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Abstract

While rational W-algebras have enjoyed many years of attention, nonrational W-algebras are
increasingly at the center of many important developments in mathematics and physics. Despite
this, detailed knowledge of the structure and representation theory of such vertex operator algebras
is lacking. Investigation into various examples has revealed that despite their complexity, nonra-
tional W-algebras often exhibit rich features that make them suitable for logarithmic conformal
field theory and other applications.

In this thesis, we first study the representation theory of a W-algebra known as the Bershadsky—
Polyakov algebra. A classification of simple weight modules is achieved as well as the construction
of some interesting nonsimple modules. These results, in conjunction with an ’inverse’ to quantum
hamiltonian reduction, are then used to determine the modular transformations and Grothendieck
fusion rules of nonrational Bershadsky—Polyakov minimal models in terms of rational Zamolod-
chikov minimal models. Finally, we describe how features of the preceding analysis generalise to
all subregular W-algebras of type A. There, an inverse quantum hamiltonian reduction is defined
and is used to relate the representation theories of subregular and regular W-algebras despite the
generic nonrationality of the former.

Overall the results of this thesis support a holistic approach to nonrational W-algebras with

inverse quantum hamiltonian reductions playing a central role.
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Chapter 0

Introduction

0.1. Background

Logarithmic conformal field theories are increasingly playing a role in applications of confor-
mal field theories to physics. These include percolation [39,163], 4d-2d duality [29], quantum Hall
transitions [164] and string theory [90,126]. The vertex operator algebras associated to such con-
formal field theories are often nonrational. While rational vertex operator algebras, their represen-
tations/fusion rings and modular properties may be studied using general results like the Verlinde
formula [94, 96, 156], such results for nonrational vertex operator algebras are not known.

There are small rank examples that are particularly well-understood such as admissible-level
Lk(slp) [50,52], admissible-level Ly (osp(1]2)) [47,142,168], the singlet and triplet algebras [8,51,
85,110], and the Sy ghost vertex algebra [77,137,144]. In each case, a conjectural continuous ver-
sion of the famed Verlinde formula appears to give sensible answers for Grothendieck and genuine
fusion rules [51,146]. What is lacking in general are results about the structure and representation
theory of nonrational vertex operator algebras and a proof of such a ‘logarithmic Verlinde formula’.

A particularly important class of logarithmic conformal field theories are fractional-level Wess-
Zumino-Witten models. The associated vertex operator algebras are the fractional-level affine ver-
tex operator algebras. In the case of admissible-level Ly(sl,), it was quickly realised that if one
works only with highest-weight representations, the usual Verlinde formula gives nonsensical an-
swers [27,34,118].

It was later shown that fusion products in admissible-level Ly (s],) also contain representa-
tions that are not highest-weight [84]. In particular, a detailed analysis of the fusion rules for
L_4/3(s12) showed that the fusion of two highest-weight representations can give representations
that are reducible-but-indecomposable and some whose energy eigenvalues are not bounded below.

To define a sensible 2d chiral conformal field theory with chiral symmetry algebra given by an
admissible-level affine vertex operator algebra L (g), the appropriate ‘larger’ class of representa-

tions that needs to be considered appears to be the relaxed highest-weight representations of the
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underlying Ly (g) and their spectral flows [69]. Such representations were classified for Ly (sl,)
in [7], for Ly (sl3) in [21] and for Ly (osp(1]|2)) in [47,168]. Additionally, if one has a classifi-
cation of highest-weight modules for a certain quotient of the universal enveloping algebra U(g),
an algorithm for the classification of relaxed modules for general Ly (g) is presented in [114]. For
admissible levels, such a highest-weight classification was completed by Arakawa [18].

For admissible-level Ly (s12), admissible-level L (osp(1|2)) and L_3,5(s13), the characters and
conjectural Grothendieck fusion rules of relaxed highest-weight modules are known [47,50,52,113,
115]. Genuine fusion rules are only known for certain levels and modules. Curiously the characters
of relaxed modules for nondegenerate admissible-level Ly (sl,) contain characters for modules of
the Virasoro minimal model [52, 134], which is obtained from the simple vertex operator algebra
Lk (sl») by quantum hamiltonian reduction.

Characters for relaxed highest-weight modules are also known for admissible-level Ly (sl;41)
[112]. Here, as in the sl; case, the character formulae contain characters of the minimal quantum
hamiltonian reduction associated to Ly (sl,+1). Beyond this data in these specific cases, much is
still unknown.

Itis suspected that, in general, the characters of admissible-level affine vertex operator algebras
L (g) will depend on the characters of their quantum hamiltonian reductions W¥(g, f) (so-called
W-algebras) where f € g is nilpotent. Such reductions were first defined in terms of vertex algebras
in the case of regular nilpotent elements [65] and more generally in [102, 106].

The relationship between characters of affine vertex operator algebras and of W-algebras, ex-
plored in more detail in [158], can be understood in terms of an ‘inverse’ to quantum hamiltonian
reduction. The first example of such an inverse was described by Semikhatov [147] for the case of
g = sl,. It was later shown by Adamovic that this inverse reduction can be deployed to understand
some of the representation theory of the universal affine vertex operator algebra V*(sl,) and, at
certain levels, its simple quotient Ly (sl;) [2].

Crucially, the quantum hamiltonian reduction of V¥(sl5) is the Virasoro vertex operator algebra
Virk whose simple quotient is rational when k is admissible but not integral (the aforementioned
Virasoro minimal models) in contrast to the nonrational L (sl;). Remarkably, the relaxed highest-
weight Ly (s1)-modules admit concise descriptions in terms of Virasoro minimal model modules
using inverse quantum hamiltonian reduction, explaining the relationship between characters.

In the g = sl3 case, inverse quantum hamiltonian reductions can be described from all sl
W-algebras to VK(sl3), in addition to an inverse reduction relating the two nonaffine W-algebras:
the Bershadsky—Polyakov algebra BP¥ and the Zamolodchikov algebra [3,4]. In the latter case,
what is being inverted is an as-of-yet undefined partial quantum hamiltonian reduction that relates

We-algebras corresponding to a fixed g.
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As in the sl case, the simple quotient of the Zamolodchikov algebra is rational at nondegen-
erate admissible level [17]. However, the inverse reduction relating the Zamolodchikov algebra
and VK(sl3) naturally factors through the Bershadsky—Polyakov algebra which is expected to be
nonrational at these levels.

The simple quotient BPy of the Bershadsky—Polyakov algebra is known to be rational at admis-
sible levels k = =3 + u/2 where u € Z.3 is odd [15]. For all other admissible levels, it is expected
that there is a class of ‘relaxed highest-weight’ modules for the Bershadsky—Polyakov algebra that
are both necessary for logarithmic conformal field theory considerations and related to modules for
the Zamolodchikov algebra using inverse quantum hamiltonian reduction. This also means that, at
these levels, BPy is a nonrational W-algebra. One of our aims here is to show that this is the case.

It therefore appears that it is necessary to investigate the structure of nonrational W-algebras
to gain additional information about fractional-level affine vertex operator algebras. Moreover,
W-algebras are interesting examples of vertex operator algebras in their own right as they appear
frequently in both physics [87,151,170] and mathematics [75,161]. While there are many exam-
ples of rational W-algebras where the conformal field theoretic information is known [15,17,22],
nonrational W-algebras are still largely mysterious.

This project broadly aims to explore nonrational W-algebras by combining direct computa-
tions (where possible) with inverse quantum hamiltonian reductions. One important feature of this
approach is that inverse quantum hamiltonian reduction is particularly effective at simplifying cal-
culations important for conformal field theory applications. The examples of W-algebras explored
in this thesis are all examples of subregular W-algebras.

Subregular W-algebras appear in the Schur indices of 4D superconformal field theories known
as Argyres—Douglas theories [24,29,41] and the subregular nilpotent orbit also plays a crucial role
in singularity theory [148]. As such, subregular W-algebras represent an important class of vertex
operator algebras for which a greater understanding might indicate a path towards more general

W-algebras, in addition to more interdisciplinary endeavours.

0.2. Outline

Chapter 1 starts with preliminary material on vertex operator algebras and their modules in
Section 1.1. An important associative unital algebra associated to a vertex operator algebra is the
Zhu algebra. The relationship between the representation theory of a vertex operator algebra and
its Zhu algebra is reviewed in Section 1.1.4. An informal account of the Verlinde formula, relating
the fusion product of vertex operator algebra modules to modular transformations of characters, is

also given.
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Section 1.2 is devoted to a very important family of vertex operator algebras known as universal
affine vertex operator algebras V(g) and their simple quotients Ly (g). The modular transforma-
tions and fusion rules of Lx(g) when k € Zq are reviewed in Section 1.2.2. Detailed analysis of
such vertex operator algebras when k is admissible but not integral motivates studying W-algebras.

The construction of W-algebras by quantum hamiltonian reduction of affine vertex operator
algebras is described in Section 1.3 following [102,106]. Noting that the W-algebras corresponding
to g = sl are well understood, we take up the task of analysing g = sl3 W-algebras. The first of
these is the prototypical W-algebra: the Zamolodchikov algebra [170]. The representation theory,
modular transformations and fusion rules of its simple quotient W3 (u, v), where k = ¢ — 3 with
u,v € Z3 coprime, are well known and recalled in Section 1.3.3.

In Chapter 2 we construct the other sl3 W-algebra, the universal Bershadsky—Polyakov ver-
tex operator algebra BPK and its simple quotient BPy. The BPk- and BP,-modules of interest,
untwisted and twisted relaxed highest-weight modules, are introduced in Section 2.2. We then ex-
plain how to identify these modules using the untwisted and twisted Zhu algebras of BPX. This
leads to a classification of untwisted highest-weight BP*-modules (Theorem 2.2.6).

The twisted classification (Theorem 2.2.16) requires the identification [15] of the twisted Zhu
algebra with a central extension of a Smith algebra [149] (Proposition 2.2.8). A classification of
simple weight modules, with finite-dimensional weight spaces, of this extension is achieved in
Theorem 2.2.15. This readily gives a classification of simple twisted relaxed highest-weight BP-
modules by the twisted version of Zhu’s theorem. For later use, we also introduce coherent families
of modules for the twisted Zhu algebra of BP¥, following [128].

In Section 2.3 we convert the classification results for the universal Bershadsky—Polyakov al-
gebras BP into the corresponding results for their simple quotients BPy at nonintegral admissible
level k. After reviewing the highest-weight theory of the simple affine vertex operator algebra
Lk (sl3) [18,103], we prove a crucial result on the surjectivity of quantum hamiltonian reduction
on simple highest-weight Ly (sl3)-modules in Section 2.3.2.

The classification of simple highest-weight BP,-modules is easily deduced from this (Theo-
rem 2.3.15). In Section 2.3.4, we show this lifts to a classification of simple relaxed highest-weight
BPyk-modules using coherent families. The existence of reducible-but-indecomposable relaxed
highest-weight BP,-modules is similarly proved in Section 2.3.4. A simple consequence of these
results is that BPy is nonrational when k is admissible with v > 2. We conclude this chapter by
illustrating our classification results with some examples in Section 2.3.5.

The material presented in Chapter 2 appears in [62], and was obtained in collaboration with

Kazuya Kawasetsu and David Ridout.
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Chapter 3 is concerned with the relationship between the Bershadsky—Polyakov and Zamolod-
chikov algebras and its consequences. This takes the form of an embedding of BPX into the
Zamolodchikov algebra tensored with the ‘half lattice’ vertex algebra IT [4]. The idea, discussed
in Section 3.1, behind such embeddings is that they are partial inverses to quantum hamiltonian
reduction functors.

Importantly, for any nondegenerate admissible level, the embedding descends to an embedding
of simple quotients BP, < W3(u,v) ® II. With the modular transformations and fusion rules of
the rational minimal model W3 (u, v) in hand, we use this fact to study the modular transformations
and fusion rules for BP(u, v) = BPy whose simple relaxed highest-weight modules were classified
in Chapter 2.

The results obtained thus far fit within the framework of the standard module formalism of
[51,146] with spectral flows of relaxed BP (u, v)-modules playing the role of the standard modules.
Here it is convenient to modify the conformal structure of BP(u, v) so that the standard modules
are untwisted. Section 3.2.3 then describes how to compute the characters of standard BP(u, v)-
modules in terms of W3 (u, v) characters using the inverse quantum hamiltonian reduction embed-
ding. The modular S-matrix for standard one-point functions is computed in Section 3.2.5.

The standard module formalism also details how to extend this modularity to the simple highest-
weight BP(u, v)-modules and is applied in Section 3.3. To minimise complications, we first con-
sider BP(u,v) with v = 3. These cases exemplify the general structure and, subject to the con-
jectured equalities (3.3.2) (the standard Verlinde formula for nonrational vertex operator algebras),
the Grothendieck fusion rules of all simple weight modules are computed (Theorem 3.3.6). We
conclude our v = 3 studies by identifying simple currents of BP(u, 3) and exploring the example
(u,v) = (4,3) in Section 3.3.3.

The remainder of this chapter is devoted to attacking the general nonrational minimal model
BP(u,v). Section 3.3.4 contains character formulae for all highest-weight BP (u, v)-modules and
the modular S-matrix for the simplest class of these is obtained in Theorem 3.3.15. The standard
Grothendieck fusion rules are then computed in Section 3.3.6 and simple currents are identified.
Finally, these general results are illustrated with the example (u,v) = (3,4) in Section 3.3.7.

The material presented in Chapter 3 appears in [63], and was obtained in collaboration with
David Ridout.

Chapter 4 focuses on generalising essential ingredients of the preceding analysis to subregular
We-algebras of type-A WK (81,41, fsub). In Section 4.1.1, regular W-algebras WK (sl,.1, freg) are
introduced. For example, the aforementioned Zamolodchikov algebra is the sI3 regular W-algebra.
The representation theory of W,,,; minimal models, which are the simple vertex operator algebras

Wi (s1,41, freg) When k is nondegenerate-admissible, is well known and described following [17].
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The titular subregular W-algebras, of which the Bershadsky—Polyakov algebra is an example,
are introduced in Section 4.1.2 along with the definition of an important ‘spectral flow’ automor-
phism and an identification of the Wk(sIn+1, fsub)-modules of interest.

Unravelling the relationship between subregular W-algebras, regular W-algebras and the half-
lattice vertex operator algebra requires free-field realisations of both the regular [123] and subreg-
ular [88] s1,,+; W-algebras. Such free-field realisations are the focus of Section 4.2.

In Section 4.3, these free-field realisations are used to show that for generic k, there exists
an ‘inverse quantum hamiltonian reduction’ embedding W* (51,1, fiun) = WX(sl,41, free) ® 11
with an explicitly known screening operator (Theorem 4.3.2). This embedding is made explicit in
Section 4.3.2 where we decompose free-field strong generators of WK (s1,,.1, i) [89] in terms of
fields in WK (sl,.41, freg) and II for all noncritical k. That the inverse quantum hamiltonian reduction
embedding exists for all noncritical k is a consequence of these decompositions and the injectivity
of certain free-field realisations.

With the inverse quantum hamiltonian reduction embedding in hand, Section 4.3.3 explores the
consequences for the representation theory of Wk(sIn+1, fsub). We show that taking tensor prod-
ucts of appropriate WX (sl,.,1, freg)- and TI-modules results in (Z-graded) WK (1,041, foun)-modules.
Proposition 4.3.16 shows that relaxed highest-weight Wk(sln+ 1, fsup)-modules can be constructed
as tensor products of irreducible Wk(sIn+1, freg)-modules with certain relaxed II-modules, as en-
countered for the Bershadsky—Polyakov and Zamolodchikov algebras. When the embedding in
Theorem 4.3.2 descends to an embedding W (1,11, faun) = Wi(8ln11, freg) ® I of simple quo-
tients is determined in Section 4.3.4.

The material presented to this point in Chapter 4 appears in [61]. We conclude by using a
similar free-field approach to prove the existence of an inverse quantum hamiltonian reduction
embedding from the subregular W-algebra W¥ (s1,,41, fiup) to a hook-type W-algebra in Section 4.4,

generalising a recent result for s13 [3].



Chapter 1

Vertex Operator Algebras

1.1. Vertex Operator Algebras and their Modules

The main objects of study in this thesis are vertex operator algebras. Here we recall the main
definitions and several useful facts for our investigations. For more comprehensive accounts of the

theory of vertex operator algebras, see the excellent textbooks [72,100].

1.1.1. Vertex Algebras. LetV = (B, _ v V, bea %Z—graded vector space over C. A formal
power series of the form, with a € V,,,
(1.1.1) a(z) = Za(n)z_”_l € End V[[z*]],
nez
whose coeflicients a,), the modes of a(z), are homogeneous linear operators of degree —n —1+m
(i.e. any)(Vp) € Vp_n_14m), is a field if for any v € V, a(,)v = 0 for n > 0. More general gradings
of V are possible, but all vertex algebras encountered in this thesis will involve only %Z;o—graded

vector spaces.

Definition 1.1.1. A vertex algebra (V, 1,Y) consists of the data

e A vector space V,
e (vacuum vector) a distinguished vector 1 € V,

e (vertex map) a linear operator Y : V. — End V|[[z*]] whose image consists of fields,

subject to the conditions:

e Y(1,z) =idy.

e forallaeV, Y(a,z)1 € V[[z]] and lim,_,0Y(a,2)1 = a.

e Allfields Y(a,z), a € V, are mutually local. That is, for any a, b € V, there exists N € Z.>q such

that the commutator of Y (a, z) and Y (b, z) satisfies

(1.1.2) (z—=w)N[Y(a,2),Y(b,2)] =0.
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We will often denote vertex algebras (V, 1,Y) by V, on the understanding that the remaining data
is clear by context. Similarly, denote the image of the vertex map by Y (a, z) by a(z).

An important consequence of the locality condition in Definition 1.1.1 is the existence of op-
erator product expansions: By [100, Thm. 2.3], a(z) and b(z) are mutually local if and only if, in
the region |z| > |w|,

(1.1.3) a(2)b(w) = Y (“"b)()”;)l +:a(2)b(w),
n>0

where the normally-ordered product :a(z)b(w): is defined by
(1.1.4) :a(2)b(w): = Z amz""'b(w) + b(w) Z amz "

n<-1 n>0
The equation (1.1.5) is called the operator product expansion of a(z) and b(z). The normally-
ordered product is regular in z — w and is often omitted. The operator product expansion of a(z)
and b(z) will therefore be written as

(1.1.5) a(2)b(w) ~ Z (a,b)(2)

n+l’
n>0 W)

In fact, it is often possible to specify a vertex algebra by declaring a set of ‘generating’ fields and

their operator products expansions.

Theorem 1.1.2 ([72]). Let V be a vector space and 1 a nonzero vector. Let S be a countable set
and {a*}4es a collection of vectors in V and a collection of fields
_ -n-1
(1.1.6) a%(z) = Z a’(xn)z "
nezZ

on V that satisfy:

e a%(2)1 =a%*+2z(...) forall a.
o All fields a®(z) are mutually local.

e \ is spanned by the vectors a?}‘.l) . a?}'." ,1 where j; <0.

Otm»l]

The assignment, for nonzero a* ( DA

071 g () o gom (o)

I
a a%m
17 v(afl el )ﬂ,z) Ty gy

defines a vertex algebra structure on \. This is the unique vertex algebra structure on \V satisfying

the conditions above, and such that the image of a* under the vertex map Y (-, z) is a*(z).
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The fields {a*(z) }4es in Theorem 1.1.2 are said to strongly generate the vertex algebra V. If the

aj

monomials of the form a G

. a?j’.:’n ) 1 with j; € Z (rather than Z) span V, then the fields {a® } 4 es
generate V.

We will frequently define the vertex algebras of interest by giving a set of strong generators and
their operator product expansions. Checking that the strong generating fields are mutually local is
sufficient and often a straightforward computation.

Like any algebraic object, homomorphisms, subalgebras and ideals of vertex algebras are

straightforward to define. For a vector space A, denote by A((z)) the space of A—valued formal

Laurent series in z.

Definition 1.1.3. e A vertex algebra homomorphism is a linear map p : Vi — V, that maps the

vacuum vector of V1 to that of \V, and satisfies

(1.1.8) p (a(2)b) = p(a)(2)p(b),

forall a,b € V.
e A vertex subalgebra is a subspace V' C V that is invariant under taking derivatives of fields and

satisfies 1 € V' and
(1.1.9) a(z)b € V'((2)),

forall a,b e V.
e A vertex algebra ideal is a subspace | C V that is invariant under taking derivatives of fields and

satisfies
(1.1.10) a(2)b € 1((2)),

forallaelandb e V.

The quotient V/I of a vertex algebra V by an ideal | inherits the structure of a vertex algebra: by
[72, Prop. 3.2.5], the condition a(z)b € I((z)) implies that b(z)a € 1((z)). In other words, left
ideals of vertex algebras are always two-sided ideals. The vertex algebra structure on V therefore
descends to the quotient V/I.

Another way to build new vertex algebras out of old ones is as tensor products. Given two
vertex algebras V| and V;, the vector space V| ® V, has the structure of a vertex algebra with

vacuum vector 1; ® 1, and vertex map defined by

(1.1.11) (a1 ® a2)(z) = a1(2) ® ar(z).
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Definition 1.1.4. A vertex operator algebra is a vertex algebra V with a distinguished element

w € Vy whose modes {w, } from the expansion

(1.1.12) w(z) = Z w(n)z_”_l = Z wnz "2
n n

satisfy:

e [w_1,Y(a,z)] =9Y(a,z) forallac V.
e w_11=0.

® woly, =nidy,

o The relations of the Virasoro algebra

(1.1.13) [Wm, 0] = (M= N)Wmen + 1—(:2(m3

- m) 5m+n,0,

where c is a central endomorphism of V.

The field w(z) (vector w) is commonly called an energy-momentum field (vector) or a conformal
field (vector). This is due to the intimate relationship between the Virasoro algebra and the confor-
mal symmetry of 2d conformal field theories [32].

Additionally, the central endomorphism c is taken to be multiplication by a complex number
(also denoted by c) called the central charge of V. A homogeneous vector a € V, in a vertex
operator algebra is said to have conformal dimension A, = m, and is alternatively expanded in
modes according to
(1.1.14) a(z) = Z a(,,)z_”_] = Z apz e,

nez n
Note that if the conformal dimension of a(z) is a half-integer, then the above sum containing the
modes a,, must be taken over n € Z + %

The definitions of homomorphisms, subalgebras, ideals, quotients and tensor products also
apply to vertex operator algebras subject to additional conditions relating to the conformal vector.
Chief among these is that homomorphisms of vertex operator algebras must preserve the conformal
vector, and that the tensor product of vertex operator algebras V; and V; is naturally a vertex
operator algebra with conformal vector w; @ 1, + 1] ® ws.

The definitions presented here admit natural generalisations to superspaces V = Vi @ V7 (see
[72, Rem. 3.2.1]). The necessary modifications to define a vertex operator superalgebra are parity
conditions on elements/modes of V (such as 1 and w being required to be even) and an additional

sign in the definition of locality:

(1.1.15) (z = w)Na(z)b(w) = (=1)P@P®) (7 _ ) )Np(w)a(z).
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That is, the modes of odd fields satisfy anticommutation relations instead of commutation relations.

1.1.2. Examples.

ExampLE (Virasoro). The ‘simplest’ vertex operator algebra is the one whose only generating
field is an energy-momentum field w(z). This vertex operator algebra is known as the Virasoro
vertex algebra Virk and its nonregular operator product expansion is

C\k/ir“ 2(w)  dw(w) Vir _ _6k2 + 11k +4
2-w)* (z—-w)? z-w kK k+2

(1.1.16) w(z)w(w) ~

where we parametrise the central charge c\k/ir in terms of the level k € C \ {-2}. When the level is
of the form k = 3 — 2 for some coprime u,v +1 € Z», Virk contains a nontrivial maximal ideal.
The simple quotient vertex operator algebra Viry at such levels is known as a Virasoro minimal

model M(u, v).

ExampLE (Heisenberg). Let Yy be a finite-dimensional C-vector space with basis {a'} and a
nondegenerate symmetric bilinear form (—-|-). Consider the affinisation ) = h[t,t"'] @ CK with

K central and commutation relations, for a,b € h and m,n € Z,

(1.1.17) [am, bn] = m(alb)SpmenoK,

writing hy, = h®tP for h € ) and p € Z. The fields

(1.1.18) a(z) = Z az™, aeh
n

are mutually local and strongly generate the Heisenberg vertex algebra H whose operator product

expansions are, for a,b €},

(1.1.19) a(2)b(w) ~ K

zZ—w

where the endomorphism K acts by multiplication by some k € C. To make H a vertex operator
algebra, let {b'} be the dual basis of Yy relative to (—|-) (identifying Y) with §*). The field

_ o iy,
(1.1.20) w(2) = 5 D id ()b (2):

is an energy-momentum field of central charge ¢ = dim(Y)). The conformal dimension of the fields
a(z), a € b, is 1 with respect to w(z). The modes of the fields of H obey the commutation relations

of b given in (1.1.17).
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ExampLE (Bosonic ghosts). Two very important vertex operator algebras are the ghost vertex
operator algebras, related to the ghost fields encountered frequently in physics in processes such
as Faddeev-Popov gauge fixing [77].

The first of these is the fy or bosonic ghost vertex algebra B introduced in physics in [137]. It

has strong generators (z) and y(z) with operator product expansions

(1.1.21) B(2)p(w) ~ 0 ~y(2)y(w), B(2)y(w) ~

z—w
An energy-momentum field for B is given by TB(z) = %(:8ﬂ(z)y(z) — 9y(2)B(z):). The central
charge associated to TB(z) is —1, and both (z) and y(z) have conformal dimension % The modes

of B(z) and y(z) obey the commutation relations

(1.1.22) [Brs Bn] = [¥ms¥n] =0, [Bms ¥n] = =Omanol.

where here, 1 is the identity endomorphism of B. To generalise the Py ghost vertex algebra,
let A be a finite-dimensional C-vector space and a nondegenerate symplectic form (—|-). As for
the Heisenberg vertex algebra, consider the affinisation A= A[t,t7'] ® CK with K central and

commutation relations, for 8, € A,
(1.1.23) [6(m)s C(my] = (810)Smin0K,

writing ¢p) = ¢ ® t¥ for ¢ € A and p € Z. Define a field 5(z) for any § € A according to
(1.1.24) 8(z)= ) sz

We will call the vertex algebra B(A) strongly generated by the fields 5(z) for § € A, identifying
K with the identity automorphism of B(A), the neutral ghost vertex algebra (c.f. [102, Ex. 1.2]).
This vertex algebra is also known as the Weyl vertex algebra or the symplectic bosons. The ‘neutral’
here refers to a charge assignment used in quantum hamiltonian reduction. The operator product

expansion of these fields is given by, for 6,{ € A,
(811

z—

(1.1.25) 8(2){(w) ~

The singular part of this operator product expansion enforces that the modes of the fields of B(A)
satisfy the commutation relations (1.1.23) where again K is the identity automorphism of B(A).

Let {6;} be a basis of A. An energy-momentum field for B(A) is given by

(1.1.26) TBAW (2) = % Z:aéi(z)cSi(z):,
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where {8'} is the dual basis of A to {5;} with respect to (—|-). The conformal dimension of the
field 5(z) is % forany § € A and the central charge is —%dim(A). It is straightforward to show that
if A is two dimensional, then B(A) ~ B.

ExampLE (Fermionic ghosts). The second ghost vertex algebra is the bc or fermionic ghost
vertex superalgebra F introduced in physics in [138]. It has strong generators b(z) and c(z) (both

odd fields) with operator product expansions

1

zZ—w

(1.1.27) b(z)b(w) ~0 ~ c(z)c(w), b(z)c(w) ~

An energy-momentum field for F is given by TT (z) = :0b(2)c(2):. The central charge associated to
TF(2) is =2, and b(z) and c(z) have conformal dimensions 0 and 1 respectively. The modes of the

fields b(z) and c(z) obey the anticommutation relations

(1.1.28) {bmsbn} ={cmcn} =0, {bm,cn} = Smanol.

where here, 1 is the identity endomorphism of F. To generalise the bc ghost vertex superalgebra,
let A be a finite-dimensional C-vector space with basis {;} and a nondegenerate symmetric form
(=|=). Suppose further that A = A, ® A_ with A, isotropic. The vertex superalgebra F(A) strongly
generated by odd fields ¢(z) for ¢ € A with operator product expansion, for ¢, € A,

(pl¥)1

z—

(1.1.29) (2)Y(w) ~

is called the charged ghost vertex superalgebra (c.f. [102, Ex. 1.3]). Being odd fields, the modes of

the fields ¢(z) for ¢ € A satisfy the anticommutation relations, for ¢,y € A,

(1.1.30) {@(m)s Y} = (@1¥)Smanol.

The ‘charged’ here refers to the assignment of charges +1 for all fields ¢(z) with ¢ € A, and
—1 for all fields ¢*(z) with ¢* € A_. The charged ghost vertex superalgebra can be decomposed
in terms of subalgebras F(A),, consisting of all fields of charge m € Z. according to

(1.1.31) F(4) = P F(Am.

meZ.

Let {¢;} be the basis of A_ dual to the basis {¢;} of Ay. For any m € CYmA+ there is an energy-
momentum field for F(A) given by

(1.1.32) TF A (2) = - Z m;:; (z)9¢i(z): + Z(l —m;):00; (2)pi(2):.
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The conformal dimensions of the fields ¢; and ¢; are (1 — m;) and m; respectively, and the central
charge is — Zi(l2m% — 12m; + 2). Such general conformal structures on F(A) are encountered
[frequently in quantum hamiltonian reduction (see Section 1.3). As before, if A is two dimensional

(i.e. Ax =~ C as vector spaces) then F(A) ~ F.

1.1.3. Vertex Algebra Modules. The notion of a vertex (operator) algebra module comes
from allowing the modes of a field a(z) of V to be endomorphisms on a vector space M in a way

compatible with the original vertex algebra structure on V.

Definition 1.1.5. Let V be a vertex algebra. A vector space M is a vertex algebra module for V if
it is equipped with an operation Yy; : V — EndM|[[2z*]] which assigns to each a € V a field
(1.1.33) Yar(a,z) = Z apt 2!

nez
on M subject to the conditions:
e V)i (1,2) =idyy.

e Forall a,b € V and c € M, the three expressions

(1.1.34a) Yy (a, 2) Y (b, w)e € M((z))((w)),
(1.1.34b) Yo (b, w)Yni(a, z)c € M((w))((2)), and
(1.1.34¢) Yy (Y(a,z = w)b,w))c € M((w))((z —w))

are expansions, in their respective domains (|z| > |w|, |w| > |z| and |w| > |z — w|), of the same

element of
(1.1.35) M[[[zw]][z"Lw™, (z—=w)7].

IfV is vertex operator algebra, a vertex algebra module M is a vertex operator algebra module (or

V-module for short) if M decomposes into generalised eigenspaces for wg)w = a)g‘f).

Of course a vertex operator algebra is always a module over itself. This special module is referred
to as the vacuum module.

Definitions of vertex operator algebra modules encountered in the literature often include re-
strictions on the grading M by a)(JJV[. For example, as the operator wy is the chiral part of the Hamil-
tonian of the associated 2d conformal field theory, it is sensible in many applications to require
that the (generalised) eigenvalues of a)g)V[ are bounded below. We will refer to such a V-module as
positive-energy. The (generalised) eigenspace of minimal a)g)V[—eigenvalue is called the top space

of M and will be denoted by M'P,
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There exists an ‘algebra of modes’ U, constructed as a certain topological completion of the
universal enveloping algebra of a Lie algebra associated to a given vertex operator algebra V [72,
Sec. 4.3]. Then a V-module is automatically a U-module as the former specifies the action of
the elements of the latter. The converse is not true in general, but is true for smooth U-modules
([72, Thm. 5.1.6]).

Given a V-module M and a vertex algebra automorphism w of V, one can ‘twist” M by w:
Define w* (M) to be the image of M under an (arbitrarily chosen) isomorphism w* of vector spaces.

The action of V on w* (M) is then defined by
(1.1.36) a(z) - 0*(0) = w* (0 (a(2))v), a(z) €V, veM.

In other words, w(a(z))-w*(v) = w*(a(z)v). In view of this, we shall drop the star that distinguishes
the automorphism « from the corresponding vector space isomorphism «*. The automorphism w
need not preserve the conformal vector as the formula (1.1.36) will define an action of V on v (M)
regardless. Of course if w is a vertex operator algebra automorphism, the conformal vector is
preserved by definition.

If V contains vectors with half-integer conformal dimension, the mode index of the correspond-
ing fields can be taken to be half-integers or integers. That is, expanding such fields according to
a(z) = 3, anz ", we may take the sum over Z or Z + % This choice corresponds to a choice
of boundary conditions for fields of half-integer conformal dimension. The choice of mode index
impacts what powers of z are present in the mode expansion of a field with half-integer conformal
dimension.

V-modules as defined above correspond to the choice of half-integer mode indices for half-
integer conformal dimension fields. These are referred to as untwisted V-modules. On the other
hand, modifying the definition so that half-integer conformal dimension fields act with integer
mode indices results in twisted V-modules.

The ‘mode algebra’ U™ that acts on twisted V-modules is a similar topological completion of
the algebra of modes where the mode index of all fields are integers. Of course if V is Z-graded,

then U™ ~ U. For more general V, this is not always the case.

1.1.4. Zhu Technology. A fundamental tool for classifying and constructing positive energy
(untwisted) V-modules are functors induced between these modules and those of the corresponding
(untwisted) Zhu algebra denoted by Zhu[V]. The idea behind this unital associative algebra was
already well known to physicists (see [67] for example), but a mathematical account was first given

by Zhu [171]. Here we follow the description of the Zhu algebra given in [145, App. B].
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Suppose that V is a vertex operator algebra with mode algebra U = U.®Uy®U.-, where U, Uy
and U, denote the unital subalgebras of U generated by modes a, withindexn < 0,n =0andn > 0
respectively. Suppose further that U admits a PBW-type basis consisting of 1 and monomials of the
form ai}l .. af{; where n; € Z and {a" (z)} is a finite collection of fields in V not including 1(z).
All W-algebras encountered in this thesis satisfy this property [106, Rem. 4.2]. Let U denote the
ideal of U.. spanned by the basis elements 021 e aﬁf; withn; > 0and p > 0 (sothat U, = CTe® UL

as vector spaces).

Definition 1.1.6. The untwisted Zhu algebra of V is the vector space

Uo

1.1.37 Zhu[V] = —,
(1437 RNVEN(Y
equipped with the multiplication (defined for homogeneous a of conformal weight A, and extended

linearly)

(1138 ao] on] = [aata] = Y (%) a-s,nb],

n
n=0

where [uo] is the image in Zhu[V] of uy € Uo.

In [171], Zhu defined two functors between the categories of V- and Zhu[V]-modules. We shall

refer to them as the Zhu functor and the Zhu induction functor. The first is quite easy to define.

Definition 1.1.7. The Zhu functor assigns to any V-module M, the Zhu[V]-module Zhu[M] =

MY>, the subspace of M whose elements are annihilated by ul.

The second amounts to inducing a Zhu[V]-module by treating it as a Ug-module equipped with a
trivial UZ -action, and taking a quotient that imposes, among other things, the generalised commu-
tation relations of V obtained from the operator product expansions. The details may be found in

[121,171].

Proposition 1.1.8 ([171]). There exists a functor, which we call the Zhu induction functor, that

assigns to any Zhu[V]-module N a V-module Ind[N] such that Zhu[Ind[N]] = N.

The Zhu functor is thus a left inverse of the Zhu induction functor, at the level of isomorphism
classes of modules. While it is not a right inverse in general, it is if we restrict to simple positive-
energy V-modules: If M is a positive-energy V-module, then M'™P is naturally a Zhu[V]-module.

In fact, it may be identified with Zhu[M] if M is also simple, though this will not be true in general.
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Theorem 1.1.9 ([171]). Zhu[—] and Ind[—] induce a bijection between the sets of isomorphism

classes of simple positive-energy V-modules and simple Zhu[V]-modules.

To classify simple positive-energy V-modules, it is therefore sufficient to classify simple Zhu[V]-
modules and apply Ind[—]. Subject to identifying Zhu[V], this is a dramatic simplification as the
latter are modules over an associative algebra.

An important feature of the Zhu algebra Zhu[V] is how it changes upon replacing V with any
quotient V/I where | is an ideal of V. Denote by Zhu[l] the image in Zhu[V] of all elements in I.
Then Zhu[l] is a two-sided ideal in Zhu[V] [76, Prop. 1.4.2].

Proposition 1.1.10 ([76]). If| is an ideal of a vertex operator algebra V, then

(1.1.39) Zhu[V/1] = Zhu[V]/Zhull].

Determining whether or not a simple positive-energy V-module M is a V/I-module can be reduced
to checking whether Zhu[M] is annihilated by Zhu([l].

There is a parallel story for twisted V-modules. It was developed in different levels of generality
by Kac and Wang [108] and by Dong, Li and Mason [58]. Much of the details are identical, except
that the relevant mode algebra is the twisted mode algebra U™ of V. This is discussed in detail in
[36, App. Al.

Given a vertex operator algebra V with twisted mode algebra U™ = U% ® U @ UY, let UL

be the ideal of UY defined in the same way as U in Us.

Definition 1.1.11.
o The twisted Zhu algebra of V is the vector space
Uy

(U’

1.1.4 Zhu™ V] =
(1.1.40) u™[V] Vi

equipped with the multiplication defined in (1.1.38), but where [uo] is now the image in Zhu'™ [V]
of up € Uy
e The twisted Zhu functor assigns to any twisted \/-module M the Zhu™ [V |-module Zhu™ [M] =

MY of elements of M that are annihilated by U’

Using these definitions, the twisted versions of Zhu’s theorems hold. This is because, as in the
untwisted case, if M is a positive-energy twisted V-module, then M'"P is naturally a Zhu™ [V]—

module.
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Theorem 1.1.12 ([58]).

e There exists a twisted Zhu induction functor that takes a Zhu'™ [V] -module N to a V-module
Ind™ [N] satisfying Zhu™ [Ind™ [N]] =~ N.
o Zhu'" [—] and Ind™ [—] induce a bijection between the sets of isomorphism classes of simple

positive-energy twisted V-modules and simple Zhu™ [V] -modules.

1.1.5. Modularity and Fusion. Given a 2d conformal field theory with corresponding vertex
operator algebra V, the state space of the theory must be composed of V-modules. For a given
collection of V-modules to be suitable for this purpose, the category € comprising the collection

of V-modules must satisfy a number of necessary conditions including:

e Cis closed under twisting modules by certain automorphisms of V such as conjugation.
e Cis closed under the fusion product of V-modules.

e The partition function of € is modular invariant.

Additionally, there are a number of properties the category € is expected to have. For example,
it is often the case that the category € has the structure of a modular tensor category. Such structure
is known to be present in categories of modules for sufficiently nice vertex operator algebras such
as the strongly rational ones [95] but it is not known if this true for generically.

The presence of tensor-categorical structure on € allows for diagrammatic and algorithmic ap-
proaches to many vertex-algebraic questions important for conformal field theory. See for example
[116].

Given two V-modules M, N € €, the fusion product is written as

(1.1.41) MXN:@NM,;’;‘P,
Pel

where the fusion coefficients NMJQ\F are nonnegative integers. At the level of vertex operator algebra
modules, the fusion product can be written as a quotient of the usual tensor product of two V-
modules [82,83]. Alternatively, the fusion product can be defined using a universal property with

respect to intertwining maps in € [97].

Definition 1.1.13. A 2d conformal field theory with vertex operator algebra \ and category C of
V-modules is rational if all objects in C are completely reducible and C has finitely many simple

objects.

In rational 2d conformal field theories, fusion products describe the primary fields that ap-
pear in the operator product expansion of two other primary fields. This assists in, for example,

computing the correlation functions of the theory (see for example [70, Sec. 7.3.1]).
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We also call the vertex operator algebra V rational in C if all objects in € are completely
reducible and € has finitely many simple objects. Rational vertex operator algebras satisfy a number
of nice properties.

One remarkable property of rational vertex operator algebras is expressed by the famous Ver-
linde formula [156] that relates the fusion coefficients in (1.1.41) to the modular properties of

characters of V-modules in C: Define the character of a V-module M to be the trace
(1.1.42) ch[M] (q) = try; q0™</*,

where w(z) is the energy-momentum field in V and c is its central charge. Let V be rational in a
category C and denote the simple objects in € by M; for i € I in some finite indexing set.

Suppose that, in addition to being rational, dim (V/C»(V)) < oo, where C»(V) is the span of all
elements of V that can be written as a(_)b for some a, b € V. A vertex operator algebra satisfying
this condition is C,-cofinite. Many of the well known rational vertex operator algebras are also
C,-cofinite, but there are C,-cofinite W-algebras that are not rational [8, 85].

It was shown by Zhu [171] that the C-span of characters ch[Mi] (q) of such a rational C,-
cofinite vertex operator algebra admits an action of the modular group SL,(Z). The action of the

generating elements S and T of SL,(Z) are written as, writing q = e*™'* for 7 in the upper half

plane,

(1.143) S (ch[M;] (@) = ch[;] (e727/7) = leuch i@
e

and

(1.1.44) T (ch[M:] (9)) = ch[M;] (ez”“””) = Z;Ti,j ch[M;] (a)
e

respectively. The matrix whose entries are S;; (T;;) is known as the S-(T-)matrix of V. The

Verlinde formula relates the entries of the S-matrix of V to the fusion coefficients of V.

Theorem 1.1.14 ([94,96,156]). Let V be a simple Z.>o-graded vertex operator algebra having the

following properties:

o V is Cy-cofinite.
o The only fields of conformal dimension zero are multiples of the vacuum, Vy = C1.
o V is isomorphic, as a V-module, to its contragradient dual.

o V is rational in a V-module category C
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Let {M;};cr be a complete set of representatives of the (isomorphism classes of) simple objects in

C where I is a finite indexing set. Then the Verlinde formula holds:

Si’[Sj’[Sz,f

5

My _
(1.1.45) Ny o = > <
rel vac,t
where * denotes complex conjugation and S, are the S-matrix elements of the S-action on the

character of V.

The Verlinde formula therefore provides an easy means to compute the fusion rules of a rational
C,-cofinite conformal field theory whose modular properties are well understood. One drawback
of this approach is that the q characters of a rational vertex operator algebras are often not linearly
independent so determining the S-matrix is a formidable task. There are remedies for this, as we
will see in Section 1.3.3.

There are many applications of 2d conformal field theory for which it is necessary to have a
nonsemisimple V-module category. For example, percolation problems [39, 163], 4d-2d duality
[29], quantum Hall transitions [164] and string theory [90, 125,126]. In these cases, the Verlinde
formula is no longer guaranteed to produce nonnegative integer fusion multiplicities.

A conjectural extension of the Verlinde formula from [51] will be discussed in Section 3.3
where it will be used to obtain nonnegative integer fusion coefficients for a nonrational vertex

operator algebra.

1.2. Affine Vertex Operator Algebras

An important class of vertex operator algebras are those related to Wess-Zumino-Witten theo-
ries, which are 2d conformal field theories whose target space is a simple Lie group G [135, 165—
167]. These affine vertex operator algebras are intimately related to the affine Lie algebra g (where
g = Lie(G)) and are the amongst the best studied vertex operator algebras. Here, we recall their

construction and the main features of their representation theory following [72, Ch. 2] and [76].

1.2.1. Definition and Modules. Let g be a simple finite-dimensional Lie algebra and consider

the affine Kac-Moody algebra
(1.2.1) 3=g®C[t,t7'] ®CK,
where K is central. The commutation relations of g are, for a,b € gand m,n € Z

(1.2.2) [@m, bul = [a, b]min + m5m+n,0<a, b)K,
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where we write, for example, a, = a ® t"". Here we use the symmetric bilinear form (-, -) =
2|+V1<g(—, —) where «q is the Killing form of g.

It is clear that the subset g[¢] spanned by all elements of the form a,, witha € gand m > 0 is
a Lie subalgebra of g. Let Cy be the one-dimensional representation of g[t] @ CK on which g[¢]
acts as zero and K acts as multiplication by the level k € C.

To define a vertex operator algebra, we first need to specify a vector space. For this purpose,
let

(1.2.3) V@) =U®@) ©® G
U(g[t]®CK)

where U(g) is the universal enveloping algebra of g and likewise for U(g[t] ® CK). As a vector
space, VK(g) =~ U(g ® t~'C[t7!]). To define a vertex algebra structure on VK(g), the next step is
to specify fields for all elements of U(g ® t~'C[¢t~']) such that the axioms in Definition 1.1.1 are
satisfied. In this case, Theorem 1.1.2 makes it possible to specify fields for finitely many elements
of U(g® t™!C[t7']):

Let {J%}a=1,...dimg be an ordered basis of g and denote by 1, is the image of the identity element
of U(g) ® Cy in VK(g). In the language of vertex algebras, 1) will be the vacuum vector 1. By the

Poincaré-Birkhoff-Witt theorem, V¥(g) admits a basis consisting of elements of the form
(1.2.4) ];” ”']j,:,nﬂk’

where j; < ... < j, < 0andif j; = ji+1, a; < ai1. Such elements define a natural Z-grading of
VK(g) by defining the grade of (1.2.4) to be — 3, ji. Therefore by Theorem 1.1.2, all we require

are mutually local fields J*(z), one for each element of the basis of g. Define
(1.2.5) J4(z) = Z Jaz
n

The data consisting of vector space V¥(g), the vacuum vector 1 = Ty and generating fields J%(z)
defines the structure of a vertex algebra on VK(g) [76, Thm. 2.4.1]. This vertex algebra is called the
universal affine vertex algebra for g. The operator product expansions of V*(g) can be obtained
from the commutation relations (1.2.2) and are

kU J)T T (w)

(z—w)? z—w

(1.2.6) J4(2)J4 (w) ~

Some important modules for VK(g) can be obtained by a similar induction procedure starting
from highest-weight modules of g. First, note that the subset gy of g (and of g[t] ® CK) spanned

by elements of the form ay is a Lie subalgebra isomorphic to g. In fact, the Zhu algebra of VK(g)
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is the algebra generated by elements of gy and is isomorphic to the universal enveloping algebra
U(g) [76, Thm. 3.1.1].

Denote by %; the Verma g-module with highest-weight . Let %I,k be the g[¢] ® CK-module,
isomorphic to %; as a vector space, where g acts as g, tg[¢] acts as 0 and K acts as multiplication
by k € C. The vector space

(1.2.7) K =U@® © XKz
U(g[t]eCK) ™

where A is the unique level-k g weight with finite part 2, has the structure of a Z.>o-graded vertex
algebra module for V*(g) [76]. The Verma modules X, for V¥(g) are sometimes reducible and
we denote their simple quotients by £,. Both X, and £, are highest-weight V¥ (g)-modules in the
sense that they are generated by vector that is annihilated by all positive modes and is an eigenvector
for all zero modes hy where h is in the Cartan subalgebra of g.

An energy-momentum field for VK(g) when the level k is not equal to minus the dual Cox-
eter number hY of g (k is noncritical) is given by the Sugawara construction [150, 154]: Let

{Ja}a=1....dimg be the dual basis of g to {J%} 41

.....

dimg With respect to the form (—, —). The field

dimg

1
1.2.8 TS (z) = —— ) : “(2):
(12.8) @ = 355w Z} Ja(2)]%(2)
is then an energy-momentum field for V¥(g) with central charge
k dimg
1.2. =—.
(1.2.9) “T K+ n

With respect to TSU¢ (z), all the fields J%(z) have conformal dimension equal to 1.

1.2.2. Levels and Rationality. It was shown by Kac and Wakimoto that the vertex operator
algebra Vk(g) is reducible (as a module over itself) if k is an admissible level [103]. That is, when
k is of the form
u hY  (r¥,v) =1,

(1.2.10) k+h'=— whereu,veZsy, (uv)=1andu >
v h  (rV,v) =r".

where rV is the lacing number of g. Denote the simple quotient of VK (g) by Li(g). When k € Z.,

Lk (g) is rational in the category Oy consisting of highest-weight modules [76]. These are the vertex

operator algebras corresponding to the aforementioned Wess-Zumino-Witten models.

Letk € Z¢. The simple modules of Ly (g) are the highest-weight modules £, with A dominant
integral and level k [76, Thm. 3.1.3]. Such modules are called ‘integrable’ as the action of the

affine Lie algebra gy on such modules can be integrated to define a representation of an infinite
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dimensional Lie group associated to gx. Denote the set of level k dominant integral § weights by
P';. A particular consequence of this is that all L (g)-modules have finite-dimensional top spaces:
The top space of the L (g)-module £, can be identified with the finite-dimensional highest-weight
module ZI of the Zhu algebra Zhu[Ly(g)] = U(g)/Zhu[Ik], where ¥ is the maximal ideal in
Vk(g).

The Weyl-Kac formula expresses the character of £, in terms of certain sums over the Weyl
group W of g. What is important for the computation of fusion rules are the modular transforma-
tions of such characters. As Ly (g) with k € Z is rational and C;-cofinite [57,76], the C-span of
the characters of £, where A ranges over P‘; admits an action of SL;(Z).

To describe the modular transformations of characters of Ly (g) with k € Z, let r be the rank
of g, |A| the number of positive roots in g and D the determinant of the matrix whose rows are the
Dynkin labels of the simple coroots in g. As shown by Kac and Peterson [101], the S action on the

characters of Lx(g) is given by

(1.2.11) S(ch[£a] (@) = ). Skyeh[Lx] (@),

/I’EPk2

where the S-matrix elements are

i|A+|

(1.2.12) S > detay e 2k ) (DA D),
we

, = _\/B(k+ hv)r/2 W

The fusion rules of the rational vertex operator algebra L (g) with k € Z

(1.2.13) Lax Ly = @ NEX L

A ePk
can be obtained in a number of ways. Firstly, the Verlinde formula (1.1.45) expresses the the fusion
coefficients Nl/{’ /%,” in terms of a finite sum over ratios and products of the S-matrix elements (1.2.12).
Secondly, the Kac—Walton formula [80,99,159,160] relates the fusion coefficients to tensor product

coeflicients of simple g-modules:

k A WA
(1.2.14) NEY = D detwN
weW
w-1" ePX
Here, W is the affine Weyl group of g, Ais the projection of A onto the weight space of g, and NI ?ﬁ

denotes the tensor product (Littlewood—Richardson) coefficients of the simple finite-dimensional

g-modules ZZ:

(1.2.15) T-®L =~ g
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A parallel-but-incomplete story exists for Lx(g) when k is admissible but not a nonnegative in-
teger. Indeed for such k, Kac and Wakimoto defined a class of g weights called admissible weights,
for which the characters of the associated simple highest-weight V¥ (g)-modules have desirable

modular properties [104]. A famous result of Arakawa then states the following:

Theorem 1.2.1 ([18, Prop. 4.6]). Let k be admissible. The \V'*(g)-module £ is a Ly (g)-module if

and only if A is an admissible weight.

As the set of admissible weights for a given admissible k is finite [104] and all highest-weight
Lk (g)-modules are completely reducible [18], this implies that L (g) is rational in the category Oy
of highest-weight modules. Kac and Wakimoto considered the modular properties of the corre-
sponding C-span of characters and obtained an S-matrix [104, Thm. 3.6].

The natural next step is to apply the Verlinde formula using this S-matrix and obtain fusion
rules for nonintegral admissible level Ly (g). However, even in the relatively simple case of g = sy,
the Verlinde formula was shown to give negative values for the fusion coefficients [34, 118, 129].
This disagreed with attempts at direct computations of fusion rules for these examples [11,27,57,
66,81,136] and is untenable from a 2d conformal field theory point of view.

A resolution was proposed (and checked for g = sl,) in work by Creutzig and Ridout [50, 52].
There, it was shown to be necessary to work in a category containing modules that were not highest-
weight. As this larger category of weight modules was known to be nonrational [7], an alternative
approach to computing nonnegative integer fusion coefficients was necessary and is known as the
standard module formalism [51].

Applying the standard module formalism to nonintegral admissible level Ly (sl) results in
nonnegative fusion coefficients expressible in terms of fusion coefficients for Virasoro minimal
modules, and an explanation of the previously obtained undesirable fusion coefficients as the result
of ignoring the additional weight modules [50, 52]. The appearance of Virasoro minimal module
fusion coeflicients is in fact anticipated by the early observation that the characters of admissible
level Ly (sl,) are related to the characters of Virasoro minimal models [134]. This is particularly

interesting as the latter is a quantum hamiltonian reduction of the former.

1.3. Quantum Hamiltonian Reduction

Originating in the work of Zamolodchikov and others [35,117,139,170], and later generalised
by various groups [54, 65,102, 106], quantum hamiltonian reduction is a homological procedure
that produces new vertex operator algebras from affine ones. The vertex operator algebras that
result from quantum hamiltonian reduction are known as W-algebras. Here we follow the general

construction of W-algebras described in [106, Sec. 1].
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1.3.1. Construction. Let g be a simple finite-dimensional Lie algebra, k € C and x, f € g

satisfying

(a) The adjoint action ad x(—) = [x, —] of x on g is diagonalisable with half-integer eigenvalues:

(13.1) a= P om

mE%Z
where g,, = {g € g | [x,g] = mg}.
(®) f€g-1.

(c) The adjoint action ad f of f restricted to g; > defines a vector space isomorphism gy /2 = g_1,2.

Let Ape = g1/2- A symplectic form (—|—),e on Ay is given by,

(1.3.2) (@[ = (f> [0, Y1), @, ¥ € Ape,

where (—, —) is the usual normalised Killing form. To see that this symplectic form is nondegen-
erate, the Killing form is invariant so (¢|{)ne = ([f,¢l.¥). Asad f : g;)» — g-12 is a vector
space isomorphism, (—|-),e defines a nondegenerate pairing between g/, and g_;/2. Recalling
Section 1.1.2, we can therefore construct the neutral ghost vertex algebra B(Ape).

Similarly, let Ay = ®m,>0 Om, A- = (Ay)" and Asy = Ay @ A_. Define a nondegenerate

symmetric form (—|—)c, on Ag by

(1.3.3) (AelAt)eh = (A-|A)eh =0, (818 ch = (£18)eh = £(6), b€ A€ A

Again from Section 1.1.2, we can therefore construct the charged ghost vertex superalgebra F(Acp).
Let G = F(Aw) ® B(Ape) and C = VK(g) ® G. The charge decomposition of F(A.,) gives rise
to a charge decomposition

(1.3.4) C= @ Cpn

meZ.

by setting the charge of all fields in B(Ay) and VK(g) to be zero. To construct a differential on the
graded vertex algebra C, fix a basis {J*},es; for each g;. Let S = L;S; (so that {J*}4es is a basis
of g), S+ = Uj>0S; (so that {/?} es, is a basis of A,) and Cf’b € C be the structure constants of g

defined by

(13.5) e = ) cetre.
ceS

Denote the corresponding basis of Ape by {5} 4es, » and that of A, by {¢“}4cs, . Finally let {{/%} es,

be the basis of A_ dual to {¢%},cs, with respect to (—|—)cn. That is,

(1.3.6) (@°1Y")eh = Y7 (9%) = Sap-
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In terms of these generating fields, the charge decomposition of C is defined by giving the fields

{J%(2) }aes and {6*(2) }aes,, charge zero, {¢“(z)}aes, charge 1 and {§“(2)}aes, charge -1.
Define an odd field d(z) € C of charge equal to -1 by

(1.3.7) d(z)= ) J“(2)y*(z) - % D, @Y (Y (2):
a€s, a,b,ceS,
+ Y LTW R+ Y PH(R)8R),
acS, aesS

where we have omitted tensor product symbols. By [102, Thm. 2.1], d(z)d(w) ~ 0. A simple
consequence of this is that the zero mode d = dy : C,, — C,,,— is a differential, i.e. d>=0.

The homology of the chain complex (C, d) graded by charge, denoted by

(1.3.8) WX (g, x, f) = Hy (Vk(g)),

is called a quantum hamiltonian reduction of VV*(g), or a W-algebra for short. The vertex alge-
bra structure on WX(g, x, f) is inherited from that of C. As shown by Kac and Wakimoto [102,

Thm. 4.1], the homology is concentrated on the zeroth degree component,

(1.3.9) WH(g,x, f) = HY,, (Vk(g)) .

Here we denote the components of homology with upper indices H)]c y (—) (as in cohomology) rather
than the usual lower indices. This notational choice is justified by the fact that we can multiply our
charge assignments by —1 and obtain a new charge decomposition of C. Denote this graded vertex
algebra by C’. Then d(z) has charge 1, and (C’,d) is a cochain complex. The cohomology of
(C’, d) coincides with the homology (C, d): By definition, the m’th component of the cohomology
of (C’,d) is equal to the —m’th component of the homology (C,d). The only component of the
homology of (C, d) used in this thesis is the zeroth one so distinguishing between homology and
cohomology is not necessary.

To make WX (g, x, f) a vertex operator algebra, we require an energy-momentum field L(z) €
WK(g, x, f). This can be achieved by defining a field L(z) € C such that d(z) is a primary field
with conformal dimension 1. With this goal in mind, let k # —h", {£%},cs, 2 be the dual basis to
{6“}aes, ), with respect to (=|—)ne and {mg}qes C C be the set defined by [x, J*] = m,]*. Define
the field L(z) by

(1.3.10) L(2) = T3 (2) + 9x(2) — Z Ma: Y (2)99°(2):

acS;

+ Z (1 = my):ay%(2)p*(2): +% Z :08(2)E%(z):.

acS; a651/2
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Kac, Wakimoto and Roan showed that L(z) is an energy-momentum field in C with central charge
c given by [102, Thm. 2.2(a)]

_ kdimg

(13.11) =

1
— 12k(x, x) — Z (12m2 - 12mg +2) — Sdimg o,

aes,
and showed that d(z) was primary of conformal dimension 1 [102, Thm. 2.3]. The non-zero image
of L(z) in WK(g, x, f), which we also denote by L(z), gives WX (g, x, f) the structure of a vertex
operator algebra.

The most important examples of elements x, f € g satisfying the required conditions for quan-
tum hamiltonian reduction are those arising from sl, triples {x,e, f} C g. In such cases, the
nilpotent element f € g determines x € g up to conjugation by the Jacobson-Morozov theorem.
For x, f € g belonging to sl, triples, we will therefore denote the corresponding W-algebra by
WX (g, f) = Hy (V¥(g))-

Alternatively, any element x € g whose adjoint action grades g with half-integer eigenvalues
determines a nilpotent element f € g (up the action of the adjoint group of g) such that x and f
belong to an s, triple [106, Rem. 1.1].

The orbits of nilpotent elements in g under the action of the adjoint group of g are known as
the nilpotent orbits of g. Therefore the W-algebra W (g, f) is determined, up to isomorphism, by
the nilpotent orbit containing f.

All W-algebras encountered in this thesis are isomorphic to WX (g, f) for some nilpotent f € g.
In light of this, we restrict attention to W-algebras of this form. Many of the subsequent results
also apply to W-algebras not corresponding to sl triples with appropriate modifications but this
level of generality is not required here.

A similar homological construction as quantum hamiltonian reduction builds W-algebra mod-
ules out of V*(g)-modules. Given a VK(g)-module M, form the chain complex (C(M), d) where
C(M) = M ® G. Here, all V*(g) modes in d = dj act on M rather than on VK(g). Giving M
charge 0, the C-module C(M) is graded by charge. The homology Hy (M) of this chain complex
is a direct sum of WX (g, f)-modules, graded by charge with the module M given charge 0,
(13.12) Hp (M) = @H} (M) .

jez
In this way, quantum hamiltonian reduction defines a functor between suitable categories of V*(g)-
modules and W (g, f)-modules.

There is a natural notion of highest-weight and Verma WX (g, f)-modules. The general defini-
tion is presented in [102, Sec. 6]. We will outline these definitions in the specific case of g = sl and

f = fpin Section 2.2.1. As usual, highest-weight W (g, f)-modules are required to be generated by
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a highest-weight vector with minimal conformal dimension with respect to the energy-momentum

vector (1.3.10).

Theorem 1.3.1. Let k # —h" and A be a level-k g weight.
e [106, Thm. 6.2] HJ{ (K3) =0 forall j 0.
e [106, Thm. 6.3] HJ? (K,) is a Verma WX(g, f)-module with minimal conformal dimension

_ (LA+2p)

(1.3.13) = m -

A(x).

. HJ9 () induces a surjection from the set of isomorphism classes of Verma V¥(g)-modules to the

the set of isomorphism classes of Verma WX (g, f)-modules.

Note that the above results do not describe the structure of the WX (g, f)-module Hy (£,). In
general this is a very difficult problem. A class of W-algebras for which the results exist in this
direction are the W-algebras corresponding to the choice of nilpotent element f = fp, the negative
root vector corresponding to the highest root in g. The W-algebras of the form WK (g, f3) are known

as minimal W-algebras.

Theorem 1.3.2. Let k # —h" and A be a level-k § weight with zeroth Dynkin label A.

o [12, Thm. 6.7.4] HJ% (L£;) = 0 ifand only if Ay € Zso. For Ay ¢ Zso, HJ?G (£,) is a simple
highest-weight WX (g, fy)-module.

. H](Zg (=) induces a surjection from the set of isomorphism classes of simple highest-weight V*(g)-
modules to the union of the set of isomorphism classes of simple highest-weight W* (g, fp)-
modules and {0}.

e [12, Cor. 6.7.3] The restriction of HJ?H (=) to the category O of V¥(g)-modules is exact.

Recall that the isomorphism classes of W-algebras for a given g are determined by nilpotent orbits
in g. That is, WX(g, fi) ~ WK(g, f5) if and only if f; and f, belong to the same nilpotent orbit.

There is a well known partial ordering on the nilpotent orbits of a given g known as the closure
or Chevalley ordering [40]. The Chevalley ordering of nilpotent orbits in g also defines a partial
ordering on the isomorphism classes of W-algebras obtained from V(g).

It is suspected that, in addition to the usual quantum hamiltonian reduction, one can also per-
form a “partial quantum hamiltonian reduction” between two W-algebras as long as they are related
by this partial ordering.

Strong supporting evidence for this can be found in the twisted Zhu algebra: the associative

algebra Zhu™ [Wk(g, f )] is isomorphic to the finite W-algebra corresponding to the same g and f
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[55]. Finite W-algebras are constructed by a hamiltonian reduction procedure from U(g), whose
‘affinisation’ is the usual quantum hamiltonian reduction of VK(g).

Partial reductions of finite W-algebras corresponding to g = sl,+; were constructed by Morgan
[133]. A partial reduction from the f; € sl,,; finite W-algebra to the f, € sl, finite W-algebra
was shown to exist when the corresponding nilpotent orbits Oy, satisfy Op, > Oy in the Chevalley
ordering.

While early work on partial quantum hamiltonian reductions exists in physics literature [124],

the vertex algebraic content of such a construction is not yet known.

1.3.2. The Zamolodchikov Algebra. The first W-algebra was constructed by Zamolodchikov
[170]. It is the quantum hamiltonian reduction of V¥(sl3) corresponding to the nilpotent orbit
of sl3 containing the regular nilpotent element f,, + fy,, Where f,, is the negative root vector

corresponding to the simple sl3 root «;.

Definition 1.3.3. The universal Zamolodchikov algebra W'3‘ = Wk(slg, fay + far) is the vertex
algebra strongly and freely generated by fields T (z) and W (z) with the following operator product
expansions:

W;
T@ﬂxw>~zck'“ 2T(w) | oT(w) W) | W (w)

(z=w)?* (z-w)? (z-w) (z-w)? (z—w)

20(w) AW a1 2T(w)  aT(w)

(z=w)2 (z—-w) K 3(z=w)l (z—-w)* (z—-w)3
%aZT(w) 1—1563T(w)

(z-w)?2  (z-w) I

T(z)W(w) ~

(13149 wW(w) ~

Here, we set

Wi _ _2(3k+5)(4k+9)
k k+3 ’

(1315 AG) = TET(@): - 75 T().

Gk+4)(5k+12) _22+5¢"

A, =
k 2(k+3) 16

Denote the simple quotient of W'3‘ by W3 . When the level k is of the form k = 7 — 3 for some
coprime u,v € Z3, W'3‘ is not simple [131,162]. In this case, the simple quotient is known as a W3
minimal model and is denoted by W3(u, v). These models are all rational and C,-cofinite [16,17].

The central charge is invariant under exchanging u and v:

- — — )2
(1.3.16) M 2Bu-4v(du-3v) _, 24u-v)?

uv uv
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As the defining operator product expansions (1.3.14) only depend on k through c\kN3, it follows that
W3 (u,v) = Ws3(v, u).

The particular normalisation for W(z) in Definition 1.3.3 is not standard. Namely we have
multiplied the standard definition of [170] by VA in order to cancel the poles that arise when
c\kN3 = —%, i.e. (u,v) =(3,5) or (5,3). In fact, W and A belong to the maximal ideal of Wg‘ at this
central charge, hence are zero in the simple quotient W3(3,5) = W3(5, 3). It is not hard to see that
the W3 minimal model W3(3, 5) therefore coincides with the Virasoro minimal model M(2, 5).

The representation theory of the rational W3 minimal models is well understood. The classifi-
cation of simple W3 (u, v)-modules was obtained in [60]. These modules are all highest-weight (that
is, positive energy and generated by a vector in the top space) with one-dimensional top spaces.

Writing T(z) = 3,cz Tnz "2 and W(z) = X,z Waz "3, a highest-weight vector is therefore
a simultaneous eigenvector of Tp and Wy that is annihilated by the T,, and W,, with n > 0. In
light of Zhu’s theorem (Theorem 1.1.9), it is sufficient to specify the eigenvalues of Ty and W on
the highest-weight vectors of W3 (u, v)-modules to describe the classification of simple W3 (u, v)-
modules. Here, we adapt the parametrisation of the highest weights given in [38].

Simple highest-weight W3 (u, v)-modules are specified by pairs of sl3 weights r, s where r =
[ro,r1,m2] € P;‘3 and s = [sg,s1,$2] € P‘;‘3. The eigenvalues of Ty and Wy on the highest-weight

vector of the simple W3 (u, v)-module corresponding to the weights r, s are given by
1

(1.3.17a) A(r,s) = T (viri+1) —u(si + 1)) (v(ra +1) —u(s2 + 1))
uv

+(v(r1 +1)—u(s) + 1))2 + (v(r2 +1)—u(sy + 1))2 —(u-—- v)2 ,

(v(ro = r1) —u(so —s1)) (v(ro — r2) — u(so — $2)) (v(r1 — r2) — u(s1 — 52))

(1.3.17]3) W(F,S) = 3(3uv)3/2

5

respectively. These eigenvalues are invariant under the free Z3-action

(1.3.18) [u2]— [e88]— (88— [sag]
Similarly, the conformal weight (1.3.17a) is invariant under the (nonfree) Z,-action
(1.3.19) ERE R R

whilst (1.3.17b) changes sign. The Z,-action corresponds to the conjugation automorphism of
W3 (u, v) which is given by T(z) < T(z) and W(z) < —W(z), . We therefore get an additional
isomorphism corresponding to (1.3.19) if w(r,s) = 0. But, (1.3.17b) shows that this happens if

and only if two of the pairs (ro, s9), (r1,s1) and (r, s2) coincide, in which case the conjugation
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isomorphism is already accounted for by one of the isomorphisms corresponding to the Z3-action
(1.3.18).

The isomorphism classes of the simple W3 (u, v)-modules are therefore classified by elements
of (PL;3 X P‘;3) /Z3. Denote such modules by W(r,s) where we interpret (r,s) as an element
of (P;‘3 X P‘;S) /Z3. In other words, let V be Zj3-action on the sl3 weights defined by V(t) =
V([to, t1, t2]) = [t2, to, t1]. Then, W(r,s) = W(V(r), V(s)) = W(V?(r), V2(s)).

1.3.3. Modularity and Fusion Rules for W3 (u,v). As W3(u,v) is rational and Cp-cofinite
[16, 17], by Zhu’s theorem the span of its characters admits an SL,(Z)-action. By the Verlinde
formula (1.1.45), knowledge of the S-matrix for W3 (u, v) also allows us to determine the fusion
rules of W3 (u, v). There is however a technical subtlety to determining the elements of the S-matrix

from the characters of W3 (u,v). Let M be a W3(u, v)-module and consider its q character
W
(1320) Ch [M] (T) = trM qTO_Cu,v3 /24‘

Applying the Z-action (1.3.19) to a given W5 (u, v)-module W(r, s) gives a new W3 (u, v)-module
whose highest-weight vector has conformal dimension A(r,s) and Wy eigenvalue —w(r,s). As
W3 (u,v) generically admits modules having w(r,s) # 0, this means that the image of W(r,s)
under the conjugation automorphism of W3 (u, v) will always have the same character as W(r, s)
but is usually not isomorphic to it.

Put simply, the characters (1.3.20) are not linearly independent in general. Therefore defini-
tively extracting S-matrix elements from an SL,(Z)-action on the span of such characters is not
possible.

A remedy for the lack of linear independence of W3 (u, v) characters was provided in [23]. The
proposal therein is to upgrade characters to one-point functions by inserting the zero mode of some

u € Wi (u,v):
W
(1.3.21) ch[W(r,s)] (r;u) = Ty(re (quTo—Cu,VS/24)‘

These one-point functions are linearly independent for generic u since W3 (u, v) is rational and C;-
cofinite [17]. The modular S-matrix elements obtained by transforming the one-point functions
can then be written down unambiguously. Note as well that the characters (1.3.20) are precisely
the one-point functions with u = 1.

As the highest-weight modules of W3 (u, v) are completely specified by the eigenvalues of Ty
and Wy on the highest-weight vector, a suitable choice for u is W. However it might be the case

that W is zero in W3(u, v). The operator product expansions of W'3‘ in (1.3.14) show that W is a
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null vector in W¥ if and only if c\l:v3 =0 or Ax = 0. However,
(13.22) M =0 e (uv) = (3,4),(43), Av=0e (uv) =(3,5),(53).

The minimal model W3(3,4) = W5(4, 3) is the trivial vertex operator algebra, while W5(3,5) =
W3(5, 3) is the Virasoro minimal model M(2, 5). In either case, the q characters are linearly inde-
pendent. So when W is zero in W3 (u, v), we can just take u = 1.

Here we specialise the results on modular properties of regular W-algebras (see Section 4.1.1)
in [23,74,105] to the case of W3. In addition, we deduce several identities satisfied by the W3 (u, v)
S-matrix elements that will be crucial in our later investigations into a closely related W-algebra
called the Bershadsky—Polyakov algebra.

Denote by t = [t1,t] the projection of onto the weight space of sl3 of an sﬁ3—weight t =
[to, t1, £2]. Let p = [1, 1] denote the Weyl vector of sl3, (—, —) = %Ksh (-, —) its normalised Killing

form and Sj its Weyl group.

Theorem 1.3.4 ([105, Thm. 4.4], [23, Cor. 8.4]). For coprime u,v € Z3, the S-transform of the
W3 (u, v) one-point function (1.3.21) is given by
u

(1323)  ch[W(r,s)] (—% ; ) = > Stety sy SH[W(, )] (75 ),

B TAu
(rs) €(PU3xPY3) /25

and the S-matrix entries are given, for (r,s), (r’,s’) € (P‘;3 X P‘;3)/Z3, by

(1324) s L 2ni(@p74p)+ G457+9)

(r,s),(r’,s’) = \/guv

: Z det w e~ 2715 (W(Fp).r'+p) Z dot 1 e~ 2718 (W(s+D) 5+p)

weS;3 weS;3

As the modules W(r, s) are independent of the choice of representatives of the Zs-orbit (r,s), so
too is the the S-matrix formula (1.3.24). To see this explicitly, observe that acting on r or s by the
Z3-generator V amounts to acting with an outer automorphism of ;I3. It is easy to check that on

the projection onto the weight space of sl3, V acts as follows:
(1.3.25) V(f) = W]WQ(E) + k(t)w;.

Here, w; = [1, 0] is the first fundamental weight of sl3 and k(t) is the level of t. Acting with V on

(1.3.24) on r and s gives

W3 _ 2xiv{w,r+p) V(o &) e W3
S(Vine.re) = © FPeTTEIS ey

w _
S snrs) = ©

(1.3.26) _
+27iv{w,+p) e (@1,87) SW3
(r,s),(r',s’)’
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where & = —27ri$(? + p). Therefore, applying V to both r and s leaves the S-matrix invariant.
Applying V to both r” and s’ also leaves the S-matrix invariant because (1.3.24) is symmetric. The
S-matrix may also be verified to be unitary, see for example [105, Prop. 4.4].

A similar calculation demonstrates that its square is the matrix whose (r,s), (r’,s")-entry is 0
unless r’ = [ry,r1] and s’ = [s3,s1], in which case it is 1. This is the matrix representing the
W3(u, v) conjugation (1.3.19).

Before moving on to the computing fusion rules for W3 (u,v), there are some properties of
the S-matrix (1.3.24) that will prove useful for various computations encountered in this thesis.
Some of these require extending (1.3.24) to allow arbitrary integral gI3—Weights r, r’,sand s’. For

example, it is straightforward to show that

(1.3.27) gWs = detw sWs w € Ss,

(rw-s),(r,s (r.s),(r'.s)’

where w - s = w(s + p) — p is the usual shifted action of the Weyl group. It follows that if s; = —1,

for i = 1 or 2, then it is fixed by the shifted action of the i-th simple Weyl reflection w; and so

(1.3.28) gWs 0.

(r,s),(r',s’) =

Similarly, the well known decomposition of W—i—p) as the Weyl reflection for the highest root
0 followed by translation by vé leads to (1.3.27) also holding for w = wq (and therefore for any
w in the affine Weyl group §3 of ;13). Consequently, (1.3.28) continues to hold if s) = —1, hence
wo - s = s. It follows that the W3 (u,v) S-matrix entry (1.3.24) vanishes when s lies on a shifted
affine alcove boundary. Swapping the roles of s and v with r and u gives the analogous result for r.

Remarkably, ratios of the S-matrix elements (1.3.24) are related to characters of highest-weight
sl3-module. The same phenomenon is present in ratios of the S-matrix elements of Ly(g) for
k € Z>o (see [70, Sec. 14.6.3]). Indeed the sums present in the W3 (u, v) S-matrix are superficially
of the same form as the Ly(sl3) S-matrix (1.2.12). This can be viewed as a consequence of the
coset construction of W3 (u, v) that involves two copies of Ly (sl3) at specific levels [19,92].

For any sl3-weight t = [t;,t,], denote the character of the simple highest-weight s[3-module
Lz by yp. Let 0 = [v —3,0,0].

Proposition 1.3.5. Let u,v € Z3 be coprime and (r,s), (r',s’) € P‘;‘3 X P‘;3 /Z5. Then,

s _
(1.3.29) % = 2TCTP) (1),
S(r,O),(r’,s’)
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Proor. Substituting (1.3.24) into the left-hand-side of (1.3.29) and simplifying gives

W3

(w(s+p).E5)
1 M G Zes, detwe 77 — Q27i(Er+p) 5(&5)
B SW3 Z detw e<W(p) §5/> Xs />
(r,0),(r,s") weS;
where the final equality is the Weyl character formula. .

The roles of r and s in Proposition 1.3.5 can be reversed to obtain a similar result involving the
character y; of Z; instead.
Finally, a generalisation of Proposition 1.3.5 that will prove useful in Chapter 3 requires a

choice of a dominant integral sl3-weight t. We define

W'; W’i
(1.3.31) S(r s®t),(r',s") Z S(r s+t'),(r.s')’

t/
where the sum runs over the (finitely many) weights t’ of Z;, with multiplicity, and t” denotes the
level-0 weight of 52\13 whose projection onto the weight space of sl is t’. Note that we may define

this sum for any dominant integral sl3-weight t, even if s +t’ ¢ P‘;3, by directly substituting the

right-hand side of (1.3.24) for the W3 (u, v) S-matrix.

Proposition 1.3.6. Let u,v € Z.3 be coprime, (r,s), (r',s’) € P;‘3 X P‘;3/Zg and t be a dominant

integral slz-weight. Then,

(1.3.32) sWs TGP () SV

(r,s®t),(r s/) ("5) (rs)

Proor. Substituting (1.3.24) into the definition (1.3.31) gives

1
(1.3.33) sWa ,
(r,s®1t),(r s) \/_UV 2,

. Z ezni<??+ﬁ> Z det w e—2ni5<w(§+ﬁ),?+ﬁ> e—2ni$<w(?),?+ﬁ)‘

v weS3

2ni(<?+ﬁ,?+ﬁ>+<§+ﬁ,7+ﬁ>) Z det w e—2ni5<w(?+ﬁ),7+ﬁ>

Since the weights of Z; differ by elements of the root lattice Q of s13, we may replace t’ by t in the

first exponential on the second line. Moreover, the weights of Zg are permuted by S3 so that

W3 2m(t r+p) 27t (t's +p) W3
(1.3.34) S(rs®t) (v s) Z (rs) (r.s)

2m(sr+p) t(gs/) (rs) (rs)"

As for Proposition 1.3.5, the roles of r and s in this proposition can be reversed to obtain a similar
result involving the character y; of L7 instead.
Recalling that W3 minimal models are rational and C,-cofinite, their fusion coefficients may be

computed from the Verlinde formula (1.1.45). The superficial similarity between the W3 S-matrix
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(1.3.24) and that for the rational Ly (sl3) (1.2.12) suggests that the corresponding fusion coefficients
are related.

As described in Section 1.2.2, for £ € Z.q, the simple affine vertex operator algebra L,(sl3)
of level ¢ is rational and C,-cofinite [76]. Its simple modules are the integrable highest-weight
s:ig-modules L+ whose highest weights t lie in Pi. Recall that the fusion products of L,(sI3) take

the form

(1.3.35) Lex Ly = P NEY Lo,

/) t
t7ePg

where the fusion coefficients N t” +v are known. Importantly, the L,(sl3) fusion coeflicients satisfy

V(E) ot V) et
(1.3.36) Nowr = Nevey = New s

see [70, Eq. (16.9)] for example. Let 6 denote the root lattice of sl3.

Theorem 1.3.7 ([74, Thm. 4.3]). Let u,v € Z3 be coprime. Then, the W3 (u, v) fusion coefficients

are given by

W (N //) _3 " V—3 2
(1.3.37) Nooyiray =New' "Neg =,

where we choose representatives of (r,s), (r',s’), (r”,s") € P‘;3 X P‘;3 /73 so that:

o Ifu € 37, then takes,s’,s” €

o Ifv € 3Z, then take¥,r',r" €

\| 2l ol

€Qors,s',s

’

o [fu,v ¢ 37, then take eithert, €Q (it does not matter which).

For example, the fusion coefficients for v = 3 take the form N\[/Xi [i, 1 N“ 37 witht, v, r” € 6,
because in this case s = s’ = s” = [0, 0, 0]. It follows that the W3 (u, 3) fusion ring coincides with
the subring of the L,,_3(sl3) fusion ring spanned by the £, with ¥ = [1;, A;] € Q. That this indeed

constitutes a subring follows from (1.2.14).






Chapter 2

Bershadsky—Polyakov Algebras

2.1. Bershadsky-Polyakov Algebras From the Ground Up

Having seen the classification of modules and modularity of the W3 minimal models W3 (u, v),
we now move on to similar considerations for another W-algebra related to sl3.

There are exactly three (up to isomorphism) W-algebras one can obtain by applying quan-
tum hamiltonian reduction to VK(sl3): VK(sl3) itself, the Zamolodchikov algebra W'3‘ and the
Bershadsky—Polyakov algebra BPX [35,139]. As the structure, representation theory and ratio-
nal minimal models for both V¥(sl3) and W; were discussed in Chapter 1, we will focus on BPX

for the next two chapters.

2.1.1. The Minimal sl; W-Algebra. To construct the W-algebra of interest using quantum
hamiltonian reduction, we first fix a basis for sI3. Let M; ; be the 3 X 3 matrix whose entries are all

zeros except for the (i, j)’th entry which is 1. Then, we set
exy = M2, hgy =My = Mo,  fo = Mpy,

(2.1.1) eg = M1’3, fg = M3,1.
€ay = Ma3, hay =Moo —M33, fo, = Mao,

Here, 0 = a1 + o is the highest root of sI3 and we shall also set hg = hy, + hg, = My;1 — M3 3. For
the purpose of quantum hamiltonian reduction, choose the nilpotent element fy. The associated sl
triple in sls is {hg, ey, fp}, and the grading of sl3 by eigenvalue of the adjoint action of x = %hg is

(s13)1 = spang{egp},

(513)% = spang{eq,, €, }»
(2.12) sl; = (P(sly)i,  where  (s13)o = spang{ha;, hay },

ielz
(513)_% = SpanC{fal’faz},

(s13)-1 = span¢{fy}.

37
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As described in Section 1.3, to form the complex we need the universal affine vertex algebra
VK (sl3), the neutral ghost vertex algebra B(Ay.) and the charged ghost vertex superalgebra F(Ag,).
Let S be the set of roots of sl3 (recalling that f;, = e_,). Then S, = {a1, a2} and S, = S;» U {0}.
Recall that the nonregular operator product expansions of the ghost vertex algebras F and B are

and  p(2)y(w) ~ ——

zZ—Ww zZ—w

(2.1.3) b(z)e(w) ~

respectively. Here, in contrast to (1.1.21), we have redefined y(z) — —y(z) to remove various
minus signs in the forthcoming formulae. As Ape is two dimensional, B(A,) =~ B. In fact, letting
{691, 62} be the basis of Ay corresponding to {eqy,, €n, }

(1-6;;)1

w

(2.1.4) 5% (2)8% (w) ~

So we may write % (z) = f(z) and *2(z) = y(z). Similarly, the charged ghost vertex superalgebra
F(Aw) = F¥ ® F2 ® F? where F* is the subalgebra of F(A,) generated by the fields {¢%, %} for
a € S;. In fact, F* ~ F for all @ € S, by identifying ¢* and ¥/* with b and c respectively. In light
of this, denote the generating fields by ¢“(z) and /*(z) of F* by b*(z) and ¢*(z) respectively.
Collect these ghost fields into a vertex operator superalgebra G = F* ® F*2 ® F? ® B and
let C = VK(sI3) ® G. In what follows, we will frequently omit tensor product symbols and tensor

products involving vacuum fields. Using (1.3.7), define the charge -1 field d(z) € C by

(2.1.5) d(z) = (eg(2) + ﬂ)ce(z) + (€q, (2) + B(2))c* (2)

+ (eO{2 (z) + y(z))c‘)‘2 (z) + :bg(z)c"‘2 (2)c% (2)-.

A straightforward computation verifies that d(z)d(w) ~ 0. We then form a differential complex
by requiring that d(z) is homogeneous of conformal weight 1 and equipping V¥ (s13) ® G with the
differential dy. From (2.1.5), this requires that the conformal weights of ¢’ (z) and eg(z) are 1 and
0 respectively. The latter has conformal weight 1 with respect to the Sugawara energy-momentum
tensor T3¢ defined in (1.2.8), so we instead use the conformal structure on VK (sl3) furnished by

TSU¢ 4 (1/2)0hg. An appropriate conformal structure on C is therefore

1 o e
(2.1.6) L(z) =T (2) + 70ho(2) + TF + 77 4 77 4 T8,
where
@ 1 |
2.1.7) TH = 2:0b™e™ + 9 b, TF =:0b%%: and T® = 5:9vB = apy:

This is just the specialisation of the energy-momentum tensor defined in (1.3.10) to the choice

g=-sl3,x= %h@ andf=f9.
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As described in Section 1.3.1, the W-algebra WX (s, f) is defined as the zeroth homology
HO(VK(sl3) ® G,dy) = H°(VK(s13)) of this differential chain complex, where we write H'(—) =
HJ%(—). Theorem 4.1 in [106] describes strong generators for WK (sl3, f) which we denote by

(2.1.8) {L(2),J(2),G"(2),G (2)},
where L(z) is given by (2.1.6) and
1
J= g(h,,(l — hgy) +:0% ¢ — 0% — By,
(2.1.9)  G* = fo, + hg, f— :b%1 % — bM e B4 2:6%2¢ B+ b0 Br 4+ By + (k+ 1)3B,
G™ = fo = hayy + b0 = 2:b% ™y, +:0% %y — b0y + yy B — (k+ 1)ay.

suppressing the z-dependence of fields momentarily. As it happens, WK(sl3, f) is isomorphic to
the (universal) Bershadsky—Polyakov algebra BPX defined in [35,139]. The strong generators of
BP are likewise denoted by {L(z), J(z),G*(z)}. This is no accident: BP* was originally defined
as a ‘second’ quantum hamiltonian reduction associated to sl3, the first being the Zamolodchikov
algebra W3 = WX(sl3, £, + fo,) [170].

If instead of fp we had chosen the nilpotent element to be f,, or f;, and performed quantum
hamiltonian reduction, the resulting W-algebra would be isomorphic to W (s3, f»). This is because
the nilpotent orbit in 13 containing fy also contains fy, and f, [40].

As previously described, the homological construction of WX(sl3, f3) (and therefore BP¥)
above extends naturally to V(sI3)-modules: Let M be a V*(s13)-module satisfying certain finite-
ness conditions and consider the differential complex formed by M ® G and dy (where all VK(sl3)
modes act on M rather than VK (s13)). The zeroth homology of this complex, denoted by H*(M),
is a BP*-module [106]. We will use this fact extensively when studying the representation theory

of BPX and its simple quotients.

2.1.2. Operator Product Expansions. Content in our knowledge that the W-algebra we seek
to understand is the Bershadsky—Polyakov algebra BP¥, we will now define BP once and for all
in terms of strong generators and operator product expansions from [35, 139] and describe some

of its properties.

Definition 2.1.1. Given k € C, k # -3, the level-k universal Bershadsky—Polyakov algebra BPX

is the vertex operator algebra with vacuum 1 that is strongly and freely generated by fields J(z),
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G*(z), G (z) and L(z) satisfying the following operator product expansions:

(2k+3)Gk+ DT | 20(w)  IL(w)
2(k+3)(z—=w)*  (z=-w)? (z—w)’

J(w) +aJ(w) G*(w)  aG*(w)

L(z)L(w) ~ —

3
L(2)](w) ~ L(2)G*(w) ~ (2

(z-w)? (z-w) w)?  (z-w)’
(2.1.10) J(2)J(w) ~ §?k+3))112, J(2)GF(w) ~ EG+(»V:))’ G*(2)G*(w) ~
o (k+ D)2k +3)T  3(k+1)J(w)
G (2)G™ (w) ~ G- + )2
. 3:7J:(w) + 3 (k+ 1)aJ (w) — (k +3)L(w)
zZ—w ’

The operator product expansions (2.1.10) are those satisfied by the fields in (2.1.6) and (2.1.9).
From (2.1.10) we see that the conformal weights of the generating fields J(z), G*(z), G™(z) and

L(z)are 1, 5, 5 3 and 2, respectively, whilst the central charge is

92’

2k +3)(3k+1)

(2.1.11) P =- 3

The mode algebra of BPX can be obtained from its operator product expansions by expanding the
homogeneous fields in the usual form

(2.1.12) AR) = Y. A

neZ—-NAp+ea

where A4 is the conformal weight of A(z) and ¢4 = %, if Ay € Z+ % and A(z) is acting on a
twisted BP*-module (with respect to the automorphism e2milo) and e4 = 0 otherwise. Imposing
the constraints from the operator product expansions on the modes of the fields yields the following

result.

Proposition 2.1.2. The commutation relations of the modes of the generating fields of BP* are

[Lm, Ly] = (m = n)Lpy —(2k+3)(3k+1)m3—m

5m+n,0ﬂ s

k+3 12
. m
(Ll = =M (L GE1 = (5 =5)Gines
(2.1.13)
2k
[Jms Jnl = +3 MEminol, Um, G511 = £Gjpps [GE,GE] =0,

2_1
[G+ 7] =3 J] r+s T (k + 3)Lr+s + = (k + 1)(7’ s)]r+s + (k + 1)(2k + 3)rT45r+s,0ﬂ-

We call the unital associative algebra generated by the modes, with m,n € Z and r,s € Z + %, of
the fields of BP¥ the untwisted mode algebra U. Likewise we call the unital associative algebra

generated by the modes, with m,n,r,s € Z, of the fields of BPX the rwisted mode algebra U™,
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The ‘untwisted” and ‘twisted” modifiers here reflect which BP¥-modules the modes that form the

algebra act on.

Definition 2.1.3.

e A fractional level k € C for the Bershadsky—Polyakov algebras is one that is not critical, meaning
that k # =3, and for which BP¥ is not simple.
o The level-k simple Bershadsky—Polyakov vertex operator algebra BPy is the unique simple quo-

tient of BPX.

According to [93, Thms. 0.2.1 and 9.1.2], the fractional levels are precisely the k satisfying
(2.1.14) k+3= E, where u € Z>, v € Z- and ged{u,v} = 1.
v

If k is fractional, then we shall refer to BPy as a Bershadsky—Polyakov minimal model and use
the special notation BP(u,v). The Bershadsky—Polyakov minimal models BP(u, 2), where u > 3
is odd, are rational [18] with only highest-weight modules and their direct sums. In addition to
this chapter, the v > 2 cases will be explored in Chapter 3 where we will describe the modular
transformations and Grothendieck fusion rules of such Bershadsky—Polyakov minimal models.

We note that the central charge of the minimal model BP(u, v) takes the form

(2.1.15) pp_ Bu-8)Q2u-3v) _ 6u-2v)*

v uv uv

Whilst the central charge is invariant under exchanging ¢ with 4?", the corresponding Bershadsky—

Polyakov minimal models are not isomorphic.

2.1.3. Automorphisms. There are two types of automorphisms of BP¥ that will prove useful
for studying the representation theory of BPX. These are the conjugation (vertex operator algebra)

automorphism y and the spectral flow (vertex algebra) automorphisms o?, £ € Z.

Proposition 2.1.4. There exist conjugation and spectral flow automorphisms y and o*, t € Z, of

BP. They are uniquely determined by the following actions on the generating fields:
yUJ(@)=-J(z),  y(G'(2)) =+G (2),

v(G (2) =-G"(2),  y(L(2)) =L(a),

(2.1.16) 2k + 3

o'(J(2)) = J(=) - 3 ez, o' (G*(2)) = 27'G*(2),

2k +3

o'(L(z)) = L(z) — tz7 ' J(2) + Tﬂz—%}, (G (2)) = 2'G ().
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That these actions define BP* automorphisms amounts to checking that the operator product ex-
pansions (2.1.10) are preserved. It is also straightforward to check that the inverse of o/ is 0.
The spectral flows o with £ # 0 are not vertex operator algebra automorphisms because they
do not preserve the conformal structure furnished by L(z). This might sound alarming but is not
an issue as our main use of these automorphism is constructing new BP*-modules out of old ones
by twisting as described in Section 1.1.3.
Note that conjugation has order 4, whilst spectral flow has infinite order. Together, they satisfy

the dihedral group relation
(2.1.17) yol =o'y,

though we do not have y? = 1. Expanding the defining actions of the automorphisms from Propo-
sition 2.1.4 in terms of modes gives a characterisation of ¢ and y as automorphisms of the mode

algebras of BP.

Proposition 2.1.5. Conjugation and spectral flow act on the modes of the generating fields J(z),
G*(z), G (z) and L(z) of BP* as follows:

)’(]n) =—Jn )’(Gf) = iG;i Y(Ln) =1L,
2k +3
3

5,01, o' (GF) =G=

r¥e

(2.1.18) 0" (Jn) =Jn —
2k +3

(L) =L, — ), + £28,01.

One particularly noteworthy feature of spectral flow is its relationship with the mode algebra U,
U™, As of, £ € Z, is a BPK automorphism, the actions in (2.1.18) also define automorphisms of
U and U™ depending on the range of r. However if we begin with r € Z + % and apply of with
te”Z+ %, the mode index of G* takes values in Z only. That is, the action of of witht € Z + %
exchanges the twisted and untwisted mode algebras.

Each BP*-automorphism w lifts to an autoequivalence of any category of BP*-modules that
is closed under twisting its objects by w. The examples we have in mind are the category %
of weight modules, with finite-dimensional weight spaces (see Definition 2.2.1 below), and the
analogous category "Wktw of twisted modules.

The aforementioned extension of ¢! allowing £ € Z + % defines equivalences between % and
W, . We remark that one of the important consistency requirements for building a conformal field
theory from a module category over a vertex operator algebra is that it is closed under twisting by

automorphisms, especially conjugation.
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2.2. Representation Theory of Bershadsky—Polyakov Algebras

Now we move on to the representation theory of BPX. We are interested in a class of modules
known as relaxed highest-weight modules for BP¥. Relaxed highest-weight modules have been
shown to be essential to achieve consistent modular properties for many nonrational vertex operator
algebras, for example admissible-level Ly (sly) [2,7, 26,50, 52,84, 113, 141, 145]. The modular
properties of BPy at admissible levels, i.e. fractional levels with u > 3, that are nonintegral will be
explored in Chapter 3.

The first step in understanding the relaxed highest-weight BP-modules with finite-dimensional
weight spaces is to classify the simple ones in both the untwisted and twisted sectors. The restric-
tion on the dimension of the weight space is in order to have well defined characters. That reducible
relaxed highest-weight modules can also be constructed (as we will see) is a strong indication that
the simple Bershadsky—Polyakov vertex operator algebra BPy is generically nonrational. When k
is nonintegral admissible and BP is not simple, a related problem to be addressed is which simple

relaxed highest-weight BP*-modules are also BP,-modules.

2.2.1. Weight Modules. In Section 2.1, we introduced the untwisted (twisted) mode algebra
U (U™) of the universal Bershadsky—Polyakov vertex operator algebra BP*. Any BPX-module is
obviously a U-module and likewise for the twisted versions. The converse is not true however.
As these algebras are graded by conformal weight, we have the following generalised triangular

decompositions, as in [106]:
(2.2.1) U=U.®Uy® U, and U™ =U% o Uy’ @ UY.

Here, U, Up and U are the unital subalgebras generated by the modes A,,, for all homogeneous
A(z) € BP¥, withn < 0, n = 0 and n > 0, respectively (and similarly for their twisted versions).
The following definitions are specialisations to BP¥ of definitions proposed for general vertex op-

erator algebras in [145].

Definition 2.2.1.

e A vector v in a twisted or untwisted BPX-module M is a weight vector of weight (j, A) if it is
a simultaneous eigenvector of Jo and Ly with eigenvalues j and A called the charge and con-
formal weight of v, respectively. The nonzero simultaneous eigenspaces of Jo and Ly are called
the weight spaces of M. If M has a basis of weight vectors and each weight space is finite-

dimensional, then M is a weight module.
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e Avector in an untwisted BP*-module is a highest-weight vector if it is a simultaneous eigenvector
of Jo and Ly that is annihilated by the action of U~. An untwisted BP*-module generated by a
single highest-weight vector is called an untwisted highest-weight module.

e A vector in a twisted BP*-module is a highest-weight vector if it is a simultaneous eigenvector
of Jo and Ly that is annihilated by G and the action of UY. A twisted BP*-module generated by
a single highest-weight vector is called a twisted highest-weight module.

e A vector in a twisted or untwisted BP*-module is a relaxed highest-weight vector if if is a si-
multaneous eigenvector of Jy and Ly that is annihilated by the action of UY or U, respectively.
A BP*-module generated by a single relaxed highest-weight vector is called a relaxed highest-

weight module.

As BP(u, V) is a quotient of BPX with k+3 = v, these definitions also descend to BP (u, v)-modules.
A simple consequence of these definitions is that an untwisted relaxed highest-weight vector of BP*
is automatically a highest-weight vector. The same is not true for twisted relaxed highest-weight
vector in general. The modules we are aiming to classify are therefore simple untwisted highest-
weight modules and simple twisted relaxed highest-weight modules.

From the actions of the conjugation and spectral flow automorphisms in (2.1.18), we deduce

the following useful facts.

Proposition 2.2.2.

o IfMisatwisted or untwisted BP*-module and v € M is a weight vector of weight (j, A), then y(v)

2k+3 -p 4 2k+3
2 A+ je+2E7),

and o' (v) are weight vectors iny (M) and o* (M) of weights (—j, A) and (j+
respectively.

o Let M be an untwisted BP*-module. Then, v € M is a highest-weight vector of weight (j, A)
if and only if '%(v) is a highest-weight vector in the twisted module 01/2(3\/() of weight (j +
23 A+ L+ 23,

o M is a simple untwisted highest-weight BP*-module if and only if c'/ 2(3\/[) is a simple twisted

highest-weight BP*-module.

In particular, to classify all simple highest-weight BP*-modules, it is enough to only classify the
untwisted ones. However many simple weight BP*-modules that we will encounter in Chapter 3
are not highest-weight, nor even relaxed highest-weight. In particular, if M is a simple relaxed
highest-weight BP*-module, then o (M) is simple and weight, but is usually only relaxed highest-
weight for a few choices of £. We believe, however, that the simple objects of the categories %
and 7, of untwisted and twisted weight BP*-modules are all spectral flows of simple relaxed

highest-weight BPX-modules, which we will now classify.
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2.2.2. Untwisted Zhu Algebra. One of the main tools that we will use in our classification
of simple relaxed highest-weight BP*-modules are the untwisted and twisted Zhu algebras from
Section 1.1.4. This is because a classification of simple modules for the untwisted (twisted) Zhu
algebra of BP¥ gives a classification of simple untwisted (twisted) positive-energy BPX-modules
by Theorems 1.1.9 and 1.1.12. Additionally, simple positive-energy weight BP*-modules coincide
precisely with the simple relaxed highest-weight modules.

We begin with determining the untwisted Zhu algebra Zhu [BPk]. In many results in this
section, it is possible to replace BPX with BP (u, v) as Zhu[BP(u, v)] is a quotient of Zhu [BPk] at

the appropriate level by (1.1.39) and likewise for the twisted versions.
Proposition 2.2.3. Zhu[BP¥| is a quotient of C[J, L].

Proor. Since the fields G*(z) have half-integer conformal weights, they do not have zero
modes when acting on untwisted modules. More generally, only the (homogeneous) fields of in-
teger conformal weight have zero modes. Express the zero mode of such a field as a linear com-
bination of monomials in the modes of the generating fields J(z), G*(z) and L(z). Next, use the
commutation relations to order the modes so that the mode index weakly increases from left to
right — it is easy to see that this is always possible despite the nonlinear nature of the commutation
relations (2.1.13). Now remove any monomial which contains a positive mode. The image of the
zero mode in Zhu [BP"] is thus a polynomial in [ ]0] and [Lo].

Since [Ly] is central in Zhu [BP"], the multiplication (1.1.38) of Zhu [BPk] matches that of
C[J,L]. There is therefore a surjective homomorphism C[J, L] — Zhu [BPk] determined by J +—
[]0] and L — [Lo]. ™

It can be shown that Zhu [BPk] =~ C[J, L] using the fact that the image of the field (J"L™)(z) in
Zhu[BP¥] is

(22.2) l T o+ 2i)] .
i=0

It is however sufficient for our purposes to know that Zhu [BPk] (and therefore Zhu[BPy] for all
k) is a quotient of C[J, L].

2.2.3. Simple Untwisted BP*-Modules. Having identified Zhu [BPk] (and therefore its quo-
tient Zhu[BP(u, v)]) as a quotient of the free abelian algebra C[], L], we may identify its finite-

dimensional simple modules as C[J, L]-modules.
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The Zhu induction of an arbitrary Zhu [BPk] -module is not guaranteed to be a weight BP-
module. For the purposes of classifying simple relaxed highest-weight BPX-modules, it is therefore

necessary to restrict attention to a subclass of Zhu [BPk] -modules.

Definition 2.2.4. A C[], L]-module is said to be weight if J and L act semisimply and their simul-

taneous eigenspaces are all finite-dimensional.

The simple weight modules of C[J, L] are therefore one-dimensional. We shall denote them by
Coja, where j and A are the eigenvalues of J and L, respectively, on v;5. As every simple
Zhu [BPk]—module must also be simple as a C[J, L]-module, we arrive at our first identification

result.

Proposition 2.2.5. Every simple weight Zhu[BPk]-module, and therefore every simple weight

Zhu[BP(u,v)]-module, is isomorphic to some Cvja, where j,A € C.

Proposition 1.1.8 and Theorem 1.1.9 then guarantee that if Co; 4 is a Zhu [BPk] -module, then there
exists a simple untwisted BP*-module K .o which is uniquely determined (up to isomorphism) by
the fact that its top space is isomorphic to Cov; (as a C[J, L]-module). As this top space is one-

dimensional, }{; 5 is a highest-weight module.

Theorem 2.2.6. Every simple untwisted relaxed highest-weight BP*-module, and therefore ev-
ery simple untwisted relaxed highest-weight BP (u, v)-module, is isomorphic to some H; A, where

j,A € C.

The fact that Zhu [BP"] ~ C[J, L] means thatall Cv; 5 give rise to simple untwisted relaxed highest-
weight BP*-modules K A by Zhu induction. Of course not all of these BP*-modules will be
BP(u, v)-modules.

Note that there will be other simple weight BP- and BP(u, v)-modules such as those obtained
from the J(; A by applying spectral flow. Simple nonweight modules also exist in general [S], but

they will not concern us here.

2.2.4. Twisted Zhu Algebra. We now move on to the twisted Zhu algebra of BP¥. In contrast
to the untwisted case detailed in Section 2.2.2, the fields G*(z) do have zero modes when acting on
twisted modules. We therefore expect that the representation theory of Zhu"™ [BPk] will be more

complicated than that of Zhu [BPk].
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Definition 2.2.7. Let Z\ denote the (complex) unital associative algebra generated by J,G*,G~

and L, subject to L being central and

(2.2.3) [],G*] = +G*, [G",G™] = fk(J,L),

where fi(J,L) = 3] = (k+3)L — g(k+1)(2k +3)1.
Proposition 2.2.8. Zhu'™ [BPk] is a quotient of Zy.

Proor. Every homogeneous field of BP* has a zero mode when acting on a twisted module.
As in the proof of Proposition 2.2.3, it follows that the zero modes of the generating fields have
images that generate Zhu' [BPk]. The fact that the generator [Lo] is central is standard [58, 108],
but is also easy to verify directly in this case.

We therefore start by using (1.1.38) to compute the products of the images of Jo and G in
Zhu' [BPX]:

[

224 KIEIEDY (,11) [(Jn-1G*)o]

n=0
= [(JoG*)o| + [(J-1G*)o]

= =[Gy | + [:JG*™:0],

(2.2.5) I 2(3/ )[(G‘ 320)0]

[ —3/21)0] [(Gfl/zf)O]
= [U-1G)0] = [(96%)o] + [G]
= [:/G*0].

Here, we have noted that Gf3/2] = Gf3/2]_11] = ]_1Gf3/21] ¥ Gfs/zﬂ =:JG*: F dG*, that Gfl/zj =
FG* (similarly) and that (0G*)g = —%Gg. With the surjection induced by A — [Ao] JA=],G% L,

this proves the first relation in (2.2.3). The same method works for the second relation. [ |

It turns out that Zy is in fact isomorphic to Zhu™ [BPk] , though again we do not need this for what
follows. One can establish this isomorphism by combining the fact that Zhu"™ [BPk] is known
[55] to be isomorphic to the finite W-algebra associated to sl3 and the minimal nilpotent orbit. An
explicit presentation of this finite W-algebra is given in [153].

The associative algebra Zy is a central extension of a Smith algebra. This is well known, see

[5,15] for instance. Smith algebras were introduced and studied in [149] as examples of algebras
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generalising the universal enveloping algebra of sl,. The representation theory of Zy is therefore
quite tractable. In particular, the classification of weight modules of Smith algebras is superficially

very similar to that of sl5.

2.2.5. Simple Twisted BP*-Modules. As in the untwisted case, we wish to identify simple
Zhu" [BPk] -modules as Zy-modules. For this, we need a classification of the simple Z,-modules.
The similarity between Zy and sl, allows us to follow the approach in [130] for s, with appropriate
modifications.

To begin, a triangular decomposition for Zy is given by
(2.2.6) Z,=C[G"]®C[J,L] ® C[G"].

The existence of this decomposition is an easy (central) extension of [149, Cor. 1.3], which guar-
antees a Poincaré—Birkhoff-Witt-style basis for Z,. The ‘Cartan subalgebra’ of Z is then spanned
by J and L.

Definition 2.2.9.

e A vector in a Z-module is a weight vector of weight (j, A) if it is a simultaneous eigenvector
of J and L with eigenvalues j and A, respectively. The nonzero simultaneous eigenspaces of |
and L are called the weight spaces. If the Zy-module has a basis of weight vectors and its weight
spaces are all finite-dimensional, then it is a weight module.

e Avector in a Zy-module is a highest-weight vector (lowest-weight vector) if it is a weight vector
that is annihilated by G* (by G™). A highest-weight module (lowest-weight module) is a Zy-
module that is generated by a single highest-weight vector (by a single lowest-weight vector).

o A weight Zy-module is dense if its weights coincide with the set [ j] X {A}, for some coset | j] €
C/Z and some A € C.

These definitions are designed to be compatible with the definitions of weights and highest weights
for BPX-modules. As Zhu[BPk] is abelian, the only weight Zhu [BPk]—modules whose weights
coincide with [j] x {A} for some coset [j] € C/Z and some A € C are infinite direct sums of
simple modules of the form

(2.2.7) B (€ojina) ™™

nez.

for some i, € Z. So simple dense modules are only possible in the twisted sector. This is only
one of the many interesting features exhibited by the twisted sector of BPX that has no analogue in

the untwisted sector.



2.2. Representation Theory of Bershadsky—Polyakov Algebras 49

We note that Zy possesses a “conjugation” automorphism y (induced by the conjugation of

BPX) defined by
(2.2.8) y()=-J, ¥(G)=+G", y(G)=-G", y()=L.

Conjugating a highest-weight Z,-module of highest weight (j, A) then results in a lowest-weight
module of lowest weight (—j, A) and vice versa. The structures of highest- and lowest-weight
Zy-modules are therefore equivalent. We will focus primarily on highest-weight Z,-modules and
derive the analogous results for lowest-weight Z,-modules using conjugation.

To construct highest-weight Z,-modules, we realise them as quotients of Verma Z,-modules.
Let Zf denote the (unital) subalgebra of Z, generated by J, L and G*. Let C;a, with j, A € C, be
the one-dimensional Zlf -module, spanned by v, on which we have Jo = jo, Lv = Av and G*ov = 0.
The Verma Z,-module v ;. is then the induced module Z ®Zf Cja.

It is easy to check that V; 5 is a highest-weight module with highest-weight vectorv = 1 ® v
and one-dimensional weight spaces of weights (j — n,A), n € Zg. Let ﬁj,A denote the unique
simple quotient of v]‘,A.

For convenience, we define

n—1

229) KL =) filJ-ml,L)
m=0

= n(nzﬂ - %n(2]+ 1)+ %(6]2+6]+ 1) - (k+3)L - %(k+ 1 (2k +3)1],

where the fi were defined in (2.2.3).

Proposition 2.2.10.

o The Verma module Vj,A is simple, so ﬁj,A = VLA, unless h;(j, A) = 0 for some n € Z.,.

o Verma Zy-modules may have at most three composition factors. Exactly one of these is infinite-
dimensional.

° Ith’(j, A) = 0 for some n € Z>1 and N is the minimal such n, then ﬁj,A ~ VLA /Vj_N,A and

dimJ; 5 = N.

Proor. The first statement follows easily by noting that every proper nonzero submodule of

V;.a is generated by a singular vector of the form (G™)"v, n € Z;. The condition to be a singular

vector is

n-1 n-1
(22.10) 0=G*(G )" = Z(G—)"—l—m [GY,G](G)™ = Z(G‘)"‘l"”fk(], L)(G)™o
m=0

m=0
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-1 n—1

= Z(G )R = mL Lo = (G Y = m1, Ao = B (. A)(G) o

m=0 m=0
Since hy is a cubic polynomial in n, there can be at most three roots in Z, hence at most three

highest-weight vectors. The remaining statements are now clear. [

Unlike sl,, there exist nonsemisimple finite-dimensional Z,-modules. Examples include highest-
weight modules obtained by quotienting a Verma module with three composition factors by its
unique simple submodule.

This proposition completes the classification of finite-dimensional Zy-modules and highest-
weight Zx-modules. To obtain the analogous classification of lowest-weight Z-modules, we apply
the conjugation automorphism y. The conjugate of a simple Verma module v A is the lowest-
weight Verma module of lowest weight (—j, A).

However, if the Vj,A is not simple and N is the smallest positive integer such that hIkV (J,A) =
then the conjugate of ﬁj,A is isomorphic to ﬁN_ j-1,o- This is in contrast to sl where simple
finite-dimensional modules are self-conjugate.

It remains to construct simple weight Z,-modules that are neither highest- nor lowest-weight.
Such modules are necessarily dense. As for sl,, the classification of simple dense Zx-modules is

greatly simplified by identifying the centraliser Cy of the Cartan subalgebra C[J, L] in Z.
Lemma 2.2.11. The centraliser Cy is the polynomial algebra C[],L,G*G™].

Proor. Note first that G*G™~ obviously commutes with J, by (2.2.3). Consider a Poincaré—
Birkhoff-Witt basis of Z, given by elements of the form JL?(G*)¢(G™)?, for a,b,c,d € Zq. It is
easy to check that such a basis element belongs to Cy if and only if ¢ = d. To show that J, L and
G*G™ generate Cy, it therefore suffices to show that (G*)°(G™)¢ may be written as a polynomial in
J, L and G*G™, for each ¢ € Z,.

Proceeding by induction, this is clear for ¢ = 0. So take ¢ > 1 and assume that (G*)¢~'(G™)¢"!

is a polynomial in J, L and G*G™. Then, the commutation rules (2.2.3) give
2211 (GHYG) = (G*G)(GH (G +GH (6N, GG
c—1
= (G*6)(GN MG + Y (G RUDGH TG
n=1

The first term on the right-hand side is a polynomial in J, L and G*G~, by the inductive hypothesis.

For the remaining terms, note that as L is central and G*J = (J — 1)G*, we have (G*)"J = (J —
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n1)(G*)" and hence

c—1

c—1
(2.2.12) DG AUDEGH TG T = Y AU -l D)(GHTH (G
n=1

n=1

which is likewise a polynomial in J, L and G*G™. [

Just as for the centraliser of sl, (see [130, Lem. 3.4.2]), the weight spaces of a simple weight
Zy-module are simple Cx-modules. It is easy to see that Cy is abelian, so we have the following

result.
Proposition 2.2.12. The weight spaces of simple weight Z,.-modules are one-dimensional.

Specifying these weight spaces therefore requires knowledge of the eigenvalues of J, L and G*G~
on a given simple weight Z,-module. The latter will vary with the weight (j, A) in general, so it
is convenient to note that we may replace G*G™ by a central element of Z, whose eigenvalue is
therefore constant. Such ‘Casimir elements’ for Smith algebras are known [149, Prop. 1.5].
Lemma 2.2.13. The element

(2.2.13) Q=G'G +G G ' +2]°+] - 2]((k+3)L+ %(k+ 1)(2k+3)1])

is central in Zy and we have y(Q) = -Q and Cy = C[J, L, Q].

Proor. We start by noting that
(2.2.14) [G*G~,G*] = -G*fu(J,L) = —G+(3]2 — (k+3)L - L(k+1)(2k + 3)11).

Since [J",G*] = G*((J+1)" — J"), we can cancel the terms appearing on the right-hand side
(starting with 3J?) by adding counterterms to G*G~. In this way, we arrive at an element Q e 7

that commutes with J, G* and L:
S_ i3 30,1 1
(2.2.15) Q=G"G +] —5] +§]—] (k+3)L+§(k+l)(2k+3)1] .

By using G*G™ = G~ G* + fi(J, L), we obtain a second expression for Q. Adding the two expres-

sions, we see that
~ 1
(2.2.16) Q:2Q+(k+3)L+§(k+1)(2k+3)ﬂ

also commutes with J, G* and L. But, the explicit form (2.2.13) shows that it also commutes with

G~ as the conjugation automorphism (2.2.8) sends Q2 to —Q. [
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By (2.2.13), the eigenvalue of Q on a highest-weight vector (+) or lowest-weight vector (—) of

weight (j, A) is given by

(2.2.17) w;fA =Q2jxD[j(jx1) - (k+3)A - %(k+ 2k +3)].
These eigenvalues satisfy the following relations:

(2.2.18) Wjp= —a)}’,A = wfj_l’A.

We note that the first equality is consistent with conjugation.

Dense Zi-modules can now be constructed by inducing Cy-modules: Let Cja,, be a one-
dimensional Cx-module, spanned by v, on which we have Jo = jo, Lv = Av and Qo = wo, for some
J, A, @ € C. Define the Zy-module R; a ,, = Zx ®c, Cjac-

A basis of ﬁj,A,w is given by v = 1 ® v and the (G*)"v with n € Z,. This implies that the

weights of R j.Aw coincide with [j] x {A} and so R j.Aw is a dense Z,-module generated by o.

Proposition 2.2.14.

For each n € Zsq, (G™)" v is a highest-weight vector ofij,A,w if and only if © = a);.r_n_l,A.

Jj+n+1,A°

For each n € Zsq, (G*)"v is a lowest-weight vector ofij,A,w ifand only if o = 0

The dense Zy-module ﬁj,A,w is simple if and only if @ # a)ZA (equivalently v # Wip) for any
iel[jl

e R iAo has at most four composition factors. If it is not simple, then one composition factor is
infinite-dimensional highest-weight and another is infinite-dimensional lowest-weight, any other

composition factors are finite-dimensional.

Proor. The existence criteria for highest- and lowest-weight vectors is straightforward calcu-
lation using (2.2.18). The simplicity of R Jj.Aw is equivalent to the absence of highest- and lowest-

weight vectors. However, v # nA

for all n € Z3( implies that w # a);f_n_l,A for all n € Z, by
(2.2.18). Combining with w # a);fm A forall n € Z, we get the desired condition. The statements
about composition factors now follow from the fact that w — w7, is a cubic polynomial in i, so it

can have at most three roots i € [j]. [

It follows from this proposition that we have isomorphisms R iAo = R j+mAw> M € Z, when these
modules are simple. We shall therefore denote these simple dense Zi-modules by i[ jl.Aw» Where
[j] e C/Z.

We have now seen how to construct various simple Z,-modules by inducing modules over

subalgebras of Zy and taking a simple quotient when necessary. The modules we have constructed
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can be divided into four classes: finite-dimensional, infinite-dimensional highest-weight, infinite-
dimensional lowest-weight and dense. A natural question is whether there are any more simple
weight Z,-modules. The classification of weight sl>-modules consists of the same four classes, so

the following result is perhaps unsurprising.

Theorem 2.2.15. Every simple weight Zi-module is isomorphic to one of the modules in the fol-

lowing list of pairwise-nonisomorphic modules:

e The finite-dimensional highest-weight (and lowest-weight) modules H j.awith j, A € C such that
hi(j,A) =0 for some n € Zs,.

o The infinite-dimensional highest-weight modules ﬁj’A = Vj’A with j, A € C such that b (j, A) #
Oforalln € Zs,.

o The infinite-dimensional lowest-weight modules ?(ﬁj,A) = ?(VLA) with j,A € C such that
hr(j,A) # 0 foralln € Zs,.

o The infinite-dimensional dense modules i[j],A,w with [j] € C/Z and A\, v € C such that w # wZA

foranyi € [j].

Proor. The classification for simple weight modules having a highest- and/or lowest-weight,
i.e. the first three cases, follows from Proposition 2.2.10 in the same way as the analogous result
for sl,.

If the simple weight module has no highest- or lowest-weight, choose an arbitrary weight space.
This is a simple Cx-module, hence it is one-dimensional and spanned by v say. As there are no
highest- or lowest-weight vectors, G* and G~ act freely on v and so the simple weight module is

dense and so isomorphic to one of the ﬁ[ jl.A in the list. ]

As in the untwisted case, the fact that Zhu'™ [BPk] is a quotient of Z, means that every simple
Zhu'v [BPk]—module is also simple as a Zx-module. Theorem 1.1.12 then guarantees that every
simple weight Zhu™ [BPk]—module M corresponds to a simple twisted relaxed highest-weight
BP*-module M = Ind™ [ﬂ] which is uniquely determined (up to isomorphism) by the fact that its

top space is isomorphic to M (as a Zy-module).

Theorem 2.2.16. Every simple twisted relaxed highest-weight BP¥-module, and hence every sim-
ple twisted relaxed highest-weight BP (u, v)-module, is isomorphic to one of the modules in the

Jollowing list of pairwise-nonisomorphic modules:

e The highest-weight modules fH;fVA with j, A € C such that h(j, A) = 0 for some n € Z.,.
o The highest-weight modules THEYA = VE",VA with j, A € C such that hj!(j,A) # 0 for all n € Z,.
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o The conjugate highest-weight modules y(ﬂ'C;"”A) = y(VS.WA) with j, A € C such that h(j,A) # 0
foralln € Z,.

o The relaxed highest-weight modules th["]Y],A’w with [j] € C/Z and A, w € C such that w # a)ZA

foralli € [j].

The fact that Zhu'™ [BPk] is isomorphic to Zx means that all modules listed in Theorem 2.2.16
appear as simple twisted relaxed highest-weight BPX-modules. We also remark that just like in the
untwisted case, spectral flow will allow us to construct simple twisted weight BP*-modules that

are not relaxed highest-weight in general.

2.2.6. Coherent Families and Reducible BP*-Modules. A crucial observation of Mathieu
[128] concerning simple dense g-modules, for g a simple Lie algebra, is that they may be natu-
rally arranged into coherent families. Here, we extend this observation to dense Zx-modules in

preparation for showing that it also extends to Zhu'" [BP(u, v)] -modules.

Definition 2.2.17. A coherent family of Zy-modules is a weight module e for which:

o L and Q act as multiples, \ and w respectively, of the identity on C.
o There exists d € Zq such that for all j € C, the dimension of the weight space C(j,A) of weight
(j,A) is d.

e Foreach U € Cy, the function taking j € C to trg (A U is polynomial in j.

Coherent families are by definition highly decomposable. Indeed, that the weight space C(j, A)
has dimension d for all j € C implies that a coherent family of Zx-modules can be decomposed
into submodules according to

(2.2.19) e= P ¢y
[

jleC/z

If all of the E[ j] are semisimple as Z,-modules, then C is said to be semisimple. If any of the
é[ j] are simple as Zy-modules, then C is said to be irreducible. These are the same definitions
introduced by Mathieu for simple Lie algebras.

It follows immediately from Proposition 2.2.12 that the common dimension d of the weight
spaces é( J, A\) of an irreducible coherent family of Z,-modules is 1.

We would like to form a coherent family of Zy-modules by summing over some collection of
dense modules i[ il.Aws [J] € €/Z, whilst holding A and w fixed. Recall from Proposition 2.2.14
that R i.Aw is simple if and only if j is not a root of a certain cubic polynomial. When j is such a

root, there are a number of choices for how to define i[ LA
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e The first is to define ﬁ[ jl.A0 to be ﬁj-l’w, where the semisimplification M*® of a (finite-length)

—SS

—SS
module M is the direct sum of its composition factors. This is well defined as R;  ,, = R, p -

e An alternative is to define R(;14,, to be i;}],A,w = R+ a.» Where we choose j* € [Jj] to have
smaller real part than those of the solutions i € [j] of v = wZA. This ensures that ﬁf}],A,w has
no highest-weight vectors.

e We may instead define ﬁ[j]’A’w to be i[_j],A,w = _j—,A,w, where we choose j~ € [j] to have
larger real part than those of the solutions i € [j] of w = Wip- This ensures that i[_j]’ A Das no

lowest-weight vectors.

For each of the three choices above, we can define an irreducible coherent family of Z,-modules

by taking the direct sum of the S_Q[j],A,w over [j] € C/Z. That is,

—# —#
(2.2.20) Crw = EB R nw
[jleC/z

where # € {ss,+, —}, is an irreducible coherent family. All coherent families are not created equal
however. It is easy to see that ESAS ., 1s semisimple, whilst E; ., and @A_ » are nonsemisimple with G*
and G~ acting injectively, respectively. Note that @Zb ., is the unique irreducible semisimple coherent
family of Zy-modules on which L acts as multiplication by A and Q acts as multiplication by w, up
to isomorphism. Coherent families can be twisted by the BP automorphisms of Proposition 2.1.4,

and we find that
_ —sS —ss _ =+ —F
(2.2.21) Y(Crw) =Ch_py V(Cpp) =Cp

For classifying simple BP (u, v)-modules, the semisimple coherent families @Zw are most suit-
able. We shall also see @;w and @A_, ., in Section 2.3.4 when considering the existence of non-

semisimple BP (u, v)-modules.

Proposition 2.2.18.

o Every simple weight Z\-module embeds into a unique irreducible semisimple coherent family.
o Everyirreducible semisimple coherent family of Z-modules has an infinite-dimensional highest-

weight submodule.

Proor. By Theorem 2.2.15, a simple dense Zx-module M is isomorphic to some i[ 1A
where [j] € C/Z and A, w € C satisfy v # Q’ZA for any i € [j]. As ﬁﬁm)w = i[j],A,w’ we have
an embedding M — @SAS,OJ. The target is obviously unique, up to isomorphism, since no other
irreducible semisimple coherent family has the correct L- and Q-eigenvalues.

A simple highest-weight Z,-module M is isomorphic to ﬁj,A, for some j,A € C. Take w =

—_ —SS
w}') a» 80 that R s, is not simple and there is a highest-weight vector of weight (j,A) in R; 5
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by Proposition 2.2.14. This vector generates a copy of ﬁj,A, so we again have an embedding
M — é: » With unique target.

Finally, if M is a simple lowest-weight Z,-module, then we have an embedding y(M) — Ezs,w
for some unique A, w € C. By (2.2.21), we have M — @SAS,_M. This covers all possibilities, by
Theorem 2.2.15, so the first statement is established.

For the second, a given irreducible semisimple coherent family @X . is uniquely specified by
choosing A,w € C. As w — a)ZA is a cubic polynomial in i, there is at least one solution in C,
i = j say. Then, R A is not simple and has an infinite-dimensional highest-weight submodule, by

—SS —Ss
Proposition 2.2.14, hence so does R; 5 ,, € €y . |

2.3. BP Minimal Models

Recall from Section 1.1.4 that if | is an ideal of a vertex operator algebra V, then Zhu[V/I] ~
Zhu[V]/Zhu[l]. If J¥ denotes the maximal ideal of BP¥, then classifying the relaxed highest-
weight modules of BP, = BP*/J¥ is then just a matter of classifying those of BP* and then testing
which have Zhu-images annihilated by Zhu [Jk]. Unfortunately, it is hard to compute Zhu [Jk] in
general even for admissible k.

An alternative route to the desired classification is provided by Arakawa’s celebrated classi-
fication [18] of the highest-weight modules of all simple admissible-level affine vertex operator
algebras Li(g), specialised to g = sl3 and his results [12] on minimal quantum hamiltonian reduc-
tion.

What results is a classification of the highest-weight modules for Bershadsky—Polyakov min-
imal models. This can then be combined with the coherent families of Section 2.2.6 to obtain a
full classification of simple (twisted and untwisted) relaxed highest-weight modules. Additionally,
several classes of nonsimple relaxed highest-weight modules for Bershadsky—Polyakov minimal

models can be defined in a natural way (when v > 3).

2.3.1. Admissible-Level sl; Minimal Models. Recall from (2.1.14) the fractional levels of
BPX and their parametrisation in terms of u and v. In addition to BP¥, the affine vertex operator
algebra V¥ (sl3) is also not simple when k is a fractional level. For such k, the simple quotient will
be denoted by Li(s13) = Az (u, v). The vertex operator algebras of the form A, (u, 1) where u € Z.>¢

are the familiar rational s[3 minimal models described in Section 1.2.2.

Definition 2.3.1. An admissible level k for the affine vertex operator algebras associated to sl3,

and the Bershadsky—Polyakov algebras, is a fractional level for which u > 3.
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Every highest-weight module for the affine Kac—-Moody algebra slyisa VK(s13)-module [76].
Let £, denote the simple highest-weight 513—m0dule of highest weight A = dgwo + Ajw1 + 202,
where the A; are the Dynkin labels and the w; are the fundamental weights. Recall that a weight is
said to be level-£ if Ag + A1 + A, = £. Let P; denote the set of dominant integral level-£ weights
of ;13. This set is empty unless £ € Z( as the Dynkin labels of dominant integral weights are
nonnegative integers. Let w;, i = 0, 1,2, denote the Weyl reflection corresponding to the simple
root «a; of ;13.

The following definition specialises that of [103] to ;13 (see also [70, App. 18.B]).

Definition 2.3.2. Let k be an admissible level. A level-k admissible weight A of gI3 is one of the

form
(2.3.1) A=w- (/11_ %AF,W)’

where w € {1, w1} is a Weyl transformation of sl3, - is the shifted Weyl group action, A\ € P;‘3,
ABw e P‘;l and Af’w‘ > 1. A weight of the form (2.3.1) will be called a w = 1 or w = w;

admissible weight according as to which w is used.

Importantly, the set of w = 1 admissible weights is disjoint to that of w = w; admissible weights.
One can define w admissible weights for other elements of the Weyl group by imposing appropriate
restrictions on A", The set of such w admissible weights will always be equal to that of 1 or w;
however [104, Prop. 2.1].

In [18], Arakawa classified the highest-weight modules of all simple admissible-level affine
vertex operator algebras Ly (g), where the definition of admissible levels depends on the simple Lie

algebra g. Specialised, the classification to g = sl3 gives the following.

Theorem 2.3.3 ([18]). For k = { — 3 admissible, the simple level-k highest-weight module L is
an Ay (u,v)-module if and only if A is admissible.

Recall that the universal Bershadsky—Polyakov algebra BPX is the minimal quantum hamiltonian
reduction of VK(sl3); HO(VK(sl3)) = BPX. This fact allows us to construct BP*-modules by ap-
plying the minimal quantum hamiltonian reduction functor H’(-) to VK(sl3)-modules. Before
moving on to the more difficult case of BP(u, v), we note that the action of the minimal quantum
hamiltonian reduction functor on highest-weight V¥ (sI3)-modules satisfies a number of desirable
properties. The following are specialisations to g = sI3 of general results regarding Verma modules

described in Section 1.3.1.
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Theorem 2.3.4.

e [106, Thm. 6.3] If X, denotes the Verma module of V* (s13) with highest weight A, then H°(%;)

is isomorphic to the Verma module V ; o of BPX with

h-A (M=) =30+ ) (2(k+1) - A4 - Ay)
(2.3.2) j= 3 and A= 12(k+3)

o [12, Thm. 6.7.4] H*(L,) = 0 if and only if Ay € Zsq. For Ay ¢ Zs¢, we have instead H* (L) ~
Ha, where j and A are given by (2.3.2).

e [12, Cor. 6.7.3] The restriction of H’(=) to the category 51( of level-k ;I_o,-modules is exact.

o H(-) induces a surjection from the set of isomorphism classes of simple highest-weight V/* (s13)-
modules to the union of {0} and the set of isomorphism classes of simple highest-weight BP¥-

modules. Moreover, there are at most two inequivalent £, mapping onto the same 3(j a.

Proor. We only prove the last assertion. It follows from the second assertion above and by
inverting (2.3.2) to obtain two solutions (A, ;) for each (j, A). We have to ensure that at least one

solution gives Ag ¢ Z>¢. But, a simple calculation gives

(2.3.3) do=k=-2A —d=—-1=v4k+3)A+ (k+1)2-3}2
so the zeroth Dynkin labels of the two solutions sum to —2. [

The second point in Theorem 2.3.4 specifies the action of quantum hamiltonian reduction on all
highest-weight modules £, of Ay(u,v) by Theorem 2.3.3. What it does not tell us is whether
H°(L,) with A admissible satisfying 1y ¢ Zs is a BP(u, v)-module. Even nicer would be if all
simple highest-weight BP(u, v)-module can be described in this way. Showing that this is indeed

the case is our next job.

Definition 2.3.5. For k admissible, we shall call a level-k weight A of ;13 surviving if it is admissible
and My & Zso. Theorem 2.3.4 then ensures that H°(£ ) is nonzero (and is moreover a simple BPX-

module).

Lemma 2.3.6.

o Every w = wy admissible weight is surviving.

o Aw =1 admissible weight A is surviving if and only l'flg’ﬂ > 1

o wy- gives a (j, A)-preserving bijection between the w = 1 surviving weights and the w = wy
admissible weights.

e If X and pi are distinct w = 1 surviving weights, then H°(£ ) and HO(L”) are not isomorphic.
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Proor. The zeroth Dynkin label of a level-k admissible ;Ig—weight A has one of the following

two forms:
@34) do=M-SA' w=D or  do=2f+A - %(Agm FAP) 1 (=),

Consider first a w = 1 admissible weight A. Since A"*! € P‘;l , we clearly have Ay € Z if and only
if /lg ! = 0. On the other hand, a w = w; admissible weight A necessarily has 0 < /lg ™ +/111D o<y,
since AF*™ ¢ P‘;‘l and Af’wl > 1. It follows that the Dynkin label Ay can never be an integer in this
case. This proves the first two statements.

For the third, let y be a level-k weight. Explicit calculation shows that the Dynkin labels of

Wwo - wp -y are

u u
235 [ L —].
( ) 2= o Mo pi o

Let A = wy - (Al = YAF1) be a w = w; admissible weight. Then, wp - A has the form p = pf — 4!

with
(2.3.6) e A H I R D R A

Itis easy to see that 4/ € PY~2and u™! € P!, so yisaw = 1 admissible weight. Moreover, /"' >
1 implies that y is surviving. Since wy - (—) is self-inverse, we have the desired bijection between
w = 1 surviving weights and w = w; admissible weights. To show that it is (j, A)-preserving, we
show that the functions j(A4) and A(A) defined by (2.3.2) are invariant under A — wyg - A. This is
clear from (wy - A); =k+1—=Aand (wy-A), =k+1—A4;.

Finally, let A and p be surviving weights and suppose that H*(£;) ~ H(L ), so that j(4) =
j(p) and A(A) = A(p). We have just seen that A and wy - A always give the same j and A. But, if A
is a w = 1 surviving weight, then y = wp - 4 is a w = w; surviving weight. Since the intersection
of the sets of w = 1 and w = w; admissible weights is empty [104, Prop. 2.1], we have A # p.
As there are at most two weights corresponding to a given choice of j and A (Theorem 2.3.4), this

shows that there are never two distinct w = 1 surviving weights giving the same j and A. [

In light of the second point of Lemma 2.3.6, ‘surviving’ shall be understood to mean ‘w = 1
surviving’ unless otherwise indicated. Likewise from now on, we will drop the label w from A",
understanding that we mean w = 1 unless otherwise indicated. Denote the set of surviving level-k
weights by >y.

Let I denote the maximal ideal of VK(sl3), so that Ly (sl3) = VK(sl3)/I%. If k is an admissible

level, then by Theorem 2.3.3 we have that I - £ = 0 if and only if A is an admissible weight. If, in
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addition, v > 2, then
(2.3.7) HO(Li(513)) = H*(Lkay) = Hop = BP,

by Theorem 2.3.4. Moreover, the exactness of H’(—) means that the maximal ideal J* of BPX is

then isomorphic to HO(1¥). It follows that H°( L) is a BPy-module if and only if

(2.3.8) H(%) - HO(L,) = 0.

Proposition 2.3.7. Let k be admissible with v > 2. If £ is an Ly (s13)-module, then H*(L)) is a
BPy-module.

Proor. The quantum hamiltonian reduction functor H(—) acts on modules by tensoring with
the ghost vertex operator superalgebra G and taking the zeroth homology with respect to the dif-
ferential dy, where d(z) is given by (2.1.5). Denote the homology class of a (degree-0) cocycle a
by [a] (not to be confused with the notation for Zhu algebra images in Section 1.1.4).

Given (degree-0) cocycles a and v in the differential complexes I® G and £, ® G, respectively,

the action of [a] € HO(I¥) on [v] € H*(L},) is given by

(2.3.9) [a] - [0] = [a](2)[0] = [a(2)0] € H(I* - £;).

For A admissible, we therefore obtain H(1¥) - HO(L,) < H(IX- £;) = 0. That is, H(L;) is a

BPy-module. [ |
Proposition 2.3.7 motivates restricting attention to fractional levels of the form
(2.3.10) k=-3+- with u>3 and v3>2.

v

The restriction on u means that k is an admissible level for sl3, whilst the restriction on v guaran-
tees that the minimal quantum hamiltonian reduction of Lx(sl3) = Az(u,v) is BPx = BP(u,v).
The main issue with using quantum hamiltonian reduction for v = 1 admissible levels is that
H°(A5(u, 1)) = 0 for u > 3. A classification of simple modules for Bershadsky—Polyakov minimal
models at admissible levels with v = 1 is known [6].

To obtain a classification of simple highest-weight BP,-modules from Arakawa’s classifica-
tion of simple highest-weight Ly (sI3)-modules (Theorem 2.3.3), a converse of Proposition 2.3.7 is
needed; we need to know that all simple highest-weight BP\-modules are isomorphic to H(£)

for some surviving weight.
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Theorem 2.3.8. Let k be admissible with v > 2. Then, every simple highest-weight BP\-module is
isomorphic to the minimal quantum hamiltonian reduction of some simple highest-weight L, (s13)-

module.

Note that if Ay € Zsg, then H*(L;) = 0 is a BP,-module, irrespective of whether or not it is an
Lk (sl3)-module. It is therefore enough to show that if Ay ¢ Zso and £ is not a Ly (sl3)-module,
then HO(L 1) is not a BPy-module. Equivalently, we must show that g ¢ Z-( and K. L, #0
implies that HO(1¥) - HO(£,) # 0.

2.3.2. Surjectivity of Reduction. This section is devoted to the rather technical proof of The-
orem 2.3.8. If the reader is content with accepting Theorem 2.3.8 as true, skipping to Section 2.3.3
is advised.

We adopt the notation of Section 2.1.1 and assume throughout that 1y ¢ Z. so that H(£,) #
0 (and that the level k is admissible with v > 2). With these assumptions, the aim is to prove the

following assertion:
(2.3.11) k.2, 20 = H(I%-HL,) #0.

We will prove (2.3.11) (and therefore Theorem 2.3.8) by exhibiting elements y € [ and v € £ for
which y ® |0) and v ® |0) are (degree-0) closed with respect to dy, such that the element y,v ® |0)

is not exact, for some n € Z. This then gives a nonzero element of H°(1¥) - HY(£,) as
(2.3.12) [x®10)] - [0®[0)] = [x ® [0)](2)[0®[0)] = [x(2)0 ®[0)] # 0.

Proving (2.3.11) requires several finer details of minimal (f = fy) quantum hamiltonian reduction
for V¥ (s13) that we will now explore.

As we deformed the energy-momentum tensor of VK(sl3) to TS + (1/2)dhy in Section 2.1.1,
we now have two distinct mode conventions for affine fields. For an affine generator a with con-
formal weight A with respect to the deformed energy-momentum tensor, we expand a(z) in modes

according to

(2.3.13) a(z) = Z anz 1 = Z a(,,)z_"_A

neZ nezZ-A
The expansions of the ghost fields will always be taken with respect to their conformal weight under
S aen TF" + TB. We start with a well known fundamental result for the highest-weight vector v of
L, recalling that we are assuming throughout that Ay ¢ Z-( and that k is of the form (2.3.10).
Let |0) denote the vacuum vector of G. Here again we denote the homology class of a cocycle

aby [a].
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Lemma 2.3.9. Foralln € Zq, ((eg)-1)"v®|0) is closed and inexact. In particular, [v®|0)] # 0.

Proor. A direct calculation using (2.1.5) shows that d(v ® |0)) = 0 and, more generally, that
(2.3.14) d(((eg)_l)"t)@ |0>) =0
for all n € Z3p. On the other hand, we have the commutation relation
(2.3.15) [d,b3] = (eg)(0) + 1 = (eg)-1 + 1,
where 1 is the vacuum vector in C = V¥(sl3) ® G. Hence

(2.3.16) 4(b0((¢0)-1)"2 @ 10)) = ((e0) )"0 ® [0} + ((e0)-1)"2 & [0).

Therefore in homology,

(2.3.17) [((eg)-1)"v ® 10)] = (-1)"[0 ® |0}].

The image of the closed subspace span{((eg)_l)"v ®|0):ne Z;o} c Cin homology is therefore
spanned by [v ® |0)]. If Ao were a non-negative integer, then ((89)_1)/10-”0 = 0 would force this
spanning homology class to be 0. However, we are assuming that 1y ¢ Zs( and, in this case,

[12, Lemma 4.6.1, Prop. 4.7.1] proves the contrary instead. |

We next consider the structure of the maximal ideal ¥ of V¥(sl3).

Lemma 2.3.10. | is generated by a single singular vector y whose sl3-weight and conformal

weight (with respect to TS*8") are (u — 2)0 and (u — 2)v, respectively. Moreover, y ® |0) is closed.

Proor. This follows easily from [103, Cor. 1], which says that the maximal submodule of
a Verma module whose highest weight is admissible is generated by singular vectors of known
weight. The Verma module whose quotient is VK (sI3) has highest weight kwo which is an ‘admis-
sible weight’ because k is.

The only generating singular vector that is nonzero in the quotient VK (s13) of this Verma mod-
ule has weight w - (kwg), where w is the Weyl reflection corresponding to the root —6 + v§. Here,
é denotes the standard imaginary root of §I3. Denote this singular vector by y. The sl3- and con-
formal weights of y are now easily computed.

The fact that y ® |0) is closed follows from y being a highest-weight vector. ]

Suppose now that y(z)o = 0. Because y generates I¥, it follows that IX - v = 0. Since v generates

L, as a VK(s13)-module, and I¥ is a two-sided ideal of V¥(sl3), we get I - £, = 0.
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The hypothesis of (2.3.11), that £ is not an L (sl3)-module, therefore requires that y,o # 0
for some n € Z.. As y has sl3-weight (u —2)8, such an n must be of the form —(u —2) — i for some
i € Zso. Let N € Z.( be minimal satisfying y_(,-2)-nv # 0.

As L is simple, the submodule generated by y_(,—2)-nv must contain a multiple of v. That

is, there exists a Poincaré—Birkhoff-Witt monomial U € U(;I3) such that
(2.3.18) Ux-(u-2)-N0 =0
(rescaling y if necessary). We choose an ordering for the various factors of U so that

(2319) (f(x)nso < (ha)n<0 < (ea)n<0 < (fa)n>0 < (ha)n>0 < (ea)n>0~

This means, for example, that the (f,), with n < 0 are ordered to the left in U while the (e, ), with
n > 0 are ordered to the right in U. As y is a singular vector, (e,)oy = 0 and (e,),0 = 0 for all

n > 0. Hence

(2.3.20) (ea)nX—(u—Z)—NU = ((ea)OX)_(u_z)_NH,U =0.

We may therefore assume that U contains no (e,),-modes with n > 0. Similarly,

(2-3-21) (ha)nX—(u—Z)—NU = (U - 2)9(ha)X—(u—2)—(N—n)U = Oa

for n > 0, by the minimality of N. Thus, we may assume that U contains no (h,),-modes with
n > 0 either. Finally, v is not in the image of any (f),, with n < 0, (hg)n, with n < 0, or (ey)n,
with n < 0. All these modes may therefore also be excluded from U.

Given a partition & = [ > & > - -], let £(&) denote its length and |£| denote its weight. We

write (fo)¢ = (fa)& (fo)s - - - - By the above discussion, there exists partitions &, 7 and p such that

(2.3.22) Ux-u-2-N0 = (fo)e(for)n (foy ) p X—(u-2)-NO =0
with
(2.3.23) () = £(p), E(E)+e(m)=u—2 and |¢|+|7|+|pl=u—-2+N.

The following useful result imposes bounds on the size on the parts of &,  and p.

Lemma 2.3.11. Let F(z), F € sls, be an affine field and let Uy be a monomial in the negative root

vectors (fu)o of ;Ig. Then, the modes of the field (Uy y)(w) satisfy

(2.3.24) [Fon. (Uo))n] = (FoUoX)men:  for all m,n € Z.
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Proor. Observe that Uy y is annihilated by the F,,, with m > 0. Consequently, (2.3.24) follows

easily from the operator product expansion

(Folo ) (w)

(2.3.25) F(z)(Uoy)(w) ~ ~w

Lemma 2.3.12. If any of the parts of & m or p are greater than 1, then
(2.3.26) (fo)e (fa)x(far) p X-(u-2)-n0 = 0.

Proor. Suppose without loss of generality that ¢ has a part & > 1. Then, we can form a new
partition &’ from & by subtracting 1 from ¢; and reordering parts if necessary. Note that £(¢") = £(¢)

and |¢'| = |&] — 1. Then, Lemma 2.3.11 and N being minimal give
(2.3.27) 0= (fo)e (fa)n (forr) p X=(u=2)=(N-1)®
- 0(&) £(m) (p)
= ((600) (o) ™ (Lo 1)y it nt?
= ((220) @ Fodo) ™ (Sa)o) ' x) 0
= (]%)_f(faz)n(fal)pX—(u—Z)—NUa
where the final equality is obtained by applying Lemma 2.3.11 to the middle term in (2.3.22). =

As (2.3.22) is nonzero by assumption, all parts of &, & and p must be 1. Imposing the constraints

(2.3.23) on such partitions then gives

(2.3.28) (fo)efee)r (fa)p X-(u-2-N0 = (f)i 77N (fa)Y ()T X-(u-2)-n0 = 0.

By rescaling y again, if necessary, we arrive at following key result.

Proposition 2.3.13. If N is the minimal integer such that y_(,-2)-nv # 0, then
(23.29) (fa)? e K= (u-2)-n0 = (e9)7° o,

By Lemma 2.3.9, the right-hand side of (2.3.29) is inexact when tensored with |0). To show that
X—(u-2)-N0 is inexact, it suffices to replace the action of (fy,); with elements that commute with
the differential d = dy, i.e. closed elements. From Section 2.1.1, in particular (2.1.9), we know
four elements of C that are closed with respect to d. The two denoted by G* and G~ decompose as

far +... and fo, + ... respectively.

Lemma 2.3.14. For all i, j € Z, we have

(2.3.30) (Gzrl/z))i(G(_uz))j(X—(u—Z)—NU ®10)) = (fO!Z)i(fal {X—(U—Z)—N” ® |0).
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Proor. We begin with the G~ case. Taking the mode expansion of the decomposition of G~

in fields in C = V*(s13) ® G from (2.1.9) gives

(2~3-31) (1/2) = (fal)(l/Z) Z (hoq)(m)}’—mﬂ/z +.

meZ

= (fu)1 = ) (ha)m¥-me12 + -

mezZ
where the ellipses stands for terms containing only G modes, all of which annihilate the ghost

vacuum |0) € G. Proceeding by induction,

(2332) G (e ix-warn0 ©10)) = ()™ r-w2y w0 @ [0)

- Z (ha|)m(fa1){)(—(u—2)—NU ® Y—m+1/2|0>’

m=1
forany j € Z¢. Forall m > 1, we have that (hg,),v = 0 as v is a highest-weight vector. Therefore

the summands in the last term of (2.3.32) can be written as

(2.3.33) (hal)m(fal 1)( (u=2)-NU = [(hoq)ms (fal X (u=2)— NU+(fa1 (hal)ms)( (u=2)- N]

These summands are all actually zero: the first commutator is a sum of terms obtained from
(( fal)l)j by replacing one of the (fy,)1 by —=2(fa,)m+1 Which are all zero by Lemma 2.3.12. The

second term is proportional to y_(y—2)-(N-m)© Which is zero by minimality of N. Therefore

(2.3.34) (1/2)((fa1 1)( (u-2)-NU ® |O>) = (fal)l(fal 1)( (u-2)-NU ® 0},

Iterating (2.3.34) gives the G~ < f;, part of (2.3.30). The G* < f,, part is proved in a similar

way. [ ]
To summarise, y_(y—2)-n0 ® |0) is closed and

(2.3.35) (Gzrl/z)) (G(_l/z)) (X-(u-2)-n0 @ |0))

is inexact. Moreover, [d, G¥

(1/2)] as G* is closed. Suppose that y_(,—2)-nv ® |0) is exact. Then so

too is

(2.336) (G{15)" (Gi1y0)" (-w-2-n2 ®10)) = (feo)} (fae) Y X-u-2)-n0 @ [0) = (e0)*7> Mo

But this contradicts Lemma 2.3.9. Therefore, y_(,-2)-nv®|0) is closed and inexact. The homology

class [)(—(u—z)—NU ® |0)] is a nonzero element of H(1¥) - H°(£ ;) and Theorem 2.3.8 is proved.

2.3.3. Simple Highest-Weight BP (u, v)-Modules. By combining the results of Section 2.3.1

with Proposition 2.2.2, we arrive at the following classification result.
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Theorem 2.3.15. Let k be admissible withv > 2. Then the simple highest-weight BP (u, v)-modules

are, up to isomorphism,

o (Untwisted) H;a, where j and A are determined from the Dynkin labels of a surviving weight
A€ 3k by (23.2).

o (Twisted) fH;W where j and A are determined from the Dynkin labels of a surviving weight

A e 3y by
._/11—Az+2k+3
(2.3.37) T 6
o Ao (M =h)? =3l +A)(2(k+1) =4 - ) +/11—/12+2k+3
- 12(k +3) 6 24

Moreover, the }; n and fJ-C;.WA determined by the surviving weights are all mutually nonisomorphic.

In light of this classification, we let 3(; = 3(; x and H} = J{;.V’VA,

of A € 3 by (2.3.2) and (2.3.37), respectively. Note that this implies that

where j and A are given in terms

(2.3.38) HY =~ o2 (305),

by Proposition 2.2.2. With this new notation, the vacuum module is Ho g = Hy, -

Nothing a priori guarantees that all highest-weight BP (u, v)-modules are simple. Indeed re-
ducible BP(u, v)-modules are expected to make an appearance eventually as this work is motivated
by constructing logarithmic conformal field theories. These hopes (at least for highest-weight
modules) are quickly dashed by the following strengthening of Theorem 2.3.15, following [17,
Thm. 10.10].

Theorem 2.3.16. Let k be admissible with v > 2. Then, every highest-weight BP (u, v)-module,

untwisted or twisted, is simple.

Proor. We prove this for untwisted modules as the twisted case follows immediately from
(2.3.38) and the invertibility of spectral flow. Since the simple quotient of any highest-weight
BP(u, v)-module K is isomorphic to some H; with A € 3y, by Theorem 2.3.15, it is enough to
show that } cannot have a composition factor isomorphic to H, for some y € X distinct from
A. Indeed, it is enough to show that the Verma module V, = V; A of BPK does not have such a
composition factor.

Recall that K, denotes the Verma module of Vk(5l3) of highest weight A and let [9( F LJV]
denote the multiplicity with which £, appears as a composition factor of K. By Theorem 2.3.4,

quantum hamiltonian reduction takes X to V; and only £, and £, are sent to }(,,. As reduction
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is exact, we must have [\7,1 : 9{#] = [JCA : Ly] + [JC;L : LWO.#] (noting that p and wy - ¢ are distinct
since p € Xy).

It follows that if V) has J,,, u # A, as a composition factor, then X, has either £, or £, ., as
a composition factor. But, A, y and wy - u are all admissible ﬁg—weights (corresponding to w = 1,
1 and wy, respectively, see Lemma 2.3.6), hence they are dominant. This is therefore impossible

by the linkage principle for Verma s:ig—modules. |

Because the Bernstein—Gel’fand—Gel’fand category 0, , of BP(u, v)-modules (i.e. the category of
highest-weight BP (u, v)-modules) admits contragredient duals, it follows from Theorem 2.3.16 that
every extension between nonisomorphic highest-weight modules H, and F(, splits. It is likewise
easy to see that a nonsplit self-extension of J{, requires a nonsemisimple action of Jy or Ly, and
such an extension is necessarily not in 0,,. Therefore, 0, is semisimple and has finitely many
isomorphism classes of simple objects by Theorem 2.3.15. In other words, BP (u, v) is rational in
category O, .

The twisted modules appearing in Theorem 2.3.15 have top spaces that may or may not be
finite-dimensional. By Proposition 2.2.10, the dimensionality of the top space of J—C;W = J—(;YA is
determined by a remarkable relationship between the polynomial A} from Proposition 2.2.10 and

the eigenvalue formulae (2.3.37).

Proposition 2.3.17. The top space of the simple twisted highest-weight BP (u, v)-module f]-f;w is

finite-dimensional if and only if /lf = 0. When /lf = 0, the dimension of this top space is )L{ + 1.

Proor. By Proposition 2.2.10, (f]-(;.‘jVA)tOP is finite-dimensional if and only if hi(j,A) = 0 for
some n € Z and, if it is finite-dimensional, then the dimension is the smallest such n. Substituting

(2.3.37) into the definition (2.2.9) of h[(‘ and simplifying, we find that
(23.39) R, A) = n(n — Ay — 1)(n+az+1_§).

The only roots in Z of hj] are therefore n = A;+1 and n = § — A, —1. Recall that surviving weights
can be expanded as A = AT — YAF where AT € P43 and A¥ € PY"! If n = A, + 1, we must therefore
have A = 0 and therefore n = A + 1 € Zs,. On the other hand, if n = —(A) + 1) + (4] + 1) is an

integer then }Lg = v — 1 which contradicts the fact that A is a surviving weight, i.e. AOF > 1. [

Corollary 2.3.18. Given k admissible with v > 2, there are (up to isomorphism):
. i(u — 1)(u—=2)v(v — 1) simple untwisted highest-weight BP (u, v)-modules;
. % (u=1)(u=2)(v—1) simple twisted highest-weight BP (u, v)-modules that have finite-dimensional

top spaces;
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° %(u —1)(u=2)(v—1)(v-2) simple twisted highest-weight BP (u, v)-modules that have infinite-

dimensional top spaces;

It is easy to see that there are no simple twisted highest-weight BP (u, v)-modules with infinite-
dimensional top spaces when v = 2. This is in accord with the fact that the BP(u,2) withu > 3
are rational and C,-cofinite [15] as the top spaces of modules for such a vertex operator algebra are
necessarily finite-dimensional [56].

Recall that the conjugation automorphism y of BP(u,v), given in (2.1.18), negates Jy and
preserves L. At the level of their eigenvalues, this is effected in (2.3.2) by exchanging the Dynkin

labels A; and A, of A. The result of this exchange is clearly still a surviving weight, by Lemma 2.3.6.

Proposition 2.3.19. For each A € 3y, we have:

o Y(Hppanl) = Hipg -
° If/111D = 0, then y(fo{”) ~ THLW, where 1 = [Ay — 4,21, A0 + Y], hence ul = [Aé, A{,)Lé] and
yF = [)Lg + 1,0, /15 — 1]. Otherwise, Y(j{t[v/{o,/h,/b]) is not highest-weight (though it is relaxed

highest-weight).

Proor. The result of conjugating a simple untwisted highest-weight BP (u, v)-module is clear
from the above remarks, because the top spaces are one-dimensional.

For the twisted case, it is clear that the conjugate of .’H;W is highest-weight only if its top space is
finite-dimensional (otherwise the top space of the conjugate module will be an infinite-dimensional
lowest-weight Z,-module). By Proposition 2.3.17, the top space is finite-dimensional if and only
if Af = 0. Assuming this, recall that the charge j and conformal weight A of the highest-weight
vector of U—C;W are related to A by (2.3.37). The highest-weight vector of y(J-C;W) has charge A; — j
and conformal weight A as the dimension of the top space of H%" is A; + 1.

We therefore need to find u € Xy corresponding to the charge A; — j and conformal weight A

under (2.3.37). Solving for y in term of A, we find two solutions:

(2.3.40) pu=[—-k=3A,d0+k+3]l andpu=[k+1-1A, -2 —-2,k+1-1].

It is easy to check that the first solution is a w = 1 surviving weight by writing it in the form
(2.3.41) po = AL - 5(,15 +1), m=A and =2l S(Ag ~1).

Indeed, Ag > 1 implies that ,uI = [/15, A{,A{)] € P;‘3, yF = [/15 + 1,0, )Lg -1] € P‘;l and

,uOF > 1, hence that y € . The second solution is a w = wy surviving weight obtained from the
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w = 1 one by applying the shifted action of wg and therefore defines the same BP (u, v)-module by

Lemma 2.3.6. [ ]

To determine when the spectral flow of a simple highest-weight BP (u, v)-module is another such
module, it suffices to consider the untwisted case by Proposition 2.2.2. The twisted sector still
plays a crucial role here as o () will be highest-weight if and only if H% = ¢'/2(3(;) has a

finite-dimensional top space. By Proposition 2.3.17, this is the case if and only if /Vf =0

Proposition 2.3.20. If A € 3, satisfies \f = 0, then o (H,) = K, where p= [da =%, Ao+ 4, 4] €

>k, hence ,uI = [Aé, /1(1), )L{] and pF = [/11; +1, /15 -1,0]. If/lf # 0, then cr(f}CA) is not highest-weight

(nor relaxed highest-weight).

Proor. Let A € 3y with Af = 0 and denote by v the highest-weight vector of J{;. The highest-
weight vector of o (J,) is easily checked to be (Gl‘/z)/l{a(v). The charge and conformal weight
of (GI_/Q)A{O'(U) is computed using Proposition 2.2.2. The weight y is the unique w = 1 surviving

weight that gives these eigenvalues under (2.3.2), as in the proof of Proposition 2.3.19. [

Combining this with the dihedral relation (2.1.17) and Proposition 2.3.19, we obtain the following
characterisation of the spectral flow orbit of a simple untwisted highest-weight BP (u, v)-module
3;. We recall from Proposition 2.2.2 that a twisted member o/*1/2(3(,), ¢ € Z, of this orbit is

highest-weight if and only if its untwisted predecessor o (H,) is.

Theorem 2.3.21. Take A € 3y and define p, v, i, v € 3y by

(2.3.42)

=LA pf =5+ 1,05 - 1,0], vi= AL AL AL v =[1,v=2,0],
and

=L ALAL =040 -1 v =LA ML =[1,0v-2].

0'(9-(,1) is highest-weight if and only if/lf = 0. In this case, O'(TJ-CA) ~ H,.

o! (3,) is highest-weight if and only if/l§ = 0. In this case, o™ () = Hp.

02(5{,1) is highest-weight if and only if \¥ = [1,0,v — 2]. In this case, 0'2(9{,1) ~H,.

o2 (3,) is highest-weight if and only if AF = [1,v — 2,0]. In this case, 0'_2(9{,1) ~ H;.
For || € Z3, 6*(3(;) is highest-weight if and only if v = 2. In this case, o*3 (Ha) = ;.

Note that when v = 2, every A € % has Af = [1,0,0]. The spectral flow orbits thus take the form

o2 o2 o2 o2 w o2 o2 w o2 o2

(2.3.43) ---|—>J-C,1|—>5-C;W|—>ﬂ-fy0—>ﬂ-fu|—>CHV0—>9-CV|—>[H;L|—>---

where p and v are as in (2.3.42) (with gf' = vF = [1,0,0]).
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It follows from Theorem 2.3.21 that, for k admissible with v > 3, the spectral flow orbit of a
simple highest-weight BP (u, v)-module always contains exactly one simple twisted highest-weight
module with an infinite-dimensional top space and exactly one simple twisted conjugate highest-

weight module with an infinite-dimensional top space.

Definition 2.3.22. Let k be admissible with v > 3. We say that A € X is type-n whenever the
spectral flow orbit {af(ﬂ{ 1)t € %Z} contains precisely n (untwisted) highest-weight BP (u, v)-
modules. In this case, we shall also refer to the spectral flow orbit of ), as well as any twisted or

untwisted module isomorphic to one in the orbit, as being of type-n.

When v = 3, all the twisted and untwisted highest-weight BP (u, v)-modules are type-3. On the
other hand, for v > 3, there are BP(u, v)-modules of every type. The vacuum module Hy,,, is

always an untwisted type-3 module.

Corollary 2.3.23. Let k be admissible with v > 3. Then, every type-n module is isomorphic to a
unique BP (u,v)-module of the form o*(H,), for some ¢ € %Z, where A € Xy satisfies one of the
Jollowing conditions:
n=1 ‘ n=72 ‘ n=3
Af,/lg #0 ‘ Aszand/lg #0,v—-2 ‘ Aszand/lgzv—Z

We visualise the type-n spectral flow orbits in Figure 1. The representatives chosen in Corol-

lary 2.3.23 are the leftmost for each type in this figure.

2.3.4. Relaxed Highest-Weight BP (u, v)-Modules. Having completed the classification of
simple highest-weight BP (u, v)-modules, it remains to classify relaxed highest-weight BP (u, v)-
modules. As every simple untwisted relaxed highest-weight BP(u, v)-module is highest-weight,
the classification of simple untwisted relaxed highest-weight modules was completed in Theo-
rem 2.3.15.

Recall from Section 2.2.5 that there exist simple twisted BP*-modules whose top spaces are
not highest-weight Z,-modules. The BP (u, v)-modules whose top spaces are simple lowest-weight
Z-modules are conjugates of the simple twisted highest-weight BP (u, v)-modules classified in
Theorem 2.3.15. By Theorem 2.2.16 what remains is to determine when the simple BP*-module
Rt[";], A 18 @ BP(u, v)-module.

A simple twisted relaxed highest-weight BP*-module M is a BPy-module if and only if its top

space M'P = Zhu'" [M] is annihilated by Zhu™ [Jk], where J¥ denotes the maximal ideal of BP¥.
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type-1
1/2 1/2 0,1/2 0.1/2
F 3 F
Al #0
type-2
1/2 1/2 1/2 0.1/2 0.1/2 0.1/2
AH=0 2=0
A3 #0,v-2 A #0v-2
type-3
1/2 1/2 1/2 0.1/2 0.1/2 0.1/2 0.1/2 0.1/2
=[1,0,v —2] AF =[v-1,0,0] AF =[1,v-20]

Ficure 1. A picture of the weights of the three types of spectral flow orbits through
a simple highest-weight BP (u, v)-module for k admissible with v > 3. The Jp-
eigenvalue increases from left to right, whilst the Lyg-eigenvalue increases from
top to bottom. The conditions stated for the Dynkin labels of A¥ constrain the
surviving weight 4 € Xy of the corresponding untwisted module. The BP(u, v)-
modules encompassed by the ellipses in these spectral flow orbits are not relaxed
highest-weight modules
A consequence of Theorem 2.3.15 is that Zhu™ [Jk] annihilates Zhu'" [J{BW] ~ ﬁj,A, with
j and A determined by A as in (2.3.37), if and only if A € X,. We extend this to the simple
relaxed highest-weight modules IRt[W] Aw of Theorem 2.2.16 using an argument similar to that of
[114, Prop. 4.2]. As there, the crucial objects in this analysis are coherent families of Z,-modules

from Section 2.2.6.

Proposition 2.3.24. The irreducible semisimple coherent family EX » of Zhu'" [BPk] -modules is

a Zhu™v [BP(u, v)] -module if and only if one of its infinite-dimensional submodules is.

Proor. Itis clear that ESAS’(U being a Zhu™" [BP(u, v)] -module implies that every one of its sub-
modules is too, in particular the infinite-dimensional ones.

Following closely the general methodology developed in [114], consider the subalgebra Ay =
Zhu" [Jk] N Ck, where we recall that Cx = C[J, L, Q] (Lemma 2.2.13). A given simple weight
Zhu'v [BPk] -module M is a Zhu""' [BP(u, v)] -module if and only if Ay annihilates some nonzero
element of M. This fact is proved in exactly the same way as the affine version in [114, Lem. 4.1].

For each a € A c C[J, L, ], there is a polynomial p, in three variables such that a acts on
the weight space Ezs,w (J, A, w) as multiplication by p,(j, A, w). After choosing a coherent family
ézs’w, A and w are fixed and p, can be treated as a single-variable polynomial in j.

Suppose one of the infinite-dimensional submodules of Ezs,w is a ZhutW[BP(u, v)]—module.

That is, it is annihilated by Zhu™ [Jk] and thus by Ay. Therefore, for every a € Ay, we have
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Pa(j, A, ) = 0 for infinitely many distinct values of j. As p,(—, A, w) is a single-variable polyno-
mial in j, it must be the zero polynomial. So all a € Ay act as zero on ESAS ., and therefore ESAS wisa

ZhutW[BP(u, v)]—module. [ ]

The top space of every (simple) IR‘[‘;YL Ao embeds into some irreducible semisimple coherent family
and every such family has an infinite-dimensional highest-weight submodule H ; 5, by Proposi-
tion 2.2.18. From Theorem 2.3.15, we have classified all the simple highest-weight BP(u, v)-
modules in terms of surviving weights. By Proposition 2.3.24, the irreducible semisimple coherent
families that are Zhu™ [BP( u, v)]—modules are precisely those containing simple highest-weight
BP(u, v)-modules whose top spaces are infinite-dimensional:

Let I}, denote the set of (w = 1) admissible ;I3—weights A of level k with )Lg # 0,sothat A € 3
(Lemma 2.3.6), and )Lf # 0, i.e. that THEW has an infinite-dimensional top space (Proposition 2.3.17).
Then, T}, parametrises the isomorphism classes of the simple highest-weight BP (u, v)-modules with
infinite-dimensional top spaces.

For each A € T, compute j and A using (2.3.37), then substitute into (2.2.17) to compute w:
2
(2.3.44) w = a);'.,A = —E(/h - Az +k+ 3)(2)L1 +)L2 - k)(/h + 2&2 -2k — 3).

This gives the eigenvalues of J, L and Q on the highest-weight vector of (J}")'P. The :Rt[\;{’], Ao
are, for all [j’] € C/Z satisfying o, # o for every i € [j’], simple relaxed highest-weight
BP(u, v)-modules (by Theorem 2.2.16 and Proposition 2.3.24) and all such modules are obtained,

up to isomorphism, in this way.

Theorem 2.3.25. Let k be admissible with v > 3 and let j be such that Rt[";] 5= CR‘["]YJ A, (Where
A and w are determined by A) is simple. Then, Rt[‘;f] 5 s a (twisted) BP (u, v)-module if and only if

)Lel“k.

Recall from Corollary 2.3.18 (and [15]) that there are no highest-weight BP (u, v)-modules with

infinite-dimensional top spaces when v = 2.

Corollary 2.3.26. Let k be admissible with v = 2. Then, every simple (twisted) relaxed highest-
weight BP(u, v)-module is highest-weight.

For the remainder of this chapter, we will restrict attention to admissible levels of the form

(2.3.45) k=-3+2 withu,v >3
\'
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to ensure that BP(u, v) admits modules whose top spaces are dense Zy-modules. The levels of
(2.3.45) are also known as nondegenerate admissible levels.

Suppose that @Z:, is a Zhu™ [BP(u, v)] -module. By Proposition 2.2.14, the direct summands
i[ 1A are not simple for at least one, and at most three, [j] € C/Z and each nonsimple summand

has precisely one infinite-dimensional highest-weight submodule.

Lemma 2.3.27. If k is nondegenerate admissible, then each irreducible semisimple coherent fam-
ily @SAS,(U of Zhu" [BP(u, v)] -modules has precisely three infinite-dimensional highest-weight sub-
modules. The map T, — C? given by A — (A, w) is thus 3-to-1. Moreover, the highest weights
A=A - EAF of these three submodules are related by the following Z3-action generated by the
action V(A) = [A2 = ¢, 40, A1 + ]

The orbit of a given A € Ix (as well as its fractional and integral parts) under V is given by
o= [Ao, AL A] = [ = G Ao+ gl = AL Ay o+ Gl o e
(2.3.46) sk [ALAL ] o [ AL A AL AL A — e

oo AL AL S+ LA -1 LA+ LA - 1] -

Proor. That the weights obtained from A € Ty remain in Ik under the Zs-action is clear.
Therefore, the three highest-weight BPX-modules corresponding to the distinct sI3 weights Vi(1),
i € {0, 1,2} are BP(u, v)-modules with infinite-dimensional top spaces if any is.

That A and w are invariant under V can be checked by direct computation. The three highest-
weight modules therefore arise as submodules of the same irreducible semisimple coherent family,
and are nonisomorphic as their highest weights can only coincide if both u and v are divisible by

3. ]

By combining (2.1.18), Lemma 2.2.13 and Proposition 2.3.24, we have the following set of

results.

Theorem 2.3.28. Let k be nondegenerate admissible. Then:

e There are %|I“k| = %(u — 1D (u—=2)(v—1)(v—2) irreducible semisimple coherent families of
Zhu'™" [BP(u, v)] -modules ESAS,M, up to isomorphism.

o The families of twisted relaxed highest-weight BP (u, v)-modules 3%‘[‘;]) 3= fR‘[‘}’L Ao are in 1-to-1
correspondence with Ty, [Z3, where Z3 acts freely as in (2.3.46).

e For each A € Ty, the twisted relaxed highest-weight module th[‘;YL 5 is a simple BP(u, v)-module

for all cosets [ j] € C/Z except three, namely the three distinct cosets that contain a root i of the

: +
polynomial w7, — o.
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e The conjugate of the simple twisted relaxed highest-weight BP (u, v)-module Rt[";] A, IS alsoa

simple twisted relaxed highest-weight BP (u, v)-module: y(ﬂ%‘[";], A,w) ~ Rt[‘fj], Aot

This completes the classification of simple relaxed highest-weight BP (u, v)-modules. Note that
if (A, w) corresponds to a coherent family of Zhu'™ [BP(u, v)]—modules, then closure under con-
jugation requires that so must (A, —w). In fact, it is easy to check that under the Ix-preserving

Z,-action
u u
[/10,/11,/12] — [/12 - ;,)L],/lo + ;],
(2.3.47) DAL AL e (AL, 20, 000,
AE AR e— [AF+ 1,204 - 1],

the associated weight (A, w) gets mapped to (A, —w). With (2.3.46), this defines an action of the
sl3 Weyl group W = Sz on Ik. The orbits clearly have length 6 unless w = 0, in which case
Lemma 2.3.27 forces them to have length 3.

The spectral flow images af(th["JY]’ /1), t # 0, of these simple twisted relaxed highest-weight
BP(u, v)-modules are likewise simple BP(u, v)-modules, but they are not relaxed highest-weight
because their conformal weights are not bounded below. However such modules will play a crucial
role in the modular transformations and fusion rules of BP(u, v) in Chapter 3.

The irreducible semisimple Z,-modules @zw are not the only coherent families we know. In-
deed in Section 2.2.6, we also introduced two other coherent families @i « that contain reducible-
but-indecomposable submodules. Just as E:w played a crucial role in classifying simple relaxed
highest-weight BP (u, v)-modules, we will now see how the coherent families @i ., allow us to con-
struct nonsemisimple BP(u, v)-modules. Here as before, assume k is nondegenerate admissible.

Recall that the simple direct summands of @i , are ﬁ[ i1.A» for all but (up to) three [ j] € C/Z,

—=*
and that its nonsimple direct summands are denoted by R(; A -

Proposition 2.3.29. Let A € Ty and let j, A and w be defined by (2.3.37) and (2.3.44). Then,
the nonsimple Zy-module ﬁ;] A has exactly two composition factors, ﬁj,A and ?(ﬁ_ j=1,A), both

of which are Zhu" [BP(u, v)] -modules. Moreover, we have the following nonsplit short exact se-

quences:

_ = —+ =
00— Y(j{—j—l,A) — R[j],A, — Hjr—0,

w

(2.3.48)

0— ﬁj,A — ﬁ[_j]’A — )_/(ﬁ—j—l,A) — 0.

,Q0
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Proor. We only consider ia] Ao 8s the argument for i[_]] A 18 identical. First, note that H JA
is an infinite-dimensional Zh utW[BP(u, v)]—module, by Theorem 2.3.15. The irreducible semi-
simple coherent family Ezw is therefore a ZhutW[BP(u, v)]—module too, by Proposition 2.3.24,
hence so is the lowest-weight module }7(%_ j-1,A) C ib[i] Ao AS is[i] A 18 the semisimplification
of ifj] Aw» they have the same composition factors. To demonstrate that there are no more factors
beyond the two already found, it suffices to show that F_ j-1,A is infinite-dimensional. Since the
conjugate of ﬁ_j_m is a Zhu™ [BP(u, v)]-module, ﬁ_j_l,A must correspond to some p € Xy, by
Theorem 2.3.15.

Proceeding as in the proof of Lemma 2.3.6, we find that the unique solution is p = [Ag, A —
4 A +4], hence pf = [A], A3, A1] and pF = [A], A +1,Af —1]. Because pf = A% +1 # 0, it follows
that 4 € Iy and so H_ j-1,A is infinite-dimensional, as desired. This establishes the first exact

sequence in (2.3.48). It is nonsplit because G* acts injectively on ﬁf}]’ A DY construction. [

It remains to show that the nonsimple Zhu"™ [BPk]—modules i[ij],A,w appearing in the short

exact sequences (2.3.48) are actually Zhu'™ [BP(u, v)] -modules.

Proposition 2.3.30. Let A € Ik and let j, A and w be defined by (2.3.37) and (2.3.44). Then, the

nonsimple Zy-module i[ijm)w is a Zhu™ [BP(u, v) |-module.

Proor. We use a simplified version of the argument in [114, Thm. 5.3]. We shall also only
detail the argument for ifj]’ Aw- The highest-weight module in the short exact sequence (2.3.48)
containing ﬁf}m,w is a Zhu™ [BP(u,v)|-module. In other words, Zhu™[J¥] - 3(; 4 = 0 where J¥
is the maximal ideal of BPX. The same short exact sequence implies that Zhu'" [Jk] : i;j], Ao S
?(ﬁ_j_m), where ?(ﬁ_j_w) is also a Zhu"" [BP(u, v)]—module.

That Zy is noetherian is an easy generalisation of [149, Cor. 1.3]. The ideal

(2.3.49) Zhu™[J¥] ¢ Zhu"[BP¥] = Zy
is therefore generated by a finite number of elements ay, ..., a, which we may, without loss of
generality, choose to be eigenvectors of J. Let j; denote the J-eigenvalue of a;, i =1,...,n.

Choose j’ € [j] such that j* < j—max{ji,..., jn}. Then, a; takes the J-eigenspace ofifrj],A,w
of eigenvalue j’ into the J-eigenspace of 7(FH_ j-1,n) of eigenvalue j’ +a; < j. But, the eigenvalues
of J acting on }7(%_ j-1,a) are bounded below by j + 1, hence a; annihilates the J-eigenspace of
i[;], A Of eigenvalue j’, for each i. It follows that Zhu"v [Jk] annihilates this eigenspace. As this
eigenspace generates ﬁa] A this shows that Zhu'™ [Jk] (being an ideal) annihilates ia] A and

therefore ifj])A)w is a Zhu™ [BP(u, v)|-module. |
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Using the (twisted) Zhu induction functor discussed in Section 1.1.4, we can induce twisted relaxed
highest-weight BP (u, v)-modules from each of the Zhu'™ [BP(u, v)] -modules ii] Ao
Consider the submodule of this induced module obtained by summing all the submodules

—+
whose intersection with the top space R;; A, is zero. Quotienting by this submodule results in a

tw,+
[j1.0,0

determined by some A € Iy), that has ﬁ[i;] A @S its top space and has the property that its nonzero

twisted BP(u, v)-module which we shall denote by R (or R;W’i for short as j, A and w are
submodules intersect this top space nontrivially. The fR;W’i are clearly nonsemisimple BP(u, v)-

modules, because their top spaces are.

Theorem 2.3.31. When k is nondegenerate admissible, the vertex operator algebra BP (u, v) admits
nonsemisimple modules. In physical language, the corresponding minimal model conformal field

theory is logarithmic.

As all the modules in the short exact sequences (2.3.48) admit Zhu inductions giving twisted
BP(u, v)-modules, it is reasonable to expect that there are analogous short exact sequences of
BP(u, v)-modules. Ensuring that this is the case is why we quotiented the Zhu induction of ﬁ[i;] A

by the sum of all submodules that intersect trivially with the top space.

+

For this, it is convenient to introduce new modules W;W’i = Wt[‘;’] A

,, that are obtained by
treating ﬁ[ij], A s a module over the twisted mode algebra Uf" of (2.2.1), letting UL" act as 0, and
then inducing to a U™-module. It follows that W;W’i is a “relaxed Verma” BP*-module whose top
space is i;])A’w.

As such, we may consider the sum N;W’i of all the submodules of W;W’J" whose intersection
with the top space i[ijm’w is zero. Because this top space is nonsemisimple, N;W’J" is a proper

submodule of the maximal submodule J\/[;W’i of Wt[‘;fjj. Additionally,

(2.3.50) RO A

We now proceed in an analogous fashion to [113, Sec. 4].

Theorem 2.3.32. Let k be nondegenerate admissible and let A € Ty. We then have the following

nonsplit short exact sequences of BP(u, v)-modules:

0— y(H)) — fR;W’+ — HY — 0,
(2.3.51)

0— HY — R — y () — 0,

where u= [)L(), Ay — %,)L] + 3] € Ik
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Proor. As is now familiar, we shall also only detail the argument for i/{r Let j, A and w be

defined by (2.3.37) and (2.3.44). As Zhu induction is exact, the short exact sequence (2.3.48) gives

tw,+
[j1.Aw
(2.3.52) pw o Ulhe
(VA

Hence, H}" is also a quotient of Wi** = Wt[\;fA,w and (2.3.50) gives

tw,+ tw,+
:R/l ~ W/l ~ tw

o~ ~ 1
Mtw,+/NtW,+ Mtw,+
A A A

(2.3.53)

since relaxed highest-weight modules have unique irreducible quotients. Thus, J—C;W is a quotient
of R;W’J'. This is the rightmost part of the short exact sequence in (2.3.51). For the leftmost part,
note that the unique maximal submodule of y(\?‘_";_l’ NEE y(\?‘_";_l’ o) NN, because the only
submodule of y(V‘_“;._L 4) intersecting its top space nontrivially is y(\?t_";._l’ ») itself. Therefore

W Y(Vt_vﬁ_l,A) Y(Vt—v;'—l,A) + NEIW’Jr
(2.3.54) y(36Y) = ——— ot ot :
y(VE ) NN N

This is clearly a submodule of W' /N =~ R™* and therefore y(J!}') embeds into R}"*.
All that remains is to show that the sequence of BP (u, v)-modules constructed from the embedding

y(fHLW) s iR;W’J' and the surjection fR;W’J' — J(%™ is exact. Using (2.3.50) and (2.3.54),

RIW,+ WtW,+ VIW
(2.3.55) Atw = W A tw,+ = tw j,AtW,+ tw)
r(3G) Y(V—j—l,A) +N} (Y(v—j—l,A) N Iy (OGY)

The BP(u,v)-module R}""/ y(3C)) is therefore a twisted highest-weight BP (u, v)-module. By
Theorem 2.3.16, it is also simple and the quotient on the right-hand side of (2.3.55) is isomorphic

tw
to }CA . []

To summarise the results of this chapter for BP(u,v) with v > 3, we have proven that such
Bershadsky—Polyakov minimal models admit infinitely many simple modules (in addition to clas-
sifying the relaxed ones) as well as reducible-but-indecomposable modules. This nonrationality is
a significant obstacle to computing modular transformations and fusion rules, which is essential
data for constructing logarithmic conformal field theories. The next chapter details how to navigate

this obstacle.

2.3.5. Examples. We conclude this chapter by illustrating the classification for certain exam-

ples of BP(u, v).

ExampLE (BP(3,2)). For k = —%, the central charge of the minimal model is ¢ = 0. Since

AL e Pg = {[0,0,0]} and AF € Pl> is constrained by Ag > 0, the only surviving weight is
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Ficure 2. The charges and conformal weights (j, A) of the untwisted (left) and
twisted (right) simple highest-weight BP (5, 2)-modules, arranged by the Dynkin
labels of the integral parts A’ of the corresponding surviving weights A. The sub-
script on the twisted labels gives the dimension of the top space. Conjugation y
is indicated by reflection about the dashed line and spectral flow ¢ by 120° anti-
clockwise rotation about each triangle’s centre.

A =10,0,0] - %[1, 0,0] = [k,0,0]. There is therefore a unique simple untwisted highest-weight
module H_3,,, /> = Hop and a unique simple twisted highest-weight module J—Ct_“gwo n= ﬂ{% (up to

isomorphism). This is clearly the trivial minimal model.

ExawmpLE (BP(5,2)). For k = —%, the central charge is c = % and we have A\ € F’z> and
AF =[1,0,0]. Therefore there are !Pi| = 6 simple untwisted highest-weight modules and 6 simple
twisted highest-weight modules. As A¥ always has )Lf = 0, all twisted highest-weight modules have
finite-dimensional top spaces. We illustrate these modules and the charges and conformal weights
of their highest-weight vectorsin Figure 2, arranging them according to A. This example is one of

the Bershadsky—Polyakov minimal models considered in [15].

ExampLE (BP(4,3)). Moving outside cases from [15], consider the minimal model with k =
—% and ¢ = —1. This minimal model was studied in [5]. Here \' € P1>, so Al =1[1,0,0], [0,1,0]
or [0,0,1]. Similarly, Af ¢ Pi and hence AF = [2,0,0], [1,1,0] or [1,0,1] (recall that A must
be a surviving weight). Hence there are |P1>HP1>| = 9 simple untwisted highest-weight modules
and 9 simple twisted highest-weight modules. Of the twisted highest-weight modules, 6 have finite-
dimensional top spaces whilst the top spaces of the other 3 are infinite-dimensional. All highest-
weight modules are type-3.

As in the previous example, we arrange the highest-weight data in Figure 3. By Theorem 2.3.28,

there is one family of generically simple relaxed highest-weight BP (4, 3)-modules Rt[";],_l o d

11 _5

—% —3>—7 (mod 1). The corresponding semisimple coherent family has 3 distinct highest-weight

submodules, each isomorphic to one of the 3 twisted highest-weight modules with infinite dimen-
sional top spaces. This family must be closed under conjugation and so v = 0, as can be checked

explicitly.
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FiGure 3. The charges and conformal weights (j, A) of the untwisted (left) and
twisted (right) simple highest-weight BP (4, 3)-modules, arranged by the Dynkin
labels of the integral (small-scale) and fractional (large-scale) parts A* of the cor-
responding surviving weights A. The subscript on the twisted labels gives the
dimension of the top space.

By Theorem 2.3.32, we know of six nonsemisimple twisted relaxed highest-weight BP (4, 3)-

modules characterised by the following nonsplit short exact sequences:

t

0— Y(j{t—vg/é,—l/s) - fRW1+/6] “1/80 o “1y6-18 — 0,
t

0 — y (3 1/2,— 1/8) fRW1+/2] ~1/8,0 Wi/z _18 — 0,
t

0 — y(H 6 _1ys) — R 561 1780 — F5s6-178 — O

(2.3.56)

tw tw,—

0 — F 618 — RZ1/61-1/80 — y(H 6 _1/8) — O,

t
0— 9{??/2,_1/8 :RWI/Z] ~1/8,0 Y(%t—wl/z,—us) — 0,

tw t t
0— H 618 — fR[WS/()J ~1/80 Y(‘{H—Wl/ﬁ,—l/i%) — 0.

An interesting feature of this minimal model is its relation to the By ghost vertex algebra B: It
was shown in [5, Sec. 5.2] that the Bershadsky—Polyakov minimal model vertex operator algebra
BP(4,3) embeds into B with c = —1. Recall that B is strongly generated by [ and y, both of

conformal weight % subject to the operator product expansions

(2.3.57) B(2)p(w) ~0~y(2)y(w) and p(2)y(w) ~ z_—ﬂ

An embedding BP(4,3) — B is then given by

(23.58) J+— gzﬁy:, G — ﬁﬁﬁﬁ’ G +— —ﬁﬁﬁﬂ, L+— E(.aﬁy. —:9yp:).
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This suggests, and it is easy to check [5, Prop. 5.9], that BP (4, 3) is (isomorphic to) the Z.3-orbifold
of B corresponding to the automorphism €™h. We will see in Section 3.3.7 that this special rela-

tionship is reflected in the fusion rules of BP (4, 3).



Chapter 3

Inverting Quantum Hamiltonian

Reduction

In the last chapter, we introduced Bershadsky—Polyakov minimal models denoted by BP (u, v)
and classified their simple relaxed modules. Additionally, we proved the existence of reducible-
but-indecomposable BP (u, v)-modules.

The characters, modular transformations and fusion rules of BP(u, v)-modules are of crucial
importance in constructing and analysing logarithmic conformal field theories with BP(u, v) sym-
metry.

To compute this ‘physics data’, in this chapter we will leverage the fact that BPXisa quantum
hamiltonian reduction of V¥ (s13), whose other quantum hamiltonian reduction (the Zamolodchikov
algebra W'3‘ of Section 1.3.2) is well-understood. The idea is that the partial quantum hamiltonian
reductions of Section 1.3 can be inverted, and that such inverses can be used to relate the represen-

tation theories of the W-algebras involved.

3.1. The Idea

An ‘inverse’ to quantum hamiltonian reduction was first introduced by Semikhatov [147] for the
case of g = sl, (see Section 3.1.2). It takes the form of an embedding VK (sl,) < WX(sly, f) ® IT
where II is a lattice vertex algebra to be defined shortly. It was later shown by Adamovi¢ that this
inverse reduction can be deployed to understand some of the representation theory of V*(sl5) and,
at certain levels, Ly (s]y) [2].

Particularly, the inverse quantum hamiltonian reduction for g = sl, neatly explains the appear-
ance of Virasoro minimal model characters in the characters of nondegenerate admissible-level
relaxed Ly (slp)-modules [52,113]; the Virasoro vertex operator algebra Virk is a quantum hamil-

tonian reduction of V¥(sl»).

81
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An important consequence of this relation is that the modular S-transforms and Grothendieck
fusion rules of L(sl) at these levels are naturally expressed in terms of their Virasoro minimal
model analogues.

It is expected that inverse quantum hamiltonian reductions can be constructed for more general
pairs of W-algebras, and will provide nontrivial relationships between the representation theories
of the W-algebras involved.

Recall from Section 1.3.1 that the (conjectured) condition for the existence of a partial quan-
tum hamiltonian reduction from WK (g, f;) to WK(g, £) is that fi < f> under the ordering on the
corresponding nilpotent orbits of g.

The philosophy we adopt here is that despite not having a complete understanding of how
partial quantum hamiltonian reduction should be defined for W-algebras, it can be inverted. That
is, for all pairs of nilpotent elements fi, , € g such that fi < f;, we believe that there exists an

embedding
(.1.1) WH(g, i) = WX(g, ) ® V

where V is a vertex operator algebra representing the degrees of freedom ‘lost’ in performing partial
quantum hamiltonian reduction. Taking the tensor product of suitable WX (g, f5)- and V-modules
gives WX (g, fi)-modules by restriction.

The inverse reduction (3.1.1) should also descend to an embedding of simple quotients at some
levels k, and in some sense relate the conformal field theory data of Wy (g, fi) and W (g, f>) irre-

spective of rationality.

3.1.1. The Half-Lattice Vertex Algebra. To construct a given inverse quantum hamiltonian
reduction embedding (3.1.1), first a suitable vertex operator algebra V needs to be determined.
For the cases studied here, we require a “half-lattice” vertex operator algebra IT [33]. This vertex
operator algebra appears in all known examples of inverse quantum hamiltonian reduction. The
half-lattice I1 is part of the vertex-algebraic content of the ‘original’ inverse reduction identified by
Semikhatov[147]. Here we follow the construction of II presented in [4, Sec. 3].

Consider the abelian Lie algebra h = spanc{c, d}, equipped with the symmetric bilinear form

(-,-) defined by
(3.1.2) {c,c) ={(d,d)=0 and {cd)=2.

The group algebra C[Zc] = spanc{e™| n € Z} has the structure of an h)-module according to the

formula

(3.1.3) h(e™) = n{h,c)e".
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Denote by H the Heisenberg vertex algebra defined by b and (-, -).

Definition 3.1.1. The half lattice vertex algebra I1 is the lattice vertex algebra H ® C[Zc] where

the action of h € §) on C[Zc] is identified with the action of the zero mode hy of h(z) € H.

A set of (strong) generating fields for IT is then {c(z), d(z), €™°(z) : m € Z.}. The operator product

expansions of these fields are easily determined:

c(z)c(w) ~ 0, c(z)d(w) ~ % d(z)d(w) ~ 0,

(3.1.4) ( mc)z’
c(2)e™(w) ~ 0, d(z)emc(w)~mn;_—y, " (2)€™ (w) ~ 0.

The half lattice vertex algebra admits a two-parameter family of energy-momentum fields given by
1
(3.1.5) t(z) = E:c(z)d(z): + adc(z) + fad(z), a,peC.

The corresponding central charge is 2 —48a. The choice of conformal structure on IT will depend

on the inverse quantum hamiltonian reduction being considered.

3.1.2. Example. As mentioned previously, the first inverse quantum hamiltonian reduction
was described by Semikhatov [147] and its vertex- and representation-theoretic content was anal-
ysed by Adamovié [2]: Let g = sl,. The universal affine vertex algebra V¥(sl») has strong genera-
tors h(z), e(z) and f(z) with operator product expansions (see (1.2.6))

2e(w) 2f(w)

h(2)e(w) ~ Z=2 (D (W) ~ 2, e(2)e(w) ~ f()f (W) ~ 0,
(3.1.6) a
RERW) ~ = @) ~ s+ (_W‘)M

For k # —2, the Sugawara construction (1.2.8) defines an energy-momentum field T5'¢(z) (i.e.
makes V¥(sl,) a vertex operator algebra) given by
1 1

(3.1.7) TS (2) = 0ca D |2

h(z)h(z): +:e(2) f(2): +:f(2)e(2):] .

The only nonaffine W-algebra obtained from V*(sl5) is the W-algebra WX (sl,, f) specified by the
identity embedding sI, < sl,. In fact, this W-algebra is isomorphic to the Virasoro vertex operator
algebra Virk [28]. Denote the energy-momentum field of Virk by T(z) and recall the T(z)T(w)
operator product expansion

o/ 2T(w)  T(w)  vir _ 6K +11k+4
(z-w)* (z-w)? z-w kK k+2

(3.1.8) T(2)T(w) ~ >
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Taking V =1 in (3.1.1) and giving II the conformal structure defined by
1 k 1
(3.1.9) t(z) = Ezc(z)d(z): + Z&c(z) - Ead(z),

an inverse quantum hamiltonian reduction embedding is straightforward to construct.

Theorem 3.1.2. [2,147] Fork # =2, there exists a vertex operator algebra embedding \/¥ (s1,) <>
Virk ® I1 given by

h(z) — 2b(2), e(z) — €°(2),

f(z) — :((k+2)T(z) — (k+ 1)da(z) — a(z)a(z)) e “(2):,

(3.1.10)

where a(z) = — %c(z) + %d(z) and b(z) = L—tc(z) + %d(z). This embedding descends to an embedding

of simple quotients Ly (slp) < Viry @ Il if and only if k + 1 ¢ Z.

An important set of levels are the nondegenerate admissible levels for s1,. These are all k satisfying
k = % — 2 for some coprime u,v € Zs;. At such k, Viry is rational and is also known as a Virasoro
minimal model [78,92,98].

The inverse quantum hamiltonian reduction of Theorem 3.1.2 therefore relates the nonrational
Lk (s17) to the rational Viry, where k is a nondegenerate admissible level. No such embedding exists

for the admissible levels with v = 1, at which Ly (s],) is rational.

3.2. From W; Minimal Models to BP Minimal Models

Despite the minimal models BP(u, v) with v > 3 being nonrational, modular transformations
and fusion rules can be unravelled using a general proposed framework known as the standard
module formalism [51,146]. This is the same method used successfully for the aforementioned
nondegenerate admissible level Ly (sl,) in the category of weight modules [50, 52].

A key requirement for applying the standard module formalism is the existence of continuous
families of modules with linearly independent characters. For BP(u,v) with v > 3, the modules
Rt[V]Y], , of Theorem 2.3.25 are good candidates for standard modules. What is therefore needed are
linearly independent ‘characters’ of JQt[‘;.’J, ,» Which we will show can be taken to be certain one-point
functions related to one-point functions of W3 (u, v)-modules. This relationship between BP (u, v)-
and W3(u, v)-modules is a straightforward consequence of the existence of an inverse quantum
hamiltonian reduction between BP (u, v) and W3(u, v) in the sense of Section 3.1.

The fact that ‘(Rt[‘;'/], , is a twisted BP(u, v)-module complicates modularity and fusion compu-

tations. Additionally, applying spectral flow of with £ # 0 to Rt[‘;f] , always results in a BP(u, v)-

module that is not positive-energy with respect to the conformal structure furnished by L(z). It will
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therefore be prudent to consider an alternative conformal structure on BP(u, v). Once this is done,
the standard module formalism can be applied and certain fusion rules for BP(u, v) follow.
Crucial to the proceeding analysis is the presence of the known modular transformations and
fusion rules for W3 (u, v) from Section 1.3.3. That is, despite BP (u, v) with v > 3 being nonrational,
its relation to the rational W3(u,v) via inverse quantum hamiltonian reduction greatly assists in

determining its modular transformations and fusion rules.

3.2.1. Ordering sI; W-Algebras. The ordering of sl3 W-algebras is particularly simple. This
is because there are only three distinct nilpotent orbits in sl3. The sI3 W-algebras corresponding to
these nilpotent orbits are the affine vertex algebra VK(sl3), the Bershadsky—Polyakov algebra BP*
and the Zamolodchikov algebra W‘g of Section 1.3.2. The partial ordering of Section 1.3.1 for sl3
is the ordering W > BP* > V¥(sl3).

The inverse quantum hamiltonian reduction embeddings for sl3 are all known. The embedding
corresponding to Wg( > BPX was described in [4], while that corresponding to BP* > V¥ (sl3) was
described in [3]. In both cases, when the embedding descends to an embedding of simple quotients

is known.

3.2.2. Inverse Quantum Hamiltonian Reduction from W; to BP. The inverse quantum
hamiltonian reduction relevant for our purposes is the embedding of the Bershadsky—Polyakov
minimal model vertex operator algebra BP(u, v) in the tensor product of the half-lattice vertex op-
erator algebra IT and the minimal model W3 (u, v) from [4]. We review their main results, adapted to
our choice of conformal structure. We also twist their embedding by the conjugation automorphism

(2.1.18) in order to prioritise highest-weight BP (u, v)-modules over their conjugates.

Theorem 3.2.1 ([4, Thms. 3.6 and 6.2]). For k nondegenerate-admissible (i.e. k = =3+ % for some
coprime u,v € Z3), there exists a vertex operator algebra embedding BP (u,v) — W3(u,v) ® IT
given by

J(2) — b(2), L(z) — T(z) + t(2), G (2) — e “(2),

da(z)a(z) — a(z)’ - (u;—zv)zaza(z)

+$T(z)a(z)—u(;v_2 Y o7 (z) - ,/;%W(z))e%z):,

where the fields t(z), a(z), b(z) € II are given by

3 —
(3.2.1) G'(2) — :( (uv v

322 t(z) = %:c(z)d(z): - 37’<oﬁic(z) + Zo'?d(z),
a(z) = —ke(z) + %d(z), b(z) = ke(z) + %d(z),
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with k = %. Moreover, such an embedding does not exist when u > 2 andv =1 or 2.

The energy-momentum field ¢(z) € IT has central charge CE related to k according to
(3.2.3) ol =2+ 54k,
which satisfies

(3.2.4) P =l +¢".

With respect to ¢(z), both a(z) and b(z) have conformal weight 1, though a is not quasiprimary,
whilst that of e™¢(z) is —37'". The central charge and conformal dimensions are our motivation for
choosing t(z) as the energy-momentum field in IT.

Like the BP (u, v)-modules of Chapter 2, we are interested in positive-energy (indecomposable)
weight modules of II, meaning those on which the hy, with h € ), act semisimply and ¢y has
eigenvalues that are bounded below. Such modules may be induced [33] from the Zc-modules
generated by elements e” € C[h] on which h’ € § acts as b’ - e = (h’, h) €. The following is

adapted from [4] to accommodate our choice of conformal structure.

Proposition 3.2.2 ([4, Prop. 3.4]). The (twisted) weight I1-module generated from e" btic is g

positive-energy module if and only if r = 3. In this case, the twisted TI-module is simple and

2
the minimal ty-eigenvalue is %K.

The eigenvalue of by on €3%/>+J¢ is j + 3x. We therefore define I, [j] € €/Z, to be the sim-

ple positive-energy weight II-module generated by e3¢/2+(=3x)c

so that the bp-eigenvalues of IT| ;)
coincide with [j]. The notation reflects the fact that the isomorphism class of this module only
depends on [j] rather than j itself.

Recall from Section 1.3.3 that the minimal model W3(u, v) is rational. Its modules are all
highest-weight and are denoted by W(r, s) where r = [ro,r(, 2] € P;‘3 and s = [sg, s1, 2] € P‘;‘3.

This parametrisation is connected to that of the relaxed BP (u, v)-modules th[VJY] [

Al in the following

way:
Given A € I, = Ik, let the Dynkin labels of Me P‘;‘3 ber = [ro,r1,r2]. Let w;, i =0,1,2,
denote the fundamental weights of 55 and let the Dynkin labels of M =AF — g - € P‘;‘3 be

s = [s0, 51, $2]. In other words, let

(3.2.5) ro=X, r=A, mn=4 and s=A -1, si=A-1, s=A.
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Then, the Zs-action (2.3.46) becomes the cycle
rory rn v rmrori v ry rn r v rory rn
(32.6) [50 S1 52] —> [32 S0 S1 ] [ — [Sl S So] — [S() S1 32]'

This is precisely the Z3 symmetry of the (r,s) parametrisation of W3 (u, v)-modules described in
Section 1.3.2. We shall therefore frequently parametrise weights A € I}, by r and s, or by the labels
riands;, i=0,1,2:

2

2
(3.2.7) A=T(rs) = I‘[;g o g] = Z riw; — %(wo +wp + Z s,-wi).
i=0 i=0

Extending this parametrisation to X, = Xk means extending the allowed range of sp, s; and s, to
include v — 2, —1 and v — 2, respectively (but still subject to sy + s; + s = v — 3). Of course only
the A = T'(r,s) with r = [ro,r, 2] € P;‘3 and s = [so,s1,52] € P‘;‘3 are relevant for labelling
W3 (u, v)-modules.

We will also parametrise W3(u, v)-modules in terms of [A] € I,,,/Z3 and use the notation
Wia = W(r,s) for A = I'(r, s) when it is helpful.

By restriction, Wy} ® IIj; is a BP(u, v)-module with several desirable properties.

Theorem 3.2.3 ([4, Thms. 5.12 and 6.3]). Let k be nondegenerate-admissible. Then, for each
[A] € Tuyv/Z3 and [j] € C/Z:
e Wiy ® Iy is an indecomposable top-dense BP (u,v)-module on which G, acts injectively.

e Every nonzero BP(u,v)-submodule of W\, ® I1| ;| has nonzero intersection with its top space.

o If [j] is not in the V-orbit of [j™(A)], then W1 ® 111} is a simple BP(u, v)-module.

In light of the classification results in Chapter 2, the BP(u, v)-module W[, ®IT[ ;) (at least when it

is simple) must be a module we have seen already. Our notational choices suggest that W} ® 11|,

tw
1,171

For the nonsimple cases, recall that each family of simple top-dense relaxed highest-weight

when simple, is related to R

BP(u, v)-modules, corresponding to a fixed [A] € I,,,/Z3 and parametrised by [j] € C/Z, has
three ‘gaps’ corresponding to the [j"™(V(1))], i € Z3. Theorem 2.3.32 shows that these gaps in
fact also correspond to top-dense, nonsimple BP (u, v)-modules. Each of these ‘gap modules’ may
be taken to be indecomposable, with two possible choices related through conjugation.

As we will be concerned with the modular properties of the characters of these twisted BP (u, v)-
modules, it does not matter which choice we make for the gap modules. Since G acts injectively
on Wy, ®I1;;, we shall choose the indecomposable gap modules such that G;; acts injectively on
them (the ‘-> modules in (2.3.51)). They will be denoted using the same notation iRt["]Y]’[ R their

simple cousins, where [j] = [[™(V!(1))], i € Z3.
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Proposition 3.2.4. Let k be nondegenerate-admissible, (1] € I, /Z3 and [ j] € C/Z. Then,

(3.2.8) Wi ® ) = R -

Proor. Note that the W} ®I1[;] are completely specified by their top spaces (Theorem 3.2.3),

as are the CR‘["JY] (A" It therefore suffices to show that the top spaces of each coincide as modules

]
over the twisted Zhu algebra of BP(u,v). The classification of such modules was completed in
Theorem 2.2.15. It therefore suffices to determine the Jy-, Lo- and Q-eigenspaces in the top space
of Wiy @ IT .

The check for Jy is immediate, while that for Ly = Ty + to follows from the equality
9k w
3.2.9) Ay + il AY(Q),

where A) = A(r,s) with A = T'(r,s). The action of Q on the top space of W} ® II|;} is obtained
from (3.2.1) and (2.2.13). That it agrees with (2.3.44) can be checked directly. [ |

3.2.3. Characters for Standard BP (u, v)-Modules. For a BP(u,v)-module M, we define its

character to be

(3.2.10) ch[M] (8¢ 7) = y*try, (ZfoqLo—cES/m) ,

where y = €279 z = 27i¢ and q = €*'*. The additional factor involving « is for convenience in
deriving modular transformations. These characters do not always distinguish inequivalent simple
modules as they do not keep track of the eigenvalue of Q. This will be fixed in Section 3.2.4 by
upgrading to one-point functions.

Our working hypothesis, for k = ¢ — 3 nondegenerate-admissible, is that the standard modules
of BP(u,v) are spectral flows of the top-dense BP(u, v)-modules fR‘["JY]’[ A (with [j] € R/Z and
[A] € Tuv/Z3). Having standard modules in the twisted module category 7Y, while the vacuum

module belongs to the untwisted module category 7, v, is inconvenient for Verlinde considerations.

Hence we shall modify the conformal structure of the vertex operator algebra BP (u, v), under which

tw

[F1.12]
The minimal model BP(u, v) admits a one-parameter family of conformal structures given by

certain spectral flows R are both untwisted and relaxed.

(3.2.11) L(z) = L(z) + adJ(z), a€C,

P:

with corresponding central charges EEV CES —24ak. As modules are then graded by the eigen-

value of Jj and fo = Ly — aJp, the appropriate choice of characters for this new conformal structure
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is
(3.2.12) ch[M] (012 10) = y* try (2haP 6/ = ch 0] (0+ ac | ¢ - ar] 7).

In general, a BP(u, v)-module that is positive-energy with respect to L(z) is not positive-energy

with respect to f(z). This is certainly true of the relaxed modules th["JY] ("

Proposition 3.2.5. Let k be nondegenerate-admissible and assume that a € %Z. Then,

(3.2.13) Rijnia1 = 0 (R g 121)

is a relaxed highest-weight module with respect to L(z).

Proor. It follows from (2.1.18) and (3.2.11) that
(3.2.14) o' (Lo) = Lo — (£+ ) Jo + £(£ + 2)kT = Lo — €Jo + £(€ + 2a)kc 1.

If v; denotes a relaxed highest-weight vector of Rt[‘;f] of Jp-eigenvalue j, then

(4]

Lo’ (v)) = o[((Lo +(t—a)Jo+ (£ - Zoc)KT])vj)
(3.2.15)
= (Atw(/l) +(t—a)j+e(f— 20()1(7)0'[(0]'),

hence the fo—eigenvalue is j-independent if and only if £ = a. [

Note that the shift in j on the right-hand side of (3.2.13) ensures that the Jy-eigenvalues of SFJVQ[ LA
coincide with the coset [j] € C/Z. To ensure that the relaxed modules in (3.2.13) are untwisted,
we shall choose the conformal structure on BP(u, v) given by L(z) with « = % The corresponding
modules 9~Q[ j1.[1] are untwisted and relaxed as desired. We therefore take our standard modules to

be those of the form
(3.2.16) (R

with € Z, [j] € R/Z and [A] € T,,,/Z3. As spectral flow features heavily in what follows, we
will occasionally denote the spectral flow of BP (u, v)-module M by o (M) = M.

With the standard modules now identified, the first step is to compute their characters. Our
approach is to use Proposition 3.2.4 to compute the characters of TR‘["]Y],[ A The characters of the
standard modules can then be obtained using the following lemma.
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Lemma 3.2.6. Given any BP(u,v)-module M that possesses a character and € %Z, we have

ch[M’] (0] | 7) = ch[M] (9+2f§+f2f|§+ff|f)
and  ch[M‘] (]| 7) = ch[M] (8 +2ef +£(£+ 1)z|{ + 7] 7).

(3.2.17)

Prookr. The first character identity follows easily from (2.1.18):

(3.2.18) ch[M] (01¢|r) =t ,

(e

( K zhglo- cuv/24)
ao) \Y

(Lo)-cBP /24)

(
try (y z°
iy

K Jo+2ict] L0+t’]0+1<[21] cBP /24)
= ch[M] (0+267 + 2| +er|1).
The second follows in the same way, but using that fo =Ly— % Jo- [ ]

By Proposition 3.2.4, the character of Rt[";] (] is the product of the characters of W, and I1| |,

which are defined as

_ Vs _I
(3.219)  ch[Wyl (0 = o, qo~<u' /24 and  ch[TI(;] (Z]7) = try, (Zboqto cu,v/24)_

Being modules over a lattice vertex operator algebra, the II[;; have easily computed characters.

Proposition 3.2.7. Forall [j] € C/Z, we have

(3.2.20) ch[I;] ({]7) = Z "

meZ.

()2

where n(t) = q'/?* [1;-;(1 = q") is the Dedekind eta function.

The characters of the W{;; may be found in many places, for example [37,74]. Explicit ex-
pressions are not needed for our purposes however. This is because the modular transformations of
the W3 (u, v) characters are what is needed for the Verlinde formula, not the characters themselves.

By Proposition 3.2.4, we have that

(3.2.21) ch[RY) 4y] (018 17) = y* ch[Wpy] (7) ch [T ] (£ ] 7)

B y<z/ ch[W[A]] (1) m
- n(r)? mZ‘ZZ '
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Proposition 3.2.8. Let k be nondegenerate-admissible. Then, for all £ € %Z, [j] € C/Z and
[A] € Luv/Z3, the standard characters have the form
)Ch[W[}L] (T)

3.2.22) ch[R¢. 0 _ 2nic(0-e(e+D)z
( ) ch[R ] @151 =e R

Z 27r|m(]+21<t’)5(§ +fr— m)

meZ.

Proor. The untilded character of ifj] (] is related to that of Rt[‘;.’_K] ] in (3.2.21) by (3.2.13)
and Lemma 3.2.6:

(32.23)  ch[Rf, ;] O112) =ch[o™ 2RV, )] 0110

_Y zJ+2ﬂ<q(¢’+1/2)J+(f’2 1/4)x Ch W[/l] (7)

Z m ({’+1/2)m

77(7'—)2 mezZ
By (3.2.12),
L ylczj+2[1<qt’j+t’(f—l)1<Ch[wm]] (1) mgtm
(3.2.24) ch[Ri;; 1] (O1¢17) = (02 ZZ 9.
me

The delta function in the character is obtained using the identity 3,,cz €™ = ¥, §(x—m). =

3.2.4. One-Point Functions for Standard BP(u, v)-Modules. As mentioned previously, an
important feature of standard modules is that their characters are linearly independent. The stan-
dard characters of (3.2.22) do not satisfy this property. This can be seen directly from (3.2.22) (or
rather (3.2.19)), as the characters for W3 (u, v) do not keep track of the eigenvalue of Wy. The con-
jugation automorphism (1.3.19) of W3 (u, v) negates Wy-eigenvalues and preserves Ty-eigenvalues.
Therefore if W3 (u, v) admits a highest-weight vector with a nonzero Wy-eigenvalue, its character
will be the same as its (distinct) conjugate. By Proposition 3.2.4, the characters (3.2.22) of BP(u, v)
for such u and v will have the same issue.

A remedy for the lack of linear independence of W3 (u,v) characters was provided in [23]
and detailed in Section 1.3.3. The proposal therein is to upgrade W3 (u, v) characters to one-point
functions by inserting the zero mode of some u € W3(u,v). As explained previously, it is always
possible to choose u € W3 (u, v) that gives linearly independent one-point functions and allows for
the computation of an S-matrix and fusion rules.

We can similarly upgrade the definition of BP(u, v)-characters to one-point functions as fol-
lows:

ch[M] (0175 u) =y try (uozﬁ)qLO‘°55/ #),

(3.2.25) _ - u € BP(u,v).
ch[M] (01| 7:u) =y iy, (uonOqLO_Cu,v/z“)’
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Here we would also like to choose u such that the one-point functions of standard modules are
linearly independent. The one-point functions of interest here are those of standard modules, which
by Proposition 3.2.4 are always W3 (u, v) ® II-modules.

It therefore suffices to take u to be an element of W3(u,v) ® II and know that the one-point
functions (3.2.25), with M standard, are well defined. In particular, choose © = 1 ® 1 when
(u,v) € {(3, 4),(4,3),(3,5), (5, 3)} and u = W ® 1 otherwise. As the II part of u is always 1, we

may treat u as an element of W3 (u, v).

Proposition 3.2.9. Let k be nondegenerate-admissible. Then, for all ¢ € %Z, [j] € €/Z and
[A] € 1—‘u,v/Z3» we have
(3.2.26)

-~ . h|'W ;
ch[R{; 4] (@1 175u) = g2 (0-e(e+1)r) © Wil (75

n(r)?

Z e271'im(j+27<t’)5(§ +fr— m)

meZ.

Moreover, if we take u = 1 when (u,v) € {(3, 4),(4,3),(3,5), (5, 3)} and u = W otherwise, then

these standard one-point functions are linearly independent.

3.2.5. Modular Transformations of Standard One-Point Functions. Recall from Theo-

rem 1.3.4 that the S-transform of the W3 (u, v) one-point functions takes the following simple form:

1 u \WYi
(3.2.27) ch[Wy] (_; ; TAu) = Z Sppey Wi ] (75 w),
[/V] 61—‘u,v /Z3
where we have defined Svﬁ 2= S\(/\r/i) () for A =T'(r,s) and A’ =T'(r’,s’). The explicit form of

the W3 (u, v) S-matrix sW is given in (1.3.24).

[/1] (]
Define the following transformations on the parameter space (6| | 7 ;u):

2 u
S: (9|§|T;u)|—>(9—7—§+§ £ —%; TAU)’
T: O|r;u)yr— O||r+1; u).

(3.2.28)

That this defines an SL,(Z)-action is a straightforward computation:
(3.2.29) — (ST =C: (0¢|7; u) —> (9 £ 20|~ 7 (—1)%) .

Obviously, C squares to the identity as required.

Theorem 3.2.10. Let k be nondegenerate-admissible. Then, for each ¢ € Z, [j] € R/Z and
[A] € Tu\/Z3, the S-transform of the one-point function of fR zs given by

R _ I LI, ,
(3.2.30) S{eb[R{;, ]} = =57 Z/ 2 Siihi bR gl AU

ez RIZ )\ el 1z,
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where the entries of the ‘S-matrix’ (integral kernel) are

LIV _ W3 ~27i (2xe0+2(j'~1)+(j-x) ')
(3.2.31) Sl’,[j],[ﬂ] S[)L] (® .

Proor. Our strategy is to evaluate and simplify both sides of (3.2.30). Starting with the left-

hand side, we have

(3.2.32)

REAN

S{ch[RE) )] O1¢ 173w} = ch[RS, ](9——2-§+

T T

1
=exp[27ri1<(0—§_:_£+gv+ f’(f+1))

[W[A]]( 7 Au) Z 2mm(]+2;<€)5(§ )

_ITU(T)Z meZ.
ol oew |
~ —im(0)? [Z Sit Wi ] (75 0)
2 ee+1
. eXplz]ﬂK(e - 7 — % + g ( + )) Z 277.'I(]+2Kf)m5 (év 7 — mT)
meZ.

_ |T| 2k (6+f) —27ri((j—l<)m+l<m(m+1)r)
- -.TU(T)ZZSW oy Sh[ Wi e e S({+mr—1),

meZ
using (3.2.26), (3.2.27) and the well known S-transform of Dedekind’s eta function. Here, and
below, the [A’]-sums run over I, /Z;.

Inserting the S-matrix elements (3.2.31) into the right-hand side of (3.2.30),

(3.2.33)

|T| / .
st laly
it ]R/ZZ Lt e[ R ] AL

t'eZ
7
- —irry(r)2 Z [/1] ] /V]]

) / e—2n’i(2K€£"+l’(j'—1<)+(j—1<)t”)eZﬂiK(G—t”(f’H)r) Z 2TUAOmS (£ 4 pr ) d[]
F= IRz

meZ.

_ |T| Z SW3 h[W[,V]] Z e—27ri((j—1<)[’—l<€) e27ril<(9—f’(t”+l)f)5 (év +0r— [)

~irn(r)? 4471 Z
|7] _

— — (T)z Z S[A] ] /1 ]] e27m<(9+£’) Z 27i (] K)m+1<m(m+1)r)5 (§+ mr — [)
’7 [A' meZ.

An explicit formula for the (diagonal) T-matrix of the standard one-point functions is very easy to

derive. Only the S-matrix of one-point functions is needed here however.
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L]
6 [J1.[2]

element Sm ] is. It is also easy to check that the BP(u,v) S-matrix is unitary and its square

represents conjugation, properties which again follow from those of the W3 (u, v) S-matrix.

The ‘matrix element’ S is symmetric because the corresponding W3 (u, v) S-matrix

3.3. Fusion Rules for BP Minimal Models

Crucial to the standard module formalism is that all simple objects in the category of weight
BP(u, v)-modules can be resolved in terms of the nonsimple standard modules to which we give

the special notation

(33.1) O'[+1/2(Rtlw) — G[+1/2(£Rtw

(D mt
Gvoonay) =0 Rpv @) =R, L€Z, A€y,

Note that this notation breaks the V-orbit symmetry for the nonsimple ‘gap’ modules: R} ~ RLW
ifand only if A = pin I, .

In this section, we shall derive the desired resolutions and determine the consequent modularity
of a subset of the remaining simple modules (the type-3 modules). This includes the modularity of
the vacuum module, recalling that the the S-matrix elements of the vacuum module play a promi-
nent role in the usual Verlinde formula (1.1.45). We then move on to the computation of fusion
coefficients and rules.

For logarithmic vertex operator algebras such as BP(u, v) with v > 3, the Verlinde formula is
no longer guaranteed to produce nonnegative integer fusion coefficients. Fortunately the standard
module formalism provides a conjectural extension that has been successfully tested in a wide
range of examples. This is known as the standard Verlinde formula [51,146]. The ingredients of
the standard Verlinde formula are the modular transformations of the standard modules (3.2.31)
and that of the vacuum module.

As all modular transformations are obtained by analysis of BP(u, v) one-point functions, the
quantities computed by the standard Verlinde formula do not distinguish between a BP(u,v)-
module and its semisimplification. This is of course not a problem for rational vertex operator
algebras where all modules are completely reducible. So rather than computing the fusion coefli-
cients of BP(u, v), the standard Verlinde formula computes the Grothendieck fusion coefficients.
These are the structure constants of the Grothendieck group of the category of standard modules,
equipped with (the image of) the fusion product. It is often possible, as we will see, to ‘upgrade’
Grothendieck fusion rules to fusion rules using conformal grading considerations to rule out non-
split extensions.

To consistently equip the Grothendieck group with the fusion product, one needs to know that
fusing with a standard module defines an exact functor. This appears to be very difficult to establish,

so we shall have to conjecture that it does hold. In fact, we believe that a slightly stronger statement
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is true: the category of weight BP(u, v)-modules is rigid. Assuming this, the standard Verlinde

conjecture is as follows.

CoNJECTURE. Let k be admissible-nondegenerate. Then, for €,t' € Z, [jl,[j’] € R/Z and
[AL, [A'] € Ty /Z3, the Grothendieck fusion rules of the standard BP (u, v)-modules are given by

(3.3.2a)
[// [ //] [A’//] ) ~€” "
RS 1 Rty | d .
K1) @ Ry Z/R/z e (l’ i e ) Bl 407

" e”.

The Grothendieck fusion coefficients are given by

(3.3.2b)
gmlkl.Lul gm.(k].[u] (Sm,[k],[u] )*
e 1 ”] /V’ S Seirniv e
6 [jl. 1] Z m,[k].[u] dlk],
> L1 meZ IR/Z y]el" v/Z3 Svac.
where Sg’c[.k]’ W is the S-matrix element corresponding to the vacuum module H,,,, and the asterisk

indicates complex conjugation.

The standard Verlinde formula (3.3.2b) is superficially very similar to the Verlinde formula (1.1.45).
The key difference is the need to integrate (rather than sum) over part of the parametrisation of
standard modules. The results obtained in the remainder of this section will implicitly assume that
this conjecture holds.

The Bershadsky—Polyakov minimal models with with v = 3 have the desirable feature that
every highest-weight module is type-3 (Corollary 2.3.23). This means that the resolutions of these
modules all have the same form up to spectral flow. We will therefore begin with the analysis of
BP(u, 3), purely to present the analysis with a minimum of complications. The more technically
demanding case of v > 3 will be discussed in Section 3.3.4.

For convenience, we will frequently use the following notation for BP (u, v)-modules:

Hyp=H(rs) =H[HG 3], HY=H"(rs)=HY[S§ 3],
(3.3.3) R =R 8 2] RY =RY(rs) =RV [$ 53],
Ry =Ry (R4 8], R=R(ns) =R[ 54 &),
when A =T'(r,s) = F[ HARE ] The ranges r € P;‘3 ands € P‘;3 cover all A € T},,, while allowing
so, s1 and s; to take the values v—2, —1 and v — 2 respectively (but still subject to so+s1+5> = v—3)
gives the remaining elements of %, ,.
By recasting Theorem 2.3.32 in terms of r and s and applying Proposition 2.3.19, we obtain a

short exact sequence that will prove very useful in resolving highest-weight BP (u, v)-modules:
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Proposition 3.3.1. Let k be nondegenerate-admissible and choose T'(r,s) € X, leftmost in its

orbit, as pictured in Figure 1. Then, we have the following nonsplit short exact sequence:

(3.3.4) 0— H[2, 2]

D[ 1 rn ro i r2]
so si+1 sp—1 > :R[so s1+l1 32—1] ? :H[So S1 $2 > 0.

Here, F[ :g slrlrl S;El ] € I,y is the rightmost in its orbit. It is type-n under the following conditions:

nzl‘ n=2 ‘ n=3

32;&1‘31¢V—4and32=1‘sl=[0,v—4,1]

3.3.1. One-Point Functions for Highest-Weight BP (u, 3)-Modules. For v = 3, the allowed
weights s such that I'(r, s) € %, are [0,—1, 1], [1,—1,0] and [0, 0, 0]. All highest-weight BP(u, 3)-
modules are type-3, and those leftmost in their spectral flow orbits have s = [0, —1, 1]. The short

exact sequence of Proposition 3.3.1 is thus
(3.3.5) 0—H[Fo 5] = R[TEG] =[50 —o.

The highest weight of ([} 7] is in I3, hence it is the rightmost in its orbit. As the spec-
tral flow orbit is type-3, it is obtained from the leftmost by spectrally flowing twice. That is, by
Theorem 2.3.21,

(336) GGG =55 00T

As spectral flow is exact, we can therefore splice the exact sequence (3.3.5) with that obtained by
applying o to the corresponding exact sequence with quotient [ e ] Iterating this results

in infinite length resolutions of type-3 BP(u, 3)-modules in terms of nonsimple standard modules:

Proposition 3.3.2. Let k be admissible with v = 3. Then, every simple highest-weight BP(u, 3)-

module is resolved by the nonsimple standard modules as follows:

(370 - RG> RGTEI = RGEE] > RIGEE] - 9[§ 7] -0
(3.3.7b)

S RIGSGT = RIGSG] > RIG58] [P 5] -0
(3.3.7¢)

SR SR S R[N S R[N s K[ w ] =0

Proor. The first resolution is the result of the aforementioned splicing the short exact sequence
(3.3.5). The other two resolutions are obtained from the first by applying a suitable amount of

spectral flow. [



3.3. Fusion Rules for BP Minimal Models 97

The one-point functions of a highest-weight BP (u, 3)-module can be easily read off from its cor-
responding resolution. For reasons that will become clear shortly, we centre our analysis on the
highest-weight BP (u, 3)-modules with s = [1, —1,0]. We will also suppress the arguments of one-

point functions for readability.

Corollary 3.3.3. Let k be admissible with v = 3. Then, for all r € p;—3 and ¢ € %Z, we have
(3.3.8) Ch[j—f[ro r rz] ] — Z( 1) (ch[ﬂ%[’o' r02 r(;) é’+9n+1]

h[R[ 0 2]

+eh[R[ 585 ]177]).

As the r-labels of the three summands appearing on the right-hand side of (3.3.8) are related by

the Z3-action, we can rewrite (3.3.8) in the following alternative form:

(39 K[} §]T = 30ROV 0,0
n=0

_ (;Tl [f}i(r, 0){’+9n+4]

+ch[R(V(n), 0)“9””]).

where 0 is shorthand for the s-triple [0,0,0]. The S-transforms of the highest-weight one-point
functions thus follow from the standard ones, computed in Theorem 3.2.10. For this, it is convenient

to introduce notation for the Jy-eigenvalue of a highest weight with s = [1,-1,0]:
(3.3.10) j(r) = j(T(r, [1,-1,0])) = 3(ri = r2).

Theorem 3.3.4. Let k be admissible withv = 3, and r € P;‘3. Then for all ¢ € Z, the S-transform

ror rn

of the one-point function of H [ 210 ] is given by
(3311) {Ch[g_c[ro r r2 |T| Z / S(’;[j/],[/ll ~ [:R(/ [A,]] d
it £ IRz ] eF /z -
,3 3
where the entries of the ‘highest-weight S-matrix’ are given by

~27i (26 (6-1/2)€+(£-1/2) (j/ =)+ (1) €')

[,’[jl]) W3 €
(33.12) Ser” = St L) 2005 (3x(j7 — ¥))

Proor. By Corollary 3.3.3, the S-matrix entry S "M¥T from the S-transform of the one- point

function of fH[m o roz] may be written as an 1nﬁn1te linear combination of standard S-matrix

entries (3.2.31). Recall that ITQ,, = i[ j(p+2x),[u] @and note that the u € T, appearing in the standard
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one-point functions on the right-hand side of (3.3.9) all belong to the same class [I'(r, 0)] in T}, 3/Z.

Comparing each j(u) with j(r) and noting that u = 9(x + %) (since v = 3) gives

CLINT LIV]
(3.3.13) S[,r Z( 1) ( €+9n+1 [j(r)=2x],[T(r,0)]
n=0

7L
£+9n+4, [](r)+1<——] [T(r,0)]

)]
+ 5, 0m47, [j(r)+4;<],[r(r,0)])'

Here we have also used the linear independence of standard one-point functions (Proposition 3.2.9).

From (3.2.31), we obtain

7L I] W =271 (2K (£+9n+1) 0+ (£+9n+1) (j/—x)+(j (r)=3K) £

G314 SEUHT e = S e e P 0-30¢),
sy —~6mi(j/—x) 5[ 1 [V]

(3314b) S{’+9n+4 [](r)+1<——] [T(r,0)] =€ S[+9n+l [j(r)=2x],[T(r,0)]

(33.14c)  SCULIY] _ o~ 12ri (-0 gL LIX]

£49n+7,[j (r)+4x],[T(r,0)] £+9n+1,[j(r)-2x],[T(r,0)]"

Substituting into (3.3.13) gives

(3.3.15)
Sz,r[j’],[/l’] _ ( | — o675 | e—lzni(j'—:o)
SW; Z( l)n 2m(21<(€+9n+1)f +(£49n+1) (j/ —x)+(j(r) - 3k)(”)
[T(r0)],[V]
' n=0
1 4 e 187i(j'—x) W i , , ) , 1
_ . gWs o2 (2K([+1)£’ +(e+1) (j'=x)+(j(n-3x) ¢ ) -
1 +e-6mi(7=x) “IT(ROLIV] 1+ e 187i(/"=x)
w e—2ﬂi(21<(t’—l /2)¢'+(£-1/2) (j’—rc)+j(r)f-”)
—gWs ) u
((rO)L[A] 2cos(37(j" - «x))

A particularly important type-3 weight is kwo = I[ U7® 9 § |, whose corresponding highest-weight

BP(u, 3)-module is the vacuum module. This is due to its distinguished role in the standard Ver-

linde formula (3.3.2b). Recall the special notation Svacj LT gl LTI

0,[u-3,0,0]"
Corollary 3.3.5. Let k be admissible with v = 3. Then,
2rixt’  mi(j —x)
C1LIVT _ gWs e e W3 _cW;
(3316) Svac. - Svac.,[/l/] 2 COS(37Z(]" _ K,')) > Svac.,[/l/] - S[F([u—3,0,0],0)],[/1/] :

Note that W([u — 3,0, 0],0) is the vacuum module of W3(u, 3) because (1.3.17) gives

63.17) ALY 881 = wlo5 98] =0,
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Interestingly, the vacuum S-matrix element (3.3.16) diverges when RY is nonsimple. This

LIX]
same phenomenon was encountered in the analysis of the nonrational admissible-level s, minimal
models reported in [52]. To see this divergence, recall that if;] (] is nonsimple when [j’] =
[/ ((VI(1")) +x] for some i € Z3. As V(1) € I3, it can be written as T'(r, 0) for some r € P43,

However,
(3318) th (F(I’,O))-FK: %(}"1 —rz) - =
so the denominator of (3.3.16) becomes cos(r(ry — r2) — 3£) = 0.

3.3.2. Grothendieck Fusion Rules for BP(u, 3). With the ‘S-matrix elements’ (3.2.31) and
(3.3.16) in hand, we are now in a position to compute the Grothendieck fusion rules of the BP(u, 3)-
modules using the standard Verlinde formula (3.3.2b). The first and most important fusion rule is
that between the standard modules.

The S-matrix for an £ # 0 standard module can be expressed in terms of that of an £ = 0

standard module by

m,[k],[px] 27t (2Kl +j'—x) cms [k, (1]
3.3.19) Sf,[j],[/\] =e S UL -

By the standard Verlinde formula, this means that

[// [ Il] [/1//] ) _ ([/I _ [I _ [, [j//], [A//]
&L e L)) oL IAL o) [A])

r -1 . . 14 D
for all £,¢” € 57.. In other words, the Grothendieck fusion rule for [93[].],[ /1]] X [(R[j,],[ /1']]

(3.3.20)

may be

obtained by applying o+’ to the rule for [f]i[j],[,l]] = [ﬁé[]‘/]’[/y]].

Theorem 3.3.6. Let k be admissible with v = 3. Then for all £,t’ € %Z, [/.[J'] € R/Z and
[Al, [A'] € Tu3/Z3, the Grothendieck fusion rules of the standard BP (u, 3)-modules are

(320 (R )@ (Rl = D) NG (R ]+ (R [/1”]])'
V| Tos /25

Proor. The desired Grothendieck fusion coefficients are given by the standard Verlinde for-

mula (3.3.2b) with £ = ¢/ = 0. Using (3.2.31) and (3.3.16),

(3.3.22)

W; W3 W *
£ 17 147 ) =3 SULE> WL (S (A7, (1 ]) 3 e 2
0, [j1. [Al O, [J']. [2] sWs

(1] vac.,[p] meZ.

/ 212 (k=102 o5 (3 (k — x) ) d[k]
R/Z
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DS = L+ 57 = 2x0")) (S + B 1)

= N (171 = L+ 57 = 401) 8o+ 8(L7) = [+ 7 + 21 61 ).
Substituting this result into (3.3.2a) and applying o** to both sides recovers (3.3.21). [

The asymmetry in the shifts of the spectral flow indices and Jp-eigenvalues in (3.3.21) is a
reflection of our choice of conformal structure: the fields the conformal weights of G* and G~ have
different conformal weight with respect to L(z) (1 and 2 respectively).

As the Grothendieck fusion rules do not depend on the choice of conformal grading, it is easy to
translate (3.3.21) to a more symmetric setting. Under the conformal structure defined by L(z), G*
and G~ both have conformal weight % The positive-energy relaxed modules under this conformal
structure are the twisted BP(u, 3)-modules SR‘[W] (] whose Grothendieck fusion rules are much
more symmetric:

(3.3.23)

[ (Rtw LIAL ] = [‘7(, Rt[‘jj ] ] = [‘rRlE]i;ﬁz [/1] [SRE i,iz [;v]]

= Z NW% [;' ] ( [Rﬁfjﬂz;c],[/v’ ] [R[]H "+4x], [/1”]])
(A”]€lus3/Zs

W3 [A” ¢
= Z N I [A’J]([O-Hf w2 (Rt[‘;/ﬂ -3k], [/1"])] + [ e (Rw]vﬂ "+3k], [/1”])])'
[A']€ly3/23

The remaining Grothendieck fusion rules of BP(u, 3)-module are straightforward to compute. As
every highest-weight BP (u, 3)-module is type-3, any such module can be written as a spectral flow
of one whose highest weight corresponds to s = [1,—1,0]. Moreover, as the standard one-point

functions are linearly independent, (3.3.8) lifts to the following identity in the Grothendieck group:

(3320 3745 Z< DP([R[G 581 = RSG5 1™+ [R5 51™0)

Corollary 3.3.7. Let k be admissible with v = 3. Then for all ¢,t’ € %Z, [/'l e R/Z, r € P;‘3,

and [A'] € T, 3/Z3, we have the following Grothendieck fusion rules:

(3.3.25) AP LS TR (Rl = 20 N (RG]
[A"]€lu3/2Z3

Prookr. As in the proof of Theorem 3.3.4, we rewrite the standard modules in the form required
by the standard-by-standard rules:
(3.3.26)

r rr DIn+l In+4 In+7
BN Z( ([R5 aertreon] = (B e nieon] * (B iusetreon] )
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By fusing both sides with [i[ fan )v]] and applying the standard-by-standard rules (3.3.21), almost
every term cancels and we arrive at the £ = £ = 0 version of (3.3.26). Applying o“** to both sides

recovers (3.3.26) in full generality. |

The highest-weight-by-standard Grothendieck fusion rules can also be obtained by directly apply-
ing the standard Verlinde formula (3.3.2b), in light of Theorems 3.2.10 and 3.3.4. This approach
is particularly quick as the cosine in the denominator of (3.3.12) does not depend on the weight
I'(r,0).

The only remaining Grothendieck fusion rules are the highest-weight-by-highest-weight rules.
For this, recall from Theorem 1.3.7 that W3 (u, 3) fusion coefficients may be expressed in terms of

fusion coefficients for the rational sI3 minimal model L,_3(sl3):

W3 [17] u-3r”
(33.27) N = A

As made clear in Theorem 1.3.7, such decompositions require choosing representatives of the in-
volved A € [A] so that T = [r1, 2] € Q, the root lattice of sI3. Since

(3.3.28) V(r) -7 = uw; mod Q,

u ¢ 37 implies that such representatives always exist and are unique.

Corollary 3.3.8. Let k be admissible with v = 3. Then for all ¢, € %Z and all r,v" € P;‘3, we

have the following Grothendieck fusion rules:

(3.329) SR RS L

r"eP“ -3

Prookr. Substituting the primed version of (3.3.26) and applying term by term the highest-
weight-by-standard Grothendieck fusion rule (3.3.25) results in

G330 (375 s ]
[T(".0)] n
F(ZO)]NWOH (o)} Z( D" ([R5 sr-261 i on]

On+4
=[RS iy anireon]

9n+7
+ [R5 srsmnireon )
What remains to show is that for each [T'(r”,0)] € I,,3/Z3, the sum over n is [J—C[ o rl 7 ]] for

some unique r’’ € P{~ 3. There are three candidates for r”’ as the Z3-orbit is fixed. The desned r’

must also satisfy [j(r”)] = [j(r) + j(r")] (by the double primed version of (3.3.26)).
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To show that this constraint picks exactly one representative of the Z3-orbit, recall from (3.3.10)
that j(r) € %Z. On the other hand, an easy calculation gives j(V(r)) — j(r) € Z+ 3. Since u ¢ 3Z,
it follows that the three elements of the Z3-orbit have distinct charges modulo 1. There thus exists a
unique r”’ that corresponds to a weight in the required Z3-orbit and satisfies [j(r")] = [j(r)+j(r")].

It only remains to replace the W3 (u, 3) fusion coefficients in (3.3.30) by L,_3(sl3) ones. We
may choose the representative r’’ to satisfy r”’ € Q, but we cannot assume that r or r’ satisfy the

analogous constraints. Thus, (1.3.37) gives

W [T(r,0)] _ 3 _\u=3 VIR
(3331) N[F?r,O)] [T(r,0)] NUV’"(:) vr(r) — Nr,r’ >

for some m,n € Zs. This fusion coefficient is zero unless 7 + r’ — V""‘—”(r”) € 6, by the Kac—
Walton formula (1.2.14). It can therefore be nonzero for at most one —m — n € Z3, by (3.3.28).
We may therefore replace the sum in (3.3.30) by one over all r”’ € P;‘3, dropping the constraint
(r"™)] = [j(r)+j(r")], because the L,_3(s13) fusion coefficient is zero when this constraint is not

satisfied. []

Theorem 3.3.6, Corollary 3.3.8 and Corollary 3.3.7 taken together specify all Grothendieck fusion
rules of BP(u, 3) minimal models.

An interesting consequence of what we have found is the Grothendieck fusion of [ Ou 13 8]
with another highest-weight module. Let 0 = [u — 3,0,0]. The fusion rule (3.3.29) and (1.3.36)

now give

(332 ([ lm (o] P a1 = D) s lae A )

r”eP” 3
3 V (r/’) r// rl/ r//
Z N~ [ [0 1 2]
o,r 1 -10
repu
= > ST E = oA
r”EP“ -3

[OOUS]

This, and another nearly identical calculation for JH proves the following proposition.

These computations prove the existence of simple currents in the fusion ring of BP(u, v). That is,

modules that act invertibly on the fusion ring under the fusion product.

Proposition 3.3.9. Let k be admissible with v = 3. Then, H [(1) “__13 8] and H [(1) _01 “63] are simple

currents of order 3, inverse to one another. Their highest weights (with respect to Jy and Ly) are
(33.33) (8) = (+45242)  and - (j.8) = (1524,

respectively.
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Additionally, observe that Corollary 3.3.8 shows the existence of a set of BP(u, 3)-modules labelled
by weights r”’ € P;‘3 having Grothendieck fusion rules with coefficients given by the fusion coef-
ficients of L,_3(sl3). One might reasonably suspect that if the Grothendieck fusion rules (3.3.29)
can be upgraded to genuine fusion rules, these highest-weight BP (u, 3)-modules can be identified
with L,_3(sI3)-modules in a fusion-preserving way. The following proposition says that this is the

case.

Proposition 3.3.10. Let k be admissible with v = 3. Then, the fusion subring of BP(u, 3)-modules
generated by the J [ T ] € X3, Is isomorphic to the fusion ring of the affine vertex operator

algebra L,_3(sl3).

Proor. By (3.3.29), the Grothendieck fusion subring generated by the [F[ 7 "} 3 ]] is clearly
isomorphic to the fusion ring of L,_3(sl3). An obvious isomorphism consists of identifying the
simple highest-weight BP (u, 3)-module 3| ? " 7 | with the simple highest-weight Ly_3(s3)-
module £, whose highest weight is r = [rg, rq, 2].

To show that this gives an isomorphism of fusion rings, we only need to show that the BP (u, 3)-
modules of the form I [ TG ] generate a semisimple fusion subring. That is, that (3.3.29) can
be lifted to a genuine fusion rule. For this, it is useful to consider the weight r = [u — 4, 1,0]. The

L,—3(sl3) fusion coefficients on the right-hand side of (3.3.29) (when one of the weights on the

left-hand side is [u —4, 1,0]) that appear can be computed using the Kac—Walton formula (1.2.14):

(3.3.34) L[u_4’1)0] X L[r' r

(AR

] = L —irae] @ L r-11 © L r— 1411

Here, the modules appearing on the right-hand side are understood to be O if the r-labels do not
define a weight in P;‘3. It follows that

(3.3.35)

(e et 4 91T [ae| 7 g | = [ o et | Lo st ) Lo L

where again, the modules appearing on the right-hand side are understood to be 0 if the r-labels do
not define a weight in P;‘3. To see that (3.3.35) can be lifted to a genuine fusion rule, it suffices to
show that the fo—eigenvalues of the highest-weight vectors of any two of the modules appearing on
the right-hand side differ by nonintegers. That is, that these modules admit no nonsplit extensions.

A straightforward calculation shows that this is the case, and therefore

(3336) H[U* O]Xi}f[’lé r/rog]:}c[ 11r1+1r;]@g{[ P+l rlr ]@g{[o 111r§0+1]'

An identical approach yields an analogous result for r = [u — 4,0, 1]. It can then be shown that

H [ u=4 1 0] and fJ-C[ u—4 _0 | ] generate the desired semisimple fusion subring of BP(u, 3). [
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3.3.3. Examples. We conclude our v = 3 studies by revisiting one of the examples from

Section 2.3.5.

ExampLE (BP(4,3)). Recall that the minimal model BP(4,3) has level k = —% and central
charge cBP —1 with respect to the conformal vector L.

There are 9 untwisted highest-weight modules that are arranged into 3 spectral flow orbits as

follows:
S H[G O S KL S H[GE] S
(3.3.37) D IO S K[ S H[E] S
S H[G L] S H[ ] S H[§05] S

The first line in (3.3.37) consists of spectral flows of the vacuum module, while the remaining
modules are spectral flows of the simple currents from Proposition 3.3.9. Therefore the fusion
rules of highest-weight modules are determined by (3.3.32) (and the [0, 0, u — 3] version) and the

fact that fusion with the vacuum does not change the module. For example,

(3.3.38) HH O xH[§00] = o7 (FH [T L 0]) xa(H[9 % 6])
~H[9 L 0] x K0 O 6]
:J{H—lgl

There is a single family of twisted relaxed highest-weight BP (4, 3)-modules th["]YJ’l AP where [A] =
[F[(l) 8 8]] € Iu3/Z3 and [j] € R/Z. We shall simplify the notation by dropping the dependence
n [A]: thW] = Rtw Liay- The condition on [j] for iRt[‘;.’] to be simple is j + %, 3, % (mod 1),
by Theorem 2.3.25. When j assumes one of these values, Rt[";] is nonsemisimple with G, acting
injectively.
The highest-weight-by-relaxed Grothendieck fusion rules are easily obtained as every highest-

weight BP (4, 3)-module is the spectral flow of the vacuum module or a simple current:

(33.39) [0 L 01T & [RY] = (R

using (3.3.25). If the relaxed module on the left-hand side is simple, then so is that on the right.

We therefore obtain the following genuine fusion rule:
010 t gl 1
(3.3.40) Y L xR =R sy T E3Z+5
The remaining Grothendieck fusion rules are the relaxed-by-relaxed rules, which are given by

<3‘3'41) [Rt[vjv]] X [Rt[v;’]] = [ 3/2(RWJV+] +1/6])] [ (:Rt\j+] 1/6])]
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By comparing conformal weights for the summands on the right-hand side, we conclude that this
can be uplifted to a genuine fusion rule for almost all j:

~ ~3/2 -3/2 VA
(3.3.42) :Rt[‘;] . :Rt[‘;’] =o'l (Rt[\;{+j’+1/6]) &0 (Rt[\}lﬂ’—l/b])’ J+J €32

When j+ j' € %Z, we conjecture that the fusion product is nonsemisimple. In fact, we expect that
the fusion products are staggered BP (4, 3)-modules in the sense of [120)].

Recall that BP (4, 3) is known to be a Z3-orbifold of the Py ghost vertex algebra B. The field
identifications were given in (2.3.58). In the opposite direction, the simple current extension of
BP(4,3) corresponding to TH[? 4 8] and TH[? 9 (1)] is the vertex operator algebra B’, whose

vacuum module decomposes as

(3.3.43) B =3[9 8][40 e[ 4]

It is easy to check that the field p(z) of weight (%, %) and the field y(z) of weight (—%, %) generate a
copy of the bosonic ghosts vertex operator algebra in B’. As the generating fields of BP(4,3) can
be expressed in terms of f and y, B’ ~ B.

The simple current orbits
3344 H[p S e[ ]eH[ L] and H[GFo]@H[§o0] @3H[o00]

are not B’-modules as they are not %Z—graded by conformal weight. In fact, 6*(B’) is an untwisted
B’-module (is %Z-gmded) if and only if £ € 37 and is a twisted B’-module (is Z.-graded) if and
only ift € 3(Z + %) This reflects the fact that the natural unit of ghost spectral flow is o>, not o
(see [144, (2.2)]).

Consider the simple current orbit of the twisted relaxed highest-weight BP (4, 3)-module:
_ pt t t : 1
(3.3.45) By = 92[‘;?_1/3] ® R[‘]”.] ® R[V]YHm, [j] € R/3Z.

Conformal weight considerations show that it is a simple twisted B-module for all [ j] + [[é]]
Thus we have constructed two classes of (untwisted or twisted) B'-modules: o*(B’) and 0[(3[[ j J])
with either £ € 3Z. or £ € 3(Z + %)

Fusion rules for these B'-modules may be obtained from the BP (4, 3) fusion rules by induction
[146], see also [48]. Those involving the simple current extension B’ (and its spectral flows) are

obvious, so the only nontrivial fusion rule is

(3.346) By x By = (Bpipaje)) ® 0 (Bpper) [+ 51 0]
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Unsurprisingly, this fusion rule is identical to the bosonic ghosts fusion rule computed in [144,

App. A], up to rescaling charges and spectral flow indices by a factor of 3.

3.3.4. One-Point Functions for Highest-Weight BP (u, v)-Modules. We now turn to the gen-
eralisation of our v = 3 modularity results to v > 3. Here, there are always highest-weight modules
of every type. The same strategy as before largely works in this context too: construct resolutions
that express the one-point functions of the highest-weight modules in terms of those of the stan-
dard modules and use these to obtain modular transformations. The technical complexity of the
computations increases considerably and so we shall not be exhaustive in our investigations.

The first order of business is obtaining resolutions for highest-weight BP (u, v)-modules. Since
spectral flow is an exact functor, it suffices to choose a representative highest-weight BP (u, v)-
module in each orbit. We therefore take I'(r,s) € %, to be as in Corollary 2.3.23, thus the leftmost
in its orbit (as pictured in Figure 1). Then, s, # 0 and Proposition 3.3.1 gives the following short

exact sequence:

(3.3.47) 0— KDL 2] — R[D L 2] — Hns) — 0.

so si+1 sp—1 so s1+1 sp—1

Note that H[§ (/1; ;.7 | is rightmost in its orbit. As long as s, # 1, it is type-1 and thus also
leftmost. The sequence (3.3.47) can therefore be spliced until we reach a highest-weight module
with s, = 0 which is no longer type-1.

What results from this procedure is the exact sequence

ro r rnis oSrro rn ris-1
0_)9{[50 S1+S2 0] _):R[so si+sy 0 -

(3.3.48) _ L
oo Rl al] 2 Rl i 61 ] = Hins) — 0.

S0 S1+2 $2-2 so s1+1 sp—1
Resolving highest-weight modules therefore reduces to resolving those with s, = 0. Indeed the
module i]-f[ ;g 51252 roz] = J'C[ Qg \,_Q_SO roz] is type-2 if sp # 0, and type-3 if sop = 0. Being rightmost
in its orbit, this module is therefore obtained from the leftmost by applying one or two units of
spectral flow, respectively. By Theorem 2.3.21,

1 .
ro o ris U‘C[ V_SI—SO 121 ;8 ]32+ if so # 0’
(3.3.49) H] N

so si+sy 0 )
KGN L if so =0.
The modules on the right-hand side are now leftmost in their orbits and are therefore fit into a short

exact sequence of the form (3.3.47). We can therefore iteratively splice spectral flows of (3.3.48)

to obtain the desired resolution for s; = 0 highest-weight modules.
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If we start with a highest-weight module having sp = 0, then all the sequences (3.3.48) to be
spliced together will have sy = 0 and the resolutions will only involve type-1 and type-3 highest
weights.

Similarly, if we start with sy # 0, then the sequences being spliced will all have sp # 0 because
H(r, s) was chosen to be leftmost in its orbit and so we cannot have sy = v—2. Thus the resolutions
will only involve type-1 and type-2 highest weights.

The easiest resolution obtained in this manner are those involving type-3 BP(u, v)-modules.
Of course when v = 3, these are the only highest-weight modules in the spectrum. The following
proposition (along with its spectral flows) is therefore a generalisation of Proposition 3.3.2. Note

as well that the the vacuum module is always type-3.

Proposition 3.3.11. Let k be nondegenerate-admissible. Then, the BP (u, v)-modules of the form
H [ré) g g ] (chosen as in Figure I to be leftmost in its spectral flow orbit) is resolved by the non-

simple standard modules as follows:

(3.3.50)
N Ejé[r(;) Vr_13 r& ]52—1+3v NN a‘i[rg rll vr_z4]s2+3+2v _ :‘J‘i[rg ,8 vy_23]sz+2+2v
_ a‘é[g Vr_23 ré)]sz—l+2v NN jz[rl r Vo $p+3+v i[g r& Vr_03 $2+2+v
— R[G5 — = RG] - RG]
—R[BLE]T o o RG] S R[C g o H[G 2] 0.

The resolution for sgp # 0 is somewhat more complicated.

Proposition 3.3.12. Let k be nondegenerate-admissible with v > 3 and suppose that sy # O.
Then, the BP(u,v)-module H(r,s) (chosen as in Figure 1 to be leftmost in its spectral flow orbit)

is resolved by the nonsimple standard modules as follows:

(3.3.51)
fR | 3v+sp—1 ji rory  n 3v—s; j‘i rory  n 3v—s;—1
: ? [sov3500 ? [solv—4—so] ? [SoOV—3—$0]
D r ro ry13v-si-3 D ry rg rp 12visa+2 o rorg rp (2v+sa+l
? jQ[V—Z—so so—1 0 ] > ? 32[v—2—so 1 50—2] ? R[V—Z—SO 0 so—l]
r 2v+sy—1 rnr rn 2v—s) Srrirn r 2v—s;—1
> :R[so v—3-sp O AERE ? :R[ 1 v—4-s9 ? :R[so 0 v-3-59
D> ro ry ry12v-s;-3 ry ry Jv+sa+2 D> ro r ry qvtsatl
:R[ V—Z—S() S()—l 0 * :R‘[ vV— 2 S0 1 So— 2 :R[ V—Z—S() 0 30—1
ro ry v+s2—1 o[ ri V=51 ol ri v—si—1
EiR[sov3500] ER[SO 1v—4—so] a:R[so()v—3—so]
= T ra rov-si—3 rn r sH+2 o 7 r r sp+1
) ‘IR[V—Z—SO so—1 0 > ? fR[v 2—sy9 1 sp— 2] ) ‘,R[V—Z—so 0 so—l]

s—1 1
—>R[sov ;l S0 02] ? —_— ... —>:R[so S|r-}-2 s;22] — R[so slr-}-l szrzl] —)fH(r,s) — 0.
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The type-3 resolution (3.3.50) may be recovered from (3.3.51) by setting sp = O, i.e. by delet-
ing every second line. As for v = 3, the one-point functions for spectral flows of highest-weight

BP(u, v)-modules are easily obtained from the resolution (3.3.51).

Corollary 3.3.13. For k nondegenerate-admissible, the one-point function of H(r,s) (chosen as in

Figure 1 to be leftmost in its spectral flow orbit) is given by

(3.3.52)
sp—1

h[3(r,5)] = Z( D™ ch[R[ D g it syt 7]

00501

+ Z Z( 1)s2+m+nV(Ch[:R[v ", :,zl w r’(:l | m+3nv+sz+l]

n=0 m=0

+( 1)v Ch[iR[ r r ]m+(3n+l)v+sz+l]

v2$0msom1

(;B [:’}"z [ rp rp ] m+(3n+2)v+sz+l] )

v—2-sy m sp—m—1
oo v-3-s9

n=1 m=0

so m v—=3—sp—m

(- l)sl+m+nv( [i[rz 7o r ]m+(3n—2)v—51—1]

" (_1)\, &l[i[rl ) ro ]m+(3n—1)v—sl—l]

so m v—=3—-sp—m

SR[R[M V_3_r§0_m]m+3nv—sl—l]).
The one-point function of the spectrally flow module H(r, s)’ with £ # 0 is obtained from (3.3.52)
by simply adding ¢ to all spectral flow indices on the right-hand side.

The most important highest-weight module is the type-3 vacuum module which has r = [u —
3,0,0] and s = [v — 2,—1,0]. The one-point function formula (3.3.52) simplifies greatly for the
vacuum module. In fact, it simplifies considerably for all type-3 BP(u, v)-modules. Rather than
choosing the representative of highest-weight type-3 modules to be the leftmost one in Figure 1,
we shall find it convenient to choose the middle module as the representative of the type-3 spectral

flow orbits. In particular, the vacuum module is such a type-3 representative.

Corollary 3.3.14. For k be nondegenerate-admissible, the one-point function of the type-3 module
H[ I\ 3] is given by

(3.3.53)
v—3

(o]
~ m+3nv+1
ch[3¢[ % B = D (=0 (G R A, )

n=0 m=0
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0 mv-3-m 0 mv-3-m

+(-1)Vc [ nr n ]m+(3n+l)v+l]+&1[ﬂ~2[r2m " ]m+(3n+2)v+l])

W

v-3 2
Z( )m+(n+i)v al[fjé(vi—l(r), [O, mv—73— m])m+(3n+i)v+l] )
0 i=0

Mg

S
I
(=]
3
I

Before turning to the modular transforms of the type-3 one-point functions, we generalise the no-

tation (3.3.10) tov > 3:

jrs) = j(T(rs) = 3(r1—r) = £(s1 —s2+ 1),
(3.3.54)

th(r’S) :j(r5s) +K= %(r] - rg) - 3%(31 —32) —_ %

For each = I[ ", | 3] € 2y, we define the convenient notation A = A + (wy — i), noting

that
(3.3.55) A=T[% %€z = A2=T[,%5 5]l

The S-transforms of the type-3 one-point functions when v > 3 are found in a similar way to those
forv = 3 in Theorem 3.3.4. The main additional complication is the presence of one-point functions
of standard modules with differing s labels. The saving grace here is the relationship between the

W3 S-matrix and characters of simple highest-weight sl3-modules described in Section 1.3.3.

Theorem 3.3.15. Let k be nondegenerate-admissible and let A = F[ o0 ] € X,y. Then for all

t € Z, the S-transform of the one-point function of o*(H;) = H [ O] ] is given by
-~ T 4 ’ 7 ’
(3.3.56) s{eh[o*(30,)] } = |—.| Z/ > SUMIIRE, ] dl
T R/Z [A]€luy/Zs
where the entries of the ‘highest-weight S-matrix’ are given by

27 (2x(e=1/2)0+(e=1/2) (j =) +j () ¢')

3.3.57 Syt = gt
( ) £A [ALIAT2 cos (37 (j = k) = Diez, 2c0s(ma;(j7, 1))

and a;(j,A) = (j — k) + 2j™(Vi(})).

Proor. Let r = [rg,r;, 2] ands = [v —2,—-1,0], so that A = T'(r,s). The relaxed modules
appearing in (3.3.53) have linearly independent one-point functions, so the ‘highest-weight’ S-

matrix element corresponding to of (3(;) and fR‘E A

(3.3.58)
co v-3
v, [J] (V] manv ([ 1.IXV]
S Z(:) Z;)( 1) (St’+m+3nv+l (V=1 (r),5m)+x ], [T(V-L(N),5m) ]
n=0 m=

+(_1)vsf L]

t+m+(3n+1)v+1, [V (r,sm)+x L [T (rsm) |
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+ Sf', ['LIV] )
t+m+(3n+2)v+1, [V (V(r),5m)+k [T (V(r),sm)] )’

where s, = [0,m,v — 3 — m]. Extracting the n dependent factors on the right-hand side using

(3.2.31) and summing over n gives

N _1\nv —27ri(3v(j’—l<)+6w<t”)n: 1
(3.3.59) Zé( 1)™e e
n=,

using that 6vk = 2u — 3v. To simplify the n-independent part, first note that
(3.3.60) ™(V(N,9)] = [V (rs) + 5], [6vi™(A)] = [V]

for all A’ € T,,. The W3(u,v) S-matrix entries in (3.3.58) (after expanding the BP S-matrix
elements according to (3.2.31)) are related by (1.3.26). Putting this all together, the n-independent
part of (3.3.58) reduces to

(3.3.61)

1-— (_ l)ve—67riv(j’—1c)

1-— e—27riv(j’—1<) e27rivjtw A)

v=3

. _ym =27 (e+m1) (j' =) j—dai (e+m+1) € —27i i (V7 (r),5m) ¢ W3
Z;)( 1)"e e e SI0(v-1(05m L 11)
m=

What remains to evaluate is the tricky sum over m. Note that when v = 3, only the m = 0 term
remains and we get the S-matrix element (3.3.16).

To attack this sum when v > 3, firstly note that
(3.3.62) ™ (rsm)] = [J™(r,s0) — 2xm].

The W3(u,v) S-matrix entries in (3.3.61) can also be simplified using Proposition 1.3.5:

Shvs S
(3.3.63) [T(V-'(0).5m)LIV] _ T[TV (sm))).[T(r.s)]
e SW3 B SW3

[T(r,V(s0)].[A] T(rO)L[T(r.s)]
— e2ni(r’+ﬁ,V(sm))XV(sm) (557)

— eZnim(F+ﬁ,w2)me2 (557),

where A’ = I'(r’,s"), 0 = [v —3,0,0] and Y, (&) is the character of the simple highest-weight

sl3-module mez evaluated at the sl3 weight

(3.3.64) £ = —2mid(s' + ).
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The sum over m in (3.3.61) thus simplifies to, using that [A] = [['(r, V(sp))],

v=3
(3.3.65) e—27ri([+1) (j'—x) e—47ril<(t’+1)t”e—2ﬂijtw(V'l (r),so)['s\[/zi,[/vj Z xm)(mwz (§§)3
m=0

where x = —e27i((7+5.02)=(/"=K))  The remaining sum over m can be evaluated (see Section 3.3.5)
and is given by

-3 _ . S N tW oy
(3.3.66) S (85 = U0 L= e
e mao \>g/ =
m=0

8 sin(rcy) sin(mcy) sin(mes)’

where ¢; = (j' —x) — j*(V*(1’)). Finally, putting (3.3.59), (3.3.61), (3.3.65) and (3.3.66) together,
we obtain
&2 (E-1/2) (' ~K) g=4rin(e4+1) € g2 (V! (Ds0)

3.3.67 A N
( ) &A 8 sin(7cy) sin(rey) sin(7re3) [ALIA]

The proof is completed by applying the trigonometric product-to-sum formula twice:

(3.3.68) 8 sin(rey) sin(rrey) sin(re3) = 2 cos(37(j" — k) — Z 2cos(ma;(j', 1)),

i€Zs

where a;(j, 1) = (j — k) +2j™(V(1)). [

Observe that the denominator of the S-matrix entries (3.3.57) only depends on j’ and A”: the de-

pendence of S?;l[j LT 6 the type-3 module fHﬁ is confined entirely to the exponential term and

the W3 (u, v) S-matrix element. This will prove useful when calculating Grothendieck fusion rules

involving type-3 modules.

As always, the S-matrix elements involving the vacuum module Hy,, = H[ 43 © 3] are of

particular importance in Verlinde computations. These will again be given the special notation

LIV _ <L LIV
Svac. - SO,kwo :

Corollary 3.3.16. Let k be nondegenerate-admissible. Then,

(3.3.69)
gl LLIAT _ gWs Wi —gWs

e27ti1<t” en’i(j’—;c)
, , S , e
vac. vac.,[A’] 2COS(37I(j' _ K)) _ Zi623 2cos(na,-(j’, )L’)) vac.,[A’] [@],[A ]

As the denominator of (3.3.69) is proportional to sin(cy ) sin(cy ) sin(cs) (see (3.3.66)) it van-

ishes if and only if one of the c; is an integer. This is equivalent to having
(3.3.70) [T = [™(V'(A) +«]

for some i € Z3. Therefore the vacuum S-matrix elements again diverge precisely when i‘[”j,] ]

is nonsimple.
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3.3.5. A Character Identity. This section is devoted to the proof of the character identity
(3.3.66). The techniques used here are largely independent of the previous sections.
To begin, given that y,, = €2 +e®17“? + 7! and mez is isomorphic to the m-th symmetric

product of sz, the character of mez is
(3.3.71) Xmeos = him (62,7172, €71,

where h,, is the m-th complete symmetric polynomial. The following proposition evaluates the

required weighted sum for general arguments.

Lemma 3.3.17. Let x, X1, Xp, X5 € C be such that the X; are distinct and x # Xl.‘l,for alli=1,2, 3.
Suppose further that X} = X = XJ for some v € Z33. Then,

v-3 1= xvXY
33.72) DX (X1, X, X3) = * o
G m (X0 X0 0) = T R T =) (1 =X

m=0

Proor. By computing a partial fraction decomposition for the standard generating function of
the complete symmetric polynomials, we arrive at the identity

+2 +2 m+2
XT X5 X3

(B.3.73) hm (X1, X, X5) = (X1 - X2) (X — X3) ¥ (X2 = X)) (X2 — X3) ¥ (X = X1) (X3 - X2)

Since X} = X7 = X7, explicit calculation now gives

v-3

(3.3.74) Z x™hp, (X1, X2, X3)

m=0
_ XF(1—x"72X{7%) N X3 (1 —x"72Xy7%)
(X1 = X2) (X1 = X3)(1 —xX1) (X2 — X)) (X2 —X3)(1 —xXa)
X3(1—x"72Xy7?)
+
(X3 = X1 (X3 = X2) (1 — xX3)

_ X - x"72Xy N X7 - x" 72Xy
(X1 =X2) (X1 = X3) (1 —xX1) (X2 = X1) (X2 — X3)(1 - xX7)
X2 - x'2Xy

¥ (X3 = X1)(X3 = X2) (1 — xX3)
B l—x"Xﬁ’
T (I =xX)(1 - xX) (1 - xX3)

Proposition 3.3.18. Let k be nondegenerate-admissible, [A'] = [['(r',s")] € Tuv/Z3, [j'] € R/Z,
&5 be as in (3.3.64) and x = — 2 (P +piwr)=('=x)) Then,

(3.3.75) vz_i X Yo (65) = (1 _ o 27V (k) g2riv j‘W(/l’))

m=0

e37ti (j'-x)

8 sin(mey) sin(srey) sin(res)’
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where ¢; = (j' — k) — j™(VI(1)).

Proor. For each sl3-weight o, we have
(3.3.76) (e<“)’§?'>)v = g 2miu(@S4D),
which is clearly invariant under shifting by elements of Q. It follows that if we set
(3.3.77) X; =% X, =el01me2i) and Xz = TN,

then X} = X5 = X7 This allows us to apply Lemma 3.3.17, which results in

v=3 v=3 1 = xVXxV
3.3.78 ™ e (E5) = MR (X1, X0, X3) = 2 .
(3.3.78) mZ:Ox Konin (&) ,;)x (XXX = T T (=)

Since

(33.79)  (F+p-U(s+p),w) = 2(r| +2r5+3) — £(s] +2s5+3) = jV(VZ(X)) + 3,

(3.3.79b) (F+p -4 +D) w1 —w) = V() + 4,
(3.3.79¢) (F+p — 45 +p), ~w1) = j™(VI)) + 1,
we obtain

(33.80) xX; = 22T (V)

Substituting into (3.3.78), we arrive at the desired result by rearranging the exponentials and ob-

serving that Y.z, j™(Vi(1)) = 3. .

3.3.6. Grothendieck Fusion Rules for BP(u, v). We now have all the information necessary
to apply the standard Verlinde formula (3.3.2b) and obtain the standard-by-standard Grothendieck

fusion rules for BP(u, v).

Theorem 3.3.19. Let k be nondegenerate-admissible. Then for €, ¢’ € %Z, [jI. J]” € R/Z and
[Al, [A'] € T,y /Z3, the Grothendieck fusion rules of the standard BP (u, v)-modules are

G381 Ry ] 8 (R ] = ) ]Zr: /Z N (R 1] + (R by )
e uv 3

W3 [A7] De++1
+ Z Z ( [ALIT(V,8 —wi+wir1)] [R[j+j/—2;<],[/1”]]
/1”]61““ V/Z'; i€Zs

Ws [17] e+
N [ALIT(r.s"+wi=wis1) ] [y[jﬂ’],[/\"]])’

where A’ =T(r',s’).
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Proor. As in the v = 3 case, we apply the standard Verlinde formula (3.3.2b) with £ = ¢ = 0
using (3.2.31) and (3.3.69):

(3.3.82)
W3 Wi Wi *
e 1571, [A7] ) _ S 1AL 1) 1) (S[A”] [u]) Z o2 (4] =" =2K")m
O.UL 1AL 0LV & s s‘V’an”[”] ~

. / 27 (¢7=1/2) (k=r) (2 cos(37(k — x)) — Z 2 cos(ra; (k, ,J))) d[k].
R/Z

i€Z3
The Grothendieck fusion coefficient thus naturally splits as a sum of two contributions. That which

involves the term 2 cos(37r(k - K)) is identical to the v = 3 coefficient computed in Theorem 3.3.6:

(3.3.83) N (BT = U+ 7 = 4k1) 82+ 8(1571 = [+ 7+ 21) 8.1 ).

The remaining contributions involving 2 cos(ra; (k, 1)) simplify to

(3.3.84) ( )*
W; W3 gWs

_ Z Z Zeznisjm(vi(,,)) AL T VLl T 7))

. gWs
[p] €Ty /25 e=+1i€Z;3 vac., [¢]

S(L7"1=1+J" = (1=e)k])8p 1. (1-)-

This contribution can be evaluated with help from (3.3.79) and the W3 S-matrix identity Proposi-
tion 1.3.6 (with t = wy):

2if™ (Vi(p)) W3 W3 _ W3
(3.3.85) D¢ St = ~Sthrseon L inl =~ 2SI ssorom Ll
i€Z; i€Z3

where I’ = I'(r’,s’). Similarly, t = w; results in

=2mij™ (Vi) W3 W3 W3
(3.3.86) D SirLi = ~Sitrseonin =~ 2SI —omom Ll
i€Zs i€Z3

Ass € P‘;3, the weight s” + e(w; — wi41) is either in P‘;‘3 or it lies on a boundary of a shifted
affine alcove, in which case the corresponding S-matrix entry is 0 (see (1.3.28) and the surrounding
discussion). The [u]-sum in (3.3.84) therefore evaluates to

W3 [A7] 1 -
(3.3.87) D D N oy S = L+ 7 = (1= k1) 8 11y

e=x1i€Z;3

where the W3 (u, v) fusion coefficient is understood to be 0 whenever s’ + e(w; — wiy1) ¢ P‘;3. [

Reassuringly, all the standard-by-standard Grothendieck fusion coefficients are nonnegative inte-

gers.



3.3. Fusion Rules for BP Minimal Models 115

Asinthe v = 3 case, the asymmetry in spectral flow indices and Jy-eigenvalues can be remedied

by recasting the (3.3.81) in terms of the twisted modules iR LT

(3.3.88) [0 (R} )] = [0 (R )]

_ W3 [17] L+0'+3/2 (ept
= >, N ([” (R4 31,071
A//]Eruv/z'i

W3 [A] 4172
* Z Z (N ] ALT(r.s'~a; +wz+1)][ gt/ (:Rt[vjvﬂ -x], [/1”])]
(A7) eluy/Z3 i€Zs

)] + [O-[-H) e (:Rt[\;/ﬂ '+3k], [/1”])])

W3 [A7] t+'—1/2 t
NI s |9 (R o1, [m)])-

In principle, all Grothendieck fusion rules involving a highest-weight BP (u, v)-module can now be
derived using the resolutions of Section 3.3.4. The general approach being: identify the highest-
weight BP(u, v)-module M as a spectral flow of a highest-weight BP (u, v)-module leftmost in its
spectral flow orbit. Then, (a spectral flow of) (3.3.52) gives an equality between the Grothendieck
image [M] and a weighted sum of Grothendieck images of standard modules. The desired fusion
rule can then be obtained by applying the rule (3.3.81) term-by-term.

The fact that we were able to derive the type-3 S-matrix coefficients in Theorem 3.3.15 means
that we can avoid this process for the type-3-by-standard Grothendieck fusion rule, by way of the
standard Verlinde formula (3.3.2b).

Corollary 3.3.20. Let k be nondegenerate-admissible. Then for £,{ € ZZ [j'] € R/Z, A =
F[ NS N ] € Zyyv and [N'] € T,y /Z3, the type-3-by-standard Grothendieck fusion rules are

W3 [A"] e+
Z N AL [X] [:R LM+], [/1”]]'
[A]€lwv/Zs

(3.3.89) o (302)] & [y 12y ] =

Proor. By (3.3.2b), the coefficients for the Grothendieck fusion of o (9—( A) and fR L are
given by
1390 ST ST (e i) ik
(3350 n;Z‘/R [pleluy/Z3 S\’Z’c[.kj’luj 1l

Substituting (3.2.31), (3.3.57) and (3.3.69) and noting that the trigonometric factors all cancel, this
evaluates to

[A].[V]
meZ.

(3.3.91) NWs [A”] Z/ —2m 2K(f+£’/ Ym+(G(A)+j =" ym+(e+0' ") (k- K)) d[k]
R/Z

h N\[N] {j’ ]5([ 1=+ )60 eve
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More difficult are the type-3-by-type-3 Grothendieck fusion rules. Here, applying (3.3.2b) is tech-
nically demanding due to the abundance of trigonometric factors that must be handled. So we shall
compute this fusion rule using the resolutions from Proposition 3.3.12.

Noting that all standard modules in the resolution (3.3.51) are nonsimple, it is useful to consider

the type-3-by-nonsimple standard fusion rule more carefully:

(3.3.92) [/ (7) ] ® [RS] = [0 (7)) ] = [RY ]

™ (A)+x],[X]

_ W3 [A] [ e+t
- Z N[A],[/V] [R[j(/l)+jtw(/1')+'<],[/1"]]'
(] eTuv/Zs

Our first task is to show that the standard modules appearing on the right-hand side are also non-
simple.

Without loss of generality, let A’ = T'(r”,s”") € [A”] be a representative satisfying the condi-
tions required by Theorem 1.3.7. Since A, A" € I}, are fixed in the (Grothendieck) fusion of J{, and
Ry, the corresponding representatives of [A] and [A’] will have the form V™ (A) and V"*(1’), respec-
tively, for some m,n € Z3. Write A = I'(r’,0), where 0 = [v — 3,0,0] as usual, and A’ = I'(r’,s").
Then, by (1.3.37) and (1.3.36), the W3 fusion coefficient in the summand of (3.3.92) decomposes

according to

W3 [A"] _ u=3 " v-3 5"
(3.3.93) Nt = Nome, o Nem0),v(9)
oA U=3 VIR () A v=3 VIR (ST
- Nr r NO,S’
_ -3 V—m—n( //)
= Nlrj,r, r 55/,V—m—n (S”)'

Hence, the W3 fusion coefficient is only nonzero when A" = V™+" (I‘(t”, s’)), for some t”’ € P;“3.
On the other hand, if N:':? vemmr) 2 Nfr‘? " is nonzero, then by the Kac—Walton formula (1.2.14)

we must have that t”” =7 + r’ mod Q. Then,
(3.3.94) [/ () +th(/1’) +k] = [th(V_’"_"()L”)) +x] = [V, +«].

Therefore the standard modules on the right-hand side of (3.3.92) are the nonsimple modules

ﬁffzi,, oy where t”’ satisfies the equation above. That is,

(3395) Eole®l= YNGR R
t”epy-3

() 1=Li(n+i(r)]
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As in the proof of Corollary 3.3.8, the additional constraint on t” may be removed by convert-
ing the W3(u, v) fusion coefficient to a L,_3(sl3) one. Replacing t”” with r”’, the final type-3-by-

nonsimple standard Grothendieck fusion rule is

u-3 r” ’
(3.3.96) [o'(F)] = [RE] = > NeZFT[REL ).
rrePy” 3
Corollary 3.3.21. Let k be nondegenerate-admissible. Then for all £,t' € 3Z, A =T[ /)% [ 3] €
Suvand A = F[ r2] € v, the Grothendieck fusion rules between type-3 highest-weight

510
BP(u, v)-modules are

G3on o)) = 3 N e o] L

v=2-110
r’epu-3

Proor. As usual, it is sufficient to prove (3.3.97) with ¢ = ¢’ = 0. Lets), = [0,m,v — 3 — m].
Substituting (3.3.53) and then (3.3.95) into the left-hand side of (3.3.97) gives

o v=3 2
_ m+(3n+i)v+l
(3.3.98) [76:] & [Fx] = Z Z( Y9G ] @ (R e (e )]
n=0 m=0 i=0
o v=3 2
” 3n+i)v+l
— Z Z( 1)m+(n+z)v Z :NUVSl q(r) [er(tl(,ssr/::)l)v+ ]
n=0 m=0 i=0 r”ePy” -3
o v=3 2 ( :
— u—3 r’ m+(n+l)v pm+(3n+i)v+l
- > New Z oZo( D F(Vl L(r"),8)
r’e i_‘ n=0 m=0 i=
_ 3¢ VAR
= N;',r, r [J{[Vrfzi]l%]]’
rePu3
where the final equality is (3.3.53) for the highest-weight module 3{[ r02 ri; rg ] |

We therefore know all Grothendieck fusion rules between standard and type-3 BP(u, v)-modules.
Before discussing other fusion rules, we are in a position to generalise several of the results for
v = 3 from Section 3.3.2.

Firstly, as the simple highest-weight L,_3(sl3)-modules of highest weights [0,u — 3,0] and
[0,0,u — 3] are simple currents, Corollary 3.3.21 implies the existence of simple currents for

BP(u,v).

Proposition 3.3.22. Let k be nondegenerate-admissible with u > 3. Then, 3{[ 0,u 8] and
H [ V02 01 us 3] are simple currents of order 3, inverse to one another. Their highest weights (with

respect to Jo and Ly) are

(3.3.99) (J,A) = (+u 3 (u— 3)(2" 3)) and (j,A) = (_UT_3’ (U—3)é2v—3) ),
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respectively.

This generalises Proposition 3.3.9 to admissible levels with v > 3. Secondly, Proposition 3.3.10

also generalises to v > 3. The proofs are largely unchanged so we omit them.

Proposition 3.3.23. Let k be nondegenerate-admissible. Then, the fusion subring of BP(u, v)-
ro r rz] e

modules generated by the type-3 simple highest-weight BP (u,v)-modules H), A = I‘[ ve2 21 0

Suv, IS isomorphic to the fusion ring of the affine vertex operator algebra L,_3(sl3).

Of course there are highest-weight BP (u, v)-modules of type-1 and type-2 to care about. The
Grothendieck fusion rules of such modules with standard modules is manageable. The more general
highest-weight-by-highest-weight fusion rules are considerably more difficult. The reason being
that the sheer number of terms encountered when expanding highest-weight Grothendieck images
makes the result of fusion difficult to identify.

There are small cases, such as type-1 weights with s, = 1, where it is possible to identify such
cancellations but even this limited case involves handling a large number of terms.

Rather than writing down closed-form expressions for all Grothendieck fusion rules explicitly,
our philosophy is that it is better to provide an algorithmic means to construct the desired rules in in-
dividual cases. In other words, the resolutions and standard-by-standard Grothendieck fusion rules
should be enough to compute all Grothendieck fusion rules for BP(u, v) at a given nondegenerate

admissible level.

3.3.7. Examples. To illustrate the aforementioned philosophy, we will determine all of the

Grothendieck fusion rules for the ‘smallest’” BP minimal model with v > 3.

ExampLE (BP(3,4)). Consider the Bershadsky—Polyakov minimal model BP(3,4) withk = _49'1
andc = —%. This minimal model is denoted by By in [53]. By the results of Chapter 2 (also shown
in [5]), there are 6 untwisted (with respect to L(z)) simple highest-weight modules. We arrange

them as in Figure 1, also adding the action of V to the spectral flow orbits:

type-1: H[509]
\%
N\
(3.3.100) type-2: FH[99 9] = H[999
\V
type-3: 9{[8?18];%[3918]L%[8?8]

As can be clearly seen, V only acts on highest-weight BP (3, 4)-modules with infinite-dimensional

top spaces.
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In addition to these highest-weight modules, there is a single one-parameter family of untwisted

relaxed highest-weight modules

(3.3.101) Rij1 = RULIE([000L[L00D)]-

These modules are simple for all [j] € R/Z except [j] = [0], [%] or [%] The nonsimple cases

are labelled by elements of T34 according to
(3.3.102) R[§69]=Rpa R[VEH] =R R[§6] = Rpor-

By the short exact sequence (3.3.47), the Grothendieck images of the nonsimple relaxed highest-

weight modules satisfy the equalities

[Rpyar] = [#[§991'] + [2¢[9%917']:

']
(33.103) [Rya] = [5¢[988] T+ [7[988]7'],

[Rio] = [9¢[3 5 817T + [9¢[§6 9]
From (3.3.100), all type-3 modules are spectral flows of the vacuum module so their Grothendieck
fusion rules are easy to determine.
To unpack the standard-by-standard Grothendieck fusion rule of Theorem 3.3.19, observe that
I3 4 has only one Z3-orbit. Additionally, the representatives used in W3(3,4) fusion coefficients as
per Theorem 1.3.7 all have the form A =T (r,s), withr = [0,0,0] and s = [1,0, 0] because u = 3.
The relevant fusion coefficients in (3.3.81) for (u,v) = (3,4) are then

W (4] ool =6
(3.3.104) NWs Al _ et 1001y N[A] [T (rs—witwi1)] ~ 510N[oo 1,[0,0] — 8i 0,
D. AL[A 0,0],[0,0 ’
[A1.14] T N [0.01.[00] A Ws [A] = 5 oNL 100 s,

[AL [T (rstwi-wis1) ] [0,0],[0,0]

since, for example, [T(r,s — w; + wiy1)] = [T(r, [0,1,0])] = [A] wheni=0ands— w; +wiy & Pl>

otherwise. The standard-by-standard Grothendieck fusion rule is therefore

(3.3.105) [R¢

] =[RS

[]]] [Rm’l ] [iR“’

AR o ]] [:RH[ +1 ] [R[H +2]

[j+i7+1/2] [j+]

We now move on to fusion rules involving type-1 modules. Using (3.3.47), the type-1-by-standard

Grothendieck fusion rule can be easily computed and is

(3.3.106) [3[88 91T m (R ] = (RG] + RG]+ (R

The type-1-by-type-1 Grothendieck fusion rule follows from this using (3.3.103):

(33107 [H[389]1 ] m [H[§8917] = [R5+ [Rigt ] + [R5 - [3¢[99917]
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Unlike the type-1 case where (3.3.103) involves type-1 modules and type-3 modules, type-2 cases
only involve type-2 modules. So rather than using (3.3.47) to compute the type-2-by-standard
Grothendieck fusion rule, we must use the full type-2 resolution (3.3.51) and the corresponding

Grothendieck image identity:

[

(3.3.108) 19609 9,91 = S0 [R5,

n=0

Grothendieck fusing both sides with i‘{;, ! results in an alternating sum that simplifies nicely to

(3.3.109) (7[99 (1)] | = [SR[J ]] = [:RM 1/4]] + [9%‘[’7‘;1/4]]

As for type-1, the type-2-by-type-2 Grothendieck fusion rule follows from the type-2-by-standard
one and (3.3.103):

7

(3.3.110) (0861 Tm [3¢[9.9 91T = [3[§89]7 ]+ [#[3 5,617,

All that remains is the type-1-by-type-2 Grothendieck fusion rules. This can be computed in a
number of ways, each involving expanding in terms of standard modules and cancelling terms

until one obtains:
Gay (888 T m e[ § 5 01T = 9] 5 91T+ (R

One nice feature of this example is that these fusion rules can actually be checked: The coset
of BP(3,4) by the Heisenberg subalgebra generated by J is the singlet algebra W°(1,4) [53]. So
the representation theory of the latter may then be constructed from that of the former, using the
results of [46].

The triplet algebra W (1,4) of central charg —% [111] is an infinite-order simple current ex-
tension of WO(1,4) [143] and again, the representation theory of the latter may be constructed
from that of the former. The fusion rules of W(1,4) are well known (see [79,86,155]) and can, in
principle, be compared against those obtained from BP(3,4) by the aforementioned coset and sim-
ple current extension construction. We do not perform this check here. Exploring this construction

of fusion rules for W(1,4) is an interesting direction of future study.



Chapter 4

Subregular W-Algebras

4.1. sl,.; W-Algebras

As we have seen in the previous chapter, inverse quantum hamiltonian reduction is a powerful
tool for unpacking the representation theory of Bershadsky—Polyakov algebras, particularly with
respect to vertex operator algebraic data important in logarithmic conformal field theory. Motivated
by the success of this approach for BP (u, v), we now consider more general cases for which inverse
quantum hamiltonian reductions can be defined and analysed.

The examples of inverse quantum hamiltonian reduction we have mentioned so far involve W-
algebras related to sl (Section 3.1.2) and sl3 (Section 3.2.2). In both of these cases, there is a path
in the ordering of W-algebras from the ‘bottom-most” W-algebra to the corresponding affine vertex
operator algebra consisting of known inverse quantum hamiltonian reductions.

The other inverse quantum hamiltonian reduction in the path for sl3 is the one between V¥(sl3)

and BPX. This was explicitly defined by Adamovi¢, Creutzig and Genra in [3], and takes the form

WK(sl, 0) = VK(sl,) WK(sl3,0) = VK(s13)
[2,147] (3]
Wk(slz,f) ~ Virk Wk(5[3,f9) ~ BPX

(4]

WK (T3, for, + fo) = WK

Ficure 1. The partial ordering of W-algebras for sl, and sl3. Solid downward
arrows represent quantum hamiltonian reduction, dashed downward arrows rep-
resent partial quantum hamiltonian reduction and blue upwards arrows represent
inverse quantum hamiltonian reduction.
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of an embedding V¥(sl3) < BP¥ ® II ® B where B is the By ghost vertex algebra and II is the
half-lattice vertex algebra of Section 3.1.1.

For sl,41 with n > 2, there are many more W-algebras to consider. Recall that the partial
ordering on sl,,; W-algebras of interest is that induced by the partial ordering on sl,4; nilpotent
orbits.

Nilpotent orbits of 1,1 are indexed by partitions of n + 1; the partition of n+ 1 corresponding
to the nilpotent orbit containing some M € sl,,,; is the unique non-increasing sequence of Jordan
block sizes in the Jordan normal form of M. For this reason, we will denote the nilpotent orbit in
slp41 corresponding to the partition A of n+ 1 by O,

The partial ordering on nilpotent orbits of s1,.; is given by the dominance ordering on the
partitions of n + 1 [91]. For n < 5, this partial ordering is actually a total ordering. For n > 5,
the structure of the partial ordering of nilpotent orbits is complicated but there are generic features
that are noteworthy.

For example, the largest nilpotent orbit is always Qg = O (n41) (the regular nilpotent orbit),
while the smallest is O ne1y = {0}. The subregular nilpotent orbit Ogup, = Oy, is always
smaller than Oy, and larger than all other nilpotent orbits. Similarly, the minimal nilpotent orbit
Omin = (D(z)ln—l) is always larger than (D(1n+1) but smaller than all other nilpotent orbits.

Sprinkled throughout this partial ordering are nilpotent orbits of the form O 45y where (AB)
is the partition consisting of B copies of A (subject to AB = n + 1). The corresponding W-algebras
are known as rectangular W-algebras and have interesting connections to theories of higher spin
gravity [45].

Owing to the structure of the partial ordering of sl,,,; W-algebras induced by the partial order-
ing of nilpotent orbits, the ‘simplest’ class of s1,,.; W-algebras for which we might expect there to
be an inverse quantum hamiltonian reduction are the universal regular W-algebras Wk (5lnsts freg)
and the universal subregular W-algebras Wk(sIn+1, fsub) where free € Oreg and foup € Ogyp. This
can be seen as the first step in constructing a path from the bottom-most sl,,; W-algebra to the
affine vertex operator algebra VX (sl,,,1).

Much recent work in physics and mathematics has subregular W-algebras W (g, fiub) playing a
central role. For example, subregular W-algebras appear in the Schur index of 4D superconformal
field theories known as Argyres—Douglas theories [24, 29,41]. The nilpotent orbit Oy, plays a
crucial role in singularity theory: the ADE classification of simple surface singularities connects
to the ADE classification of simply-laced Lie algebras through the geometry of the Slodowy slice
corresponding to Ogyp [148]. In light of these and many more motivations, much recent work has
been done to improve our understanding of the structure and representation theory of subregular

W-algebras [7,43,44,49,59, 89].



4.1. sl,.; W-Algebras 123

WX (slg, 0) = VK(slg)

|

Wk (5163 fmin)

+

- WK(sle, faa11) -~

\
!

)74

TTr WK(sle, faany) 4T

T WK(sl, flan)

I
I
+

WK (s1s, fiub)

I
I
I
+

WX(sl, fieg)

Ficure 2. The partial ordering of W-algebras for slg. Here we choose an element
f1 from each nilpotent orbit ©,. The nilpotent orbits in slg associated to the W-
algebras increase in size from top to bottom. The W-algebras appearing at the
same height (e.g. Wk(sIG, faa1,1)) and Wk(sIG, f(33))) are not related by the partial
ordering however.

Another notable feature of the regular-subregular case of inverse quantum hamiltonian reduc-
tion is that the simple regular W-algebra W (g, freg) is rational [17] for nondegenerate admissible
levels. At these levels, one goal is to construct relaxed Wy (g, fsub)-modules out of the (finitely
many) W(g, freg)-modules and eventually use these to construct ‘logarithmic minimal models’
with admissible-level Wi (g, fuub) symmetry. This has been done for g = sl, [52], as well as for sl3
(Section 2.3).

As explained in Section 3.1 regarding the existence of inverse quantum hamiltonian reductions
for W-algebras, what we expect concretely is the existence of an embedding of the subregular W-

algebra into the regular W-algebra tensored with some vertex operator algebra. The hope is that
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the mysterious subregular W-algebra can be understood in terms of the regular W-algebra whose
representation theory is comparatively well-understood.

It is easy to see that VK(sI,) and BPX are the universal subregular W-algebras for sl, and sl3
respectively. In these cases, the lattice vertex algebra part of the inverse reduction embedding is
the half-lattice vertex algebra from Section 3.1.1.

What is therefore desired is an embedding WX (sl,.41, fiup) = WK(s,41, freg) ® I for noncriti-
cal k generalising the embeddings (3.1.10) and (3.2.1). The representation theory of WX (1,1, fiup)
can then be analysed in terms of that of Wk(sIn+1 , freg) and I1, as has been done for s, and sl;3

Before describing such an embedding, we outline some definitions and facts relating to the

regular and subregular sl,,; W-algebras.

4.1.1. Regular. By far the most studied and well-understood W-algebras are the regular (or
principal) W-algebras WK (g, freg). This vertex operator algebra has been at the forefront of many
developments in mathematics and physics. See [10,20,31,73,169] for example. Consequentially,
there is much one can say about these vertex operator algebras (see for example the reviews [37,38]).

We restrict our discussions to what is needed in the quest to unravel subregular W-algebras.

Definition 4.1.1. Let g be a simple, finite-dimensional Lie algebra over C and k # —h". The
(universal) regular W-algebra W (g, freg) is defined as the quantum hamiltonian reduction of the
level-k universal affine vertex operator algebra V(g) corresponding to the regular nilpotent orbit

in §. Denote its unique simple quotient by W, (g, freg)-

Let g = sl,,41 (i.e. type A,) and use the notation

4.1.1) WE | = WK(G, free),  Wasik = Wi(8, fieg)-

In this case, the nilpotent element fi.; € $l,,1 can be taken to be f, +fa, +- - -+ f,, where a; denotes
the i’th simple root of sl,,+1 and {h,, eq,. fo, } is the corresponding sl triple in the Chevalley basis
of sl,4;. The partition corresponding to the regular nilpotent orbit is (n + 1). This W-algebra
was first defined in the g = sl3 case (the Zamolodchikov algebra of Section 1.3.2) [170] and later
for g = sl [123]. Wfl .1 has strong generators denoted by {W>(z), ..., Wpy1(2)} that we will
describe in Section 4.2.1 by way of a free-field realisation. The field T(z) = ﬁWz (z) is an

energy-momentum field with central charge [123]

(4.12) 1 n((n+D)(k=1)+n*+2n) ((n+2)k+ (n+1)?)
.. Ck = —

k+n+1
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The generating fields W;(z) have conformal weight i with repect to T(z). It is known that the vertex

operator algebra Wfl . is reducible if k is a nondegenerate admissible level [14]. That is,
4.1.3) k+n+1= E, where u,v € Z>,+ and gcd{u,v} = 1.
v

At these levels, W, k is rational [17]. For this reason, we use the special notation W11 (u,v) =
W41k when k is nondegenerate-admissible. The modules of W, (u,v) are all highest-weight
modules and admit a parametrisation in terms of sl,,,; weights.

Following Section 8.3 in [23], let Pr* be the set of principal admissible sl,,,; weights of level
k. Each weight A € Pr defines a central character y* : Z(sl,,;) — C by evaluation. Let Pr;jv
be the set of all such central characters with A ranging over Pr¥. Associated to each y Pr%jv is
a simple Wy, (u,v)-module W,. The simple W (u, v)-modules have been classified [17] and

consist only of the set of modules
(4.1.4) {W, |y € Pr¥,}.

All of these modules are highest-weight with one-dimensional top spaces and are mutually non-
isomorphic. Let v, be the highest-weight vector of W,. Without loss of generality and owing

to the fields W;(z) being strong generators of Wfl we can view y as an element of C" with

+1°

Y < (y2,...,Yn+1) defined by
(4.1.5) (Wo)o vy = yivy.
For example, the vacuum module is W1 (u, v) = Wy

4.1.2. Subregular. We now move on to defining the main vertex operator algebras of inter-
est and establishing some useful notation. A more detailed account of the strong generators of

WX (5,41, foun) following [89] will be deferred to Section 4.2.2.

Definition 4.1.2. Let g be a simple, finite-dimensional Lie algebra over C and k # —h". The
(universal) subregular W-algebra WX (g, fiu) is the quantum hamiltonian reduction of the level-k
universal affine vertex operator algebra V¥(g) corresponding to the subregular nilpotent orbit in

g. Denote its unique simple quotient by Wy (@, fup)-

While not much is known about subregular W-algebras of type A, even less is known about other
types. The most studied, non-type A, non-super example is the type C; (g = $ps = $05) sub-
regular W-algebra whose operator product expansions are listed in Section 5 of [59], where the

representation theory of W\ (spy, faup) at certain levels is explored. Work on the inverse quantum
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hamiltonian reduction question for WX(sp,, fiup) has been done from a 4D superconformal field
theoretic perspective [30].

Let g = sl,,+1 and use the notation

—k J—
(4.1.6) W, = WKLt fiub)y Wasik = Wic(STust, foub)-

The nilpotent element fyu, € $1,4+1 can be taken to be fg, +- - - + f,,,. The partition corresponding to
the subregular nilpotent orbit is (n, 1). The vertex algebra W':, +1 was long suspected to be isomor-
phic to the Feigin—Semikhatov vertex algebra Wfi)l [68]. This was proven recently (Theorem 6.9
in [88]) utilising a certain free-field realisation of WI; +1- We will return to free-field realisations of
Wz +1 in Section 4.2.2 as they provide us with convenient explicit formulae for strong generators of
Wy

Certain choices for n in Wz +1 give vertex operator algebras that are well-known. Indeed the

—k
main motivation for applying the approach described in this chapter to W, is the success of this

approach in small n cases.

ExamPLE (n = 1). W; is the universal affine vertex algebra V¥ (sl). It has strong generators
denoted by h(z), e(z) and f(z). Their operator product expansions are well-known and are given
in Section 3.1.2.

That this is an affine vertex algebra and not something more exotic is due to the subregular
nilpotent orbit of sly being equal to {[8 8]}. This is the only n for which the affine vertex algebra

and subregular W-algebra coincide.

ExaMmPLE (n = 2). Wl; is isomorphic to the Bershadsky—Polyakov algebra BPX discussed in
detail in Chapter 2. Interestingly the Bershadsky—Polyakov algebra is also isomorphic to the mini-
mal W-algebra corresponding to sls. This helps in, for example, the classification of highest-weight
BPy-modules as we saw in Section 2.3.1. This is the only n for which the subregular and minimal

nilpotent orbits/W-algebras coincide.

In general there exists a set of strongly generating fields
_ —k
(4.1.7) {G*(2).J(2).L(2),U3(2),....,Un(2).G (2)} € W,,,,

where we omit the fields L(z), U;(z) when n = 1 and omit just the fields U;(z) when n = 2. For
—k
n > 1, we can take L to be a conformal vector. The conformal vector of W, is given by the usual

Sugawara construction for VK(sl,).
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—k
That such strongly generating fields of W, exist is a consequence of Theorem 4.1 in [106].
We can choose the conformal field L(z) such that conformal weights of the strong generators of
—k
W, ., above are 1, 1,2,3, ..., n, nrespectively, and the central charge is

—ntl (n(k+n)—1) (k(n- D(n*>+5n=2)+ (n+1)(n® +3n% - 9n +2))
@18 % =7 (n+(k+n+1)

This can be seen explicitly with the free-field realisation and corresponding strong generators of

—k

W,,,, described in [89]. The details of this construction are recounted in Sections 4.2.2 and 4.3.2.
As mentioned earlier, the case when k is an admissible level for s1,,, is of particular importance

for applications to logarithmic conformal field theory. Admissible levels are those k satisfying

(4.1.9) kKtn+l= s where U € Zsps1,v € Zs and ged{u, v} = 1.
At such levels, we use the special notation Wn+1 (u,v) = W,H],k. When v = n, (sl,41, k) forms an
exceptional pair [107]. The simple vertex operator algebra W41 (u, n) is rational and the modular
transformations of characters and fusion rules are in principle known [22].

Operator product expansions for Wl:, +1 can be worked out on a case-by-case basis in principle
"+k1 +n-—1:

n

but only a handful are required in what follows. For example, with £, (k) =

J@GEw) ~ 220y ~ 20D
z-w (z-w)
4.1.10) L(2)GE(w) ~ (n+1i(1—n))Gi(w)+8Gi(w)’
2(z —w)? zZ—w
—(n-D&()T - J(w) 9] (w)
L(z)J(w) ~ =) +(z—w)2+z—w'

Another important operator product expansion is that between the fields G*(z) and G™(z). The
other strong generators of Wi +1 in (4.1.7) all appear somewhere in this expansion. That is, G* and
G~ actually generate WI; +1 [68]. The complexity of each successive singular term grows rather
quickly so we only show the first few terms here. The ellipsis contains all singular terms of order
j<n-1.

Aa(n, )T (n+ DAn-1(n k) J(w)
(Z_w)n+l (Z—W)n

4.1.11) G*(2)G (w) ~
+ Ap2(n,k)(z — w)"_] (g(n +1):JJ:(w) —(k+n+1)L(2)

+ % ((n+ D(n?=2)+k(n+2)(n- 1)) a](w)) T
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where
J

(4.1.12) 2;(n,k) = ]_[(m(k+n)— 1.
m=1

Additional terms of this operator product expansion are presented in Appendix A of [68] albeit
with respect to a slightly different set of strong generators. To appreciate the complexity of the
full set of operator product expansions of Wz +1 for n > 2, one needs only to refer to the operator
product expansions for WZ presented in Appendix A.3 of [61].

Choosing the conformal structure defined by L has the drawback of making J(z) not quasipri-
mary and introducing an asymmetry in the conformal weights of G* and G™. This is not a problem

a priori but can be rectified by choosing the conformal field to be
- n—1
(4.1.13) L(z) =L(z) — T&](z).

With respect to L, G* and G~ have conformal weight (n + 1)/2 and J(z) is a primary field of
conformal weight 1. The L conformal structure has the drawback of requiring the consideration of
twisted modules when n is even owing to the half-integer conformal weight of G*.

An important extension of the results in this chapter is to consider the modularity of conjectured
standard Wnﬂ,k—modules and compute their Grothendieck fusion rules. The presence of twisted
modules complicates such computations as care must be given to which sector one is working in.
Therefore unless otherwise indicated we will keep L as the conformal vector.

This is the same phenomenon encountered for BPX in Section 3.2.3 that prompted a change in
conformal structure. Note that the fields L(z), L(z) € BP¥ from Section 2.1.2 have been renamed
to L(z), L(z) respectively in the basis (4.1.7) for n = 2 and (4.1.13). This is simply to emphasise
that the ‘asymmetric’ conformal structure on Wi +1 is best suited for modularity considerations.

Another reason for sidestepping twisted modules is the existence of a spectral flow automor-
phism of WI:, +1 that exchanges twisted and untwisted sectors when n is even. To construct this
automorphism, as before we expand homogeneous fields of WI:, +1 @s
(4.1.14) A(z) = Z Az ™! = Z Az M 04,

mez mez.
where Ay4 is the conformal weight of A with respect to L(z). The spectral flow automorphism is

constructed using certain intertwining operators [122].

—k —k
Proposition 4.1.3. Let ¢ € Z. The map o' : W,,;, — W, defined by

(4.1.15) ' (A(2)) = Y (A(t],2)A 2),
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where
(4.1.16) A(t],z) =z~ ]_[ exp ((_l)mumz—m) ,
m=1 m

—k
is a vertex algebra automorphism, where Y is the vertex map for W, ;.

That this a vertex algebra automorphism is a straightforward application of Proposition 3.2 in [122].

Direct computation shows that

o' (G*(2)) =27'G*(2), o' (J(2)) = J(2) — tu(k)tz™,
(4.1.17) |
o' (L(2)) = L(z) — ¢z J(2) + 5fn(k)ﬂz—z.

The action of spectral flow can also be written in terms of modes as follows:

6[ (Grin) = Grinﬂ’ Oj(]m) =Jm— fn(k)fém,oﬂ;
(4.1.18)

Q
~
™=
3
1]

_ 1
Lw = CJm + Ef,,(k)fza,,,,oﬂ.

These formulae reproduce the spectral flow automorphism of BP¥ (2.1.18) when n = 2. In
principle, for any fixed n, one could also compute the action of spectral flow on the the fields
Us(z),...,U,(z) given complete information about the relevant operator product expansions. In
the first case where one gets such fields (n = 3), spectral flow acts on the field Uz (z) as the identity
automorphism. However, for general n where the operator product expansions are more involved,
the action of spectral flow on the fields U;(z) is more difficult to determine.

What can be shown using the free-field expansions described in Section 4.2.2 is that the fields
{Us(2),...,Uy(2)} have ‘J-charge’ 0, i.e. that JoU; = O for all i. Therefore by (4.1.15), spectral

flow acts on the modes of the form (Uj;),, as
(4.1.19) A ((UDm) = Udm + ...

As the characters we will eventually define here for Wi +1-modules only keep track of Jo- and Lo-
eigenvalues, the formulae (4.1.17) and the fact that the U;(z) have J-charge O is sufficient for our
purposes.

From the definition of spectral flow (4.1.15) it is clear that the inverse of ¢/ is ‘. Moreover,
spectral flow is only a vertex operator algebra automorphism for ¢ = 0 by (4.1.17).

As in the n = 1 and 2 cases, we restrict attention to a particular subclass of W,Iz +1-modules
called weight modules. The corresponding category % of weight modules for the simple quotient

W11k is expected to have the modular properties desirable for defining a logarithmic conformal

field theory for certain k.
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—k
To define weight modules, let U be the mode algebra of W, ;. Thatis, U is the unital associative
—k
C-algebra spanned by the modes A, for A(z) € W,,, subject to the generalised commutation
relations defined by the operator product expansions. The grading on U by [Ly, -]-eigenvalue gives

a generalised triangular decomposition [106]
(4.1.20) U=U.®Upe U,

where U, Ug and U, denote the unital subalgebras generated by A,, for all homogeneous A(z) €

W, ., withm > 0, m = 0 and m < O respectively.

Definition 4.1.4. e A vector v in a Wnﬂ,k-module M is a weight vector of weight (j, A) where
J» A € C if it is a simultaneous eigenvector of Jo and Ly with eigenvalues j (charge) and
A (conformal weight) respectively. The nonzero simultaneous eigenspaces of Jo and Ly are
called weight spaces of M. If M has a basis of weight vectors and each weight space is finite-
dimensional, then M is a weight module.

e A vectorin a WI; +1-module is a highest-weight vector if it is a weight vector that is annihilated
by the action of Us. and GJ. A highest-weight module is a WI:, +1-module generated by a highest-
weight vector.

e A vector in a WZ +1-module is a relaxed highest-weight vector if it is a weight vector that is
annihilated by the action of U~. A relaxed highest-weight module is a WZ +1-module generated

by a relaxed highest-weight vector.

Observe that we do not require that the zero modes (U;)g act semisimply on weight modules.

The definition of conjugate highest-weight vectors and modules is identical except with G;
replaced with G;. From the actions (4.1.17) of the spectral flow automorphism, we see that if
v € M is a weight vector of charge j and conformal weight A, 6/(0) € of(M) is a weight vector

with charge and conformal weight
1
4.121) S =it A=At et 6 (fz —t(n- 1))

respectively.

4.2. Free-Field Realisations

—k
An inverse quantum hamiltonian reduction embedding W, ,; — Wﬁ 4 ®Ilforn = 1and?2can
be obtained by fairly direct methods; In these cases, the operator product expansions are known on

both sides and are straightforward to work with. The desired map can be obtained by making some
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reasonable assumptions (the embedding is conformal, the Heisenberg field gets mapped to a linear
combination of ¢(z) and d(z), ...) and imposing the operator product expansions of W,Iz 1

Once this is done, the work of showing that the image of Wi +1 18 isomorphic to WI:I +1 and not
one of its quotients remains. In both the n = 1 and 2 cases, this can be shown directly using suitable
bases of the vertex algebras involved.

When n > 2, the complexity of the operator product expansions makes this approach ex-
ceedingly difficult. Therefore to prove the existence of this embedding in general, we need some
more information about WZ +1- This information takes the form of the free-field realisations of
W-algebras obtained as the kernel of certain screening operators [88].

An additional benefit of the free-field approach is that the map WI:l i = Wfl 41 ©® 1T we get
is automatically injective. This is because the map is a composition of the free-field realisation
of WZ +1 (which is injective [88]), the FMS bosonisation of the fy ghost vertex algebra (which is

injective [77]) and a vertex algebra isomorphism.

4.2.1. Free-Field Realisation for Regular W-Algebras. In [123] the regular W-algebra is
described as the intersection of kernels of certain screening operators: Let H, be the Heisenberg
vertex algebra (see Section 1.1.2) strongly generated by n fields «;(z),...,a,(z) with operator
product expansions

Ai’j(k+7’l+ 1)]1

4.2.1) ai(z)aj(w) ~ Gow?

where A = [A; ;] is the Cartan matrix of sl,1.

Proposition 4.2.1. Let k # —n — 1. The regular W-algebra Wfl .1 embeds into H,. Additionally,

for generic k,

n
(4.2.2) W, = () ker / R % (z) dz C Hg.
i=1

Here, a level k is called generic (for a given f € g) if the homology of certain sub-complexes of the
quantum hamiltonian reduction complex for f € g are isomorphic (see [88, Def. 4.5]). It is known
that the set of generic levels is Zariski dense in C [88, Lem. 4.4].

At non-generic levels, isomorphisms such as (4.2.2) need not exist. For example, if n = 1 and
k + 2 € Zs», the intersection of kernels of screening operators in (4.2.2) defines the singlet vertex
algebra [1] that contains W; as a proper sub-vertex algebra. The precise details of what makes a
level generic or not is not important for our purposes.

The identification in (4.2.2) gives a useful free-field description of strong generators for the

regular W-algebra using the Miura transform.
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Following the presentation in Section 6.3.3 of [38], let &5, s = 1,...,n + 1 denote the weights
of the defining representation of sl ordered so that ; = ¢; — €11 for all simple roots «; of s1,,41,
and ) & = 0. The relationship between the simple roots «; and weights ¢ can be inverted and
upgraded to a relationship between fields given by

s—1

. n 1 s
42.3) b2 = a2+ > L)
Jj=s

= n+1

Define the generating function of a set of fields {Wy(z), Wi(2), ..., Wpt1(2)} € Hy by

n+1

(4.2.4) Ru(2) = = ) Wi(2) ((k+m)a)™'™
s=0

= ((k+n)d = éen11(2)) - (k+n)o—1(2)) .

It can be shown that the singular part of the operator product expansion of R,,(z) and the screening
operators in (4.2.2) is a total derivative, so the component fields W;(z) are all Wfl 4 fields. Ad-
ditionally, the fields Wh(z), ..., W,41(z) strongly generate W,'; . for all k [123]. These fields are
not in general quasi-primary but one can usually take appropriate linear combinations of them and
their derivatives to obtain primary fields. Fortunately this is not necessary for our purposes.

To find convenient closed-form expressions for the fields W;(z) in terms of the fields of H,,

we recall the noncommutative elementary symmetric polynomials described in [132, Ch. 12].

Definition 4.2.2. Let wy, ..., wN be N mutually associative operators. The m-th noncommutative
elementary symmetric polynomial in w, ..., 0N is
(4.2.5) Em(1, ..., 0N) = Z Wi o

i1 >>im,

Rewriting R, in terms of modes from H,,

(4.2.6) ((k+n)d = (ens1)-1) -~ ((k+n)d = (e1)-1)
= Ep1 ((k+1n)o— (e1)-1,..., (k+n)d = (ens1)-1)
n+l

= = > (Wo)on ((k+ma)™! ==
s=0
By Proposition 12.4.4 of [132],

4.2.7) Ws = —ES((k +n)d— (e)-1,..., (k+n)o— (€n+1)_1)ﬂ,
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where 1 denotes the vacuum of H,. For example, Wy(z) = —1(z), Wi(z) = 0 and

n+1

4.2.8) Wa(2) = (k+n) ) (n+1-j)aej(2) = > wei(2)e;(2):
j=1

i>j
We will often refer to the set of fields {W5(z2), ..., W,41(2)} as the Miura basis of Wfl "

4.2.2. Free-Field Realisations for Subregular W-Algebras. Screening operators for general

—k

W-algebras were obtained in [88]. For W, ., the screening operators described therein are super-
ficially similar to those for Wfl .1 from Section 4.2.1. Let B be the fy ghost vertex algebra from
Section 1.1.2 and H, be the Heisenberg vertex algebra from the free-field realisation of Wfl e

To minimise notational clutter, we will suppress the tensor product symbol when it is clear on
which vertex algebra the involved fields are acting. We will also suppress tensor products involving

vacuum fields when possible.

—k
Proposition 4.2.3 (Theorem 3.2 [43]). Let k # —n — 1. The subregular W-algebra W, embeds
into H, ® B. Additionally, for generic k,

4.2.9) AR (ker//f(z)ekﬂ,klal (2) dz) n (ﬂ ker/ e (7) dz) c H, ® B.
i=2

This identification defines a free-field realisation of Wz +1 in terms of the fields from B and H,,. The
exact decomposition of the strong generators (4.1.7) of WI:, +1 interms of B and H,, is not important
for our purposes.

As can be seen, the key difference between the screening operators in (4.2.9) and (4.2.2) is the
B(z) factor in the screening operator involving a;(z). It is conceivable that there is some chain
complex involving Wl:, +1 With associated differential whereupon taking the zeroth homology has
the effect of setting f(z) = 1, reminiscent of the usual quantum hamiltonian reduction of affine
vertex algebras from Section 1.3. Indeed this is exactly what one would expect a partial quantum
hamiltonian reduction from Wi 4+ to W’l; 41 to do. Our interest here however is the ‘inverse’ of this
as-of-yet undefined partial reduction.

The free-field realisation defined by Proposition 4.2.3 is not the only free-field realisation of
Wz +1 available to us. Owing to the fact that WI:, +1 is isomorphic to the Feigin—Semikhatov algebra

W

w1 @ free-field realisation of the latter is automatically a free-field realisation of the former. In

[68], n+2 different free-field realisations of W,(i)l are described. For our immediate purposes, only
the ‘maximally asymmetric’ realisation described in Section 2.1.1 of [68] is required.

—k
The screening operators of W’(i)l (and therefore W, , ) from this realisation act on a vertex

algebra J(* generated by fields A;(2),...,A,(2), O(2), Y(z) and ™Y (z) where m € Z. To define
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the operator product expansions of these fields, let V=CA, & --- ® CA; & CQ ® CY and define a

symmetric bilinear form (-,-) on V by
(4.2.10) (AnAj) =Aijk+n+1), (A,Q)=-(k+n+1), (Q,Q)=1(Q,Y)=1,

with all omitted evaluations yielding zero. The operator product expansions of H¥ can be written

as, forall A,BeV,

@211 A@BOY) ~ ~AE e (e () <0, At () ~ LMD
(z-w)? zZ—w

Similar to e™Y(z), we also have vertex operators e (z) where C € {A,..., A, Q}. The zero

modes of these operators are interpreted as intertwining maps for certain representations of J(¥.

Their operator product expansions are

A(2)eC (w) ~

BOL - ot en ) -

(4.2.12)
e?(2)e™ (w) ~ (z — w)™e™*Q (w).

—k
Using the presentation in [89, Prop. 2.1], we obtain an embedding W,,, < ¥ at non-critical

level with

—k n
(4.2.13) W, = ( ker [ e9(2) dz) N ( ei(2) dz)
(e f N/

for generic k.

4.3. From Regular W-Algebras to Subregular W-Algebras

4.3.1. Inverse Quantum Hamiltonian Reduction. To be able to recognise the WS L screen-
ing operators in (4.2.9), we need to deal with the factor of f(z) appearing in the first screening oper-
ator. This is done by ‘absorbing’ it into the vertex operator it sits next to in the free-field-realisation
of WI:l +1 from Proposition 4.2.3. In order to do this, we use the Friedan-Martinec-Shenker (FMS)

bosonisation of the fy ghost vertex algebra B with operator product expansions (1.1.21) [77].

Proposition 4.3.1. The vertex algebra homomorphism ¢ : B — II defined by

4.3.1) p(z) — e(2), y(z) — %:(C(z) +d(z)) e “(2):

is an embedding whose image is specified by

(432) ¢(B) = ker / 214 () dz.
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—k
We can therefore compose the embedding W,,; — H, ® B with FMS bosonisation ¢ tensored
—k
with the identity map idy,, to obtain an embedding W, ,; — H, ® II. To describe this embedding
using screening operators, let S(z) be one of the screening fields in (4.2.9). Let Fs be the Fock

space of H,, that f S(z) dz maps H,, to. Then,
(4.3.3) / S(z)dz:H,®B — Fs ® B.

What we would like is a screening operator f S’(z) dz : Hy ® I — Fs ® I such the following

diagram commutes:

fS(z) dz
H,®B Fs®B
(4.3.4) .
idy, ® ¢ idpg ® ¢
fS’(z) dz
XTUR=S 1 (R A » Fs @11

If the screening operator f S’(z) dz exists, it follows that

(4.3.5) (idn, ® ¢) (ker (/ S(z2) dz)) = ker (/ S’ (z) dz) Nim (idn, ® @)

For S(z) = e V/(ktmthai(2) with i = 2,...,n, we can take S’(z) = S(z) as S(z) doesn’t act on B.
For S(z) = f(z)e”!/(*m+Dai(z) since all arrows in (4.3.4) are vertex algebra homomorphisms it
is sufficient to replace (z) with its image under ¢ to obtain S"(z) = e¢(? e~ 1/ (kn+hai (2,

—k
Therefore the image of the embedding W, <— H, ® Il is specified by

(4.3.6) WZH ~ (ker/ ec(z)eﬁlﬂo‘l (2) dz) N (ﬂ ker/ ek+_Tl+l“”(z) dz) Nim (idy, ® @)
i=2

~ (ﬂ ker/ ek*r%ld"(z) dz) N (ker/ e%”%d(z) dz),
i=1

where @; = a; — (k+n+ 1)c and &; = «; otherwise. As the conformal structure on IT defined by

%:c(z)d (2): gives e(z) conformal weight zero and e~!/ (<"1 () has conformal weight one with
k
n+l

respect to T(z), e~ !/ (kn+Ddi (2) ig a screening field on H, ® I1. The embedding W, ,, < H, ® I
defined by (4.3.6) was first considered by Creutzig, Genra and Nakatsuka where it is used to analyse
the coset of WZ +1 by the Heisenberg vertex subalgebra generated by J(z) [43].

The first n screening operators in (4.3.6) superficially appear to be the screening operators for
W)‘; +1- The difference between these sets of operators is that the @; screening operators act on both

H, and II non-trivially while the «; screening operators only act on H,. So the corresponding

kernels of vertex operators need not agree.
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To decouple the @; fields from the rest of H, ® I1, let H; c H, ® II be the vertex subalgebra
generated by @;(z),...,d,(z). It is easy to see that Hz ~ H,. Let IT be the vertex subalgebra of
H, ® II generated by

4.3.7) i(z) =c(z), €™(z)=e™(z), d(z)=d(z)- n_:l-l(k +n+1)e(z) + 2w (2),

where w;(z) = # Yy (n—=i+1)a;(z). Thatis, w1 (2) is the field associated to the first fundamental
coweight of sl,;1. As before it is easy to show that I ~1I.

A direct computation shows that the operator product expansion A(z)B(w) of any fields A(z) €
Hg and B(z) € II is nonsingular. Moreover, the expressions in (4.3.7) along with those for &;(z)
can be inverted to express the strong generators of H, ® IT in terms of linear combinations of fields
in Hy and I1. Therefore Hy ® IT = H, ® I1. By performing this ‘change of basis’, we see that the
a; screening operators are the screening operators for W,'; .1 With respect to the Heisenberg vertex
algebra Hj.

s WK ®TI, it is useful

n+l1 n+l

Before seeing how this change of basis leads to the embedding W
to define the following Heisenberg fields a(z), b(z) € II by

n(k) bn (k)

(4.3.8) a(z) = c(z) + d(z) and b(z) = c(z) + d(z)

Note that —(a, a) = (b, b) = £,(k), while {a, b) = 0. Substituting n = 1 and n = 2 into (4.3.8) repro-
duces the basis of the Heisenberg fields of IT used in the inverse quantum hamiltonian reductions

for VX(s1,) and BP¥ in Theorem 3.1.2 and Theorem 3.2.1 respectively.

—k
Theorem 4.3.2. Let k be generic. There exists an embedding W, |, — W'r‘l 4 ® L with

—k
(4.3.9) W, = ker/e"‘“’1 (z) dz,

where e"“1(z) acts on fields in Wfl +1 by way of the strong generators given in the Miura basis

(4.2.6).

Proor. By (4.3.6), the fields of Wl:m must be of the form F(z) = 3, Am(2) ® By, (2z) for some
Am(2) € Hy and B,,(z) € I1. By the above discussion, we can also write F(z) = 3., A, (z)Bm(2)
for some fields A,,(z) € Hg, B,,,(z) € II and inserting tensor products when necessary.

For convenience, suppose that the fields B,,(z) are linearly independent. If they are not we
can simply redefine the fields A,,(z) and reduce the range of m such that this is the case. Since

@;(z)Bn(w) ~0foralli e {l,...,n} and m, F(z) satisfying

(4.3.10) / et % (2)F(w) dz = 0
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foralli e {1,...,n} is equivalent to
(43.11) / eFmt % (2) A, (w) dz = 0

forall i € {1,...,n} and m by the linear independence of the fields B,,(z). Therefore if F(z) €

—k
Wn+1 ’

n
(43.12) Ap(w) € ﬂker/ekirhn“"i(z) dz forall m.
i=1

As A,,(z) € Hg, this means that A,,(z) € W,kl .1 by (4.2.2). More precisely, A (2) is a normally
ordered product of the fields @;(z) and their derivatives. Imposing (4.3.11) fori = 1,...,n on
A (2) constrains this expansion to be a normally ordered product of the fields (4.2.6) (replacing
a; with @;) and their derivatives, which strongly generate a vertex operator algebra isomorphic to
W,
Hence we may treat the fields Ay, (z) as fields in WX . The fields B,,(z) € II are unaffected by
the &; screening operators and are therefore unconstrained up to this point. The screening operator
from FMS bosonisation (4.3.2) present in (4.3.6) therefore dictates how the fields A,,(z) € Wr'; +1
and B,,(z) € 1T are combined to form a field in WZ -
The FMS bosonisation screening field ezc+d (z) can be written in terms of the tilded fields

using (4.3.7) and the definition of Hg, and its exponent becomes

(4.3.13) %c(z) + %d(z) = —@5(2) + %J(z)) - ﬁ (n—i+1a(z).
i=1

—k -

The corresponding map W,,,| — Wfl 1 ®Ilis an embedding since its image is equal to the image of
—k

the embedding W, | — H, ® II defined by (4.3.6), treating Wfl .1 as a vertex subalgebra of Hz C

H, ® II. The desired result and screening field description (4.3.9) follow from the isomorphisms

Hsz ~ Hy and T ~ T1. u

4.3.2. Explicit Expressions. While Theorem 4.3.2 proves the existence of an embedding
Wz = WZ . ® IT at generic levels k and gives an associated screening operator, one might
also want expressions for the strongly generating fields (4.1.7) in terms of fields from Wﬁ . and IL.
Some fields of W,Iz +1 can be readily extracted using the screening operator in (4.3.9). For example,

since {(a, b) = 0,

(4.3.14) b(z) € ker/e“_“’1 (2) dz.

—k
The corresponding W, field is denoted by J(z). Similarly, the field e°(z) has nonsingular oper-

—k
ator product expansion with the screening field so we can treat it as a field G*(z) in W,,,;. One
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can quickly check that these assignments reproduce the relevant operator product expansions in
(4.1.10).
Since we are free to choose a conformal structure on II, choose the conformal structure fur-

nished by the II field
1 n 1
(4.3.15) t(z) = E:c(z)d(z): + Efn(k)ac(z) - zad(z).

With respect to t(z), both a(z) and b(z) have conformal weight 1 (though neither are quasiprimary)

whilst that of €™¢(z) is m. The associated central charge CE satisfies
(4.3.16) cl+ gt =gt

The energy-momentum field L(z) of WZ +1 can be decomposed according to
4.3.17) L(z) = T(z) + t(z),

as the operator product expansion of the right-hand-side with the screening operator in (4.3.9) is
k

a total derivative. In particular, this shows that the embedding W,

— Wfl .1 ® Il is conformal
(with the chosen conformal structure on IT).

To find similar expressions for the remaining strong generators of Wz +1» we use explicit ex-
pressions for the aforementioned strong generators of Wi +1 [89]. These expressions rely on the
fact that the subregular W-algebra of type A W,kl +1 is isomorphic to the Feigin—Semikhatov algebra
Wr(i)l [88, Thm. 6.9] and screening operators for the latter are known [68]. These screening oper-
ators for Wr(i)l (and therefore WE +1) were recounted in Section 4.2.2 and act on the vertex algebra
Ik,

Importantly, expressions for the strong generators L, G*, J, U, ..., U,, G~ in terms of the fields
in 3% are known [89]. So we have two different free-field realisations of W,kl +1> one of which has
been analysed further to obtain expressions for strong generators of W,Iz .1- In order to use the F

expressions in our present setting of H, ® IT, we must understand how J{* and (4.2.13) relate to

H, ® IT and (4.3.6).

Proposition 4.3.3. Define  : 3 — H, ® II to be the vertex algebra map defined by
(4.3.18) Ai(z) P ai(2), Y(z) — c(2), €™ (z) - e™(2), Q(z) — a(z) — wi(z).

Then  is a vertex algebra isomorphism.

As this is an isomorphism, the kernel of the screening operator f e9(z) dz is equal to /! applied

to the kernel of the screening operator in (4.3.9). The kernel of the screening operator f eti(z) dz
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is equal to 1y~! applied to the kernel of f e%(z) dz. By Feigin—Frenkel duality for the Virasoro
vertex algebra (see [72, Ch. 15]),

(4.3.19) ker / e (z) dz = ker / R % () dz

fori=1,...,n. Sothe isomorphism ¢ maps the intersection of kernels in (4.2.13) to that in (4.3.6).
In other words, i/ intertwines the action of the screening operators on (¥ and H,, ® II that define
embeddings of WI:, +1

To summarise what we have shown thus far, applying ¢ to the strong generators of WI:, 41 1N
terms of the fields of (X presented in [89] gives strong generators of Wz +1 in terms of fields of
H, ® II. The latter set of strong generators also belong to (and therefore strongly generate) the
intersection of kernels in (4.3.6), and by Theorem 4.3.2 must consist of fields of Wr‘; 1 ® 1L only,
treating Wfl .1 as a subalgebra of H, by way of the Miura transformation.

To write down the generators obtained by applying i to those in [89], let Tz and 1 be the
vacuum states of Wr'j .1 and IT respectively. Then the vacuum of Wr'j L ®Ilis T =1z ® 1. We will
frequently omit tensor product symbols in what follows when it is clear which modes act on which

component of H, ® II. Define operators py, pi, - - -, Pr+1 00 Hy ® IT by

k+n+1

(4.3.20) po=(k+n)(@+c1), pi=(k+n)o+b_+ g

-1 — (&)-1-
As T +t is a conformal vector, we may write d = T_; + t_;. Observe that

4.3.21) pie “=a_1e+ ((k+n)T-; — (&)-1)e .

Proposition 4.3.4. Let k # —n — 1. Define the fields L(z), G*(2), J(2), Us(2), ..., Uy(2), G (2) €
H, ® IT by

L=T+t J=b G'=¢

G = =Eps1(pt,- .-, pne1)e ",

k 1 i
U = Z( 1)l+] (l:ll m( (';(‘:l-)n-; ) l._j(pl,”,,pm,])péﬂ.

(4.3.22)

—k
The associated fields strongly generate W, | and satisfy the operator product expansions (4.1.10)
and (4.1.11).

Proor. These fields are { applied to the strong generators described in Remark 3.14 in [89]

except for L(z). The relationship between L(z) and the field U; (z), which is defined using the above
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formula for U;(z), is a straightforward calculation and is of the form

43.23) L(z) = ﬁ (~Un(2) + @10)(2) + 2] (2)] (2)1),

with aj,ay € R[k] whose precise form is not important. Since the set {G*(z), J(z), Uz(z),
—k
Us(z), ..., Up(z), G~ (2)} strongly generates W, ,,, the same set with U,(z) replaced with L(z)

—k
also strongly generates W, ;. ]

The apparent singularity at k = —n in the formula (4.3.22) for Uj is taken care of by the factor of
(k + n) in (4.3.20) for py. To see how the fields above decompose in terms of W,'; . fields, notice
that the only place where fields of H, appear (outside of T in L) is in the symmetric polynomials
involving the operators p;: Since the vacuum is translation invariant, pg1 = (k+n)c and successive
applications of py do not introduce any additional modes/states from H,, as T_; commutes with all
modes inITand T_11 = (T_;1g) ® 11 = 0. Therefore all that remains is to determine which Wz +1

modes appear in E,,, (p1, - - -, Pn+1)-

Lemma 4.3.5. Let m € {1,...,n+ 1}. Then,

(4.3.24) Em(pl,...,pn+1)

k+n+1 m=j

m
n+l—j
:Z( _])Ej(al,...,dm.]) ((k+n)t_1+b_1+—c_1 R
j=0 m-—j n+1

where o; = (k+n)T_| — (&)—1.

Proor. This is Proposition 12.4.4 in [132] with N = n + 1. In terms of the notation used

therein,
k 1
(4.3.25) rt -1 =01 w=(k+n)tg+bg+—"T 0
n+1
and under this identification, p; = u + 7 + y;[—1]. [ |

—k
The above lemma shows that the only H,, fields that appear in the free-field realisation of W, ; in
Proposition 4.3.4 are those given by (4.2.6), i.e. fields of W"; 1 as expected. The ‘Wfl L1 content’

of the strong generators L(z), G*(z), J(z) is clear from the formulae given earlier. For the fields

Us(2), ..., Uy(z), G~ (z), we have the following structural result.

Theorem 4.3.6. For each i € {3,...,n}, there exist i fields n%(z), j = 0,...,i — 1, in the vertex

subalgebra of T1 generated by c(z) and d(z) such that

i—1
(4.3.26) Ui(2) = (-1)*'Wi(2) + Y W;(2) ® 7" (2).
=0
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The field G~ (z) can be written as
n .
4.3.27) G™(2) = Wnat (2) @ €(2) + Y Wj(2) ® (1) e(2)).
=0

where nJ € Il is given by

(4.3.28) = ((k+n)ty +a )™ g

Proor. Substituting (4.3.24) into the expression for G~ in Proposition 4.3.4 gives
n+l n+l—j
k+n+1
(4.3.29) G~ =—Z(Ej(c71,...,c7n+1)1]R) ® ((k+n)t_1 +b_; +LC_1) e ¢
= n+1
n+l
— ~=J =
= Z W; ® (n(_l)e C)
j=0
for some field #7/(z) € II. That #7/ = 7=/ follows from the action t_je™ = —c_je™ and the
fact that negative modes in IT commute. The decomposition of U;(z) in terms of W;(z) for j < iis

similarly obtained by substituting (4.3.24) into the expression for U; given in Proposition 4.3.4. m

k
n+l

—k
k. This is because the strong generators {G*, J,L,Us, ..., U,,G"} and {T, Ws,..., W41} of W,

A consequence of these formulae is that the embedding W, ., — W,'j .1 ®I exists for all non-critical
and W,l; L1 respectively exist for all non-critical k, and the decompositions of the former in terms
of the latter and states in IT are well-defined for all non-critical k. Injectivity of the corresponding
vertex operator algebra homomorphism W,kl i = W'r‘l .1 ® II follows from the injectivity of the
free-field realisations Wl:l +1 — He ®I1[89] and Wfl b H; [14].

When k is generic, Proposition 4.3.3 shows that the explicit embedding described in this section
is indeed the one specified by the screening operator in (4.3.9).

The critical level embedding of vertex algebras W;Zl_l — W T ' ® 1, as described in [89],
is obtained using the same formulae as in the non-critical case except for multiplying L = T + ¢t by
(k+n+1).

An important feature of these decompositions is that the Miura basis WI:; .1 fields appear undis-
turbed in the sense that their derivatives and normally ordered products do not appear. Moreover,
all Miura basis fields of Wt .1 appear somewhere in these expansions. These properties will al-
low us to prove the almost-simplicity of a large class of Wi +1-modules that we construct using the

inverse reduction embedding in an analogous way to that used in Section 5 of [4].
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The identifications J(z) = b(z), G*(z) = €°(z) and L(z) = T(z) +t(z) with the decompositions
in Theorem 4.3.6 reproduce the embeddings BP¥ < W'3‘ ® I and VK(sl,) < Vir* ® II. Com-
posing the former with certain isomorphisms of IT and BPX gives precisely the embedding used in
Section 3.2.2 as mentioned therein.

The next simplest example is the embedding W: — WZ ® II for k # —4. The regular W-
algebra W[,f is also known as the spin-4 extended conformal algebra [109]. As usual, denote the

Miura basis fields of WZ by T(z), W3(z) and Wy (z). Define the II fields

3k+8 3k+8

(4.3.30) a(z) = — c(z) + d(z) b(z) =

c(z) + d(z)

and give II the conformal structure furnished by the energy-momentum field

3(3k +8)

1
A ac(z) — Ead(z).

(4.3.31) t(z) = %:c(z)d(z): +
The embedding WZ — WZ ® II for k # —4 given by Theorem 4.3.2 is
J(z) = b(z), L(z) = T(2)+t(z), G (z) — €(2),
G (2) — Wy(z) ® e “(z) + W3(2) ® :a(z)e”“(2):
+Wh(2) ® :((k +3)aa(z) + a(z)2) e (2):
- :(a(z)4 + (k+3)%3a(2) + 3(k + 3)da(z)

(4.3.32) +4(k +3)%a(z)%a(z) + 6a(z)28a(z))e_c(z):,

Us(z) > Wa(z) + 2Wh(2) ® m(z) — 4(k + 3)?3*m(z) — 12(k + 3):m(2)om(z): — 4:m(2)*:
+(k+ 4)( ~Wy(2) ® c(2) + 6(k + 3)20%¢(2) + 6(k + 3):0m(2)c(2):
+12(k + 3):m(2)ac(2): + 6:m(z)2c(z):)
_2(k+4)(2k+7) ((k +3)(Pe(2) +:¢(2)dc(2):)

+:m(z)oc(z): + :m(z)c(z)zz)

, (k+ )2k +7)(3k + 10)
6

(82c(z) +3:c(z)dc(z): + :c(z)3:) ,

where m(z) = b(z) + k+4c(z) € I1. Define the W4 field

2(2k +5) 4(k+4)

43.33) W) = - sl - 2R+ L)L)
) ) k+_4 _8(11k+32). 3.
- 6:J(2)d](2): + 5 dL(z) —3(3k+8)2 J(2)°.
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This is a primary field of conformal weight 3. The fields {J(z), L(z), W(z), G*(z)} also strongly
generate W:. The operator product expansions of these fields are given in [49], albeit with L(z)
replaced with L(z). Checking that the above embedding correctly reproduces the desired operator
product expansions can be done tediously by hand or quickly using a computer using tools such as

the Mathematica package OPEdefs [152].

4.3.3. Relaxed Modules for Subregular W-Algebras. In Chapter 2, we saw that the repre-
sentation theory of W'; (the Bershadsky—Polyakov algebra) can be largely understood in terms of
representations of its untwisted and twisted Zhu algebrs. For n > 2, the complexity of the operator
product expansion of G*(z) and G (z) makes determining these algebras difficult.

However, the existence of an embedding Wl:l = W"; 1 ® I for any non-critical level allows
us to construct infinite families of W,lz +1-modules by taking appropriate tensor products of Wfl "
and II-modules. Particularly important amongst modules for subregular W-algebras are relaxed
modules.

These play a central role in computing modular transformations and fusion rules for admissible-
level L (sl,) and admissible-level BPy. In both cases, this is precisely because the relaxed modules
for the simple subregular W-algebra can be realised in terms of modules for the corresponding
simple regular W-algebra and for IT using inverse quantum hamiltonian reduction. This is described
in detail in Section 7.1 of [2] for n = 1 and Section 3.2.2 for n = 2. It is therefore reasonable to
anticipate that some of the Wz +1-modules that we will construct by way of our embedding will play
a central role in the representation theory of Wn+ 1k and the construction of ‘logarithmic minimal
models’ with W,,H,k symmetry.

Much of this section follows the approach taken for n = 2 described in [4]. As we are interested
in extracting information out of this embedding, we assume that k is non-critical for the remainder
of this section. We will also frequently identify WI:I +1 With its image under the embedding obtained
in Proposition 4.3.4.

Before constructing Wl:l +1-modules, we recall some general properties and definitions of mod-
ules over vertex operator algebras as used in the analysis of relaxed modules for Bershadsky—

Polyakov algebras in [4].

Definition 4.3.7. Let V be a vertex operator algebra, M a Z.y-graded V-module and denote the
top space of M by M*™P = M.

e M is top-generated if M is generated by M"P.

e M has only top-submodules if every nonzero submodule of M has nonzero intersection with M'P.

e M is almost-irreducible if it is top-generated and has only top-submodules.
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By Zhu’s theorem [171], M'P is a module for the associative algebra Zhu[V]. When looking to
construct irreducible V-modules, it is convenient to consider V-modules M whose submodules are
all generated by Zhu[V]-submodules of M'"P. This is because checking if such a V-module M is

irreducible requires only checking if M'P is an irreducible Zhu[V]-module:

Proposition 4.3.8 (Proposition 5.2 [4]). If M is almost-irreducible and M*? is irreducible as a
Zhu[V]-module then M is irreducible.

A key ingredient for constructing relaxed WI:[ +1-modules is relaxed II-modules as we saw for BPX
in Section 3.2.2. The relaxed II-modules we require for Wz +1 are defined in the same way as the
modules IT;; but are slightly modified to be positive-energy with respect to the conformal structure
defined by t(z) € II. That is, we induce II-modules from the Zc-modules generated by (certain)

elements e” € C[h] on which h’ € h acts as b’ - e" = (W, h) e [33].

rb+Ac

Proposition 4.3.9. The weight I1-module generated from e is positive-energy if and only if

r = —1. In this case, the II-module is Z-graded, simple and the minimal to-eigenvalue is 5, (x).

Denote the II-module generated from e"?*4¢ by II, (4). These IT-modules satisfy a number of nice
properties: By direct computation, the eigenvalue of by on e **¢ is A — £,(k). The zero modes
ey¢ act injectively on the top space of II_; (1). In general, I1, (1) is Z-graded as long as r € Z and
7+ %—graded whenr € Z + % In either case, I1, (1) = I1, (A + n) as II-modules for all n € Z.

As for Wi +1 we can use the Heisenberg field b(z) € II to define an vertex algebra automorphism

of II called spectral flow p* for all £ € Z.

Proposition 4.3.10. Let ¢ € Z.. The map p* : 11 — 11 defined by

(4.3.34) pl(A(2)) = Y (A(th,2)A,z), where A(£h,z) = 7t l_[ exp ((_;l)m{’bmz_m) ,
m=1

is a vertex algebra automorphism, where Y is the vertex map for I1.

The action of spectral flow on the fields a(z), b(z) and e™°(z) where m € Z. can be explicitly

computed with help from (3.1.4) and is given by
@335)  pllax) =a(z), p'(b(2) =b(z) - (e, pl(e™(2)) = 2™ (2),

This is only a vertex operator algebra automorphism when the conformal vector #(z) is preserved
i.e. when £ = 0. As usual, for any II-module and any nonzero ¢ € Z we get a new II-module by

applying spectral flow p’(M).
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Here as before, the range of ¢ can be extended to include Z + % in which case a Z-graded
IT-module becomes (Z + %)—graded upon twisting with respect to p¢ and vice-versa.

By the embedding (4.3.22), there are two strong generators of W,Iz +1 living only in IT: G* — ¢
and | — b. Let U be the vertex subalgebra of IT generated by b and e°. As a U-module, I1_; (4)

satisfies the many of the same properties that the n = 2 version was shown to satisfy in [4]:
Proposition 4.3.11. T1_ (1) is almost-irreducible as a U-module.

Proor. The proof for all n is identical to that for the n = 2 case described in Section 5.1 of [4].
Adapting it to the case of general n simply requires replacing j and i with b and a respectively and

keeping in mind the different conformal structures. [

Again, under the identification described in Section 4.3.1, the generators of 1g ® U are elements
of WI:,H. So Tr ® U is also a vertex subalgebra of WZH.

Givena WX -module M, the (W¥ | ®II)-module M(r, 1) = M®II,(4), where r € Z to ensure
Z-grading, is also aW; +1-module by restriction. AsII, () = IT, (A+n) as II-modules for all n € Z,
M(r,A) =~ M(r,A+n) as Wz +1-modules. Additionally, J(z) € WZ +1 is identified with b(z) under
the embedding of Theorem 4.3.2 so applying the WI:l +1 version of spectral flow (4.1.15) to M(r, A)

can be performed purely in terms of the IT version of spectral flow:
(4.336) o' (M(r,1) =" (M@, (1)) =M ® p’ (II,(1)) = M & I,4e(A) = M(r + £, 1).

We therefore interpret the label ‘r’ in M(r, A) as a spectral flow index. Owing again to the simplicity
of the expressions for J(z) and L(z) in terms of Wfl .1 and IT fields, character formulae for M(r, 1)
are immediate from their construction:

As I1,(2) are all relaxed modules for a lattice-like vertex algebra, their characters are straight-

forward to compute. Here, we define the character of a [I-module M to be
%
(4.3.37) ch[M] (z,q) = try (zboqto_%) )

A computation using a PBW basis for IT shows that

ZA_[" (k)

(4.3.38) ch[T_;(1)] (z.q) = e >4,

ieZ

which also gives the characters of 1, (1) for all r € 1Z as

(4339 eh[11 ()] 2. =1, o) (2

T
P! (bo) qpfrfl (t0)— % )

.
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= Z(r+1)t’n(k)q(r+1)(r+2—n)ﬂ'lT(k> ch [H—l ()L)] (qu+1’ q) '

Corollary 4.3.12. Suppose that M is a WX _ -module with q-character
y PP n+l
(4.3.40) ch[M] (q) = try (qTO—Cﬁ“/z“) .
—k
Then the W, \-module M(r, A) has character

(4.3.41) ch[M(r, )] (z.q) = trpern (ZJOqLO_Cg:l)
= ch[M] (q) ch[Hr(A)] (z,q),

where ch[H,()L)] (z,q) is given by (4.3.39).

It is useful to know what properties of M are inherited by M (-1, A) (recall that by Proposition 4.3.9,
I1, () is positive-energy with respect to ¢(z) only when r = —1). For example, only having top-
submodules and being top-generated. Fortunately, II_; (1) being an almost-irreducible U-module
is strong enough to require fairly mild constraints on the M for which such properties are inherited
by M(—1,14). As in the n = 2 case, it is convenient to introduce U, = (—1)"G(‘_1)GJr € Wl:m.
This field can be expanded as

(4.3.42) Uns1 (2) = (=1)"Wor1 (2) + Y Wj(z) @ 7" (2)
j=0

for some fields 7"/ (z) in the vertex subalgebra of IT generated by c(z) and d(z). The following
theorems are generalisations of Theorems 5.9 and 5.10 in [4]. The main difference when n > 2 is
the existence of strong-generating fields U;(z). This would be an issue if not for the structure of
the decompositions (4.3.26) of such fields in terms of fields in WE 41 (.e. the lack of derivatives or

normally ordered products).

Theorem 4.3.13. If M is a weight Wh +1-module that has only top-submodules, then the weight

k
W, . -module M(—1, A) has only top-submodules for all A € C.

Proor. The proof used here follows the same approach used for n = 2 in Theorem 5.9 of
[4]. Assume that N is a nonzero WI:l +1-submodule of M(—1,1) and let w € N be a weight vector.
As I1_; (4) has only top-submodules as a U-module, w can be sent to a nonzero element of M ®
I, (A)IOp under the action of modes from Ip ® U C Wt +1- The result is therefore an element

t
wo = up ® 0P € N where ug € M and 0'P € TI_; (1)*.
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If we can show that applying suitable modes from WI:I +1 10 wo results in an element of the top
space M(—1,1)"P = M'P @ T1_; (/I)t()p then we are done. We will do this recursively by defining
Wi, ..., wr € N with w, = u, ® 0P such that the conformal weight strictly decreases at each step
and wi € M(—1,1)"P for some k € Z¢. In other words, we recursively move up the submodule
until we reach the top space and do so in such a way that 0P is untouched at each step.

To define this recursion, let w, = u, ® 0P € N be nonzero. If (Wj)mup, = 0 forall j €
{2,...,n+ 1} and m > 0, then u;, generates a highest-weight submodule of M. Since M only has
top-submodules, it follows that u, € M'P and therefore that w, € M(—1, 1)"P.

Otherwise, let i € {2, ...,n + 1} be minimal satisfying

(4.3.43) (Wj)eup =0 forall £ € Z-¢and j < i,

and there exists m € Z such that (W;),u, # 0. That is, u, is annihilated by all positive modes
of the Wfl 4 fields Wa(z), ..., Wi_1(z) and is not annihilated by all positive modes of W;(z).
—k
Define wyi1 = (U;j)mWp. As wpy is obtained from w,, by the action of a mode from W, ,, it
follows that w1 € N. Additionally, conformal weight of w,, is strictly smaller than that of w,.

By the decompositions (4.3.6),

i—1
(4.3.44) woe1 = | (1) Wi(z) + Z Wi(2) ® 7 (2) | up ® 0"

j=0 "

i-1 o
= () (Wit @0 + 3 > (Wphmarty ® 170
j=0 r=0

= (=)™ (W) mup, ® 0P 2 0.

As the conformal weight of u,, decreases at each iteration and M is positive-energy, applying this
procedure sufficiently many times will yield a nonzero ux € M™P. That is, wxy € M(-1,1)'* N N

and therefore M(—1, 1) has only top-submodules. ]

Theorem 4.3.14. If M is a top-generated weight Wt L1-module, then M(—1, 1) is a top-generated
—k
weight W, ,-module for all A € C.

Proor. The proof used here follows the same approach used for n = 2 in Theorem 5.10 of [4].
Let N be the submodule of M(—1, 1) generated by the top space M(—1,1)"P = M©P @ IT_; (1)"®.
We begin by showing that M®I1_; (/l)t()p C N. Once established, it then follows that M(—1,1) C N.
This is because IT_; (1) being top generated as a U-module means that any u ®v € M(—1, 1) can be

—k
written as a collection of modes from 1g® U ¢ W, acting on u ® v'°P for some 0'P € I1_; (A)toP.
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With this in mind, let u ® 0P € M ® IT_; (A)'®". If u € M'P, then it is clear that u ® 0P € N.
Otherwise, as M is top-generated, u is obtained from some u'°? € M'P by the application of modes
of the fields W5 (2), ..., Wyt1(2).

It therefore suffices to show that if u®0'°P? € N forall v*°P € I1_; (A)tOP, then so is (W;)_,u®0'°P

foralli=2,...,n+1and m > 0. Starting with i = 2,

(4349) (Us)om (4 ® 6) = ~(W3) 9% — s 7200 € .

AsTI_(A) is top-generated as a U-module, 7200'°P can be obtained from some v’ 1P by the action

—k
of modes from U. So the right most term above can be written as modes from Ip ® U ¢ W,
acting on u ® v’ P € N and is therefore also in N. Hence (W5)_,,u ® 0P € N for all m > 0. For

i=3,
(43.46) (Us)-p (u®0'P) = (W3 + W2 ® 7% — 130 _u ® 0'°P

[ee)
= (W3)_mu ® 0'P + Z(Wz)_m+,u ® ﬂi’rzv“’p -u® ni’,?lv“’p € N.
r=0

An identical argument as in the i = 2 case shows that u ® 713’,9!0‘01’ € N. That the summands
(Wa)—martt ® T220'°P € N follows from IT_, (1) being top-generated, also using a similar argument
to the i = 2 case. Hence (W3)_,,u ® 0P € N for all m > 0.

That (W;)_,,u ®0'P € N can be established in the same way as in the i = 3 case, where we use
the expansions (4.3.26) to reduce to the j < i cases and use that IT_; (1) is top-generated. Hence

we conclude that M ® TI_; (A)'®" ¢ N as required. n

Corollary 4.3.15. If M is an almost-irreducible weight W’l; 1-module then M(—1, 1) is an almost-
—k
irreducible weight W, , | -module for all A € C.

We conclude this section with the case of M being an irreducible WS ,;-module. This is particu-
larly important when we eventually want to discuss W41 x and its modules: W, is irreducible
as a WS ,;-module and, for nondegenerate admissible k, Wp41k-modules are all direct sums of

irreducible Wl:z ,;-modules [17].

Proposition 4.3.16. Let M be an irreducible Wﬁ; L1-module. Then

—k
o M(—1,2) is an indecomposable relaxed highest-weight W, ,-module for all A € C.
o M(—1,A) is irreducible for almost all A € C.
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ProoFE. As M is irreducible, M'P is a module for Zhu [Wfl +1] which is abelian [17]. Therefore,

M"? is one-dimensional and spanned by a vector v, with y = (y2,..., yn+1) defined by
(4.3.47) (Wi)o vy = yivy.

The top space of M(—1, 1) is spanned by the set {v, ® e b+(smie|y e 7). To show that M(—1, 1)
is a relaxed highest-weight W,kl +1-module, we need to find a relaxed highest-weight vector that
generates M(—1,1). As M(—1, 1) is top-generated by Theorem 4.3.14, it suffices to find an m for
which 0y®e_b+(’“m)c generates M(—1, 1)'°P. The modes G, and GJ acton Uy®e_b+(’1+m)c according
to

—b+(A+m+1)c

Gg (Uy ® e—b+(,1+m)c)

=v,®e
(4.3.48)
G, (0)’ ® e—b+(/1+m)c) = p(y. A+ m)oy ® o b+(m=T)c

where p(y, x) is a polynomial in x of order at most n + 1 by Theorem 4.3.6. Choose m’ € Z such
that A + m” is strictly less than the real parts of all roots of p(y,x). As G; and G; act injectively
on o, ® e t+me 1y @ e=b+(+mic jg 4 relaxed highest-weight vector of M(~1, 1) that generates
M(—1,21)"P and therefore M(—1, 7).

That M (-1, A) is indecomposable follows from M(—1, 1) being uniserial as in the n = 2 case
described in the proof of Theorem 5.12 of [4].

Finally, recall that M(—1, 1) has only top-submodules so any submodule of N ¢ M(-1,1)
must contain an element of the form e b+(Hme_ Ag G{ acts injectively on M(—1, )'°P, there exists

—-b+(A+m’)c

m’ < msuch Gje = 0. That is, A + m’ is a root of p(y, x). As p(y, x) is polynomial in x

for fixed y, there are finitely many [A] € C/Z such that [A] contains a root of p(y, x). [

Corollary 4.3.17. Let M be an irreducible Wl; +1-module. Conjugate highest-weight vectors in
M(—1, ) are of the form Uy®e‘b+(’1+m)c with p(y, A+m) = 0. If conjugate highest-weight vectors are
present (i.e. when M(—1, ) is reducible), let m’ € Z. be the maximal m satisfying p(y, A+ m) = 0.
Then the submodule of M(—1, A) generated by v, ® e~ I+A+m)e i an irreducible conjugate highest-

—k
weight W ,,_|-module.

Giveny € C", itis not immediately clear what the roots of the polynomial p(y, x) are. Forn = 1 and
2, the roots of the polynomials p(y, x) corresponding to Wnﬂ’k—modules of the form M(-1, 1) can
be described using data from quantum hamiltonian reductions of certain highest-weight Ly (s1)-
and L (sl3)-modules respectively. The n = 2 case is essentially the third point in Theorem 2.3.28.

It is expected that such a description holds for general n. That is, for any Wnﬂ,k-module of

the form M(—1, 1), the roots of the corresponding polynomial p(y,x) should be related to the
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—k
eigenvalues of various W, ,; zero modes on the highest-weight vector of quantum hamiltonian

k

reductions of certain highest-weight Ly (s1,+1)-modules. Moreover the Z,.; symmetry of Wn +1

should relate these roots as seen in n = 2 (Lemma 2.3.27).
Knowledge about the subregular quantum hamiltonian reduction functor is not currently suffi-

cient to address this problem at present.

4.3.4. Simple Quotients. A natural question to ask is when the inverse quantum hamiltonian
reduction embedding Wi A Wfl 41 ® Il descends to an embedding of simple quotients. As we
will see, this is almost-always true and depends on the level k. The restrictions for k are known for
n=1[2]and n =2 [4]:

Lo (k) = Wox > Wo @ T = Vi ® I & k+1¢Zs,
(4.3.49) o
BPk W3 > W3 @Il & k+2, 2k+4¢7Z;.
A nice feature of (4.3.49) is that when k is admissible, these conditions exclude precisely the de-
generate admissible levels. Then, results similar to Proposition 4.3.16 allow for the construction
of continuous families of almost-always simple relaxed Wnﬂ,k-modules forn =1 and 2.

As we saw in the n = 2 case in Section 3.2, the modules constructed in this manner and their
spectral flows are referred to as standard modules and play a fundamental role in the determination
of modular transformations and Grothendieck fusion rules for the simple subregular W-algebra at
nondegenerate admissible levels. This is because the corresponding information for the simple
regular W-algebra at these levels (also known as W,,.1 minimal models) is known and the standard
modules allow us to ‘lift’ this information using the relaxed modules defined by inverse quantum
hamiltonian reduction.

Generalising this story to the n > 2 case fully is out of the scope of this thesis but is expected
to follow the same lines as in Section 3.2.

Explicit formulae for singular vectors in Wl:l +1 are only known for particular pairs of n and k.
When n = 1, the Malikov—Feigin—Fuchs formula for singular vectors in Verma modules for S/I\g
[127] can be used to describe singular vectors in admissible-level L (sl,) [7]. Singular vectors for
W: are known for k = —%, k = —% and k € Z-_ [5], in addition to admissible levels of the form
k=-3+ 5 where u > 2 is odd [15].

Little is known about singular vectors and the corresponding ideals of Wi +1 for general n and k.
Fortunately, determining when embeddings of simple quotients exist only requires the knowledge
we have about relaxed Wi +1-modules from Section 4.3.3 and an understanding of singular vectors

of a particular form.
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Proposition 4.3.18. The vector (G*)™1, m > 0, is singular in me ifand only if i(k + n) = m
forsomeie€ {l,...,n}

Proor. By charge and conformal weight considerations, it is clear that J;, Ls, (Ui)s, GI_,
and G_, | annihilate (G*,)™1 for all s > 0. All that remains to check is when G} (G*)"1 =
G(‘n) (G*)™ = 0. By the embedding, we can identify (G*)™ with ™ and G~ with —p,4 - - - p1e™°.
Again using charge and conformal weight considerations, ((G*)™) ()G~ = 0 for all n’ > n and

therefore

(4.3.50) Gy (GH)™ = (=)™ (") (n) (=pns1 -+ p167°).

While this appears to have superficially made things more complicated, the above form allows us
to explicitly compute the n-th product by performing the computation in W’L; +1 ® 1L The following
technical lemma is the most tedious part of this proof but the result gives the desired conditions on
k automatically.

The idea is to not compute the n’th product directly but to sneak up on it by gradually inserting

more p; operators while simultaneously raising the mode index on e™¢.

Lemma 4.3.19. Let j € {0,1,...,n}. Then

J
3.5 (") (=pjar -+ pre™) =m [ | (ik+n) = m) e,
i=1

Proor. We proceed by induction. The j = 0 case can be checked directly:

—c me k+n+1 e
(4.3.52) (€")0) (=p1€7%) = =(e™)(0) ((k +n)t_p+boy+ —c1)e

=—(e")(0) (a_1€7°)

c

= a1, (€™) ()] e

— me(m—l)c.

For the inductive step, suppose that (4.3.51) holds for some j. By the same charge and conformal
weight considerations used earlier, (€™) (j) (—pj+1 ... p1e™¢) = Oforall j > j. To see that (4.3.51)
being true for j implies that (4.3.51) is true for j + 1, we simply need to expand p;;> and reduce

back to the j case. That is,

(4.3.53) (€")(ut) (= pjeapyet - p1e”°)

k+n+1

= (™) (j+1) (— ((k+n)a+b_1 + 1

c_1 — (€j+2)—1) Pl - -Ple_c)
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k+n+1 _
= (emc)(j+1) (— ((k + n)t_1 + b_l + ﬁc_l) Pj+1---P1€ C)

= —(k+n) (") (ju1) (t-1pj41 . p17°) = m(e™) )y (=pjs1 .. p1e™)

using the commutation relation, for p, q € Z,

(4.3.54) [Ac(p) + Bd(p), e(’;ﬁ] =2Bme( )

The term involving ¢_; can be simplified using standard identities involving derivatives and i’th
products described in, for example, [108]. Here we attack this head-on using the operator product
expansions of €™(z) and (—pj.1 - - - p1e7) (z). This is of course equivalent to working with i’th
products.

By the inductive hypothesis and the observation earlier that the j”’th product vanishes for j* > j,

mTT., (i(k +n) —m) e(m=De(w) .

(z —w)itl

(4.3.55) e"(2) (=pjs1 -+ p1€7°¢) (W) ~

where the ellipses contains singular terms with an order < j pole in z — w. Applying 9,, to both
sides and extracting the coefficient field of the order j + 2 pole finally gives
J
(4.3.56)  — (k+n)(e™)(js1) (t-1pjs1 - p17¢) = (G + D) (k +n)m ]—[ (i(k + n) — m) emDe,
i=1
Combining this with (4.3.53) shows that (4.3.51) being true for j implies that (4.3.51) is also true

for j + 1 and therefore, by induction, we have our desired result. [

Continuing the proof of Proposition 4.3.18, substituting j = n into (4.3.51) gives
n
(4.3.57) G (G )™ = (=1)™'m ] | (i(k+n) = m) (G*)™,
i=1

and from here it is clear that the right-hand-side vanishes exactly when i(k + n) = m for some

i € {l,...,n} as required. ]

Substituting n = 1 and 2 reproduces the conditions for Ly (sl,) and BPy respectively. With this
—k
result in hand, we are in a position to answer the question of when our embedding W, ,; — W,'; a®

IT descends to an embedding of simple quotients. Let i denote the composition of the embedding

—
W,,1 = WK | ®TI with the projection from WX | to its simple quotient W, k. That is,

—k
(4.3.58) Yt Wy = WE @ TT - Wy @1

—k
This is clearly non-zero as image of the vacuum of W, is the vacuum of W, x ® II. In terms of

—k —k J—
Yk, the question at hand then becomes: for which k is ¢ (W, ;) simple, i.e. (W ;) = Wy k?
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Theorem 4.3.20. The simple quotient Wrﬁ_l’k embeds into W11 x 1L if and only if i(k+n) ¢ Zs
forallie{l,...,n}.

Proor. The proof of this statement is very similar to the n = 2 case presented in Theorem 6.2
of [4]. Indeed the only modification in our present context is the slightly different definition of the
relevant II-modules and having to care about the action of modes from a few more fields.

Following the proof provided therein, suppose ¥/ (Wl:l +1) is not simple as a Wi +1-module and

—k
therefore has a non-zero proper ideal I. As W, ,;-modules,
(4.3.59) ITCWuo ik @I =W,k ® H()(O).

—k
Applying the spectral flow W, -automorphism ¢! to both sides and observing that spectral flow

can be realised using W’l; +1~ and IT-automorphisms according to o l=id, ® p7!,
(4.3.60) o (I) € Wps1x ® 11 (0) = W1 x(=1,0).

As W41k is an irreducible weight Wfl +;-module, W41 k(=1,0) is an almost-irreducible W,Iz e
module by Corollary 4.3.15. The top space of W,,,1 x(—1, 0) is spanned by the vectors 1g ® e™/*™¢,
Hence there exists m € Z such that 1z @ e o™ ¢ 57! (I) and therefore after applying spectral flow
again Ir ® e™ e I.

As Wl:l +1 contains only fields of nonnegative conformal weight, it must be that m > 0. Even
better, if m = O then I contains the vacuum of Wt ., and therefore I = ¥ (WZ +1) which is a
contradiction. Take m > 0 to be minimal satisfying 1z ® €™ € I. In particular, 1z ® e(™~1¢ ¢ I.

As Y ((GT)™) = 1g ® €™ is annihilated by all J;, Ls, (U;)s, GI_, and G; with s > 0, itis a
singular vector in I. As the embedding of Theorem 4.3.2 sends (G*)! to 1p ® e for all £ > 0
and composing with the projection map Wfl .1 ™ Whyik leaves TI untouched, Y ((GH™ ) =

—k
1z ® e™=D¢ is non-zero. Hence (G*)™ is singular in W, ;. By Proposition 4.3.18, if i(k+n) # m

—k
for some i € {1,...,n} then this cannot occur and therefore i (W, ) is simple.
—k
For the converse, if i(k+n) = m for some i € {1,...,n} then (G*)™ is singular in W, ;. Then
— Kk —k
Uk ((GT)™) # 0 is singular in Y, (W, , ;) and therefore 4 (W,,, ) is not simple. [ ]

Anticipating that admissible levels are both interesting and important from a logarithmic con-
formal field theory point of view, it is useful to know when admissible-level Wrﬁ.],k is related to
admissible-level W, x using the inverse quantum hamiltonian reduction of Theorem 4.3.20. An

admissible level k for sl,,,; is one that satisfies

4.3.61) k+n+1=—, where u € Zsn1,v € Zs; and ged{u,v} = 1.
\"
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Corollary 4.3.21. Letk = —n— 1 + { be admissible. Wn+l,k embeds into Wy x ® Il if and only if

v > n (i.e. k is nondegenerate admissible). That is,

(4.3.62) Wt (U, v) <= Woe (u,v) @ I1

ProoF. Suppose thatk = —n—1+ 7 withv < n. Theno(k+n) =u-v €Zsjas u € Zypy.
So for such k, Wn+1’k does not embed into W1k ® II. If v > n, i(k+ n) = i% — i is not an integer

foralli e {1,...,n} s0 Wy (u,v) <> W,y (u,v) ® IT by Theorem 4.3.20. [ |

Theorem 4.3.20 also shows there exists an embedding Wn+ 1k — W1k ® II for certain non-
admissible levels. This includes fractional levels of the form k = —n — 1 + ﬁ, at which Wfl L1 18
reducible [14].

Mirroring the construction of relaxed modules for the universal subregular W-algebra Wl:l 41 Us-
ing the inverse reduction embedding, relaxed modules for the simple subregular W-algebra WrH.]’k
can be constructed when the embedding Wn_'.l’k — Wy k ® IT exists.

At non-admissible level, the representation theory of the affine vertex operator algebras and W-
algebras is largely mysterious. Despite this, Proposition 4.3.16 shows that Wn+1,k admits infinitely
many irreducible modules of the form W41 k(=1,4) fork = —n—1+ -2, and likely for many other
non-admissible levels.

Returning to a nondegenerate admissible level k = —n — 1+ 7, Wy = Wy (u,v) is ra-
tional and hence has finitely many irreducible modules denoted by W, for y € Pr’fN as described
in Section 4.1.1. Therefore by Corollary 4.3.21 and Proposition 4.3.16, the Wn+1 (u, v)-module
W, (=1, 1) is an indecomposable relaxed highest-weight module that is almost-always irreducible.
This shows that W,,,; (u, v) is nonrational in the category of weight modules.

The relaxed modules W), (-1, 1) play the role of ‘standard modules’ in the computation of mod-
ular transformations and fusion rules of W, (u,v) when n = 1 [52] and n = 2 (Section 3.2). Much
of the representation-theoretic structure present in those cases is present for all n. It is therefore ex-
pected that the relaxed W 41 (u, v)-modules W, (=1, 1) will be essential in computing logarithmic

conformal field theoretic data when n > 2 as well.

4.4. Beyond Subregular W-Algebras

In Section 4.3, we saw how to define an inverse quantum hamiltonian reduction from sl
regular W-algebras to sl,,,; subregular W-algebras. A useful way of thinking about this example
is that by bosonising the fy ghost vertex algebra, we have enough ‘room’ to change a nontrivial

screening operator (f(z)e”!/ (k)@ (2)) into a regular-like screening operator (e~ !/ (<*m+1)di (zy),
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Another place where the screening operator (z)e™!/ (k*n+Da1(2) appears is in the Wakimoto real-

n(n+l)

isation of VK(s1,.1) [64,157). This is an embedding V*(sl,.41) — H, ® B® 2
level k.

for noncritical

The Wakimoto realisation of Vk(sln+1) can be described in terms of n screening operators

n(n+l)

f Si(z)dz actingon H, ® B® 2

: Following [71], let N, be the Lie subgroup of SL(n + 1) corre-

sponding to the upper nilpotent subalgebra n, of sl,,;. That is, N, consists of all matrices of the

form
1 X1 Xn+1 x%(n2+n_4) Xn(nz-v»l)
01 x X1 (n+2) (n-1)
4.4.1)
Xn—-1 X2n-1
0 1 Xn
0 0 0 1
where x1,...,Xnmsy € C. The right action of N, on N, by matrix multiplication induces an anti-
2

homomorphism pR : n, — D(N,) where D(N5) is the ring of differential operators on N,. Denote

the image of a € n, by pR(a) € Clx;j, %] and let ey, be the positive root vector in 1, C sl
J

corresponding to the i’th simple root of s1,,.1. We can write
n(n+l)
: Z)

a .
R( _ R,z(
e, 1)__+ P X155 Xn(n+l)
p “ 8xl- = J 2 an

4.4.2)

for some polynomials Pf’i € Clxi,...,xnmen ] [71, Sec. 1.5]. The screening fields S;(z), i €
2
{1,...,n}, of the Wakimoto realisation of VK(sl,,) are given by

n(n+l)
2

$i(2) = { B2 + D PR (1(@h e Yaten (2] B (2) | €77 (2):

j=1

4.4.3)

n(n+
2

where f;(z),y;(z) are the fields of the j’th copy of B in B® 2 Here, the fields $;(z) and y;(z)
satisfy the operator product expansions of f(z) and y(z) in (2.1.3), rather than (1.1.21) in order to

be consistent with [71,119]. So, the image of the embedding VK (slpe1) — Hge ® B®n(nz+l) of the

Wakimoto realisation is specified, for generic k, by

VK(slpp1) = ﬂker/ Si(z) dz c Hy ® g 5™

i=1

(4.4.4)
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With respect to the choice of (homogeneous) coordinates in (4.4.1), the first few screening fields

of the Wakimoto realisation are
S1(2) = 11 (2)emmT¥ (2):,
(4.4.5) 52(2) = :(B2(2) + 1 (2) Bt (2)) €Fm7T 2 (2):,
53(2) = :(B3(2) + 12(2) Bus2(2) + Yne1 (2)fan(2) ) @ (2):.

Explicit formulae for the other screening operators can be found in [119].

Choosing different coordinates on N, (as long as they are homogeneous in the sense defined
in [71]) might result in different expressions for the screening operators S;(z). However the image
of the screening operators obtained from S;(z) is independent, up to canonical isomorphism, of
the choice of homogeneous coordinates. The Wakimoto realisation can be defined in a coordinate-
independent way, but this level of generality is not required for our purposes.

We can rewrite the free-field realisation (4.2.9) of the type-A subregular W-algebra WI; 41 in

the notation of the Wakimoto realisation as

(4.4.6) WI:IH ~ (ker/ S1(2) dz) N (ﬂ ker/ eﬁlﬂ"”(z) dz) c H, ® B.
i=2

The regular and subregular W-algebras of type A are contained in a larger, more mysterious class
of W-algebras known as hook-type W-algebras of type A. These are the sl,,.; W-algebras specified
by nilpotent orbits whose partitions are of the form (A, 1%) where A+ B = n+ 1. Let m € Z such
thatn+1>m> 1.

Define the nilpotent element
n
4.4.7) F = fon
i=m
and f("* = 0. The nilpotent orbit of sl,,,; containing f(™ is O (neman,1m-1y-

Definition 4.4.1. The hook-type W-algebra corresponding to the partition (n—m+2,1™"1) of n+1

is the quantum hamiltonian reduction Wk(sInH,f(’")) oka(sIn+1)

For example, the hook-type W-algebras Wk(sIn+1, f O ) and Wk(sI,,H, f (2)) are the regular W-
algebra W'r‘l .1 and subregular W-algebra Wi .1 respectively. The affine vertex algebra V*(sl,,;1) is
isomorphic to WK (sl,.,1, f(+D).

Hook-type W-algebras (at generic levels) all admit screening operator descriptions related to

the Wakimoto realisation [42]:

m-—1
(4.4.8) WX(slpr, f0™) =~ (ﬂ ker / Si(z) dz) m(
i=1

n
ﬂ kef/ eFme1 % (2) dz) CH,®B" 5"

Jj=m
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In Section 4.3, we showed how to take the first step up the partial ordering of sl,,; W-algebras
using inverse quantum hamiltonian reduction from regular W-algebras to subregular W-algebras.
A natural question to ask is where to go from here. In the n = 2 case, the only remaining W-
algebra is V¥(sl3) and the inverse quantum hamiltonian reduction from the subregular W-algebra
to VK (s13) is known [3].

For larger n > 2, there are a number of choices for the W-algebras involved in the inverse
reduction. For sly, the affine V¥(sl4), the minimal WK (sly4, f (3)) and the rectangular WHK(sly, fe)
all have nilpotent orbits less than that of the subregular W*(sl4, f(?)) in the Chevalley ordering.

As the screening operators for hook-type W-algebras are particularly nice, we will focus on
inverse quantum hamiltonian reduction from the subregular W-algebra WX (sl,,,, f(?) to the hook-
type W-algebra WX(sl,..1, f®). To ensure that such a hook-type W-algebra exists, assume that
n>3insl,.

The existence argument is a simple generalisation of that used for sl3 in [3] and is reminiscent

of the argument used in Section 4.3.1.

4.4.1. From Subregular W-Algebras to Hook-Type W-Algebras. Substituting m = 3 into
(4.4.8) and using (4.4.5), we have an embedding Wk(sln+1,f(3)) — H,®B® fork # —-n— 1

whose image is specified (for generic k) by
(4.4.9) WK (sl 1, fO)) = (ker / B (z)eFn® (z) dz)

n (ker [ @ n@pneman) dz)
2 -1
N (ﬂ ker/ ekl % (z) dz) c H, ® B®.
i=3
Guided by the approach taken in [3], we apply FMS bosonisation to f3(z),y3(z). The same ar-
gument used for the regular-subregular case in Section 4.3.1 allows us to describe the resulting

embedding WX (sl,.,, f®) < H, ® I1® B® for generic k as the intersection of kernels of screen-

ing operators according to
(4.4.10) WK (slpp, fO) = (ker / B (z)eFmn® (z) dz)
n (ker / (B2(2)e™(2) +11(2)) €m0 % () dz)

n
N (ﬂ ker/ eﬁd"(z) dz) N (ker/ e%”%d(z) dz),
i=3

where d>(z) = ax(z) — (k+n+ 1)c(z) and @;(z) = a;(z) fori = 1 and i > 3. Comparing the

free-field content of (4.4.10) and (4.2.9), we expect the inverse quantum hamiltonian reduction to
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be of the form
(4.4.11) WK (51, ) < WK(sT,,p, FP) @ T ® B.

To obtain screening operators for the subregular W-algebra from (4.4.10), we use yet another
free-field realisation for Wk(sln+1, f (2)) obtained by Feigin and Semikhatov in [68]: There is an

embedding WX (sl,.1, f?)) < H, ® B for k # —n — 1 whose image is specified by
k @y W ~ T
(4.4.12) W (slps1, f17) = W, = |ker [ B(z)emn ¥ (z) dz

N (ker/ y(z)eﬁaz(z) dz)

n
N (ﬂ ker/ e e % () dz)
i=2

for generic k. Let H; C H, ® I ® B®2 be the vertex subalgebra generated by @ (2),...,@,(z). It
is easy to see that Hz ~ H,. Let B be the vertex subalgebra of H, ® II ® B®2 isomorphic to B

generated by

(4.4.13) B(2) = pi(2), 7(2) =y1(2) + fa(2)e “(2).

Finally, let B and II be the vertex subalgebras of H, ® IT ® B®? generated by

(4.4.14) B(2) = p(2). T(2) = 12(2) + B1(2)e™(2)

and

Tz) = c(z), €™ (2) =e™(2),

c?(z) =d(z) — (k+n+ I)Mc(z) =2B2(2)1(z)e”“(2) + 2w2(2).

(4.4.15) _1
n+1
respectively, where w;(z) is the field associated to the second fundamental coweight of sl,.;. A
straightforward calculation shows that H, ® IT ® B®2 =H;®B® 1 ® B. The definitions of Hg,
B, B and I for n = 2 can also be found in [3].

The first n screening operators of (4.4.10) act non trivially only on Hy ® B. In fact, if we rewrite
the first n screening operators in (4.4.10) in terms of the fields of Hy ® B ® e E, we get exactly

the tilded versions of the screening operators (4.4.12).

Theorem 4.4.2. Let k be generic. There exists an embedding

(4.4.16) WK (sTer, FP) < WK(sTpp, FP) @ TT® B,
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whose image is specified by
(4.4.17) WK (sLp1, f) = ker / e(z) dz,

where

n_
n+

1 1 1
(4.4.18) A(z) =5 (1 -2(k+n+1)— ) ¢(z) + 5d(2) + P (2)p(2)e™(2) — wa(2).
Here, B(2) refers to the ghost field in B and the fields p* (z) and w-(z) act on the subregular
W-algebra WX (sl,.1, f?)) by way of the free-field realisation (4.2.9). That is, B? (z) denotes the

ghost field in the free-field realisation WX (1,41, f?)) < H, ® B.

Proor. The argument here is the same as that in the proof of Theorem 4.3.2. [

When n = 2, this is the embedding described in [3]. For n = 3, the embedding of Theorem 4.4.2
is an inverse quantum hamiltonian reduction from the subregular sI4 W-algebra to the minimal sl
W-algebra.

It would be interesting to explore the representation theory of WX(sl,,, f®) using Theo-
rem 4.4.2 in the same way as the subregular W-algebra was explored in Section 4.3.3. One would
expect that the relaxed and logarithmic modules present in the n = 2 case from [3] are present for

all n.






Chapter 5

Conclusion

5.1. Summary of Results

In this thesis, we have developed the representation theory of examples of nonrational W-
algebras in various levels of detail.

The first W-algebras studied here were Bershadsky—Polyakov algebras. The first result of Chap-
ter 2 was the explicit determination of their untwisted and twisted Zhu algebras. Then, the clas-
sification of simple modules for these algebras gave a classification of simple relaxed highest-
weight modules of the universal Bershadsky—Polyakov algebra BPX (Theorems 2.2.6 and 2.2.16)
by Zhu’s theorem and its twisted analogue. In addition to these, several families of reducible-but-
indecomposable BP*-modules were identified.

Determining when the above BP*-modules are modules for the simple quotient BP is difficult
in general. However we found that specialising to admissible levels of the form k = ¢ — 3, where
u > 3 and v > 2 are coprime, allowed us to leverage results of Arakawa regarding the minimal
quantum hamiltonian reduction functor [13]. In particular, we showed that all untwisted highest-
weight BP, = BP(u,v)-modules are obtained from highest-weight Ly (sl3)-modules by quantum
hamiltonian reduction (Theorems 2.3.8 and 2.3.16).

Combining this surjectivity result with spectral flow of BP(u,v) and coherent families of
Zhu'v [BP(u, v)]—modules allowed us to classify simple (untwisted and twisted) relaxed highest-
weight BP(u, v)-modules with finite-dimensional weight spaces (Theorem 2.3.25). A related ar-
gument proved the existence of reducible-but-indecomposable positive-energy BP (u, v)-modules
when v > 3, and short exact sequences for these modules were found (Theorem 2.3.32).

These results in particular show that BP(u, v) is a nonrational W-algebra when v > 3. The
further analysis of BP(u, v) at these levels in Chapter 3 was greatly assisted by the inverse quan-
tum hamiltonian reduction relating the nonrational BP (u, v), the rational Zamolodchikov minimal

model W3 (u, v) and the half lattice vertex algebra IT [4]. In particular, the characters of the (spectral
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flows of) simple and reducible-but-indecomposable BP (u, v)-modules of Chapter 2 were expressed
in terms of W3 (u, v) and II characters (Proposition 3.2.8 and Corollary 3.3.13).

To determine modular transformations and Grothendieck fusion rules, we used the standard
module formalism [51,146]. After modifying the conformal structure of BP (u, v) for convenience,
identifying a suitable class of standard modules (3.2.16) and explaining how to define linearly
independent one-point functions of these standard modules, we derived a modular S-matrix for the
one-point functions of standard modules (Theorem 3.2.10). The modular transformations for the
vacuum module were obtained using the aforementioned character formulae (Corollary 3.3.16).

The (conjectural) standard Verlinde formula (3.3.2b) was then applied to compute (conjectural)
Grothendieck fusion rules for the standard modules (Theorem 3.3.19). This is quite a nontrivial
calculation, requiring several identities involving W3 minimal model fusion coefficients. That the
conjectural Grothendieck fusion coefficients are nonnegative integers is strong evidence that they
are indeed the structure constants of the Grothendieck ring of BP(u,v). As every simple weight
BP-module is resolved in terms of standard modules (Proposition 3.3.12), this result implies the
Grothendieck fusion rules for all BP(u, v)-modules from Chapter 2. We also identified interesting
simple currents in BP(u, v) (Proposition 3.3.22) and explored the example of BP(3,4).

The second family of W-algebras explored were the subregular W-algebras WK (s1,,41, foun) in
Chapter 4, examples of which are affine sl vertex operator algebras and Bershadsky—Polyakov
algebras BP¥. Utilising free-field realisations for the universal regular W-algebra W (s1,.,1, free)
[123] and subregular W-algebras of type A [88], and the FMS bosonisation of the fy ghost ver-
tex algebra [77], we proved the existence of an inverse quantum hamiltonain reduction embed-
ding generalising that used for BPX (Theorem 4.3.2). Explicit formulae for strong generators for
WX (51,01, faub) in terms of fields in WK (51,001, freg) and the half lattice IT were obtained in Sec-
tion 4.3.2.

Recalling the importance of BP(u,v)-modules obtained from inverse quantum hamiltonian
reduction in Chapter 3, we constructed relaxed highest-weight W*(sl,,,1, fiup)-modules by tak-
ing the tensor products of irreducible W*(sl,,,1, freg)-modules with relaxed II-modules (Proposi-
tion 4.3.16). Such modules were shown to exhibit many of the properties present in the analogous
modules for BP¥. The characters of these relaxed WK (81,41, fsub)-modules were shown to be prod-
ucts of characters for W*(s1,,41, freg)- and II-modules (Corollary 4.3.12).

When the aforementioned inverse quantum hamiltonian reduction embedding descends to an
embedding W\ (slp11, faun) = Wi($lnet, freg) ® II of simple quotients was determined (Theo-
rem 4.3.20). This is highly nontrivial as expressions for singular vectors in both regular and sub-
regular W-algebras are difficult to obtain in general. When k is a nondegenerate admissible level for

slhils Wn+1 (u,v) = Wi(slp41, faub) and its relaxed modules can be realised in terms of the rational
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minimal model W, (u,v) and II (Corollary 4.3.21). A consequence of this is that Wi (u, v) is
nonrational in the category of weight modules at these levels.

The final family of W-algebras considered in this thesis were hook-type W-algebras of type A.
Our final result was proving the existence of an inverse quantum hamiltonian reduction relating
the subregular W-algebra of type A to a hook-type W-algebra of type A (Theorem 4.4.2) using

free-field realisations related to the Wakimoto realisation of V¥ (sl,.,1).

5.2. Future Directions

5.2.1. Bershadsky-Polyakov Algebras. While our studies of BP(u,v) were fairly compre-
hensive, there are many features of the category of weight BP(u, v)-modules that remain unex-
plored. For example, identifying projective covers for the simple BP(u, v)-modules defined in
Chapter 2 and defining other reducible-but-indecomposable BP (u, v)-modules. An example of the
latter are staggered modules, which exist for BP (5, 3) due to its relationship with an admissible
level 51, minimal model known to exhibit such modules [2,9,62]. This is also the case for BP(4, 3)
and BP(3,4) due to their relationship to the Sy ghost vertex algebra [5, Sec. 5.2] and triplet al-
gebra [53,143] respectively. More evidence for staggered BP (u, v)-modules is in the form of the
Grothendieck fusion of reducible standard modules (3.3.81).

There are also other levels in BPy that are of interest. Outside of admissible levels, the structure
of the maximal ideal of Vk(sln+1) is more complicated and therefore so is addressing which of the
simple relaxed highest-weight BPX-modules are BP-modules. It is not immediately clear how
much of the proof Theorem 2.3.8 can be adapted in this case but quantum hamiltonian reduction
should play a role here too.

A classification of simple modules for the nonadmissible-level BP, where k € Z.>_; is known
but uses explicit formulae for singular vectors in BP* at such levels [5, 6] rather than quantum
hamiltonian reduction. It would be interesting to see how our results can be adapted to these non-

admissible levels and others.

5.2.2. Subregular W-Algebras. There are aspects of the analysis in Chapter 2 that might
generalise to other subregular W-algebras of type A outside of what we have explored in this thesis.
For example, the (twisted) Zhu algebra of a W-algebra is isomorphic to the finite W-algebra of the
same type [55], and the finite W-algebra corresponding to the subregular nilpotent orbit in sl is
known to be a central extension of a Smith algebra for all n [140, Thm. 7.10]. As Smith algebras are
‘slp-like’, the classification of simple weight modules for Smith algebras is an easy generalisation

of that presented in Section 2.2.5 using constructions in [149].
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Therefore, in principle, the simple relaxed highest-weight modules for universal subregular
sl,+1 W-algebras Wk(sIn+1, fsub) are known up to isomorphism. However these isomorphisms
make it difficult to identify such relaxed highest-weight modules in terms of W"(sIn+ 1, fsup) fields,
in the sense of the action of zero modes on the top space. Of course for Bershadsky—Polyakov
algebras, we have a presentation (2.2.3) of the finite W-algebra in terms of the (images of) zero
modes of BP* fields. Such a presentation of the subregular sl,,,; finite W-algebra in terms of the
zero modes of the fields (4.1.7) may be achievable using a related presentation in [89].

Which of these simple relaxed highest-weight modules are also modules for the simple sub-
regular sl,,,; W-algebra Wy (sl,.+1, fsup) is a difficult question in general. Here, the Bershadsky—
Polyakov algebra being minimal comes in handy. A classification of highest-weight W\ (sl,,+1, fsub)
is unknown even in admissible level cases W1 (u, v).

One potential means for obtaining such a classification is through inverse quantum hamiltonian
reduction: recall that simple relaxed highest-weight BP (u, v)-modules are either standard modules
(obtained by inverse quantum hamiltonian reduction and spectral flow) or their submodules and
simple quotients. In this way, the classification of such BP(u, v)-modules reduces to construct-
ing the standard modules by inverse quantum hamiltonian reduction and analysing their structure.
Whether this strategy works more generally is an open question.

For the subregular W-algebras W41 (u, v), we have completed the first step. Determining pre-
cisely when the standard modules are reducible is difficult and requires more information about
the polynomial p(y, x) in (4.3.48). This difficulty is related the complexity of the operator product
expansion between G*(z) and G~ (z). More detailed knowledge about how the subregular quantum
hamiltonian reduction functor acts on highest-weight Ly (sl,,+1)-modules (analogous to Arakawa’s
results in the minimal case) will likely assist in this direction.

One area where such an understanding of highest-weight W41 (u, v)-modules, in particular
the vacuum module, is required is in computing modular transformations and Grothendieck fusion
rules for W,,1 (u, v). Subject to being able to upgrade W, (u, v) characters to one-point functions
in an appropriate manner (as in Section 3.2.4), a standard S-matrix for Wit (u, v) can be straight-
forwardly obtained from the character formula (4.3.12) and is of the expected form: the S-matrix
of the corresponding W,,.1 (u, v)-modules multiplied by an exponential containing the ‘IT data’ of
the standard modules involved.

The natural next step from here would be to compute the Grothendieck fusion rules, which
requires the S-matrix elements corresponding to the vacuum module Wn+ 1(u,v). While the struc-
ture of the vacuum module should be simpler than that of other highest-weight W41 (u, v)-modules
(c.f. the vacuum module being type-3 for BP(u, v) from Section 2.3.3), much is still unknown in

this direction.
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One example of subregular minimal models of particular interest is W1 (n+ 1,1 +2), which
is isomorphic to the logarithmic B, ;-algebra [25,53]. Tensor categories related to B, that are
braided, rigid and non-semisimple have been constructed using a conjectural relationship between
B,+1 and the unrolled restricted quantum groups of sl, [25]. It would be interesting to see if
our preliminary representation-theoretic results for W1 (n + 1,n + 2) are able to reproduce this
categorical data, and if such data can shed light on the Grothendieck fusion rules of the standard
modules of Wn+1 (n+1,n+2).

There are of course also non-type-A subregular W-algebras that might be accessible using
inverse quantum hamiltonian reductions and the free-field approach. One such example is the
case of the subregular sp, W-algebra. An embedding involving the the regular sp, W-algebra
and the half lattice was proposed in [30]. An identical screening operator argument to that used in
Theorem 4.3.2 provides an alternative construction of this embedding. The representation-theoretic
content of the subregular sp, W-algebra inverse reduction remains to be explored, as well as looking
at other subregular W-algebras.

In general types, subregular W-algebras are an important class of W-algebras from a number
of perspectives. As mentioned previously, subregular W-algebras appear in the Schur index of 4D
superconformal field theories known as Argyres—Douglas theories [24, 29, 41]. The ADE clas-
sification of simple surface singularities connects to the ADE classification of simply-laced Lie
algebras through the geometry of the Slodowy slice corresponding to the subregular nilpotent orbit
[148], and this connection is expressed beautifully in the associated variety of the subregular W-
algebra [16]. Our new results on the structure and representation theory of subregular W-algebras

therefore might have implications in these areas.

5.2.3. Other W-Algebras. Of course if we want to use inverse quantum hamiltonian reduc-
tions to learn about admissible-level affine vertex operator algebras, we eventually need to move
on from subregular W-algebras.

The n = 2 version of the hook-type inverse quantum hamiltonian reduction in Theorem 4.4.2
was used in [3] to construct logarithmic and relaxed modules for Ly (s13). Obtaining such results
for WK (51,41, ) for n > 3 requires an understanding of when the embedding of Theorem 4.4.2
descends to an embedding of simple quotients.

The difficulty here is that unlike in the subregular case, expressions for strong generators of
WX (51,001, f 3)) in terms of fields in Wi (sl,41, fsb), IT and B are not known. Subject to deter-
mining the restrictions on the level k to get an embedding of simple quotients and making this
inverse reduction more explicit, similar logarithmic and relaxed modules for W (s,,;1, f*)) might

be obtainable using a similar approach as [3].
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WX (slg, 0) = VK(slg)

I

Wk (5163 fmin)

!

WX(sle, fion.11) --_

> WK(slg, fizon) -

WK(sle, flan) 4~

I
I
+

WK (s1s, fiub)

[

WX(sl, fieg)

Ficure 1. Inverse quantum Hamiltonian reductions for hook-type slg W-algebras
are depicted by the pink upwards arrows.

The systematic construction of the inverse quantum hamiltonian reductions in Sections 4.3.1
and 4.4.1 using screening operators suggests a potential path of inverse reductions starting from
the regular sl,,,; W-algebra to the affine vertex algebra VK(sl,..).

Consider the sl case, where the ordering of W-algebras is presented in Figure 1. Starting from
WK (slg, freg), the first pink arrow represents the inverse quantum hamiltonian reduction described
in Theorem 4.3.2, while the second represents that of Theorem 4.4.2. Interestingly, the latter skips
the W-algebra Wk (sl6, fla2)-

It therefore appears that hook-type W-algebras define a traversable path from a regular W-
algebra to an affine vertex algebra, along which inverse quantum hamiltonian reductions can be
described using the Wakimoto realisation of Vk(sIn+1) and the screening operators of [88].

In order to better understand what the inverse quantum hamiltonian reductions along the path of

hook-type W-algebras look like, the Wakimoto-type free-field realisation of hook-type W-algebras
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[42] takes the form of embeddings

(5.2.1) WH(sLpe, f) e H, @ B™5

Hence the free-field realisation of WX (s1,,41, f™*1) requires m more copies of the By ghost vertex
algebra B than the free-field realisation of Wk(sIn+1, f (’")). In Theorem 4.3.2 and Theorem 4.4.2,
it was only necessary to bosonise a single B in order to define an inverse quantum hamiltonian

reduction embedding.

ConNJECTURE. Let k # —n — 1. There exists an embedding

(52:2) WH(sLuer, f1) < W(s, f™) @ T B2

The key claim in the Conjecture is that only one Sy ghost vertex algebra needs to be bosonised in
order to define an inverse quantum hamiltonian reduction embedding.

If the Conjecture were true, the embeddings (5.2.2) could be composed. It would therefore
be possible to realise the affine vertex algebra VK(sl,,1) in terms of any hook-type W-algebra

WX (sl,.41, fU™) by way of an embedding, at noncritical k, of the form
(5:2.3) VE(8La41) o WH(sLpy, f07) @ T @ BOZ (m=2) (nmmt]),

In light of the results of Section 3.2, such embeddings might assist in uncovering the highly sought-
after modular transformations and fusion rules of admissible-level Ly (sl,,.1).

Finally, there is also likely to be a finite W-algebra analogue of inverse quantum hamiltonian
reduction. This is because finite W-algebras can be constructed as the (twisted) Zhu algebra corre-
sponding to W-algebras [55]. Partial reduction for finite W-algebras, at least for type A, has been
described [133]. It is likely that the inverse quantum hamiltonian reductions described here are
the ‘affinisation’ of inverses to such partial reductions but there is much work to be done in this

direction.
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