MODULARITY OF BERSHADSKY-POLYAKOV MINIMAL MODELS

ZACHARY FEHILY AND DAVID RIDOUT

ABSTRACT. The Bershadsky—Polyakov algebras are the original examples of nonregular W-algebras, obtained from the affine
vertex operator algebras associated with sl3 by quantum hamiltonian reduction. In [1], we explored the representation theories of
the simple quotients of these algebras when the level k is nondegenerate-admissible. Here, we combine these explorations with
Adamovi¢’s inverse quantum hamiltonian reduction functors to study the modular properties of Bershadsky—Polyakov characters
and deduce the associated Grothendieck fusion rules. The results are not dissimilar to those already known for the affine vertex
operator algebras associated with s1, except that the role of the Virasoro minimal models in the latter is here played by the minimal
models of Zamolodchikov’s W5 algebras.
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1. INTRODUCTION

1.1. Background. The Bershadsky—Polyakov algebras BPK, k € C, are among the simplest and best known nonregular
We-algebras [2,3]. They may be characterised [4] as the subregular (or minimal) quantum hamiltonian reductions of the
level-k universal affine vertex algebras V¥(sl3). This paper is a sequel to [1] in which the representation theory of BP* and
its simple quotient BPy was investigated. Here, we are interested in the characters, modular transformations and fusion
rules of the simple quotient BPy when K is a nondegenerate admissible level.

When Kk + % € 7, BP is known to be rational and C,-cofinite [5, 6]. For these levels, which are admissible, modular
transformations of characters and fusion rules are in principle known [7]. For admissible levels with v > 2, these being
the nondegenerate admissible levels, BPy is nonrational in the category of weight modules. This was shown [1] by
combining the untwisted and twisted Zhu algebras of BP with Arakawa’s results [8] on minimal quantum hamiltonian
reductions. A classification of simple weight BPx-modules, with finite-dimensional weight spaces, was obtained along
with a construction of certain nonsemisimple weight BP,-modules.

Nonrationality is a significant obstacle to computing modular transformations and fusion rules, which is essential data
for constructing logarithmic conformal field theories. A general framework for computing this data for many classes of
nonrational vertex operator algebras was proposed in [9, 10] and is usually referred to as the standard module formalism.

This formalism has been shown to reproduce the (Grothendieck) fusion rules in many examples [11-16] that can be
independently verified [17-27]. Otherwise, applications of the standard module formalism consistently pass the usual
consistency tests, for example that the Grothendieck fusion coefficients are nonnegative integers [28-31].

At nondegenerate admissible levels, the representation theory of BPy shares many features with that of the simple
affine vertex operator algebra Lx(sl,). In particular, a key result in the standard module analysis for Lk(sl) is the fact
that Virasoro minimal model characters appear as factors of the standard characters [13,32]. Consequently, the modular
S-transforms and Grothendieck fusion rules of Ly (sl,) are also naturally expressed in terms of their Virasoro minimal
model analogues. This was subsequently explained by Adamovi¢ [33] using a construction of the standard modules from
simple Virasoro modules. Such a construction amounts to a functorial version of the old inverse quantum hamiltonian
reduction introduced by Semikhatov [34] and is believed to generalise widely.

In [35], inverse quantum hamiltonian reduction was generalised to the Bershadsky—Polyakov algebras, with the role of
the Virasoro minimal models being played by Zamolodchikov’s W3 minimal models [36]. This generalisation leads to the
expectation that Bershadsky—Polyakov characters, modularity and fusion can be understood in terms of W3 minimal model
data, using the standard module formalism. In this paper, we confirm this expectation and thereby provide further evidence
for the claim that Adamovié’s inverse quantum hamiltonian reduction functors are a fundamental tool for analysing the
representation theory of general W-algebras. Further evidence will be presented in a forthcoming article [37] that will
study inverse quantum hamiltonian reduction for the subregular W-algebras associated with sl,,, Lk (sl,) and BPy being

the subregular algebras for n = 2 and 3, respectively.

1.2. Results. Assume that k € C is nondegenerate-admissible, meaning that it defines parameters u,v € Zs3 by (2.1). As
shown in [1], the weight BPx-modules then include simple highest-weight modules J(;, A € £y, and generically simple
twisted relaxed highest-weight modules Rt [j] € C/Z and [A] € I,,y/Z3, along with their images under the spectral

Li1LIAY
flow functors of, £ € %Z. Here, %,y and I, are certain finite sets of sl3-weights defined in Section 2.2, as is the Z3-action
on Iy. The standard modules are the CF]-%‘[’].] = oft1/2 (Rt[‘;f_K] [A])’ where = 1(2k+3) and [ ] is restricted to lie in R/Z.

Main Theorem 1 (Proposition 4.5). Let k be nondegenerate-admissible. Then, the characters of the standard modules

are usually linearly dependent and one has to instead consider one-point functions. These have the form

(9—{’([+l)r) ch [WU]] (t:;u)
n(r)?

where W, is a simple module for the level-k W3 minimal model. Moreover, there exist choices for u such that these

(1.1) ch| R

[j],[/l]] (6 | évll' su) = g2

Z eZn’im(j+2K[)5(§ + b1 — m),

meZ

standard one-point functions are linearly independent.
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As the standard modules are parametrised by a continuous label [j] € R/Z (as well as discrete labels £ and [1]), the
S-transform of a given standard one-point function will not be a weighted sum of one-point functions, but rather a weighted

integral. Again, the W3 minimal model S-matrix makes a conspicuous appearance.

Main Theorem 2 (Theorem 4.6). Let k be nondegenerate-admissible. Then, the S-transform of the one-point function of
3%" | is given by

2
¢ 4 4 {11 u
02 @lF) - S-tee|f )
ITI , S )
T / {[EJ]]M] B[R ] 1175w dl)],
ez R/z [A] El—‘uv/Z’i

where A, is the conformal weight of u and the entries of the “S-matrix” (integral kernel) are

] [A W3 —27ri bl +0(j —Kk)+(j—K)
(1.3) Syt | = Stwe ( ).
The vacuum module Hg, is not a standard module, but like all simple weight BPx-modules it admits an infinite
(one-sided convergent) resolution by standard modules (Proposition 6.1). The Euler—Poincaré principle then allows us to

calculate its modular S-transform.

Main Theorem 3 (Corollary 6.6). Let k be nondegenerate-admissible. Then, the S-transform of the one-point function of

the vacuum module is given by

— 2 1 u
(1.4) ch[Hice | (9—§——£+§ ¢ -— = )
T T T T T-u
|| AVARPO AT,
=2 Sta/ " e[ R{j ] O1¢ 173 0) AL,
ez /N2 et zs

where the entries of the “vacuum S-matrix” are given by

eZniK{” eni(j'flc)

15 SLUI _gWs .
(1.5) vac vacs 1112 cos(3m(j - x)) — Yiez; 2cos(ma;(j', 1))

Here, a;(j,A) = (j — k) +2j™ (V'(A)) and j™ is defined in (2.13).

Having established the modular S-transforms of the standard modules and the vacuum module, one can now apply the
(conjectural) standard Verlinde formula (5.14) to compute predicted Grothendieck fusion rules for the standard modules.
This is quite a nontrivial calculation, requiring several obscure identities involving W3 minimal model fusion coefficients,

but the result is as follows.

Main Theorem 4 (Theorem 6.7). Let k be nondegenerate-admissible. Then, the Grothendieck fusion rules of the standard

modules are

16 (Rl [Rpal= D N ([Rlﬁ?zzm] ]+ [RG w]])
[A”]elyy/Zs

+ Z Z (NW3 [A”] Re++1 ] + NW3 [A”] [RW'., ])

[ALIT(r,8' ~wi+wir) ] J+J =2« ],[A] LIT(, 8" +wi—wi) ] L i+ 1IN ]
[A7]elyy/Z3 i€Zs
where we parametrise A’ as T'(r',s’) as in (2.11).

As every simple weight BPy-module may be resolved in terms of standard modules, this result implies the Grothendieck
fusion rules for arbitrary simple weight modules. These general results are doubtlessly unpleasant and we do not attempt

to derive them in full generality. Instead, we note an interesting generalisation of an observation of [13] for Ly (sl;).

Main Theorem 5 (Proposition 6.11). Ifk is nondegenerate-admissible, then the simple highest-weight modules 3 ,, with
A=T(r,s) and s = [v—2,-1,0], span a subring of the fusion ring of BPy that is isomorphic to the fusion ring of the

rational affine vertex operator algebra Ly_3(sl3).
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1.3. Outline. We start by describing various properties of the three families of vertex operator algebras that are involved
in the inverse quantum hamiltonian reduction exploited in this paper. The first is of course the simple Bershadsky—
Polyakov algebras BPy, reviewed in Section 2. Of particular importance throughout is BPx when Kk is a nondegenerate
admissible level, denoted by BP(u,v). After introducing spectral flow automorphisms and appropriate categories of
BP(u,v)-modules, we recall the classification results of [1] and detail the structure of the spectral flow orbits of the
highest-weight BP (u, v)-modules.

Section 3 is devoted to the other two vertex operator algebra families. We begin, in Section 3.1, with an account of
the representation theory of the W3 minimal model vertex operator algebra W3 (u,v). As W3(u, V) is rational [38], it has
finitely many simple modules and all are highest-weight. The final vertex operator algebra needed is the half-lattice vertex
algebra IT described in Section 3.2. There, we quickly review the construction of this vertex algebra, before choosing
a conformal structure and defining certain “relaxed” II-modules that will prove crucial for inverse quantum hamiltonian
reduction.

This section concludes by summarising the relationships between BP(u, v), W3(u, Vv) and II, as well as their modules.
In particular, for any nondegenerate admissible level, there exists an embedding BP(u,v) < W3(u,v) ® IT (Theorem 3.4).
Moreover, Proposition 3.6 explains how to construct every simple relaxed BP(u, v)-module, as classified in [1], as tensor
products of W3 (u, v)- and relaxed IT-modules. These results are due to [35].

With this representation-theoretic review in hand, we commence our modularity study in Section 4. The results fit
perfectly within the framework of the standard module formalism of [9, 10] with spectral flows of relaxed BP(u, v)-modules
playing the role of the standard modules. A convenient technical step taken here is to modify the conformal structure of
BP(u,Vv) so that one can avoid having to compute with twisted modules. With this done, Section 4.1 describes how to
compute the characters of standard BP(u, v)-modules. These are upgraded to linearly independent one-point functions in
Section 4.2. The modular S-matrix for the standard one-point functions is finally computed in Section 4.3.

The standard module formalism also details how to extend this modularity to the simple highest-weight BP(u, v)-
modules. However, the details turn out to be quite involved. To minimise these complications, we temporarily restrict
to minimal models with v = 3 in Section 5. These models nevertheless exemplify the general structure and, subject to
Conjecture 1 (the standard Verlinde formula for nonrational vertex operator algebras), the Grothendieck fusion rules of
all simple weight modules are computed (Theorem 5.5). We conclude by identifying the simple currents of BP(u, 3).
Section 5.3 illustrates the general results for BP(4, 3) and BP(5, 3).

Finally, Section 6 is devoted to attacking the general BP(u, v) minimal models. Section 6.1 sets up the resolutions and
character formulae for all highest-weight BP(u, v)-modules and the modular S-matrix for the simplest class of these is
obtained in Theorem 6.5. The standard Grothendieck fusion rules are then computed in Section 6.2 and simple currents
are identified. All these calculations are quite involved and several necessary facts about W3 (u, v) S-matrices and fusion
coefficients are recalled (and derived) in Appendix A. Finally, these general results are illustrated with the example BP (3, 4)
in Section 6.3.

Acknowledgements. ZF’s research is supported by an Australian Government Research Training Program (RTP) Scholar-
ship. DR’s research is supported by the Australian Research Council Discovery Projects DP160101520 and DP210101502,
as well as an Australian Research Council Future Fellowship FT200100431.

2. BERSHADSKY-POLYAKOV MINIMAL MODELS

The level-k universal Bershadsky—Polyakov algebra BP¥, k # —3, is the subregular (and minimal) W-algebra obtained
from the universal level-k affine vertex operator algebra V¥ (s13) by quantum hamiltonian reduction [2, 3]. It is not simple
if and only if k € C satisfies [39]

u
2.1 k+3= " for some u € Z>,v € Z>1 and ged{u,v} = 1.

For such k, we shall denote the simple quotient of BPk by BP(u, v) and will refer to it as a Bershadsky—Polyakov minimal
model vertex operator algebra. If u > 3 in (2.1), then K is said to be admissible. 1If, in addition, v > 3, then K is
nondegenerate-admissible. In this section, we recall the representation theory of the nondegenerate-admissible-level

minimal models BP(u, v), following [1].
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2.1. Bershadsky-Polyakov vertex operator algebras. We begin with the well known presentation of the universal
Bershadsky—Polyakov algebra BP* [2, 3].

Definition 2.1. For each level k # —3, the universal Bershadsky-Polyakov vertex operator algebra BP® is the vertex
algebra strongly and freely generated by fields J(z), G*(z) and L(z) with identity field 1 and the following operator

product expansions:

C(2k+3)GK+ DT | 2L(w) | IL(w)

HELOw) ~ 2(k+3)(z —w)* " (z—w)? * (z-w)’
35t .
(2.2) ;Zk_ ;V)ﬂ (z—w . (z—-w) zZ—w)
LGt
J@I) ~ 0 @t ~ T GG w) ~ 0
(z-w) (z—w)
TT 3 3
GH(2)G™ (w) ~ (k+1)(2k +3)1 N 3(k+1)J(w) N 3:J]:(w) + 2(k+ 1)aJ(w) (k+3)L(w).
(z-w)3 (z—-w)? zZ—w

For later use, it will be convenient to introduce the following reparametrisation of the level:

2k +3
2.3 = .
(2.3) K 3
From (2.2), the central charge of the minimal model vertex operator algebra BP(u, v) is given by
P (2k+3)(3k+1) ~ (2u-3v)(3u—8v) _ L 6(u —2v)?
uv k+3 B uv B uv

2.4)

Arakawa has proven that the minimal models BP(u, 2), with u > 3, are rational and C,-cofinite [5, 6].

The energy-momentum tensor L(z) is expanded into modes in the usual way: L(z) = Y,cz Loz " 2. In general, we
shall expand the homogeneous fields of BP(u, v) as follows:
2.5) Az) = Z Az 04,

neZ—-NAp+ep

Here, A4 is the conformal weight (Ly-eigenvalue) of A(z) and ¢4 = % if Ay € Z+ % and A(z) is acting on a twisted
BPk-module, and 4 = 0 otherwise. Note that (2.2) specifies Ay = 1 and Ag+ = Ag- = %

Conjugation is an automorphism of the vertex operator algebra BP(u, v), defined on the modes of the generating fields
J(2), L(z) and G*(z) by

(2.6) Y(Un) ==J v(Gy) =G, v(G,) =Gy, y(La) = Ln.

An even more important family of vertex algebra automorphisms of BP(u, v) is spectral flow o*, £ € Z., which acts on the

generators’ modes as
(2.7) o' (Ju) = Jn = 268,01, o' (GE) =G, 0% (Ln) = Ly — ) + £2KSn01.

Note that this is not a vertex operator algebra automorphism for all £ # 0 as it does not preserve L(z).

As usual, twisting the BP(u, v)-action on modules by these automorphisms gives autoequivalences, which we shall also
denote by y and ¢, on the category %,y of weight BP(u, v)-modules with finite-dimensional weight spaces and its twisted
version 7 . Moreover, we can extend ¢ to Z + % s0 as to obtain spectral flow equivalences between 7, and 7). For

more details, we refer to [1].

2.2. Bershadsky-Polyakov weight modules. It is useful to distinguish certain classes of BP(u, v)-modules in %, in

particular the highest-weight and relaxed highest-weight ones. We recall the definitions for completeness.

Definition 2.2.

e A vector v in a twisted or untwisted BP(u,v)-module M is a weight vector of weight (j,\) if it is a simultaneous
eigenvector of Jo and Ly with eigenvalues j and A, respectively. The nonzero simultaneous eigenspaces of Jo and Lo are
called the weight spaces of M. If M has a basis of weight vectors and each weight space is finite-dimensional, then M

is a weight module.
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e A vector in an untwisted BP (u, v)-module is a highest-weight vector if it is a simultaneous eigenvector of Jy and Ly that
is annihilated by all modes with positive index. An untwisted BP(u,Vv)-module generated by a single highest-weight
vector is called an untwisted highest-weight module.

e A vector in a twisted BP (U, v)-module is a highest-weight vector if it is a simultaneous eigenvector of Jy and Ly that is
annihilated by G} and all modes with positive index. A twisted BP(u,v)-module generated by a single highest-weight
vector is called a twisted highest-weight module.

e A vector in a twisted or untwisted BP (u, v)-module is a relaxed highest-weight vector if it is a simultaneous eigenvector
of Jo and Ly that is annihilated by all modes with positive index. A BP(u,v)-module generated by a single relaxed
highest-weight vector is called a relaxed highest-weight module.

Let k be nondegenerate-admissible. Then, we conjecture that the simple objects of the categories 7, and 7,/ are all
spectral flows of simple relaxed highest-weight modules. We also believe that these are the simple objects of the physically
relevant category from which level-k Bershadsky—Polyakov minimal model conformal field theories may be constructed.
For these reasons, we shall restrict attention to relaxed highest-weight BP(u, v)-modules in what follows.

The classification of simple twisted and untwisted relaxed highest-weight BP (u, v)-modules was recently obtained for
nondegenerate admissible levels in [1] (for BP(u,2), u > 3, this classification was previously obtained in [5]). Let:

e .y be the set of slz-weights A = AT — YAF satisfying AT € P43, AF e PY"1and 2] # 0.

Here, P; denotes the dominant integral weights of ;13 whose level is £ and [po, y1, p12] denotes the Dynkin labels of an
;Ig—weight 4. We note that %,y is nonempty as Kk is nondegenerate-admissible. (In fact, it would remain nonempty if we
allowed u > 3 and v =2.) Let:

e T,y be the subset of A € ¥, consisting of weights satisfying /If #0.

We note that I}, is nonempty because v > 3 (K is nondegenerate-admissible).

Observe that I}, admits a free Z3-action V given, at the level of the Dynkin labels of A, by
v v v
(2.3) [A0, A, 2] V= [A2 = §. Ao A+ 0] V= [A, A2 = 5, Ao + (] [Ao, A1, A2].

Given A € I, let the Dynkin labels of Me P;‘3 ber = [ro,r1,r2]. Let w;, i =0, 1,2, denote the fundamental weights of
515 and let the Dynkin labels of AF = AF — wy — w; € PY3 be s = [so, 51, 52]. In other words, let

(2.9) ro=XA, r=2A, mn=24, ad s=A-1 si=A-1 s=A.
Then, the Z3-action (2.8) becomes the cycle

A
(2.10) (poeh s (zooh S (neey D (o ey,

We shall therefore frequently parametrise weights A € I}, by r and s, or by the labels r; and s;, i =0, 1,2:

@11 A=T(rs)=T{00 7= Zr,wl——(a}o+w1+231w,)

Extending this parametrisation to X, means extending the allowed range of sg, s; and s to include v —2, —1 and v — 2,
respectively (but still subject to sy + 51 + 55 =V — 3).

The main classification results of [1] are summarised in the following two theorems.

Theorem 2.3 ([1, Thm. 4.9]). For k nondegenerate-admissible, the simple untwisted relaxed highest-weight BP(u,v)-

modules are, up to isomorphism, the highest-weight modules ), A € 3y, whose highest weights (j,A) are given
by

/1 M=) =3 +)2Kk+1D =21 -2
(2.12) =M g a2 DR (11J2r(k2i(3)( R

These modules are all pairwise nonisomorphic.

Define the top space of a twisted (untwisted) BP(u, v)-module to be the subspace spanned by the states of minimal
conformal weight. If the set of Jy-eigenvalues of the top space coincides with a single coset of C/Z, then we shall refer to
the twisted BP(u, v)-module as being fop-dense.



MODULARITY AND FUSION RULES FOR THE BERSHADSKY-POLYAKOV ALGEBRAS 7

Theorem 2.4 ([1, Thms. 4.9 and 4.20]). For k nondegenerate-admissible, the simple twisted relaxed highest-weight

BP(u, v)-modules are, up to isomorphism:

o The highest-weight modules H}" ~ a'2(3;), A € Sy, whose highest weights (j™, A™) are given by
i w /12 K

(2.13) N =jA)+k and A1) =A)+ —.

Such a module has an infinite-dimensional top space if and only if A € I,y.

o The conjugates y(ﬂ{’w ) of the highest-weight modules with infinite-dimensional top spaces, hence A € Ty.

LT where [A] € Tuy/Zs and [j] € (C/Z) \ {[]M(V’(A))] 1€ Z3}. The set of Jo-

eigenvalues of fR[j] o comczdes with [ j] whilst the conformal weight of its top space is A™ (A).

o The top-dense modules ZR

For u > 3, the simple twisted and untwisted BP(u, 2)-modules are all highest-weight, consistent with the fact that these
vertex operator algebras are rational [5]. We remark that the conjugate of a twisted highest-weight BP(u, v)-module with
a finite-dimensional top space is again highest-weight.

Each family of simple top-dense relaxed highest-weight BP (u, v)-modules, corresponding to a fixed [A] € I},y/Z> and
parametrised by [j] € C/Z, has three “gaps” corresponding to the [/ (Vi(1))], i € Z>. It was shown in [1, Thm. 4.24]
that these gaps in fact also correspond to top-dense BP (u, v)-modules, albeit nonsimple ones. Each of these “gap modules”
may be taken to be indecomposable, with two possible choices related through contragredient duals. Alternatively, the
choice is unique if one insists on semisimplicity.

As we will be concerned with the modular properties of the characters of these twisted BP(u, v)-modules, it does not
matter which choice we make for the gap modules. For later convenience, we shall choose them to be indecomposable
with a twisted highest-weight submodule; equivalently, so that G; acts injectively on them. They will be denoted using
the same notation thW as their simple cousins, where [j] = [j™(Vi(1))], i € Zs.

UL

To streamline notation here and below, we shall also frequently write R‘W instead of R, for these nonsemisimple

™ (M1L1A]
“gap modules”. Note that this notation breaks the V-orbit symmetry for the nonsimple top-dense modules: IRBW ~ fRLW if

and only if A = pin I,y. Another convenient alternative notation for what follows is writing
(2.14) Fp=3H(r,s) = U—C{ ABe g} and HY = H™(r,8) = J{‘W{gg AR }, when A =T(r,s) = r{;g o }

We shall likewise write R‘[‘;J = iR‘W (r,s) = thWJ {% 83} and RY = RW(r,s) = R™{ § 2 } when convenient.

With this notation, the structure of the gap modules may be summarised as follows.

Proposition 2.5 ([1, Thm. 4.24]). Let k be nondegenerate-admissible and let T (r,s) € I,y (sor € P;_3 and s € P‘;‘S).

Then, the following sequence is exact and nonsplit:
(2.15) 0 H"{gue} > R{Lue} > yE{gea}) —o.

2.3. Spectral flow orbits. Given any BP(u,v)-module M € %,,,, its spectral flow of (M) is another BP(u, v)-module in
either 7, or 7/, depending on whether ¢ € Z or Z + %, respectively. Consider therefore the orbit, under spectral flow,
of a fixed highest-weight BP(u, v)-module J{,. Almost all of the (twisted) modules in this orbit will fail to be positive-
energy, meaning that the conformal weights of their states will be unbounded below. Those that are positive-energy will
be highest-weight or conjugate highest-weight. We will find it useful to distinguish spectral flow orbits according to how

many (twisted) highest-weight modules it contains.

Proposition 2.6 ([1, Thm. 4.15]). Let k be nondegenerate-admissible and take r and s so that I'(r,s) € Zyy. Then:
o (H(r,s)) is highest-weight if and only if sy = —1, in which case o (H{ 5 "} = }) =~ H{ 5 sorol o

0o —1 s
~1(H(r,s)) is highest-weight if and only if s, = 0, in which case o~ ( 9{{ 28 :: r(f } J‘C{ S1+l 2 ;ﬂ }
o2 (H(r,8)) is highest-weight if and only if s = [0, —1,v — 2], in which case o> (H{ 3 "} [ }) =~ H{ T )5 0 }.
o~ 2(H(r,s)) is highest-weight if and only if s = [0,v — 3,01, in which case c™*(H{ [5G }) = H{G .1 }-

For |¢| € Zs3, o (H{ 5 2 }) is never highest-weight (since v > 3).

As fH;W ~gl/ 2(9—( 1) (Theorem 2.4), the results of Proposition 2.6 remain valid when J is replaced throughout by H"™.
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type-1
1/2 1/2 1/2 1/2 1/2 o2
s1#-1,s5#0
type-2
1/2 1/2 1/2 1/2 1/2 1/2 1/2 o2
'—) PEEEEY
sz#OV—Z sli—lv—S
type-3
o2 1/2 1/2 1/2 1/2 1/2 1/2 1/2 o2 o2
s=[0,—-1,v-2] s=[v-2-1,0] s=[0,v—-3,0]

FIGURE 1. A picture of the weights of the three types of spectral flow orbits through a simple highest-
weight BP(u, v)-module for k nondegenerate-admissible. The Jy-eigenvalue increases from left to right,
whilst the Ly-eigenvalue increases from top to bottom. The conditions stated for the s-labels constrain
the highest weight A = I'(r, s) € X,y of the corresponding untwisted module.

It follows from Proposition 2.6 that, for k nondegenerate-admissible, the spectral flow orbit of a simple highest-weight
BP(u, v)-module always contains exactly one simple twisted highest-weight module with an infinite-dimensional top space

and exactly one simple twisted conjugate highest-weight module with an infinite-dimensional top space.

Definition 2.7. Let k be nondegenerate-admissible. We say that A € X,y is type-n whenever the spectral flow orbit
{a" (Hy):te %Z} contains precisely n highest-weight BP(u, v)-modules. In this case, we shall also refer to the spectral

flow orbit of H), as well as any twisted or untwisted module isomorphic to one in the orbit, as being of type-n.

Of course, a type-n spectral flow orbit also contains n twisted highest-weight BP(u, v)-modules, only one of which has an

infinite-dimensional top space.

Corollary 2.8. Let k be nondegenerate-admissible. Then, every type-n module is isomorphic to a unique BP(u, v)-module
of the form o* (}(r,s)), for some t € 3Z, where T(1, ) € Sy satisfies one of the following conditions:

n=2 n=3

st#—-landsy; #0 ‘ si=-landsy #0,v—2 ‘ si=—lands, =v—-2 .

n=1

We visualise the type-n spectral flow orbits in Figure 1. The representatives chosen in Corollary 2.8 are the leftmost for
each type in this figure.

Note that the vacuum module Hy,,, = H { 3:3 _01 8} is always an untwisted type-3 module. In fact, when v = 3, all
the simple twisted and untwisted highest-weight BP(u, v)-modules are type-3. On the other hand, for v > 3, there are
BP(u, v)-modules of every type.

We conclude with a brief study of spectral flows of conjugate highest-weight BP (u, v)-modules, specifically those that

appear in the short exact sequences of Proposition 2.5.
Lemma 2.9 ([1, Prop. 4.13]). Let k be nondegenerate-admissible and choose r and s so that I'(r,s) € X,y. Then,
(2.16) rE{Ea 8 ~ 05 2} and y(O {9 L2 2 {0}

rory rn

We remark that if sy # —1, sothat A =T { 0 51 55 } € Iy, then J—C;W has an infinite-dimensional top space. Its conjugate is

therefore not highest-weight.
Proposition 2.10. Letk be nondegenerate-admissible and choose I'(r,s) € X leftmost in its orbit, as pictured in Figure 1.
Then, we have the following nonsplit short exact sequence:

(2.17) 0— o(H{5 gt o21}) — o PRS2 ) — H{B a8} —o.

so si+l sp—1 so sj+1 sp—1
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Here, F{ :g Slril szrfl } € Ly is the rightmost in its orbit. It is type-n under the following conditions:
n=1 ‘ n=2 ‘ n=3
s#El|si#v-dands;=1]s =[0v-41]

Proof. We apply the exact functor o'/? to the nonsplit short exact sequence of Proposition 2.5 and compute that

2.18) o Py {G g =ye  PECR SR =S 20 = 58 L b

using Lemma 2.9. Shifting s; — s; + 1 and s, — s, — 1, the proof is completed by noting that T{ ) ;/}; ;71 } € Ty, so it

must be rightmost in its orbit (see Figure 1). [ ]

3. INVERSE QUANTUM HAMILTONIAN REDUCTION FOR BERSHADSKY-POLYAKOV ALGEBRAS

The universal affine vertex operator algebra V¥(sl3) has three nonisomorphic quantum hamiltonian reductions cor-
responding to the three nilpotent orbits of sl3: VX(sl3) itself, the Bershadsky—Polyakov algebra BP* and the regular
W-algebra WX, which we shall refer to as the Zamolodchikov algebra. When k is nondegenerate-admissible, Wg‘ is not
simple [40,41]. In this case, the simple quotient shall be denoted by W3 (u, v).

For these levels, there is a relationship [35] between the minimal models BP (u, v) and W3(u, v) that will be crucial for our
modularity studies. We consider this relationship to be an instance of a kind of inverse to quantum hamiltonian reduction
[33, 34], though now this refers to inverting an as yet unformulated reduction from BP(u,v) and W3(u, V), in the spirit
of the “reduction by stages” of [42]. In this section, we review this relationship and some of its representation-theoretic

consequences.

3.1. W3 minimal models. We begin with the Zamolodchikov algebras and their representation theories, when the level k

is nondegenerate-admissible.

Definition 3.1. The universal Zamolodchikov algebra Wg is the vertex algebra strongly and freely generated by fields T (z)
and W (z) with the following operator product expansions:

W3
T()T(w) ~ . C, 2T (w) + T (w) 3W (w) N oW (w)

G-w'  G-w? G-w) -w? " z-w)
2A(w)  IA(w) e 2T(w)  oT(w) 5PT(w) £3T(w)
(z=w)? (z—w) g 3z=-w)l  (z—-w)* (z—-w)  (z—w)? " (z—w) |

T(2)W(w) ~
3.1

W)W (w) ~

Here, we set

32) oW o 2CK*EIEK+I) )T () - %azr(z) and Ay = -

(Bk+4)(Sk+12)  22+5¢"
k k+3 ’

2(k +3) 16

We shall refer to the W3 (u, v) as the W3 minimal models, assuming that k is nondegenerate-admissible. These models are
all rational and C,-cofinite [6,38]. Note that the central charge is invariant under exchanging u and v:

— — _ 2
(3.3) W _20Bu-4@u-3v) o 24Uu-v)®
uv uv

u,v

As the defining operator product expansions (3.1) only depend on k through va3, it follows that W3 (u,v) = W3(v, u).

We remark that we have employed a nonstandard normalisation for W (z) in Definition 3.1, namely we have multiplied
the standard definition of [36] by V/Ax in order to cancel the poles that arise when C\I:V3 = —%, hence (u,v) = (3,5) or
(5,3). In fact, W and A are null at this central charge, hence are zero in W3(3,5) = W3(5,3). In fact, the W3 minimal
model W5(3,5) coincides with the Virasoro minimal model M(2, 5) of the same central charge.

The classification of simple W3 (u,v)-modules was obtained in [43]. These modules are highest-weight with one-
dimensional top spaces. Writing T(z) = ez T,z "2 and W(z) = Y ,cz Woz "3, a highest-weight vector is then a
simultaneous eigenvector of Ty and Wj that is annihilated by the T,, and W,, with n > 0. Here, we adapt the parametrisation
of the highest weights given in [44].

Recall from Section 2.2 thateach A = I'(r, s) € I}y is specified by triplesr = [ro, 71, 72] € P;’3 ands = [sg, s1, 2] € P‘;’3.
Such a A also specifies a simple highest-weight W3 (u, v)-module and the eigenvalues of Ty and Wy on its highest-weight
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vector are given by

1
(3.4a) Ay =A(r,8) = A{;g aet= I (V(iri+ D) —u(si + 1)) (v(rn+1) —u(s2 + 1))

+(v(ri + 1) = u(s; + D)+ (v(ra + 1) —u(sy + 1)) = 3(u = v)?

(V(ro —r1) —u(so = s1)) (V(ro — r2) —u(so — s2)) (v(r1 = r2) — u(s; — s2))
3(3uv)3/2

respectively. As these eigenvalues are invariant under the free Z;3-action (2.10) defined by V, the simple highest-weight

(34b) and wy=w(rs)=w{Pi2}=

>

W3 (u, v)-modules are actually parametrised by I,y /Z3 and so we shall denote them by W, or, if more convenient, by
W(r, s) or W{§8 a2 }

Similarly, the conformal weight (3.4a) is invariant under the (nonfree) Z,-action
(335) {55} — (R85}
whilst (3.4b) changes sign. This then corresponds to the conjugation automorphism, T(z) < T(z) and W(z) & —W(z),
of W3(u,v). We therefore get an additional isomorphism corresponding to (3.5) if wy = 0 (when W[ is self-conjugate).
But, (3.4b) shows that this happens if and only if two of the pairs (ro, so), (r1,s1) and (r, s2) coincide, in which case the
conjugation isomorphism is already accounted for by one of the isomorphisms corresponding to the Z3-action (2.10). We
therefore conclude that the isomorphism classes of the simple W3 (u, v)-modules are classified by I, /Z3.

The fact that the simple W3 (u, v)-modules and the families of “top-dense” BP(u, v)-modules are parametrised in the
same fashion suggests that there is a relationship between these modules. The rest of this section is devoted to reviewing

this relationship, following [35].

3.2. The half-lattice vertex algebra. To describe the relationship between BP(u, v) and W3(u, v), we need to introduce
a “half-lattice” vertex operator algebra [45]. For this, we follow [35, Sec. 3] except that our conventions require a different
conformal structure.

Consider the abelian Lie algebra §) = spang{c, d}, equipped with the symmetric bilinear form (: |-) defined by
(3.6) (cley ={d|dy =0 and {c|d)=2.
The group algebra C[Zc] = spang{e™°| n € Z} has the structure of an h-module according to the formula
(3.7) h(e™) = n(h,c)e™.

Denote by H the Heisenberg vertex algebra defined by b and (- |-).

Definition 3.2. The half lattice vertex algebra 11 is the lattice vertex algebra H ® C[Zc] where the action of h € ¥ on
C|[Zc] is identified with the action of the zero mode hy of h(z) € H.

A set of (strong) generating fields for IT is then {c(z),d(z),e™ (z) : m € Z}. The operator product expansions of these
fields are easily determined:

c(z)e(w) ~ 0, c(z)d(w) ~ Lz d(z)d(w) ~ 0,
(3.8) (z=w)

2 emc
(D)™ (w) ~ 0, d(2)e™ (w) ~ 2 W) e () gne (1) ~ 0.
For what follows, we introduce a convenient orthogonal basis for the Heisenberg fields in IT given by

3.9 a(z) = —kc(z) + %d(z) and b(z) = ke(z) + %d(z),

where x was defined in (2.3). Note that (a|a) = —2x and (b|b) = 2«.
This half lattice vertex algebra admits a two-parameter family of energy-momentum fields given by

(3.10) t(z) = %:c(z)d(z): + adc(z) + pad(z), a,p€C;
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the corresponding central charge is 2 — 48a . We equip I with the conformal structure given by « = —%K and § = %, SO
that t(z) = %:c(z)d (z):+ %aa(z). At the nondegenerate admissible levels we are interested in, the central charge of II now
simplifies to
6(3u —4v

(3.11) CHV=2+54K=—1+¥ = CES=CEV+CXY3~
The latter identity is in fact the reason for choosing t(z) as we did. With respect to ¢(z), both a(z) and b(z) have conformal
weight 1 (though a is not quasiprimary) whilst that of e™(z) is —37’"

We are interested in the positive-energy (indecomposable) weight modules of II, meaning those on which the hg, with
h € b, act semisimply and ¢y has eigenvalues that are bounded below. (Here, we write t(z) = 3,z taz "2 as usual.)
These may be induced [45] from the Zc-modules generated by (certain) elements e" € C[h] on which &’ € b acts as

W - el = (h’|h) e". The following is adapted from [35] to accommodate our choice of conformal structure.

Proposition 3.3 ([35, Prop. 3.4]). The (twisted) weight II-module generated from €"°*J¢ is positive-energy if and only if

r= % In this case, the twisted II-module is simple and the minimal t-eigenvalue is %K.

The eigenvalue of by on e3b/2+/¢

is j + 3k. We therefore define Il ;}, [j] € C/Z, to be the simple positive-energy weight
II-module generated by e3//%+(=3%)¢ o that the by-eigenvalues of IT[j} coincide with [j]. The notation reflects the fact
that the isomorphism class of this module only depends on [;j] rather than j itself. We remark that e{j° acts injectively on

every IIj ;.

3.3. Inverse quantum hamiltonian reduction. The inverse quantum hamiltonian reduction relevant to the present work
amounts to embedding the Bershadsky—Polyakov minimal model vertex operator algebra BP(u, v) in the tensor product of I
and the minimal model W3 (u, v), then using this embedding to construct the top-dense BP (u, v)-modules. This embedding
and construction was recently detailed in [35]. Here, we review their main results, adapted to our choice of conformal
structure (we also twist their embedding by the conjugation automorphism (2.6) in order to prioritise highest-weight
BP(u, v)-modules over their conjugates).

Theorem 3.4 ([35, Thms. 3.6 and 6.2]). For k nondegenerate-admissible, there exists a vertex operator algebra embedding
BP(u,v) < W3(u,v) ® II given by

J(2) — b(z2), L(z) — T(2) + t(2), G (z) — e (2),

(3.12) 3
G+( ) (uv )

da(2)a(z) - a(z)’ — U ") WY 2a(z) + T(z) (2) - ( V) YUY otz - ‘/ W(z))e (2):.
Moreover, such an embedding does not exist whenu > 2 and v = 1 or 2.

Theorem 3.5 ([35, Thms. 5.12 and 6.3]). Let k be nondegenerate-admissible. Then, for each [A] € Ly /Z3 and [j] € C/Z:
e W ® 10| is an indecomposable top-dense BP(u,v)-module on which G acts injectively.

e Every nonzero BP(u,v)-submodule of W, ® I1{ | has nonzero intersection with its top space.
o If[j] is not in the V-orbit of [ j™ (4)], then W) ® I1}; is a simple BP(u,v)-module.

Armed with this information, it is now straightforward to identify these restrictions as BP(u, v)-modules.

Proposition 3.6. Let k be nondegenerate-admissible, [A] € Ly/Z3 and [j] € C/Z. Then,

(3.13) Wiy @11 :Rm

Proof. Note that the Wy, ® II};; are completely specified by their top spaces (Theorem 3.5), as are the TR‘[VJY]’[ A" It
therefore suffices to show that the top spaces of each coincide as modules over the twisted Zhu algebra of BP(u,v). The
classification of such modules [1, Thm. 3.22] shows that this will follow if the Jy-, Lo- and Q-eigenvalues all match. Here,
Q is a “cubic Casimir” of the twisted Zhu algebra that may be identified with

(u —2v)(2u - 3v)

(3.14) Q=G}Gy +Gy G++2]0+]0—2]0 o
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Checking this matching is immediate for Jy. For Ly = Ty + £y, it amounts to verifying that
9
(3.15) A,1+ZK = AY(Q).

The Q-check is likewise straightforward, though tedious. We only mention that the action on the top space of W ® I j
is obtained from (3.12) and (3.14), whilst the action on the top space of iR‘[‘}’] () Was computed in [1, Eq. (4.16)]. [ ]

Recall from Section 2.2 that we chose to define the nonsimple .'R‘[";] (] 3° that G; would always act injectively. The reason

]
why is simply that it makes the identification (3.13) true for all cosets [j] rather than for all but three.

4. CHARACTERS AND MODULARITY

Having thoroughly reviewed the representation theory of the Bershadsky—Polyakov minimal models at nondegenerate
admissible levels and the construction of their top-dense modules via inverse quantum hamiltonian reduction, we are well
placed to investigate characters and their modular properties. For this, we shall employ the standard module formalism
developed in [9, 10] with certain spectral flows of the top-dense modules JQt[V]Y]’[ L [/] € R/Z, playing the role of the
standard modules. However, this identification is complicated by the fact that there are twisted and untwisted modules
to consider, even though the two sectors are related by spectral flow equivalences. As we shall see, this complication is

conveniently overcome by (temporarily) changing the conformal structure of BP(u, v).

4.1. Characters for standard modules. We begin by recalling the usual notion of character for BP(u, v)-modules,
decorated with an additional factor involving x that will be convenient for our modular studies. For a BP(u, v)-module M,

we define its character to be
4.1 ch[M] (0] ]7) = y*tr), (ZfoqLo—cE,S/z4) ’

where y = €9, z = "¢ and q = €717, We remark that this character does not always distinguish inequivalent simple
modules. In particular, it does not keep track of the eigenvalue of the “cubic Casimir” Q mentioned in the proof of
Proposition 3.6. We will overcome this deficiency in the next section.

Our hypothesis, for k nondegenerate-admissible, is that the standard modules of BP(u, V) are spectral flows of the
top-dense BP(u, v)-modules Rt[‘;']’[ A (with [j] € R/Z and [4] € I,y/Z3). However, this places the standard modules
in the twisted module category 7\ whilst the vacuum module belongs to the untwisted module category 7. This is
inconvenient for Verlinde considerations (though not insurmountable, see for example [30,46]), hence we shall modify the
conformal structure of the vertex operator algebra BP(u, v) so as to reimagine the R‘[V]YH 438 untwisted modules.

In fact, BP(u, v) admits a one-parameter family of conformal structures given by

4.2) L(z) = L(z) + @dJ(z), a€C;
the corresponding central charges are EE': = CE’E — 24a’k. Choosing another conformal structure means regrading any
weight BP(u, v)-module by the eigenvalue of Lo = Ly — afo. The following modified definition for characters is thus

natural:
4.3) ch[M] (011 7) = y* try, (thfo—E‘S?/z‘*) = ch[M] (9 +r|{ - ar| T) .

Of course, modifying the conformal grading also results in a modified notion of positive-energy modules and relaxed

highest-weight modules.

Proposition 4.1. Let k be nondegenerate-admissible and assume that o € %Z. Then,
(4.4) Rijniar = 0 (R gy a)

is a relaxed highest-weight module with respect to f(z).

Proof. Tt follows from (2.7) and (4.2) that

4.5) o' (Lo) = Lo — (£ + @) Jo + £(£ + 22)kT = Ly — L]o + £(£ + 2a)xc 7.
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If v; denotes a relaxed highest-weight vector of th[VJY] (] of Jo-eigenvalue j, then
(4.6) Loo’ (v;) = o' ((Lo + (£ = @) Jo + £(£ = 2a)k1)v;) = (AY () + (£ — @) j + £(¢ = 2a)K) 0’ (v),
hence the fo—eigenvalue is j-independent if and only if £ = a. [ |

Note that the shift in j on the right-hand side of (4.4) ensures that the Jy-eigenvalues of il j11A] coincide with the coset
[j] € C/Z.

To convert the fR‘[‘;Y] into untwisted modules i[ j1.[A]» We therefore need to choose o € Z + % For simplicity, we shall

2
specialise to o = % in véh]at follows. With this choice, BP(u, v) is Z-graded by Lo: the conformal weights of Gt and G~ are
1 and 2, respectively. We shall take the standard modules to be the o* (i[ j1ia]) with € € Z, [j] € R/Z and [A] € T,y /Zs.

In what follows, we shall make much more use of spectral flow. For brevity, we will therefore sometimes denote the
action of the spectral flow functor o on a BP(u, v)-module M by a superscript: o (M) = M’. With this notation, our first
task is to compute the characters of the i‘fﬂ’[ A We shall do so by using Proposition 3.6 to compute the characters of the

JQ‘[‘;YJ )" This requires the characters of the W3 (u, v)-modules W, and the II-modules IT| ;;:

"3 _
“@.7 Ch[W[M] (‘L') = trww qT" Cuy /24 and Ch[H[j]] (g I T) = tI'H[ (Zboqto CEV/24).

J

Being modules over a lattice vertex operator algebra, the II;; have easily computed characters.

Proposition 4.2. For all [j] € C/Z, we have

(4.8) ch[I ;] ({12 = ,7(2—;)2 I

meZ.

where n(zr) = q'/?* 1, (1 —q") is the Dedekind eta function.

Explicit formulae for the characters of the Wp;; may be found in many places, for example [47,48]. We shall not need

them, noting merely that Proposition 3.6 immediately gives

yKZjCh[WM]] (T) Z m
zZ.

(4.9) ch[RY 1] (017 17) =y* ch[Wia] () eh[T11] (| 7) = (2
meZ.

Lemma 4.3. Given any BP(u, v)-module M (that possesses a character) and ¢t € %Z, we have

ch[ W] (01¢ 1) = ch[M] (0+2¢¢ + x| ¢ + x| 1)
(4.10) ~ ~
and  ch[M‘] (01¢|7) = ch[M] (0+26¢ +e(e+ )| +ex]7).

Proof. The first character identity follows easily from (2.7):
h[M] 01517 =11, () (ykzﬁ)qLo—CES/M) =try, (ykzﬂ"(Jo)qf"(Lo)—cE‘,C/%)
=ty (yKZ]()+21<{’1] qL()+[ﬁ)+x[2ﬂ—035/24) =ch [M] (0 +200 + 22 | {+ f‘L’| ‘L') )

The second follows in the same way, but using (4.5) with « = % [ ]

Proposition 4.4. Let k be nondegenerate-admissible. Then, for all ¢ € %Z, [j] € C/Z and [A] € Ly /Z3, the standard

characters have the form

Ch[WM]] (T)

4.11) é‘fl[it’j]’[“] (9 | g | T) — e27ri1<(9—{’(t’+l)r) Z e27rim(j+2kt’)5(év +br— m)

[ n0? 4
Proof. First combine (4.4) and (4.9) with Lemma 4.3 to see that
3 2
(4.12) ch[R{; 1] @1Z17) = ch[e™ (RN, )] 01 ]D)
yKZj+2t’Kq({+1/2)j+([2—1/4)1< ch[Wm] (1)

Z qu(t’+l/2)m

meZ

n(r)?
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Now use (4.3) to conclude that
ykzj+2€rcqt’j+t’(€—l)rc ch [W[M] (T)
n(r)?

4.13) ch[R{;, 1] (01¢]7) = Z zmq'™.

meZ.

2rimx _ Z

To conclude, use the standard identity ), .z € mez 0(x —m). [

4.2. One-point functions for standard modules. As appealing as the standard character formula (4.11) is, the result
has a highly undesirable feature: the standard characters are not linearly independent. This means that characters cannot
distinguish isomorphism classes of simple BP(u, v)-modules and so any Verlinde computations relying on them will give
ambiguous answers.

The root cause of this failure of linear independence is the well known fact that the W3 (u, v)-characters are not linearly
independent either: the definition (4.7) ignores the eigenvalue of Wy. As the conjugation automorphism (3.5) of W3 (u, v)
preserves Tp-eigenvalues but negates Wp-eigenvalues, conjugate W3 (u, v)-modules will always have the same character.
The simple characters will therefore be linearly dependent whenever W3 (u,v) admits a highest-weight vector with a
nonzero Wy-eigenvalue.

This issue was recently resolved in [49] by considering one-point functions instead of characters. Here, the definition

of the character is “upgraded” by inserting the zero mode of some u € W3(u,v):
S = Ty—cyd /24
(4.14) ch[ Wi ] (750) =tryy (uoq b-cu, )

Because W3(u, v) is rational and C;-cofinite [0, 38], these one-point functions are linearly independent for generic choices
of u [50]. In particular, as W[, is a simple highest-weight module, completely specified by the eigenvalues of Ty and Wy
on the highest-weight vector, we have the desired linear independence when u = W.

In fact, this conclusion needs a minor refinement because it may happen that W is zero in W3(u, v). From the operator
product expansions (3.1) of the universal Zamolodchikov algebra, we see that W is null in Wg‘ (hence zero in W3 (u, Vv))
if and only if va3 =0 or Ax = 0. But, CXV3 = 0 if and only if (u,v) = (3,4), (4,3) and W3(3,4) = W3(4, 3) is the trivial
(one-dimensional) vertex operator algebra. Similarly, Ax = 0 if and only if (u,v) = (3,5), (5,3) and W3(3,5) = W3(5,3)
is the Virasoro minimal model M(2,5). It follows that when W = 0, the characters of the minimal model are linearly
independent, so we may take u = 1 in (4.14). For all other W3 minimal models, we take u = W.

We can similarly upgrade the definition of BP(u, v)-characters to one-point functions as follows:

ch[M] (01273 u) = y*ir), (uOZJOqL0-°35/24) ,
(4.15) _ u € BP(u,v).

G[M] (017 7:u) =y 1y, (quJoqLo—Eﬁ’,C/u),
The question is now if there is a choice of u guaranteeing linear independence. As BP(u,v) is neither rational nor
C,-cofinite when K is nondegenerate-admissible [1,35], this is not immediately clear.

Our end goal for these one-point functions is, however, the modular properties when M is a standard module. By
Proposition 3.6, a standard module of BP(u, V) is always a W3(u,v) ® II-module, something that is not true for general
BP(u, v)-modules. We may therefore take u to be an element of W3 (u, v) ® IT and know that the one-point functions (4.15),
with M standard, are well defined. In particular, we may choose u = 1 ® 1 when (u,v) € {(3, 4),(4,3),(3,5), (5, 3)} and
u =W ® 1 otherwise. It is now clear how to lift Proposition 4.4 to linearly independent one-point functions.

Proposition 4.5. Let k be nondegenerate-admissible. Then, for all £ € %Z, i1 € C/Z and [A] € Ly /Z3, we have

(9—£(f+1)r) ch [W[ﬂ]] (t;u)
n(r)?

Moreover, if we take u = 1 when (U,V) € {(3, 4),(4,3),(3,5), (5, 3)} and u = W otherwise, then these standard one-point

functions are linearly independent.

(4.16) ch[RE;| 4] (01|71 u) = & D MU (Lt —m).

meZ.

Note the slight abuse of notation in writing u instead of u ® 1 on the left-hand side of (4.16).

4.3. Modularity of standard one-point functions. The S-transforms of the W3 (u, v)-characters were first obtained in

[48], though the issue with the linear dependence of the characters was not resolved until recently [49]. Since u = T or
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W is a Virasoro highest-weight vector of conformal weight A, = 0 or 3, respectively, the S-transform of the W3 (u, v)

one-point functions takes the following simple form [50]:

1 u \
(4]7) Ch[WM]] (—— TAu) = Z S[;],M'] Ch[WM/]] (r;u).
[A/]Eru,v/z3
The explicit form of the W3 (u, v) S-matrix S\[/X*] (] is given in Theorem A.1.
Define the following transformations on the parameter space (6| |7 ;u):
el

T T

L. L) and T: (0|d|7r; w)+— O|]r+1;u).

T rhu

(4.18) S: (0|§|T;u)+—>(9—§—;_

That this defines an SL;(Z)-action is a straightforward computation:
(4.19) = (ST =C: (1¢I5 w) — (0+2¢]=¢|7: (-)u).

Obviously, C squares to the identity as required.

Theorem 4.6. Let k be nondegenerate-admissible. Then, for each t € Z, [j] € R/Z and [A] € T,y /Z3, the S-transform
of the one-point function of i*[’j] (] is given by

T[Be _ It ATani
(4.20) S{eh[Riy ]| = 5 3 /R/Z 2 S ehlRy ]
t'eZ [A]eluy/Z3
where the entries of the “S-matrix” (integral kernel) are
O LIVT _ oWs —27ri(2r<£’t”+t’(j’—1<)+(j—1c)f’)
“21) Seiiiin = Spwn® '

Proof. Our strategy is to evaluate and simplify both sides of (4.20). Starting with the left-hand side, we have

_ o~ 2 1
420 s{eh[RE ] O1¢1 7w = (R )] (9 & _é;+§ % —;;Tzu)
e ey chWil (-1 ) pimGeanty 5 £
=exp 2m;<(9—7—;+§+ . ) S Z g2rim(j 2[)5( )

meZ

(using Proposition 4.5 and the well known S-transform of Dedekind’s eta function)

- —|ﬂ7(r)2 ZSW3 Ly W] (5w

2 0(0+1
-exp[ZﬂiK( e8¢ +{+ 6+ )) Z 2 U+Ims (1 _ ¢ — mr)
T T
meZ.
_ _|7_-;7(T)2 sts ] ch[W vle 2rminc (6+£) Z e—27ri((j—1<)m+1<m(m+1)r)5(§+ mr - £)
meZ

(using (4.17) and the properties of the delta function). Here, and below, the [A’]-sums run over I}, /Z;3. Inserting (4.21)
into the right-hand side, similar manipulations result in the same answer:

’

|| LLIVY 3 e v
(4.23) : Z ZS i PR Al
ez RIZ 7

—ir
|7]
Z S\[,}z],u'] ch[Wa]

= ﬁ
izn(7)* £
. / e—27ri(2Kt’£”+£’(j’—1c)+(j—1<)f’)e2ﬂik(9—£”(l’+1)r) Z QXU ImS (4 ' ) d[[]
t'eZ R/z meZ
|T| W v ’ T "+1)T
:_i ()ZZSXW ChW[)L] ZeZI(] K)t K{’)ZIK(Q l((+1))5(§+[1__{;)
mr ez
_ _iT|’;(|T)2 Z SW3 T Ch[W[,\ ]] 27k (0+t) Z e—Zm G- K)m+Km(m+1)r)6(§+ mr — [) -

meZ
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We remark that the residual factor of |z|/(—ir) in (4.20) may also be absorbed by further adjusting the coordinate modular
transformation (4.18). This adjustment will not be detailed here, but the interested reader may refer to [15] for a similar
example. We also note that the explicit formula for the (diagonal) T-matrix of the standard one-point functions is very

easy to derive. As we shall not need this formula, it is likewise omitted.

4 [J L]
[71.[4] (AL (2]
BP(u,v) “S-matrix” is unltary and its square represents conjugation, properties which again follow from those of the

W3 (u,v) S-matrix.

The “matrix elements” S, are manifestly symmetric because the sWs are. It is also easy to check that the

5. THE BERSHADSKY-POLYAKOV MINIMAL MODELS BP(u, 3)

We have determined a set of standard modules for the Bershadsky—Polyakov minimal models BP(u, v), computed their
linearly independent one-point functions and determined the consequent modular S-transforms. According to the standard
module formalism of [9, 10], the other simple (untwisted) BP(u, v)-modules may be resolved in terms of the nonsimple

standard modules

(5.1) o (RY) = o™ (RY iy iay) = O (Rim i) = Ry £€Z A €Ty,

jtw (/1)

In this section, we shall derive these resolutions and determine the consequent modularity of the remaining simple modules
when K is nondegenerate-admissible with v = 3. The more technically demanding generalisation to v > 3 will be discussed
in Section 6.

The motivation for initially restricting to v = 3 is purely to present the analysis with a minimum of complications. In
particular, every highest-weight BP(u, 3)-module is type-3 (Section 2.3). As we shall see, this means that the resolutions
of these modules all have the same form (up to spectral flow), significantly reducing the number of cases that need to be

considered. Another related simplification is that for v = 3, 1 € I, corresponds to s = [0, 0, 0].

5.1. Resolutions. We begin with the short exact sequence of Proposition 2.10. The highest weight of the quotient is
required to be the leftmost in its orbit as pictured in Figure 1. For v = 3, the highest weight is type-3 and so the leftmost
has s = [0, —1, 1]. The short exact sequence is thus

(5.2) 0— {3 he} —R{GLB}— {57} —0

The highest weight of the submodule (without spectral flow) is in I}, 3, hence it is the rightmost in its orbit. As the orbit is
type-3, it is obtained from the leftmost by spectrally flowing twice. By Proposition 2.6, we thus have

(5.3) s u et =o{ Y

We can therefore splice the exact sequence (5.2) with that obtained by applying o to the corresponding exact sequence
with quotient H{ 3

¢ 101 }. Iterating this, we arrive at the desired resolution.

Proposition 5.1. Let k be admissible with v = 3. Then, every simple highest-weight BP(u, 3)-module is resolved by the

nonsimple standard modules as follows:

G = RPGEY RETTY = RETIY SR - BT o
Gav) R S RGN S RIS - R0 — iAo
(5.40) ~~-—>ﬂz{%’3’a}”—>i{’33’&}8—>i{’a%'3}5—>ﬁ{%’33}2—>%{’33’5}—>0.

The other two resolutions are obtained from the first by applying one or two units of spectral flow. For reasons that will
become clear shortly, we focus on the highest-weight BP(u, 3)-modules with s = [1, -1, 0].

Corollary 5.2. Let k be admissible with v = 3. Then, for all r € P;_S and t € %Z, we have

65 eh[a{y G ]—Z( D" (R[RET B - [R(Y B 5+ b [RGB )).
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The analogous formulae for s = [0,—1,1] and s = [0,0,0] are obtained by applying —1 and 1 unit of spectral flow,
respectively.

It follows that the (linearly independent) standard one-point functions form a topological basis for the space of all
one-point functions of BP(u, 3)-modules. The S-transforms of the highest-weight one-point functions thus follow trivially
from the standard ones, computed in Theorem 4.6.

Note that the r-labels of the three summands appearing on the right-hand side of (5.5) are related by the Z3-action.
This allows us to rewrite (5.5) in the following alternative form:

(5.6) (F:Il[ {ro r rz} ] _ Z( nHr (Ch[R(V "), 0)£’+9n+l] [i(r’o)(’+9n+4] +CFB[3~Q(V(I’),0)€+9"+7]).

Here, 0 is being used as a shorthand for the s-triple [0, 0, 0]. We shall also find it convenient to introduce notation for the
Jo-eigenvalue of a highest weight with s = [1,-1,0]:
(5.7) j( = j(0(r [L=1,0]) = 1(r = ).

Theorem 5.3. Let k be admissible with v
function of H{7 " ¢ } is given by

(5.8) S{ h[FH{7 1 3} ]} I Z/ > s UM G [RE, ]

—ir
ez’ RIZ [y eTys/2s

3 and take r € P‘;3. Then for all ¢ € Z, the S-transform of the one-point

where the entries of the “highest-weight S-matrix” are given by

—27i(26(e-1/2)€'+(e-1/2) (' =K)+i (1))

LIV _ aWs e
(5.9) St’,r S[F(rO)] [A] 2005(3”(]'/ _ K))

Proof. By Corollary 5.2, the S-matrix entry Sf L]

for the one-point function of F{7 " rz} may be written as
an infinite linear combination of standard S-matrix entries (4.21). Recall that R,, = 3% [j(u)+2«].[p] and note that the p
corresponding to the standard one-point functions on the right-hand side of (5.5) or (5.6) all belong to the same class
[T(r,0)] in I}, 3/Z3, since O is obviously V-invariant. Comparing each j(y) with j(r) = j(T'(r, [1,—-1,0])) then gives

f [J] gt L' LY] 7 LI L]
(5.10) S Z_;)( D" ( t’+9n+1 [j(r)-2x],[T(r,0)] S€+9n+4,[j(r)+1<—%],[F(r,O)] +St’+9n+7,[j(r)+41c],[F(r,O)] ’

where we have also used the fact that u = 9(x + %) (since v = 3). From (4.21), we obtain

St”,lj’J,M’J — g™ e—2ni(2x(l’+9n+l)t”+(£’+9n+1)(j’—r<)+(j(r)—31<){")
£+9n+1,[j (1) —2k],[T(r,0)] ~ S[T(r,0)],[1] ’
17 LIV] —67i(j k) ot [J' 1. [A]
CR2Y S€+9n+4 [i(N+x=3 LI (r0)] =€ Sf+9n+1[ j(r)=2k],[T(r,0)]

2,17 L]
249n+7,[j (r)+4x],[T(r,0)]

—1271(j" —K) @€' [7' 1, [A']

and £49n+1,[j (1) =2x],[T(r,0)]°

=e
Substituting into (5.10) now gives the desired result:

(5.12) Sf',[j/],[/l/] — (1 — g 67" =x) +e—127ri(j’—1<)) S Z( )"e —27r|(2K(€+9n+1)[’+(l’+9n+1)(j -k)+(j (- 3K)l’)

e [T (r0)],
1480 W o 2mi (2K () + (041 (7 =R)+(j (1) ~35) ) 1
T 1 4+ e-6miG-x) TR0 V] 1 + e-187i(j’=x)
) SW3 e—2ni(2x(t’—1/2)t”+(t’—1/2)(j’—1<)+j(r)t”) .
(rr0L1V] 2cos(37(j' — x))

Of particular importance for Grothendieck fusion rule computations are the S-matrix elements corresponding to the

U LIVY _ gt L]

vacuum module Hy,, = H{ 7> © §}. These will be given the special notation shil 0Ti-3.00]"

Corollary 5.4. Let k be admissible with v = 3. Then,

eZnikl/ eni(j’ —K)

LT Z gWs W3 W3
(5.13) S =S oG ) Sl = SiFte-0010 11
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Note that W([u — 3,0, 0], 0) is the vacuum module of W3 (u, 3) because (3.4) gives A{ ”53 8 8} = w{ ”63 8 8} =0.

As with the analysis of the admissible-level sl minimal models reported in [13], the vacuum S-matrix element (5.13)
A (] is nonsimple when [j'] = [™((VH(X)) + ] for
some i € Z3. As V ‘(') € T3, itis given by I'(r,0) for some r € P”_3 However, j™ (I'(r,0)) +x = % (r1=m) - % so the

diverges when R is nonsimple. To see this, recall that i{] !

denominator of (5.13) becomes cos(x(r; —r2) — 32” ) = 0 when fR 1s nonsimple.

5.2. Grothendieck Fusion Rules. One of the most beautiful results in rational conformal field theory is the Verlinde
formula, discovered by Verlinde [51] and proven by Huang [52, 53]. It expresses the fusion coefficients, which are
nonnegative integers, in terms of the entries of the modular S-matrix, which are algebraic numbers in general. This
formula does not apply to nonrational theories such as the Bershadsky—Polyakov minimal models studied here, but there
is a conjectural extension that has been successfully tested in a wide range of examples. This is the standard Verlinde
formula of [9, 10].

We present this formula in the following conjecture for all Bershadsky—Polyakov minimal models with nondegenerate
admissible levels k. Note however that it computes not the fusion coefficients but the Grothendieck fusion coeflicients,
these being the structure constants of the Grothendieck group of the category of standard modules, equipped with (the
image of) the fusion product. As characters (and one-point functions) are blind to the difference between a module and
the direct sum of its composition factors, these coefficients are all that one could hope to access using modularity.

Of course, to consistently equip the Grothendieck group with the fusion product, one needs to know that fusing with
a standard module defines an exact functor. This appears to be very difficult to establish, so we shall have to conjecture
that it does hold. In fact, we believe that a slightly stronger statement is true: the category of standard modules is rigid.

Assuming this, the standard Verlinde conjecture is as follows.

Conjecture 1. Let k be admissible-nondegenerate. Then, for £,¢' € Z, [j],[j’'] € R/Z and [A], ['] € Luyv/Z3, the
Grothendieck fusion rules of the standard BP(u,Vv)-modules are given by

—_ [/’ [ //] [A’/] . .
5.14 R Ry 4171,
S I LI AT ED ) M) o ettt ert ) Eml )

where the Grothendieck fusion coefficients are given by

m[k].[u] gm.lk].[n] (gm.lk].[x]

i, 1L [V ( 1] A )
Z/ t’[J][] LIV T[] d[k].
R/Z

(5.14b) AT
meZ El" v/Z3 vac.

[/I [ Il] /1// )
6L AL e L Y

Here, the asterisk indicates complex conjugation.

The results obtained in the remainder of this section will implicitly assume that this conjecture holds. We now apply the
standard Verlinde formula to compute the Grothendieck fusion rules of the standard BP(u, 3)-modules. First, note that

substituting the factorisation

mIkLIi] _ o —2nie(xe+ ) am kLI g]
(.15 Seinin =€ So,j1.i]

into (5.14b) results in

(5 16) t;ll [ //] [A//] ) _ ( [// _ f/ _ f, [j/l]’ [A//]
e LA e LIl N0 DL IAT 0,17 [A]
It follows that the Grothendieck fusion rule for [ ] X [R LIV ] may be obtained by applying ¢“**" to the rule for

[fR[ Tl ,1]] X [fR[ 1.0 ] We shall exploit this conservatlon of spectral flow” to simplify all our Grothendieck fusion rule
computations. In fact, (5.16) also extends from ¢, ¢’ € Zto ¢,¢’ € %Z.

Theorem 5.5. Let k be admissible with v = 3. Then for all ¢,t' € %Z, . [J'] € R/Z and [A], [X'] € Tu3/Z3, the
Grothendieck fusion rules of the standard BP(u, 3)-modules are

.17 Ryl @ (R ] = - 2 . N ([R5 2 g ]+ (R ]
"1€ly3/2Zs
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Proof. We apply the standard Verlinde formula (5.14b) with £ = £’ = 0, substituting (4.21) and (5.13):

W3 W‘; W% *
518) L ] )_ y SS 1 (S
' 0,[j1. [A1 0, [ V] S
(1] vac.,[p]
. Z 672ﬂi(j+j’fj”721d’”)m‘/‘ eZ”W"*l/z)(k*’c)Zcos(?m(k _ K)) d[k]
meZ. R/Z
=N NS (7] = [+ 5 = 26" 1) (Spra + 8 1)
[ALINV] JtJ 2 7, —1
= NI (BT = U+ 7 = 4x1)8era + 8(171 = [+ 7+ 2K1) 87,1
Substituting this result into (5.14a) and applying ¢“**" recovers (5.17). [ |

A peculiar feature of (5.17) is the asymmetry in the shifts of the spectral flow indices and Jy-eigenvalues. This is
a consequence of the asymmetry in the vacuum S-matrix entries (5.13) and derives from the fact that we have chosen
an energy-momentum tensor L (z) that treats the conformal weights of G* and G~ asymmetrically. As the Grothendieck
fusion rules clearly cannot depend on how we grade our modules, we may use the definition (4.4) of the 5%[ j1.[4] to recast

these rules in terms of the R™Y :
[J1.[A]

(5.19) [O'[(Rt[";],u])] = [O_t” (:Rt\y/ v )] [fR[ 1/2 ] 2 [R(’ 1/2 ]

[j+x].[ [j/+x],[A]
W /1” 4
= Z N 3 [ ([:’Rt[h]'—f—]+1 2x],[A”] ] [:Rt[)-;f—] ' +4x ] [A”]])
[A7]€ly3/23
W /1” g ’—
= Z N 3 [ ([ S (le\;/_U -3k], [)L” ] + [G[H] 02 (fRij+j "+3k], [/1"])])'

[A7]€ly3/Zs
Here, the expected symmetry in the spectral flow indices and Jy-eigenvalues is restored.
Having established the standard-by-standard Grothendieck fusion rules, it is now a matter of straightforward computation
with Corollary 5.2 to compute the remaining fusion rules. For this, we recall that every highest-weight BP(u, 3)-module
is the spectral flow of one whose highest weight corresponds to s = [1,—1,0].

Corollary 5.6. Let k be admissible withv = 3. Then forall £,¢' € Z [j'] € R/Z, r e P{ 3, and [X'] € Ty3/Z3, we have

the following Grothendieck fusion rules:

(5.20) {7 LY = [REypal = D) Nireo) [j, [R50 -
[AV']elus/Z;3

Proof. Because the standard one-point functions are linearly independent, (5.5) lifts to the following identity in the
Grothendieck group:

(5.21) [#¢ ’f’ﬁ']’é}]—Z( DM ([REG G T - (R{G S B+ [R{G 58 1™]):

As in the proof of Theorem 5.3, we rewrite the standard modules in the form required by the standard-by-standard rules:

(5.22) [ rlo O roz}] —Z( n* ( :R??(Jrri 2], F(r,O)]] [R?ﬁrr‘;w 1/2], [F(rO)]] [Rgnz;‘;+4l<] [F(r,O)]])'

Substituting into the left-hand side of (5.26) and applying the standard-by-standard rules (5.17), almost every term cancels

and we arrive at the desired answer. ]

A more direct, but less instructive, route to these highest-weight-by-standard Grothendieck fusion rules is to use
Theorems 4.6 and 5.3 to directly apply the standard Verlinde formula (5.14b). The “symmetrised” version of the
Grothendieck fusion rule (5.20) is also easily deduced:

(5.23) [ (G TG H] = [U[, :RWJV][A/ )] = Z N\fﬁrm LIV ]] [O.[Hﬂ(Rt[\;(r)ﬂ/],[/l”])]'
[A7]€Ty3/Zs
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For the highest-weight-by-highest-weight rules, it will be useful to recall from Theorem A.6 that W3(u,3) fusion

coefficients may be expressed in terms of fusion coefficients for the rational sl3 minimal model A, (u, 1) = Ly_3(sl3):

W /1//
(5.24) N =N

Here, we should choose representatives A € [A] so thatt = [ry, 1] € Q, the root lattice of sl3 (and similarly for the primed
representatives). Since

(5.25) V(r) - = uw; mod Q,

u ¢ 37 implies that such representatives always exist and are unique.

Corollary 5.7. Let k be admissible with v = 3. Then for all {,t' € %Z and all r,v’ € P;‘3, we have the following
Grothendieck fusion rules:

(5.26) [oe{7 B Tm a0 = > N e .

r EP” 3

Proof. This time, we substitute the primed version of (5.22) and apply (5.20) to get

G2n [P s e s e = D N e
[T(r”,0)]

n([mH9n+l In+4 In+7
'Z(_l) ( y[](r)ﬂ(r’) 2], [T(r, 0)]] [:R[J(r)ﬂ(r’)w 1/2],[T(r, 0)]] [:R[](l’)"'j(f')*'4'<] [F(r",O)]])'

We therefore have to show that for each [T'(r"’,0)] € I},3/Z3, the sum over n is [fH { '(l/f 111 ’g }] for some unique r’’ € P;‘3.
There are of course only three candidates for r’”” as the Z3-orbit is fixed. However, they are further constrained by requiring
that [j(r")] = [j(r) + j()].

To show that this constraint picks exactly one representative of the Zs-orbit, recall from (5.7) that j(r) € %Z. On the
other hand, an easy calculation gives j(V(r)) — j(r) € Z + 5. Since u ¢ 37, it follows that the three elements of the
Z3-orbit have distinct charges modulo 1. There thus exists a unique r’”’ that corresponds to a weight in the required Z3-orbit
and satisfies [j(r"”)] = [j(r) +j(r)].

It only remains to replace the W3 (u, 3) fusion coefficients in (5.27) by A, (u, 1) ones. We may choose the representative
r" to satisfy r”’ € Q, but we cannot assume that r or r’ satisfy the analogous constraints. Thus, (A.26) gives

W [T(,0)] _ au=3r" _au-3 VI
(5.28) Nireonreo] = Nomm.vney = New ’

for some m, n € Z3. This fusion coefficient is zero unless T+ 1" — V-"=1(r"") € Q, by the Kac—Walton formula (A.24). It
can therefore be nonzero for at most one —m — n € Z3, by (5.25). We may therefore replace the sum in (5.27) by one over
allr” € P‘;‘3, dropping the constraint [j(r””)] = [j(r) + j(r")], because the A, (u, 1) fusion coefficient vanishes when this

constraint is not met. [ ]
To illustrate this result, we compute the Grothendieck fusion of 9{{ (1) “_‘13 8 } with another highest-weight module. Let

0 =[u-3,0,0], so that [0,u —3,0] = V(0). (5.26) and (A.26) now give

’ ’” " // 1 II Y //
529 [F{9uP O m I e = D> e = > NG T T [ { Y

r’ePy3 r’epy3
’r /7’ ’” ’ ’ ’
= ZP] S [3{Y 1 G = 19 5

This, and another nearly identical calculation for U—C{ (1) _Ol “63 }, proves the following proposition.

Proposition 5.8. Let k be admissible with v = 3. Then, H { ? “j13 8} and H {(]) Pl “63 } are simple currents of order 3,

inverse to one another. Their highest weights (with respect to Jo and Ly) are
(5.30) (:A) = (+552,53)  and (D) = (42, 452),

respectively.
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Another consequence of (5.26) is the following interesting identification, similar to that noted for nondegenerate-

admissible-level sI; minimal models in [13, Thm. 16].

Proposition 5.9. Let k be admissible with v = 3. Then, the fusion subring of BP(u,3)-modules generated by the
J—C{ TME } € X3, is isomorphic to the fusion ring of the affine vertex operator algebra L,_3(sl3).

Proof. By (5.26), the Grothendieck fusion subring generated by the [9—[{ TG ] is clearly isomorphic to the fusion ring

1o rl

of Ly—3(sl3). An isomorphism consists of identifying H { } with the s1mple highest-weight A, (u, 1)-module £,
whose highest weight is r = [rg, r1, r2]. To show that this gives an isomorphism of fusion rings, we only need to show that
the H{ 7 ", '} } generate a semisimple fusion subring.

For this, consider the Grothendieck fusion rules (5.26) in which r = [u — 4, 1,0]. The A,(u, 1) fusion coeflicients that

appear may be computed using the Kac—Walton formula (A.24):

(5.31) Liu-41,00 X L1rp el = L4151 © Lt =11 © L - 10411

ToTrs

Here, the modules appearing on the right-hand side are understood to be O if the r-labels do not define a weight in P;‘3.
It follows that

63 (3 8w [ 1 = e e [ ),
with the same proviso on the modules if the r-labels fall outside of P‘;3.

We now verify that the fo-eigenvalues of the highest-weight vectors of any two of the modules appearing on the
right-hand side differ by nonintegers. These modules therefore admit no nonsplit extensions, hence (5.32) lifts to the

genuine fusion rule

(5.33) g{{u -4 1 O}Xf}f{rlo 111 r2} %{r0—1r+1 rz}@f]—[{’o” r rz—l}ea%{ro r1_—1r2+1}.

This conclusion also holds for r = [u—4,0, 1]. The proof is then completed by noting that H{Y7* 1, 9} and FH{u7* O}

generate the desired fusion subring of BP(u, 3), proving that this subring is semisimple. [ ]

5.3. Examples: BP(4,3) and BP(5,3). We conclude our study of the v = 3 Bershadsky—Polyakov minimal models by

revisiting two of the examples that we discussed in [1].

5.3.1. BP(4,3). This case was first analysed in [54], where it was identified as the Z3-orbifold of the bosonic ghost system.
Our approach is in many respects the opposite of theirs. The corresponding minimal model BP (4, 3) has level k = —5 and
central charge CBP —1 with respect to the conformal vector L. Here, there are 9 untwisted highest-weight modules that

are arranged into 3 spectral flow orbits as follows:

0y = 7{§
(5.34) ---39{{8_1%}i {19815 98

i(g,s)i»(%,@i»(—g,f—s)i- :
(5.35) D) D005 (-5 -5 S,
R
The vacuum module and simple currents are Hi, = H{1 % 3} H{9 1, 9} and H{9 9, | }. This information completely

determines the fusion rules of the highest-weight modules, for example
5.36)  3{§ O O x 3 {580} = o7 (O] 1 §H) x o ({9 O o) = oe{ D 1 8 x 3 {9 O 5} = 3{1 43

We turn next to the (twisted) relaxed highest-weight BP (4, 3)-modules R‘W LT where [A] € I43/Z3 and [j] € R/Z.

As Tu3/Z3 has only one element (W3(4,3) =~ C), we shall simplify the notatlon by dropping the dependence on [A]:
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thW = thW . The condition on [ /] for thW to be simple is j # 6, —, 2 (mod 1), by Theorem 2.4. When j assumes one
of these Values, fR[‘;fJ is nonsemisimple Wlth G acting injectively.
As every highest-weight BP (4, 3)-module is the spectral flow of the vacuum module or a simple current, the “highest-

weight by relaxed” Grothendieck fusion rules are fixed by computing

(5.37) (3¢9 1 03 = [R5 ] = (R )-

using (5.23). Note that if the relaxed module on the left-hand side is simple, then so is that on the right. We therefore

obtain the following fusion rule:

(5.38) H{Y L Oh xRN = R

. 1 1
[j+u/3]° J €32+

Somewhat more interesting are the “relaxed by relaxed” rules. Specialising (5.19) results in

])] +[o 3/2(Rt\j+j —1/6])]'

Comparing conformal weights for the summands on the right-hand side, using (2.7) and Theorem 2.4, we conclude that

(5.39) [RE5] = (R ] = [0 (R s

the corresponding fusion product is generically semisimple:

(5.40) R X R, = 0 (RY

-3/2 . . 1
er1/61) © 0 ! (R -1/61): j+J ¢ 3Z.

L+’ -
When j+ )’ € %Z, we conjecture that the fusion product is nonsemisimple. In fact, we expect that the results are staggered
BP (4, 3)-modules that serve as projective covers of the vacuum module and the simple currents. Exploring this conjecture
is however well beyond the scope of this investigation.

The simple current extension of BP(4, 3) corresponding to 9—({ (1) ! } and IH{ } is the vertex operator algebra B
whose vacuum module decomposes as

(5.41) B=3({) L 0o d{] 40} 3?5}

It is easy to check that the field S(z) of weight (3, 2) and the field y(z) of weight (—%, %) generate a copy of the bosonic
ghosts vertex operator algebra in B. In fact, as the generating fields of BP(4, 3) can be expressed in terms of f and y, see
[1, Eq. (5.7)] for example, B is the bosonic ghosts vertex operator algebra.

Note that the simple current orbits
(5:42) 3o S edtfg hited{g T} and 3{G0o}@3{o0}@I{500

are not B-modules as they are not %Z-graded by conformal weight. Indeed, an easy calculation shows that a"(B) is an
untwisted B-module (is %Z—graded) if £ € 37 and is a twisted B-module (is Z-graded) if £ € 3(Z + %). This reflects the
fact that the natural unit of ghost spectral flow is o, not o.

To obtain additional B-modules, we consider the spectral flow orbit of the twisted relaxed highest-weight BP (4, 3)-
modules. Indeed,

(5.43) Bl = R{f i @R @ R,y 5[] € R/3Z,

is such an orbit, by (5.38), and conformal weight considerations show that it is a simple twisted B-module for all [ j] # [[%]] .
Fusion rules for these B-modules may be obtained from the BP(4, 3) fusion rules by induction [10], see also [55].

Those involving the simple current extension B (and its spectral flows) are obvious, so we compute only

(5.44) By X By = 02 (Bpjpase)) @ 02 (Brap-rep)s i+ 71#[0]-

This fusion rule is of course identical, up to rescaling charges and spectral flow indices by a factor of 3, to the bosonic

ghosts fusion rule computed in [15, App. A], see also [25, 26].

5.3.2. BP(5,3). The next least complicated example has k = —% and C?'; = % This minimal model has 18 simple

untwisted highest-weight modules, arranged into 6 spectral flow orbits. In addition to these, there are two families of

twisted relaxed highest-weight modules:

(5.45) R {2001, and R {1101,
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The elements of both families are simple unless j = ]3, % % (mod 1). The conformal weights of the relaxed highest-weight

vectors are g L and -2, respectively.

40’
It was conJectured in [1] that the modules {9 % 3} and 3{9 9, 3} are simple currents of order 3, despite not being
spectral flows of the vacuum module I { 20 8}. This conjecture is now confirmed by Proposition 5.8. The consequent

simple current extension
(5.46) C=5{} 20} @3{7 % 0@ {} %5}

was then noted to be isomorphic to the minimal quantum hamiltonian reduction of L_3,5(g2).

Up to spectral flow and simple currents, there are thus two representative highest-weight BP(5, 3)-modules which we
may choose to be the vacuum module and J{ { b 8 } As far as highest-weight modules go, it is therefore enough to give
the fusion rule for the latter with itself:

(5.47) H{ L0 <1 L0 =9 A0 e {1} %6}

Here, it is helpful to recall the well known fusion rules of the Virasoro minimal model M(2, 5) which is isomorphic to

W3(5,3). Similarly, it is enough to specify two highest-weight-by-relaxed fusion rules, namely

i) (118 R (388) = Ry (44 izt
and %{}Jlg}szt[\;]{(])(l)g} Rtj+1/3 {388}@R[1+1/%]{1(])8}’ ’
and three relaxed-by-relaxed rules:
ﬂetW{agg}m{agg} R e (308 e R (35017
(5.49) {(2)88}X:Rtw {000} = R[]+]'—l/6]{(lJ(l)8}3/2Gagzt[‘;/+]+l/6] 600 -2 iiielz.
R‘W{ééS}xW’ {388} =R (388" @ R, _is {56817 3
& R, ays {5001 3/26992[J+] 1/61{000 2

For completeness, we briefly report the easily derived fusion rules of the simple current extension C. Let
c=5{]  gter{?  ste3{i s}
(5.50) Cs00} =R ymtoo0t @RH{500} @ Rus{000)
and  €p;1{500} = 92[] 1/3] 000} @jz‘[‘;{] 000} 699z[]+1/3 {000}
0
0

}and Cp;{} &5} are simple (and relaxed) C-modules unless [ j] = [£]. The

0
0
0
0

10

00
As before, [[j] € R/1Z and the Cp;;{3}
fusion rules are then

(5.51a) exC=Ceae
(5.51b) exep{dost =emflood) exep{sodt ~cpidott@cmisod) Ll #Igl
and
en{388) x {399} = e v {3881 @ Cppan {36632
5510 {300t xepiaost = ey isost’ ‘B@[[J+]+1/611{6é8};:2, L+ T+ [ol.
enfbs 8t xen{bh8} = e {338} @ e[[m'—l/ﬁ]]{ 60}
& CLrpae1{390) 7 @ Cpa {08}

6. GENERAL BERSHADSKY-POLYAKOV MINIMAL MODELS

We now turn to the generalisation of our v = 3 modularity results to v > 3. As mentioned previously, one difficulty
is the presence of type-1 and -2 highest-weight modules: for v > 3, there are always highest-weight modules of every
type. However, the same strategy as before, constructing resolutions that express the one-point functions of the highest-
weight modules in terms of those of the standard modules, still enables the computation of modular transformations and
(Grothendieck) fusion rules. However, the technical complexity of the computations increases considerably and so we

shall not be exhaustive in our investigations.
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6.1. Resolutions. We begin by generalising the type-3 resolutions of Proposition 5.1 to all types. Since spectral flow
is an exact functor, it suffices to choose a representative highest-weight BP(u, v)-module in each orbit. We therefore
take I'(r,s) € X,y to be as in Corollary 2.8, thus the leftmost in its orbit (as pictured in Figure 1). Then, s, # 0 and
Proposition 2.10 gives the following short exact sequence:

6.1) 0— H{Y t1s 1} —>fR{SO sl i1} — H(rs) — 0.

Note that J—C{ s Slr e 51 } is rightmost in its orbit. As long as 32 # 1, it is type-1 and thus also leftmost. We may therefore
splice (6.1) with the corresponding sequence for J{{ s s1+1 51 } and repeat until the s, label has decreased to O (and the

highest-weight module is no longer type-1). The result is the exact sequence
ryor ryor -1 r r
6.2) 0_)%{50 SI‘:SZ 02 R{So 314132 0 N _>"'_>:R{so 5141-232 2} _>R{so sHl-l s 1} — H(r,s) — 0.

Resolving highest-weight modules therefore reduces to resolving those with 32 =0.
r

Comparing again with Figure 1, we see that 3({{ "\ T} = H{ 5,3, 0 } is type-2, if sp # 0, and type-3, if so = 0.
Being rightmost in its orbit, this module is therefore obtained from the leftmost by applying one or two units of spectral
flow, respectively. Appealing to Proposition 2.6, we have

T r rgys2+l .
(6.3) 9{{ ro TS :H{V_Z_SO -1 50} if s # 0,

O w g Ly s =0
These are now leftmost in their orbits, hence we can iteratively splice versions of (6.2) to obtain the desired resolution.
Clearly, if we start with sp = 0, then all the sequences (6.2) to be spliced together will have sy = 0 and the resolutions
will only involve type-1 and type-3 highest weights. If we start with sp # 0, then the sequences being spliced will likewise
all have sy # 0 because JH(r, s) was chosen to be leftmost in its orbit and so we cannot have sy = v — 2. In this case, the
resolutions will only involve type-1 and type-2 highest weights.
We first record the type-3 resolution obtained when sy = 0.

ror r

Proposition 6.1. Let k be nondegenerate-admissible. Then, the BP(u,v)-module fH{ 0 s 5 } (chosen as in Figure 1 to be

leftmost in its spectral flow orbit) is resolved by the nonsimple standard modules as follows:

Sf(ro r roSs2—1+3v Sfror r (S2+3+2v Sror r \S2+2+2v
(6.4) ’:R{O\/—zo _)'”_):R{Olv—4 —’R{o 0 v-3
r 1o S2—1+2v Drir rg (S2+3+v D rg (S2+2+v
{0v30 :R{Olv—4 R{OOV—:S}
r r() r1 sp—1+v S rarg r 52t3 ofrro r S2t2
{ v— :R{Olv—4 IR{O 0v—3}

0 vrl 5 Sz_l—>”'—’fR{oslrlzs2 2} —>R{0s1+1sz 1}—>TH{?§’ZIZ§}—>0

It is easy to check that this reduces to the first resolution of Proposition 5.1 when v = 3. Note that a resolution for vacuum
module Hye, = H{U3 O 0} =3{§ 9 u=3 }l follows from (6.4) since spectral flow is exact.

The resolution for sp # 0 is somewhat more complicated and has no v = 3 analogue.

Proposition 6.2. Let k be nondegenerate-admissible with v > 3 and suppose that sy # 0. Then, the BP(u,Vv)-module

H(r,s) (chosen as in Figure 1 to be leftmost in its spectral flow orbit) is resolved by the nonsimple standard modules as

follows:

(6.5) e — i{;g v—g]—so r02 as-l 5%{ ;g rll V_ZZ_SO est i{:g r01 v_gz_so 3v-s;-1
—>R{v " SOsorolo 3v—s;— 3_)_ '—>R{v 2 SOVlosorl2 2v+s42 R{V 3 Sor(;)sorll Qvsy+1
— :R{SO v— gz s 0 2t NN fR{ ;‘) Vlz v_"‘U_SO 2v—s) N fR{ :(1) roz v_go_so 2v—s;—1
N fR{v m S()rll roz 2v—s1-3 ey — i{ V_;o_so rll Sor32 V442 53{ V_SO_SO rOl sorzl Vtso+1
R B e R ) R

rn ropyv-si—3 ro S2+2 rn o rg S+l
:R{VZS()S()IO :R{V2S()150 2} R{VZSOOSOI

r rys2—1 ro r r
_>R{sov 3l so()2 ’ _>"'—>:R{sosl+252 2} _)R{sgsl-:-lgil}_)g{(r»s)_)u
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Happily, the resolution (6.4) may be recovered from (6.5) by setting sy = 0 (and thus deleting every second line).
With these resolutions, one-point functions for highest-weight BP(u, v)-modules and their spectral flows are easy to

write down as alternating sums of characters of nonsimple standard modules.

Corollary 6.3. For k nondegenerate-admissible, the one-point function of H(r,s) (chosen as in Figure 1 to be leftmost in

its spectral flow orbit) is given by

szl

(66) C J‘C(I’ S) Z( 1)m Ch[R{so sl+m+1 - m 1 m]
m=0
oo sp—1
3 1 3n+1 1
+Z Z( 1)32+m+nv(Ch[R{V 2— S0 :72‘18(] :(T)'l 1 et ] ( l)v Ch[IR{v 2— S0 mS() ’3’! 1 m+( " )v+52+ ]
n=0 m=0
(3n+2) ) >, VS (3n-2)v—s -1
m+(3n+2)v+sy+ m+(3n-2)v—-s;—
SRR 10 | B IR T )
n=1 m=0

+(_1)V é‘fl[ﬂ‘é{ ;’(IJ :rzl V_3_r(;0_m m+(3n—-1)v—s;— l] + &1 [:’J‘é{ ;‘g ;’rll v_3_r§0_m m+3nvfslfl] )
This rather formidable formula simplifies somewhat for type-3 modules. As in the previous section, we shall find it
convenient to choose the middle module (as depicted in Figure 1) as the representative of the type-3 spectral flow orbits.

In particular, the vacuum module is type-3 and of this form.

Corollary 6.4. For k be nondegenerate-admissible, the one-point function of H { oG } is given by

o v-3

O P =3 Yo (IR

n=0 m=0
+(_1)v&l[f}§{ rory  n m+(3n+1)v+l] + &l[i{ rnry n m+(3n+2)v+l])

0 mv-3-m 0 mv-3-m
(o]

n=0

<
w

2
Z( 1)m+(n+1)v [:R(Vl l(r) [0 m,v — 3— m])m+(3n+l)v+l]
0 i=0

3
I

Before turning to the modular transforms of the type-3 one-point functions, we generalise the notation (5.7) tov > 3:
(6.8) J(rs) = j(T(r8)) = 3(rn —r2) = g (s1 —s2+1),  j™(r8) = j(rs) +x = 3(r1 =) = 35 (s1 = 2) — 3.
For each A = F{ o } € 3y, we define another convenient notation A = A + { (wo — 1), noting that
(6.9) A=T{ N %tezyy = A=T{,%50 7%} ey..

With this, the S-transforms of the type-3 one-point functions are as follows.

Theorem 6.5. Let k be nondegenerate-admissible and let A =T{,, " 2 } € . Then for all t € Z, the S-transform of
the one-point function of o' (H,) = 5—({ v G } is given by
|T| f RV t ]
(6.10) Sic [(%A AT sy AT h R, ] AL,
ez’ RIZ [y ]er v/ Zs
where the entries of the “highest-weight S-matrix” are given by

~27i(2ic(6-1/2)+(6~1/2) (' ~K)+j () ¢')

’ 2! ’ e i
6.11) gl —gWs _ , o ai(j, ) = (- x) + 2™ (VD).
& LT 2 cos(3n(j — k) — Diez, 2c08(ma; (j, 1)) ( )
Proof. Letr = [ro,r;,r2] and s = [v —2,—1,0], so that A = I'(r,s). As the relaxed modules in (6. 7) have linearly

independent one-point functions, the “hlghest weight” S-matrix element corresponding to o/ (%) and fR I /1/]

oo v-3
LI m+nv f’[]][]
(6.12) S Z ( ) ( £+m+3nv+1L [V (V1(r),8,,)+k [T (V1 (r),sm) ]

n=0 m=0
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vl L LIV] O LI
+(=1) S€+m+(3n+l)v+l,[j‘W(r,sm)+1<J,[F(r,sm)J + St’+m+(3n+2)v+1,[j‘w(V(r),sm)+KJ,[T(V(r),sm)l)’

where s, = [0, m,v — 3 — m]. Substituting (4.21), we extract the n-dependent terms and perform the sum over n:

N _1\nv —27ri(3v(j’—1<)+6vlct")n — 1
(6.13) Z(:)( ™e 1= (=1)ve-6mv(i'~x)"
n=

Here, we have noted that 6vk = 2u — 3v. The n-independent remainder may be simplified by noting that

(6.14) ™(V(n),8)] = [[™(r.s) + 4]
and applying (A.3) and (A.4) to the W3(u, v) S-matrix entries. The result of these simplifications is

—6iv(j — v-3
1 - (_l)ve 6aiv(j~x) Z (_l)me—Zni({’+m+l)(j'—K) e—471'i1c(€+m+l)t”e—27rijlw(V_l (r),sm)t’ SW3
1 — @ 2mv(j' k) g2mvj™ (1) £ [T(VHN.8m) LIVTY
m=l

(6.15)

where we have also noticed that [6v;j™(1")] = [v] for all X’ € T,.

To evaluate the sum over m in (6.15), we note that

(6.16) ™ (rsm)] = [ (r,80) = 2xm]

and that writing A’ = T'(r’, ") gives

W3 W
; S 3 _ _
MV Osm) LIV _ SIEEY S LTS 2nisp 760 _ rim(Tplwn)
17 oW T gW = e Yo (&) = &7 oy (857).
[T(r¥ (s0)) L[] [F(r0) LIT ()]

by Proposition A.2. Here, we recall that V(s,,) = [v—3—m, 0, m] and denote V(s9) = [v—3,0,0] by 0 (as in Appendix A).
The factor y,., (&) denotes the character of the simple highest-weight sl3-module mez evaluated at the sl3 weight

(6.18) &5 = -2mid (s + ).

The sum over m in (6.15) thus simplifies to

v-3
(6.19) e—27ri({’+1)(j’—K)e—47zi1<(t’+1)t”e—Znij‘W(V‘l(r),so){"s\[/ig]’[/v] Z xm)(mwz(é";/), x = _e2ni((r’+ﬁ|w2)—(j’—1<)),
m=0

where we have noticed that [A] = [['(r, V(sp))]. The remaining sum is evaluated in Proposition A.5, with the result being

—27iv(j’ k) e27zivjlw (A7)

v-3
- 1-¢e
6.20 m e (E=5) = e3m(] —K) i
(6.20) r;)x Xmen (57) 8 sin(srey) sin(7rey) sin(mes)
where ¢; = (j' — k) — j™(VI(1)).
Putting (6.13), (6.15), (6.19) and (6.20) together, we obtain
e—27ri({—1/2)(j’—r<)e—47ri1<({’+1){”e—2nij‘w(V’](r),so)t”

6.21 SN - w,
©2D &A 8 sin(zzcy) sin(7ey) sin(rres) [AL[V]

The proof is now completed by noting that [j™(V~=1(r),s0)] = [j(r,s) — 3k] = [j(A) - 3«] and
(6.22) 8 sin(7cy) sin(rey) sin(e3)
= —2(sin(ﬂ(c1 +cy+c3)) —sin(m(cr — ca +¢3)) —sin(7w(c2 — c3 +¢1)) —sin(m(c3 — 1 + cz)))
= —Z(Sin(3ﬂ(j' — )+ 3Z) —sin(ma; (j', A') + ) = sin(zar (j, ') + ) —sin(zaz (j', ) + 37”))

=2cos(37(j’ - x)) - Z 2cos(ma;(j, 1)),

i€Zs3

where the a; were given in (6.11). [ ]

LI
A

on the type-3 module J—Cﬁ is confined entirely to the exponential term and the W3 (u, v) S-matrix element. This will prove

Observe that the denominator of the S-matrix entries (6.11) only depends on j” and A”: the dependence of Si

useful when calculating Grothendieck fusion rules involving type-3 modules. As always, the S-matrix elements involving
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the vacuum module H,, = H { V‘g _01 8} are of particular importance in Verlinde computations. These will again be

given the special notation Si dc[j = Sg;([i ;],[/1'].

Corollary 6.6. Let k be nondegenerate-admissible. Then,
e27rik€/e7ri(j’—l<) Ws Ws

6.23 SRS , s =5 o
(6:23) vac-l12 cos (3n(j7 — k) = Tiez, 2 cos(mwa;(j/, 1)) vac,[ '] tkan L, [4]

As the denominator of (6.23) is proportional to sin(c; ) sin(cy ) sin(cz ), see (6.20), it vanishes if and only if one of the
c; is an integer. This is equivalent to having [j’] = [j"(V*(1’)) + ] for some i € Z3. We conclude that the vacuum

S-matrix elements again diverge precisely when R is nonsimple.

L]
6.2. Grothendieck fusion rules. Taking Conjecture 1 for granted, we now have all the information necessary to compute
Grothendieck fusion rules for the standard modules of BP(u, V). As before, it suffices to compute the Grothendieck fusion
rules of representative BP(u, v)-modules from each spectral flow orbit and then use “conservation of spectral flow” to

obtain the rest.

Theorem 6.7. Let k be nondegenerate-admissible. Then for ¢,¢' € %Z, . [J) € R/Z and [A), [A'] € Tuv/Z3, the

Grothendieck fusion rules of the standard BP(u,v)-modules are

©24) (Rl (Rl = >, N (W;{Jﬂém ]+ [Rfﬁﬁznu"l])
/1”]61"“\,/23

W3 [A7] €+€’+1 Ws [A7] o+
y Z( s oo R0 ~2ei21] + N T s 4o w,+1>1[gz[j+j']3[m])’
(A7) eluy/Z3 i€Zs

where A’ =T(r',s’).

Proof. As in the v = 3 case, we apply the standard Verlinde formula (5.14b) with £ = ¢/ = 0 using (4.21) and (6.23):

W3 W‘; W% *
625) 7, 1571, [A] ) _ Z S[ S[/V L.Ix] (S (2], [ﬂ]) Z o2 =" =2t ym
. . .y , - W
0, [ [Al O[] [V] (1T 25 SN =
) / g2mi(e”=1/2) (k=) (2 cos(3n(k —x)) - Z 2 cos(ma;(k, y))) d[k].
R/Z

i€Zs3
The Grothendieck fusion coefficient thus naturally splits as a sum of two contributions. That which involves the p-

independent term 2 cos (37 (k — x)) is identical to the v = 3 coeflicient computed in Theorem 5.5:

(6.26) N (BT = U+ 7 = 41082+ 8(1771 = [+ 7+ 2x1)601 ).
The contribution that involves the y-dependent a;(k, p) is more bothersome, simplifying to the form

SR (S
) arie (v () DL P \Coe )
(6.27) ST e () oW S =+ = (1= ek])dp 1 (1)

[pleluy/Zs e=x1i€Z3 vac.,[u]

To evaluate this contribution, note that (A.21) and Proposition A.3, with t=w, give (for e = +1)

271 (Vi) gW3 W3 W3
(6.28) Z e SM’] S[T(l” s'®w2) |, [p 17 Z S [T(r,8'+wi—wir1) 1. [1]
i€Zs i€Zs

where A = T'(r/,s’). Similarly, t = w; results (for ¢ = —1) in

—erijlw(vl(ﬂ)) W3 W; _ W3
(6.29) ZZ: e it = ~Srvseontin = ZZ: S{r(rs/—orrornn L’
1€43 1€/43

Note that as 8" € P‘;‘3, the weight 8" + ¢(w; — wyy1) is either in P‘;‘3 or it lies on a boundary of a shifted affine alcove, in

which case the corresponding S-matrix entry is 0 by (A.6). We may therefore evaluate the [p]-sum in (6.27) as

W3 [A7] . , .,
(6.30) D D N s setoromn ST =L+ 7 = (1= K1)y 1 (1o

e=+1i€”Zs
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secure in the knowledge that the W3 (u, v) fusion coefficient is understood to be 0 whenever s” + e(w; — wit1) ¢ P‘;‘3. ]

Reassuringly, all the standard-by-standard Grothendieck fusion coefficients are nonnegative integers, despite the manifest
subtractions in the denominator of the vacuum S-matrix entries (6.23). As in the v = 3 case, the asymmetry in spectral

flow indices and Jy-eigenvalues can be remedied by recasting the (6.24) in terms of the twisted modules fR‘[‘;Y] Pk

6.31)

W [2” 2
[0 (R )] 2 [0 (R )] T ]Zr: Iz N ([ @ o)+ [0 PR s )
"€luy/2Z3

+ Z Z (N\[A/Iﬁ,%/(/r]’ﬁ’—wﬁwiu)] [UHFH/Z (:Rt[vjvﬂ —x], [/1”])] + NW3 [?(r]' 8 +wi—wir) | [ e (:R[J*'J "4k, [/V’])])
[A7]eluy /23 i€Zs
In principle, all Grothendieck fusion rules involving a highest-weight BP(u, v)-module can now be derived using the
resolutions of Section 6.1. As we have derived the type-3 S-matrix coefficients in Theorem 6.5, Grothendieck fusion
coefficients involving type-3 highest-weight modules and standard modules can be computed directly from the standard

Verlinde formula (5.14b). For example, the coeflicients for the fusion of o/ ((;) and fR are given by

LIN]
g IkLIk] gmlkLix] (Sm,[k],[y] )
] ]

[A tzl [] [ [/I,[j/l],[AII
(6.32) > /}R i d[k].

meZ eFuv/Z3 vac.

Substituting (4.21), (6.11) and (6.23), this evaluates to

W —27r 2 't A i’ ') (k- W [A7] o . -
(6.33) N[ 3 Z‘/]R (2 (L+8 =" )Y m+(G(A)+j =7 ym+(e+' =7 ) ( K)) d[k] = MSJ:M'J 5([] 1-1jA)+j ])5(;"’”[,,

meZ.

Of course, this can also be checked using resolutions, as we did for v = 3 in Corollary 5.6.

Corollary 6.8. Let k be nondegenerate-admissible. Then for ¢,t' € 3Z, [j'] € R/Z, A =T{ %, "\ ¢} € Zuy and
[AM'] € Tuv/Zs, the type-3-by-standard Grothendieck fusion rules are

(6.34) [0 (3] & [ R 2] :u ]Z / NG R |
A A

The corresponding “symmetrised” Grothendieck fusion rules are obtained by simply replacing f]-%‘[”j,] V] by of’ (9%‘[‘}’,] [ ,1'])
in (6.34).
Our next stop is the type-3-by-type-3 Grothendieck fusion rules. In preparation for this, it will be useful to restrict

. A : QD _ Pl .
Corollary 6.8 to the nonsimple :R[j’],[/l’] , that is to the iR fR[][w(A Dl V]

(6.35) [of(30)] = [Rfl] = Z NW% W [Rt[,_;‘(a)+jtw(/l')+l<] [)L”]]'
[A7]€Tuy/Z3
Our first task is to show that the standard modules appearing on the right-hand side are also nonsimple.

Without loss of generality, let A = T(r”,s””) € [A”] be a representative satisfying the conditions required by
Theorem A.6. Since A, A" € I,y are fixed in the (Grothendieck) fusion of J(; and ﬁ;y the corresponding representatives
of [A] and [A’] will have the form V™(A) and V" ("), respectively, for some m,n € Zs3. Then, with A = T'(r’, 0) (where
0=[v-3,0,0]) and A’ =T(r',s’), Equation (A.26) and Theorem A.6 give

W 3 3 A U=3 V() =3 VIR (s) o =3 VO (p)
636) N ) = New(honen Nomyonis) = Nir Nog =New Og/,-m-n(s7)-

For the W5 fusion coefficient to be nonzero, it therefore must be the case that 7/ = V™" (F(t", s’)), for some t”’ € P;‘3.
But, if N, 3VIER)

rr’

(637) L)+ 1)+l = ™ (V7)) ] = 8 + K],

= N3 is nonzero, then the Kac-Walton formula (A.24) shows that #” = 7 + r’ mod Q, hence
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The standard modules on the right-hand side of (6.35) are thus the nonsimple modules fRF (t” &) where t” satisfies the

equation above:

(639) T D YRR TV o
t’ Py

LE)1=Lim+i(r)]
As in the proof of Corollary 5.7, the additional constraint on t”” may be removed by converting the W3(u,v) fusion

coefficient to a Ay (u, 1) one. Replacing t'” with r”’, the final type-3-by-nonsimple Grothendieck fusion rule is thus

(639 o] (R = 3 N R ]

T(r’,s")
r Epu—3
>

This leads to a straightforward computation for the type-3-by-type-3 Grothendieck fusion rules.

Corollary 6.9. Let k be nondegenerate-admissible. Then for ¢,t' € 37, A =T{,, "\ 3} € Zyy and ' =T vr—éZ i{] roﬁ} €

Suv, the Grothendieck fusion rules between type-3 highest-weight BP(u, v)-modules are

(6.40) o' Gt)] m [o'(Btu)] = 35 N o™ (0[5, T T D]

v-2 -1 0
repy-3

Proof. By (5.16), it is enough to prove (6.40) when ¢ = ¢ = 0. Let s}, = [0, m,v — 3 —m], as in the proof of Theorem 6.5.
Substituting (6.7) and then (6.38) into the left-hand side of (6.40), we get

o v=3 2
6.41) [3‘(,1] X [J{A,] = Z(:) OZ(;(_l)m+(n+l)V [j{/l] . [ ;TV(??Z);: )]
n=0 m=0 i=
o v=3 2 Gl
= (_1)m+(n+i)v NY= I3r ) Rm+// r/t+1 v+
nZOm:O; r”GZPl;3 nv l(r)[ L(.sm) ]
oo v-3 2 Cmsval
— =3 _ (n+i)v [pm+(3n+i)v+
= zp: zNﬁr/ r ;)';);.:( 1)m+ n+i V RI‘(V’ e, )]
r’epy=- =0 m=0 i=
= 2 NP R
r”EP;’3
using (6.7) again. .

As the simple highest-weight A, (u, 1)-modules of highest weights [0,u — 3,0] and [0,0,u — 3] are simple currents,
Corollary 6.9 implies the existence of simple currents for BP(u, v). (This generalises Proposition 5.8 to v > 3.)

Proposition 6.10. Let k be nondegenerate-admissible with u > 3. Then, f]-f{ v(_)z “__13 8} and 9{{ VE 0 us 3} are simple

currents of order 3, inverse to one another. Their highest weights (with respect to Jo and Ly) are
(6.42) (o A) = (#4552, WD) g (jA) = (-453, LAY

respectively.
Finally, Proposition 5.9 also generalises to v > 3. The proof is identical, hence omitted.

Proposition 6.11. Let k be nondegenerate-admissible. Then, the fusion subring of generated by the type-3 simple highest-
weight BP(u,Vv)-modules H,, A = F{ noon r2} € By, is isomorphic to the fusion ring of the affine vertex operator
algebra Ly_3(sl3).

The computation of Grothendieck fusion rules involving type-1 or type-2 modules becomes complicated very quickly.
Those with the standards are manageable, but general highest-weight-by-highest-weight rules involve resolutions with
many terms and the appropriate cancellations become hard to identify. Our philosophy here is that one should not really
expect to determine all (Grothendieck) fusion rules explicitly. Instead, it is better to provide an algorithmic means to

construct the desired rules in individual cases (the Kac—Walton formula (A.24) is an exemplar of this philosophy). This
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is what the resolutions and character formulae in Proposition 6.2 and Corollary 6.3 are for. We shall illustrate their

application by computing the type-1 and type-2 Grothendieck fusion rules for BP(3,4) below.

6.3. Example: BP(3,4). Consider the Bershadsky—Polyakov minimal model BP(3,4) with k = _?T and ¢ = —%. This
model is denoted by By in [56]. In [1,54], it was shown that there are 6 untwisted (with respect to L(z)) simple
highest-weight modules. We arrange them as in Figure 1, adding the action of V to the spectral flow orbits:

type-1: H{599
N
(6.43) type-2: H{ 99— 3{99 }
type-3: s{§ 09— o{3 %8 —— 3{890}
In addition to these, there is a one-parameter family of untwisted relaxed highest-weight modules
(6.44) Rij1 = RiLIr(00011100D)1

%] or [%]. More precisely, the nonsimple cases are

(6.45) R{GOV} =R R{YY} =Rpuay and R{J9 Y} = Ryg).

Together with (6.1), this identification leads to the following useful identities in the Grothendieck ring of BP(3,4):

[Ria] = [5¢£6691 T+ [¢8 5 63 7]

(646 [Ruu] = 196(288Y'] + 26088}

[Rio] = [2{3 2 81T + [9e{5 6 0}1-

Since u = 3, the type-3 modules are all spectral flows of the vacuum module. Their fusion rules are thus trivial to

These modules are simple for all [j] € R/Z except [j] = [0], [

determine. Of the general results reported in Section 6.2, the interesting Grothendieck fusion rules are then the standard-
by-standard ones of Theorem 6.7. For this, note that I'; 4 has only one Z3-orbit and that the representatives used in W3(3,4)
fusion coeflicients (Theorem A.6) all have the form A = I'(r,s), with r = [0,0,0] and s = [1,0,0], because u = 3. The

fusion coefficients in (6.24) are then

W3 [A] _ 00] _ s

(6.47) NWs [A] _ 1 [00] N[A],[F(V,S—wﬁwm)] loN 01,[0,0] ~ 950,
' [ALIAT = N 100L100] = 5wy 4] ~ o) OOJ _s

[ALIT(rs+wi—i1) ] :2°¥10,01,[0,0] ~ 92

since (for example) [T'(r,s — w; + wi+1)] = [[(r,[0,1,0])] = [A] when i = 0 and s — w; + Wi+ ¢ P1> otherwise. The

standard-by-standard Grothendieck fusion rules are thus

(6.48a) [Rij]® (R ] = (RG] + R ]+ RG] + RG]

[j+j+1/2] [Lj+i"] J Li+i']

Consulting (6.31), the “symmetrised” versions are

(6.48b) [of (R ] m [0 (RO )] = [0 2R, )] + [0 2R )]
o)+ [P R )]

The remaining Grothendieck fusion rules involve type-1 and type-2 modules. For the former, we note that (6.1) implies
the following equalities: Using (6.48a), the Grothendieck fusion of type-1 modules with standard modules is easily found
to be

(6:49) P68} T = [RE)] = R ] + RG]+ (RG]

With this result, it is straightforward to compute the type-1-by-type-1 Grothendieck fusion rules:

(6.50) [3C{589} T m [3e{§6 91 T = [REfy '] + [Rfef T+ [Rfi7a'] - [o¢{689)7 ]

= 2[00 841+ (308 L 8) T+ (98 8 8Y T+ 198 481
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Here, we have used the first and last identity in (6.46).

The type-2 case requires slightly more work as (6.1) now relates a type-2 simple to another type-2 simple. As a result,
this requires consideration of the full resolution (6.5). However, the full resolution is in fact quite simple in this case.
Taking {9 % 9} as the representative of the type-2 spectral flow orbit, we find that

©651) [36{9 9 93] = D (=D [R{98}™].
n=0

The Grothendieck fusion rule of this simple with a standard module thus results in an infinite alternating sum of
Grothendieck images of standard modules, all but two of which cancel:

(6.52) (9608 2 0} T = [R)] = [RE ] + (RO ]
Combining these last two results with (6.46) gives the type-2-by-type-2 Grothendieck fusion rules:
(6.53) [F{088) T m [e{0 0 03 T = [3e{3991 ™ T + [3¢{2 4, 3} ]-

It only remains to compute the type-1-by-type-2 Grothendieck fusion rules. The same methods result in

(6.54) ({808} T m [3e{9 5937 = [96£9 S 01 + [R50,
Here, we note that 9~2[3 /4] 1s simple, unlike the “gap modules” of (6.46).

We remark that these results can be checked by exploiting three facts. First, the coset of BP(3,4) by the Heisenberg
subalgebra generated by J is the singlet algebra W°(1,4) [56]. The representation theory of the latter may then be
constructed from that of the former, using the results of [57]. Second, the triplet algebra W (1,4) of central charge ——
is an infinite-order simple current extension of W°(1,4) [14]. Again, the representation theory of the latter may be
constructed from that of the former. Finally, the fusion rules of W(1, 4) are well known, see [18,20,24], and the structure
of the indecomposable projectives has been established. We shall leave this consistency check to the interested reader,
noting only that this procedure may be reversed to glean information about the (genuine) fusion rules and projective
indecomposables of BP(3,4). Again, this application is left for the future.

APPENDIX A. MODULARITY AND FUSION FOR THE W3 MINIMAL MODELS

The results reported here for the Grothendieck fusion rules of the Bershadsky—Polyakov minimal models BP(u,v),
with k nondegenerate-admissible (so u,v > 3), rely on the modularity and fusion rules of the rational W3 minimal models
W3 (u,v). We review these here, specialising the results obtained for general regular W-algebras in [48,49,58]. In addition,

we deduce several identities satisfied by the W3 (u, v) S-matrix elements that will be crucial in our BP(u, v) investigations.

A.1. Modularity of W3(u,v) one-point functions. Recall that the simple W3(u,v) modules W, are parametrised by
elements [A] € T,y /Z3, where the Z3 action was given in (2.8). Recall also the parametrisation A = I'(r, s) given in (2.11),
where A € I,y means that the SAI3—weights r = [ro,r1,r2] and s = [sp, s1, 2] belong to P;’3 and P‘;3, respectively. Their
projections onto the weight space of sl3 will be denoted by r = [r|,r;] and s = [s1,s2]. Let p = [1, 1] denote the Weyl
vector of sl3 and Sj its Weyl group.

Theorem A.1 ([58, Thm. 4.4], [49, Cor. 8.4]). For k nondegenerate-admissible, the S-transform of the W3 (u, v) one-point
Sunction (4.14) is given by (4.17) and the S-matrix entries are given, for [T(r,s)], [[(r',s")] € Tuv/Z3, by

1
W —
(AD S sy = \3uv

eZni((F+ﬁ|§+ﬁ)+(§+ﬁ|r7+ﬁ)) Z detwe—Zni%(w(F+ﬁ)|r7+ﬁ) Z detwe—2ni%(w(§+ﬁ) |?+ﬁ).

W683 WES3

The fact that this S-matrix formula is independent of the choice of representatives of the Z3-orbits deserves comment.
Acting on r or s by the Z3-generator V amounts to acting with an outer automorphism of gI3. It is easy to check that on

the projection onto the weight space of sl3, V acts as follows:

(A.2) V() = wiwa(t) +k(H)ow;.
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Here, w; = [1,0] is the first fundamental weight of sl3 and k(t) is the level of t. With this, it is now easy to verify that
acting with V on (A.1) gives

W3 — o271 |[7+P) o —v(@11E7) gWs
S vm.eLrrre)] = € € Sir(es) LI (s

W3 _ a27iv{r [F+p) +v(w1|&7) gWs
ST ve)Lrers)] = & e Sir(s) L)

Obviously, applying V to both r and s leaves the S-matrix invariant. We mention that the phase appearing in (A.3) may be

(A.3) £ = —27i% (s’ + ).

and

rewritten in the following BP(u, v)-friendly form by noting that V&7 5 belongs to the weight lattice of sl5:
(A4) e—27riv(w1 \r7+ﬁ) e—v(wl |ES7) — eZn’iV(wl —w) |?+f)— % (§+ﬁ)) — eZn’iV(cul —wy |7 = % (s"+w) )+ﬁ—%wz)
= o2 (vi)+u/3) _ (_1)ve2niv(j(/1’)+r<) = (=1)e¥ ),

Applying V to both r’ and s’ also leaves the S-matrix invariant because (A.1) is manifestly symmetric. The S-matrix
may also be verified to be unitary, see for example [58, Prop. 4.4]. A similar calculation demonstrates that its square is the
matrix whose [A], [1]-entry is O unless I’ = [r2, 7] and 8’ = [s,, s1], in which case it is 1. Referring back to (3.5), we see
that this matrix represents conjugation, as expected.

We remark that it is sometimes useful to extend (A.1) to allow arbitrary integral sﬁg-weights r, r',s and s’. The

right-hand side of (A.1) then exhibits various symmetries. For example, it is straightforward to show that

W3

reslirws)y ¥ €S53

(A.5) sV

[T(r,ws)],[T(r.s)] =detwS
where w - s = w(s + p) — p is the usual shifted action. It follows that if s; = —1, for i = 1 or 2, then it is fixed by the shifted

action of the i-th simple Weyl reflection w; and so

Ws _
(A.6) S[r(r,s)],[F(r’,S’)] =0.

Similarly, the well known decomposition of m as the Weyl reflection for the highest root 6 followed by translation
by v6 leads to (A.5) also holding for w = wy (and therefore for any w in the affine Weyl group §3 of 5713). Consequently,
(A.6) continues to hold if s) = —1, hence wy - S =S.

Summarising, it follows that the W3 (u, v) S-matrix entry (A.1) vanishes when s lies on a shifted affine alcove boundary.

This obviously remains true if we swap s and v with r and u.

A.2. Identities for W3 (u, v) S-matrix elements. In many of the computations performed in this paper, for example those
in Section 5, the explicit formula for the W3 (u, v) S-matrix can largely be ignored. However, there are instances in which we
encounter sums and ratios of W3 (u, v) S-matrix elements. Here, we address some means for dealing with these instances.

We begin with a simple ratio calculation. For any sl3-weight t = [t;,t,], denote the character of the simple highest-
weight sl3-module £; by y;. Let 0 = [v — 3,0,0].

Proposition A.2. Let k be nondegenerate-admissible and [T (r,s)], [T(r',s’)] € Luv/Z3. Then,

SHE
[T(rs)],[T(rs")] i(S|r'+p
(A7) SW3 rs r,s _ e2m<s|r +p>X§(§?)_
[T(r0)L[T(rs")]

Proof. Substituting (A.1) into the left-hand-side of (A.7) and simplifying gives

Ws (wE+P) &)
A STeoLres)] _ o wes, detwe ™Dy
(A8) e ————=e x5(&5).
Sll"s(rO)J [r(rs)] ZWGSz detw el
where the final equality is the Weyl character formula. [ |

The roles of r and s in Proposition A.2 can be reversed to obtain a similar result involving the character y; of ZF instead.
Both of these results can be viewed as consequences of similar results for the S-matrix of L,(sl3) for nonnegative integer
levels ¢, see [59, Sec. 14.6.3] for example.

A generalisation that will prove useful in Section 6.2 requires a choice of a dominant integral sl3-weight t. We define

Ws _ Ws
(A.9) S[F(r,s@f)],[l“(r’,s’)] - Z S[F(r,3+t’)],[r(r',3')]’

v
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where the sum runs over the (finitely many) weights t' of Zf, with multiplicity, and t" denotes the level-0 weight of sl3
whose projection onto the weight space of sl3 is t/. Note that we may define this sum for any dominant integral sI3-weight
t, even if I'(r,s +t') ¢ Iy, by directly substituting the right-hand side of (A.1) for the W3(u, v) S-matrix.

Proposition A.3. Let k be nondegenerate-admissible, [T(r,s)], [[(r',s)] € Tuy/Z3 and t be a dominant integral sl3-
weight. Then,

(A.10) gWs — 27iGI7+P) X%

1y qWs
[T(rs®b)],[T(r,s)] (&) S[1"(r,8)],[1"(r’,s’)]'

Proof. Substituting (A.1) into the definition (A.9) gives

(A.11) sWs !

_ 2i( (BT HB)+(E+PI7+5)) ~2g (w(Ep) T p)
7 _ e detwe u
[T(rse) LIT("s)]  4/3yy Z "

weS;
) Z Q2|7 +p) Z dot w @214 (W(ED) [§45) g 271 (w(T) §/+7)
t weS3
Since the weights of Zf differ by elements of the root lattice Q of sl3, we may replace t’ by t in the first exponential on the

second line. Moreover, the weights of Zf are permuted by S3 so that

W3 _ 27 +p) —27ri%(t7|?+ﬁ) W3 — 27i(S|74p) L (z \ eW3
A2 S sshrers) ~ © Ze Sires)Lirws)) = © X85 Siries) e s =
v

Again, the roles of r and s in this proposition can be reversed to obtain a similar result.

We have seen some identifications of ratios of W3 (u,v) S-matrix elements. Now, we turn to the evaluation of certain
sums of such elements. In particular, the proof of Theorem 6.5 requires the computation of a finite weighted sum of
S-matrix elements. By Proposition A.2, this is equivalent to a sum of weighted sl3 characters and the characters turn out
to correspond to multiples of the fundamental weight w,. Given that y,, = €“> + €172 + ™! and mez is isomorphic

to the m-th symmetric product of sz, the character of mez is
(A.13) Xmawy = P (ewz, ev1m®2, e_wl),

where h,, is the m-th complete symmetric polynomial. The following proposition evaluates the required weighted sum.

Lemma A4. Let x, X1,X, X3 € C be such that the X; are distinct and x + Xl.‘l, forall i = 1,2,3. Suppose further that
X{ =X5 =Xj for some v € Zs3. Then,

v=3 1= xvVXxV
A14) > X (X1, X0, X3) = o
(A m X020, ) = R (1= %) (1= 2%a)

m=0

Proof. By computing a partial fraction decomposition for the standard generating function of the complete symmetric
polynomials, we arrive at the identity
2 2 2
X . X . Xy .
X1 =X)(Xi -X3) (G -X)X-X3)  (XG-X)(XG-X2)

Since X} = XJ = X3, explicit calculation now gives

(A15) hm (X1>X25X3) =

v-3
(A16) D x"h (X1, X0, X3)
m=0
_ XP(1-x"72X)72) .\ X3(1-x"72Xy72) .\ X3(1-x""2Xy7?)
X —=X)X1 -X3)(1-xX1) G-X)-X3)(1-xX2) (X3 -X1)(X3-X2)(1 —xX3)
XP-x"7Xy X7 - x'72XY X3 - x'72XY
= + +
(X1 —=X)(X1 = X3)(1-xX1) G -X)X-X3)(1-xX2) (X3 -X1)(X3-X2)(1 —xX3)
1- x"X%’

T U —xX)(1 - xX2) (1 — xX3)
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Proposition A.5. Let k be nondegenerate-admissible, [1'] = [T(r',8")] € Lyy/Zs, [j'] € R/Z, &; be as in (A7) and
x = i (Tplo2)-(7)) | Then,

e37ri(j’—l<)

v-3
A17 m 5) = (1 - e U () . . :
( ) r;x Xmen (£57) 8 sin(7cy) sin(mcy) sin(mcs)

where ¢; = (j' — k) — j™(V'(X)).

Proof. Note first that for each sl3-weight @, we have

(AIS) (e<m‘§?>)v _ e—27riu<(u|?+ﬁ>’

which is clearly invariant under shifting o by elements of Q. It follows that if we set

(A.19) Xy =el2l) ) x, = elor-@lig) and X3 = elT@rlén),

then X} = X7 = XJ. Applying Lemma A.4 now gives

(A20) i m S 1 -x'X)

' 27" men(E) = X" (X0, X0 X5) = (e ey
Noting that

(A2l 4P = 3 + D)) = 50+ 2 +3) = (5] + 255 +3) = [ (VX)) + 3

and, similarly

(A.21b) (M+p =4 +p)or —w) = j¥(A)+5 and (F+p— (8" +p)—w1) = j¥(VA)) + 3,

we obtain

(A22) XX = e—27ri(j’—1<)e27rij‘W(V2(A’)), XX, = e—zni(j'—K)eznijlW(A') and  xX3 = e—27zi(j’—1<)e27rij‘W(V(A')).
Substituting into (A.20), we arrive at the desired result by observing that 3., j™ (V'(1)) = 3. [

A.3. Fusion rules for W3(u,v). As the W3 minimal models are rational and C,-cofinite [6, 38], their fusion coefficients
may be computed from the Verlinde formula [51,53]. However, these coefficients beautifully (and usefully!) factorise as
products of fusion coefficients for rational sI3 minimal models.

Recall that for ¢ € Z, the simple affine vertex operator algebra L,(sl3) = Ay(£ + 3,1) of level ¢ is rational and
Cy-cofinite [60]. Its simple modules are the integrable highest-weight sl3-modules £; whose highest weights t lie in P;
The fusion rules of L;(sl3) take the form

(A.23) Lyx Ly =~ EB N L,

t7eP!
where the fusion coefficients N€ t}” are known. We shall not try to write them out explicitly, but instead note that they may
be computed in several ways including the Kac—Walton formula [61-64]:

(A.24) N = Z detw N7,

weS3
w-t”’eP{

Here, S is the affine Weyl group of sl t = [t1, t2] is the projection of t onto the weight space of sl3, and N{ FF denotes

the tensor product (Littlewood—Richardson) coefficients of the simple finite-dimensional sl3-modules Zf:

—
(A.25) 18 Ly ~ PN L

We also mention that the L, (sl3) fusion coefficients satisfy

V() _ V(W) _ et
(A.26) Nowr' = Nve, =My s

where V is defined in (2.10), see [59, Eq. (16.9)] for example.



MODULARITY AND FUSION RULES FOR THE BERSHADSKY-POLYAKOV ALGEBRAS 35

With this setup, we present the factorisation of the W3 minimal model fusion coefficients. Recall that Q denotes the

root lattice of sl3.

Theorem A.6 ([48, Thm. 4.3]). Let k be nondegenerate-admissible. Then, the W3(u, V) fusion coefficients are given by

W [A”J _ _3 ’r _3 2
(A.27) N =N TN S

where we choose the representatives A, A’, " € Ty of [A], [A'], [A”] € Tuv/Z3 so that:
o Ifu € 3Z, then take s,s’,s" € Q

o Ifv € 37, then take T,v, 1" € Q

e Ifu,v & 37, then take eithert, 1" € Qors,g,s" €Q (it does not matter which).

4 7 . - = — = . .
J] = N:‘;,S ", with 1,1, r” € Q, because in this case

s =8 =8" =10,0,0]. It follows that the W3 (u, 3) fusion ring coincides with the subring of the L,_3(sl3) fusion ring

For example, the fusion coefficients for v = 3 take the form N\{fj H

spanned by the £, with F = [A1,4,] € Q. That this indeed constitutes a subring follows easily from (A.24).

An simple but instructive example is provided by the minimal model W5 (5, 3). The sl3 weightst = [ry, 2] corresponding
to Ly (sl3) are [0,0], [1,0], [0, 1], [2,0], [0,2] and [1, 1] (as usual when v = 3, we only have s = [0,0]). Only the first
and the last lie in Q. Because [0, 0] corresponds to the vacuum module of L (s13), there is only one nontrivial fusion rule:
L10,1,11 X £0,1,17- To compute it, we start with the tensor product rule

(A.28) [L1]le[L1]=[22]®[3,0] ® [0,3] ®2[1,1] ® [0,0].

It is easy to check that the level-2 affinisations [—1,3,0] and [—1,0, 3] of [3,0] and [0, 3], respectively, are preserved by
the shifted action of the affine reflection wy € §3. They can therefore never be reflected into Pi, hence the Kac—Walton
formula (A.24) shows that the modules corresponding to [3, 0] and [0, 3] do not appear in the fusion rule (in fact, they are
not even L, (sl3)-modules). Similarly, the same reflection sends [-2,2,2] to [0, 1, 1], hence [2, 2] cancels one of the two
[1, 1]-modules. The L, (sl3) fusion rule is thus

(A.29) Lro11 X L0111 = L0111 © L1200

and we thereby recover the well known fusion rules of the Yang—Lee Virasoro minimal model M(2, 5). Of course, this is
expected because W5(5,3) =~ M(2,5).
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