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Abstract. Quantum hamiltonian reduction is a fundamental tool of conformal field theory and vertex algebra rep-
resentation theory. It has traditionally been applied to study highest-weight modules. On the other hand, inverse
quantum hamiltonian reduction lends itself to the study of fully relaxed highest-weight modules and their spectral flows,
sometimes called the standard modules. This is the first of several papers that study the composition of reduction
and inverse-reduction functors. A general formalism is presented and exemplified with the simplest example, thereby
computing the action of reduction on the standard modules of the affine vertex-operator algebra associated with 𝔰𝔩2. The
appearence of unbounded spectral sequences in this formalism may be of independent interest.
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1. Introduction

1.1. Background. Affine vertex-operator algebras are central objects in the study of two-dimensional conformal
field theory and have applications to many areas of pure mathematics including representation theory, geometry,
number theory, combinatorics and tensor categories. For each universal affine vertex algebra Vk (𝔤), where k ∈ ℂ is
the level and 𝔤 is a simple Lie algebra, there is a finite family of universal affine W-algebras Wk (𝔤,𝕆), parameterised
by the nilpotent orbits 𝕆 of 𝔤. In particular, Vk (𝔤) may itself be identified with the W-algebra corresponding to the
zero orbit 𝕆 = {0}.

Recall that the nilpotent orbits of 𝔤 admit a partial order given by inclusion of closures: 𝕆1 ≤ 𝕆2 if 𝕆1 ⊆ 𝕆2.
This induces a natural partial order on the W-algebras associated with Vk (𝔤):

(1.1) Wk (𝔤,𝕆2) ≤ Wk (𝔤,𝕆1) whenever 𝕆1 ≤ 𝕆2 .
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With this definition, Vk (𝔤) is the largest W-algebra, while the smallest is the principal (or regular) one.
Each W-algebra Wk (𝔤,𝕆) may be constructed from Vk (𝔤) using quantum hamiltonian reduction. This in-

volves choosing a representative 𝑓 ∈ 𝕆 of the nilpotent orbit, but the result is independent of this choice (up to
isomorphism). Consequently, we often denote the resulting W-algebra by Wk (𝔤, 𝑓 ) =Wk (𝔤,𝕆).

Quantum hamiltonian reduction may also be applied to Vk (𝔤)-modules, defining a reduction functor from a
suitable category of Vk (𝔤)-modules to the category of Wk (𝔤, 𝑓 )-modules. There is a related notion of inverse
quantum hamiltonian reduction [71] that also defines inverse-reduction functors [1], but this time from Wk (𝔤, 𝑓 )-
to Wk (𝔤, 𝑓 ′)-modules. Here, Wk (𝔤, 𝑓 ′) is a “next-largest” W-algebra after Wk (𝔤, 𝑓 ), meaning that there is no
nilpotent 𝑓 ′′ ∈ 𝔤 such that Wk (𝔤, 𝑓 ) < Wk (𝔤, 𝑓 ′′) < Wk (𝔤, 𝑓 ′). The name comes from composing these “atomic”
inverse-reduction functors to obtain a functor from Wk (𝔤, 𝑓 )- to Vk (𝔤)-modules.

The simple quotients of these W-algebras, along with those of their underlying affine vertex-operator algebras,
enjoy rich and complex representation theories with many applications in physics. However, such applications
require fixing a category of modules. For applications to conformal field theory, an appropriate module category
should satisfy a number of conditions, such as admitting duals, being tensor and being (for some meaning of the
term) modular. Historically, significant attention has been given to the category 𝒪k whose definition may be found,
for instance, in [14, Def. A.3]. However, this category is rarely tensor or modular [45, 53, 65].

To address these issues, one may pass from category 𝒪k to the weight category 𝒲k of finitely generated weight
modules (allowing the Virasoro zero mode to act non-semisimply). This category includes the relaxed highest-
weight modules, which are a generalisation of highest-weight modules [41,50,68]. (In fact, the simple objects of this
category are spectral flows of relaxed highest-weight modules [44], also known as standard modules [29, 30, 69].)
Such modules are generated by relaxed highest-weight vectors, which satisfy the same properties as highest-weight
vectors except that they need not be annihilated by the zero modes of the generating fields of positive weight. It is
widely believed that 𝒲k satisfies all the conditions required by conformal field theory [28, 30, 35, 52]. But aside
from rational examples, this has only been verified rigorously for the simple vertex-operator algebra Lk (𝔰𝔩2) at
admissible levels k [12, 23, 27, 60].

Much of the recent progress for 𝔤 = 𝔰𝔩2 relied on brute-force methods that will be very difficult to generalise.
One promising alternative approach involves combining information obtained from reduction and inverse-reduction
functors. Roughly speaking, the complexity of the structure of the category 𝒲k increases with the ordering (1.1)
on W-algebras. In particular, if k is admissible, then there exists a nilpotent 𝑓 ∈ 𝔤 such that the simple W-algebra
Wk (𝔤, 𝑓 ) has finite semisimple representation theory [11, 16, 59]. One can then use reduction functors to classify
the modules of such exceptional W-algebras [15,16] before applying inverse reduction to obtain information about
modules of the larger W-algebras. This strategy was first demonstrated for 𝔤 = 𝔰𝔩2 in [1], where it was noted that
inverse-reduction functors naturally construct the standard modules. It has since been effectively employed to study
𝒲k for a variety of W-algebras associated with higher-rank 𝔤 [2, 4, 5, 35, 39].

Nevertheless, much is still unknown about these reduction and inverse-reduction functors. For instance, it is
unknown to what extent reduction is an exact functor, which is important in determining how useful it can be for
studying non-semisimple modules. One natural first step towards answering important questions like this is to
determine how reduction acts on the standard modules.

1.2. Results. The first results on the reduction of modules outside category 𝒪k appeared in the thesis [74]. There,
the free-field approach to reduction pioneered by Bershadsky and Ooguri [20] was applied to general spectral flows
of highest-weight Lk (𝔰𝔩2)-modules and to standard modules with spectral-flow index −1 (with our convention,
which differs from that used in [74]). Unfortunately, an error in some technical computations meant that the latter
result was incorrect.

The reduction of general standard Lk (𝔰𝔩2)-modules was subsequently addressed in [3]. As with the work reported
here, their method uses inverse reduction in an essential way. However, it is unclear to what extent their technique
applies to other modules or to higher ranks. In particular, their approach relies on finding explicit coboundaries,
which is unlikely to be feasible in general. Moreover, it breaks down completely when applied to the conjugates of
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the reducible standard modules (the costandard modules) and thus when we replace the “minus” reduction functor
they consider with its “plus” analogue. In a sequel, we will show that our formalism can be used to compute the
minus-reduction of costandard modules, equivalently the plus-reduction of the standard ones.

Finally, we mention that the action of reduction functors twisted by spectral flow has also been considered for
certain highest-weight modules [13, 34, 73]. However, as the spectral flow corresponds to a current of Vk (𝔤) that
survives the reduction to Wk (𝔤, 𝑓 ), these results are vacuous when 𝔤 = 𝔰𝔩2.

To present our main result, let Virk =Wk (𝔰𝔩2, 𝑓 ) denote the universal Virasoro vertex-operator algebra. It is the
principal W-algebra of Vk (𝔰𝔩2). Let qH− denote the minus quantum hamiltonian reduction functor associated to
the nilpotent 𝑓 ∈ 𝔰𝔩2 (defined below in Definition 2.2) and let qH𝑝

− , 𝑝 ∈ ℤ, denote its restriction to the subspace of
cohomological (ghost) degree 𝑝. The corresponding inverse-reduction functors iHℓ

[𝜆] are parameterised by a coset
[𝜆] ∈ ℂ/2ℤ describing 𝔰𝔩2-weights and a spectral flow index ℓ ∈ ℤ (see Definition 2.3 and Equation (4.7)).

Theorem 1.1 (see Theorems 3.10, 4.3 and 4.8). Given k ≠ −2, [𝜆] ∈ ℂ/2ℤ and ℓ ∈ ℤ, the composition of minus
reduction and inverse reduction acts on an arbitrary Virk-module M as follows:

(1.2)
(
qH𝑝

− ◦ iHℓ
[𝜆]

)
(M) � 𝛿𝑝,0𝛿ℓ,0M.

This theorem is essentially equivalent to the result in [3] and serves as a non-trivial check of our formalism.
Our proof of Theorem 1.1 uses inverse reduction to carefully set up a spectral sequence that converges to the

desired reduction. This setup is completely general and thus may be applied to higher-rank examples, something
that we will address in a sequel. However, the interesting feature of this setup is that the spectral sequences employed
are unbounded, meaning that verifying their convergence is a little more subtle than usual. (As noted in [74], this
unboundedness is also a feature of the sequences used without comment by Bershadsky and Ooguri in [20].)

It is particularly interesting to specialise Theorem 1.1 to the category 𝒲k of weight Lk (𝔰𝔩2)-modules for k

admissible. We recall that for 𝔤 = 𝔰𝔩2, the level k is admissible if

(1.3) k = −2 + u

v
, where u ∈ ℤ≥2, v ∈ ℤ≥1 and gcd{u, v} = 1.

For v = 1, Lk (𝔰𝔩2) is strongly rational, hence 𝒲k is finite and semisimple. Assume therefore that v > 1. Then, the
following modules belong to 𝒲k [6]:

• The simple fully relaxed highest-weight modules E[Λ];𝑟,𝑠 , where [Λ] ∈ ℂ/2ℤ, 𝑟 = 1, . . . , u − 1, 𝑠 = 1, . . . , v − 1
and [Λ] ≠

[
±Λ𝑟,𝑠

]
. Here, we set Λ𝑟,𝑠 = 𝑟 − 1 − u

v𝑠 for brevity.
• The non-semisimple fully relaxed highest-weight modulesR+

𝑟,𝑠 andR−
𝑟,𝑠 , where 𝑟 = 1, . . . , u−1 and 𝑠 = 1, . . . , v−1.

• The images of these modules under twisting by the spectral flow functors 𝛾 ℓ𝔰𝔩2 , where ℓ ∈ ℤ, see Section 4.1.

Here, we employ the parameterisation of [30] and refer to [50,68] for further information about these modules and
their structures. They are all distinct except for the isomorphisms 𝛾 ℓ𝔰𝔩2 (E[Λ];𝑟,𝑠 ) � 𝛾

ℓ
𝔰𝔩2

(E[Λ];u−𝑟,v−𝑠 ).
A seminal observation of [1], see also [4], is that 𝛾 ℓ𝔰𝔩2 (E[Λ];𝑟,𝑠 ) and 𝛾 ℓ𝔰𝔩2 (R

−
𝑟,𝑠 ) lie in the image of the inverse-

reduction functors iHℓ
[Λ/2] and iHℓ

[Λ𝑟,𝑠/2] , respectively. These modules are the standard modules of 𝒲k, while the
𝛾
ℓ
𝔰𝔩2

(E[Λ];𝑟,𝑠 ) and 𝛾 ℓ𝔰𝔩2 (R
+
𝑟,𝑠 ) are the costandard ones. Consequently, the minus reductions of the standard modules

are given by Theorem 1.1.

Corollary 1.2 (see Corollary 5.1). Given k admissible (and v ≠ 1), the minus reductions of the standard modules
of 𝒲k are

(1.4) qH𝑝
−

(
𝛾
ℓ
𝔰𝔩2

(E[Λ];𝑟,𝑠 )
)
� qH𝑝

−

(
𝛾
ℓ
𝔰𝔩2

(R−
𝑟,𝑠 )

)
� 𝛿𝑝,0𝛿ℓ,0𝐿

Vir
𝑟,𝑠 .

Here, for each 𝑟 = 1, . . . , u − 1 and 𝑠 = 1, . . . , v − 1, 𝐿Vir𝑟,𝑠 denotes the simple highest-weight module of the simple
Virasoro vertex-operator algebra Virk =Wk (𝔰𝔩2, 𝑓 ) whose images under iHℓ

[Λ/2] and iHℓ
[Λ𝑟,𝑠/2] are 𝛾 ℓ𝔰𝔩2 (E[Λ];𝑟,𝑠 ) and

𝛾
ℓ
𝔰𝔩2

(R−
𝑟,𝑠 ), respectively.



4 J FASQUEL, E FURSMAN, AND D RIDOUT

To illustrate the utility of the formalism developed here, we also apply it to the projective covers P𝑟,𝑠 of the
highest-weight modules (and their spectral flows). Using the explicit construction of [1], we obtain the following
result from Theorem 1.1.

Corollary 1.3 (see Theorem 5.3). Given k admissible (and v ≠ 1), ℓ ∈ ℤ, 1 ≤ 𝑟 ≤ u − 1 and 1 ≤ 𝑠 ≤ v − 2, the
minus reductions of the non-semisimple projectives of 𝒲k are given by

(1.5) qH𝑝
−

(
𝛾
ℓ
𝔰𝔩2

(P𝑟,𝑠 )
)
�


𝛿𝑛,0𝐿

Vir
𝑟,𝑠 for ℓ = 0,

𝛿𝑛,0𝐿
Vir
𝑟,𝑠+1 for ℓ = −1,

0 otherwise.

There are of course many additional indecomposable Lk (𝔰𝔩2)-modules in 𝒲k. In particular, the minus reductions
of the reducible costandard modules 𝛾 ℓ𝔰𝔩2 (R

+
𝑟,𝑠 ) are presently unknown. We will compute them in a sequel by

combining our computational formalism with a non-trivial change-of-basis theorem. An independent sequel will
address Lk (𝔰𝔩3)-modules and make contact with the partial quantum hamiltonian reduction functors of [57] that
have been recently studied in, for example, [32, 33, 47].

1.3. Structure of the paper. The paper is organised as follows. In Section 2, we introduce the fundamental
objects of interest in this paper, starting with Section 2.1 where we review affine vertex algebras, the bosonic and
fermionic ghost systems, and quantum hamiltonian reduction. In Section 2.2, we discuss the half-lattice vertex
algebra and inverse quantum hamiltonian reduction. Spectral flow automorphisms are covered in Section 2.3, using
affine vertex algebras as an example.

Section 3 commences our study of the affine vertex algebra Vk (𝔰𝔩2) and its principal W-algebra Virk. We first
review in Section 3.1 the precise definitions of the reduction and inverse-reduction functors relating their modules.
This is followed by a careful analysis of the action of their composition when there is no spectral flow (the ℓ = 0
part of Theorem 1.1). We introduce a general strategy for this analysis in Section 3.2, not only to clarify the proof
but also with a view to applying it to higher-rank generalisations. The main difficulty is that the filtered spectral
sequence we encounter is (unavoidably) unbounded. Nevertheless, we are able to establish that it converges to the
required cohomology.

After reviewing some necessary specifics concerning spectral flow in Section 4.1, we compute the reduction of
fully relaxed modules with positive spectral flow (Section 4.2). This is separated from the negative spectral flow
case (Section 4.3) because the latter requires an additional trick to circumvent the fact that the differential of our
complex now fails to annihilate the vacua of our modules. The results of these sections complete the proof of
Theorem 1.1.

In Section 5 we consider applications to the category of weight Lk (𝔰𝔩2)-modules at admissible level. The
reduction of the standard modules is given as an immediate corollary of Theorem 1.1. This is followed by a
previously unknown result: the reduction of the projective covers of the highest-weight Lk (𝔰𝔩2)-modules (and their
spectral flows).

Spectral sequences and their convergence are reviewed in Appendix A. This includes some useful, but perhaps
less well known, results regarding the convergence of unbounded spectral sequences.

1.4. Notation. Suppose that V is a vertex-operator algebra and that the state𝐴 ∈ V corresponds to a homogeneous
field given by the vertex operator 𝑌 (𝐴, 𝑧) = 𝐴(𝑧). We denote its conformal weight by Δ𝐴 and define the modes 𝐴𝑛
and 𝐴 (𝑛) by the expansions

(1.6) 𝐴(𝑧) =
∑︁

𝑛∈ℤ−Δ𝐴

𝐴𝑛𝑧
−𝑛−Δ𝐴 =

∑︁
𝑛∈ℤ

𝐴 (𝑛)𝑧
−𝑛−1

.

We will almost exclusively work with the modes 𝐴𝑛 in what follows.
It is convenient to describe elements of the mode algebra of a vertex-operator algebra using partitions. We

denote the set of partitions of the non-negative integers by P. Recall that a partition 𝛼 = (𝛼1, 𝛼2, . . . , 𝛼𝐿) is a finite
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sequence of positive integers 𝛼𝑖 , called the parts of 𝛼 , satisfying

(1.7) 𝛼1 ≥ 𝛼2 ≥ · · · ≥ 𝛼𝐿 > 0,

where 𝐿 = 𝑙 (𝛼) is the length of the partition 𝛼 . The weight of a partition is defined to be |𝛼 | = 𝛼1 + 𝛼2 + · · · + 𝛼𝐿 .
For 𝑁 ∈ ℤ≥0, the set of all partitions with weight 𝑁 is denoted by P(𝑁 ) and P(0) = {∅}. The multiplicity of
𝑛 ∈ ℤ≥0 in the partition 𝛼 is defined to be the number of times 𝑛 appears as a part of 𝛼 . We denote it by

(1.8) 𝑚𝑛 (𝛼) =
��{𝛼𝑖 | 𝛼𝑖 is a part of 𝛼 and 𝛼𝑖 = 𝑛}

��.
Given a (homogeneous) element 𝐴 ∈ V, we introduce the following notations:

(1.9) 𝐴+𝛼 = 𝐴𝛼𝐿
· · ·𝐴𝛼2

𝐴𝛼1
, 𝐴−𝛼 = 𝐴−𝛼1

𝐴−𝛼2
· · ·𝐴−𝛼𝐿 ,

Often we wish to shift a partition 𝛼 ∈ P by some 𝑀 ∈ ℤ. In this case, we define

(1.10) 𝛼 +𝑀 = (𝛼1 +𝑀,𝛼2 +𝑀, . . . , 𝛼𝐿 +𝑀).

This makes sense, even when the result is no longer a partition of any non-negative integer.
In this paper, we will also work with fermionic fields whose modes square to zero. Consequently, we introduce

the set of partitions

(1.11) Pferm =
{
𝛼 ∈ P

��𝑚𝑛 (𝛼) ≤ 1 for all 𝑛 ∈ ℤ≥0
}

whose parts have multiplicity either 0 or 1.

Acknowledgements. JF’s research was supported by a University of Melbourne Establishment Grant, the MATRIX-
Simons Young Scholar Program and an Andrew Sisson Support Package 2025. EF’s research is supported by an
Australian Government Research Training Program (RTP) Scholarship. DR’s research is supported by the Aus-
tralian Research Council Discovery Project DP210101502 and an Australian Research Council Future Fellowship
FT200100431.

2. Preliminaries

2.1. Quantum hamiltonian reduction. Let 𝔤 be a complex simple Lie algebra with dual Coxeter number h∨ and
let 𝜅 denote the (renormalised) Killing form 𝜅 (𝑥,𝑦) = 1

2h∨ tr(ad𝑥 ad𝑦). The affine Kac–Moody algebra is

(2.1) 𝔤̂ = 𝔤 ⊗ ℂ[𝑡±1] ⊕ ℂ𝐾,

where 𝐾 is central. Writing 𝑥𝑚 = 𝑥 ⊗ 𝑡𝑚 , for 𝑥 ∈ 𝔤, the Lie algebraic structure on 𝔤̂ is then given by

(2.2) [𝑥𝑚, 𝑦𝑛] = [𝑥,𝑦]𝑚+𝑛 +𝑚𝜅 (𝑥,𝑦)𝛿𝑚+𝑛,0𝐾, for 𝑥,𝑦 ∈ 𝔤 and𝑚,𝑛 ∈ ℤ.

For k ∈ ℂ, the level-k universal affine vertex algebra Vk (𝔤) is the 𝔤̂-module

(2.3) Vk (𝔤) = U (̂𝔤) ⊗U(𝔤[𝑡 ]⊕ℂ𝐾 ) ℂk,

where ℂk is the one-dimensional representation of U
(
𝔤[𝑡] ⊕ ℂ𝐾

)
that is annihilated by 𝔤[𝑡] and on which 𝐾 acts as

multiplication by the level k. There is a vertex algebra structure on Vk (𝔤) that is freely generated by the fields

(2.4) 𝑥 (𝑧) =
∑︁
𝑛∈ℤ

𝑥𝑛𝑧
−𝑛−1

, for 𝑥 ∈ 𝔤,

whose operator-product expansions take the form

(2.5) 𝑥 (𝑧)𝑦 (𝑤) ∼ [𝑥,𝑦] (𝑤)
(𝑧 −𝑤) + 𝜅 (𝑥,𝑦)k1

(𝑧 −𝑤)2 , for 𝑥,𝑦 ∈ 𝔤.

We recall that strong generation means that the vertex algebra is spanned by the normally ordered products of the
derivatives of the fields. Free generation just means that all relations are derived, again using normally ordered
products and derivatives, from the operator-product expansions of the strong generators.
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For a non-critical level k ≠ −h∨, the Sugawara construction ensures that Vk (𝔤) admits an energy-momentum
tensor 𝑇 𝔤 (𝑧). This may be deformed by an element of the (chosen) Cartan subalgebra 𝔥 of 𝔤:

(2.6) 𝑇
𝔤,ℎ (𝑧) =𝑇 𝔤 (𝑧) + 𝜕ℎ(𝑧), for ℎ ∈ 𝔥.

Affine W-algebras are the vertex algebras obtained from an affine vertex algebra via a variant of BRST cohomol-
ogy known as quantum hamiltonian reduction. This was first considered in a number of early works, for example
[17, 19, 20, 63], and then generalised in [40, 48]. To define this reduction, we fix a non-zero nilpotent orbit 𝕆 of 𝔤,
with representative 𝑓 ∈ 𝕆, and a good 1

2ℤ-grading Γ for 𝑓 . It is known that the resulting W-algebra is independent
of 𝑓 and Γ [14, §9.2.1]. In this paper, we will work solely with type A, in which case a good ℤ-grading can always
be found [22, 31]. We will therefore assume that Γ is a good ℤ-grading.

Choosing 𝑓 ∈ 𝕆, we define the Drinfeld–Sokolov character 𝜒 : 𝔤 → ℂ by 𝜒 (𝑥) = 𝜅 (𝑓 , 𝑥). Let Δ be the root
system of 𝔤 and denote by Δ>0 the set of roots 𝛼 satisfying Γ(𝛼) > 0. Quantum hamiltonian reduction involves
imposing the following constraints on Vk (𝔤):

(2.7) 𝐽
𝛼 (𝑧) + 𝜒 (𝐽𝛼 )1 = 0, for 𝛼 ∈ Δ>0 .

Here, 𝐽𝛼 denotes the root vector of 𝔤 corresponding to 𝛼 ∈ Δ.
To impose these constraints, we first introduce the fermionic ghost system Λ [62], which is freely generated by

fermionic fields 𝜑 (𝑧) and 𝜑∗ (𝑧) whose only non-regular operator-product expansion is

𝜑 (𝑧)𝜑∗ (𝑤) ∼ 1

𝑧 −𝑤 .(2.8)

This vertex algebra admits a one-parameter family of energy-momentum tensors given by

(2.9) 𝑇
Λ,𝜃 (𝑧) = (1 − 𝜃 ):𝜕𝜑 (𝑧)𝜑∗ (𝑧): − 𝜃 :𝜑 (𝑧)𝜕𝜑∗ (𝑧):, for 𝜃 ∈ ℂ.

The conformal weights of the generating fields are then Δ𝜑 = 𝜃 and Δ𝜑∗ = 1 − 𝜃 .
Suppressing the dependence on 𝑓 and Γ in our notation, the BRST complex is then defined by

(2.10) 𝐶
• (Vk (𝔤)

)
= Vk (𝔤) ⊗ Λ•

Γ, where Λ•
Γ =

⊗
𝛼∈Δ>0

Λ•
𝛼

and each Λ𝛼 is a copy of the fermionic ghost vertex algebra (with generators 𝜑𝛼 (𝑧) and 𝜑𝛼,∗ (𝑧)). We equip the
BRST complex 𝐶• (Vk (𝔤)

)
with the ghost grading grgh, so that

(2.11) grgh 𝜑𝑛 = −1, grgh 𝜑
∗
𝑛 = 1, grgh 𝑥𝑛 = 0 for all 𝑥 ∈ 𝔤, and grgh 1 = 0.

Lastly, we introduce the BRST current 𝑄 (𝑧) =𝑄st (𝑧) +𝑄 𝜒 (𝑧), where

(2.12) 𝑄
st
=

∑︁
𝛼∈Δ>0

𝐽
𝛼
𝜑
𝛼,∗ − 1

2
∑︁

𝛼,𝛽,𝛾 ∈Δ>0

𝑐
𝛼,𝛽
𝛾 :𝜑𝛼,∗𝜑𝛽,∗𝜑𝛾 : and 𝑄

𝜒
=

∑︁
𝛼∈Δ>0

𝜒 (𝐽𝛼 )𝜑𝛼,∗ .

Here, the 𝑐𝛼,𝛽𝛾 are the structure constants of the nilpotent subalgebra of 𝔤 spanned by the 𝐽𝛼 with 𝛼 ∈ Δ>0, meaning
that [𝐽𝛼 , 𝐽 𝛽 ] =∑

𝛾 ∈Δ>0
𝑐
𝛼,𝛽
𝛾 𝐽

𝛾 .
It follows that

(
𝐶
• (Vk (𝔤)),D

)
is a differential complex, where the BRST differential is D =

∮
0𝑄 (𝑧) d𝑧. The

cohomology of this complex is concentrated in ghost grade zero [49] and the corresponding affine W-algebra is
defined to be

(2.13) Wk (𝔤, 𝑓 ) = H0 (
𝐶
(
Vk (𝔤)

)
,D

)
.

The BRST complex inherits a family of energy-momentum tensors coming from those of Vk (𝔤) and ΛΓ:

(2.14) 𝑇 (𝑧) =𝑇 𝔤,ℎ (𝑧) +
∑︁
𝛼∈Δ>0

𝑇
Λ𝛼 ,𝜃𝛼 (𝑧), where ℎ ∈ 𝔥 and 𝜃𝛼 ∈ ℂ.

To determine an appropriate conformal structure on the W-algebra, we require that the constraints in (2.7) are
homogeneous and that the BRST differential D is homogeneous of degree zero. This ensures that D leaves



REDUCTION AND INVERSE-REDUCTION FUNCTORS I: STANDARD Vk (𝔰𝔩2 )-MODULES 7

conformal weights invariant, hence that the appropriate 𝑇 (𝑧) has a well-defined action on the zeroth cohomology.
It is straightforward to check that this holds if and only if 𝑄 (𝑧) has conformal weight Δ𝑄 = 1. Requiring both
homogeneity of constraints and Δ𝑄 = 1 gives a system of equations for ℎ and the 𝜃𝛼 that greatly constrains 𝑇 (𝑧).

Reduction may also be defined for Vk (𝔤)-modules. Given a Vk (𝔤)-module M, define the BRST complex

(2.15) 𝐶
• (M) =M ⊗ Λ•

Γ,

equipped with the BRST differential defined by the action of the zero mode of the same BRST current𝑄 (𝑧). Often,
we will simply write 𝐶, rather than 𝐶

(
Vk (𝔤)

)
or 𝐶 (M), for the BRST complex when the vertex algebra or module

being considered is clear.
Write𝑌 : 𝐶

(
Vk (𝔤)

)
→ End𝐶 (M)⟦𝑧±1⟧ for the vertex operator map of the BRST complex of M. It is well known

that the cohomology H0 (
𝐶 (M),D

)
inherits the structure of a Wk (𝔤, 𝑓 )-module, for instance see [10, Section 6.4].

This is given by 𝑌qH : H0 (
𝐶
(
Vk (𝔤)

)
,D

)
→ End H0 (

𝐶 (M),D
)
⟦𝑧±1⟧ where

(2.16) 𝑌qH
(
[𝑣], 𝑧

)
[𝑚] =

[
𝑌 (𝑣, 𝑧)𝑚

]
, for 𝑣 ∈ ker D ⊆ 𝐶

(
Vk (𝔤)

)
and𝑚 ∈ ker D ⊆ 𝐶 (M).

Remark 2.1. In the BRST cohomology construction of W-algebras, we specify a BRST current 𝑄 (𝑧). The action
of the zero mode on 𝐶 (M) depends on the module structure, and this defines the BRST differential. Once the
differential has been determined,

(
𝐶 (M),D

)
can be treated as a D-complex of graded vector spaces, rather than

as a complex of modules. Once the cohomology has been computed as a graded vector space, then (2.16) equips
it with the structure of a Wk (𝔤, 𝑓 )-module. For this reason, it is not necessary to maintain quasi-isomorphisms of
modules throughout the computation of the BRST cohomology.

Definition 2.2. The quantum-hamiltonian-reduction functor qH𝑝 : Vk (𝔤)-mod → Wk (𝔤, 𝑓 )-mod is the functor
satisfying qH𝑝 (M) = H𝑝 (

𝐶 (M),D
)
.

We will often refer to the functor qH𝑝 as a reduction functor, for simplicity.
Because the BRST cohomology of a module M is often concentrated in degree 𝑝 = 0, as it is for vertex algebras,

we will often drop the superscript 𝑝 from reduction functors. This concentration has been proven for various
specific types of modules and certain nilpotent orbits, see for instance [9, 49]. However, there are cases in which
the cohomology is known not to be concentrated in degree zero [13, 34, 74].

2.2. Inverse quantum hamiltonian reduction. The notion of inverse quantum hamiltonian reduction was first
introduced in [71,72] for Vk (𝔰𝔩2) and has since been explored for various low rank cases [1,2,4,5,24,25,32,35,38]
and some general families of W-algebras [34, 36, 37]. In [1], it was shown that inverse reduction could be used to
study not only representations of the universal affine vertex algebra Vk (𝔰𝔩2) but also those of its simple quotient
Lk (𝔰𝔩2). General techniques for using inverse reduction to classify the representation theory of simple quotients of
W-algebras were subsequently developed in [4, 5].

Inverse quantum hamiltonian reduction usually involves the bosonic ghost system G [61] and the half-lattice
vertex algebra Π [43]. However, the application that will concern us in this paper — the connection between the
representation theories of Vk (𝔰𝔩2) and Virk — only requires Π.

To construct this vertex algebra, consider the abelian Lie algebra 𝜋 = spanℂ{𝑐, 𝑑}, equipped with a symmetric
bilinear form ⟨−,−⟩ satisfying

(2.17) ⟨𝑐, 𝑐⟩ = ⟨𝑑,𝑑⟩ = 0 and ⟨𝑐, 𝑑⟩ = 2.

Next, we take its affinisation 𝜋 as in Section 2.1 (with ⟨−,−⟩ substituting for the Killing form). The induced
vacuum module, on which the central element 𝐾 acts as the identity, may be equipped with the structure of a rank-2
Heisenberg vertex algebra H whose operator-product expansions are

(2.18) 𝑥 (𝑧)𝑦 (𝑤) ∼ ⟨𝑥,𝑦⟩1
(𝑧 −𝑤)2 , for 𝑥,𝑦 ∈ 𝜋.
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The group algebra ℂ[ℤ𝑐] = spanℂ{𝑒
𝑛𝑐 | 𝑛 ∈ ℤ} is equipped with the structure of a 𝜋-module through the action

(2.19) 𝑥
(
𝑒
𝑛𝑐 )

= 𝑛⟨𝑥, 𝑐⟩𝑒𝑛𝑐 , 𝑥 ∈ 𝜋.

The half-lattice vertex algebra is then given by Π = H ⊗ ℂ[ℤ𝑐], where the action of 𝑥 ∈ 𝜋 on ℂ[ℤ𝑐] is identified
with the action of the zero mode 𝑥0 of the field 𝑥 (𝑧) of H. In particular, Π is strongly (but not freely) generated by
the fields 𝑐 (𝑧), 𝑑 (𝑧) and 𝑒𝑛𝑐 (𝑧), for 𝑛 ∈ ℤ, whose non-trivial operator-product expansions are

(2.20) 𝑐 (𝑧)𝑑 (𝑤) ∼ 21
(𝑧 −𝑤)2 and 𝑑 (𝑧)𝑒𝑛𝑐 (𝑤) ∼ 2𝑛𝑒𝑛𝑐 (𝑤)

(𝑧 −𝑤) .

There is a two-parameter family of energy-momentum tensors in Π given by

(2.21) 𝑇
Π,𝜁 ,𝜂

=
1
2

:𝑐 (𝑧)𝑑 (𝑧): + 𝜁 𝜕𝑐 (𝑧) + 𝜂𝜕𝑑 (𝑧), for 𝜁 , 𝜂 ∈ ℂ.

The central charge of 𝑇 Π,𝜁 ,𝜂 is 𝑐Π = 2 − 48𝜁𝜂 and the conformal weights of the strongly generating fields are
Δ𝑐 = Δ𝑑 = 1 and Δ𝑒𝑛𝑐 = −2𝑛𝜂.

The representation theory of Π was studied in [18]. There, it was shown that the simple weight Π-modules all
have the form Π · e𝐴𝑐+𝐵𝑑 , with 𝐴 ∈ ℂ and 𝐵 ∈ 𝜂 + 1

2ℤ. (This does not define a module for all 𝐵 ∈ ℂ, because 𝑒𝑐 (𝑧)
need not have integer moding.) We will discuss these simples further once we have fixed 𝐴 and 𝐵 in Section 3.1.

Roughly speaking, quantum hamiltonian reduction involves gauging the fields associated with certain root
directions of the underlying Lie algebra 𝔤. Conversely, inverse quantum hamiltonian reduction aims to reconstruct
these root directions and their associated fields using the vertex algebras G and/or Π. These root directions are
actually encoded by the choice of a nilpotent orbit 𝕆 of 𝔤. Fixing a representative 𝑓 ∈ 𝕆, the key to inverse quantum
hamiltonian reduction is the construction of a so-called Semikhatov embedding

(2.22) Φ : Vk (𝔤) ↩→ Wk (𝔤, 𝑓 ) ⊗ G⊗𝑀 ⊗ Π⊗𝑁
,

where 𝑀, 𝑁 ∈ ℤ≥0 are determined by the nilpotent orbit 𝕆. More generally, Semikhatov embeddings like (2.22)
can also be constructed with Vk (𝔤) replaced by another of its W-algebras [4].

As was pointed out in [1], inverse reduction also defines Adamović functors from the modules of Wk (𝔤, 𝑓 ) to
those of Vk (𝔤). Suppose that M is a Wk (𝔤, 𝑓 )-module and that N is a (G⊗𝑀 ⊗Π⊗𝑁 )-module. Using the embedding
(2.22), we can then restrict the action of Wk (𝔤, 𝑓 ) ⊗ G⊗𝑀 ⊗ Π⊗𝑁 on M ⊗ N to an action of Vk (𝔤).

Definition 2.3. For a given (G⊗𝑀 ⊗ Π⊗𝑁 )-module N and Semikhatov embedding (2.22), the Adamović functor
iHN : Wk (𝔤, 𝑓 )-mod → Vk (𝔤)-mod is defined so that iHN (M) is the restriction of M ⊗ N.

We will often refer to Adamović functors as inverse-reduction functors, to highlight their relationship with the
reduction functors qH of Definition 2.2. That said, these functors are not inverses in the usual sense.

2.3. Spectral flow automorphisms. Spectral flow automorphisms are an important representation-theoretic tool
for constructing and studying vertex algebra modules. These automorphisms were first formally introduced for
vertex-operator algebras by Li in [55] although they were already very familiar to physicists, for instance see [70].
Here, we briefly review spectral flow, first for affine vertex-operator algebras following [64, App. A], and then more
generally.

Given an affine Lie algebra 𝔤̂ with a fixed choice of Cartan subalgebra 𝔥̂, we consider the automorphisms
𝛾 : 𝔤̂ → 𝔤̂ that preserve the Cartan subalgebra and fix the central element 𝐾 , that is 𝛾 (𝔥̂) ⊆ 𝔥̂ and 𝛾 (𝐾) = 𝐾 . These
automorphisms form a group

(2.23) Aut𝔥 𝔤̂ � Out 𝔤̂ ⋉𝑊 � Aut𝔥 𝔤 ⋉ P∨
,

where Out 𝔤̂ is the outer automorphism group of 𝔤̂,𝑊 is the affine Weyl group and P∨ ⊂ 𝔥 is the coweight lattice of
𝔤 (the integer dual of the root lattice). The automorphisms corresponding to translations along directions of P∨ are
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known as spectral flow automorphisms. The Virasoro operator 𝐿0 of an affine Lie algebra is typically not invariant
under the action of a spectral flow automorphism (whence the name).

When 𝔤 is a complex simple Lie algebra, the spectral flow automorphisms for 𝔤̂ may be lifted to the fields of the
affine vertex algebra Vk (𝔤) in the obvious way:

(2.24) 𝛾
(
𝑥 (𝑧)

)
=
∑︁
𝑛∈ℤ

𝛾 (𝑥𝑛)𝑧
−𝑛−1

, 𝑥 ∈ 𝔤.

These maps are generalised in Li’s construction [55] for an arbitrary vertex-operator algebra V. For this, we need
a Virasoro-primary field 𝑗 (𝑧) of conformal weight 1 satisfying

(2.25) 𝑗 (𝑧) 𝑗 (𝑤) ∼ 𝐶1

(𝑧 −𝑤)2 , for some 𝐶 ∈ ℂ,

and that its zero mode 𝑗0 acts semisimply on V with integer eigenvalues. Given such a field 𝑗 (𝑧), we form the
operator

(2.26a) Δ( 𝑗, 𝑧) = 𝑧− 𝑗0
∞∏
𝑛=1

exp
(
(−𝑧)−𝑛

𝑛
𝑗𝑛

)
and define the spectral flow map associated with 𝑗 by

(2.26b) 𝛾
(
𝐴(𝑧)

)
= 𝑌

(
Δ( 𝑗, 𝑧)𝐴, 𝑧

)
, for 𝐴 ∈ V.

Here,𝑌 denotes the state-field correspondence of V, that is𝑌 (𝐴, 𝑧) = 𝐴(𝑧). It is easy to check that when V = Vk (𝔤),
the conditions on 𝑗 mean that it lies in P∨ and this definition recovers (2.24) with translation 𝛾 parameterised by 𝑗 .

Given a V-module M and an automorphism 𝛾 of V, we define the V-module

(2.27) 𝛾
∗ (M) =

{
𝛾
∗ (𝑚)

��𝑚 ∈ M
}
, with V-action 𝐴(𝑧) · 𝛾∗ (𝑚) = 𝛾∗

(
𝛾
−1 (
𝐴(𝑧)

)
𝑚

)
.

This defines an invertible functor from V-mod to V-mod that we shall also denote by 𝛾 . Li proved in [55] that
the spectral flow map (2.26a) also defines a twisting functor in this way. In this form, we can consider spectral
flow functors on appropriate categories of G- and Π-modules, see [1, 4, 66]. We will only need the latter and will
describe it in detail in Section 4.1 once we have fixed the parameters for inverse reduction.

3. Reduction without spectral flow

It is interesting to consider the composition of the reduction and inverse-reduction functors for Vk (𝔰𝔩2). We
refer to any composition of a reduction and an inverse-reduction functor as a composition functor. As the inverse
reduction of a Virk-module M results in a spectral flow of a fully relaxed Vk (𝔰𝔩2)-module [1], we can use these
compositions to study the reduction of these modules. In this section, we first analyse the untwisted case in which
the Vk (𝔰𝔩2)-module has no spectral flow (meaning that its conformal weights are bounded below) before turning to
the case with non-trivial spectral flow (which turns out to be easier).

3.1. Virasoro and Vk (𝔰𝔩2) vertex algebras. The Virasoro algebra is the complex Lie algebra

(3.1) Vir = spanℂ{𝑇𝑛,𝐶 | 𝑛 ∈ ℤ}, such that [𝑇𝑚,𝑇𝑛] = (𝑚 − 𝑛)𝑇𝑚+𝑛 +
1
12

(𝑚3 −𝑚)𝛿𝑚+𝑛,0𝐶

and 𝐶 is central. Consider the Verma module of the Virasoro algebra for which the 𝑇0-eigenvalue of the highest-
weight vector |0⟩ is 0 and 𝐶 acts as multiplication by 𝑐Vir ∈ ℂ (the central charge). Its quotient by the submodule
generated by 𝑇−1 |0⟩ may be equipped with the structure of a vertex-operator algebra, known as the universal
Virasoro vertex-operator algebra. It is is freely generated by the energy-momentum tensor 𝑇 (𝑧) =∑

𝑛∈ℤ𝑇𝑛𝑧
−𝑛−2.

Consider next the complex Lie algebra 𝔰𝔩2 spanned by the generators 𝑒, ℎ and 𝑓 satisfying

(3.2) [ℎ, 𝑒] = 2𝑒, [𝑒, 𝑓 ] = ℎ, [ℎ, 𝑓 ] = −2𝑓 .

The rescaled Killing form is zero for all combinations of basis elements besides

(3.3) 𝜅 (ℎ,ℎ) = 2 and 𝜅 (𝑒, 𝑓 ) = 𝜅 (𝑓 , 𝑒) = 1.
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This data defines the universal affine vertex-operator algebra Vk (𝔰𝔩2), k ≠ −2, as per Section 2.1.
There is a single non-zero nilpotent orbit in 𝔰𝔩2. Taking its representative to be 𝑓 , the BRST complex

(
𝐶
•
,D

)
is

(3.4) 𝐶
•
= Vk (𝔰𝔩2) ⊗ Λ, 𝑄 (𝑧) =

(
𝑒 (𝑧) + 1

)
⊗ 𝜑∗ (𝑧),

where D is the zero mode of 𝑄 (𝑧) as usual. The corresponding W-algebra Wk (𝔰𝔩2, 𝑓 ) is the universal Virasoro
vertex-operator algebra of central charge

(3.5) 𝑐
Vir
k = − (2k + 1) (3k + 4)

k + 2
= 13 − 6

(
k + 2 + 1

k + 2

)
, for k ≠ −2.

We shall denote this vertex-operator algebra by Virk, for brevity.
Relaxed highest-weight Vk (𝔰𝔩2)-modules have a long history in the theory of vertex-operator algebras and

conformal field theory, see for example [6,41,45,46,51,58,75]. We define these modules, following [50,68], using
the ℤ-grading on 𝔰𝔩2 induced by the adjoint action of the operator 𝑇 𝔰𝔩2

0 . Denoting the homogeneous component of
eigenvalue −𝑛 by (𝔰𝔩2)𝑛 , there is a generalised triangular decomposition

(3.6) 𝔰𝔩2 = (𝔰𝔩2)− ⊕ (𝔰𝔩2)0 ⊕ (𝔰𝔩2)+, where (𝔰𝔩2)± =
⊕
±𝑛>0

(𝔰𝔩2)𝑛 .

A relaxed highest-weight vector in a Vk (𝔰𝔩2)-module is an eigenvector of ℎ0 and generalised eigenvector of
𝑇
𝔰𝔩2
0 =𝑇

𝔰𝔩2,0
0 that is, in addition, annihilated by (𝔰𝔩2)+. A relaxed highest-weight module is a module generated by a

single relaxed highest-weight vector. If the relaxed highest-weight module has no generating relaxed highest-weight
vector annihilated by either 𝑒0 or 𝑓0, then we will refer to it as being fully relaxed.

Inverse reduction was first considered for Vk (𝔰𝔩2) by Semikhatov in [71, 72]. There, he introduced a non-zero
homomorphism

(3.7) Φ : Vk (𝔰𝔩2) → Virk ⊗ Π

of vertex algebras. (Referring back to (2.22), we have 𝑀 = 0 and 𝑁 = 1.) This is in fact injective for all levels (not
just generically), see [4]. Explicitly, the embedding Φ may be chosen to have the form

(3.8) 𝑒 (𝑧) ↦→ 𝑒
𝑐 (𝑧), ℎ(𝑧) ↦→ 2𝑏 (𝑧), 𝑓 (𝑧) ↦→ :

(
(k + 2)𝑇 (𝑧) − (k + 1)𝜕𝑎(𝑧) − 𝑎(𝑧)𝑎(𝑧)

)
𝑒
−𝑐 (𝑧):,

where we introduce a convenient orthogonal set in 𝜋 given by

(3.9) 𝑎 = −k

4
𝑐 + 1

2
𝑑 and 𝑏 = +k

4
𝑐 + 1

2
𝑑.

(It is clearly an orthogonal basis if k ≠ 0.) This embedding is also conformal if we take the Sugawara energy-
momentum tensor 𝑇 𝔰𝔩2 (𝑧) for Vk (𝔰𝔩2) and

(3.10) 𝑇
Π (𝑧) =𝑇 Π,k/4,−1/2 (𝑧) = 1

2
:𝑐 (𝑧)𝑑 (𝑧): − 𝜕𝑎(𝑧) = 1

2
:𝑐 (𝑧)𝑑 (𝑧): + k

4
𝜕𝑐 (𝑧) − 1

2
𝜕𝑑 (𝑧)

for the half-lattice vertex algebra Π.
As per the discussion in Section 2.2, this choice results in the central charge of Π being 𝑐Π = 2 + 6k. The

conformal weight of 𝑒𝑛𝑐 , 𝑛 ∈ ℤ, is 𝑛. It is easy to check from (2.19) that the simple Π-module

(3.11) Π [𝜆] = Π · 𝑒 (𝜇+k/4)𝑐−𝑑/2
= Π · 𝑒−𝑎+𝜇𝑐 , 𝜇 ∈ [𝜆] ∈ ℂ/ℤ,

has conformal weights that are bounded below (with minimum k
4 ). A convenient basis for Π [𝜆] is given by [4]

(3.12)
{
𝑑−𝛼𝑒

𝑐
−𝛽𝑒

−𝑎+𝜇𝑐 ��𝛼, 𝛽 ∈ P, 𝜇 ∈ [𝜆]
}
.

Note that the generating state e−𝑎+𝜇𝑐 has ℎ0-eigenvalue 2𝜇 under the identifications of (3.8).
In this section, we consider the inverse-reduction functors iH[𝜆] = iHΠ [𝜆]

, for [𝜆] ∈ ℂ/ℤ. As the conformal
weights of these modules are bounded below, it is easy to see that for any simple Virk-module M, the inverse
reduction iH[𝜆] (M) is a fully relaxed Vk (𝔰𝔩2)-module [1]. In fact, more is true: iH[𝜆] (M) is almost simple, see [4].
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Practically, this means that inverse reduction constructs Vk (𝔰𝔩2)-modules that are simple for all but finitely many
[𝜆] ∈ ℂ/ℤ.

3.2. Reduction for relaxed Vk (𝔰𝔩2)-modules. We now consider how the reduction functor qH acts on the image
of the inverse-reduction functors iH[𝜆] , where [𝜆] ∈ ℂ/ℤ. More precisely, we consider the category of Virk-
modules consisting of weight modules such that 𝑇0 acts with finite-length Jordan chains. The image under the
inverse-reduction functors iH[𝜆] of this category includes the simple fully relaxed Vk (𝔰𝔩2)-modules, as every such
module is isomorphic to some iH[𝜆] (M) with [𝜆] ∈ ℂ/ℤ and some simple M ∈ Virk-mod [1, 5]. This image also
includes certain non-semisimple Vk (𝔰𝔩2)-modules, which we will discuss in more detail later (see Section 5.1).

Combining Equations (3.4) and (3.7), the BRST complex 𝐶 and differential D =
∮

0𝑄 (𝑧) d𝑧 are given by

(3.13) 𝐶
•
=M ⊗ Π [𝜆] ⊗ Λ, 𝑄 (𝑧) =

(
𝑒
𝑐 (𝑧) + 1

)
⊗ 𝜑∗ (𝑧).

Here, we regard the complex 𝐶 as a V-module, where V = Virk ⊗ Π ⊗ Λ.
Before computing the BRST cohomology, we choose the conformal structure of V so that𝑄 (𝑧) is homogeneous

and has conformal weight 1. This results in the energy-momentum tensor

(3.14) 𝑇 (𝑧) =𝑇 𝔰𝔩2,ℎ/2 (𝑧) +𝑇Λ,0 (𝑧) =𝑇 (𝑧) + 1
2

:𝑐 (𝑧)𝑑 (𝑧): + k

2
𝜕𝑐 (𝑧) + :𝜕𝜑 (𝑧)𝜑∗ (𝑧):.

With respect to 𝑇 , the corresponding conformal weights of the strong generators of V are as follows:

(3.15)
𝑇 𝑒

𝑛𝑐 (𝑛 ∈ ℤ) 𝑐 𝑑 𝜑 𝜑
∗

Δ 2 0 1 1 0 1
.

Defining 𝑑 (𝑧) = 1
2𝑑 (𝑧) + :𝜑 (𝑧)𝜑∗ (𝑧): for later convenience, the BRST complex 𝐶 has a basis given by

(3.16)
{
𝑑−𝛼𝑒

𝑐
−𝛽𝜑−𝜅+1𝜑

∗
−𝜈 |𝑚, 𝜇⟩

��𝛼, 𝛽 ∈ P, 𝜅, 𝜈 ∈ Pferm, 𝜇 ∈ [𝜆], 𝑚 ∈ BM

}
,

where |𝑚, 𝜇⟩ = 𝑚 ⊗ |𝜇⟩, |𝜇⟩ = 𝑒
−𝑎+𝜇𝑐 ⊗ |0⟩Λ, |0⟩Λ is the vacuum of Λ, and BM is some basis of M. (Here, we

expand our fields into modes using the conformal weight with respect to𝑇 and employ the partition conventions of
Section 1.4.) Note that the differential D annihilates states of the form |𝑚, 𝜇⟩ and its only non-zero commutation
relations with the modes of the strong generators are

(3.17) [D, 𝜑𝑛] = 𝑒
𝑐
𝑛 + 𝛿𝑛,01, [D, 𝑑𝑛] = 𝜑

∗
𝑛 .

We now briefly outline the strategy for computing the cohomology.

1. Determine the action of the differential from the module structure. As explained in Remark 2.1, we only
need the module structure of the BRST complex to determine the action of the differential D on states 𝑣 ∈ 𝐶.
After computing D𝑣 , for arbitrary 𝑣 , we may forget this module structure and regard (𝐶,D) as a differential
complex of graded vector spaces. This allows for factorisations of𝐶 that would not be available if we wished to
preserve module structures. Our first task is then the most untidy: we specify completely the action of D on 𝐶.

2. Factorise the complex and simplify the gauged lattice subcomplex. We next note that 𝐶 factorises into
a tensor product 𝐶0 ⊗ 𝐶1 of two differential subcomplexes of graded vector spaces. One factor, 𝐶1 say, is
isomorphic to the “gauged lattice complex” of Appendix B and so has cohomology ℂ (concentrated in ghost
grade 0).

3. Pass to Li’s spectral sequence. To ameliorate the untidiness of the D-action, we pass to the filtered spectral
sequence

(
𝐸

Li
𝑅 ,D

Li
𝑅

)
𝑅≥0 associated with Li’s filtration (see Definition 3.5 below). The action of the zeroth

differential DLi
0 on 𝑣 ∈ 𝐶0 is significantly simpler than that of D. (We will see that this spectral sequence

collapses at the first page, so the higher differentials are not needed to compute the cohomology.)
4. Factorise again and simplify the Cartan subcomplex. The result of the previous cohomology calculation

again factorises into two differential subcomplexes of graded vector spaces. This time, one factor is isomorphic
to the “Cartan complex” of Appendix B which also has cohomology ℂ (concentrated in ghost grade 0).
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5. Equip the cohomology with the structure of a Virk-module. This determines the cohomology of 𝐸Li
0 as a

graded vector space. We now observe that the filtered spectral sequence of Li collapses, hence this also gives
the cohomology of 𝐶0, hence of 𝐶, again as a graded vector space. Applying (2.16) then gives the cohomology
the structure of a Virk-module, completing the calculation.

Let us begin, as outlined above in step 1, by computing the action of the BRST differential. Consider therefore
a general basis state of the form

(3.18) 𝑣 = 𝑑−𝛼𝑒
𝑐
−𝛽𝜑−𝜅+1𝜑

∗
−𝜈 |𝑚, 𝜇⟩ for some 𝛼, 𝛽 ∈ P, 𝜅, 𝜈 ∈ Pferm, 𝜇 ∈ [𝜆] and𝑚 ∈ BM .

Lemma 3.1. The BRST differential acts on the basis state 𝑣 as

(3.19a) D𝑣 = 𝑣1 + 𝑣2 + 𝑣3,

where

(3.19b)

𝑣1 =
∑︁

1≤𝑖≤𝑙 (𝛼 )

(
𝑑−𝛼1

· · ·
�
�𝑑−𝛼𝑖 𝜑

∗
−𝛼𝑖 · · ·𝑑−𝛼𝑙 (𝛼 )

)
𝑒
𝑐
−𝛽𝜑−𝜅+1𝜑

∗
−𝜈 |𝑚, 𝜇⟩,

𝑣2 =
∑︁

1≤𝑖≤𝑙 (𝜅 )
𝜅𝑖≠1

(−1)𝑖−1
𝑑−𝛼𝑒

𝑐
−𝛽

(
𝜑−𝜅1+1 · · ·���

𝜑−𝜅𝑖+1 𝑒
𝑐
−𝜅𝑖+1 · · ·𝜑−𝜅𝑙 (𝜅 )+1

)
𝜑
∗
−𝜈 |𝑚, 𝜇⟩,

𝑣3 = (−1)𝑙 (𝜅 )−1
𝑑−𝛼𝑒

𝑐
−𝛽

(
𝜑−𝜅1+1 · · ·��

��𝜑−𝜅𝑙 (𝜅 )+1
)
𝜑
∗
−𝜈

(
|𝑚, 𝜇⟩ + |𝑚, 𝜇 + 1⟩

)
𝛿𝜅𝑙 (𝜅 ) ,1

and
�
� indicates omission.

Proof. This follows by explicitly (anti)commuting D past the modes in 𝑣 , using (3.17), and recalling that D
annihilates |𝑚, 𝜇⟩. Each 𝑑−𝑛 thus contributes a term in which this mode is replaced by 𝜑

∗
−𝑛 , resulting in 𝑣1.

Similarly, for 𝑛 ≠ 0, each 𝜑−𝑛 gives a term in which this mode is replaced by 𝑒𝑐−𝑛 , resulting in 𝑣2. However, if
𝑛 = 0, then we get an additional term in which 𝜑0 is replaced by 1. Moreover, the replacement 𝑒𝑐0 then commutes
past all the ghost modes, where it acts on |𝑚, 𝜇⟩ to give |𝑚, 𝜇 + 1⟩, resulting in 𝑣3. Of course, there can be at most
one 𝜑0-mode, since 𝜅 ∈ Pferm, so it exists if and only if 𝜅𝑙 (𝜅 ) = 1. ■

The terms in (3.19b) are not all linear combinations of the basis elements (3.18). However, we may (anti)commute
the modes until the required order is restored. It is clear that 𝑣3 is already ordered, while 𝑣2 becomes ordered by
commuting, in each term, an 𝑒𝑐 -mode through some 𝜑- and 𝑒𝑐 -modes, none of which result in additional terms.
For 𝑣1 however, each term has a 𝜑∗-mode that must be commuted through some 𝑑-modes and then anticommuted
past all the 𝜑-modes and some of the other 𝜑∗-modes. (Of course, if the 𝜑∗-mode being commuted happens to be
equal to one of the other 𝜑∗-modes, then the term is 0.) Since

(3.20) [𝜑∗
𝑚, 𝑑𝑛] = 𝜑

∗
𝑚+𝑛,

ordering 𝑣1 correctly typically results in additional terms with fewer 𝑑-modes.
We summarise this as follows.

Lemma 3.2. The action of the differential on an arbitrary basis vector 𝑣 is given by

(3.21a) D𝑣 = 𝑣 (0)1 + 𝑣 (>0)
1 + 𝑣 (0)2 + 𝑣 (0)3 ,

where the right-hand side is ordered correctly, 𝑣 (0)3 = 𝑣3, 𝑣 (0)2 = 𝑣2,

(3.21b) 𝑣
(0)
1 =

∑︁
1≤𝑖≤𝑙 (𝛼 )
𝛼𝑖∉𝜈

𝜀𝑖 𝑑−𝛼 ′ (𝑖 )𝑒
𝑐
−𝛽𝜑−𝜅+1𝜑

∗
−𝜈 ′ (𝑖 ) |𝑚, 𝜇⟩, for some 𝜀𝑖 ∈ {±1},

and 𝑣 (>0)
1 is a linear combination of monomials with fewer𝑑-modes than those of 𝑣 (0)1 but the same 𝑒𝑐 - and𝜑-modes.

Here, 𝛼 ′ (𝑖) is 𝛼 with the part 𝛼𝑖 removed and 𝜈 ′ (𝑖) is 𝜈 with the part 𝛼𝑖 added.
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At this point, we forget the V-module structure on 𝐶 and treat (𝐶,D) as a differential complex of graded vector
spaces. We are now at step 2 of our calculation and so introduce

(3.22)
𝐶0 = spanℂ

{
𝑑−𝛼𝜑

∗
−𝜈 |0⟩⟩

���𝛼 ∈ P, 𝜈 ∈ Pferm

}
and 𝐶1 = spanℂ

{
𝑒
𝑐
−𝛽𝜑−𝜅+1 |𝜇⟩⟩

��� 𝛽 ∈ P, 𝜅 ∈ Pferm, 𝜇 ∈ [𝜆]
}
.

Here, the basis vectors 𝑑−𝛼𝜑
∗
−𝜈 |0⟩⟩ and 𝑒𝑐−𝛽𝜑−𝜅+1 |𝜇⟩⟩ are assigned ghost grades 𝑙 (𝜈) and −𝑙 (𝜅), respectively. There

is an obvious vector-space isomorphism Ψ : 𝐶 → M ⊗ 𝐶0 ⊗ 𝐶1 given by

(3.23) Ψ(𝑣) = ΨM (𝑣) ⊗ Ψ0 (𝑣) ⊗ Ψ1 (𝑣), where


ΨM

(
𝑑−𝛼𝑒

𝑐
−𝛽𝜑−𝜅+1𝜑

∗
−𝜈 |𝑚, 𝜇⟩

)
=𝑚,

Ψ0
(
𝑑−𝛼𝑒

𝑐
−𝛽𝜑−𝜅+1𝜑

∗
−𝜈 |𝑚, 𝜇⟩

)
= 𝑑−𝛼𝜑

∗
−𝜈 |0⟩⟩,

Ψ1
(
𝑑−𝛼𝑒

𝑐
−𝛽𝜑−𝜅+1𝜑

∗
−𝜈 |𝑚, 𝜇⟩

)
= 𝑒

𝑐
−𝛽𝜑−𝜅+1 |𝜇⟩⟩.

This preserves the ghost grade if M is assigned zero grade.
Of course, M may be given the structure of a differential complex by equipping it with the zero differential. We

shall moreover define D𝑖 on 𝐶𝑖 , for 𝑖 = 0, 1, by

(3.24) D𝑖Ψ𝑖 (𝑣) = Ψ𝑖 (D𝑣).

It is easy to check that this makes 𝐶0 and 𝐶1 into differential complexes.

Lemma 3.3. We have𝐶 � M⊗𝐶0 ⊗𝐶1, as differential complexes, and H𝑛 (𝐶,D) � M⊗H𝑛 (𝐶0,D0), for all 𝑛 ∈ ℤ.

Proof. Observe from (3.19) and (3.21) that when acting with D on the basis vector 𝑣 of (3.18), every term of 𝑣 (0)1
and 𝑣 (>0)

1 has the same 𝑒𝑐 - and 𝜑-modes as 𝑣 , while every term of 𝑣 (0)2 and 𝑣 (0)3 has the same 𝑑- and 𝜑∗-modes as 𝑣 .
Because of this, Ψ is an isomorphism of differential complexes:

Ψ(D𝑣) = Ψ
(
𝑣
(0)
1 + 𝑣 (>0)

1
)
+ Ψ

(
𝑣
(0)
2 + 𝑣 (0)3

)
=𝑚 ⊗ Ψ0

(
𝑣
(0)
1 + 𝑣 (>0)

1
)
⊗ Ψ1 (𝑣) +𝑚 ⊗ Ψ0 (𝑣) ⊗ Ψ1

(
𝑣
(0)
2 + 𝑣 (0)3

)
=𝑚 ⊗ D0Ψ0 (𝑣) ⊗ Ψ1 (𝑣) +𝑚 ⊗ Ψ0 (𝑣) ⊗ D1Ψ1 (𝑣)

= (0 ⊗ 1 ⊗ 1 + 1 ⊗ D0 ⊗ 1 + 1 ⊗ 1 ⊗ D1)Ψ(𝑣).

(3.25)

This proves the first claim. For the second, it is clear that 𝐶1 is isomorphic to the gauged lattice complex of
Appendix B, so Proposition B.4 yields H𝑛 (𝐶1,D1) � ℂ𝛿𝑛,0. Applying the Künneth formula then gives the desired
result because D annihilates M. ■

Remark 3.4. As we have seen, it is tempting to formally identify the basis vectors used above to define 𝐶0 and
𝐶1 with parts of the basis vectors (3.18) of 𝐶. However, we do not have to do this and, given our vector-space
philosophy from step 1, perhaps we should not. It turns out to make little difference for the rest of this calculation.
However, this freedom turns out to be useful for our computations when we allow spectral flow (and indeed when
generalising to higher-rank W-algebras). For this reason, we have explicitly disambiguated our vectors by using
the notation |0⟩⟩ and |𝜇⟩⟩, instead of |0⟩ or |𝜇⟩.

Next, we use Li’s filtration (step 3) to help compute the cohomology of 𝐶0. This was introduced in [56] as a
canonical decreasing filtration of a module over an arbitrary vertex algebra.

Definition 3.5 ([56]). Let {𝑣𝑖 }𝑖∈𝐼 be a set of strong generators for a vertex algebra V and let N be a V-module.
Then, Li’s filtration LiN =

(
N = Li0N ⊇ Li1N ⊇ · · ·

)
is defined by

(3.26) Li𝑝N = spanℂ
{
𝑣
𝑖1
(−𝑛1−1) . . . 𝑣

𝑖𝑟
(−𝑛𝑟 −1)𝑤

��� 𝑟 ≥ 0, 𝑖1, . . . , 𝑖𝑟 ∈ 𝐼 , 𝑛1, . . . , 𝑛𝑟 ≥ 0,
𝑟∑︁
𝑗=1

𝑛 𝑗 ≥ 𝑝, 𝑤 ∈ N
}
,

for 𝑝 ∈ ℤ≥0. We denote the associated graded space of LiN by GrLi N so that Gr𝑝Li N = Li𝑝N
/

Li𝑝+1N.
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𝑞

𝑝

𝐸
𝑝,𝑞

0

0

0

0

Figure 1. The zeroth page 𝐸Li
0 of Li’s spectral sequence for 𝐶0. Here the arrows indicate the

action of the zeroth differential DLi
0 . We have also shaded green the part of the 𝑝𝑞-plane in which

the bigraded subspaces (𝐸Li
0 )𝑝,𝑞 are non-zero.

From (3.15), it follows that the modes of 𝐶0 are graded by Li’s filtration as follows:

(3.27) GrLi 𝑑−𝑛 = 𝑛 − 1, GrLi 𝜑
∗
−𝑛 = 𝑛 − 1.

(Of course, we assign zero grade to the state |0⟩⟩.) From this, it is easy to check that the non-zero (anti)commutators
(3.17) with D, leading to (3.19), preserve the Li grade, while the commutator (3.20) increases the Li grade by 1. It
follows that D (and hence D0) is compatible with Li’s filtration of𝐶 (and hence𝐶0), in the sense of Definition A.1.

To compute the cohomology of𝐶0, we turn to the filtered spectral sequence defined by Li’s filtration. The zeroth
page is just the associated graded space with the usual bigrading:

(3.28) (𝐸Li
0 )𝑝,𝑞 = Gr𝑝Li𝐶

𝑝+𝑞
0 , 𝑝 ∈ ℤ≥0, 𝑞 ∈ ℤ.

Additionally, as 𝐸Li
0 does not involve 𝜑-modes, the ghost grade is non-negative: 𝑝 + 𝑞 ≥ 0. This is illustrated in

Figure 1, from which it is clear that the spectral sequence is not bounded. The convergence of unbounded spectral
sequences is reviewed in Appendix A.

The action of the zeroth-page differential DLi
0 on Ψ0 (𝑣) ∈ 𝐶0 is extracted from that of D on 𝑣 by dropping 𝑣 (0)2

and 𝑣 (0)3 while ignoring any ordered terms of strictly greater Li grade. As above, commuting with D preserves the
Li grade, while commuting 𝜑∗

𝑚 and 𝑑𝑛 increases it. The upshot is that

(3.29) DLi
0 Ψ0 (𝑣) = Ψ0

(
𝑣
(0)
1

)
,

referring back to the decompositions of Lemmas 3.1 and 3.2.
In what follows, let L̃i denote the filtration on the cohomology𝐻 = H (𝐶0,D), induced from Li’s filtration. Given

that the spectral sequence is half-plane, applying Theorem A.7 shows that it converges weakly to the associated
graded space Gr𝐻 of the cohomology 𝐻 . However, if we want to reconstruct 𝐻 from Gr𝐻 , then it is necessary
to show convergence, not just weak convergence. This involves proving that the induced filtration L̃i is Hausdorff.
Once this has been done, we must also account for the possibility that 𝐻 contains elements which lie in infinitely
many filtered components L̃i

𝑝
𝐻 (Gr𝐻 is insensitive to such elements). In fact, both tasks can be addressed by

relating Li’s filtration to another filtration based on conformal weights.
As we only work with Virk-modules M such that 𝑇0 acts with finite-length Jordan chains (Section 3.2), M

decomposes into a direct sum of generalised 𝑇0-eigenspaces M(Δ) . Explicitly,

(3.30) M =
⊕
Δ∈ℂ

M[Δ], where M[Δ] =
{
𝑚 ∈ M

�� (𝑇0 − Δ)𝑁𝑚 = 0 for some 𝑁 ∈ ℤ≥1
}
.
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As the Semikhatov embedding (3.8) is in particular a conformal embedding, see (3.10), and the Π-modules
appearing here are semisimple, the resulting Vk (𝔰𝔩2)-modules iH[𝜆] (M) will also have finite-length Jordan chains
and so admit a decomposition similar to that of (3.30). (This remains true even if we shift the energy-momentum
tensor by derivatives of Heisenberg fields, because our modules are weight.)

The ghost vacuum module Λ is also semisimple, so each of the tensor factors comprising the BRST complex
𝐶 admits a decomposition into generalised eigenspaces with respect to the zero mode of their respective energy-
momentum tensor. The same is therefore true for 𝐶 with respect to 𝑇0. Define 𝐶0,[Δ] ⊂ 𝐶0 to be the span of the
states 𝑣 = 𝑑−𝛼𝜑

∗
−𝜈 |0⟩⟩ satisfying |𝛼 | + |𝜈 | = Δ.

We say that the filtration Li is conformally bounded if, for each Δ ∈ ℤ≥0, there exists 𝑝 (Δ) ∈ ℤ such that

(3.31) Li𝑝𝐶0 ∩𝐶0,[Δ] = 0, for all 𝑝 > 𝑝 (Δ).

Lemma 3.6. Suppose that V is a vertex operator algebra with strong generators {𝑎𝑖 }𝑖∈𝐼 and that N is a V-module
with minimal conformal weight Δ0. Furthermore, suppose that K ⊆ N is a subspace generated by states in some
set 𝑆 acted upon by a vertex subalgebra that is strongly generated by elements {𝑎 𝑗 } 𝑗∈ 𝐽 , for some 𝐽 ⊂ 𝐼 , whose
conformal weights are strictly positive. Then, Li’s filtration Li on K is conformally bounded.

Proof. Denote by Δ𝑖 the conformal weight of the generator 𝑎𝑖 , where 𝑖 ∈ 𝐼 . Let 𝑥 ∈ Li𝑝K have conformal weight Δ.
We may then write 𝑥 as a linear combination of terms taking the form

(3.32) 𝑎
𝑗1
(−𝑛1−1) · · ·𝑎

𝑗𝑟
(−𝑛𝑟 −1)𝑤, where 𝑟 ≥ 0, 𝑗1, . . . , 𝑗𝑟 ∈ 𝐽 , 𝑛1, . . . , 𝑛𝑟 ≥ 0,

𝑟∑︁
𝑗=1

𝑛 𝑗 ≥ 𝑝, and𝑤 ∈ NΔ𝑤
.

Each such term has conformal weight Δ = Δ𝑤 +∑𝑟
𝑗=1 (Δ 𝑗 + 𝑛 𝑗 ). As Δ 𝑗 > 0 and K has minimal conformal weight

Δ0, we have Δ > Δ𝑤 + 𝑝 ≥ Δ0 + 𝑝. It follows that Li𝑝K ∩K[Δ] = 0 whenever 𝑝 > Δ − Δ0. Given that we already
have Li𝑝K = 0 for 𝑝 < 0, this proves the statement. ■

Now we want to prove that L̃i is Hausdorff, as this shows that there are no elements in the cohomology which
belong to all filtered components. However we must also address the possibility that the cohomology contains
elements which have infinitely many filtered components, even if they do not lie in all filtered components.
Pleasingly, it turns out that Lemma 3.6 rules out both possibilities simultaneously.

Proposition 3.7. If Li’s filtration Li on 𝐶0 is conformally bounded, then so is the induced filtration L̃i on 𝐻 . In
particular, L̃i is Hausdorff and there is a vector space isomorphism 𝐻 � Gr𝐻 .

Proof. Consider 𝑥 ∈ L̃i
𝑝
𝐻 so that, by (A.1), there exists some D-closed 𝑣 ∈ 𝐹𝑝𝐶0 such that 𝑥 = [𝑣]. Decompose 𝑣

into components of fixed conformal weight:

(3.33) 𝑣 =
𝑁∑︁
𝑖=0

𝑣 [Δ0+𝑖 ], where 𝑣 [Δ0+𝑖 ] ∈ 𝐶0,[Δ0+𝑖 ] .

From Lemma 3.6, 𝑣 [Δ0+𝑖 ] lies in finitely many filtered components Li𝑝𝐶0 and so [𝑣 [Δ0+𝑖 ]] is in finitely many of the
L̃i
𝑝
𝐻 . As there are only finitely many terms [𝑣 [Δ0+𝑖 ]] in the decomposition of [𝑣], we see that [𝑣] lies in finitely

many filtered components as well. So, all elements of 𝐻 lie in finitely many filtered components for L̃i, meaning
that there is a vector space isomorphism 𝐻 � Gr𝐻 . Moreover, no elements lie in all filtered components, so L̃i is
Hausdorff. ■

Remark 3.8. We remark that if we had imposed Li’s filtration on the full BRST complex 𝐶, rather than just on 𝐶0,
then we would need a different argument for the convergence of the spectral sequence. This is because applying
Lemma 3.6 and Proposition 3.7 here relies on the positivity of the conformal weights of the generators of the
complex, which fails for 𝜑 and 𝑒𝑐 .

With this subtle convergence result in hand, we turn to step 4.
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Lemma 3.9. We have H𝑛 (𝐸Li
0 ,D

Li
0 ) � ℂ𝛿𝑛,0.

Proof. This follows because (𝐸Li
0 ,D

Li
0 ) is isomorphic to the Cartan complex of Appendix B, so its cohomology is

given by Proposition B.7. ■

Our main result for this section is now obtained by completing step 5.

Theorem 3.10. For any Virk-module M and any [𝜆] ∈ ℂ/ℤ, the BRST cohomology of iH[𝜆] (M) is concentrated
in degree 0. Moreover, we have

(3.34) (qH ◦ iH[𝜆]) (M) � M.

Proof. By Lemma 3.9, the first page of the spectral sequence for Li’s filtration is (𝐸Li
1 )𝑝,𝑞 = ℂ𝛿𝑝,0𝛿𝑞,0. The spectral

sequence thus collapses and, as per Proposition 3.7, therefore converges to the cohomology of𝐶0. By Lemmas 3.3
and 3.9, we thus get vector-space isomorphisms

(3.35) H𝑛 (𝐶,D) � M ⊗ H𝑛 (𝐶0,D0) � M ⊗ H𝑛 (𝐸Li
0 ,D

Li
0 ) � M𝛿𝑛,0 .

To conclude, observe that whenM = Virk (the vacuum module), hence𝐶 (M) = V, the vector-space isomorphism
H0 (V,D) � Virk lifts to an isomorphism of vertex algebras using the action given in (2.16). More generally, this
action results in H𝑛 (

𝐶 (M),D
)
� M𝛿𝑛,0 as Virk-modules. ■

As every simple fully relaxed Vk (𝔰𝔩2)-module is obtained from some Virk-module by inverse quantum hamil-
tonian reduction, it follows from this theorem that the quantum hamiltonian reduction of such a Vk (𝔰𝔩2)-module
is just the corresponding Virk-module. This remains true for the non-semisimple almost-simple fully relaxed
Vk (𝔰𝔩2)-modules on which 𝑒0 acts injectively, because each is in the image of some inverse-reduction functor iH[𝜆] .

4. Reduction with spectral flow

Having computed the quantum hamiltonian reduction of the fully relaxed Vk (𝔰𝔩2)-modules obtained by inverse
reduction, we now turn to the computations when we first twist by a non-trivial spectral flow functor. Surprisingly,
it turns out that the computations are easier in this case.

4.1. Spectral flows. The spectral flow automorphisms 𝛾 ℓ𝔰𝔩2 for the Lie algebra of modes of Vk (𝔰𝔩2) are indexed by
ℓ ∈ ℤ and are explicitly given by

(4.1) 𝛾
ℓ
𝔰𝔩2

(𝑒𝑛) = 𝑒𝑛−ℓ , 𝛾
ℓ
𝔰𝔩2

(𝑓𝑛) = 𝑓𝑛+ℓ , 𝛾
ℓ
𝔰𝔩2

(ℎ𝑛) = ℎ𝑛 − ℓk𝛿𝑛=01, 𝛾
ℓ
𝔰𝔩2

(𝑇 𝔰𝔩2
𝑛 ) =𝑇 𝔰𝔩2

𝑛 − 1
2
ℓℎ𝑛 +

k

4
ℓ

2
𝛿𝑛,01.

This corresponds to flowing with 𝑗 (𝑧) = 1
2 ℓℎ(𝑧) in Section 2.3.

Li’s theory of spectral flow also applies to the half-lattice vertex algebra Π. Its underlying Lie algebra of modes
has a two-parameter family of spectral flow automorphisms corresponding to the rank-2 Heisenberg subalgebra in
Π. For our purposes, it will be useful to consider the spectral flow automorphism associated to 𝑗 (𝑧) = ℓ𝑏 (𝑧), where
𝑏 (𝑧) was defined in (3.9). In this case, the automorphism is

(4.2) 𝛾
ℓ
Π (𝑑𝑛) = 𝑑𝑛 −

k

2
ℓ𝛿𝑛,01, 𝛾

ℓ
Π (𝑐𝑛) = 𝑐𝑛 − ℓ𝛿𝑛,01, 𝛾

ℓ
Π (𝑒

𝑁𝑐
𝑛 ) = 𝑒𝑁𝑐𝑛−ℓ𝑁 , 𝛾

ℓ
Π (𝑇

Π
𝑛 ) =𝑇 Π

𝑛 − ℓ𝑏𝑛 +
k

4
ℓ

2
𝛿𝑛,01.

This choice is natural when studying spectral flows of Vk (𝔰𝔩2)-modules using the inverse-reduction embedding
Φ of (3.8), as ℎ ∈ Vk (𝔰𝔩2) maps to 2𝑏 ∈ Virk ⊗ Π. Indeed, it is easy to check that [1]

(4.3) Φ ◦ 𝛾 ℓ𝔰𝔩2 � (idVir ⊗𝛾
ℓ
Π) ◦ Φ.

Given [𝜆] ∈ ℂ/ℤ and ℓ ∈ ℤ, we will write Πℓ[𝜆] instead of 𝛾 ℓΠ (Π [𝜆]) for convenience. To obtain a basis for Πℓ[𝜆] ,
we apply the spectral flow automorphism (4.2) to the basis elements of (3.12):

(4.4)
{
𝑑−𝛼𝑒

𝑐
−𝛽−ℓ𝛾

ℓ
Π (e

−𝑎+𝜇𝑐 )
��𝛼, 𝛽 ∈ P, 𝜇 ∈ [𝜆]

}
.
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We note that when 𝑛 < −ℓ , the 𝑒𝑐𝑛 act freely on the generating states 𝛾 ℓΠ (e
−𝑎+𝜇𝑐 ). Otherwise, they act as

(4.5) 𝑒
𝑐
𝑛𝛾
ℓ
Π (e

−𝑎+𝜇𝑐 ) =


0 for 𝑛 > −ℓ ,

𝛾
ℓ
Π (e

−𝑎+(𝜇+1)𝑐 ) for 𝑛 = −ℓ .

Spectrally flowed fully relaxed Vk (𝔰𝔩2)-modules may be obtained from the inverse-reduction functors Πℓ[𝜆] .
Explicitly, if M is a non-zero Virk-module, then

(4.6) M ⊗ Πℓ[𝜆] � 𝛾
ℓ
𝔰𝔩2

(M ⊗ Π [𝜆])

is the spectral flow of an almost-simple fully relaxed Vk (𝔰𝔩2)-module. We therefore introduce a family

(4.7) iHℓ
[𝜆] (M) =M ⊗ Πℓ[𝜆]

of inverse-reduction functors parameterised by the weight coset [𝜆] ∈ ℂ/ℤ and spectral flow parameter ℓ ∈ ℤ.
Consider the BRST complex 𝐶 obtained by tensoring iHℓ

[𝜆] (M) with the fermionic ghost vertex superalgebra.
With BM denoting a basis of M, a basis of this complex is given by

(4.8)
{
𝑑−𝛼𝑒

𝑐
−𝛽−ℓ𝜑−𝜅+1𝜑

∗
−𝜈𝛾

ℓ ( |𝑚, 𝜇⟩) ��𝛼, 𝛽 ∈ P, 𝜅, 𝜈 ∈ Pferm, 𝑚 ∈ BM, 𝜇 ∈ [𝜆]
}
,

where we recall the 𝑑𝑛 defined in Section 3.2. Here, we denote by 𝛾 ℓ the spectral flow map idM ⊗𝛾 ℓΠ ⊗ idΛ.
From this point, it will be necessary to consider the cases of positive and negative spectral flow index ℓ separately.

For positive spectral flow, the generating states of the BRST complex are given by

(4.9) 𝛾
ℓ ( |𝑚, 𝜇⟩) =𝑚 ⊗ 𝛾 ℓΠ

(
𝑒
−𝑎+𝜇𝑐 ) ⊗ |0⟩Λ, where ℓ > 0.

We will not use this choice when ℓ < 0 (see (4.20) below). To explain why, suppose (for the remainder of this
subsection) that we do choose (4.9) for all ℓ ∈ ℤ. The action of the differential would then be qualitatively different
for positive and negative spectral flows:

(4.10) D𝛾 ℓ
(
|𝑚, 𝜇⟩

)
=


0, for ℓ > 0,∑︁
1≤𝑛≤−ℓ

𝛾
ℓ (
𝑒
𝑐
𝑛+ℓ𝜑

∗
−𝑛 |𝑚, 𝜇⟩

)
, for ℓ < 0.

This non-zero action in the negative case is very inconvenient for cohomology calculations. Indeed, it leads to a
new term in the expression (3.19) for D𝑣 that involves both 𝑒𝑐 - and 𝜑∗-modes, which obstructs the factorisation in
step 2 (from Section 3.2).

One could instead try to proceed by filtering the entire complex. The most natural options are then to filter by
the number of modes acting on the generating state or to use Li’s filtration. In both cases, the new term would have
monomials whose filtration degrees differ by either −1 or −2, constrasting with the old terms whose degrees differ
by non-negative integers. It follows that the differential would not be compatible with either filtration.

4.2. Reduction with positive spectral flow. Consider first the case of positive spectral flow parameter ℓ > 0. To
compute the cohomology, we follow the strategy outlined in Section 3.2. In fact, we will see that only the first two
steps are required because the cohomology of one of the factors obtained in step 2 vanishes.

Step 1 proceeds as in Section 3.2, though the shifts in the mode indices lead to a few differences. In particular,
(3.17) shows that anticommuting D past a 𝜑𝑛 produces an e𝑐𝑛 that annihilates 𝛾 ℓ

(
|𝑚, 𝜇⟩

)
, if 𝑛 > −ℓ , and converts it

into 𝛾 ℓ
(
|𝑚, 𝜇 + 1⟩

)
, if 𝑛 = −ℓ . However, this anticommutation also produces an additional 1 if 𝑛 = 0. Lemma 3.1

thus generalises as follows.

Lemma 4.1. For ℓ > 0, the action of the BRST differential on a basis vector 𝑣 from (4.8) is

(4.11) D𝑣 = 𝑣1 + 𝑣2 + 𝑣3 + 𝑣4,
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where

(4.12)

𝑣1 =
∑︁

1≤𝑖≤𝑙 (𝛼 )

(
𝑑−𝛼1

· · ·
�
�𝑑−𝛼𝑖 𝜑

∗
−𝛼𝑖 · · ·𝑑−𝛼𝑙 (𝛼 )

)
𝑒
𝑐
−𝛽−ℓ𝜑−𝜅+1𝜑

∗
−𝜈𝛾

ℓ ( |𝑚, 𝜇⟩),
𝑣2 =

∑︁
1≤𝑖≤𝑙 (𝜅 )
𝜅𝑖>ℓ+1

(−1)𝑖−1
𝑑−𝛼𝑒

𝑐
−𝛽−ℓ

(
𝜑−𝜅1+1 · · ·���

𝜑−𝜅𝑖+1 𝑒
𝑐
−𝜅𝑖+1 · · ·𝜑−𝜅𝑙 (𝜅 )+1

)
𝜑
∗
−𝜈𝛾

ℓ ( |𝑚, 𝜇⟩),
𝑣3 = (−1)𝑖−1

𝑑−𝛼𝑒
𝑐
−𝛽−ℓ

(
𝜑−𝜅1+1 · · ·���

𝜑−𝜅𝑖+1 · · ·𝜑−𝜅𝑙 (𝜅 )+1
)
𝜑
∗
−𝜈𝛾

ℓ ( |𝑚, 𝜇 + 1⟩
)
𝛿𝜅𝑖 ,ℓ+1,

𝑣4 = (−1)𝑙 (𝜅 )−1
𝑑−𝛼𝑒

𝑐
−𝛽−ℓ

(
𝜑−𝜅1+1 · · ·��

��𝜑−𝜅𝑙 (𝜅 )+1
)
𝜑
∗
−𝜈𝛾

ℓ ( |𝑚, 𝜇⟩)𝛿𝜅𝑙 (𝜅 ) ,1.
Here, we abuse notation by writing 𝛿𝜅𝑖 ,ℓ+1 to indicate that 𝑣3 vanishes unless there exists an 𝑖 such that the 𝑖-th part
of 𝜅 is ℓ + 1.

The terms of 𝑣1 and 𝑣2 in (4.12) are not all linear combinations of the basis elements (4.9) (those of 𝑣3 and 𝑣4

are). We can reorder them using (anti)commutation relations, as per Lemma 3.2, but this is not needed for what
follows. Instead, we forget the V-module structure on𝐶 and regard (𝐶,D) as a differential complex of graded vector
spaces. Step 2 now proceeds largely as in Section 3.2. We introduce

(4.13)
𝐶0 = spanℂ

{
𝑑−𝛼𝜑

∗
−𝜈 |0⟩⟩

��𝛼 ∈ P, 𝜈 ∈ Pferm
}

and 𝐶1 = spanℂ
{
𝑒
𝑐
−𝛽−ℓ𝜑−𝜅+1𝛾

ℓ ( |𝜇⟩⟩) �� 𝛽 ∈ P, 𝜅 ∈ Pferm, 𝜇 ∈ [𝜆]
}
,

assigning the basis vectors 𝑑−𝛼𝜑
∗
−𝜈 |0⟩⟩ and 𝑒𝑐−𝛽𝜑−𝜅+1𝛾

ℓ ( |𝜇⟩⟩) the ghost grades 𝑙 (𝜈) and −𝑙 (𝜅), respectively. M is of
course assigned ghost grade 0. We then have a vector-space isomorphism𝐶 → M ⊗𝐶0 ⊗𝐶1 given by (3.23) (with
suitable adjustments to account for shifts in the modes for our new basis vectors).

We equip M with the zero differential and define D𝑖 on 𝐶𝑖 by (3.24), for 𝑖 = 0, 1. It follows that M, 𝐶0 and 𝐶1

are differential complexes. Repeating the proof of Lemma 3.3, we conclude that 𝐶 � M ⊗ 𝐶0 ⊗ 𝐶1 as differential
complexes and that

(4.14) H𝑛 (𝐶,D) �
⊕
𝑝+𝑞=𝑛

M ⊗ H𝑝 (𝐶0,D0) ⊗ H𝑞 (𝐶1,D1), for all 𝑛 ∈ ℤ,

by the Künneth formula.
Unlike the analogous case in Section 3.2, (𝐶1,D1) is not isomorphic to the gauged lattice complex. In fact, it

has trivial cohomology. To show this, we note that the action of D1 on 𝐶1 may delete modes and change 𝜇, but it
does not change the mode indices. We may therefore factor 𝐶1 into an infinite number of differential complexes,
one for each possible mode index. More explicitly, we have 𝐶1 �

⊗
𝑛∈ℤ≤0

𝐶1,𝑛 , where

(4.15) 𝐶1,𝑛 =


spanℂ

{
𝜑
𝑠
𝑛 |0⟩⟩

�� 𝑠 ∈ {0, 1}
}

for 𝑛 > −ℓ ,

spanℂ
{
𝜑
𝑠
𝑛𝛾
ℓ ( |𝜇⟩⟩) �� 𝑠 ∈ {0, 1}, 𝜇 ∈ [𝜆]

}
for 𝑛 = −ℓ ,

spanℂ
{
(𝑒𝑐𝑛)

𝑟
𝜑
𝑠
𝑛 |0⟩⟩

�� 𝑟 ∈ ℤ≥0, 𝑠 ∈ {0, 1}
}

for 𝑛 < −ℓ

and the differential D1,𝑛 on𝐶1,𝑛 is given by the appropriate restriction of𝐷1. One may verify that H𝑝 (𝐶1,𝑛,D1,𝑛) = 0
for both 𝑛 = 0 and 𝑛 = −ℓ , however it will suffice to show only the first case.

Lemma 4.2. For all 𝑝 ∈ ℤ, we have H𝑝 (𝐶1,0,D1,0) = 0.

Proof. The only non-zero terms of the complex 𝐶1,0 are

(4.16) 𝐶
−1
1,0 = ℂ𝜑−ℓ |0⟩⟩ and 𝐶

0
1,−ℓ = ℂ|0⟩⟩.

Using Lemma 4.1, we compute that D1,0𝜑−ℓ |0⟩⟩ = |0⟩⟩. Consequently, ker
(
D1,0 : 𝐶−1

1,0 → 𝐶
0
1,0
)
= 0 and

im
(
D1,0 : 𝐶−1

1,0 → 𝐶
0
1,0
)
� 𝐶0

1,0. It follows that

■(4.17) H𝑝 (𝐶1,0,D1,0) = 0, for both 𝑝 = 0,−1.
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Theorem 4.3. For all ℓ > 0, Virk-modules M and [𝜆] ∈ ℂ/ℤ, we have

(4.18) (qH ◦ iHℓ
[𝜆]) (M) = 0.

Proof. By Lemma 4.2 and the Künneth formula, we get H𝑝 (𝐶1,D1) = 0 for all 𝑝 ∈ ℤ. The result then follows from
Equation (4.14) and another application of the Künneth formula. ■

4.3. Reduction with negative spectral flow. As noted in (4.10), when ℓ > 0, the action of the differential D on
the generating state 𝛾−ℓ

(
|𝑚, 𝜇⟩

)
is non-zero, wreaking havoc with our cohomological computations. Happily, this

can be remedied by simply changing the generating state for the fermionic ghost vertex algebra Λ. (Recall that Λ is
simple, so every non-zero state is a generator.) Given ℓ > 0, we choose the following generator for Λ:

(4.19) 𝜑
∗
−ℓ · · ·𝜑

∗
−2𝜑

∗
−1 |0⟩Λ .

We then define the following generating states for the BRST complex with negative spectral flow:

(4.20) 𝛾
−ℓ ( |𝑚, 𝜇⟩) =𝑚 ⊗ 𝛾−ℓΠ (𝑒−𝑎+𝜇𝑐 ) ⊗ 𝜑∗

−ℓ · · ·𝜑
∗
−2𝜑

∗
−1 |0⟩Λ, for ℓ > 0, 𝑚 ∈ BM and 𝜇 ∈ [𝜆] .

Unlike the generators that we used for non-negative spectral flows, these have non-zero ghost grade (in fact, their
grade is ℓ). On the other hand, these states are annihilated by the BRST differential D.

Lemma 4.4. For all ℓ > 0,𝑚 ∈ BM and 𝜇 ∈ [𝜆], we have D𝛾−ℓ
(
|𝑚, 𝜇⟩

)
= 0.

Proof. Since 𝛾−ℓΠ (𝑒−𝑎+𝜇𝑐 ) is annihilated by the 𝑒𝑐𝑛 , with 𝑛 > ℓ , and 𝜑∗
−ℓ · · ·𝜑

∗
−2𝜑

∗
−1 |0⟩Λ is annihilated by the 𝜑∗

−𝑛 ,
with 𝑛 ≤ ℓ (which includes 𝑛 = 0), this is a straighforward computation:

■(4.21) D𝛾−ℓ
(
|𝑚, 𝜇⟩

)
=
∑︁
𝑛∈ℤ

𝑚 ⊗ (𝑒𝑐𝑛 + 1𝛿𝑛,0)𝛾
−ℓ
Π (𝑒−𝑎+𝜇𝑐 ) ⊗ 𝜑∗

−𝑛𝜑
∗
−ℓ · · ·𝜑

∗
−2𝜑

∗
−1 |0⟩Λ = 0.

Remark 4.5. The generating state (4.19) may be interpreted as the image of |0⟩Λ under a spectral flow map, see
[26]. We will not need this interpretation for what follows.

We are now ready to calculate the quantum hamiltonian reduction of a negatively spectrally flowed fully relaxed
Vk (𝔰𝔩2)-module iH−ℓ

[𝜆] (M), where M is a Virk-module, [𝜆] ∈ ℂ/ℤ and ℓ > 0. A convenient basis for the BRST
complex is

(4.22)
{
𝑑−𝛼𝑒

𝑐
−𝛽+ℓ𝜑−𝜅+1+ℓ𝜑

∗
−𝜈−ℓ𝛾

−ℓ ( |𝑚, 𝜇⟩) ��𝛼, 𝛽 ∈ P, 𝜅, 𝜈 ∈ Pferm, 𝑚 ∈ BM, 𝜇 ∈ [𝜆]
}
,

where the generating states 𝛾−ℓ
(
|𝑚, 𝜇⟩

)
are those defined in (4.20).

As usual, we start the cohomology calculation by writing the explicit action of the differential D on one of our
basis vectors. The result is similar, but not identical, to that of Lemma 4.1.

Lemma 4.6. The action of the BRST differential on a basis vector 𝑣 of the form given in (4.22) is

(4.23) D𝑣 = 𝑣1 + 𝑣2 + 𝑣3 + 𝑣4

where

(4.24)

𝑣1 =
∑︁

1≤𝑖≤𝑙 (𝛼 )

(
𝑑−𝛼1

· · ·
�
�𝑑−𝛼𝑖 𝜑

∗
−𝛼𝑖 · · ·𝑑−𝛼𝑙 (𝛼 )

)
𝑒
𝑐
−𝛽+ℓ𝜑−𝜅+1+ℓ𝜑

∗
−𝜈−ℓ𝛾

−ℓ ( |𝑚, 𝜇⟩),
𝑣2 =

∑︁
1≤𝑖≤𝑙 (𝜅 )
𝜅𝑖≠1

(−1)𝑖−1
𝑑−𝛼𝑒

𝑐
−𝛽+ℓ

(
𝜑−𝜅1+1+ℓ · · ·����𝜑−𝜅𝑖+1+ℓ 𝑒

𝑐
−𝜅𝑖+1+ℓ · · ·𝜑−𝜅𝑙 (𝜅 )+1+ℓ

)
𝜑
∗
−𝜈−ℓ𝛾

−ℓ ( |𝑚, 𝜇⟩),
𝑣3 = (−1)𝑖−1

𝑑−𝛼𝑒
𝑐
−𝛽+ℓ

(
𝜑−𝜅1+1+ℓ · · ·��

��𝜑−𝜅𝑖+1+ℓ · · ·𝜑−𝜅𝑙 (𝜅 )+1+ℓ
)
𝜑
∗
−𝜈−ℓ𝛾

−ℓ ( |𝑚, 𝜇⟩)𝛿𝜅𝑖 ,ℓ+1,

𝑣4 = (−1)𝑙 (𝜅 )−1
𝑑−𝛼𝑒

𝑐
−𝛽+ℓ

(
𝜑−𝜅1+1+ℓ · · ·�����𝜑−𝜅𝑙 (𝜅 )+1+ℓ

)
𝜑
∗
−𝜈−ℓ𝛾

−ℓ ( |𝑚, 𝜇 + 1⟩
)
𝛿𝜅𝑙 (𝜅 ) ,1.
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While 𝑣3 and 𝑣4 are already linear combinations of the basis elements in (4.22), this is not true for 𝑣1 and 𝑣2. This
can be corrected by reordering modes using commutation relations, but this is unnecessary for what follows.

We next forget the V-module structure on 𝐶 so that (𝐶,D) is a differential complex of graded vector spaces.
Step 2 now instructs us to factorise 𝐶, so we introduce

(4.25)
𝐶0 = spanℂ

{
𝑑−𝜇𝜑

∗
−𝜈−ℓ |0⟩⟩

�� 𝜇 ∈ P, 𝜈 ∈ Pferm
}

and 𝐶1 = spanℂ
{
𝑒
𝑐
−𝛼+ℓ𝜑−𝛽+1+ℓ |𝜇⟩⟩

��𝛼 ∈ P, 𝛽 ∈ Pferm, 𝜇 ∈ [𝜆]
}
,

where |0⟩⟩ is a vector with ghost grade ℓ and the |𝜇⟩⟩, 𝜇 ∈ [𝜆], are vectors of ghost grade 0. These subspaces𝐶𝑖 , for
𝑖 = 0, 1, are equipped with differentials D𝑖 defined as per (3.24). Equipping M with the zero differential, the same
argument that we used for Lemma 3.3 gives 𝐶 � M ⊗ 𝐶0 ⊗ 𝐶1, hence

(4.26) H𝑛 (𝐶,D) �
⊕
𝑝+𝑞=𝑛

M ⊗ H𝑝 (𝐶0,D0) ⊗ H𝑞 (𝐶1,D1), for all 𝑛 ∈ ℤ.

The aim is now to show that (𝐶1,D1) has trivial cohomology. First, we factorise 𝐶1 into an infinite number of
differential complexes labelled by the mode index 𝑛 ∈ ℤ≤ℓ :

(4.27) 𝐶1,𝑛 =

{
spanℂ

{
𝜑
𝑠
𝑛𝛾

−ℓ (|𝜇⟩⟩) �� 𝑠 ∈ {0, 1}, 𝜇 ∈ [𝜆]
}

for 𝑛 = ℓ ,

spanℂ
{
(𝑒𝑐𝑛)

𝑟
𝜑
𝑠
𝑛 |0⟩⟩

�� 𝑟 ∈ ℤ≥0, 𝑠 ∈ {0, 1}
}

for 𝑛 < ℓ .

The differential D1,𝑛 on 𝐶1,𝑛 is given by restricting 𝐷1 in the obvious way. Computing

(4.28) D1,ℓ𝜑ℓ𝛾
−ℓ ( |𝜇⟩⟩) = 𝛾−ℓ ( |𝜇 + 1⟩⟩

)
.

using Lemma 4.6, the computation proceeds as for Lemma 4.2.

Lemma 4.7. For all 𝑝 ∈ ℤ, we have H𝑝 (𝐶1,ℓ ,D1,ℓ ) = 0.

Theorem 4.8. For all ℓ > 0, Virk-modules M and [𝜆] ∈ ℂ/ℤ, we have

(4.29) (qH ◦ iH−ℓ
[𝜆]) (M) = 0.

5. Applications to the category of weight Lk (𝔰𝔩2)-modules at admissible level

To consider some applications of Theorems 3.10, 4.3 and 4.8, we first recall the representation theory of Lk (𝔰𝔩2)
at admissible but non-integral level. This case has recently attracted considerable attention in the literature, as the
representation theory is intricate yet sufficiently constrained that understanding it is a feasible task.

5.1. Weight Lk (𝔰𝔩2)-modules at admissible levels. For non-critical levels k, the vertex-operator algebras Vk (𝔰𝔩2)
and Virk have unique simple quotients denoted by Lk (𝔰𝔩2) and Virk, respectively. In particular, when k = −2 + u

v is
admissible, see (1.3), the simple quotients are sometimes denoted by A1 (u, v) and Vir(u, v) to emphasise the role
of the parameters u and v.

At admissible but non-integral levels, there are a finite number of simple Vir(u, v)-modules 𝐿Vir𝑟,𝑠 parameterised
by 1 ≤ 𝑟 ≤ u − 1 and 1 ≤ 𝑠 ≤ v − 1 [67, 76]. They are precisely the simple highest-weight Virk-modules whose
conformal weights have the form

(5.1) Δ𝑟,𝑠 =
(v𝑟 − u𝑠)2 − (u − v)2

4uv
.

These modules are all mutually inequivalent, except that 𝐿Vir𝑟,𝑠 � 𝐿
Vir
u−𝑟,v−𝑠 .

To describe the corresponding situation for A1 (u, v), it will be useful to set

(5.2) Λ𝑟,𝑠 = 𝑟 − 1 − u

v
𝑠 and Δ

𝔰𝔩2
𝑟,𝑠 =

(v𝑟 − u𝑠)2 − v2

4uv
.

The simple relaxed highest-weight A1 (u, v)-modules may be naturally sorted into four classes [6,68], parameterised
by 𝑟 = 1, . . . , u − 1, 𝑠 = 1, . . . , v − 1 and [Λ] ∈ ℂ/2ℤ, with [Λ] ≠ [Λ𝑟,𝑠 ], [Λu−𝑟,v−𝑠 ]. Up to isomorphism, these
consist of:
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• Ordinary modules L𝑟 : the highest-weight vector has ℎ0- and 𝑇 𝔰𝔩2
0 -eigenvalues Λ𝑟,0 and Δ

𝔰𝔩2
𝑟,0 , respectively.

• Highest-weight modules D+
𝑟,𝑠 : the highest-weight vector has (ℎ0,𝑇

𝔰𝔩2
0 )-eigenvalues (Λ𝑟,𝑠 ,Δ

𝔰𝔩2
𝑟,𝑠 ).

• Conjugate-highest-weight modules D−
𝑟,𝑠 : the conjugate-highest-weight vector has eigenvalues (−Λ𝑟,𝑠 ,Δ

𝔰𝔩2
𝑟,𝑠 ).

• Fully relaxed modules E[Λ];𝑟,𝑠 : the relaxed highest-weight vectors have eigenvalues (Λ + 2𝑛,Δ𝔰𝔩2
𝑟,𝑠 ), 𝑛 ∈ ℤ.

These simples are all mutually inequivalent, except that E[Λ];𝑟,𝑠 � E[Λ];u−𝑟,v−𝑠 .
For each 1 ≤ 𝑟 ≤ u − 1 and 1 ≤ 𝑠 ≤ v − 1, there also exist fully relaxed A1 (u, v)-modules R±

𝑟,𝑠 = E±
[Λ𝑟,𝑠 ];𝑟,𝑠

[1, 30, 50]. They are determined up to isomorphism by the following non-split short exact sequences:

(5.3) 0 −→ D+
𝑟,𝑠 −→ R+

𝑟,𝑠 −→ D−
u−𝑟,v−𝑠 −→ 0 and 0 −→ D−

𝑟,𝑠 −→ R−
𝑟,𝑠 −→ D+

u−𝑟,v−𝑠 −→ 0.

It was shown in [1] that the inverse-reduction functors iH[𝜆] construct fully relaxed A1 (u, v)-modules. Specifi-
cally, for all 𝑟 = 1, . . . , u−1 and 𝑠 = 1, . . . , v−1, the image iH[𝜆] (𝐿

Vir
𝑟,𝑠 ) = 𝐿

Vir
𝑟,𝑠 ⊗Π [𝜆] is fully relaxed. Its top space is

spanned by the 𝑣𝑟,𝑠 ⊗ e−𝑎+𝜇𝑐 , with 𝜇 ∈ [𝜆], where 𝑣𝑟,𝑠 denotes a highest-weight vector of 𝐿Vir𝑟,𝑠 . From the embedding
(3.8), it is easy to show that these top space vectors have ℎ0-eigenvalue 2𝜇 and conformal weight Δ𝑟,𝑠 + k

4 = Δ
𝔰𝔩2
𝑟,𝑠 .

Moreover, (3.8) also shows that the action of 𝑒0 is injective. This suggests that

(5.4) iH[𝜆] (𝐿
Vir
𝑟,𝑠 ) �


R−
𝑟,𝑠 if [𝜆] = [ 1

2Λu−𝑟,v−𝑠 ],

R−
u−𝑟,v−𝑠 if [𝜆] = [ 1

2Λ𝑟,𝑠 ],

E[Λ];𝑟,𝑠 otherwise.

The suggestion is correct, though the original proof [1] relied on a conjectural character formula for the E[Λ];𝑟,𝑠
that was subsequently proven in [50]. A proof avoiding characters eventually appeared in [4, Rem. 6.5]. The minus
reductions of these modules may be obtained immediately by combining Theorems 3.10, 4.3 and 4.8 with (5.4).

Corollary 5.1. The minus reductions of the simple fully relaxed modules EΛ;𝑟,𝑠 and the indecomposable fully
relaxed modules R−

𝑟,𝑠 , along with their spectral flow twists, are given by

(5.5) qH𝑛
−

(
𝛾
ℓ
𝔰𝔩2

(EΛ;𝑟,𝑠 )
)
� qH𝑛

−

(
𝛾
ℓ
𝔰𝔩2

(R−
𝑟,𝑠 )

)
� 𝛿𝑛,0𝛿ℓ,0𝐿

Vir
𝑟,𝑠 .

5.2. Non-semisimple projective Lk (𝔰𝔩2)-modules. Next, we consider the projective cover Pℓ𝑟,𝑠 = 𝛾
ℓ
𝔰𝔩2

(P𝑟,𝑠 ) of the
highest-weight A1 (u, v)-module 𝛾 ℓ𝔰𝔩2 (D

+
𝑟,𝑠 ), where ℓ ∈ ℤ, 1 ≤ 𝑟 ≤ u − 1 and 1 ≤ 𝑠 ≤ v − 1 (and v > 1). Because

the D−
𝑟,𝑠 and L𝑟 are spectral flows of some D+

𝑟
′
,𝑠
′ , we do not need to consider their projective covers separately. In

Section 5.3, we will compute the quantum hamiltonian reductions of the Pℓ𝑟,𝑠 .

Proposition 5.2. For v > 1, there exist indecomposable A1 (u, v)-modules Pℓ𝑟,𝑠 , for ℓ ∈ ℤ, 1 ≤ 𝑟 ≤ u − 1 and
1 ≤ 𝑠 ≤ v − 1, whose structures are characterised by the following non-split short exact sequences:

0 −→ 𝛾
ℓ+1
𝔰𝔩2

(R−
u−𝑟,v−1−𝑠 ) −→ Pℓ𝑟,𝑠 −→ 𝛾

ℓ
𝔰𝔩2

(R−
u−𝑟,v−𝑠 ) −→ 0 (𝑠 ≠ v − 1),(5.6)

0 −→ 𝛾
ℓ+2
𝔰𝔩2

(R−
𝑟,v−1) −→ Pℓ𝑟,v−1 −→ 𝛾

ℓ
𝔰𝔩2

(R−
u−𝑟,1) −→ 0.(5.7)

These modules are pairwise non-isomorphic.

Examples of these modules were first discussed in [45, 65]. The first general result appeared in [1], where the
modules defined by (5.6) were constructed. An alternative approach, which also included those of (5.7), was
subsequently described in [12]. In the latter work, the projectivity of these modules was also proved.

In order to compute the reductions of the projective covers Pℓ𝑟,𝑠 , we briefly review the construction of [1] (which
is based on [7, 8, 42]). We will also simplify matters by restricting to 𝑠 ≠ v − 1, hence to the exact sequence (5.6).
Note that this restriction requires that v > 2.

Let W ⊂ V be a conformal embedding of vertex-operator algebras. We suppose that there exists a V-module
M ≠ V, an element S ∈ M, and an intertwining map Y(−, 𝑧) of type

( M
M V

)
for which the singular part of the

operator-product expansion Y(S, 𝑧)𝑊 (𝑤) is a total 𝑧-derivative, for all𝑊 ∈ W. This forces S to be, among other
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things, a Virasoro highest-weight vector of conformal weight 1. Its zero mode S0 is called a screening operator and
it commutes with the action of W. More precisely, it defines a W-module homomorphism between the V-modules
N and N′ ⊆ M ⊠N when the intertwining map S(𝑧) = YN (S, 𝑧) of type

( N
′

M N

)
acts on N with trivial monodromy

around 0.
We make a couple of simplifying remarks. First, the requirement on the operator-product expansions involving

Y(S, 𝑧) will be satified for all 𝑊 ∈ W if it is satisfied for a set of strong generators. Second, if we have found
a Virasoro highest-weight vector S ∈ M of conformal weight 1, then this last requirement is equivalent to the
operator-product expansions having no simple pole. In other words, it is enough to check that S0𝑊 = 0 for each
strong generator𝑊 ∈ W (hence that W ⊆ ker S0).

The Semikhatov embedding (3.8) descends to an embedding of simple quotients when v > 1 [1]. We may thus
take V = Virk ⊗ Π and W = Lk (𝔰𝔩2) = A1 (u, v) in the above setup. To determine a good screening operator, we
shall use the fact that the projective module in (5.6) will be constructed by “glueing” the submodule and quotient
together using the action of this operator (in the final result, it acts as the nilpotent part of 𝑇 𝔰𝔩2

0 ). We therefore let

(5.8) N′
= 𝛾

ℓ+1
𝔰𝔩2

(R−
u−𝑟,v−1−𝑠 ) � 𝐿

Vir
𝑟,𝑠+1 ⊗ Πℓ+1

[Λ𝑟,𝑠+1/2] and N = 𝛾
ℓ
𝔰𝔩2

(R−
u−𝑟,v−𝑠 ) � 𝐿

Vir
𝑟,𝑠 ⊗ Πℓ[Λ𝑟,𝑠/2],

(the isomorphisms follow from comparing weights and conformal weights using (3.8)) and demand that M ⊠ N

contains N′ as a submodule.
As Π is a lattice vertex-operator algebra, it is easy to determine its fusion rules:

(5.9) Πℓ[𝜆] ⊠ Π𝑚[𝜇 ] � Πℓ+𝑚−1
[𝜆+𝜇+k/2], ℓ,𝑚 ∈ ℤ, [𝜆], [𝜇] ∈ ℂ/ℤ.

Combining this with the well known fusion rules of the Virasoro minimal models, the simplest candidate module
satisfying our demand is thus

(5.10) M = 𝐿
Vir
1,2 ⊗ Π2

[−u/v]

(the assumption that v > 2 guarantees that 𝐿Vir1,2 is a module of Virk). Moreover, M contains a highest-weight vector
of conformal weight 1 (with respect to 𝑇 𝔰𝔩2 ), namely

(5.11) S = 𝑣1,2 ⊗ e𝑎 ∈ M.

Here, 𝑣1,2 is a highest-weight vector of 𝐿Vir1,2 . We also note that S has ℎ0-eigenvalue 0, matching that of the nilpotent
part of 𝑇 𝔰𝔩2

0 .
What does not (yet) match is the order of nilpotence of S0 and 𝑇 𝔰𝔩2

0 . The latter is expected to have order 2, but
the former appears not to be nilpotent at all. To fix this, as well as implement the “glueing” of N′ and N, we extend
V = Virk ⊗ Π to the semidirect sum V = V M using the intertwining map S(𝑧) = YN (S, 𝑧) of type

( N
′

M N

)
(see

[54] for the definition and basic properties). We equip V with the same energy-momentum tensor as V and note
that this semidirect structure means that the self-operator-product expansion of S(𝑧) is identically zero in V. It
therefore follows that S0 is nilpotent of order (at most) 2. (In fact, S𝑚S𝑛 = 0 for all𝑚,𝑛 ∈ ℤ.)

The glueing is now simply realised by inducing N to a V-module P = V⊠N. As a V-module, this is isomorphic
to N′ ⊕ N. However, as a V-module, we can act with the modes of elements like S. Explicitly, the V-action of
𝑣 +𝑚, where 𝑣 ∈ V and𝑚 ∈ M, on 𝑛′ ⊕ 𝑛, where 𝑛′ ∈ N′ and 𝑛 ∈ N, is given by

(5.12) 𝑌
P
(𝑣 +𝑚, 𝑧) (𝑛′ + 𝑛) = 𝑌N′ (𝑣, 𝑧)𝑛′ + 𝑌N (𝑣, 𝑧)𝑛 + YN (𝑚, 𝑧)𝑛.

We can therefore now verify that S0 ∈ V is a screening operator for W = A1 (u, v). From the above discussion,
we only need check that the strong generators 𝑒, ℎ and 𝑓 are annihilated by S0. For 𝑒 and ℎ, this is trivially verified
because their operator-product expansions with S are regular. This is not the case for 𝑓 , but the computation is
nevertheless straightforward, if a little tedious.

The final step is to twist the action on the V-module P using the spectral flow map induced by S. More precisely,
we will change the action by inserting Δ(S, 𝑧) as in (2.26). The result might no longer be a V-module, because S0

acts non-semisimply on V, but it will be a module for ker S0 and hence for its subalgebra W = A1 (u, v) [7]. This
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restricted module is Pℓ𝑟,𝑠 and the action is explicitly given by

(5.13) 𝑌Pℓ
𝑟 ,𝑠
(𝐴, 𝑧) = 𝑌

P

(
Δ(S, 𝑧)𝐴, 𝑧

)
, for 𝐴 ∈ A1 (u, v),

where Δ is defined in (2.26a). It is straightforward to verify that 𝑇 𝔰𝔩2
0 acts on Pℓ𝑟,𝑠 in the same way that 𝑇 𝔰𝔩2

0 − S0

acts on P. This action is therefore non-semisimple with Jordan blocks of rank at most 2, as expected.

5.3. Reduction of non-semisimple projective Lk (𝔰𝔩2)-modules. We now consider the minus reduction of the
projective modules Pℓ𝑟,𝑠 . By definition, this is the BRST cohomology of the complex 𝐶 (Pℓ𝑟,𝑠 ) = Pℓ𝑟,𝑠 ⊗ Λ with
differential given by the zero mode of 𝑄 (𝑧) =

(
e𝑐 (𝑧) + 1

)
⊗ 𝜑∗ (𝑧), see Section 3. The action of D =𝑄0 on𝐶 (Pℓ𝑟,𝑠 )

matches the action of the zero mode of the S-twisted field 𝑌
P

(
Δ(S, 𝑧)𝑄, 𝑧

)
on𝐶 (P) = P ⊗ Λ. We therefore analyse

this latter action.
Since S(𝑧) = 𝑣1,2(𝑧) ⊗ e𝑎 (𝑧) and e𝑐 (𝑤) have regular operator-product expansion, we have 𝑆𝑛e

𝑐
= 0 for all 𝑛 ≥ 0.

It follows that

(5.14) Δ(S, 𝑧)
(
e𝑐 + |0⟩

)
=

[
𝑧
−S0

∞∏
𝑛=1

exp
(
(−𝑧)−𝑛

𝑛
S𝑛

) (
e𝑐 + |0⟩

) ]
= e𝑐 + |0⟩,

using (2.26a). The action (5.13) of 𝑄 on 𝐶 (Pℓ𝑟,𝑠 ) is thus given by

𝑌
𝐶 (Pℓ

𝑟 ,𝑠 ) (𝑄, 𝑧) = 𝑌Pℓ
𝑟 ,𝑠

(
e𝑐 + |0⟩, 𝑧

)
⊗ 𝜑∗ (𝑧) = 𝑌

P

(
Δ(S, 𝑧)

(
e𝑐 + |0⟩

)
, 𝑧

)
⊗ 𝜑∗ (𝑧)

= 𝑌
P

(
e𝑐 + |0⟩, 𝑧

)
⊗ 𝜑∗ (𝑧).

(5.15)

We apply this result to (𝑛′ + 𝑛) ⊗ 𝑢 ∈ 𝐶 (Pℓ𝑟,𝑠 ) (so 𝑛′ ∈ N′, 𝑛 ∈ N and 𝑢 ∈ Λ). Because e𝑐 + |0⟩ belongs to
V = Virk ⊗ Π, the result is

𝑌
𝐶 (Pℓ

𝑟 ,𝑠 ) (𝑄, 𝑧)
[
(𝑛′ + 𝑛) ⊗ 𝑢

]
=
[
𝑌
P

(
e𝑐 + |0⟩, 𝑧

)
⊗ 𝜑∗ (𝑧)

] [
(𝑛′ + 𝑛) ⊗ 𝑢

]
= 𝑌N′

(
e𝑐 + |0⟩, 𝑧

)
𝑛
′ ⊗ 𝜑∗ (𝑧)𝑢 + 𝑌N

(
e𝑐 + |0⟩, 𝑧

)
𝑛 ⊗ 𝜑∗ (𝑧)𝑢

= 𝑌𝐶 (N′ ) (𝑄, 𝑧) (𝑛
′ ⊗ 𝑢) + 𝑌𝐶 (N) (𝑄, 𝑧) (𝑛 ⊗ 𝑢)

= 𝑌𝐶 (N′⊕N) (𝑄, 𝑧)
(
(𝑛′ + 𝑛) ⊗ 𝑢

)
,

(5.16)

by (5.12). In other words, the action of the differential on 𝐶 (Pℓ𝑟,𝑠 ) matches its action on 𝐶 (N′ ⊕ N).
The corresponding BRST reductions are therefore identical as graded vector spaces. But, these reductions

belong to a semisimple category in which the irreducibles are completely determined by the grading (that is, by the
characters). We therefore obtain our final result, courtesy of Corollary 5.1.

Theorem 5.3. For any ℓ ∈ ℤ, 1 ≤ 𝑟 ≤ u − 1 and 1 ≤ 𝑠 ≤ v − 2, the minus reduction of 𝛾 ℓ𝔰𝔩2 (P𝑟,𝑠 ) is given by

(5.17) qH𝑛
−
(
𝛾
ℓ
𝔰𝔩2

(P𝑟,𝑠 )
)
�


𝛿𝑛,0𝐿

Vir
𝑟,𝑠 for ℓ = 0,

𝛿𝑛,0𝐿
Vir
𝑟,𝑠+1 for ℓ = −1,

0 otherwise.

Appendix A. Spectral sequences

A common strategy to compute the cohomology of a complex (𝐶•
,D) is to introduce a filtration 𝐹 and construct

the corresponding filtered spectral sequence (𝐸𝑝,𝑞
𝑅
,D𝑅). Here, we review some standard definitions and convergence

results for spectral sequences. This includes less well known phenomena concerning the convergence of unbounded
spectral sequences, following [21, 77].

Definition A.1. Given a filtration 𝐹 on a complex (𝐶•
,D), we say that the differential is compatible with the

filtration if D(𝐹𝑝𝐶𝑛) ⊆ 𝐹
𝑝
𝐶
𝑛+1.

From here on, we assume that the filtration 𝐹
𝑝
𝐶 is decreasing, indexed by 𝑝 ∈ ℤ≥0 and compatible with the

differential. The indexing is simply to match our intended application (Li’s filtration — see Definition 3.5).
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Definition A.2. We say that 𝐹 is a bounded filtration of 𝐶 if 𝐹𝑝𝐶 = 0 for all 𝑝 ≥ 𝑝max. If 𝐹 is not bounded, then it
is called an unbounded filtration.

For unbounded spectral sequences, reconstructing the cohomology from the limiting page 𝐸∞ of a spectral sequence
is a significantly complicated and subtle task.

Suppose that 𝜄𝑝,𝑛 : 𝐹𝑝𝐶𝑛 → 𝐶
𝑛 is the inclusion map, which induces a map 𝜄𝑝,𝑛∗ on the cohomology. Then, there

is an induced filtration 𝐹 on the cohomology 𝐻 = H (𝐶,D), defined by

(A.1) 𝐹
𝑝H𝑛 (𝐶,D) = im

(
𝜄
𝑝,𝑛
∗ : H𝑛 (𝐹𝑝𝐶,D) → H𝑛 (𝐶,D)

)
.

Given a filtration of 𝐶, the associated graded space is defined to be

(A.2) Gr𝐶 =
⊕
𝑝∈ℤ≥0

Gr𝑝 𝐶, where Gr𝑝 𝐶 = 𝐹
𝑝
𝐶
/
𝐹
𝑝+1
𝐶.

Now, recall the construction of the filtered spectral sequence from a filtration 𝐹 on (𝐶•
,D). First, the grading𝐶•

on the complex is refined to a bigrading by setting

(A.3) 𝐶
𝑝,𝑞

=
⊕

𝑝∈ℤ≥0, 𝑞∈ℤ
𝐹
𝑝
𝐶
𝑝+𝑞

.

We call the original grading 𝑛 = 𝑝 + 𝑞 the total grading, 𝑝 the filtered grading and 𝑞 the complementary grading.
The initial page of the filtered spectral sequence is denoted by 𝐸0. It has terms defined by

(A.4) 𝐸
𝑝,𝑞

0 = Gr𝑝 𝐶𝑝+𝑞 =
𝐹
𝑝
𝐶
𝑝+𝑞

𝐹
𝑝+1
𝐶
𝑝+𝑞 .

Let D0 be the differential induced by D on the associated graded space 𝐸0. The pair
(
𝐸
𝑝,𝑞

0 ,D0
)

then defines a
differential complex. Its cohomology is the page 𝐸1 and it may be equipped with a differential D1.

More generally, if we are given a page (𝐸𝑝,𝑞
𝑅
,D𝑅), then the subsequent page is defined to be the cohomology

(A.5) 𝐸
𝑝,𝑞

𝑅+1 = H (𝐸𝑝,𝑞
𝑅
,D𝑅),

equipped with a differential D𝑅+1. The differentials D𝑅 , for 𝑅 ≥ 1, are difficult to construct in general, but always
act to change the bidegree of a homogeneous element by (𝑅, 1 − 𝑅). In this paper, all spectral sequences turn out
to collapse at 𝐸1, so we will not need to discuss these higher differentials any further.

A spectral sequence (𝐸𝑝,𝑞
𝑅
,D𝑅) is called half plane if there exists 𝑁 ∈ ℤ so that either 𝐸𝑝,𝑞

𝑅
= 0 for all 𝑝 < 𝑁 , or

𝐸
𝑝,𝑞

𝑅
= 0 for all 𝑝 > 𝑁 . As we will generally work with filtrations indexed by ℤ≥0, every spectral sequence in this

paper will be half plane.

Definition A.3. If there exists some 𝑅max such that 𝐸𝑝,𝑞
𝑅
� 𝐸

𝑝,𝑞

𝑅max
, for all 𝑅 ≥ 𝑅max, then we say that the spectral

sequence has collapsed and has limiting page 𝐸𝑝,𝑞∞ = 𝐸
𝑝,𝑞

𝑅max
.

When a spectral sequence collapses, we may identify its limiting page with the associated graded space of some
graded object 𝑉 as follows:

(A.6) Gr𝑝 𝑉 𝑝+𝑞 = 𝐸
𝑝,𝑞
∞

where Gr𝑉 is the associated graded space of 𝑉 with respect to some filtration q𝐹 . We typically desire that 𝑉 • is
isomorphic to the cohomology𝐻 •

= H (𝐶,D). In this case, the filtration q𝐹 of𝑉 corresponds to the induced filtration
𝐹 on cohomology, see (A.1). Unfortunately, without additional conditions being met, it may not be possible to
identify 𝑉 • with the cohomology.

Definition A.4. When a spectral sequence collapses, we say that it weakly converges to some graded object 𝑉 • if:

• 𝑉
• is equipped with a decreasing filtration · · · ⊇ q𝐹

𝑝−1
𝑉
𝑛 ⊇ q𝐹

𝑝
𝑉
𝑛 ⊇ q𝐹

𝑝+1
𝑉
𝑛 ⊇ · · · , for each 𝑛, and

• there exist isomorphisms 𝛼𝑝,𝑞 : 𝐸𝑝,𝑞∞ → Gr𝑝 𝑉 𝑝+𝑞 , for all 𝑝, 𝑞 ∈ ℤ.
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Proposition A.5. Suppose 𝑋 • is a graded object with a decreasing filtration 𝐹
•
𝑋 . Then, the graded objects

𝑋
∞

=
⋃∞
𝑝=0 𝐹

𝑝
𝑋 and 𝑋 −∞

= 𝑋/⋂∞
𝑝=0 𝐹

𝑝
𝑋 may be equipped with the obvious induced filtrations coming from 𝐶

and the associated graded spaces for 𝑋 , 𝑋∞ and 𝑋 −∞ are all isomorphic.

Note that Proposition A.5 shows that associated graded spaces are insensitive to elements outside ⋃
𝑝 𝐹

𝑝
𝑋
𝑛 and

elements inside ⋂
𝑝 𝐹

𝑝
𝑋
𝑛 .

Definition A.6. A filtration 𝐹 on a vector space 𝑋 is called exhaustive if 𝑋 •
=

⋃
𝑝 𝐹

𝑝
𝑋

• and Hausdorff (or
separated) if ⋂𝑝 𝐹

𝑝
𝑋

•
= {0}.

It is important that these conditions hold because if the filtration 𝐹 on 𝑋 is not exhaustive and Hausdorff, then it is
impossible to fully reconstruct 𝑋 from Gr𝑋 .

In Boardman’s work [21], it was shown there are a number of obstructions that may prevent 𝑉 from being
identifiable with the cohomology 𝐻 . For instance, obstructions typically arise for unbounded spectral sequences
that do not collapse, or are not half plane.

Theorem A.7 ([21]). Consider a complex (𝐶,D) in which 𝐶 is equipped with a compatible decreasing filtration
𝐹 , whose corresponding spectral sequence is (𝐸𝑝,𝑞

𝑅
,D𝑅). Assume that 𝐹 is exhaustive and Hausdorff. Assume also

that (𝐸𝑅,D𝑅) is half plane. The spectral sequence then converges weakly to 𝐻 = H (𝐶,D).

From here on, suppose that we have weak convergence to𝐻 . Our next task is to determine when we can reconstruct
𝐻 from Gr𝐻 .

More generally, if 𝑋 is a graded vector space with a decreasing filtration 𝐹 , then we must consider how to
reconstruct from Gr𝑋 the types of elements listed below. For ease of reference, we assign to each family a ‘type’
(although this is not standard terminology).

• Type I: 𝑥 ∈ 𝑋 lies in finitely many filtered components, so for 𝑥 ∈ 𝑋 there exists 𝑝max such that 𝑥 ∈ 𝐹𝑝𝑋 for all
𝑝 ≤ 𝑝max and 𝑥 ∉ 𝐹

𝑝
𝑋 for all 𝑝 > 𝑝max.

• Type II: 𝑥 ∈ 𝑋 lies in all filtered components, so 𝑥 ∈ 𝐹𝑝𝑋 for all 𝑝 ∈ ℤ≥0.
• Type III: 𝑥 ∈ 𝑋 lies in no filtered component.

For a bounded filtration, one may encounter elements of types I and III, but the only element of type II is 0. For
unbounded filtrations, there may also exist non-zero elements of type II. However, if 𝐹 is exhaustive and Hausdorff,
then 𝑋 has no non-zero elements of type II and no elements whatsoever of type III to reconstruct. This motivates
introducing a stronger notion of convergence.

Definition A.8. A spectral sequence that collapses is said to converge to a graded object𝑉 with filtration q𝐹
•
𝑉 if it

weakly converges to 𝑉 and the filtration q𝐹 is both exhaustive and Hausdorff.

To demonstrate convergence of a filtered spectral sequence, we therefore need to show that the induced filtration
on the cohomology is exhaustive and Hausdorff, but without knowing this cohomology in advance! Half of this
verification turns out to be relatively straightforward.

Proposition A.9. If the filtration on a complex (𝐶•
,D) is exhaustive, then so is the induced filtration on the

cohomology 𝐻 •.

Unfortunately, it is in general difficult to check if the induced filtration on the cohomology is Hausdorff. Typically,
this must be done case by case. In Proposition 3.7, we verify this for the spectral sequence formed using Li’s
filtration, when computing the reduction of fully-relaxed Vk (𝔰𝔩2)-modules.

Finally, we discuss reconstructing the type I elements of the cohomology. Elements of type I are in bijective
correspondence with the elements of Gr𝑋 . Care must also be taken when specifying how elements of type I are
identified in Gr𝑋 . This requires solving the extension problem: choosing an appropriate lift from Gr𝑋 to 𝑋 .
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Recall that every decreasing filtration 𝐹 on 𝑋 induces a short exact sequence

(A.7) 0 → 𝐹
𝑝+1

𝑋
𝜄
𝑝

−→ 𝐹
𝑝
𝑋

𝜋
𝑝

−−→ Gr𝑝 𝑋 → 0

where 𝜄𝑝 : 𝐹𝑝+1
𝑋 → 𝐹

𝑝
𝑋 is the inclusion map and 𝜋𝑝 : 𝐹𝑝𝑋 → Gr𝑝 𝑋 is the canonical projection map. A splitting

is then a map 𝑠𝑝 : Gr𝑝 𝑋 → 𝐹
𝑝
𝑋 such that 𝜋𝑝 ◦ 𝑠𝑝 = id. Combining these maps to form ⊕

𝑝 𝑠
𝑝 : Gr𝑋 → 𝑋 then

gives us a map whose image is precisely the type I elements of 𝑋 .
Equivalent choices of splittings are classified by the extension classes Ext(Gr𝑝 𝑋, 𝐹𝑝+1

𝑋 ), so determining this is
the extension problem. For the applications in this paper, we always reconstruct 𝑋 from Gr𝑋 as a vector space. In
this case, all extension groups are trivial, so all splittings are equivalent up to isomorphism. However, there is still
no canonical choice of splittings 𝑠𝑝 , without additional constraints to fix them. We will not dwell on this problem
here, but it will need addressing for some of the more complicated applications that we will report on in the future.

Appendix B. Cohomology calculations

There are two standard complexes that we use throughout this paper, namely the gauged lattice complex and the
Cartan complex. We collect here their standard cohomology calculations.

The first is a variation of the gauged complex which appears when computing the BRST cohomology of affine
vertex algebras. We briefly recall its definition. Consider the vector space

(B.1) 𝐴 = spanℂ
{
𝜑−𝛼+1𝐹−𝛽+1 |0⟩

��𝛼 ∈ Pferm and 𝛽 ∈ P
}
,

where 𝜑 (𝑧) is a fermionic field and 𝐹 (𝑧) is a bosonic field, both of conformal weight 0. Here, we utilise the notation
for partitions summarised in Section 1.4. This space is graded by the ghost number, defined so that grgh 𝜑𝑛 = −1,
grgh 𝐹𝑛 = 0 and grgh |0⟩ = 0. We also assume that it is equipped with a fermionic differential 𝐷 with grgh 𝐷 = 1 that
satisfies

(B.2) [D, 𝜑𝑛] = 𝐹𝑛 + 1𝛿𝑛,0, [D, 𝐹𝑛] = 0 and D|0⟩ = 0, 𝑛 ∈ ℤ.

Then, (𝐴,D) is a graded differential complex whose cohomology can be determined straightforwardly.

Proposition B.1. The cohomology of the graded differential complex (𝐴,D) is given by

(B.3) H𝑝 (𝐴,D) � ℂ𝛿𝑝,0 .

Roughly, the gauged lattice complex is obtained from the gauged complex by replacing the single generating
state |0⟩ is replaced by a family of generating states {|𝜇⟩ | 𝜇 ∈ [𝜆]}, for some [𝜆] ∈ ℂ/ℤ. The field 𝐹 (𝑧) is moreover
replaced by a field 𝑒𝑐 (𝑧) satisfying 𝑒𝑐0 |0⟩ = 0 and 𝑒𝑐0 |𝜇⟩ = |𝜇 + 1⟩. Thus, we now consider the vector space

(B.4) 𝐵 = spanℂ
{
𝜑−𝛼+1𝑒

𝑐
−𝛽 |𝜇⟩

��𝛼 ∈ Pferm, 𝛽 ∈ P, 𝜇 ∈ [𝜆]
}
.

The ghost grading defined previously for 𝐴 extends to 𝐵 by setting grgh |𝜇⟩ = 0 and the differential D satisfies, in
addition to (B.2),

(B.5) D|𝜇⟩ = 0, 𝜇 ∈ [𝜆] .

To decompose our complex by mode number, we introduce

(B.6) 𝐵𝑛 =

{
spanℂ

{
(𝑒𝑐𝑛)

𝑟
𝜑
𝑠
𝑛 |0⟩

�� 𝑠 ∈ {0, 1}, 𝑟 ∈ ℤ≥0
}
, for 𝑛 ≤ −1,

spanℂ
{
𝜑
𝑠
0 |𝜇⟩

�� 𝑠 ∈ {0, 1}, 𝜇 ∈ [𝜆]
}
, for 𝑛 = 0.

Note that the states |𝜇⟩ must appear in the factor 𝐵0 as

(B.7) D𝜑0 |𝜇⟩ = (𝑒𝑐0 + 1) |𝜇⟩ = |𝜇 + 1⟩ + |𝜇⟩.
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Lemma B.2. There is a decomposition of D-complexes

(B.8) 𝐵 �
⊗
𝑛≤0

𝐵𝑛 .

Proof. Write the basis elements of 𝐵 as

(B.9) 𝜑−𝛼+1𝑒
𝑐
−𝛽 |𝜇⟩ =

(∏
𝑛≤0

𝜑
𝑚𝑛 (−𝛼+1)
𝑛 (𝑒𝑐𝑛)

𝑚𝑛 (−𝛽 )
)
|𝜇⟩.

A basis for ⊗𝑛≤0 𝐵𝑛 is given by the tensor product of basis elements for each 𝐵𝑛:

(B.10)
{⊗
𝑛≤0

𝜑
𝑚𝑛 (−𝛼+1)
𝑛 (𝑒𝑐𝑛)

𝑚𝑛 (−𝛽 ) |𝜇⟩𝑛
���𝛼 ∈ Pferm, 𝛽 ∈ P

}
, where |𝜇⟩𝑛 =

{
|𝜇⟩ if 𝑛 = 0,

|0⟩ if 𝑛 ≠ 0.

Define the linear map 𝜌 : 𝐵 → ⊗
𝑛≤0 𝐵𝑛 so that

(B.11) 𝜌 :
∏
𝑛≤0

𝜑
𝑚𝑛 (−𝛼+1)
𝑛 (𝑒𝑐𝑛)

𝑚𝑛 (−𝛽 ) |𝜇⟩ ↦→
⊗
𝑛≤0

𝜑
𝑚𝑛 (−𝛼+1)
𝑛 (𝑒𝑐𝑛)

𝑚𝑛 (−𝛽 ) |𝜇⟩𝑛 .

As a bijective map between bases, this extends linearly to a vector space isomorphism. Showing that this is a
decomposition of D-complexes is standard, see for example the proof of Lemma 3.3. ■

We now show that the cohomology of each factor 𝐵𝑛 is the same as that of the gauged complex (Proposition B.1).

Lemma B.3. For all 𝑛 ≤ 0, we have H𝑝 (𝐵𝑛,D) � ℂ𝛿𝑝,0.

Proof. For 𝑛 ≤ −1, the calculation is identical to the gauged complex of Proposition B.1, hence H𝑝 (𝐵𝑛,D) � ℂ𝛿𝑝,0.
For 𝑛 = 0, the non-trivial terms are given by

(B.12) 𝐵
0
0 = spanℂ{|𝜇⟩ | 𝜇 ∈ [𝜆]} and 𝐵

−1
0 = spanℂ{𝜑0 |𝜇⟩ | 𝑟 ∈ ℤ≥0, 𝜇 ∈ [𝜆]}.

Since D annihilates all the |𝜇⟩, we can compute the image im(D: 𝐵−1
0 → 𝐵

0
0) using (B.7) and so we obtain

■(B.13) H0 (𝐵0,D) =
spanℂ

{
|𝜇⟩

�� 𝜇 ∈ [𝜆]
}

spanℂ
{
|𝜇 + 1⟩ + |𝜇⟩

�� 𝜇 ∈ [𝜆]
} � ℂ.

Proposition B.4. The cohomology of the graded differential complex (𝐵,D) defined in (B.4) is concentrated in
degree zero and given by H𝑝 (𝐵,D) � ℂ𝛿𝑝,0.

Proof. This follows immediately from applying the Künneth formula to the decomposition in Lemma B.2, using
our result in Lemma B.3. ■

Remark B.5. In practice, the gauged lattice complexes that we encounter in this paper have |𝜇⟩ = 𝑒−𝑎+𝜇𝑐 ⊗ |0⟩Λ
for some [𝜆] ∈ ℂ/ℤ. Notice that the choice of 𝜆 does not affect our calculation of the cohomology.

Next, we consider a filtered spectral sequence associated to a complex we dub the Cartan complex. This complex
appears in reduction calculations when dealing with pairs of ghosts𝜑∗ (𝑧) and fieldsℎ(𝑧) satisfying the commutation
relations

(B.14) [ℎ𝑚, 𝜑
∗
𝑛] = 𝜑

∗
𝑚+𝑛 and [𝜑∗

𝑚, 𝜑
∗
𝑛] = 0.

Consider the differential complex (𝐵,D) where 𝐵 is spanned by the basis

(B.15)
{
ℎ−𝛽𝜑

∗
−𝛼 |0⟩

��𝛼 ∈ Pferm, 𝛽 ∈ P
}
.

Here 𝐵 =
⊕
𝑛≥0 𝐵

𝑛 is again graded by ghost number with grgh 𝜑
∗
= 1 and grgh ℎ = 0. We assume that the differential

D acts as

(B.16) [D, 𝜑∗
𝑛] = 0, [D, ℎ𝑛] = 𝜑

∗
𝑛, D|0⟩ = 0.
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𝑞

𝑝

𝐾
𝑝,𝑞

0
0 0 0 0 0

0

0

0

0

0

Figure 2. The initial page of the filtered Cartan spectral sequence with arrows indicating the
action of the differential D0.

To compute the cohomology, we introduce an increasing filtration 𝐹 •𝐵 in which 𝐹𝑝𝐵𝑛 is spanned by states of total
ghost number 𝑛 with at most 𝑝 modes acting on the vacuum |0⟩. This gives a filtered spectral sequence whose
initial page is

(B.17) 𝐾
𝑝,𝑞

0 =
𝐹
𝑝
𝐵
𝑝+𝑞

𝐹
𝑝−1

𝐵
𝑝+𝑞 = Gr𝑝 𝐵𝑝+𝑞,

where the total degree 𝑛 = 𝑝 + 𝑞 is our ghost number. Clearly 𝐹𝑝𝐵𝑛 is non-trivial only when 𝑛, 𝑝 ≥ 0 and 𝑛 ≤ 𝑝,
as there are no states with negative ghost grade. Consequently, the non-trivial terms in our spectral sequence are
confined to the fourth quadrant of the (𝑝, 𝑞)-plane as shown in Figure 2.

Consider a general basis element 𝑣 = ℎ−𝛼𝜑
∗
−𝛽 |0⟩ of bidegree

(
𝑙 (𝛼) + 𝑙 (𝛽),−𝑙 (𝛼)

)
. Using (B.16), we describe the

action of the differential D0 induced on the associated graded space by D.

Lemma B.6. The differential D0 acts on a basis state 𝑣 as

(B.18) D0𝑣 =
𝑙 (𝛼 )∑︁
𝑖=1

(−1)𝑖−1
ℎ−𝛼1

· · ·
�
�ℎ−𝛼𝑖 𝜑

∗
−𝛼𝑖 · · ·ℎ−𝛼𝑙 (𝛼 )

𝜑
∗
−𝛽 |0⟩.

where
�
� indicates omission.

Proposition B.7. The cohomology of the Cartan complex (𝐵,D) defined in (B.15) is given by

(B.19) H𝑛 (𝐵,D) � ℂ𝛿𝑛,0.

Proof. We obtain the subsequent page 𝐾𝑝,𝑞1 of the spectral sequence by computing the cohomology of the initial
page (𝐾0,D0). It is a straightforward calculation to show that 𝐾𝑝,𝑞1 � ℂ𝛿𝑝,0𝛿𝑞,0. As the page 𝐾𝑝,𝑞1 contains only
a single non-trivial term, all the 𝐾𝑝,𝑞

𝑅
with 𝑅 ≥ 1 are the same: the spectral sequence has collapsed. Since the

spectral sequence is bounded, it converges to our desired cohomology. We may therefore identify 𝐾𝑝,𝑞1 = 𝐾
𝑝,𝑞
∞ with

H𝑛 (𝐵,D). It follows that H𝑛 (𝐵,D) � ℂ𝛿𝑛,0. ■
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