MODULARITY OF ADMISSIBLE-LEVEL sl; MINIMAL MODELS WITH DENOMINATOR 2

JUSTINE FASQUEL, CHRISTOPHER RAYMOND AND DAVID RIDOUT

ABSTRACT. We use the newly developed technique of inverse quantum hamiltonian reduction to investigate the representation
theory of the simple affine vertex algebra A (u,2) associated to sl3 at level k = =3 + 5, for u > 3 odd. Starting from the
irreducible modules of the corresponding simple Bershadsky-Polyakov vertex operator algebras, we show that inverse reduction
constructs all irreducible lower-bounded weight A; (u, 2)-modules. This proceeds by first constructing a complete set of coherent
families of fully relaxed highest-weight A (u, 2)-modules and then noting that the reducible members of these families degenerate
to give all remaining irreducibles. Using this fully relaxed construction and the degenerations, we deduce modular S-transforms
for certain natural generalised characters of these irreducibles and their spectral flows. With this modular data in hand, we verify
that the (conjectural) standard Verlinde formula predicts Grothendieck fusion rules with nonnegative-integer multiplicities.

CONTENTS
Lo INtrOdUCHION . . .. e ettt e e e e e e e e e e
L1, Background . ... .o e
1.2, Inverse quantum hamiltonian reduction. . ............ . .. ittt e
1.3. Outline and reSULLS . . . . ...ttt e e e
2. Admissible-level sl3 minimal MOdelS . ... ....... ...
2.1.  Vertex operator algebras associated to SI3.. ... ...
2.2. Highest-weight representation theory . . ... .... ettt et
2.3, AutomorphiSms and EWISES . . ... v ottt ettt e e e e e e e
2.4, SU; Wess-Zumino-Witten models . ... ...ttt e e
2.5.  Finite-multiplicity weight modules for sl3 ........ o e
2.6. Relaxed highest-weight representation theory . ... i e
3. Bershadsky—Polyakov minimal models . .............o i e
3.1. Bershadsky—Polyakov vertex operator algebras ... .........uuuiiiint et e
3.2, Fermionic GhostS. ... ...
3.3. A minimal quantum hamiltonian reduCtion. . ......... ... i
3.4. TIrreducible highest-weight modules . . .......... .
3.5, Trreducible CharaCters. . . .. ...ttt et e et e
3.6. Modular transforms . . . ... ..o e
37, FUSION TUIES . . . oottt e e e e e e e
4. Inverse quantum hamiltonian redUCHON . .. ... ..ottt e
410 BOSOMIC GROSES. . ..ottt e e
4.2, The FIMIS DOSONISALION . .« . ..ttt et ettt et ettt e e e e e e e et e e e e e e e e
4.3. The inverse reduction embedding . .. ...ttt e
5. Modularity of sIz minimal mOdels. ... ... ... e
5.1. Degenerations and COMPIEIENESS . . . . ... ..ottt ettt ettt et e et e
5.2. Fully relaxed Ap(u,2)-mMOdULES . . . . .ottt e
5.3, Semirelaxed A (U, 2)-MOAUIES . . . ...\ttt e
5.4. Highest-weight Ap (U, 2)-MOdUIES . . . ..ottt e e e e e
5.5. Grothendieck fusion rules . . . ... ..o
RELOTENCES . . e e

1. INTRODUCTION

26
27

This paper is a sequel, in a sense, to [57]. There, a classification was proven for the irreducible lower-bounded weight

modules of the simple affine vertex algebras associated to s13 at admissible levels. Moreover, the modular properties of the

characters of these irreducibles were computed for the level k = —%. Here, we use inverse quantum hamiltonian reduction

to extend this latter result to levels of the form k = -3 + %, where u € {3,5,7,...}. We will consider the much more

challenging (and interesting!) case of denominators greater than 2 in the future.
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1.1. Background. Affine vertex operator algebras are fundamental objects in modern mathematical physics. They are
also studied by pure mathematicians for their intrinsic beauty as well as their applications in combinatorics, geometry,
number theory, representation theory and the theory of tensor categories (to name just a few). Physically, they arise in many
different contexts, but perhaps most famously as the chiral symmetry algebras of certain two-dimensional conformal field
theories called Wess-Zumino-Witten models [74]. Under favourable circumstances, these models are rational conformal
field theories: their quantum state space decomposes, as a module over two commuting copies of the corresponding affine
vertex operator algebra, into a finite direct sum of irreducibles. However, there are also many reasons to study non-rational
Wess-Zumino-Witten models, see [14] for an example.

From a physical point of view, one of the hallmarks of a consistent conformal field theory is the modular invariance of
its partition function (the character of its quantum state space). On the mathematical side, a theorem of Zhu [75] shows
that certain generalised characters (one-point functions) span a representation of the modular group, assuming that the
vertex operator algebra satisfies some rather restrictive finiteness conditions. If one further restricts to strongly rational
vertex operator algebras, then Huang has proven that the module category is a (finite semisimple) modular tensor category
[45]. Given the physical expectation of modularity, it is therefore important to explore the modular properties of vertex
operator algebras that do not satisfy these restrictions.

One is thus naturally led to study the modularity of general affine vertex operator algebras. This is by no means
straightforward as one has to first identify a candidate category, classify its simple objects and then determine their
(generalised) characters. If an action of the modular group on these characters can be verified, then one is left with the
formidable task of verifying that this category closes under the fusion product and that this product equips the category with
a tensor structure. Finally, one wants to connect the modular and tensor structures by means of some sort of generalisation
of the Verlinde formula [72].

Natural examples with which to start include the affine vertex operator algebras associated to sl,. However, early
attempts to further the modular program for them floundered [52,58]. Eventually, it was realised that the seemingly natural
choice for the category — the analogue of the BGG category ©® — was not closed under fusion [42] and its characters did
not carry an action of the modular group [65]. A better candidate is the category of finitely generated weight modules: its
simple objects were classified in [4,6,4 1], their characters were determined in [55] and their modularity was demonstrated
in [23,25]. However, this category is both nonfinite and nonsemisimple.

The latter works also showed that a natural generalisation of the Verlinde formula, called the standard Verlinde formula
in [24,70], correctly connected the modular structure of the weight category to what was then known [42,66] of the tensor
structure. Further work on elucidating this tensor structure has recently appeared (or been announced) [20,22,63].

With sl affine vertex operator algebras reasonably well in hand, the next class of examples to attack are those associated
with sl3. This turns out to be significantly more difficult. The simple objects of the weight module category, now with the
added restriction that the weight spaces are finite-dimensional, were classified in [12] using Gelfand—Tsetlin combinatorics.
An alternative general classification scheme was subsequently proposed in [56] based on Mathieu’s theory [60] of coherent
families and twisted localisation. This was carried out for sI3 in [57] where one can find not only the classification of
irreducibles, described in terms of coherent families, but also the detailed structures of the reducible members of these
families. This was used to successfully investigate the modularity in the special case in which the level k of the affine
vertex operator algebra was set to —%.

As mentioned above, our goal with this paper is to generalise the modularity results of [57] to levels of the form
k=-3+3,forue€ {3,5,7,...}. Thisis by no means straightforward for the simple reason that k = —%, hence u = 3, is the
only level for which the characters of the irreducibles are linearly independent and thus suitable to determine the action
of the modular group. Unfortunately, the standard generalised characters (Zhu’s one-point functions) do not appear to be

computable. We need another approach.

1.2. Inverse quantum hamiltonian reduction. An exciting approach to the representation theory of affine vertex operator
algebras was recently introduced by Adamovi¢ in [2]. Building on an old idea of Semikhatov [71], this work showed
how to construct weight modules for the sl, affine vertex operator algebra from modules of the Virasoro algebra and a
certain free-field algebra. More generally, the idea is to construct affine modules from those of their W-algebras (and

free-field algebras). As W-algebras are typically defined from affine vertex operator algebras via quantum hamiltonian
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reduction [34,50], this construction technology has come to be known as inverse quantum hamiltonian reduction. We refer
to [3-5,21,29-31] for recent illustrations of this technology in action.

One big advantage of inverse reduction is that it yields characters for those affine weight modules that can be explicitly
constructed from W- and free-field modules. If the modularity of the latter are known and inverse reduction constructs
sufficiently many weight modules, then one can attack the modularity of the affine weight category. Happily, there are
many W-algebras that are known to be strongly rational, hence modular, including the regular (or principal) ones at
nondegenerate admissible level [10] and, more generally, the so-called exceptional ones of [13]. Moreover, techniques to
prove that inverse reduction constructs essentially all weight modules have recently been developed in [4, 5].

In the case of sl3 affine vertex operator algebras, there are two non-trivial hamiltonian reductions: the regular reduction,
which produces the W3- (or Zamolodchikov) algebra, and the minimal reduction, which gives the Bershadsky—Polyakov
algebra. Inverse reduction constructs Bershadsky—Polyakov modules from W3-modules [5] and affine modules from
Bershadsky—Polyakov modules [3]. The modularity corresponding to the former inverse was analysed in [33]. Our
modularity study will use instead the latter one.

It is important here that we restrict to a level k whose denominator is 2. Then, the Bershadsky—Polyakov vertex
operator algebra is an exceptional W-algebra, hence is strongly rational [8]. Moreover, this implies that the weight modules
constructed by inverse reduction will have finite-dimensional weight spaces and so we have a classification of irreducibles
[56]. In this case, we expect that the category of finitely generated weight modules with finite-dimensional weight spaces
will be a (nonfinite nonsemisimple) modular tensor category. Our results here constitute a highly nontrivial first step
towards verifying this expectation.

‘We remark that when the denominator is greater than 2, inverse reduction will construct sl3 affine vertex operator algebra
modules with infinite-dimensional weight spaces [3]. Unfortunately, it appears that there are currently no classification
results for these modules, nor even a good mathematical theory for them. We intend to report on progress towards such a

theory in the future.

1.3. Outline and results. We start Section 2 with a quick overview of sl3 affine vertex operator algebras and their
representations. In particular, we introduce admissibility [52] as it pertains to highest-weight modules, characters and
modular transformations. We also emphasise the all-important issue of convergence regions for highest-weight characters.
The special case in which the level is a nonnegative integer is discussed, as it and the corresponding fusion rules will be
useful later.

Section 2.5 takes us beyond highest-weight modules, recalling Mathieu’s coherent families and (twisted) localisation
functors. These are used to understand the irreducible weight modules of sl3 affine vertex operator algebras, following
[56,57]. In Section 2.6, we study localisations of the highest-weight modules when k = =3 + 7, identifying the submodule
structure of the results and proving that their characters vanish identically when convergence regions are ignored.

In Section 3, we introduce the minimal quantum hamiltonian reductions of the sl3 affine vertex operator algebras,
namely the Bershadsky—Polyakov algebras. These are strongly rational when k = =3 + 5 and our goal is to determine
the modular properties of their irreducible characters and so derive their fusion rules. In principle, these results could be
deduced as special cases of the work of Arakawa and van Ekeren on exceptional W-algebras [13]. However, we prefer a
more pedagogical approach that computes the characters directly from the definition of minimal reduction.

We mention that our proof of the modularity of these characters is different and may be of independent interest. The
method employed in [13, Thm. 10.4] is transcendental, following [38], involving a I’Hopital limit in a direction specified
by an (almost) arbitrary element x in the weight space. This results in a curious situation in which the S-matrix appears to
depend on x, but actually (and rather nontrivially) does not. Our approach, detailed in Theorem 3.14, avoids such a choice
of x and instead directly expresses the S-matrix in terms of sl3 data. More precisely, the Bershadsky—Polyakov S-matrix
is revealed to be a sum of sl3 S-matrix coefficients, each dressed with a phase involving a ratio of T-matrix coefficients
related by spectral flow and a localisation of the corresponding highest-weight module. It would be very interesting to
investigate generalisations of this identification in other examples.

Section 4 then reviews inverse quantum hamiltonian reduction in the special case in which one constructs modules for
sl affine vertex operator algebras from those of the Bershadsky—Polyakov algebra, the bosonic ghost algebra and its lattice

bosonisation. This inverse quantum hamiltonian reduction is originally due to [3], but our explicit formulae are a little
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different. We review the representation theory and modularity of the weight categories of the latter. As far as we can tell,
the modular properties of the lattice bosonisation are new (see Proposition 4.4).

We finally commence in Section 5 our study of the modularity of the weight module category of the sl3 affine vertex
operator algebras with k = -3 + %, u € {3,5,7,...}. Our first main result (Theorem 5.1) is that inverse reduction
constructs a complete set of “fully relaxed” modules. This proceeds by comparing their top spaces with the coherent
family classification of [57]. For this, one needs to analyse the “degeneration” of the reducible fully relaxed modules into
semirelaxed and highest-weight modules.

Recalling that the spectral flows of the fully relaxed characters are linearly dependent unless u = 3, we notice that
inverse reduction naturally defines generalised characters that are always linearly independent. The modular S-transform
of these generalised characters then follows easily in Theorem 5.3. This result, expressed in terms of Bershadsky—Polyakov
and free-field data is a little complicated. Much of this complication however evaporates upon swapping the free-field
parametrisation for a Lie-theoretic one. The fully relaxed S-matrix is thus found (Corollary 5.4) to be proportional to the
Bershadsky—Polyakov S-matrix of Theorem 3.14. Moreover, the proportionality constant is a pure phase depending only
on sl3 data, namely spectral flows and weights.

With the fully relaxed modular S-transform in hand, we turn to that of the semirelaxed modules. Here, the degeneration
of the reducible fully relaxed modules is converted into coresolutions for the semirelaxed modules in terms of fully relaxed
ones [26]. From these, we extract the semirelaxed S-transforms (Proposition 5.7 and Theorem 5.9). A similar, but more
involved, analysis extends these results to the highest-weight generalised characters (Theorem 5.12). In particular, the
S-transform of the vacuum module’s generalised character is obtained in Corollary 5.13.

We complete our modularity study by substituting our results into the standard Verlinde formula of [24,70]. This is
a conjectural generalisation of the famous Verlinde formula for fusion coefficients that is expected to apply to weight
categories for affine vertex operator algebras and W-algebras, see [23,25,33,57,67]. In Theorem 5.15, we find that this
formula predicts that the fusion product of two fully relaxed modules decomposes, for generic parameters, as a direct sum
of fully relaxed modules. The explicit formula is a nontrivial generalisation of the corresponding result of [57] for u = 3,
from which it differs by the appearance of Bershadsky—Polyakov fusion coefficients and the order-3 outer automorphism
V of ETI3.

We finish by further testing our results’ consistency by deducing predictions for the (Grothendieck) fusion rules
involving semirelaxed and highest-weight modules (Corollary 5.16). In each case, our computations result nontrivially
in nonnegative-integer multiplicities, confirming our methodology. We view these results as strong affirmations of our
hypothesis that inverse quantum hamiltonian reduction is the tool of choice to explore the structure of weight module

categories for general affine vertex operator algebras and W-algebras.

Acknowledgements. We thank Jethro van Ekeren for valuable discussions concerning the modularity of exceptional
W-algebras. JF’s research is supported by a University of Melbourne Establishment Grant. CR’s research is supported by
the Australian Research Council Discovery Project DP200100067. DR’s research is supported by the Australian Research
Council Discovery Project DP210101502 and an Australian Research Council Future Fellowship FT200100431.

2. ADMISSIBLE-LEVEL $[3 MINIMAL MODELS

We start by constructing the universal and simple affine vertex operator algebras associated to sl3 at a noncritical level
k # —3. This is complemented by a review of some aspects of the representation theory of the latter, when k is admissible,

starting with highest-weight modules and moving on to weight modules with finite multiplicities.

2.1. Vertex operator algebras associated to sl3. Let E;; denote the 3 X 3 elementary matrix with 1 in the (i, j) entry and
0 elsewhere. We will work with the following basis of the complex simple Lie algebra sl3:
fl'=Eyn,  h'=E-En e =Ep,

2.1) £ =Es, e’ = Ei3.
f*=Exn, h? = Ey — Ea3, e? = En3,
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The Lie bracket is given by the matrix commutator. We let §j = spang{h', h?} be the Cartan subalgebra and normalise the

Killing form such that the nonzero entries are given by
22 (. fly=(fl.ey=06Y, (W hy=4a  ij=123ke=1.2.

_21 ’21 ) The bilinear form induced on the weight

Here, A® denotes the corresponding entry of the Cartan matrix A = (
space h* will also be denoted by (—, —) as will the pairing between } and its dual.

For i = 1,2, let a;, h', w; and gi denote the simple roots, simple coroots, fundamental weights and fundamental
coweights of sl3, respectively. Their Z-spans are the root lattice Q C §*, coroot lattice Q¥ c b, weight lattice P ¢ §* and
coweight lattice P¥ c B, respectively. We denote the highest root by a3 = a; + a;. The Weyl reflection defined by «;,
i =1,2,3, will be denoted by w;. These reflections generate the Weyl group Sj of sls.

The untwisted affine Kac—Moody algebra s13 is the Lie algebra specified, for x,y € sI3 and m,n € Z, by
(2.3) ;13 =sl3[t, t_l] ® CK,  [xm, Yn] = [, ylmen + m{x, y)Imn oK, [;13, K] =0.

Here for brevity, we set x,,, = xt™, where x € sl3 and m € Z. We extend our notation for simple (co)roots, fundamental
(co)weights and Weyl reflections from sl3 to ;13 by allowing the index i to also take value O, trusting that context will

distinguish them where necessary. For example, the Weyl vector of ;I3 1S p = wo + W + w.

Definition 2.1. The universal affine vertex algebra V¥ (s13) at level k € C is the parabolic Verma gi3-m0dule obtained by
taking the trivial sl5[t]-module, letting K act as multiplication by k, and inducing. The vertex algebra structure is strongly
and freely generated by fields
2.4) x(z) = Z xz "l x e sls,

nez
that satisfy the following operator product expansion relations:

(g kL [xyl(w)

2.5) K(y(w) ~ T+ T

x,y € sls.

We shall throughout denote the identity field of a given vertex operator algebra by 1, trusting that this will not cause any
confusion.
For k # -3, we can introduce a conformal structure on V¥(sl3) via the Sugawara construction. The resulting energy-
momentum tensor has the form
1 3

Ui i i
2kt 3) ; §:hh ((z) —oh'(z) +2:e' f':(2) |,

(2.6) T(z) =

where h* = h' + h% € sl3. The mode expansion T(z) = X,z T,z "> generates a representation of the Virasoro algebra
with central charge
8k
2.7 c(k) = —.
@7 ok =173

The strong generators x(z), x € sl3, of V¥(sl3) are primary fields of conformal weight 1 with respect to T(z).

Theorem 2.2 ([44, Thm. 0.2.1]). The vertex operator algebra V*(s13), k # =3, is simple unless k satisfies

2.8) k+3=, u€Zsa veZsy, ged{uv) = 1.
v
Being a parabolic Verma module, V¥(sl3) has a unique simple quotient.

Definition 2.3. The level k is admissible if (2.8) holds with u € Z>3. When (2.8) holds, we shall denote the simple quotient

of VK (s13) by Ay (u, V) and refer to the resulting vertex operator algebra as an sl minimal model.

2.2. Highest-weight representation theory. It is well known [39] that being a V*(sl3)-module is equivalent to being
a “smooth” 5:\13—module of level k. The subcategory of A;(u,v)-modules is far more interesting. For k admissible, the

irreducible highest-weight A;(u, v)-modules were classified by Arakawa (see Theorem 2.6 below). However, if v # 1,
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then these are far from the only irreducible A;(u, v)-modules. For example, there are irreducible relaxed highest-weight
modules and their spectral flows (see Section 2.6).

In [52], the notion of admissible weight of an affine Kac—Moody algebra was introduced. We specialise this notion to
sl3, following [61]. Let P denote the set of 513-weights u whose Dynkin labels (po, i1, 2) are nonnegative integers that
sumto n. Letw - gy = w(p + p) — p denote the shifted action of the Weyl group of sl3.

Definition 2.4. Given an admissible level k, a level-k weight of sAI3 is said to be admissible if it has the form
(2.9 H=yy- (pI - %pF’yﬂ), yu € {id,wi}, il e P;‘3, TR = P‘;‘l, pf’wl #0.

We shall denote this k-dependent set of admissible sAI3—weights by Adm,,,.

The set of admissible weights is naturally partitioned [51, Prop. 2.1] as follows:
(2.10) Adm,, = Adm!, U AdmY!,.

Here, Adm{, denotes the subset of admissible weights y with Yy =Y.

Let £ u denote the irreducible level-k highest-weight sl3-module of highest weight p. This module is smooth and so
admits an action of V¥(sl3). For k # —3, it is graded by the eigenvalue of the Virasoro zero mode Ty and, by the Sugawara
construction (2.6), the minimal eigenvalue is

-~ U+ 2
Ao lmpt2p)

@2.11) T

We recall the following quite general definitions.

Definition 2.5. Consider a module that is graded by the eigenvalues of the action of some fixed Virasoro zero mode.

e Such a module is said to be lower bounded if the real parts of these grades have an absolute minimum.

e The top space of a lower-bounded module is then the (generalised) eigenspace corresponding to this minimal grade.

It follows that £ 4 is always lower bounded and its top space may be identified with the irreducible highest-weight sl3-
id

u,v?

module £ of highest weight ji = pjw; + pows. If p € Adm,;, then the top space of L 4 1s finite-dimensional if and only if

pFid = 0. If 4 € AdmY", then the top space is always infinite-dimensional because (2.9) gives iy = —pl =2+ 4" ¢ Z..

u,v?

The admissible weights turn out to be relevant to the classification of highest-weight A, (u, v)-modules.

Theorem 2.6 ([11, Main Thm.]). When k is admissible, every highest-weight A, (u,v)-module is irreducible. Moreover,
Z# is an Ax(u, v)-module if and only if y € Adm,,.

Given a level-k s:\Ig-module JV[, its formal character is defined to be
(2.12) ch[M] = g=™/2* 37 dimM (1) &,
Aeﬁ*
where B = spanc{hl, h(z), K, Ly}, JT/[(/I) is the weight space of weight A, and et is a formal exponential. It is common to

make this concept more concrete by writing A as a linear combination of basis elements of B and defining new variables

as exponentials of the coefficients. For example,
Y ho G To—(k) 24
(2.13) ch[M](z1.22:q) = tr5z 2,°2,°q .
We omit, for brevity, the variable corresponding to K as it would only contribute a constant prefactor.

When M = £ u and p € Adm,,, there is a character formula generalising that of Weyl.

Theorem 2.7 ([52, Thm. 1]). Let k be admissible and let p € Adm,,,. Then, the formal character of < u s

= ZweW(p) detwe™WH

(2.14) ch[£,] =

_ -0
Zwew(o) detwew

where W(A) is the integral affine Weyl group of A € 5* defined to be the subgroup generated by the affine Weyl reflections
corresponding 1o the real roots a satisfying (A + p,a") € Z.
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2midy

There are also formulae for the modular transforms of these characters. For this, we write z; = e271, z, = ¢ and

q=e

2t

Theorem 2.8 ([52, Thm. 2(c)]). Let k be admissible and let p € Admy,. Write p in the form (2.9) and let ¥ =y, (u"¥»).

Then, the S-transform of the character of £, is given, up to an omitted automorphy factor, by

(2158.) ch [zﬂ] (g_,[], %; _%) = Z gy,v ch [Zv] ({1, §2§ T)’
veAdm,,
QISD) B = o det(yye) R U ) ST ey e 2

\/§uv weS3

The T-transform is given by

(2.16) ch[L,](0n Gst+1) = Tuch[L,] (G s 1), Ty = e 2milemillesplvle,

We mention that automorphy factors, which we shall ignore throughout, are certain nonconstant exponential prefactors
that should appear in (2.15a). They depend on the modular parameters, here {;, {; and 7, but not on the module’s
parameters, here . These factors may be removed from (2.15b), without changing the S-matrix S, by reinserting in (2.13)
the additional variable corresponding to the central element K. This new variable of course undergoes nontrivial modular
transformations, see [48, §13] and [37, §14.5] for further discussion.

Remark 2.9. An important observation is that when v > 1, the characters of the c u with i € Adm,,, do not converge for
all (z1,22) € C>\ {0} and 0 < |q| < 1. In fact, there are infinitely many q-dependent disjoint convergence regions in which
to expand a character in terms of z; and z;, only one of which corresponds to (2.13). Worse, the modular S-transform
(2.15a) does not respect these convergence regions and so (2.15b) does not, strictly speaking, hold for the characters (2.13)
but only for their meromorphic extensions to (z1,z,) € C? [65]. We will explain in Section 3.6 why this is not a problem

for the application at hand.

2.3. Automorphisms and twists. The automorphisms of the root system of sl3 form the dihedral group D¢. This is
the product of the Weyl group S; with the order-two group generated by the Dynkin symmetry d that exchanges the
simple roots. The conjugation automorphism, which negates all roots, is v = wsd. Each such automorphism Q lifts to an
automorphism of the root system of s13. Tt also lifts, albeit nonuniquely, to an automorphism of 513 itself that preserves K,
maps the root space labelled by the root « to that labelled by Q(«) and (by extending to a completion) also preserves Ty.
However, the relations satisfied by the Q need not be satisfied by these lifts. Instead, we only have a projective action of
the root system’s automorphism group D¢ on sAI3.

This is enough for each root system automorphism Q to induce a functor Q* on the category of level-k sl3-modules

(and thus to the categories of V¥(sl3)- and Ay (u, v)-modules). We define Q* elementwise.

Definition 2.10. Let M be a level-k ;I3-m0dule and Q a K-preserving automorphism of ;I3. The level-k ;Ig-module
Q* (M) is then the vector space {Q*(v) ‘v € M} (isomorphic to M) equipped with the following sl3-action:

(2.17) xQ*(0) = Q*(Q N (x)v), xe€ sl3, v € M.
It is easy to check that Q* (M) is weight if M is, hence that Q* is an invertible endofunctor of the category of level-k
weight s:i3-m0dules. In particular, these functors are exact and preserve irreducibility.

The action (2.17) indeed maps a weight vector v of weight A to one of weight Q(A). Dropping the stars that distinguish
functors from automorphisms, this follows from the orthogonality of Q:

(2.18) hQ(v) = Q(Q 7 (h)v) = (A, Q71 (h))Q(v) = (Q(A),h)Q(v), heb.

Applying the functor Q to an irreducible highest-weight sl3-module thus results in an irreducible highest-weight module
with respect to a different Borel subalgebra. (The new module is nevertheless still lower bounded because Q(Lg) = Ly.)

Only when Q = id or d is the Borel preserved; the latter case gives

(2.19) d(£,) = Lag-
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As noted in Definition 2.10, this construction of invertible endofunctors extends to K-preserving automorphisms of sl3.

In particular, the spectral flow automorphisms define functors that need not preserve conformal weights. These are the
pure translations of the extended affine Weyl group in which the coroot lattice Q" is replaced by the coweight lattice P".
We denote the spectral flow automorphism (and its corresponding invertible endofunctor) corresponding to the coweight
g € PY by 9. Its action on sl3 is given explicitly by

Eg(efl) = eil—(ﬂl,*,g)’ Zy\g(hn) =hy, - <g’ h>5n,OK,
(2.20) o ) N . i=1,23; heh neZ.

o (fp) = nl+(a,-,g)’ 0/(Lp) =Ly~ gn + 2”9” 0K,

It is easy to check that the expected dihedral relation
(221 Q5907 =5%9), QeDg gePY,

holds projectively on ;13.

It follows that spectral flow defines invertible endofunctors on the category of level-k sl3-modules, as per Definition 2.10,
and that the dihedral relations (2.21) are satisfied functorially. These functors moreover restrict [59] to the categories of
VK(sl3)- and A, (u, v)-modules. We remark that while the functors Q induced from the automorphisms of the root system
of sl3 preserve lower-boundedness, the same is not true for spectral flow functors.

We conclude by recording how spectral flow modifies the sI3-weight A and conformal weight Aofa weight vector v in

a level-k sl3-module. Using (2.17) and (2.20), we find that the sI3-weight and conformal weight of 57(v) are given by

(2.22) A+k(g.=) and A+(Ag)+5llglPk,

respectively, where (g, —) € h*. It follows that the character of a level-k 513 -module M and that of its spectral flows are
related by

(2.23) Ch[gg(ﬁ)] (z1,22:q) = Zig,hl)kzég,h2)kq||g\\2k/2 ch[J\Af[] (2199, 229%:q), g€ P,

where g = g1h! + g2h%.

2.4. SU; Wess-Zumino-Witten models. The simple affine vertex operator algebras with k € Z¢, such levels being
admissible with v = 1, were introduced by Witten [74] as the chiral algebras of noncritical string theories called Wess-
Zumino-Witten models. Here, the target space of the string theory is a compact simple Lie group that is connected and
simply connected. The models on SU3 thus correspond to the Ay(u, 1), with u € {3,4,5,...}. The representation theory
was subsequently worked out in [43] and reformulated rigorously in the language of vertex algebras in [39]. Here, we
review a few aspects that will be needed in what follows.

We first note that when v = 1, the admissible weights (2.9) all have y, = id and p"% = 0, hence p = ' € P;’3. More
importantly, the c u With € P;‘S form a complete set of irreducible A;(u, 1)-modules. This is a consequence of the

following fundamental results.

Theorem 2.11 ([39, Thm. 3.1.3] and [75, §5.3]). The sl3 minimal model vertex operator algebras A,(u, 1), with u €
{3,4,5,...}, are Cy-cofinite and rational.

Theorem 2.12 ([1, Cor. 5.7]). Every irreducible module of a Cy-cofinite vertex operator algebra is highest-weight with a

finite-dimensional top space.

Another consequence, although this was already noted in [47], is that the characters of the irreducible A; (u, 1)-modules
2,1, A€ P;_3, converge for all (z1,2;) € €%\ {0} and 0 < |g| < 1, so that the issue mentioned in Remark 2.9 does not

arise. The S-matrix (2.15b) also simplifies considerably for A; (u, 1), taking the form [49]:

(2.24) Sl = . > det(w) e Zrilwidp )00 ) hr e put3,

’ u weS3
If we use this formula to extend the definition of ’S\/(l“/’l}) to A, A” € P, then the extension satisfies
(2.25) Sl =Sl = det(w)S\%), weSs AN eP.
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In fact, this identity also holds for w in the affine Weyl group §3 of 513 because this extends S3 by translations whose
shifted action amounts to adding to A or A’ an element of uQ".

Another consequence of Theorem 2.11 is that the fusion products of A;(u, 1) are completely reducible and the fusion
multiplicities are given by the Verlinde formula [45,72]. Let @ = (u—3,0,0) € P;‘3 denote the 513-weight corresponding

to the vacuum module of A, (u, 1). Then, the fusion rules of A, (u, 1) take the form

(2.26a) Liml,= @ N-VVL, ApePy?,

VEP;‘3
where the fusion multiplicities (or fusion coeflicients) are given by
S(u)E(ul) (S(ul)y*
S/LA S,u,A (Sv,A )

gl
AepPy3 5@,,\

(2.26b) NeDY = S

u-3
i . ApvePyT,

and the star denotes complex conjugation.
Although it is perhaps not obvious from (2.26b), a fundamental fact about A, (u, 1) fusion coefficients is that they vanish
unless the projection of A + u — v onto h* belongs to Q. This is an easy consequence of the definition of fusion in terms of

3-point correlation functions. It may also be viewed as a corollary of the Kac—Walton formula for fusion coefficients [73].

2.5. Finite-multiplicity weight modules for sl;. We pause to briefly recall a few useful facts about the classification
of weight sl3-modules with finite multiplicities (meaning that each weight space has finite dimension). This was first
achieved in [17], using seminal work of Fernando [36]. We shall however review Mathieu’s approach using coherent
families of dense modules [60] as it generalises to all reductive Lie algebras.

Definition 2.13. A dense module over a reductive Lie algebra is a weight module whose set of weights coincides with a

translate of the root lattice.

Every irreducible finite-multiplicity weight module is isomorphic to one obtained by inducing a dense module over the
Levi factor of a parabolic subalgebra [36, Thms. 4.18 and 5.2]. For sl3, this means that there are three distinct classes of

irreducible finite-multiplicity weight modules:

e The irreducible highest-weight modules, corresponding to the Levi factor f) (and some choice of Borel subalgebra).
e The irreducible finite-multiplicity dense modules, corresponding to the Levi factor sl3.
e The irreducible weight modules corresponding to a Levi factor isomorphic to gl,. The set of weights of one of these

modules is a translate of the “half-lattice” Zsoa @ Zf, for some roots a, f with a # +p.

Definition 2.14. A semidense sl3-module is a weight module whose set of weights is a translate of Zsoa ® Z.p, for some

roots a, f with a # +J.

As semidense modules are induced from dense gl,-modules, we shall concentrate on the theory of dense modules.

It turns out that irreducible dense modules with finite multiplicities only exist when the simple ideals of the Lie algebra
are of types A or C [36]. Moreover, the (nonzero) multiplicities of such a module are constant. One of Mathieu’s key
observations was that these dense modules come in families whose members are (mostly) only distinguished by which
translate of the root lattice coincides with their set of weights. Taking a direct sum of such modules over all (distinct)

translates then results in a module dubbed a coherent family.

Definition 2.15 ([60]). A coherent family for a simple Lie algebra g, with Cartan subalgebra @, is a weight module C
satisfying the following properties:

e Every ji € g is a weight of C and every weight has the same (finite) multiplicity.
e Given any U in the universal enveloping algebra of g that commutes with 8o, the function taking p € g, to the trace of

U in the weight space of C with weight i1 is polynomial.

A coherent family is irreducible if it has an irreducible dense direct summand.
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I—l—1—1—1—1—1 a a3 1—1—1—1—1 1‘---1---1---1
\ 3 .
2 2 2 2 2 2 l\ \L, 202 2 2 2 2 2 2
a

33 3 3 3 3 2 1\ ! -3 3 3 3 .3 3\ 3 3 3

4 4 4 4 4 3 2 1 localisation 4 4 4 4. 4 4 4 4
/ E—— /

4 4 4 4 4 3 2 /1 4 4 4 4 4 4 4 4 4
4 4 4 4 3 2 /1 44 4 4 /4 4 4 4

4 4 4 4 3 2 /1 44 4 4 4 4 4 4 4

4 4 4 3 2 1 '--44444444

FIGURE 1. An illustration of how localisation transforms an irreducible highest-weight module, with
uniformly bounded multiplicities, into a reducible semidense module, also with uniformly bounded
multiplicities. At left, the position of each number specifies a weight of £, (we take A; ¢ Z and A, =3
for definiteness). The number itself gives the multiplicity of this weight. At right, the weights and
multiplicities of the localisation of £, with respect to f! are pictured in the same fashion. The solid
lines indicate the “boundary” of the (sub)module £,. The dotted line indicates that of the quotient.

We refer to the original article and to the introductions [62, §3.5] and [56, §2] for further information.

Because of the polynomial restriction in the definition, every irreducible coherent family includes some reducible
members alongside its irreducible ones. In fact, there are a finite number of members of any coherent family whose
composition factors include an infinite-dimensional irreducible highest-weight module [60]. The multiplicities of these
highest-weight modules are uniformly bounded above by the constant multiplicity of the coherent family.

Mathieu’s classification of irreducible dense modules invokes these highest-weight modules.

Theorem 2.16 ([60, Props. 4.8, 5.7 and 6.2]). Being composition factors of members of the same irreducible coherent
family defines an equivalence relation on the set of isomorphism classes of infinite-dimensional irreducible highest-weight
modules with uniformly bounded multiplicities. Moreover, isomorphism classes of irreducible coherent families are in

bijection with these equivalence classes.

We can recover an irreducible coherent family from any of its uniformly bounded infinite-dimensional irreducible
highest-weight modules using twisted localisation. To explain, suppose that the irreducible highest-weight sl3-module £
is infinite-dimensional with uniformly bounded multiplicities. Then, f L acts injectively on £ for some i = 1, 2, 3; assume
that i = 1 for definiteness. We may therefore localise the universal enveloping algebra of sI3 with respect to f!. This
means that we extend the algebra by (formal) negative powers of f I (see [62, §3.5] for more detail).

Next, we induce £, to a module over the localised algebra. This means that we allow (f!)~! to act freely, modulo the
requirement that it acts as the inverse of f!. In particular, if v = f'w € £, then (f')~'o = w. (Here, f' acting injectively
ensures that w is unique.) However, if v is not in the image of f!, then u = (f!)~'o is a new vector in the induced module
(that is not in £,). Moreover, we obviously have f'u = v. We conclude that (f')~! produces new weight vectors in the
induced module unless f' acts bijectively between the two given weight spaces. A consequence of these new vectors is
that f! acts bijectively on the induced module.

Finally, we restrict the induced module back to an sl3-module. This restriction, called the localisation of £, with
respect to f!, is strictly bigger than £. It is, in fact, a semidense sl3-module whose multiplicities are uniformly bounded
with the same maximal multiplicity as those of £, see Figure 1. It is also reducible, with £, appearing as a submodule.
Moreover, the wi-twist of the quotient by £ has a highest-weight vector of weight w; (A + a1) = wy - A.

This localisation construction works as above whenever we have a root vector acting on a module injectively. If we try
to localise with respect to a root vector that does not act injectively, then the submodule generated by the kernel of the root
vector’s action is set to zero. On the other hand, if we localise with respect to a root vector that acts bijectively, then the
result is isomorphic to the original module.

Note that when a root vector acts injectively but not bijectively, localisation produces a reducible module. However, the
localised algebra obtained by adjoining the formal inverses of a root vector admits automorphisms [60] that translate the

corresponding coroot by arbitrary complex multiples of the unit. Twisting by these automorphisms before restricting thus
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allows one to also construct modules whose set of weights is obtained from that of the untwisted localisation by translation.
For sl3, this twisted localisation therefore maps a single highest-weight module to a 1-parameter family of (reducible and
irreducible) semidense sl3-modules.

Finally, this twisted localisation construction may be iterated if there is another root vector acting injectively (but not
bijectively) on the result. For example, the semidense module constructed from £, above may be localised with respect to
f3 to obtain a dense sl3-module. Including twists, one can therefore construct a 2-parameter family, indexed by §*/Q, of
dense sl3-modules from a single highest-weight module (with uniformly bounded multiplicities) [60]. Taking the direct
sum of these dense modules then results in an irreducible coherent family.

2.6. Relaxed highest-weight representation theory. When v > 1, the sl3 minimal model A;(u, v) admits irreducible
modules that are not highest-weight (with respect to any choice of Borel subalgebra). A mild, but rather fundamental,
generalisation of a highest-weight module has come to be known, following [35], as a relaxed highest-weight module. We
recall the definition of [69].

Definition 2.17.

e A relaxed highest-weight vector is a weight vector that is annihilated by every positively indexed mode.

e A relaxed highest-weight module is a module that is generated by a single relaxed highest-weight vector.

A relaxed highest-weight module is thus always lower bounded. The converse is not true in general, though it holds if the
module is irreducible and weight. Similarly, a highest-weight module is always a relaxed highest-weight module. Again,
the converse is false, but it holds for vertex operator algebras that are C,-cofinite and rational.

It will be convenient to distinguish three different types of relaxed highest-weight V*(sl3)-module, based on the nature

of the top space (see Definition 2.5).

Definition 2.18. A relaxed highest-weight V(s13)-module is fully relaxed, semirelaxed or highest-weight, if its top space

is a dense, semidense or highest-weight sl3-module, respectively.

This definition of a highest-weight V¥ (sI3)-module is of course equivalent to the usual one. Recall [75] that an irreducible
lower-bounded module is determined, up to isomorphism, by its top space. Here, the top space is regarded as a module over
the Zhu algebra of the vertex operator algebra. The same is true for a certain generalisation known as an almost-irreducible
lower-bounded module.

Definition 2.19. A lower-bounded module is said to be almost irreducible if it is generated by its top space and each of its

nonzero submodules has nonzero intersection with its top space.

It follows [28, Thm. 2.30] that there is a bijective correspondence between almost-irreducible lower-bounded modules over
a vertex operator algebra and modules over its Zhu algebra.

We are interested in the irreducible weight A;(u, v)-modules with v = 2. The highest-weight ones are the c u with
4 € Admy (Theorem 2.6). Otherwise, the top space is either dense or semidense, hence may be constructed from the top

space of one of the z u« by twisted localisation.

Theorem 2.20 ([54,56]). If M is a module for the Zhu algebra of an affine vertex operator algebra, then so is its twisted

localisation with respect to any root vector.

We may thus apply twisted localisation to the top space of the A, (u, v)-module z . to obtain a (possibly reducible) semidense
or dense sl3-module, knowing that the result is the top space of some almost-irreducible lower-bounded A; (u, v)-module.

Denote the top space of c u by L (the latter is then the irreducible highest-weight sl3-module of highest weight
fi = g1 + ppwy). It turns out that all the infinite-dimensional £; with y € Adm, > have uniformly bounded multiplicities
[57, §4.3]. These constitute the following subset of Adm,,»:

2.27) {i' = Soor, 1" = Lo, wy - (4 = $or) 1 pf € PLT)
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Mathieu’s equivalence relation for irreducible coherent families (Theorem 2.16) partitions this set into three-element

equivalence classes of the form

(2.28) {v" =801, V(") = Jon,wy - (4 = S0}, ph e P

Here, we introduce a permutation V of P;_3 (and more generally of level-k sAI3-weights) defined by
(2.29) V(A0, A1, 42) = (A1, A2, o).

This is of course a Dynkin symmetry (outer automorphism) of ;I3. Note that V(/JI ) — %wg = WoWw]j * (,uI - %wl), so the
equivalence classes (2.28) are (partial) shifted Weyl orbits.

The twisted localisations of the £ are the top spaces of some almost-irreducible semirelaxed or fully relaxed Az (u, 2)-
modules. When the latter are reducible, we wish to know their submodule structure. For this, it will be useful to know the

maximal multiplicity of the highest-weight modules in each equivalence class (2.28).

Lemma 2.21. Givenu € {3,5,7,...}and ' € P;‘3, the maximal multiplicities of the top spaces onPI_uml/z, zv(FI)_uwz/z

and ZWI,(,,I_M/Z) are all ,ué + L.

Proof. It suffices to consider y = p! — 5@ because weights in the same equivalence class correspond to the same coherent
family. The orbit of its projection ji onto h* under the shifted action of the Weyl group of sl3 consists of six weights, but
only wy - f1 differs from ji by a (nonzero) element of the root lattice Q. Aswy - ji — i = —(yé + 1)y, it follows [46, §4.11]
that £ = M;/M,,,.; (Where M; denotes the Verma sl3-module of highest weight ji). Defining sI3-module characters as

in (2.13), but without the formal parameter ¢, we have

oL Tel —2(uk+1)
Hi :”2(1_2”2 7 H )

Z'z
2.30 ch|Lz{(z1,22) = ch|Mz|(z1,22) — ch[ My, .z (z1,22) = 12 L 2

( ) [ Au]( 1 2) [ II]( 1 2) [ 2/‘]( 1 2) (1 _21_222)(1 _2122_2)(1 _21_122_1)

I I
ZIIIIZIZJZ -2 =2
= 5 (1+2,2 +e+2%27, 2).
(1 -2z77z)(1 - 21_122‘1)
The maximal multiplicity is thus yé + 1, as required. [ |

Proposition 2.22. Givenu € {3,5,7,...}, let p = ,uI - %wl for some pI € P;‘3. Then, the localisation of the irreducible
highest-weight s13-module L, L., 0r Ly,w, > corresponding to the projections of the 513 -weights in (2.28), with respect
to 1, i =1,2,3, is either O or a reducible semidense module whose quotient is (up to isomorphism) as in the following

table (dashes indicate that the localisation is 0).

| Li L Lo
U wi(Lwp) wi(Lz) -
f? - w2 (Lwowi-g) W2 (Lw, i)
2 wowi (Lw,.5) - wiw2 (Lw,.7)

Proof. The computations are essentially the same in each case, so we restrict ourselves to the localisation of £; with
respect to f!. In this case, we showed in Section 2.5 that the quotient contains a wi-twisted highest-weight vector of
weight i + ;. By Theorem 2.6, this vector generates a submodule of the quotient isomorphic to the irreducible module
w1 (Lyw,.z). We claim that this submodule is in fact the entire quotient.

First, note that £z and wy (£, ;) share the same maximal multiplicity. This also coincides with the maximal multiplicity
of the semidense localisation because f! acts bijectively on the localisation but already acts bijectively between weight
spaces of £; when their multiplicities are maximal. Fix a weight A of the localisation with maximal multiplicity. Then, for
all sufficiently large m, A — ma; will be a weight of £; with maximal multiplicity and, for all sufficiently large n, A + na;
will be a weight of wy (L., .z) with maximal multiplicity. If the quotient has any composition factor aside from wy (L., .z),
then the multiplicity of A + £a; in this factor will be 0 for all but finitely many ¢ € Z. But, yj = ! — % ¢ Z.»0,50 A1 ¢ Z

172
and thus this is impossible. u
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Theorem 2.23. Foru € {3,5,7,...} and j = ,uI - %wl, pI € P;‘3, the almost-irreducible semirelaxed A, (u,2)-modules
whose top spaces are the reducible semidense sl3-modules characterised in the table of Proposition 2.22 have the same

submodule-quotient characterisation, but with [i replaced by p.

Proof. We consider only the case in which the semidense top space has a submodule isomorphic to £; and quotient
isomorphic to wy(L.,.z); the other cases are very similar. First, the top space has a highest-weight vector of weight fi,
hence the semirelaxed module has a highest-weight vector of weight . It generates a highest-weight A;(u, 2)-module
which must be isomorphic to c u» by Theorem 2.6. Similarly, the quotient of the semirelaxed module by c o has a twisted
highest-weight vector generating a copy of w; (ZWI .)- But, the preimage of this twisted highest-weight vector generates
the semidense top space, hence it generates the semirelaxed module because the latter is almost-irreducible. It therefore
also generates the quotient, hence the quotient is irreducible. [ |

One can continue this analysis to determine the submodule structures of the reducible fully relaxed A, (u,2)-modules,

see [57, §4.5]. Here however, we restrict ourselves to the following simple corollary.

Corollary 2.24. Foru e {3,5,7,...}and p = I_ %wl, ,uI € P;‘3, the almost-irreducible semirelaxed A;(u,2)-modules
characterised in Theorem 2.23 have vanishing characters (not as formal power series, but in the meromorphically extended
sense of Remark 2.9).

Proof. First, let A(p) denote the set of real roots « of 513 satisfying (i + p,a¥) € Z. Then, it easily follows that
2.31) A(w - 1) = w(A(p)),

for all w in the affine Weyl group §3. Second, recall the definition of the integral affine Weyl group in Theorem 2.7 and

the identity w,,(q) = ww,w™!, for all roots . The previous identity now implies that

(2.32) \TV(W NE w\’/\\/(,u)w’l.

Third, the natural action of §3 on formal exponentials is given by w(e’) = e”*). Combining this with the definition (2.12)
then gives

(2.33) ch[w(L,)] = w(ch[L,]).

Mixing these ingredients with the character formula of Theorem 2.7 now results in
detw’ eww W H

detw’ eww'0

- W(Z (. detw’ew/w_l'”)
(2.34) ch[w(L,yy1,)] = ——r WO ) -
W(ZW,EW(O) detw’ eW"O) Zw'evAva))

ZW/EW(W_I'p)

(since w(w'w™l - ) = ww'w™l - g+ p —w(p) and w(w’ - 0) = ww’ - 0+ p — w(p))

Z - det(W_IWHW) ew/,.‘u _
_ SwreW —— =detw ch[L,],
ZW,,EW(O) det(w—lwl/) ew -0

where we have noted that W(0) = S5 is closed under multiplication by w™!.

The vanishing character claims now follow. We explain two cases. First, the fol—localisation of £ 4 yields a semire-
laxed highest-weight module with composition factors c 4 and wy (ZWI. ). Taking w = wy in (2.34), we learn that the
(meromorphically extended) characters satisfy ch [w1 (ZW, . ﬂ)] =—ch [E ﬂ]. The character of the semirelaxed module thus
vanishes. Second, apply wy to the previous (meromorphic) character identity to get ch [szl(zwl .,,)] = —ch [WQ(Z #)]'
Because wow; - (uf — 501) = V() - 52, we have WQ(Z,,) = Z,l. The character of the f03—localisati0n of Z,l thus also

vanishes. u

3. BERSHADSKY-POLYAKOV MINIMAL MODELS

We next introduce the Bershadsky—Polyakov vertex operator algebras, first abstractly and then as the minimal quantum
hamiltonian reductions of V¥ (s13). The latter construction is more convenient for studying the irreducible highest-weight
BP(u,2)-modules, u € {3,5,7,...}. These were classified by Arakawa in [8], but we will follow the explicit description
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deduced in [32]. Our goal is to determine their characters, modular properties and fusion rules. This data may be extracted,
in principle, from the general results reported for exceptional W-algebras in [13]. However, we find it instructive to derive

everything directly.

3.1. Bershadsky-Polyakov vertex operator algebras. The Bershadsky—Polyakov algebras were discovered in [16, 64]
using a variant of quantum hamiltonian reduction that was subsequently identified [50] as that corresponding to the minimal
(and subregular) nilpotent orbit of sI3. For the inverse-reduction construction that follows in Section 4.3, we shall find it

convenient to make a slightly nonstandard choice for the conformal structure.

Definition 3.1. The universal level-k Bershadsky—Polyakov algebra BP¥, k # =3, is the vertex operator algebra strongly

generated by four elements ], L, G* and G~, subject only to the following operator product expansions:

(2k+3)1 2G*(w)  aGT(w)

3(z—w)?’ (z—w)2+ z—w’

G*(w) LG (w) ~ G~ (w) N G~ (w)

zZ—w (z-w)?2  z-w

(2k+3)1  J(w)  3dJ(w)

+ + ,

3z=-w)3 (z-w)?2 z-w

CBp(k)]l ZL(W) aL(W)

20z-w)*  (z-w)?2 z—-w’

(k+1D2k+3)1  3(k+1)J(w) 3:J(w)J(w): +kaJ(w) — (k+3)L(w)
(z—w)3 " (z— w)? " z—w '

J(@)J(w) ~ L(2)G"(w) ~

J(2)G*(w) ~ +

>

3.1 L(z)J(w) ~

G*(2)G*(w) ~ 0,
L(z)L(w) ~

G*(2)G™ (w) ~

The central charge is given by

_4(k+ 1)(2k + 3)

(3.2) cgp(k) = 13

The conformal weights of the generators J, L, G* and G~ are chosen to be 1, 2, 2 and 1, respectively. The mode
expansions of the generating fields are thus as follows:

(3.3) J@) =D Tz, L(z)= D> L,z % G'(2)=>Giz"? and G (2)= > G,z "\

nez nez nez nez

We record the commutation relations of the modes G}, and G,, for later convenience:

(3.4) (G G | = 3:TJimen — (K4 3)Lpnan + ((2k +3) (m + 1) = 1k) Jopan + 3 (k + 1) (2k + 3)m(m + 1)8pmino 1.

Theorem 3.2 ([44, Thm. 9.1.2]). The universal Bershadsky—Polyakov vertex operator algebra BP¥, k # =3, is simple
unless k satisfies (2.8).

Definition 3.3. When (2.8) holds, we shall denote the unique simple quotient of BP* by BP(u, V) and refer to the resulting

vertex operator algebra as a Bershadsky—Polyakov minimal model.

We note that the trivial Bershadsky—Polyakov minimal model corresponds to u = 3 and v = 2: BP(3,2) = C1.
The mode algebra of BP* admits a conjugation automorphism vgp and a family of spectral flow automorphisms O'ép,
t € Z, given by

(3.52) vep(G,) = =Gy, vep(Un) = —Ju — $(2k +3)8,0L,  vep(Ln) =Ly —nJu,  vep(Gy) =G,
and
' -\ _ s _ 1 s +\ — N+
(3.5b) GBP(GH) = Gn+(> O'Bp(]n) =Jn— §(2k + 3)f5n,0]l’ O'BP(Gn) - Gn—t”
' 056 (Ln) = Ly = LJn + L(2k +3)(€ = 18,01,

respectively. These automorphisms satisfy the dihedral relation vgpogpvgh = ogh, £ € Z.
Lifting these automorphisms to invertible functors on the category of weight BP*-modules, as in Section 2.3, it follows

that a weight vector of weight (j, A) is mapped, under vgp or crép, to a weight vector of weight

(3.6) (-j—3(2k+3),A) or (j+1(Q2k+3)6A+Lj+L(2k+3)e(L+1)),
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respectively. Here, a weight vector for BP¥ is a simultaneous eigenvector of Jy and Lo. Its weight is the pair (j, A) of
eigenvalues of Jy and Ly (in that order). As usual, conjugation preserves the property of being lower bounded while spectral
flow generally does not.

Our primary interest here is the representation theory of the Bershadsky—Polyakov minimal models BP(u, 2). Forv = 2,

we have the following result.

Theorem 3.4 ([9, Thm. 5.10.2] and [8, Main Thm.]). The Bershadsky—Polyakov minimal model vertex operator algebras
BP(u,2), u € {3,5,7,...}, are Cy-cofinite and rational.

Every irreducible BP (u, 2)-module is thus highest-weight with a finite-dimensional top space (Theorem 2.12).

We recall that a highest-weight vector for BP¥ is a weight vector that is annihilated by the J,, L, G; and G,;,, with
n>0,and Gj. If a BP*-module is generated by a highest-weight vector, then it is called a highest-weight module. We
shall denote the irreducible highest-weight BP*-module of highest weight (j, A) by H JA-

3.2. Fermionic ghosts. To discuss the realisation of BP* as the minimal quantum hamiltonian reduction of V¥(sl3), we
quickly review the fermionic ghost system F. This vertex operator superalgebra is strongly and freely generated by two

fermionic fields ¥/(z) and §*(z) satisfying the operator product expansions

3.7 VP (W) ~ —— Y@w) ~ 0~ P () (w).

zZ—w
There is a one-parameter family of energy-momentum tensors. General quantum hamiltonian reductions require more
than one choice, but we shall only need one for what follows. We thereby take the associated energy-momentum tensor to
be

(3.8) T (2) = :ayy*:(2),

so that the central charge is cg = —2 and the conformal weights of ¢ and ¥* are 0 and 1, respectively.
There is likewise a Heisenberg subalgebra of F generated by :¢/*¢: and the eigenvalues of the zero mode of this field

defines a horizontal grading on F. The relevant operator product expansions are as follows:

V) ~ = EE2 @y o0 ~ EOL @ n ~ s
3.9
g YY)y w)
T (2): "¢ (w) (z-w)3  (z-w)? + z—w

The representation theory of F is very simple. If we ignore the global parity of a representation, then there is only
one (untwisted) irreducible module: F itself. Moreover, every finitely generated F-module is completely reducible. The

character of F is likewise easily determined:

e kad ; . 9 (v:
(3103) Ch[F] (y’ q) :trF ylﬁ lﬁ.hog—CF/zﬁt - q1/12 I_I(l +yql)(1 +y—lql—l) =y—1/2 2((}’,)Q)
i=1 nq
It will also prove useful to consider the supercharacter
U = . . 19 (y;
(310b) SCh[F] (y’q) :trF(_y).lﬁ ¢.0qT0F—CF/24 =q1/12 I—[(l _yql)(l _y—lql—l) :y—1/21 l((y)q)
i=1 nq

3.3. A minimal quantum hamiltonian reduction. Quantum hamiltonian reduction refers to a collection of functors from
a suitable module category for an affine vertex operator algebra to a module category for one of its associated W-algebras.
Such a functor is specified [50] by the simple Lie algebra g (for us, g = sl3) and a good pair (x, f) of elements of g. In this

context, being good means that
°* 3=, 129> where g; is the eigenspace of ad(x) with eigenvalue j € %Z.
e feg_jandad(f): g; — g; is injective for j > % and surjective for j < %

To obtain the conformal weights chosen for the generating fields in Section 3.1, we shall take f = f>and x = g' = 2h'+1h2%.
It is easy to check that (x, f) is then a good pair. As f belongs to the minimal nilpotent orbit of sl3, we shall refer to the

corresponding reduction functor as minimal quantum hamiltonian reduction.
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To define this functor, note that the gradation of g = sl3 induced by x is given by sl3 = g_; ® go @® g1, where
(3.11) -1 =span{f', f°}, g0 =span{f* h',h* €’} and g =span{e',e’}.

As per [50], we now tensor V¥(sl3) with two fermionic ghost systems F’, i = 1,3, corresponding to g:1. The action of the

zero mode of :y/*'y/*:(z) defines a horizontal grading on each F’ and we grade the tensor product
(3.12) C=VXsh) oF' o F

by the action of their sum.

The zero mode of the element
(3.13) Q=cy+ (& + 1)y,

now defines a degree-1 differential on the complex consisting of the graded subspaces of C. The degree-0 cohomology
is, by definition, the minimal quantum hamiltonian reduction @™ (Vk(513)). This is of course the universal Bershadsky—
Polyakov vertex operator algebra BP* [16,64].

We remark that this construction suggests a conformal structure on C. If we modify the energy-momentum tensor
(2.6) of VK(sl3) to T + ax, then the conformal weight of > becomes 0, as required for Q to be homogeneous. That of
e! is also now 0, so for Q to have conformal weight 1, both 1*! and y** must have conformal weight 1. This fixes the
energy-momentum tensor of FZ, i = 1,3, to be as in (3.8). The Bershadsky—Polyakov energy-momentum tensor is thus

identified with the cohomology class
(3.14a) L=[T+ox+T" +T%],
where we have omitted the tensor product symbols for brevity. The central charge is easily verified to be
(3.14b) c(k) — 8k — 4 = cgp (k).
It is also straightforward to find representatives for the remaining strong generators of BP*:
J=[3 -rh gyt 6T =[P -yly7),
(.140) 1 2 1,2 2 11 33 1 %13 1,3 1473
G* = —[f' + (k+2)3e” +:h'e*: — (2 Yl + Y ) + 'Y YR+ koYt YR + (k+3) Yt oy .

We are now finally ready to define the minimal quantum hamiltonian reduction functor @™,

Definition 3.5. Given an V¥(sl3)-module M, let C(JV[) =M ®F! ® F3. We denote by C"(JV[) the subspace ofC(JT/[)
whose total ghost number (the eigenvalue of :lﬁ*IW 0+ :¢*3¢3 :0) is n. The minimal quantum hamiltonian reduction of M
is then defined to be the zeroth cohomology group of the differential complex (C* (JV[) Qo):

(3.15) o™i (M) = HO(C(M), Qo).

This obviously agrees with the definition given above for M = VX (sl3) and it follows readily that d™™ (JV[) is, in general,
a BP*-module.

The following properties of @™ will be useful in what follows. Recall that c u« denotes the irreducible highest-weight
V¥(sl3)-module of highest weight y. Let ﬁ,, denote its Verma cover and let 6% and O denote the BGG categories of
VK(sl3)- and Ly (sl3)-modules, respectively.

Theorem 3.6. Let k # —3. Then:
e [7, Thm. 6.7.1 and Cor. 6.7.3] For all M € 6%, the Qo-cohomology ofC(JV[) is concentrated in degree 0. ®™™ is thus

an exact functor from O to the category of BP*-modules.
e [53, Thm. 6.3] @™ maps J\A/[H 1o the Verma BP*-module of highest weight s AEP), where

(= ) (1 = p2 = 2(k+3)) + 31 + p2) (1 + p2 = 2(k + 1))
12(k +3) ’

M

(3.16) Ju and ASF =

as per (3.14). Moreover, it also maps JT/[WO.,, to the same BP*-module.



MODULARITY OF ADMISSIBLE-LEVEL sl3 MINIMAL MODELS WITH DENOMINATOR 2 17

o [7, Thm. 6.7.4] ®™™ maps c u 100, if the zeroth Dynkin label i is a nonnegative integer, and otherwise to the irreducible
BP*-module 3 aee
By

3.4. Irreducible highest-weight modules. Recall that P denotes the set of s?h-weights Awhose Dynkin labels (A9, A1, A2)
are nonnegative integers that sum to n. The admissible ;I3—W6ights of level =3 + 3, u € {3,5,7,...}, may be partitioned
as in (2.10):

(3.17) Admyy ={A-Y0;: 1 ePtandi=0,1,2} U {w; - (A- Swy) : 1 e PL}

Note that the weights in the first subset with i = 1,2 give irreducible highest-weight V*(sl3)-modules in the kernel of
@min. by Theorem 3.6. Those with i = 0 do not and neither do the weights of the second subset. In fact,

(3.18) ®min'(ZA—uwo/z) = @min'(ZW().(A—uwo/z)) #£0, AePu

Moreover, wg - — exchanges the i = 0 weights of the first subset of (3.17) with those of the second.

Arakawa’s classification result [8] for irreducible BP(u, 2)-modules may now be expressed as follows.

Theorem 3.7. For u € {3,5,7,...}, the set of isomorphism classes of irreducible BP(u,2)-modules is in bijection with

P;_3. Moreover, a bijection is explicitly given by

(3.19) A EPY e 3 = O™ (L300 )2)-

As A — 5wo € Adm,, forall A € P;_3, the £ A—uwp/2 are Az(u, 2)-modules (Theorem 2.6). The restriction of O™ to the
BGG category Ok of A;(u,2)-modules is therefore surjective.
Combining this classification with Theorem 3.6 now gives the following identification.

Proposition 3.8. Foru € {3,5,7,...}, the irreducible highest-weight BP (u, 2)-module J{), A € P;_3, has highest weight
(jr, ASP) given by

A —A
(3.20) =T A=

In other words, H, = j’CjA!AEP.

(/11 —).2)(/11 —12 — U) +3().1 +/12)(/11 +/12 —-u +4)
6u ’

Note that the vacuum module kao of Ay (u,2) corresponds to A = (u — 3,0,0) and is sent by ®™Mn- o the vacuum module
j{(u—3)w0 = :H()’() of BP(U, 2).

The following propositions emphasise the naturalness of this parametrisation of the irreducible BP(u, 2)-modules.
Proposition 3.9 ([32, Prop. 4.11]). Foru € {3,5,7,...}, the top space of H,, A € P;‘3, has dimension A, + 1.

Proof. To find the dimension of the top space, we need to determine the minimal n € Z, for which G} (G; )"0 = 0, where

v, is the highest-weight vector of J{(,. This is a straightforward calculation using (3.4):

n-1 n-1
(3.21) GH(Gy)"op = D (G ™G Gy 1(Gy)™Moa = D (Gy)™ ™ ((u = 3)Jo + 3T — $L0) (Gy) ™0,
m=0 m=0

n—1
= 2 ((W=3)(a—m) +3(a —m)* = $A77)(G5)" vy
m=0
= %”(2’12 — (6ja+Wn+6j7 =2+ (23 + 1 - A%P)u)(Gy)" 1o
Substituting (3.20) into this somewhat unappealing expression improves it greatly:
(3-22) Gy (Gy)"oa =n(n=Ay = D)(n+ A1 +1-$)(Gy)" oz,

As u is odd, this only vanishes forn =14, + 1 € Z. [ ]

Proposition 3.10 ([32, Props. 4.13 and 4.14]). Foru € {3,5,7,...}, the conjugate and spectral flow of the BP (u, 2)-module
Hy Ae P;’3, are respectively given by

(3.23) UBP(:H)L) = J'(dV(/l) and O'Bp(g{/l) = j‘fv(,}),
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Proof. It follows from (3.5a) and Proposition 3.9 that a highest-weight vector of vgp () is obtained as the image under
vgp of any vector in J, of weight (j — Az, AEP). Noting that 2k+3 = u—3, we conclude from (3.6) that this highest-weight
vector has weight (—j + A — %32, ABP). Setting this equal to (j, ARP) results in a unique solution with u € P43, The
same method works for spectral flow once we note that a highest-weight vector of o, (3€,) is also obtained as the image
of a vector in JH, of weight (j; — Az, AEP). [ |

The invertible functors corresponding to the automorphisms (3.5) thus act on the isomorphism classes of the irreducible

highest-weight BP (u, 2)-modules as permutations of the Dynkin labels of the sAI3 -weight A.

3.5. Irreducible characters. Our next aim is to deduce a formula for the characters
(3.24) ch [:H/l] (Z; q) — trg{A Z]OqL()*CBP(k)/24‘

of the irreducible highest-weight BP(u,2)-modules 3, A € P;‘3. Because these modules may all be obtained as
quantum hamiltonian reductions of A;(u,2)-modules (Theorem 3.7), their characters follow by applying the Euler—
Poincaré principle to the cohomology of the complex C(Z A—uwy/2). However, it is well known (at least in the principal
case [38]) that this method leads to an indeterminate form for the character. A key point is that the prescription used to
resolve this indeterminacy must be independent of the highest-weight module being reduced.

Given a VK(s13)-module M, the Euler—Poincaré principle shows that the character of its minimal quantum hamiltonian
reduction has the form
(3.25) ch[@™™ (V)] = ch[H(C(M), Qo) ] = D (=) ch[C"(M)] = ch[M] D (~1)" ch[(F' ® F})"],

nez nez

since the cohomology is concentrated in degree O (Theorem 3.6). Using the definition (3.10) of the fermionic ghost
(super)character, the sum over n = r + s is easily simplified:

1 3
(3.26) > (=D"ch[(F @ F)"] (y1.ys:0) = 3] tr(Fl)’(_YI)qu‘)F Y tr(F3)s(—)/3)qu°F -
nezZ reZ SEZ

=sch[F'| (y1;q) sch[F?] (y3; q).

Recalling the definitions (2.13) and (3.24) of V¥(s13)- and BPK-characters, it now follows from the explicit formulae (3.14)
for L, J and cgp (k) that

(3.27) Ch[HO(C(JVE),QQ)] (z;q) = q*/3 ch[J’\;[] ((zgH) 73, (z/9)"/3; q) sch[F'] (z; q) sch[F?](1;q).

This is problematic because sch[F3] (y3;q) has a factor of the form 1 — 12 ! that vanishes when y3 = 1.

If we now take M to be a Verma module, then its character may be written as a quotient with an infinite product in
the denominator. The factor in this product corresponding to the highest root a3 of sl3 has the form 1 — z;zq. This
vanishes for z; = (zq?)™'/% and z, = (z/q)'/?, compensating for that of the factor 1 —y3 " in sch[F?](1;q) = 0. This is the

advertised indeterminacy of the character formula (3.27). We resolve it by first setting

(3.28a) y3=z7'2'q7",

cancelling the vanishing factors in sch[F3] and ch [JVE] and only then setting
(3.28b) z1 = (zg®>)"'"? and 2z = (z/q)'/.

Using (3.10b) and some standard properties of Jacobi theta functions, our prescription for computing the character of the

reduction thus takes the following form.

Proposition 3.11. Let Mbea highest-weight V¥ (s13)-module, k # —3. The character of its minimal quantum hamiltonian
reduction is then given by

1/3

i91(z;q) 191 (z122; q) j21=(2a*)"
n(q)? 22=(z/q)\

(3.29) ch[@™™ (M) ] (z; q) = 27 /2q*+)/0 ch[M] (21, 22: q)

It is easy to check that applying this to a Verma V¥ (sl3)-module reproduces the character of a Verma BP*-module.
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In principle, we could apply this prescription when M is one of the irreducible highest-weight A (u, 2)-modules using
the explicit character formula given in Theorem 2.7. However, we are not particularly interested in the resulting explicit
formulae for the characters of the irreducible highest-weight BP(u,2)-modules. Our interest is rather in their modular

S-transforms.

3.6. Modular transforms. Recall (Theorem 3.4) thatforallu € {3,5,7,...}, BP(u,2) is C;-cofinite and rational. Because
its conformal weights are nonnegative integers, it follows that its irreducible characters, which are linearly independent,
span a representation of the modular group [75]. Our goal is to determine the S-transforms of these characters using those
given for the (meromorphic extensions of the) irreducible highest-weight A, (u, 2)-characters in Theorem 2.8.

By Theorem 3.7, we may restrict our reductions to the z w» With g = A—3wp and A € P;‘3. We let z = e27i¢ | z; = 27141,

2, = €222 and q = e?717, as before. With these new variables, the character formula (3.29) becomes

{+21

i1 ({51)i81 (81 + (o3 7) 6173
’7(7)2 §2=% '

Note the nonconstant A-independent exponential prefactors of this formula. They and their S-transforms are examples of

(3.30) ch[3;] (¢ 7) = e e TB eh[L,](41, &3 7)

automorphy factors and hence will be ignored in the modular computations to follow.

We require a few preparatory lemmas.

Lemma 3.12. For k admissible, the T-matrix (2.16) of A (u, v) satisfies

(3.31) Twgy = WV aDT - gng Ty, = 2HWA=oT =y ¢ Adm,,.

Proof. These follow by inserting
(3.32) wo(v+p) =ws(v+p)+yaz and V(v+p)=wowi(v+p)+ 7 (w2 — o)

into (2.16) and using the orthogonality of Weyl reflections. [ |

Recall from Remark 2.9 and Corollary 2.24 that the meromorphic extensions of the characters of the D¢-twists and

spectral flows of the highest-weight A, (u, 2)-modules are linearly dependent. A special case is as follows.

Lemma 3.13. Foru € {3,5,7,...}, the meromorphic extensions of the highest-weight A, (u, 2)-characters satisfy
(3.33) (:h[?f-"I (ZV)] =e(v) ch[Zg(V)], v € Adm,»,

where e(v) € {1} and £(v) € Adm,; are defined in the following table.
‘ v=A-5wy v=A-%wy v=24A-%01 v=w;-(1-%5w))
e(v) +1 -1 +1 -1
EW) [ VD) =401 wi-(A-%01)  A-$a V() - S

Here, we parametrise v € Adm,,, in terms of A € P;_3 as per (3.17).

Proof. We consider each of the four cases in detail.

1. v=A- zwo: Here, i (ZV) is lower bounded, hence is isomorphic to z ¢ for some & € Adm,>. Since

(3.34) .59 (0) =39 (e v) and ]gag‘(v):ag‘(f;j_m,gl)v), i=1,23,

n+{aig')
A (v) is a highest-weight vector if ellv = e(z)v = f030 = 0. It follows that we should take v to be the image of the
highest-weight vector of z v under wyws, see Figure 2. Using (2.22), the weight of o' (v) is thus

(3.35) E=wiwz(v) + k(o) = o) = (A2, 40, A1) = §1.

2. v=A - 5w;: In this case, there isno v € EV for which 59’ (v) is a highest-weight vector (because o' (ZV) is not lower
bounded). But, vi + v, ¢ Z-_; implies that ﬁf acts injectively on £,. Localisation therefore results in a reducible

semirelaxed highest-weight A;(u,2)-module with EV as a composition factor. By Theorem 2.23, the quotient M is
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v
2
€ wi(v) + a3
wiws (V) e(]) wi (v)
f3

0

Vz/l—%a)o VZA—%Q)Z
v+ar+az 5\\[‘

v v v+

v+ a; Lv Y

~ M
Ly M w3 (v+ar)

— u — u
v=2A- 30 v=w (A= F01)

FIGURE 2. Depictions of the top space of ZV, where v depends on A € P;’3, and those of its colleagues

M and N when needed, for each of the four cases analysed in the proof of Lemma 3.13.

irreducible. It has a vector of weight wi (v) + a3 whose image under o9 lis highest-weight, see Figure 2. This identifies
59 (JV[) with 25, where

(3.36) §=W1(V)+0(3+k(a)1 —a)o)z (k+1—/12,k+1—ﬂl,k+1—/10).

But, ch [Zv] =—ch [JT/E], by Corollary 2.24, hence ch [39] (Z V)] =—ch [Zg] (as meromorphic functions).

. v=A- jw;: Again, there is no vector in £, whose image under 67  is highest-weight. As v| ¢ Z, we may proceed

as in case 2. and localise with respect to fo1 to get a semirelaxed highest-weight module with irreducible quotient
M. Unfortunately, this quotient also has no vector whose image under 59 s highest-weight, see Figure 2. But,

Theorem 2.23 gives M as the w-twist of an irreducible highest-weight module of highest weight

3.37) wi(v+a) =(k+1—vy,—vi = Lk+1-1).

Ask+1-vy ¢ Zs(, we may localise M with respect to wi ( ]62) = fo3 and obtain another semirelaxed highest-weight
module. The quotient N of this semirelaxed module does have a vector of the desired type, so we deduce from
Corollary 2.24 that ch [ZV] =—ch [J?E] =ch [ﬂ] , hence ch['Eg1 (ZV)] = ch[2§] with

(3.38) E=v+a+a+k(wr —wy) = (Ao, 41, 42) = Fwo.

4.

v=wp-(A- %w 1): Our final case also requires a localisation with respect to fo1 , as in case 3., whence the introduction of
the quotient M. However, this time k+ 1 — v lies in Z as it is the second Dynkin label of wy - v. Thus, M has a vector
whose image under 59 is highest-weight, see Figure 2. Proceeding as above, it follows that ch [39] (2 V)] =—-ch [Zg],

where

(3.39) §= w3(v+ap) + k(o) —wo) = (A2, A0, A1) — %(uz. |

Theorem 3.14. Forallu € {3,5,7,...}, the S-transform of the character of the irreducible BP(u, 2)-module H), A € P;’3,

is given, up to an omitted automorphy factor, by

(3.40a) ch[%](é;—%) => Sii/ ch[Hx (L),
Nepy3
(3.40b) SB° = L 2ritinsi ) 3 et(w)e i (Ae) )

AN
\/§U wEeS3
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Proof. We begin by substituting the known S-transforms of the Ch[z ,,] (given in Theorem 2.8), J; and #:
1191( DG+ -0 |G

(341) ch[36:] (£ -1) = ch[ £ (01, &3 -7) e pett
= - iH ()i (G + GryT) (9=
=~ 3 S eh[L] (. o) 2D 1(512 Sk £
veAdm, n(r) o=
(Here, as always, we omit some automorphy factors.) Define {{ = §+27 and {) = , so that the given specialisations of
{1 and ¢, imply that
(3.42) Gr={+3(@+1) and Lr=0+i(c+1).

Substituting for {| and ¢, throughout then gives

5

= ~ i , i1(550) i (] + 50 G=—55
(3.43) ch[F](&5-1) == D Suveh[L] (] + 2z + 1), + Lz +1)57) Lot
veAdm,, n(r) G=5
where we once again ignore an automorphy factor.
If we drop the primes in this expression, the factor multiplying §P,V looks like the right-hand side of (3.30), except for
the shifts in the arguments of ch [Z V] . However, we can shift the third argument to 7+ 1 by applying an inverse T-transform.

Comparing with (2.23), we see that the result is now the character of a spectral flow of c v

Gat) [0 (5t = e 38, T en [ (B0)] (0 s v 1) 2D ;t?rggl +0i0)
VEAdmuyz

=2
L=ty

Here, we again drop some automorphy factors, but keep a constant exponential prefactor.

Because BP(u,2) is Cy-cofinite and rational, the ch [J{A] are holomorphic for { € C and 7 in the upper-half plane.
We are therefore justified in working with the meromorphic extensions of the ch [Egl (Z V)] to these domains. Invoking
Lemma 3.13 (and using the notation £(v) and f(v) defined there), (3.44) simplifies to

i01 ({5 1) i1 (41 + (o 1) 1=

L=ty

5._1 — _e~2mik/3
(3.45) ch[3;](%;-1 /énf . s(v)ch[Lg(V)] (¢1.Gas7) 7(0?

= el 308, T ) cn[am 2] (051

veAdm, v

(dropping even more automorphy factors).

Of the four cases for v € Adm, > considered in Lemma 3.13, cases 1. and 4. both contribute nothing to (3.45) because
Zg(v) € ker ®Min-, by Theorem 3.6. In case 3., we have v =:1’ - %wl, for some A’ € P;‘3, e(v)y=+land &(v) = A" — %wo.
The contribution to the coefficient of ch [f]-f ,1/] = ch[fbmin'(ﬁ gf(v))] in (3.45) is therefore
(3.46) —7T1U/3S/1 Sop =S = Tl’i%wo — i eZJri</1+/1',w1 )e—2ﬂiu/3 Z det(w)e—4ﬂi(w(/1+p),/1’+p)/u’

: T/l’—%wl 2\/§U weS3
by (2.15a) and (2.16). In case 2., we instead have v = A" — §w), e(v) = =1 and £(v) = wp - (V"1(1’) — $wo). Replacing A’
by V(1) € P;‘3, the case 2. contribution to the coefficient of ch [J—C )v] =ch [dDmi“' (Lg(v))] now follows using Lemma 3.12
and Equation (3.32):

(3.47) e_”i“mgz—gwo,vw)-;wz -I;WO'(A"ﬁwo) _ Q2T 1) g ~2riu 3 3 det(w)e 4w (d+0). 2 +p) fu.
TV(A’)—%(A)Z 2\/§U weS3

The contributions are thus equal and the proof is completed by noting that

(3.48) jr={ALw) modZ. [
We finish with two simple identities that will be used in Section 5.

Corollary 3.15. Forallu € {3,5,7,...}, , A’ € P43 and n € Z, we have

BP —2xin(jy —u/3) cBP BP _ 27i(jatjr)cBP
(3.49) Son oy = U TuNGEE ang SR ) = 2 SEE,
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Proof. Since jy () — j» = 3 mod Z, the factor e7inu/3 in the first identity is easy. For the other factor, consider

(35()) 6A,/\’ — Z det(w)e—47ri<w(/1+p),A/+p)/u.

weS3

As per (3.32), A € P47 gives V(1) + p = wow (A + p) + u(wz — w), hence

(3.51) 6V(/1) = Z det(w)e—4ni(w(/1+p),/1/+p>/ue—47ri<wwlwz(wz—wo),aqp) — e2ﬂi(w2,A/>6A/y’

) W€S3 ’
since the action of Sz on P shifts weights by elements of Q. This proves the first identity since w, = —w; mod Q. The
second identity follows similarly using the orthogonality of d and jg(2) = —j. [ |

3.7. Fusion rules. Given u € {3,5,7,...}, compare the S-matrix (3.40b) of the Bershadsky—Polyakov minimal model
BP(u,2) with that of the rational sI3 minimal model A;(u, 1) given in (2.24). The only difference in the sums over S3 is
that the 2 in the exponent of (2.24) is replaced by a 4 in (3.40b). This suggests [27] realising the latter as the result of
applying a Galois symmetry to the former. Since (w;, w;) € %Z for all i, j = 1,2, any such Galois symmetry must map
o27i/3u 4 ori/3u
In fact, the factors of i and V3 in these S-matrices indicate [19] a Galois symmetry of Q[&], where & is a primitive
12u-th root of unity. We take & = e”/% for definiteness, so that i = £ and V3 = & + £, Requiring that &* be mapped
to &8 now gives four candidates, & > £2, £+, £4+4 or £79+6_only the second of which is a Galois symmetry (because u
odd gives gcd{3u +2, 12u} = 1). Denoting the Galois symmetry & — &2 of Q[£] by Gal, we now have
Gal(i) =1+ = (-1)"D/2,

3.52 Gal
( ) Gal(\/g) — e7'L'i(3u+2)/6 +e—ni(3u+2)/6 — (_1)(u+1)/2 \/§ = a (

It follows that the relation between the BP(u,2) and A;(u, 1) S-matrices is

i

(3:33) 55, = U Gal(S)). AN e P
As was first noted in [19], there exists a permutation 7 of P;‘3 and a function €: P;‘3 — {+1} satisfying
<c(ul)y _ nc(ul) ’ u-3
(3.54) Gal(SM, ) =e(d )S/Ln(/l')’ LA e P2

The function € is easily understood in this example. First, it includes the sign —1 determined in (3.52). Otherwise, it

describes the effect of applying Gal to the sum in (2.24). This amounts to replacing A’ € P;_3 by 24" + p. However,
(3.55) N +payeuZ = (2N +p)+p,a;) ¢ uZ, i=1,23,

hence there exists a unique element of the affine Weyl group of E:ig, mapping 21’ + p back into P;_3. Because of the

glul)
S/u'

of this unique Weyl element.

symmetries of under affine Weyl reflections (Section 2.4), e(1’) is identified with (the negative of) the determinant

The fusion rules of BP(u,2) now follow as a simple consequence of these considerations, if we assume that the
fusion coefficients are given by the Verlinde formula. As BP(u,?2) is C-cofinite and rational, this would be so, by a
famous theorem of Huang [45], except that this theorem requires the vertex operator algebra under consideration to be
self-contragredient with nonnegative-integer conformal weights. Unfortunately, there is no choice of conformal structure
for BP(u, 2) satisfying both these requirements: the self-contragredient choice results in the conformal weights of both
G* and G~ being %

We will therefore assume for the following theorem that Huang’s theorem can be generalised to cover BP(u,2). To
prove this, one could take the self-contragredient conformal structure and pass to the Z,-orbifold spanned by the vectors
of integral conformal weight, reconstructing the Verlinde formula for BP(u, 2) using induction as in [18, App. A]. But,
we will not pursue this proof here because the fusion rules reported below will only be used to elucidate those of A;(u,?2)

in Section 5.5 and this elucidation will also rest upon further assumptions.

Theorem 3.16. For each u € {3,5,7, ...}, the fusion rules of the irreducible BP (u, 2)-modules take the form

(3.562) HmH, = P ]NE’ZVU{V, e Py

u-3
vePY
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where the fusion coefficients coincide with those of A;(u, 1) given in Equation (2.26b):

(3.56b) NPV = NV Apve PY

Proof. Since BP(u,2) and Aj(u, 1) are C,-cofinite and rational (Theorems 2.11 and 3.4), their fusion products are
completely reducible and, with the assumption described above, the multiplicity with which each irreducible appears is
given by the Verlinde formula. Let @ = (u — 3)wg € P;‘3 denote the ;13 -weight corresponding to the vacuum module of
BP(u,2) and A;(u, 1). Substituting Equations (3.53) and (3.54) into the BP(u, 2) Verlinde formula then gives

% <(ul) c(ul <(ul %
SBPsBP(sEi) (u1) S( ) (S( ) )

S
(3.57) ]NEZV: Z AA #JB\P = o2ri(atiu=iv) Z Ax(A) ifu(?)) v, (A) :Ngu:)v,
Aepy-3 Soa Aepu-3 SQ;T(A) |

since the signs e(A) and the phases e>7/a=%/3) cancel, 7 is a permutation, j; + Ju—Jjv=A{A+p—v,01) mod Z by (3.48),
and the A, (u, 1) fusion coefficient on the right-hand side vanishes unless the projection of A + p — v onto h* lies in Q
(Section 2.4). [ ]

We conclude with two straightforward identities that the BP (u, 2) fusion coefficients satisfy. They may be deduced from
Theorem 3.16 as consequences of the corresponding identities for A, (u, 1) or by substituting the identities of Corollary 3.15

into the Verlinde formula.

Corollary 3.17. Forallu € {3,5,7,...}, LA A" € P;‘3 and n € Z, we have

BPA' _ pngBPA” _ nBPYVTR(A) BPd(A”) _ ngBPA”
(3.58) Nony v = Nygnry = N5, and N5y don = NG

4. INVERSE QUANTUM HAMILTONIAN REDUCTION

In this section, we realise V¥(s13) as a subalgebra of the tensor product of the universal Bershadsky—Polyakov vertex
operator algebra BP* and some free-field algebras. We also review the analogous realisation of A, (u, v), following [3] (to

which we refer for further information).

4.1. Bosonic ghosts. The bosonic ghost system, also known as a symplectic boson pair, is the simple vertex algebra G

strongly and freely generated by bosonic fields f(z) and y(z) satisfying the operator product expansions

(@.1) B@y(w) ~ ——. B@)f(w) ~ 0~ y(2)y(w).

This vertex algebra admits a one-parameter family of conformal structures. We shall choose the associated energy-

z

momentum tensor to be
4.2) TC(z) = —:9yf:(2),

so that the central charge is cg = 2 and the fields $(z) and y(z) are conformal primaries of weights 1 and 0, respectively.
The composite field :fy:(z) generates a rank-1 Heisenberg subalgebra of G. The action of the zero-mode :fy:o gives

rise to a second “horizontal” grading on G. We have

1
" Pr@pon ~ 0 pri@n ~ =L ey ~ -
' Cepypiu oL Brw) a:fyi(w)
T2(@):pr:(w) (z—w)3 (z—w)2+ z—w

The modes of the bosonic ghost vertex operator algebra are defined by the expansions

4.4) B(z) = Z ﬁ,,z_"_l and y(z) = Z ynz "
neZz nez
The mode algebra is then (a completion of) the universal enveloping algebra of an infinite-dimensional Lie algebra

g = span{f,, yn, 1 : n € Z} with 1 central and the remaining Lie brackets being given by

4.5) [ﬂm: )/n] = _5m+n,0]-» [ﬁm’ ﬁn] = [Yms )/n] =0.
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This Lie algebra admits conjugation and spectral flow automorphisms, vg and o¥, £ € Z. These preserve 1 and are
given by [68]
06 (Bn) = ¥n  V6(ya) = —Pn VG(yin) = = Prin+ a0, v6(T7) =T = n:fyin,
aé(ﬁn) = Bn-r aé(yn) = Ynits oé(:ﬁy:n) = :fyin+{8n0l, aé(TnG) = TnG —:fyin — %t’(l’ - 1)dnol.

The expected dihedral relation

(4.6)

4.7) veotve! = agl, tez,

is readily verified. As in Definition 2.10, these automorphisms lift to invertible endofunctors on the category of g-modules
and thence to the category of G-modules. Again, conjugation preserves lower-boundedness while spectral flow need not.

Consider the G-modules on which :By:¢ acts semisimply. The irreducibles in this category are easy to classify.

Proposition 4.1 ([68]). The irreducible G-modules on which :By:o acts semisimply are exhausted, up to isomorphism, by

the following list of mutually inequivalent modules:

o The spectral flows of the highest-weight Verma module V. Its highest-weight vector has : By:o-eigenvalue 0 and conformal
weight 0. (V is the vacuum module.)

o The spectral flows of the relaxed highest-weight Verma modules Wy, with [u] € C/Z \ {[O] } Their top spaces are
spanned by vectors wy, A € [u], of :fy:0-eigenvalue A and conformal weight 0.

The conjugation functor acts on the irreducibles of Proposition 4.1 by
(4.8) ve(V) =o' (V) and vg(W,)) = W_y

and (4.7). We mention that the “missing” coset [u] = [0] in the relaxed classification corresponds to reducible relaxed
highest-weight G-modules. This includes the direct sum V & vg(V), but there also exist nonsplit extensions involving V
and vg (V) (both extension groups are one-dimensional). For simplicity, we define Wio; =V @ vg (V).

We define the character of a G-module M to be

4.9) ch[M](y;q) = try yiﬁyihoOG—cG/M.

The character of the vacuum module is thus

q /12 _ 121

M2, (I—yg)(I—y g d(y:aq)

Note that this character formula has obvious poles (as a function of y). Substituting the well known modular S-transforms

(4.10) ch[V](y;q) =

of n and &, will therefore only give the S-transform of the meromorphic extension of the character to y € C (as per
Remark 2.9).
As per the general formalism of [24,70], the remedy is to instead consider the characters of the relaxed highest-weight
G-modules (and their spectral flows):
-1/12
q n 5(y)
4.11) ch|W y;d) = —= . : yH = yH , lulecC/z.
[Winl(y:a) Hizl(l—yq’)(l—y‘lq’)é n(q)?

Here, §(y) = Xnez y" is the “delta function” of formal power series.

Proposition 4.2 ([68, Thm. 2 and Cor. 3]).

o The characters of the spectral flows of the W, (1] € C/Z, form a topological basis for the space of characters of
G-modules on which :fy:o acts semisimply.

o Writing y = e*™% and q = €*™'7, the S-transform of the character ofaé Wiy = Wt[’#]’ t € Zand [p] € R/Z, is given,
up to an omitted automorphy factor, by

W le=3 [

v ] , c
ez JR/Z ([”’)’([”l")Ch[W[u’]](e’T)d[ﬂ ], S

_ O+t =2mi(fp + p)
(e (ergey = (F1)7 e AL
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o The S-transform of the character of oé (V) = V¢, £ € Z, is given, up to an omitted automorphy factor, by
4.13) ch[V'](&;-1) = > s ch| WY, ](6;7)d[p], S (=1t S
. _; e r ’ ; T 5 oy — A - . N
=) Y (£0).(£4) L] / (&:0).(&741) 2isin(my’)
We emphasise that the modular category considered here is the full subcategory of G-modules on which :fy:o acts

semisimply with real eigenvalues.

4.2. The FMS bosonisation. Consider the abelian Lie algebra = = spang{a, d} equipped with the indefinite symmetric
bilinear form defined by

(4.14) (ala) =0 = (d|d) and (ald)=2.

The associated rank-2 Heisenberg vertex algebra H is strongly and freely generated by fields a(z) and d(z) satisfying
21
(z-w)?

The group algebra C[Za] = spanc{e™* : m € Z} is a x-module with action

(4.15) a(z)a(w) ~ 0 ~d(z2)d(w), a(z)d(w) ~

(4.16) he™® = (hjma)e™®, he n.
The corresponding lattice vertex algebra extension of H will be denoted by II. It is strongly generated by a(z), d(z) and
the e™?(z) with m € Z (actually m = =1 will do). The defining operator product expansions are (4.15) and

(4.17) a(2)e™“(w) ~ 0 ~ e™(2)e™ “(w), d(2)e™“(w) ~ 2’”:_—W(W) mm’ €Z.

An old result of Friedan, Martinec and Shenker is that the bosonic ghosts vertex algebra G embeds into IT.

Proposition 4.3 ([40]). The following map defines an embedding G — 11 of vertex algebras:

(4.18) ey ti(at+de (z)

This embedding is commonly known as the FMS bosonisation of G.
The vertex algebra IT admits a two-parameter family of energy-momentum tensors. Because of the application reviewed

in Section 4.3, we choose the energy-momentum tensor

4.19) T (z) = %:ad:(z) + I§‘z9cz(2) - %ad(z),
so that the central charge is

(4.20) cr(k) = 8k +2.

The generators a, d and e™“, m € Z, then have conformal weights 1, 1 and m, respectively.

The representation theory of IT was studied in [15]. The irreducible II-modules, on which ag and dy act semisimply,
are labelled by cosets [v] € C/Z. They may be realised as direct sums of Fock spaces for H, generated by the e**"?/2,
where A € [v] and n is a fixed integer. Such an irreducible is lower bounded if and only if n = —1, in which case it is a

relaxed highest-weight Verma module. We shall denote it by

4.21) M, =e" 92, [v] e C/Z.

The action of the zero modes of the generators on the top space of II|,] is explicitly given by

(4.22) ap? 2 = _gha=df2 g Pa=d)2 _ o) Aa=d)2. e(r)naexla—d/Z = (Wm)a=df2. rev], meZ

Moreover, this top space has conformal weight %‘
As the vertex algebra II contains the rank-2 Heisenberg vertex algebra H, it admits a 2-parameter family of spectral

flow automorphisms Gé, where & = %(§“a + £d) € H. These spectral flows are explicitly given by
05 (an) = an — E6,01,  05(dn) = dy — E98,01, 05 (el?) = M@

(4.23) fom o ) . nomet
o (T =Ty — &y + (58987 — 187+ K£9) 8,01
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Such automorphisms only preserve the moding (hence the untwisted module sector) if £ € Z. They moreover only
preserve the property of being lower bounded if &% = 0, the effect of &% on I}, being to simply shift the weight coset
[v] € C/Z. More precisely, we have

(4.24) o (T}, = feC ez [vleC/z,

[V+§“/2]

where IT7  is the II-module generated by erar(t=1d/2,

We define the character of a II-module M to be
(4.25) ch[Jv[] (Za, 24 q) = tr ZaozdhoH e (k) /24

Hence, for [v] € C/Z, the character of I, is given by

lqk/3—cn(k)/24
(4.26) ch[M{y](zas 2a3q) =

Z 2 = 2_122‘/5(2‘2{) [v] eC/Z
M2, (1-a)? 2 ¢ p(g)? ’

and that of the spectrally flowed module Hf . is
4.27) ch[va]] (za za39) = zflq’kf/3 ch[H[V]] (2a qu[/z;q), [vleC/z, tcZ.

To describe the modular S-transforms of these characters, we write z, = e2mida, Zg = e27i¢a and q= ez”if, so that

o27ida (£-1) g=2iker/3

¥ §(20, + £r — n).
n(r)? é

(4.28) ch [n‘[’V]] ((as a5 7) =

Proposition 4.4. The character (4.28) of the irreducible TI-module I'[‘Evl, t € Z and [v] € R/Z, has S-transform

(4.292) ch[mf, ] (%, &;-1) = A(ga,gd,r)z S(”)([,V)ch[H (e Las) d[v],
where
(429b) SH 27T1(t’+£’/)k/3 —Zﬁl(fv +'v)

(t,v), (¢, V)

and the automorphy factor is

(4.29¢) A(gas gd,f) | I 4n1§a§d/‘r 27ilq(r-1) /7 —4mk{d(r 1)/3‘[

This result may be verified by direct computation. We omit the details.

4.3. Theinverse reduction embedding. The existence of an “inverse quantum hamiltonian reduction” embedding relating
BPK and VK(sl3) was first deduced in [3], see also [30] for a generalisation to sl,. This may be proven by combining
the Wakimoto free-field realisation with FMS bosonisation, as in [31,71], or by using the combinatorics of Poincaré—
Birkhoff—Witt bases, as in [5]. Either way, such an embedding is not uniquely determined. We give an explicit formula
for the action of one such embedding on the strong generators of V¥(sl3). For this, we let

1 2k 1 ) k 1

(4.30) i =?a+ —d and i =—§a+§d.

Theorem 4.5.
o There exists an embedding V¥ (s13) < BP* ® G ® I, for all k # =3, specified by
el — ye, ezr—>ﬂ, ¢S e h! |—>—]—:ﬁy:+i1, h2|—>2]+2:ﬂy:+i2,
flis Gre @ = Jpe @+ fiite “+ (k+ 1)afe™®  f2r G —2Jy—yi* - yyp: — koy,
3 »—>((k +3)L+d] - :]]:)e_“ + (]:ﬁy: -Gy - G‘/)’)e_“
~ (k4 1):9By:e™% — (J + :fy:):i%e -“.—:((k+3)ai2+:i2i2:)e-“

e (4.31) is a conformal embedding, meaning that the Sugawara energy-momentum tensor (2.6) satisfies

431)

(4.32) T(z) — L(z) + T®(2) + T"(2).
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e [3, Thm. 5.2] (4.31) also defines an embedding A;(u,v) — BP(u,v) ® G ® Il if and only if v # 1.

An obvious consequence of these embeddings is that one obtains modules for V¥(sl3) or A(u,v) by restriction.

Specialising to v = 2, we have A, (u, 2)-modules such as
(4.33) ﬁia’[‘u,v] =H, ® W[y] ® I}y and g)k,[v] =H,®Ve® Iy, A€ P;_s, [u],[v] e C/Z.

Since (4.31) is conformal, these are lower bounded A;(u, 2)-modules. We record the following facts.

Theorem 4.6 ([3, Thm. 7.1] and [5, Prop. 5.2]). Foru € {3,5,7,...}:
o The Ay (u,2)-modules of (4.33) are almost irreducible, even when [u] = [0].

e An almost-irreducible module is irreducible if and only if its top space is irreducible as an slz-module.
To these, we add the following easy observation.

Proposition 4.7. A module that is isomorphic to a submodule of an almost-irreducible module and a quotient of another

almost-irreducible module is itself almost irreducible.

It follows that direct summands of almost-irreducible modules are almost irreducible, though general submodules and
quotients of almost-irreducible modules need not be. Counterexamples are easily found, for example by considering the
almost-irreducible glz—module with three composition factors described in [55, §4.5].

5. MODULARITY OF sl3 MINIMAL MODELS

In this section, we study the fully relaxed A;(u, 2)-modules constructed in (4.33) using inverse quantum hamiltonian
reduction and determine the modular S-transforms of the (generalised) characters of their spectral flows. We also deduce
(co)resolutions for semirelaxed and highest-weight A;(u, 2)-modules, which lead consequently to the corresponding
modular results. These are then used to predict some Grothendieck fusion rules, using the (conjectural) standard Verlinde
formula of [24,70]. A strong consistency check of our results is that the fusion coefficients are found to be nonnegative

integers.

5.1. Degenerations and completeness. Consider the fully relaxed A;(u, 2)-module SJAQ,L[#,V], for A € P;‘3 and [p], [v] €
C/Z. Let v denote the highest-weight vector of }3 and ws, s € [p], denote the relaxed highest-weight vector of Wy,
whose :fy:g-eigenvalue is s. Then, by Proposition 3.9, a basis of the top space of ﬁis[ﬂ,v] is given by the weight vectors

(5.1) Urse = (Gy) v @ws ®e 2 r=0,1,..., 4, s€ [u], t € [v].

Using (4.31) and (4.32), we find that the sl3-weight and conformal weight of u, s, are

(5.2) Ga—r+s+8a+(t—%5az and ASF+K

respectively. It follows that the top space of 5\%,1,[,,”] is a dense slz-module whose weights have multiplicity A, + 1.
Moreover, if we fix A but allow [x] and [v] to vary, then the top spaces of the I’}\Q;L[ uv] form a coherent family

(5.3) Ci= P top(Rafur), AePi
[ul.[v]eC/z

of sl3-modules, as in Section 2.5. A natural question now is whether inverse reduction constructs a complete set of
irreducible coherent families of the Zhu algebra of A;(u,2) as top spaces. If so, then every irreducible fully relaxed
A;(u,2)-module is isomorphic to one of the 3\%,1,[ -

It was shown in [57, §4.3] that the Zhu algebra of A;(u,2) has \P;‘ﬂ = %(u — 1)(u — 2) irreducible coherent families.
This matches the number of families constructed above, but do not yet know if our families are irreducible and distinct.
To show that they are, we look for (twisted) highest-weight submodules of the C,. Irreducibility will follow by finding a
submodule whose maximal multiplicity matches that of €, and distinctness will follow by demonstrating that the highest
weights of the found submodules lie in distinct shifted Weyl orbits (2.28) of the nonintegral weights of Adm, 5 [60].
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a2 a3

1 2 3 A \/ +1 L+1 p+1 h+1 Ah+1

1 2 3 A A+l . A+l o+1 +1 p+1 A+1 A +1
o2 o3 T /12+1/12+1' ../12+1)L2+1A2+1A2+1)L2+1/12+1/12+1'
1 2 3 A A+l L+l h+1 +1 +1 o0+1 +1 p+1 p+1 Ap+1 A +1
1 2 3 ) Ay A+ 1 Ap+1 Ap+1 Ap+1 -0 ces b+l A+l L+l L+l L+l A+l Ap+1 Ap+1 Ap+1 -0
2 3 A A+l p+1 Lh+1 Ah+1 A+1 2+1 2+1 +1 +1 +1 +1 Ah+1
3 A A+l L+l Lh+1 +1 o+1 2+1 +1 A+1 A+1 +1 A+1
do Aokl o+l b+l A+l h Mot1 A+l Aokl datl g+l o+l '
A A+l +1 +1 A +1 +1 +1 +1 +1 A +1

FiGure 3. Multiplicities of the weights of the top space of :3\/1,[‘,] (left) and ﬁiu wv] (right). The weights
of the latter coincide with a translate of the root lattice Q in §*. The weights of the former effectively
fill out half of such a translate.

It is easy to get started. We simply determine parameters [u], [v] € C/Z such that the fully relaxed A;(u, 2)-module
C/J\{,L[ uv] degenerates into (De-twisted) semirelaxed modules and then into (Ds-twisted) highest-weight modules. Recall
that in Section 4.1, we defined W(¢ to be V @ vg(V). Referring back to (4.33), it follows that

5.4) 52,1,[0’1,] = :3\,1,[‘,] @ j\/[, where M = Hy®ve(V) ® |-

We will therefore investigate the (twisted) highest-weight submodules of ’S\,L[V], when the latter is reducible.

For this, note first that a basis for the top space of the A;(u,2)-module ’S\MV] is obtained from (5.1) by restricting to
[¢] = [0] and s € Zp. The coeflicients of a; in the sl3-weights (5.2) of the top space therefore have a maximal value,
namely j; + %, while those of a3 are unbounded above and below. The multiplicities of the top space weights of ’S\A,M are
thus constant in the a3-direction and increase linearly in the —a;-direction from 1, when the coefficient of «; is maximal,
until they saturate at A, + 1, see Figure 3.

Consider the subspace of vectors ugg, in the top space of g}t,[v} It consists of 1-dimensional weight spaces that are
annihilated by both eé and fol. Since eg always acts injectively, by (4.31), we search for vectors in this subspace that are
also annihilated by fo3. Such vectors are then twisted highest-weight vectors. Computing with (4.31), the action of ]%3 on

ug0,+ 1s found to be a multiple of ug ;- that is quadratic in t. This multiple vanishes for

(5.5) t=t)=—1(4 +2h) - 1+4% and t=1=124 +h)+1-L.

The vector U 0,z is thus a twisted highest-weight vector, see Figure 4, and (5.2) gives its s[3-weight as
(5.6) (I1-)wr+ (5§ -2-M)wy and (A4 +3 - §)or + Ao,

for i = 1 and 2, respectively. We remark that t)lL - tﬁ = 5 # 0 mod Z, so these twisted highest-weight vectors belong to
distinct semirelaxed modules.

Examining Figure 4, we see that Up,,si generates a twisted highest-weight module that is obtained from an untwisted
one by applying wiw,. The highest weights of these untwisted highest-weight modules are thus obtained by applying
wow to the weights (5.6). Lifting to s?I3—W€ights, the resulting highest weights are
(57) A/l1 = (% —2—/12)a)0+(§ —2—/11)&)1 + (% —2—).0)&)2 =Wwjp - (/1— %wl)

. and Ai = )L]a)o +Aza)1 + (Ao - %)a)z = V(/l) - %a)z,
respectively, confirming that these highest weights lie in Adm,». By Theorem 2.6, the corresponding highest-weight

modules are irreducible and, hence, so are the submodules w 1W2(Z Al ) of gl,[ H1s i=12.
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a3

FIGURE 4. The top space vector U 0,z generating a wwy-twisted highest-weight submodule (blue) of

g/h[tj]’ forA e P;‘z’, i=1,2and t/i given by (5.5). Also shown is the vector U,0,i -1 whose image in the
quotient generates a wi-twisted highest-weight submodule (green).

We have therefore found an irreducible twisted highest-weight submodule wlwz(z R )= W1W2(Zv( A —uawy/2) Of :S\/L[ L
hence of R L1041 Its top space is thus an irreducible twisted highest-weight submodule of the coherent family €,. By
Lemma 2.21, the maximal multiplicity of this submodule is A, + 1, matching that of €. It follows that the latter is an
irreducible coherent family. Moreover, the highest weights Ai = V(A) — Sw with different 1 € P;‘3 lie in different

equivalence classes (2.28), hence the C, are distinct. This proves the first part of the following completeness result.

Theorem 5.1. Letu € {3,5,7,...}. Then:

e Every irreducible fully relaxed A, (u, 2)-module with finite multiplicities is isomorphic to one of the f’]i“ wv] With A € P;_3
and [p], [v] € C/Z.

e Every irreducible semirelaxed A;(u, 2)-module with finite multiplicities is isomorphic to a Dg-twist of one of the g/l,[v]
with A € P;‘3 and [v] € C/Z.

For the second part, we need only recall that every irreducible semirelaxed A (u, 2)-module (with finite multiplicities) may
be realised as a submodule of a reducible fully relaxed A;(u, 2)-module (with finite multiplicities) [57, §4.2]. (This is a
peculiarity of the case v = 2; when v > 2, there are many more irreducible semirelaxed A, (u, v)-modules than irreducible
fully relaxed A;(u, 2)-modules.)

We finish by noting that it is possible to prove Theorem 5.1 without recourse to the independent classification results
of [56,57]. But, we shall not do so here, referring only to [4, §3.3] for an illustration of the method.

5.2. Fully relaxed A, (u,2)-modules. We next turn to the modular properties of the characters of the fully relaxed modules
5\1,1,[ uv] and their spectral flows (which are not lower bounded in general). It turns out that the spectral flow action on
the 5\2,1,[,“ | can be expressed in terms of spectral flow actions on the component BP(u, 2)-, G- and II-modules using the
inverse quantum hamiltonian reduction embedding of Theorem 4.5. Indeed, comparing Equations (2.20), (3.5b), (4.6)
and (4.23) with the explicit embedding formulae in (4.31), we conclude that

(5.8) & = oy ? © o9 @ g I EDAR g e pY,

Proposition 3.10 and Equation (4.24) now imply the following identification.

Lemma 5.2. Foru € {3,5,7,...}, g€ PY, A € P4 and [], [v] € C/Z,

=9 (D ~ (a2.,9) (a3,9)
(5.9) (R fun) = Hytan oy @ Wiy @G o) jer-
The characters of the 39(1/7\2,1,[,,,1,]) are therefore just the products of the characters of the corresponding BP(u,?2)-,
G- and II-modules, appropriately specialised according to the inverse reduction embedding (4.31). Unfortunately, these

characters are known [57, Cor. 5.2] to be linearly dependent, unless u = 3, and so cannot be used to deduce modularity
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properties. But, inverse reduction provides us with natural generalised characters since the two independent Cartan
elements h(l), h(z) € ;I3 are subsumed into the 4-dimensional space spanned by Jy, :fy:0, ao and dyp. We therefore define
generalised A (u, 2)-characters for the o9 (fJAQM wv]) as follows:

~g d
(5.10) Ch[O'g(:R/L[,u,v])] (Z, Y, Za, 245 q) - trag(iﬂ,[u,v]) Pl ﬁ}’ ozaoz oqLo+T +T)!

= ch[Hyw ] (z:9) [ WS (y; q) ch[I? (20243 ).

(We use the same notation as for the usual characters for convenience, trusting that this will cause no confusion.)
The linear independence of these generalised characters follows immediately from that of the BP(u,2)-, G- and II-
characters. We deduce the modular S-transforms using Theorem 3.14 and Propositions 4.2 and 4.4. As usual, we restrict

to real parameters.

Theorem 5.3. Given u € {3,5,7,...}, the modular S-transforms of the generalised characters of the Eg(ﬁl,[ﬂ,v]), with
gePY, 1e P;‘3 and (], [v] € R/Z, are given, up to an omitted automorphy factor, by

S9(R 0 Sa |
G.1a) ch[3%(Ry, )] (5, 4, 52,55 -1
ey / Stgann (g2t [ (R ey € 0, G 7) AT 1AV,
g ePY yepis JR/ZJIR/Z
P
(Sllb) S(g/'\# v),(g AW V) = Sv<a2g>(/1) via.g’ >(/1’)S((0(2 i), ((ang Vit )S(<a3 D@ g)u/6),((asg v +{arg Yu/6)"

Proof. This follows by substituting (5.10) and the known modular S-transforms

Ch[g{vmzwu)](%?_%): Z ngam(a)yChpﬁ’]@”)a

Nepy
( ) d . ’
(5.12) ch[ Wi 1(%:-2) / SCasgrm (g Wiy (0:7) dlwl,
( ) §a 4 . ’
e[ s ] (G %= /EZ/ Uasgr vvtenr grure oy M ] (o L) LK),
m

ignoring automorphy factors as usual. Defining ¢’ = (m’ — £')g' + £'g> € P¥, so that ¢’ = {a,¢’) and m’ = {a3,¢’), and
then replacing A’ by V{®9)(1") and v/ by v/ + (@1,9") %, we arrive at the desired result. [

The fully relaxed A,(u,2) S-matrix thus factorises into a Bershadsky—Polyakov S-matrix and free-field ones, in line
with the inverse reduction realisation of (4.33). However, this realisation depends upon the embedding (4.31) and so is in
no way canonical nor even unique. It is thus unsurprising that the result is a little complicated. We therefore introduce a
more natural parametrisation that substitutes the free-field data y and v for an sl3-weight:

(5.13) y=y(Apv)=(a+p+ga+(v-75las€h’.

When employing this natural parametrisation, we shall write JAQ,L[Y ] instead of f’J\Q,L[ uv]- Note that the sl3-weight y is a
representative of the coset in h*/Q of the weights of 5\%,1,[ wv]» by (5.2). Defining y’ similarly, the fully relaxed S-matrix

now simplifies dramatically.

Corollary 5.4. Given u € {3,5,7,...}, the modular S-transforms of the generalised characters of the 3-‘7(5%’[),]), with
gePY, Ae P;_3 and [y] € by /Q, are given, up to an omitted automorphy factor, by

(5.14a) ch [Eg(fR;L[y])] (%, g, %, %; —%) = Z Z / S(g,/l,y),(g’,/l',y’) ch [Eg (RA',[y’])] (év, 9, gas gd; T) d[)’,],
g'ePV yrepu-3 Jhg/Q
< -27i({g.9’ )u/2+{y.g' Y+{g.¥")) cBP
(5.14b) S(g,,Ly),(g’,A',y') = o~ 27i({9.9 )u/2+(y.g")+(gy >)S/L/1”
where By, denotes the real span of the simple roots ay and as.

Proof. Simplify the BP(u,2) S-matrix in (5.11b) using Corollary 3.15 twice and substitute (4.12) and (4.29b) for the G
and IT S-matrices. Replacing y + v by (y, g*) — ji and then v by (y,¢') + £, as per (5.13) (and similarly for their primed

variants), everything now is just arithmetic. ]
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We remark that setting u = 3 in this simplification, hence A = 1’ = 0, recovers the result deduced in [57, Thm. 5.4] using

different methods. Our generalisation to u > 3 is new.

5.3. Semirelaxed A;(u,2)-modules. As in the fully relaxed case, inverse reduction constructs a natural family of semire-
laxed A;(u, 2)-modules :S\,L[V], given in (4.33), that includes every irreducible semirelaxed A;(u,2)-module, if one also
allows for twisting by elements of Dg. We may thus define generalised characters for them, in exactly the same manner as
for their fully relaxed cousins.

In principle, we already have everything we need to determine the modular S-transforms of the generalised characters
G

(a2.9).1), (2.9 ).')
given in Proposition 4.2. However, this approach does not capitalise on the simplicity found with the

of the :S\,LM: we simply replace the relaxed ghost S-matrix S in (5.11b) by the vacuum ghost S-matrix

S?(dz,g%-),((az,g’),#’)
reparametrisation (5.13). Following [26], we therefore describe a different route to the semirelaxed modular S-transforms,
that of (co)resolving the semirelaxed modules in terms of fully relaxed ones. This route will also be used to deduce the
modularity of the highest-weight A, (u,2)-modules in Section 5.4. In this case, we have no alternative as these modules
cannot be directly constructed using inverse reduction, only as degenerations of direct constructions.

To construct (co)resolutions for the :S\,L[V] , we first identify the direct summand M appearing in the decomposition (5.4)
of the reducible fully relaxed modules R A[0,v]- Recall that R 2,[0,v] is almost irreducible (Theorem 4.6). It follows from
Proposition 4.7 that M is too, hence that it is completely determined by its top space [28]. But, the top space of ia,[o,v]
has constant multiplicities, so those of the top spaces of 'S\,L[V] and M are complementary.

Write the weights of the top space of M as linear combinations of oy and a3, as per (5.2). Referring to the discussion
about 8 ,[v] in Section 5.1, this complementarity means that the coeflicients of a; have a minimal value, namely j /1+§—/12+ 1,
while those of a3 are unbounded above and below. It follows that the multiplicities are constant in the a3 direction and
increase linearly in the a;-direction from 1, when the coefficient of @, is minimal, until they saturate at A, + 1. Applying
d, we conclude that the top space of d (JT/[) is that of an untwisted semirelaxed A, (u, 2)-module. By Theorem 5.1, we thus
have M = d(g,y,[vq), for some A’ € P47? and [v'] € C/Z.

Remark 5.5. Technically, we should here assume here that M is irreducible in order to apply Theorem 5.1. While this will
be the case for almost all [v] € C/Z, it is relatively harmless to continue the analysis even when M is reducible because
M will still have the same generalised character as d (g/v,[v/] ), even when they are not strictly isomorphic. As our focus is
the generalised characters and their modular S-transforms, we will continue to apply Theorem 5.1 even in the reducible
case without further comment.

Since the top spaces of g/l,[v] and M have the same multiplicity saturation bound, it follows that A5 = 45. To determine
A} and [v'], we apply d to the weights of the top space of M with minimal ap-coefficient and set the result equal to
Gy + %‘)az + (¢’ — %)0{3, for some ¢’ € [v']. This gives jy = —jy — § + A2 + 1, hence A| = Ao, and [V'] = [v+jy + g]. We
therefore conclude that

(5.15) M = d(Sav () [v+jpru/6])-

One can also check that the conformal weight of the top space of ng( 2).[v+ja+u/6] Matches that of 'S\,L[v], by (5.2).

To convert this into a (co)resolution, it is unfortunately not enough to identify M as a Dg-twist of some semirelaxed
module. We need to instead realise it as a spectral flow of a semirelaxed module. Happily, [57, Prop. 4.8] determines a
complete set of instances in which the spectral flow of a lower-bounded irreducible A; (u, 2)-module remains lower bounded.
Taking into account a difference in conventions (their semirelaxed modules are obtained from ours by twisting by w,d),

the only (nontrivial) lower-bounded spectral flow of M is obtained by acting with 59, where @ =g -¢= %(h1 - h?).
Lemma 5.6. Givenu € {3,5,7,...}, A € P23 and [v] € C/Z, we have d(8;[,]) = 67 (Sa(a).[v+is])-

Proof. Because 5 (:S\A«,[v/]) is a d-twisted semirelaxed A;(u, 2)-module [57, Prop. 4.8], we can identify A’ € P;‘S and
[v'] € C/Z by evaluating the effect of spectral flow on the weights in the top space of /S\,y,[v/] with maximal a,-coefficient
and comparing with those in the top space of d(’S\,L[V]) with minimal a-coefficient. Using (2.22), the weight vectors

corresponding to the former have sl3-weights (j — %)az +t’a3 and conformal weight AE,P + % — ja, where t’ € [V']. The
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corresponding data for the latter is (j, + '3‘)0(1 +(t— l3‘)053 and AEP + %, respectively. Equating these weights and conformal

weights using Proposition 3.8 fixes A’ and [v’] uniquely. [ ]

Modulo the proviso of Remark 5.5, this finally leads us to the identification
(5.16) M =57 (Sy(a)[v-u/6])-
‘We now summarise the structure of 3\3/13[0,1,] not as a direct sum decomposition, but as a short exact sequence:
(5.17) 0 — 811 — Rajon) — 67 (Svayv-us6) — 0.

Since spectral flow functors are exact, we get another short exact sequence by replacing A by V(1), v by v — ¢ and applying
5. Splicing the two sequences gives a four-term exact sequence and repeating this results in an infinite coresolution for

:S\MVJ in terms of spectral flows of fully relaxed modules:
(5.18) 0— Sipv) — Rajou — 37 (Rvayov-os6) — 79 (Ry2 (1) 0.v-2uf6]) — " -

The Euler—Poincaré principle now implies the following identity of generalised characters:
(5.19) ch[3 (8] = Si(-1)"eh [G7°9" (Ren (2 [0,0-nuse) |

n>

From this, we obtain the semirelaxed S-matrix elements
(5.20) g?zfﬁi,v),(gw,ﬂgv/) = ;0(_l)ng(g+ng3,V"(/1),0,v—nu/6),(g’,l’,u’,v’)'
If we substitute the fully relaxed S-matrix given in Theorem 5.3 and sum the resulting geometric series in n, then the result
is precisely Theorem 5.3 but with the ghost S-matrix replaced by its vacuum counterpart (4.13) (as expected).

However, the result of this computation will be significantly nicer if we use the fully relaxed S-matrix of Corollary 5.4.

For this, we reparametrise v in terms of y = y(4,0,v) as in (5.13). We emphasise that [y] € §*/Q is not arbitrary when
parametrising a semirelaxed module. In particular, inspecting (5.2) shows that the parameters of :S\,L[y] must satisfy

(5.21) 1.y =—-jr— ¢ mod Z.

With this in mind, we shall in what follows frequently write /S\,L[Y] instead of :S\,L[V], trusting that context will distinguish
[v] € b*/Q from [v] € C/Z. Noting that

(5.22) y(V*(1),0,v =) =y(4,0,v) - Fw3; mod Q,
the short exact sequence (5.17) and coresolution (5.18) for gxl,[y] translate into

_ _ .
(5.23) 0 — 8u1y1 — Rapy) — 07 (Svly-uws/2) — 0,
. — —~ 3~ N3~
0 — 81y — Rityl = 7 (R ly-uas2) — 57 (Re22).[y=2uws/2]) — >

while the semirelaxed Euler—Poincaré sum of generalised characters becomes

(5.24) ch [Eg(g,l,[y])] = Z(—l)" ch [Eg+ng3 (iV"(A),[yfnuwg/Z])] .

n>0

Proposition 5.7. For u € {3,5,7,...}, the modular S-transforms of the generalised characters of the &9 (g,l,[y]), with
gePY, 1e P;’3 and [y] € by /Q satisfying (5.21), are given, up to an omitted automorphy factor, by

(5.25a)  ch[d(Sy]| (5 2, e, 8 1) =

Tttt T

g'ePY ) epu-3 /b /Q S?Z?)ltl,y),(g’,/l’,y’) ch[Eg (fRﬂ’,[y’l)] (6.0, 8a G 7) dIY'],
,E i*. R

— . §( A ’ AL
semi _ gAY). (g N.y')
(5.25b) SN @) = TG

Proof. According to (5.24), the semirelaxed S-matrix is given by

(5.26) SoA @Ay = Z;) (=1)"S (g4ng? vn 1),y -nues 12).(g' 2y)-
nz
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Substituting (5.14b) and using Corollary 3.15, we factor out the dependence on n to get

— ~ A g
(5.27) S?Zfr/}ll,y),(g',/l’,y') = S(g,/l,y),(g',/l’,y’) Z(_l)ne 2min{g’,y )e 27in(j, u/3).

n>0
Replacing this geometric series by its sum, we are done. [ ]

We remark that the manipulation with the geometric sum is strictly speaking unjustified because we are summing the
series at its radius of convergence. One can however think of this sum as a convenient shorthand for the infinite series.
More interestingly, we mention that with this shorthand, the semirelaxed S-matrix elements exhibit a pole precisely when
Y’ satisfies the condition (5.21), meaning that .'IJ\%,V,[Y, 1 is reducible. This seems to be a standard feature of modularity in
nonsemisimple categories, see [70].

As promised, this coresolution method can be easily adapted to compute the modular S-transform of the other classes
of semirelaxed highest-weight A, (u, 2)-modules. As d-twists are realised as spectral flows (Lemma 5.6), we give the result
for Weyl twists. This requires an easy lemma, itself a consequence of the fact [60] that the character of a coherent family

is invariant under the action of the Weyl group.

Lemma 5.8 ([57, Prop. 4.6]). Foru € {3,5,7,...}, w € S3, 1 € P47 and [y] € b*/Q, we have

(5.28) w(Rniy) = Rifwip)]-

As with Remark 5.5, this lemma holds strictly when R Aly] is irreducible and is otherwise true at the level of generalised

characters.

Theorem 5.9. For u € {3,5,7,...}, the modular S-transforms of the generalised characters of the ng(g,l’[v]), with
gePY,weS;3 e P;_3 and [y] € hy/Q satisfying (5.21), are given, up to an omitted automorphy factor, by

(5290  ch[Pw(E] (G0 % L= T 3 / Sy 0[5 Ry D] (€.6. L0 2o 7) Y],
g'ePY repu3 YhR/Q

- H g( A 2 A !
semi,w _ gAw(y)).(¢".Ay")
(5.295) S(g,/\,w,(g’,l/,y/) T 4 e2m(w(gd).y )+ —u/3)

Proof. Start by applying the exact functor w to the coresolution (5.23). Using (2.21) and Lemma 5.8, we get
< D W 3 D LW 3 D
(5.30) 0 — w(Spy1) — Rjwip — 9 Ry wi)-ww(@s)2]) — 59 (Re2 (), fw () - 20w () 21) — -

The corresponding Euler—Poincaré sum thus takes the form

~ 3 gt () /7S
(5.31) ch[Gw(Sa )] = D3 (=1D"ch[37™ 9 (Ren () fw(y)-num (@) /21)]

n>0
and its evaluation proceeds in exactly the same fashion as in the proof of Proposition 5.7. [ |

5.4. Highest-weight A, (u,2)-modules. Recall that the semirelaxed A, (u, 2)-modules ’8\,1,[1,] degenerate when [v] = [t/"l] ,
i=1,2,see (5.5). More precisely, g&,[t;] is reducible with an irreducible submodule isomorphic to wlwz(Z A;), i=12,

see (5.7). With respect to the sl3-weight parametrisation (5.13), we have 'S\A’[ti] = gxl,[yj]’ where [y/il] € b*/Q is given by
[(3ja+ 5)w2] ifi=1,
[(Bja+ 52— §a3] ifi=2.

(5.32) [yi]l = [y(1,0,£)] = {

Consider now the quotient module
(5.33) Ni =8 1yt /wiwa(Ly1), A€ Pu3, i=1,2.

Since Wlwz(z AL ) is generated by the ww,-twisted highest-weight vector Uo,0,¢1 5 it follows that the image of U0, -1 isa
w-twisted highest-weight vector in the quotient, see Figure 4. Using Theorem 2.6, this vector generates an irreducible
submodule of ﬂi. By computing its weight, we find that this submodule is isomorphic to wy (Z A ) and w (Z AL ) fori=1

and 2, respectively.
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A natural question is whether these submodules are all of ifl and ﬂz. The answer is yes because the /S\/L[y/il | are almost
irreducible and the highest weights lie (after untwisting) in Adm, . Theorem 2.23 therefore applies, proving that the
quotient J’\\fl- is irreducible. Consequently, we have the following (nonsplit) short exact sequences:

(5.34) 0—> W1W2(ZA3) — ’S\MW —w (ZAi_,-) —0, i=12.

To convert these sequences into coresolutions, we again realise the quotients as spectral flows. For this, some special cases
of [57, Prop. 4.8 and Fig. 4] will be needed.

Lemma 5.10. Foru € {3,5,7,...} and A € P;_S, we have the following identifications of spectral flows and Ss-twists of
irreducible highest-weight A, (u, 2)-modules:

—~2 - R, -
3 —~ —~ o g (LAi) = LA_U(A)()/Z’ o h (LAEX) = W2(LA3)5
(5.35) 0’ Wl(LAll) = Wz(LAI s 3 - - BRI e
o o’ (Lp2) = Ly1)wore 0 (Lp2) 2 wiwa(Ly2).

It moreover follows from the middle column of identifications that if one has coresolutions for the irreducibles of highest
weights Ai =w; - (A - 501) and Aﬁ = V(1) = w2, then applying spectral flow results in coresolutions for all the
irreducibles with highest weights in Adm,,».

To derive coresolutions for the £ AL i = 1,2, we need one more auxiliary result.

Lemma 5.11. Foru € {3,5,7,...} and A € P;‘3, we have
(5.36) W3(SMYAI]) = S/*L[yﬁ] and W3(S“y3]) = S;’[Yi]’

where * indicates the contragredient dual.

Proof. Since the functor ws is invertible, applying it to the first nonsplit short exact sequence of (5.34) results in another

such sequence, namely
(5.37) 00— WI(EA;) e W3("§/L[Yi]) — W1W2(EA§) — 0.

On the other hand, taking contragredient duals is likewise invertible, though contravariant. Dualising the second short

exact sequence of (5.34) thus gives a second nonsplit short exact sequence:

(5.38) 0— Wl(LAIA)* — Sjl,lyil — W1W2(LA3)* — 0.

Since irreducible modules are self-dual, it follows that both w3 (:S\A)[Y)]L ]) and ’S\; ] define nontrivial elements in the same
LA

extension group. But, this extension group is obviously 1-dimensional, being parametrised by the action of fo3 between
weight spaces of dimension 1, see Figure 5. This proves the first isomorphism and the second follows in the same way (or

by noting that w3 and * commute). ]

In what follows, we shall drop the contragredient dual symbols in accord with Remark 5.5 — /8\/1’“,3 1 and its dual have
identical generalised characters, hence they may be identified when computing modular transforms.
We now start deriving a coresolution for z A First, apply wow; = wiws to the second short exact sequence in (5.34)
and use Lemmas 5.10 and 5.11 to get
- —~ 3
(5.39) 0— LAﬁ — WI(S/L[YM) — o7 WI(LAlvw) — 0.

Next, apply w3 to the first sequence in (5.34) and again use these lemmas to get
(5.40) 0— w (ZAIA) — Emi] — 8"13(3Aﬁ) —0.

By appropriately replacing A by its V-permutations and applying spectral flow functors, we can splice these short exact

sequences together and arrive at the desired coresolution:

(5.41)

- - —3 ~ 2 - ~3_n2 =
0— Ly = wiy1) — 3 Gvapig,) = 7 wivap, ) =3 Geae, )=

2 1
W@ v
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FIGURE 5. At left, the structure of gﬂ,[yﬁ]’ for A e P;‘3, i=12and y/"l given by (5.32) (as in Figure 4).

At right, the structure of its contragredient dual g; . Note that eg does not act injectively on this dual,

yi]
so it cannot be constructed directly using the inverse reduction embedding of Theorem 4.5.

Theorem 5.12. Foru € {3,5,7,...}, the modular S-transforms of the generalised characters of the Eg(ZAzA), with g € PY

and A € P;‘S, are given, up to an omitted automorphy factor, by

(5.42a) ch[ag(LAi)](é,g,%,%;—§)=Z > / S?;Aﬁ),(g,’l,’y,)ch[Eg'(iRw,[yq)](é,e,é”a,@;r)d[y’],
g €PY repu-3 YOR/Q

- S (g Ay (g Ay

5.42b S = :
( ) (9:03).(9"2"y") (1 4 e27i(ghy ) =ia+u/3)) (1 4 e27mi((gPy ) +iar =u/3) ) (1 4 e =27y )+ —u/3))

Proof. This is proven similarly to Proposition 5.7, so we provide only a sketch. The coresolution (5.41) implies that

(5.43) ghw Z gsemi,wl _ gsemi

(@AD(g Xy AT (g=2ng2. 9" (M) (rgn )94 (g4g° = 2ngE 9 (A)yg, )

) (g Ay |
We simplify this using Theorem 5.9, then Corollaries 3.15 and 5.4, and substituting (5.32). Several terms cancel resulting
in the same n-dependence in both S-matrices in the sum. These n-dependent terms give a factor of

1

5.44
(5.44) 1 — e2mi(2Ag%y +2jy —2u/3)

while putting the remaining parts of the S-matrices over a common denominator gives a numerator equal to

TPy N s 03NS
(5.45) (1- e2mi (oY )+ia /3))5(%/1’)/}1)’@,!/1,’)/,).

Simplifying, we arrive at (5.42b). [ ]
One can now use Lemma 5.10 to write down S-transforms for the generalised characters of the highest-weight irre-

ducibles Eﬂ_uwo/z and Z/l_uw]/z, A€ P;_3, and their spectral flows. Those of the ZA; = ZWI.(A_U(A)]/Q) also follow by
applying wow to the first sequence in (5.34), obtaining

(5.46) 0—> ZAIA — wl(fs},lyﬁ ) — a-h“(ZAi) — 0.

This gives a complete set of S-transforms for the generalised characters of the irreducible highest-weight A, (u, 2)-modules
and their spectral flows. Moreover, one can use Lemma 5.8 to extend this to include their Dg-twists (this is left as an

exercise). Here, we conclude by specialising to the S-transform of the vacuum generalised character.

Corollary 5.13. Foru € {3,5,7,...}, the modular S-transform of the generalised character of the vacuum A, (u, 2)-module

= —_— . .
Lywy 209 (L . ) is given, up to an omitted automorphy factor, by
u-— (/JO

(5.47a) Ch[Ligo | (£, 8, &, &, 1) = Qg)’(gw,wch[Egl(ﬁ\%A/,[y])](§,9,§a,§b;r)d[y'],

g'ePY yepu-3 /bﬁ/Q
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—27i(jy —u/3) BP
e S@,A’

chw _
(5470) S =

2(1 +cos(2({g",y’") — ju + ) +cos(2n({g%y") + ju — §)) +cos(2n({>, y) + ju — § ))

Restricting to u = 3 and A’ = 0 now reproduces [57, Cor. 5.10]. Note that the residual exponential factor in the numerator
of (5.47b) cancels a similar factor in SSP,, see Theorem 3.14. This “asymmetry” may be traced back to our choice of

energy-momentum tensor in (3.1) and the resulting unequal conformal weights for G* and G™.

5.5. Grothendieck fusion rules. Having computed the S-transforms of the generalised characters of all the irreducible
relaxed highest-weight A;(u,2)-modules and their spectral flows, our final task is to substitute these results into the
standard Verlinde formula of [24,70]. Conjecturally, this will compute the Grothendieck fusion coefficients of A;(u,?2).
This conjecture encompasses several claims that we shall leave unsubstantiated including:

o The category of finitely generated weight A, (u, 2)-modules with finite multiplicities is closed under fusion.
e Fusing with an arbitrary fixed weight A; (u, 2)-module defines an exact functor on this category.
e The product ® on the Grothendieck group, induced by the fusion product, has multiplicities given by the standard

Verlinde formula.

We will implicitly assume that this conjecture holds in what follows. Despite this reliance on conjecture, it is striking that
our computations below always result in Grothendieck fusion rules in which the multiplicities are nonnegative integers.
We view this as a strong consistency check on our work (as well as evidence for the conjecture’s truth).

We remark that the standard Verlinde formula for the (conjectural) Grothendieck fusion coefficients is computed from
the modular S-transforms of the generalised characters of the A; (u, 2)-modules. Identifying the results with the structure
constants of the Grothendieck fusion ring, rather than some quotient, is only possible because the generalised characters
of the irreducible A;(u, 2)-modules are linearly independent.

The key to the standard module formalism of [24, 70] is the identification of so-called standard modules. Their
(generalised) characters carry an action of the modular group and form a topological basis for the space of all (generalised)
characters of the category under consideration. In our study, the standard modules are the spectral flows of the fully relaxed
modules 79 (5\11,[,,]), with g € PY, 1 € P;_3 and [y] € hi/Q. (Technically, we should also admit the Ds-twists of the
reducible fully relaxed modules, but this is not important at the level of generalised characters.) That they carry an action
of the modular group is essentially Theorem 5.3 (the T-transforms are trivial to compute) and their status as a topological
basis is the content of coresolutions like (5.30) and (5.41) as well as the short exact sequence (5.46).

Let [JV[] denote the image of the A, (u, 2)-module M in the Grothendieck group. The Grothendieck fusion rule for two
arbitrary standard modules then takes the form
(5.48a) (3R] B [ Ry = >0 2] / N8 Ry 1LY,

g’ €PY prepe-3 BR/Q

Here, the Grothendieck fusion coefficients are (conjecturally) given by the standard Verlinde formula:

(5.48b) N2 (¢7A7y") S(g Ay (GAD) (g1 y),(GAT) Srg",x",y"),(G,A,r)

,/L R 75/11’ N T /
(g.A).(g"Ay) GeP acpi- b/Q S(g),(G,A,F)

d[r].

This generalises in the obvious way to accommodate semirelaxed and highest-weight A;(u, 2)-modules. One simply
replaces JAQ,L[),] and 5\1,1/,[,,,] on the left-hand side of (5.48a) by the desired modules and the corresponding S-matrices
in (5.48b) by their semirelaxed and highest-weight variants. (The fully relaxed modules on the right-hand side are not
replaced, hence the conjugated and vacuum S-matrix elements remain unmodified.)

These Grothendieck fusion coefficients behave well under the action of the automorphisms of A;(u, 2).

Lemma 5.14. Foru € {3,5,7,...}, 9.9,9” € PY, LA, 1" € P;‘S, lvLIY1L [y € I)]E/Q and w € Sz, the Grothendieck
fusion coefficients defined by (5.48) satisfy the following identities:

]I’{I(ul) (w(g") A" w(y"”)) — Ny(w2) (¢”A"y")

(w(g).Aw(y)).(w(g')Aw(y)) (gAY). (g Ay')’

ny(u,2) (d(g”),d(A”).d(y")) _ y(w2) (¢”.A"y")

(5-49) ]N(d(g),d(l),d(y)),(d(g’),d(/\’),d(y'))_ (gAY). (g Ay')’
N(u,2> (g"=9'-9A"y") _ §u2) (g”.A"y")

(0.4,y),(0,4",y") T gAY(g ALY
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Proof. Because w is orthogonal, the first identity follows immediately from the Ss-invariance of the fully relaxed S-matrix
(5.14b). The second uses the orthogonality of d, but also the second identity of Corollary 3.17. The third is likewise an

easy consequence of the explicit form (5.14b). [ |

Let M and M’ be weight A, (u, 2)-modules with finite multiplicities. Then, the first two identities above say that if we
know the Grothendieck fusion of M and M/, then we know that of Q(JV[) and Q(J\A/[’) for any Q € Dg: just apply Q to
each summand. We may therefore reduce the general calculations to those for which only one of M and M’ is Dg-twisted.
Similarly, the third identity gives us the Grothendieck fusion of Eg(fft) and o9 (JVE’) for any g,¢' € PY, assuming that we
know it for M and M. We may thus assume that both modules are untwisted by spectral flow.

This lemma will be used to simplify all the Grothendieck fusion rules presented below.

Theorem 5.15. Foru € {3,5,7,...}, LA € P;_3 and [y], [y’] € bg/Q, the Grothendieck fusion rules for fully relaxed
Az (u,2)-modules take the form

(5.50) [Rar] & [Rugpn] = >0 NS (2[Rom1 o o]

-3
A ePY

e~ = o~ = —~3 =
+[077 (Ra fysysuen 2] + [677 (R oy ysyrsuans2) ] + [677 (R oy y sy +uos/2) |

—al = —~a2 —n3
+[07 (R 1y —uor 2] + [07 (R fysy —uanaD | + [67 (R fyay —ues 2] |-

Proof. We first compute Nggi)y()g(oa%), forg” € PY, 1" € P47 and [y”’] € b /Q, by inserting the S-matrix coefficients

(5.14b) and (5.47b) into the standard Verlinde formula (5.48b). The sum over PV then evaluates to
(5.51) S(y"1-ly+y - 50"1),

where w = {g”, -) is the image of ¢’ € PY in P. Because of the form of the vacuum S-matrix coeflicient §?g) Gy’
what remains is a sum over A € P;’3 and integral over [I'] € h/Q of seven terms, each of the form
BP cBP (qBP .
r) S/LASA’,A(SV"(A”),A)
BP
S@,A

(5.52) e2mit9" =3

for some n € {-1,0,1} and g € {0, igi :i=1,2,3}. (Here, we have also used Corollary 3.15 to introduce the V" in the
BPV7(1)
AN

results in 6, 5. The Grothendieck fusion rule is then obtained by substituting this evaluation of Nggi)y()g;,oa,;/;) into (5.48a)

(withg =g’ =0). [ ]

conjugated S-matrix coefficient.) The sum over A now gives N , by Theorem 3.16, whereas the integral over I’

We can bring out the symmetry of the fully relaxed Grothendieck fusion rules by arranging the summands according to

the coweights in their spectral flows:

[892 (3\2/1”, [y+y’ —uw2/2] )]

(677 (Re (). 1y+ysuno)] [69' (R 2).lyay—ueor 21)]
553)  [Rap] 8 [Reg] = X QNE,E/W 2[Ry ) fyay 1]
APy - -
(679" (R [y suor 21)] 69" (R sy —uos o))

167 (Re (). 1y+ysuwnr2)|

This symmetry was previously observed for u = 3 in [57]. We note that in this case, A = I’ = A”” = 0 and so the
V-dependence and Bershadsky—Polyakov fusion coefficients were not apparent.

One can similarly use the standard Verlinde formula (5.48) to compute the Grothendieck fusion rules involving
semirelaxed and highest-weight A, (u, 2)-modules. However, it is usually more convenient to combine the fully relaxed
rules (the standard ones) with expressions for the semirelaxed and highest-weight generalised characters as (infinite) linear

combinations of fully relaxed ones. To this end, the short exact sequences and coresolutions (5.23), (5.30), (5.34), (5.41)
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and (5.46) imply the following identities in the Grothendieck group:
—~ —~ 3~ .
[Rain] = [Sain] + (37 Svaty-ues2)]  (When(y.g%) = —jy - ¢ mod Z),
[Supyin] = [wiwa (L) ] + [wiZps0] (= 1.2),

[ZAA] - [Wl(gx,[yﬁ])] ~ 67 (Zar-uan)].

(5.54)
_ o
[w(SarD] = 22 (=D"[3™) (Ryna) fw(y)-nuwien2))]  (w € S3),
0
nz
[Cicsantz] = 351527 wi G tytomon)] = 1377721 Bt 3y pzenet o))

n>0
Combining these identities with Lemma 5.14 and Theorem 5.15, we can deduce all remaining Grothendieck fusion

rules. A selection of these are recorded below.

Corollary 5.16. Foru € {3,5,7,...}, LA € P;_S, [y, [y'] € bg/Q and w € S3, we have the following Grothendieck
fusion rules of weight A, (u, 2)-modules:

(5.55) w@ippl & [Rep] = > ]NE,E»M([iv*(m,[w(y)m] + [ R () psweon 121)]

u-3
A ePy

—~ 2 -~ o~ 3 -
+ [ (R w )y —uw(won) 2) ] + [ )(va>,[w(y>+y'+uw(w3>/2])])’

(5.55b) Sl ® [Saepyn] = > NERV ([3_9 S tyeyuon )]

u-3
A’ ePy

2~ 3~
+ [0 (Sa ysy—uwna) ] + [677 (RV<A~>,[y+y'+uw3/21)]),

(555 (Wi ® [Svpp] = D) ]Nf,ir”([ﬁv-wm,[wn(y)m] +[67 R (Y)+Y’—Uw2/2])])’

Aepy3
(5550)  [Lacueez] B [Rayy] = MZPH NV [Rar (330001 )»
(5.55¢)  [La—uwosa] ® [W(S ()] = Aﬂg_z NSO (WS (37500491 ]
(5550 [Lacuwos2] B [Lx—uans2] = A/g‘;} N (L s o]
(5.559) [Cimvona] B [£41,] = A/;‘;—S NV (21,
(5.55h) [Za] & [Ro ] = MEZPH I\ ([ﬁvl (), [Bizwnty +uos/2]

= —~2
+ [0 (Ry (), (3i2nty —uwns2)) | + [0 (R/l",[3jaw2+y’—ua2/2])])’

(5.551) [Zal @ Brpnl= 2 Nii'/v/([gV“(A”),[3J}1wz+y’+uwz/2]]+[592(aé/l”,lﬁawzw’—uaz/ﬂ)])’
Arepy3

(5.559) [Za] @ [wiGrpp] = X Niifm([a\gl (R (7). [3scor+wi (') - 21)
Arepu3

~2 =
+ oY Wl(8/1",[3j/1w2+y’—ua3/2])]),

(5.55K) [Lulm (Lo ]= 2 NAB,E'X’([ZVMw—WO/Z] +[6% (L1 00 o)

Arepy?
D2, ~B3 =
+ [0’29 (LA”—qu/Z)] +2[O‘h U(LAI

d(/l”)):l).

Here, we recall that v denotes the conjugation functor of A;(u,2) (Section 2.3).
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Proof. We derive two of these rules, namely (5.55a) and (5.55k), to illustrate the methods used in general. For the first

example, expand [gﬂk,[y]] as an infinite alternating series of relaxed modules as in (5.54). This gives

(5.56) [Sain] @ [Raiy1] = 23=1"[" (Romayty-nuans2)] 8 [Ray1]-

n>0

Substituting the fully relaxed Grothendieck fusion rule (5.50) then introduces a sum over A" € P“‘3 of Bershadsky—

Polyakov fusion coefficients NE? multiplied by a sum of seven terms, each of which is the image in the Grothendieck

vn ()L) A’
group of a standard module. We apply the first identity of Corollary 3.17 and then replace A’ throughout by V*(A”"). This

allows us to write the Grothendieck fusion rule in the form

(5.57) [Sil® R = > NEY ST=1"(2[6" Ryt 0, fyay - muos2)]

A”EP; 3 n=0
~(n-1 3 =~ —~ 1 3 =
+ [V Rz (), [y — (- Dyuwns2) ] + (3T (Ren ).ty — (n1yuos 21)|
_gl 3 = —~2 3 =~
+ [G79 (R () [y +van f2-nueos 2D | + [679 0 (Rymst (1) [yay+ucns j2-nueon 21
— 3 = —~ 2 3 =~
+ [37 9 (Rynet () [y —weon f2=nuers21) ] + 677 (R (2, [yay —uin/2-nueos 121) ] |-

Noting that —g' + ng®> = —¢*> + (n — 1)g> and ¢> + ng> = g' + (n — 1)¢> (and similarly with g’ < w;), almost every term

cancels and we are left with

(5.58) [Suip] 8 [Repyr] = ]NE;A”(ﬁv'<A~>,[y+y'1]+[5_91(ﬁa'amywuw]/z])]
Arepy?

—_~2 —~3 =
+ [67 (R fyy w2 ] + 67 (RV(A”),[Y+Y’+M3/2])])'
This generalises to the desired Grothendieck fusion rule (5.55a) using Lemmas 5.8 and 5.14:

(5.59) (W] & [Ragyr1] = w (] @ [ @] ) = w([Sim] @ R 1)
We turn now to the second rule, utilising the third identity of (5.54) and substituting (5.55g) and (5.55j) to get

560 [Lalm[Cu, ] = [Car] @ Wiy 2] = [Cay] B [67 (Larmson2)]

_ BPA' [ [=¢' (D ~g* 3 ~ (7
- Z N/ll’ ([Gg (RV(A/l),[:;jA(A)z"'W] (yi,)—uwz/z]] + [O-g Wi (8/1",[3]'/1&)2+yi,—ua3/2])] - [O-g (LA;,,)])

A7epy3
BPA[[=9' (D
- 3N ([og Rz )]+ 670 Gy )] - 67 B 1)

A7epu3
Here, we have inserted (5.32) and recalled from the proof of Theorem 3.16 that ]NEE/A = 0 unless j, + jy = jy» mod Z.
The semirelaxed module thus degenerates as per the second identity of (5.54):

2 = 2 -~ —~2 ~2 - D2

(5.61) [O'g Wl(S/l”s[Y,lw])] = [O'g Wz(LA;”)] + [O'g (LAEV')] = [O’g WZ(LA;,,)] + [0'29 (L/l”—uwo/Z)]'

As (y3.g°) + jo + £ = 0, the fully relaxed module also degenerates. Since y; — §a3 = y%( ») Mmod Q, this gives

—~l = [~ 1= "\hl =
(562) [Ug (Rv(ln)’[yéu”)]] = [O'g SV(A”)’[YéMN)]] + [O' (Sv—l(an)’[yé_lu//)])]

_ [Eg]W1W2(ZA2 , )] + [O_g WI(LAIV( ”))] + [b\-hIWIWZ(ZAqu(AN))] + [b\'h]W1(zA2V7]M”))]

= [Zrmvania] + [ Wiy )]+ [67 (L, )]+ [ (Bt () -uay2)]

where we have used Lemma 5.10 in the final step. Putting this calculation together, the third term of the previous equation

V(A7)

cancels against the last of (5.60) and we notice that the second term is equal to the first of (5.61), again by Lemma 5.10.
We leave as a fun exercise the fact that the latter terms are also equal to [a v(L Al )] This “symmetrisation” of the
result completes the proof of (5.55k). [ ]
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