desirable and has been studied in several settings. However, Arakawa’s
general results [9, 54] in this direction for universal minimal and regular W-algebras do not immediately imply the
desired results for their simple quotients. Indeed, the cases where this completeness result for simple W-algebras is
known seem to be cases in which the simple quotient is rational and C,-cofinite, see for example [1,54,67]. Our proof,
applying as it does to the nonrational and non-C,-cofinite simple Bershadsky—Polyakov algebras, is therefore quite novel
and seems to be very different from the rational proofs in the literature.

Second, this proof relies on certain key facts that might be regarded as special to the Bershadsky—Polyakov algebras.
In particular, we use the explicit realisation (A.9) of the charged generators of BPX. However, the pure ghost terms
played no role in the proof, so it may be possible to generalise this part of the argument to other minimal, or perhaps
even subregular, W-algebras. On the other hand, the proof also exploits the fact that the maximal ideal of V¥(sl3) is
generated by a single singular vector, which does not normally hold when generalising to nonadmissible levels. It is
therefore not clear that this proof can be adapted for the nonadmissible case, but it would of course be interesting to try.

Alternatively, it may be that one can prove more general completeness results of this type by further developing
the inverse quantum hamiltonian reduction methods introduced in [18,33] and extended to the Bershadsky—Polyakov
algebras in [31]. These methods have the advantage of building up the representation theory iteratively from that of the
so-called exceptional W-algebras [67], in particular from the regular ones. This may then lead to uniform methods for
all W-algebras, at least when the level is admissible and (sufficiently) nondegenerate. We hope to have the opportunity

to report on this promising direction in the future.
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