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Abstract

Bosonic ghost systems are perhaps the least well understood of the free field conformal field
theories (CFTs). The system is generated by two bosonic fields with opposite charges and con-
formal dimensions summing to 1. This work starts by introducing some background knowledge
related to CFT, then discusses the construction of the ghost system. One particular automor-
phism is the spectral flow automorphism, which helps twist a module or a field. The thesis
then focuses on computing the correlation functions of fields with or without spectral flow by
solving differential equations including the Ward identities and an analogue of the Knizhnik-
Zamolodchikov equation. We finish by showing that the results match the known fusion rules
for the ghost CFT.
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4.2.4 3-Point Function
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Chapter 1
Introduction

Conformal Field Theory (CFT) is one of the special cases of Quantum Field Theory (QFT),
where strong symmetries apply, which means in this case that CFTs are of invariant under
conformal transformations. They were formally introduced in 1984 by Belavin, Polyakov
and Zamolodchikov in | |, which discussed the consequences of conformal invariance
of two-dimensional quantum field theory. More applications were developed rapidly and,
CFT found significant contributions to condensed matter physics, statistical mechanics | ,

, |, and string theory | , , |. The simplest example is the free
boson, which is discussed as an introductory topic in multiple textbooks such as [ ,

, ], and lecture notes including | ]. In 2014, the bosonic ghost system of central
charge 2 was addressed by David Ridout and Simon Wood in | |, and shown that it is
actually a logarithmic conformal field theory by using fusion to construct representations on
which the hamiltonian acts non-diagonalisably.

Ghost systems have a long history in CFT, being first suggested in an application of
superstring theory in 1986 by Friedan, Martinec and Shenker| ]. They developed a way
to quantize Faddeev-Popov ghosts | ] in the conformal gauge | | and connect the
conformal algebra with the BRST quantization method | ]. We will not discuss this
application to string theory here, but more information can be found in | , ]. In
addition, bosonic ghosts can be used to construct more complicated theories, such as quantum
hamiltonian reduction, which is discussed in | ] and | ].

In this thesis, we will introduce the same setup as in | | about the bosonic ghost
system, but with a different approach to fusion namely solving differential equations related
to correlation functions. At the end, we will investigate if the solutions match with the fusion

rules reported in | ]. These rules have since been confirmed in | ] and | ].



Outline

Throughout this thesis, we will explore the terminologies in the ghost CFT, and derive cor-
relation functions for the fields we define. We will start by introducing some background
knowledge in Chapter 2, including Lie algebras, representations, and conformal transforma-
tions, focusing on parts relevant to the ghost conformal field theory. Moreover, we will discuss
fields, states and modes, as well as the fact that modes generate fields and each field has a
corresponding state. We remark that the energy-momentum tensor generated by Virasoro
modes are the fields that exist in all CF'Ts, so we will use it as an example to introduce the
operator production expansion.

Next in Chapter 3, we start to consider the CFT called the bosonic ghost system based
on | |. There are two Virasoro primary fields generating the ghost CF'T, and in addition,
there is a current and an energy-momentum tensor. Commutation relations between the two
modes can then be derived when we have the OPE between the two corresponding fields.
Additionally, the spectral flow automorphism will be introduced, and it can act on modes
or fields. Then we define different types of primary fields, corresponding to spectral flowed
relaxed highest weight states, the relaxed highest weight states and the (conjugate) vacuum
states. Acting with modes on each type of state generates different types of modules. One last
step before computing the correlators is to compute the Ward identities for the ghost CF'T,
which are different from the general forms found in textbooks.

With primary fields defined and the Ward identities obtained, we can derive differential
equations for n-point correlation functions in Chapter 4. Starting by using the ghost primaries,
we substitute the Ward identities for 1-point, 2-point, 3-point and 4-point functions to obtain
general solutions for the correlators. Then we derive a version of the Knizhnik-Zamolodchikov
equation to further constrain the solutions. Lastly, we will twist one of the fields by acting
with spectral flow, and compute the n-point correlators again up to n = 3. We then finish the

thesis by showing that the solutions agree with the fusion rules in | ].



Chapter 2
Background Knowledge

This chapter aims to develop some basic principles and notations that are useful in CFT. We
will only discuss the knowledge that will be used directly later on. A standard textbook about
CFT is | |, while other details such as Lie algebras, representations can be found in

references [ I, 1 | and | ] for interest.

2.1 Lie Algebra

One of the basic math structures underlying CFT is that of a Lie algebra | , page 47-60].!
A Lie algebra g is a non-commutative, non-associative algebra, where a Lie bracket is denoted
by [,]. The axioms of a Lie algebra satisfy bilinearity, antisymmetry, and the Jacobi identity,

respectively written as:

faz + by, 2] = alz, 2 + bly, 2], | ay + be] = ala,g] + bl 2],
[[a:,y],z] + Hyvz}vx] + [[Z,l‘],y] =0,
with 2,9,z € g and a, b being elements in a field IF.2

The standard example is the general linear Lie algebra, denoted by gl(n;R) or gl(n;C),

where the Lie bracket is given by the commutator
[A, B] = AB — BA, (2.2)

with A, B being any n X n matrices in a vector space. In addition, A and B commute with
each other if [A, B] = 0. The Lie algebra is abelian if [A, B] = 0 for all A, B.

IThis textbook is particularly designed for mathematics physicists, while more comprehensive textbooks
include [ , ].
2The only fields we focus on here are R and C.



A Lie subalgebra of a Lie algebra g is a vector subspace b, which is closed under the Lie
bracket: z,y € h = [x,y] € h. In CFT, operators and generators of the fields often form Lie
algebras. For example, we have gl(1), a one-dimensional Lie algebra, and it is spanned by a
single element a. On the other hand, gA[(l) has the basis {a, : n € Z} U{k}, and brackets
given by

[an, am] = MIpmink, |am, k] =0. (2.3)

In quantum theory, the a,, are called operators, and in CFT they will be modes of a holomor-
phic field.?

Additionally, the Virasoro algebra Uit is an important algebra in CFT. It has an infinite
basis given by {L, : n € Z} U {c} with Lie bracket

1
[Lim, Ln] = (m —n)Lpyn + E(m3 — M)0min0C, [Lm,c] =0, (2.4)

where L,, are modes of the energy-momentum tensor which will be introduced in Section 2.8.

2.2 Representation Theory

A representation | , page 64-77]* is a linear map 7 from g to gl(V'), with V being a vector

space. The map satisfies
m([z,y]) = m(2)7(y) — 7 (y)m(z), (2.5)

forz,y e V.

V' is said to be a g-module, as it is a vector space on which g acts. A submodule of a
g-module V' is then a subspace W C V| which is preserved by the g-action, i.e. w € W implies
x-w €W forall z € g. Every g-module V' has two submodules V" and {0}. If there are other

submodules, then V' is reducible, if not then it is irreducible.

2.3 Lie Algebra and Representation Theory in CFT

In CFT, we decompose our Lie algebra g into a direct sum of three Lie subalgebras, i.e.
g=g"®g" @y, (2.6)

where each subalgebra contains creation modes, zero modes, and annihilation modes® respec-

tively. A Cartan subalgebra is then an abelian Lie subalgebra h C g° Its elements can also

3A holomorphic function in dimension n is a complex-valued function that is complex differentiable in a
neighbourhood of each point in a domain in C". Here, the function is in dimension 1.

4Again, the information about representations are quite brief, more details can be found in | ].

5More details in Section 2.5.



be seen as quantum observables® as most physicists do.

We get to choose these subalgebras. Our choice then defines two types of vectors as follows:

1. Relaxed highest weight vectors | | are eigenvectors for h and annihilated by g~.

This implies that they are vacuum vectors also known as ground states.
2. Highest weight vectors are relaxed highest weight vectors where we have chosen h = g°

The word ‘relaxed” means that we allow more possibilities for such vectors.

Hence, modules can be generated by those vectors by acting with creation modes in g.
To say that, a (relaxed) highest weight vector v generates a g-module M means that every
w € M can be written as a linear combination of vectors zj - xo-- -z, - v for some modes
Ty, T, €95 D g

We call such a module a Verma module | |, because the creation modes act freely. It

means that the only relations they obey are the Lie bracket.

2.4 Conformal Invariance

Conformal transformations are those which preserve angles. They include translations, rota-
tions, dilations and special conformal transformations | , page 95-113]. In coordinates,
there is a finite dimensional space of conformal transformations to transform a vector from
x to 2’. On the other hand, infinitesimal conformal transformations means transforming the
vector x to x + (x), where ¢ is extremely small. In 2D, the space of infinitesimal conformal
transformation is infinite dimensional. The textbook | | can be a further reference for
interest.

Consider a function ¢(z), which is also called a field, that is infinitesimal conformal trans-

formed to ¢(x + ). By applying the infinitesimal Taylor expansion, we can obtain

O +€) = 6(x) + "D, 0(a). (2.7)

Generators of such transformations, are differential operators on ¢(x), and generate a Lie
algebra called the conformal algebra. Here, the generators are simply 0, written in Einstein
summation form.” They give us elements of the conformal Lie algebra, and each type of
transformation corresponds to different generators. As we care more about what happens in
2 dimensions, more information about conformal transformations in higher dimensions can be

found in the textbook [ | for interest.

6Quantum observables are the physical quantities that can be measured.
"This convention simplifies y = S cixt to y = ¢;a’, with n being the number of coordinates.



Now, let us focus on conformal transformations in 2 dimensions, which are on a complex
plane. The generators will then reduce to a holomorphic or antiholomorphic function in order

to preserve the angles. A basis for the corresponding Lie algebra is then

{e(z) = 2", &(2) =z" :n € 1}, (2.8)
and thus we can choose a basis of generators to be

b, = —2""0, 1, = —2""0. (2.9)

By computing the commutation relations between the generators, we can then prove they are
the Virasoro modes in (2.4), but with ¢ = 0. The reason for the constrained ¢ value is that we
are only considering classical fields (i.e. functions).

For a quantum field ¢(z), it can be Fourier decomposed as

$(z) =D duz ", (2.10)

nel

c can then be non-zero. Here, ¢, are non-commuting operators, and hy is the conformal
dimension® of the field. It is the eigenvalue of the Virasoro mode Ly acting on the state
corresponding to ¢(z), which will be introduced in Section 2.6. In addition, the Virasoro
modes in quantum physics, denoted by L,,, are the modes of an energy momentum tensor 7'(z),
which must exist for the theory to be conformal. We now suggest the conformal dimension of
T'(z) to be 2, and will check if it agrees with the ghost system in Section 3.1.2. It can then be
written as

T(z) =Y L,z " (2.11)

nez

2.5 Normal Ordering

Normal ordering | , p37-41] is a simple but useful tool which helps reorder annihilation
and creation operators to ensure the quantised equation is well defined. It also allows us to
rewrite the infinite sum of a quantised field (2.10) into two sums, each with one bound.
Consider the modes a,, of a field A(z), and a vacuum state |[2).° The a, are called anni-
hilation operators when n > 0, while they are creation operations when n < 0. Zero mode is
when n = 0, which we also call it the quantum observable. However, acting with a,, on the

vacuum, denoted by a,, |€2), gives zero when n > —hy, whether it is an annihilation operator

8 A conformal dimension is also called a conformal weight or conformal spin or the energy of a field.
9A vacuum state is the ground state with minimal energy and maximum symmetry.

10



or not. Hence, we define the normal-ordered product of a,, and b,, as

apby, i n < —hy,
D apby, = (2.12)
bna, otherwise,

where b,, are the modes of another field B(z). We can then write the normal ordered product
of A(z) and B(w) as

= Z Z S by, 1 2T AT hE, (2.13)

meEZ ne’

2.6 State-Field Correspondence

The corresponding state of any field ¢(z) defined in (2.10) is

6) = lim (=) |9 (2.14)

The relation shows that there is a bijection between states and fields, in other words, every
state in CF'T corresponds to a unique field. It will be very useful when we derive the OPE of
two fields in Section 2.8.
Let us consider the energy momentum 7'(z) defined in (2.11), we can compute the corre-
sponding state of such a field.
|T) = lim T'(z) |£2) —llmZL Q) 272

z—0 z—0
neL

_ 1 -n—2 __
= lim ;Ln Q) 27" = L, |Q), (2.15)

since the L, annihilate the vacuum for n > —2 as stated in Section 2.5, and the terms for
n < —2 go to zero as z — 0. We can also compute |0T') using the same method
1 o —n—3 —
0T = g%%( n—2)L, |Q) 2 L_510). (2.16)

One can mention by experience that the Virasoro mode with index —1 always corresponds
to O for any field ¢(z), namely

Lalg) < [09). (2.17)

A partial explanation in classical physics can be L_; being an infinitesimal translation operator

coincides with the 0 in Section 2.4.

11



2.7 Primary fields

A primary field is a field which corresponds to a vacuum (highest weight state) |2), while a
secondary field is a field which corresponds to a descendant of |2). However, in a more precise
definition, the primary field depends on which algebra we are considering. We say that a
Virasoro primary is a field corresponding to a highest weight state for the Virasoro algebra,
with

Lol6) = hol6), Luld) = 0¥n >0, (2.18)

where hg is the conformal dimension appearing in (2.10). We will define another type of

primary field when we study the bosonic ghosts CFT in Chapter 3.

2.8 Operator Production Expansion

We have discussed normal ordering in Section 2.5, which was the ordering between operators.
Where here, radial ordering is the ordering between fields, which allows fields to act in time

order. Radial ordering (time ordering) of two arbitrary fields is:

2)P(w) if |z w,
R{G()(w)} = ¢(2)¢(w) . 2| > [w] (2.19)
v(w)e(z) if 2] < wl.

As we often do not care about the regular terms, the operator production expansion (OPE)
[ , p23-27] of two fields is introduced as the singular terms of the radial ordering product.
We can then try to compute the OPE of two general fields A(z) and B(w). It is an

expansion of the product A(z)B(w) as a Laurent series in z — w, shown as

A(2)B(w) =Y th(w)(z — w)™" "

MmEZ
= lim A(2) B(w) [2) = lim %wm(w)(z —w) Q)
= A(2)[B) =) [yp)zmha (2.20)
MmEeZ
= Y Az By =) [z
meZ MEZ
= An|B) =),

where h, is the conformal dimension of the field A(z), and we assume it to be an integer.

We identify the unknown fields t,,(w) using the state-field correspondence (2.14). Hence, the

12



OPE is written as

= Z U () (2 — w) ™™ ha, (2.21)

meZ

where some of the terms can be removed depending on the property of B(w).
For example, we can derive the OPE of the energy-momentum tensor 7'(z) with a Virasoro
primary field ¢(w), and use our definition from (2.18) that L, |¢) = 0 for n > 0,

= 3 (w)(z —w) s

m<0

= 2 teali)c =)

 to(w) w,1<w>
C—w? '
_ hedlw) <>
c—wp

where we were given that |1)g) = Lo |¢) = hy |¢), and thus we have ¢y(w) = hyp(w). We have
also applied (2.17) so that ¥_1(w) = d¢p(w). In other words, an arbitrary field ¢(w ) that has
such OPE with T'(z) is called a Virasoro primary field, and the coefficient in the

(2.22)

= )2 term
is the conformal dimension of such a field.

The commutation relation between L, and ¢(w) can now be derived by applying the
Cauchy integral theorem and this OPE

dz

L ow)] = § TE)o(w)e" 5%

~f(ES )

= (n+ Dw"hgop(w) + w" ' 0p(w). (2.23)

Additionally, the OPE of T'(z)T'(w) can be computed as well to check if the energy mo-
mentum tensor is a primary field. Since we have derived |T') = L_5|Q2) in (2.15), we can use

the commutator of Virasoro modes (2.4) to derive

= L,L,z"7|Q)

neL
(Z LuLos+ > ([Ln.Loo]+ LsL, )) Q) 272,
n<—2 n>-—2

13



where L,, annihilates the vacuum for n > —2, we can then obtain

— ( > LiLo+) (n+ 2)Ln_2> Q) 272

n<—2 n>2
Ly 2L 3L,  ALo+ e
+ ( 22 == ) 12)
z z z4
ic 2L L
. 2 -2 -3 —n—2
= <; +—+ 7) ) +n;2 LoL_»27"72(Q). (2.24)

The terms for n < —2 correspond to regular terms in the OPE, which we ignore. The OPE is
thus
1c 2T (w) n oT (w)

)
4 2 z—w

T(2)T (w) ~ (2.25)

(z —w) (z —w)
by applying (2.15) and (2.16). Comparing with (2.22), T'(2) is not a primary field, but the

coefficient of the OPE Wlth e=mp is half of the central charge.

2.9 Wick’s Theorem

Lastly, Wick’s theorem | | tells how to decompose the radially-ordered product of an
arbitrary number of free fields, given that we know the OPE for two. Radially-ordered product
is obtained by summing all possible contractions of the fields in normally-ordered product.
This theorem only works if we have OPE of two fields containing identity field only, i.e.
A(z)B(w) ~ (Z_w)% for k € C.

For example, if we have two fields written as : A(z)B(z) : C'(w) by knowing the OPEs of
any of the two, we can compute the OPE of these fields being

1

cA(z)B(z) : C(w) ~ : A(2)B(2)C(w) : +: A(2)B(2)C(w) : +: A(2)B(2)C(z) : ,  (2.26)

where two fields being contracted are replaced by their OPE, and the contraction is defined

as

(- VAR () Bw)(--+) = (Z_w%(. C) (). (2.27)

Similarly, for the OPE of two fields : A(2)B(z) : : C(w)D(w) : we have

1

: A(2)B(z) : : C(w)D(w) : ~ : A(2)B(2)C(w)D(w) : +: A(z)B(z)C(w)D(w) ;

: A(2)B(2)C(w)D(w) : + : A(2)B(z)C(w)D(w) :
I T T 1 f—{ﬁ—w
+ A(2)B(2)C(w)D(w) + A(z)B(2)C(w)D(w). (2.28)

14



We will only use Wick’s theorem for deriving OPEs in Section 3.1.2, where other extended

details can be found in | ].
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Chapter 3
Introduction to Bosonic Ghost

After gaining some background knowledge related to conformal field theory, we will start to
consider CFT in the ghost system, which was first introduced in | |, and discuss about
the main concepts based on | ]. There are two Virasoro primary fields generating the
ghost CFT. We will compute the OPEs and commutation relations related to the energy-
momentum tensor from Section 2.4, and a new field called a current. After that, the Ward

identities will be derived to compute correlators in Chapter 4.

3.1 Ghost Algebras

3.1.1 Fields introduction

The two Virasoro primary fields generating the bosonic ghost system | | are B(z) with
charge 1 and conformal weight 1, and ~(z) with charge -1 and conformal weight 0. The charges
are the coefficients of (3.3) and (3.5) which will be mentioned later in Section 3.1.2. Their
OPEs are defined by
B(2)B(w) = v(2)y(w) ~ 0
1 (3.1)

z—w

Blz)y(w) ~ —

We define the current and energy-momentum tensor in the bosonic ghost CFT, with radial
ordering defined in (2.8):

J(z) = Ba(w) s T(x) = —: B(x)9v(2) : . (3.2)

16



3.1.2 OPEs and Commutation Relations

We can indeed show that the conformal charges and weights of the bosonic ghost fields agree
with Section 3.1.1 by deriving the OPEs.

J()Bw) = : B(z)1(2) : Blw)
~  BEA(EB) : +: BENBW) : +: BE()Bw)
~ ()~ ), (33)

where we applied Wick’s theorem (2.26) on the second step and Taylor expanded around z = w

for the last step. We define a free boson primary field with the corresponding state satisfying

Jo|o) =Jslo), Jnld) =0V¥n>0, (3.4)

so that the field has such an OPE with the current from (3.3), and their coefficient of the field
on the RHS of the OPE is the charge j. It means that §(z) is a free boson primary of charge
j = 1. The OPE of J(z)y(w) is similarly given by

J(2)y(w) ~ — v(w), (3.5)

zZ—Ww

thus y(z) is a free boson primary of charge -1. We similarly compute

) + 08w, (3.

T(z)B(w) ~
so B(z) is a Virasoro primary with conformal weight hg = 1 based on (2.22), and

1

Z—Ww

T(z)y(w) ~ 97(2), (3.7)

17



so y(z) is a Virasoro primary with conformal weight . = 0. Finally

T(2)T(w) = : B(2)97(2) : : f(w)dy(w) :

~ B()0Y(2)BW)Y(w) : + 1 B()0(2)Bw)dY(w) : + B(2)0(2)B(w)Oy(w)
1

~ _m(: Bw)oy(w) : + : Oy(w)B(w) :)
- )+ R+
) 1 0 1
~ oy PwIw) s — e GBI w) D+
2 1 1
~ el W)+ 0T w) +

(3.8)

where we have used (2.28), and the contractions are done by applying the OPEs in (3.1). By
comparing with (2.22), T'(z) is not a primary field but is an energy-momentum tensor with
central charge of this ghost system being 2. In fact, J(z) is not a Virasoro primary field either

but it has conformal weight 1,

L 05w + s Jw) = ——.

z—w (z —w)

T(z)J(w) ~ (3.9)

By writing the ghost fields in terms of modes 3, and 7,

=Y Bz () =D (3.10)

neZ nez

commutation relations can be derived. For [3,,,v,], we can use the Cauchy integral theorem,

which is the same as in (2.23).

[57717 771 6m’)/n ’Yn/Bm
f%ﬁ mnledw ff mnled_w
27 27 927 27
|44 14 >zmw”—1d—?d—W
0 J0[z[>|w] 0 J0|z|<|w]| 2mi 2mi
dz dw
. m, n—1 bt
%%{z— T op 7“’%“’ omiomi

= —$pmin_ol, (3.11)

18



where the difference of contour around 0, f0|z|>|w| — §0|Z|<|w| can be replaced by a contour
around fw, and we have substituted (3.1) into our derivation. Hence, (,, and 7, commute
except when m+n = 0. With the same method, one can show that ,, and ~,, both commute

with themselves.

[57717771] = _5m+n:01a [Bmaﬁn] = [77717%1] = 0. (312)

We define the Lie algebra with such commutation relations as our ghost Lie algebra g.

Then the current and energy-momentum tensor can be written in terms of modes as well:

=20 T B

MmEZ neZ
= Z Z CBYn 2T = Z Jpz L (3.13)
mEZ neZ ne”

T(z) = —: B(z)01(2) -

:_Zz:ﬁm%ﬁ 7m1 z ! ZZT_ B Yr—m : z T2

mEZ neZ meEZ rel
Z Z (n — B Ynem 1 272 = Zan_”_2. (3.14)
n<—2meZ neL

By using normal ordering (2.5) and commutation relations (3.12) between (3, and ~,:

g, = D rez Brin—r (n #0), ’ (3.15)

Zrﬁ—l Bry—r + Zrzo VB (n=0)

Ln _ Zmez(n - m)Bm'yn—m (TL 7é 0)7 (316)

Zm§71<_m)ﬁm77m + Zmzo(_myyfmﬁm (n=0).

OPE and commutation relations of J(z) with a free boson primary field can be derived in
the same way as T'(z) in (2.23) by using (2.20).

_ Z wm(w)(z _ w)—m—l ~ wo(w) -~ ]¢(w)’ (317)

Z—Ww zZ— W
m<0

as we have [¢g) = Jo|¢) = j|¢) and [¢),,) = 0 if m > 0 recalling from (3.4). After deriving

the OPE, we can easily find the commutation relation between .J,, and ¢(w)

s d(w)] = § JEolw)" 5% = § 100) n &2 _ sy (3.18)

2mi w2 — W  2mi

The commutation relations of [L,, ¢(w)] and [J,, #(w)] will help us to derive the Ward
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identities of n-point ghost fields in Section 3.4.1.

3.1.3 Spectral Flow Automorphism

A module can be twisted by applying spectral flow of, which will be useful later in Section 4.2.

Here, we only focus on ¢ € Z. The spectral flow automorphism is given by

Uﬁ(ﬁn) = Bn—éa Uﬁ(’)/n) = Tn+e, Uﬁ(l) =1. (319)

The spectral flow is invertible as shown below,

_ —L _
ﬂn =0 E(ﬁn—ﬁ) = g é(ﬁn) - 5n+€7 (320)
T =0 ('Vn—i-é) = 0 ('Vn) = Tn—¢-
Additionally,
U;(WWHVZ]) = Uz(_(gm—&-nzol) = —Om4n=01, (3.21)
[U (Bm)ao- (/Yn)] = [ﬂm—éa’%z—i—ﬁ] = - m—l—n:O]-;

shows that the spectral flow preserves the Lie brackets. This means it is an automorphism of
the ghost Lie algebra g.
We can then derive the action of spectral flow on J,. First for the simplier case when

n # 0, we have

O-K(Jn) = de(ﬁr%z—r> = Zag(ﬁr)ge(’yn—r) = Z/Br—fyn—r—ké = Z ﬁmfyn—m = Ju, (3'22)

reZ reZ rez meZ

where we replaced m as r — ¢ for the second last step. Then for n =0,

O-Z(’]O) = Z O-e(ﬂfyfr) + ZOj(”)/,TﬁT) = Z 5rf€fyfr+€ + Z 77r+£6r76

r<-1 r=>0 r<—1 r>—f
= Z Bmf)/fm + Z ’}Lmﬁm
m<—1-4 m>—{
-1 )
= Z ﬁmfyfm + Z ’Y*mﬁm - Z ﬁm’}/fm + Z "}/,mﬁm
m<—1 m>0 m=—/ m=1

0 l
= J() + Z(_/Bfm’)/m + fyfmﬁm) = JO - Z[/Bma f}/*m]
m=1 m=1

= Jy+ (1. (323)

Combining the two results gives us that

o' (Jn) = Jn + €600 1. (3.24)
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With the same method, we can compute the spectral flow on the Virasoro modes,
’ 1

Jo and Ly can also act on a vector v in a ghost module, which we will define later in
Section 3.3. If they satisty Jov = jv, Lov = hv, then

Joo'(v) = (j — )" (v), (3.26)
Loo'(v) = |h+0j + %E (1) ot(v). (3.27)

To show this we first have
Joot(v) = (™ (Jo)v) = o' ((Jy — £1)0) = o*((j — L)v) = (j — £)a*(v). (3.28)

and the derivation of Lyo!(v) follows the same steps.

3.2 Primary fields

Following from the definition in Section 2.7, we get to choose our own primary fields for the
ghost system. Firstly, a Virasoro primary exists in all CFT, with the corresponding state
following same rules as in (2.18). We have also defined a free boson primary in Section 3.1.2
with the corresponding state being (3.4).

Then we define a primary field as ¢(z) with the corresponding state |¢€>, for ¢ € Z. The
state is called a spectrally flowed relaxed highest weight state, defined so that

Bnt|¢") =0, Yote|¢7) =0, ¥n >0

e ) ) . (3.29)
To|6°) = Jaor [67) . Lo |¢") = hge |¢)

by recalling that js being the eigenvalue of Jy ‘¢£>, is the charge, and hg,e is the conformal

dimension of the primary field. One can show that
Lo |¢) = Ju|¢") =0 ¥n >0, (3.30)

by substituting (3.13) and (3.16) separately. Also, notice that a primary field is a Virasoro
primary and a free boson primary.
For a more specific case, we can define a ghost primary as ¢(z), and it corresponds to a

relaxed highest weight state |¢). We remark that ¢(z) = ¢°(z), which means it is a primary
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field for £ = 0. The field also follows the rules in (3.29), but with ¢ = 0 strictly, writing as

Bnlo) =0, Yo ld) =0, ¥n>0

(3.31)
Jolo) =Jolo) .  Lolo) = helo),

where j, = jgo and hg = hg. The word “relaxed” means the same as in Section 2.3. We can

even compute the exact value of hy by expressing Ly as summation of 8 and v modes

Lolg) = > (=m)Buy-m |6} + > (=m)y-mBm |6) = 0

m<-—1 m>0

= hy|p) =0, (3.32)

because positive modes annihilates the ghost primary. Hence, we can state that the conformal
dimension of a ghost primary is always 0.

Lastly, there are two special cases, we denote them by ghost vacuum and conjugate ghost
vacuum. We choose the ghost vacuum as being a ghost primary for which the corresponding

state also satisfies

Bol@) = 0. (3.33)

The state |¢) is a highest weight state, as we restricted the action of the zero mode ;. On
the other hand, a conjugate ghost vacuum is a ghost primary as well but with the additional

constraint on the state being
Yo|¢) = 0. (3.34)

The state |¢) here can then be named as a conjugate highest weight state. In fact, the reason
that we call the above primaries ghost vacuums and conjugate ghost vacuum is that the only
states that follow such constraints are the vacuum and its conjugate, respectively.

With the primary fields introduced in (3.29), we can actually compute general OPEs of
B(z), v(z) with a primary field, denoted by ¢‘(w), where the corresponding state follows
(3.29). First we can notice that (3, annihilates ¢‘(w) when n > —/, and -, annihilates the
fields for n > £. Hence, the expansion of 3(z)¢*(w) is

= Z Vp(w)(z —w)™" (3.35)

n<—/¢

and by following the steps from (2.20), we get that [¢,) = 3, ‘¢£> Since the terms are singular

only when n > 0, we need to separate into two cases

= (Bag™)(w
B(2)¢ (w) ~ Z (z—w ”“ =0 (3.36)

0 ?>0

22



Similarly, we have

()¢ (w) ~ § (2= w)" - (3.37)

3.3 Representation Theory

With different constraints on states as shown in Section 3.2, we can choose to generate different
modules. Starting from the simplest case, modes acting on the highest weight state with
constraints (3.33) generate a Verma module as in Section 2.3. We can visualise the module

as in Fig. 3.1, showing that |¢) is the only highest weight state, and its corresponding field

% o) — wle) —— 19)

[ XN

— B le) — B-1]9)

N

B2 19)

Figure 3.1: Verma module

is a ghost vacuum as we defined in Section 3.2. Meanwhile, all the other states are called
descendant states. It turns out that the only possible highest weight state is the vacuum
|2) as shown in | |, and the module it generates is irreducible, where we have defined
irreducibility in Section 2.2.

With the same idea, a conjugate Verma module can be generated by representations of a
conjugate highest weight state, and it is also unique and irreducible.

On the other hand, relaxed Verma modules can be generated when we allow creators and
zero modes [y and 7y to act freely on a relaxed highest weight state |¢). It is visualised as
in Fig. 3.2 . The states at the top of the module are all relaxed highest weight states, with
corresponding fields as ghost primaries, as we defined in (3.31). In this case, there are infinitely
many relaxed Verma modules, labelled by j,, which is the charge of the field from Section 3.2.
We get to choose different weight vectors as described in proposition 1 in | |, and note
from the proposition that the module is irreducible unless j, € Z. In fact, the relaxed Verma
modules that differ by an integer of j, are the same module as stated in | ].

Lastly, the representations of a spectral flowed relaxed highest weight state with a charge

Je¢ can generate an even more general module, which we call a spectral flowed relaxed Verma
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Figure 3.2: Relaxed Verma module

module. The module can also be briefly visualised as in Fig. 3.3. By comparing with Fig. 3.2,

AN
Ve |¢")
AN
)
AN
B¢ |e")

N

Figure 3.3: Spectral flowed Verma module

this is actually generated by twisting a relaxed Verma module by /. The corresponding fields
of the states at the top are now the primary fields, which agree with (3.29).
We have mentioned the charges of the fields, and we can show how they change for different
£,
Jo @) = jae [6°) = (s — 0) |¢), (3.38)

by using (3.26) directly. Hence, we have the charge for a spectral flowed relaxed highest weight
state being js = jg—¢. With the same idea, we can use (3.27) to find the conformal dimension

hge, which is
L) = Lao'(ol) = (40 + 0~ 300+ 1)) 6. (3.39)

The conformal dimension for a spectral flowed relaxed highest weight state is

hye = €0 + ) — %au ). (3.40)
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One can also notice that this agrees with (3.32): substituting ¢ = 0 gives h, = 0.

To summarise the representations, we have defined 4 types of modules:

e A Verma module generated by the modes 3, 1,7, for n < 0 acting on highest weight

states.

e A conjugated Verma module generated by the modes f,,v,-1 for n < 0 acting on

conjugate highest weight states.

e A relaxed Verma module generated by non-positive modes (,,, v, acting on relaxed high-
est weight states. The corresponding fields are with charges j, and conformal dimensions
hg = 0.

e A spectral flow relaxed Verma module generated by non-positive modes [3,,_, v,_¢ acting
on spectral flowed relaxed highest weight states, where the corresponding fields have

charges jy = jy — ¢ and conformal dimensions hy = (j +€) — 20(¢ +1).

As a Verma module is unique, and the only field corresponding to the highest weight state
is the identity field, the correlation functions are hence less worthy to investigate. The same
idea applies for the conjugate Verma module, so the first two modules are unique. Therefore,
we are more interested in the third and fourth modules above, which will be the modules to

compute the correlation functions in Section 4.1 and Section 4.2 respectively.

3.4 Ward Identity

After choosing the appropriate module, we can start to derive the constraints on correlation
functions. Recall from Section 2.5 that the Virasoro modes L,, with indices n > —2 annihilate
the vacuum. We can then derive three constraints by applying L_1, Lg, L, on the correlation

function of an n-point function, denoted by
<Qa ¢1(21>¢2(2’2) e ¢n(zn)Q> ) (341)
where () is the vacuum we defined in Section 2.5. Or more conveniently, we can write this as

(@1(21)P2(22) - - Pnlzn)) (3.42)

depending on whether we need to act with an operator on the vacuum or not. We call such
constraints the Ward identities. Additionally, the constraint of acting with Jy on the correlator

will be mentioned later in Section 3.4.4.
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3.4.1 Ward Identity Contradiction

Ward identities can be derived by acting with L_, Ly, L1 on the correlation function. We

start by assuming that the adjoint of L,, is simply L_,,, written as
Ll =L_,. (3.43)

In fact, this is the case for most CFT's, for example in the free boson. Some articles even state
this as a general result in CFT, such as | , page 202]. First we start by considering
a 2-point function (¢1(z1)p2(22)), of two Virasoro primary fields with h; and hy being the

conformal dimensions respectively.! Acting with L_; on the correlator gives us that

(Q, L_1¢1(21)2(22)2) = <LT_19, ¢1(z1)¢2(22)§2>
= (L19, ¢1(21)2(22)2) = 0. (3.44)

In the meantime, by using (2.23) we can obtain

(Q, L_1¢1(21)$2(22)2) = (Q, ([L-1, ¢1(21)]p2(22) + P1(21)[L—1, P2(22)] + h1(21)P2(22) L 1) 2)
= (091(21)Pa2(22) + ¢1(21)0pa(22)) - (3.45)

With the same method by using the adjoints of Ly and L; and applying (2.23), we come

up with three constraints.

(01 + 02) (P1(21)P2(22)) = 0, (3.46a)
(2’181 + 22(92 + hl + hQ) <¢1 (Zl)¢2(22)> = O, (346b)
(2’%81 + Z;ag + 2h21 + 2h222) <¢1 (Zl)¢2(22)> = O, (3460)

0
0z; "

Virasoro primaries, and we can then solve for the two point functions using those constraints.

where the 0; stands for These are the Virasoro Ward identities for the 2-point function of

(3.46a) shows that the 2-point correlator does not depend on z; + z5. To see this, define

Z =21+ 29, z19 = 21 — 29, and thus
0 =201+ 0y, 0O1p =01 — 0s. (3.47)
Then (3.65a) becomes

(01 + 0a) (1(21)P2(22)) = O (1, $2) = 0, (3.48)

"Here h means the same as Ay,, being the conformal dimension of the field ¢;(z).
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so the correlator is a function depending only on z15:

(P1(21)92(22)) = f(212). (3.49)

Substituting into (3.46b), we can compute
0= (2181 + 2282 + hl + hQ)f(ZlQ)
1 1
= —(Z + Zu)(@ —+ 812) + —(Z — 212)(8 — 812) + hl + h2 f(212>
2 2

2
= (212012 + h1 + ho) f(212), (3.50)

1
= <—(Za -+ 2812 -+ 2128 -+ 212812 + z0 — 2812 — 2128 -+ 212812) + hl + hg) f(Zlg)

where we have used (3.48) to remove the terms with 0. This is then easily solved:

hi + ho

a12f<212) + f(Zlg) =0

= 2137201 f (212) + 21377 (b + ha) f(212) = 0
= O1p(2"72 f(21)) = 0

C
= f(212) = Zh11+2h2’ (351)
12

where (5 is a constant. Lastly, we apply the third constraint (3.46¢):

0= (zf@l -+ 2382 -+ 2h121 + 2h222)f(212)

= ((%)2(8 + 012) + (Z — 212)2(8 — O12) + 2hy 21 + 2ho29) f(212)
= }1(2 + 212)2812 — —(Z — 212)2812 + hl(Z + 212) + hQ(Z — Zu))f(Zu)

Cha
212
where the terms including z are removed by using (3.51). The solution for the 2-point correlator

is then o
(P1(21)P2(22)) = iz Ol =he- (3.53)

12
Note that the solution is 0 unless h; = ho. In fact, this is a standard result for a 2-point
correlator with Virasoro primaries, which may be found in the textbook [ , eq(5.25)].

However, in the ghost CFT, we have 5(z) and y(w) as Virasoro primaries, and were given
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from (3.1) that

Bl (w) = ——, (3.54)

Z—Ww

where hg = 1, h, = 0. This contradicts (3.53) because hg # h., and thus the assumption
(3.43) must not be true here. We thus aim to derive the correct Ward identities for the ghost

CFT, and use them to solve for the ghost correlation functions.

3.4.2 Ward Identities for Primaries Fields

To derive the adjoints of the Virasoro modes, we need to find the adjoints for the ghost modes

B, and , first, by guessing that

BT]; - 817—7” ’y:L — 82/6—7” (355)
and using the axiom (AB)" = BT AT,

[7m7 ﬂn]T = _h/;gw 5;%] = _[€2ﬁfm7517fn] = €15257m7n,01

3.56)
[%m ﬁn] = 5m+n,017 (

with help from (3.12). As the identity is self-adjoint, the commutator of v,, and (3, is then

self-adjoint. Thus we can set £ = 9 = 1 and obtain the adjoints as

B =7 n, Al =00 (3.57)

The adjoints for J,, and L,, can then be computed by using (3.15) and (3.16).

Firstly consider the case of J, with n = 0,

B=1> Bre+ > v=BlT= > L8+ 8L,

r<—1 r>0 r<—1 r>0
= Z Bry—r + Z’Yﬂ"ﬁr = Jo. (358>
r<—1 r>0

This zero mode is then self-adjoint. When n # 0, the ghost modes commute with each other,

we then have

Jr]: = Z(ﬂr/Yn—r)T = ZV—rﬂ—n—i—r

rEZ reZ
= Z ’anfmﬁm = ana (359)
meZ
by letting m = —n +r and thus r = m +n. The adjoints for L,, follow from the same method,
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such that

L(T_) = Z ( Bm7 F4 Z mﬁm

m<—1 m=>0
m<—1 m>0
= Lo, (3.60)

LIL = [Z(n - m)ﬁm’yn*m]T = Z(n - m)ﬁfner’Yfm

meZ MmEZ
= (=m) By n—m = Z(_n — 1) B Y—n—m + Z NBmY—n—m
meZ meZ meZ
=L, +nJ_. (3.61)

This is in fact different from what we assumed in (3.43).

Now, we need to use the correct adjoints for L, to rederive the Ward identities. Recall
from (3.13), J, annihilates the vacuum for all n > —1. We can then apply the Virasoro
modes on an n-point correlator of primary fields. More specifically, the fields only need to be
both Virasoro primaries and free boson primaries, which means that the corresponding states
satisfy (2.18) and (3.4) at the same time. First for L_;, we have

(9, Loada(z1) -+ du(22)®) = (L1102 01(21) -+ 6u(22)2)

= ((L1 = J1)Q, ¢1(21) - - - Pn(22)82)
0, (3.62)

as Ly and J; both annihilates the vacuum. Additionally, Ly is self adjoint as shown in (3.60)
and gives zero when acting on the correlator. Therefore, the derivations of the first two Ward
identities are the same as in Section 3.4.1. The only difference is now we are dealing with an
n-point function of primary fields as defined in Section 3.2. We are then more interested in
what happens with the L; Ward identity:

(S, Ligi() - () = (L] dn(a1) - 6 (2)2)

= (L1 +J1)Q,61(21) - - - Pn(20)2)
= (J—lfz, ¢1(21) T ¢n(Zn)Q> . (3-63>

The result is nonzero as J_; does not annihilate the vacuum. Hence, we need to compute the
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right hand side of (3.63) by using (3.18):

(Jo1€0 1(21) -+~ Dn(20) ) = (€L J191(21) -+ - D (20)C2)
= (Q,[J1,01(21)]p2(22) - - n(z) + -+ - +
$1(21)  ++ Pn1(2n=1)[J1, Gnl2n)] + D1(21) -+ - Dn(20) J1S2)
= ((J1z1 + Joz2 + - + Jaza)d1(21) - - - dul2n)) (3.64)

where j1, ja, ..., jn are the charges of ¢1(21), p2(22), ..., dn(2,) respectively and we have used
the condition that ¢;(z;) are free boson primaries. We can then substitute the result back in
(3.63), and apply (2.23) to compute the left hand side of (3.63) by noticing that ¢;(z;) are
Virasoro primaries as well.

Combining all the above results, we then obtain the Ward identities for an n-point corre-
lator in the ghost CFT:

Zai (¢1(21) -+~ dn(2a)) = 0, (3.65a)

n

D i+ 20:) (91(21) -+ bnl2n)) = 0, (3.65D)
Z(Zhizi + 220 — Jizi) (d1(21) - Pu(20)) = 0. (3.65c¢)

=1

These identities will be used throughout all of our calculations in Chapter 4.

3.4.3 Checking Ward Identities

One thing before we start to compute the solutions of the correlators, is to check if our new
Ward identities are consistent with the 2-point correlator of Virasoro primaries 5(z) and ~y(z)
(3.54). Substitute this into the Ward identities (3.65), and (3.65a) gives

1

(0 + 0) (B(2)y(w) = (0: + O) —— =0, (3.66)
while (3.65b) gives
-1
Lastly, (3.65¢) tells us that
—1
2 29 _ (. _ _
(224 270, + w0, — (= w))z—w 0. (3.68)
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It is easy to verify that all three are true. Therefore, the new Ward identities agree with (3.1),

and we use these to compute other correlators with more general primary fields.

3.4.4 Additional constraint

In fact, there is an additional Ward identity obtained by acting with Jy, given by

n

(€ Jog1(21)da(22) - - - Pu(2,)2) = Z (€, Jipr(21)P2(22) - -+ D (20)2) + (€4, 01+ - - i Jo2)

=1

=D (25idr(z1)a(22) -+ 6n(2)) (3.69)

by recalling that Jy annihilates the vacuum and using (3.18) again. Then we use the fact that
Jo is self-adjoint from (3.58), and the LHS of the above equation is

(Q, Jog1(21)P2(22) - Dn(20)Q2) = (Jo€2, P1(21)P2(22) -+ - Pu(20)$2) = 0. (3.70)

Hence we have the fourth constraint on the correlator, written as

Zji (91(21)¢2(22) -+ Pn(2n)) = 0. (3.71)

The constraint implies that the n-point correlation function must be proportional to the delta

function 6;,4...4j,=0, so it can be imposed directly into the solutions in Chapter 4.

31



Chapter 4
Correlators of Bosonic Ghosts

Now we have defined the modules we care about, and found the correct Ward identites for
the ghost CEFT. We can start to solve our correlation relations of ghost (3.31) or primary
fields (3.29) by using the Ward identities and deriving analogues of the KZ equations. In this

chapter, we will sometimes write ¢;(z;) as ¢; for simplicity.

4.1 Fields without Spectral Flow

In this section, we choose the relaxed Verma module defined in Section 3.3, and try to solve
for the n-point correlators up to n = 4. The fields are then primaries with ¢ = 0. In particular,

they are Virasoro and free boson primaries.

4.1.1 1-Point Function

Starting with the most straightfoward case, a 1-point correlator is (¢1(z1)) with conformal

dimension h; and charge j;. Then (3.65a) tells us that

01 (¢1(21)) =0, (4.1)
which means (¢;(z1)) is a constant function (¢1(z1)) = C;. By applying (3.65b), we have

(h1 + 2101) (¢1(21)) = 0
= hi(¢1(z1)) =0
= (91(21)) = C10n—. (4.2)
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Lastly, (3.65¢) gives that

((2h1 = j1)z1 + 2701) (dr(=1)) = 0O
= —j121 (¢1(21)) =0
= (¢1(21)) = C10n,=00j,—0- (4.3)

Recall that the fourth Ward identity (3.71) gives j; = 0 for a 1-point function, which is

automatically satisfied from the solution. We then have the solution as

(¢1(21)) = C10n,=005,—0. (4.4)

This implies there are non-zero solutions only when ¢;(z1) is a vacuum with the conformal
dimension h; = 0 and charge j; = 0. We can also remark that correlator of 1-point function is
not affected by the new version of Ward identities (3.65), so it gives the same answer as being

a vacuum as in the free boson in | , eq(6.23)].

4.1.2 2-Point Function

As we have computed the 2-point function of Virasoro primaries in Section 3.4.1, and (3.46a),
(3.46b) agree with the Ward identities in ghost CFT (3.65a) and (3.65b). We can use the

result (3.50) directly, which is
Chz
f(z2) = 5% (4.5)
<12

where Ciy is a constant. Then, use (3.65¢) to further constrain the correlation function and

have
(zf@l —+ 2332 + 2h12’1 + 2h222 — j121 — ngz)f(Zlg) = 0. (46)

By applying z = 21 + 29, 219 = 21 — 29,0 = 01 + 0s, 012 = 01 — 05 again to obtain

Z — 212 Z+ z12

5)

Z+ 212

0= (5220 + 1) + (

+ (2 = 2) () f (212)

= (2(z12012 + (h1 4+ h2)) + (h1 — hg)z12 — %Ji(z + 212) — %]é(z — 212)) f(212)

1 1 1 Cha

= (zi2(ha = he = 571+ 52) = 5200 +J’2))W, (4.7)

)*(0 = O12) + (2h1 — jr)(
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where we have used (3.51) again to remove z(z12012 + hy + hg). Then if Ci5 is non zero, we

will have . | .
z12(hy — o — §j1 + §j2) — 52(31 + j2) = 0. (4.8)

The coefficients in 215 and z must be zero for non-zero solutions. Hence we have
1. . . .
hy — hy = 5(]1 —J2), Ji+J2=0, (4.9)

where the fourth Ward identity (3.71) is automatically satisfied. The Ward identities give the

general solution

C120 1— 2:'15'1 jo=
(f1(21)ha(22)) = ”<jl_"22f)hj+;j 3 (4.10)

for a constant C5. Comparing to (3.53), we can notice the correlators for ghost primaries
differs from the textbook result by shifting hy — ho = 0 to h; — hy = 7;. Additionally, we can
further solve for the solution by applying (3.32), such that h; = hy = 0. To satisfy the delta
functions, we need to have j; = jo = 0. Therefore, the solution for the 2-point ghost primaries

can be written as

<¢1 (Zl)¢2(z2)> = 0126h1:h2:j1:j2:07 (4'11)

implying that solutions can be nonzero only when ¢;(2;1) and ¢5(z2) are vacuums.

4.1.3 3-Point Function

Now, for a 3-point correlator, we can start by introducing the fourth Ward identity (3.71)
such that

(91(21)P2(22)93(23)) = 0ji4jotjs=0F (21, 22, 23), (4.12)

where F'(z1, 22, z3) is the function we want to solve for later. We then let z = z; + 29+ 23, 212 =
21 — Z9, k93 = Z9 — Z3, and 0 = 81 -+ 82 + 83, 812 = 81 — 82, 823 = 82 — 83. EXpressing them

in terms of z1, 29 and z3 gives

321 :Z+2212+223, 81 :8+812,
329 = 2z — 212 + 223, Oy = 0 — 012 + O3, (4.13)

323 22—212—2223, 83 :8—823.

Again, (3.65a) tells us the correlator does not depend on z; + 25 + 23,

(01 + 02 + 03) (D1(21)P2(22)P3(23)) = O (P1(21)P2(22)@3(23)) = 0
= (01(21)02(22)93(23)) = 0y 4jotjs=0f (212, 223). (4.14)
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Now express (3.65b) in terms of the expressions in (4.13).
0= (21(91 + Zgag + 2383 + h1 + h2 + hg)f(Zlg, 223)5j1+j2+j3:0' (415)

Then substitute (4.13) into the first three terms to have

1
2101 + 2005 + 2305 = g[(z + 2219 + 293)(0 + O12)

+ (2 — 212 + 223)(0 — D12 + Oa3) + (2 — 212 — 2293) (0 — Do3)]
1
"3

— 223012 + 223023 — 2093 + 212023 + 222303)

= 212812 + 223(923. (416)

(2012 + 2212012 + 223012 — 2019 + 2023 + 212012 — 212093

We have changed equation (4.15) into
0 = (212812 + 223823 + hl -+ hQ + hg)f(zlg, 223)(5]'1_,_]'2_,_]'3:0. (4.17)

This is a first order PDE, so we can apply the method of characteristics by parametrising z;

to be dependent on t. Then by chain rule % = %% + 8‘2—;%, and we have

dzg dzaz
_dt = 219, _dt = 2923,
U (rsdis + 2050m) f (219, 238) = (s + s + ) f (212, 225)
g7 = (F12012 + 203053) f (212, 203) = 1 2 3)J\#12, %23, (4.18)

by rearranging (4.17) to obtain %. Then we solve for the three ODEs, giving us the following
solutions
212 = 212(0)€’, 203 = 293(0)e’,  f = f(o)e_(h1+h2+h3)t- (4.19)

Notice that 23 = 250 g 5 constant with respect to t, so we can write f(0) in terms of 22,
Z12 212(0) 212

The solution for f will be
2 —\n 2
f(212, 223) = g(—zjz)zm(h haths), (4.20)

Now we want to solve for the function g(22) by first changing the variables as v = 22 and

u = z1 so that we have

Oy _dgor vy oy _dgov _1evy g _deov 1,
0z,  dvdz  u o9 Dzy  dvdzy  w w9 Ozs  dvdzs  u vd> )
and
fu,v) = g(v)u==re=ls, (4.22)

35



Then use (3.65¢) to obtain the equation
0= (zf@l —+ 2582 + 232)83 -+ <2h1 — jl)zl -+ (Zhg — j2)22 -+ (2h3 — jg)Zg)f(le, 2’23). (423)

Substitute (4.22) and compute the partial derivatives, and as the equation is long, we break it
into two expressions. We first compute the terms 220, + 230y + 2203 + 2h121 + 2ho2s + 2h323,

denoted by (%), as some terms may cancel out

(%) = 22(—hy — hy — hg)u 727 g(y)) 4 2 ~ha—hahs (—_v) Byg
u

1
23 (b + o + hg)u g () 4 2By Rk ( ZU) Oug

-1
+ zgu_hl_hrh?’ (7) Opg + 2(h121 + hozo + hgzg)u_hl_h2_h3g(v).
Extract the common factors and write as

= (=2 + 231 +v) — 22)umhe=hs=1g g
— (Zf — zg)(hl + hy + hg)u_hl_hQ_hS_lg(v) + 2(hyz1 + hozo + hgz;),)u_hl_hrh?’g(v)
({2 - Bk (B Ao

+ (h121 — ]’L122 + h222 — hQZl + 2h323 — ]’L3Zl — h322)u_h1_h2_h3g(v)
Then write v back to %, and extract common terms so that we have

(%) = (22 — 23) (22 + 23 — 21 — 22)u” "7 "2713719, g + hyu — hoyu — ha(2uv + u)u™ """ g(v)
= —uv(u + wo)u M2 71G,g + u(hy — hy — 2hzv — hg)u M2 g(v)
= —v(u +uww)u "9 g 4 u(hy — hy — 2hgv — hy)u M2 g (),
(4.24)

where the second last step is obtained by noticing zo3 = uv. Then we focus back on the terms

with j’s, we will need to substitute (4.13) and write it in terms of u and v as well.

. 1. 1
J1(z + 2219 + 293) + 512(2 — 219 + 223) + 533(2’ — 219 — 2293)

(2(j1 + jo + Js) + z12(291 — J2 — J3) + 223(j1 + J2 — 273)) - (4.25)

J121 + Jazo + Jszs =

Wl — W =

We then use (3.71) to have j; + js + j3 = 0, so that the expression becomes

J121 + Jozo + J3z3 = J1212 — J3%23 = J1U — J3UU. (4.26)
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After simplifying all the terms, we can substitute them back into (4.23) to obtain

0= —uv(l +v)u™""27h9,g + u[hy — hy — 2h3v — hs — (j1 — jav)Ju 7273 g(v)
= 0=—v(14v)0,g+ (h1 — ha — 2h3v — hz — j1 + J3v)g(v), (4.27)

1—ho—h3+1

where we divided the equation by u™" Now the equation becomes an ODE that

depends on v only, so we can solve for it to obtain:

P _ i —hy = 2h3v — hsy — j1 + J3v (v) = hi —hy —hs—j1 | Js—2J3 (v)
vd v(1+ ) v(1+v) 14w
C
= g(v) = 123 (4.28)

- p—hithat+hs+i (1 + U)h1—h2+h3—j3—j1 ’

Finally, we can substitute g(v) back into (4.22) and write everything in z;’s again by reminding

that Zijg = % — Zj-

By —ho— 223
F(212, 223) = 0jytiotjsm021a 2 hgg(z—u)

01235j1+j2+j3=0

hi+ho+hs (2203 \—h{+hodhs+i 223 \h1—ho+h3z—j3—j
219 (5) 1+h2 3]1(14_5)1 2+h3—j3—J1

01235j1 +j2+73=0

hi+h2—h3+j3 —hi+that+hs+j1 hi—haths+jo’ (429)
212 <23 <13
Therefore, the general solution for a 3-point correlation function is
C12305, 4 jot js=
o J1+j2+73=0
<¢1(21)¢2(22>¢3(23)> T _hi+ha—hz+j3 _—hi+ha+hz+j1 hi—ha+hz+ja’ <430)
212 293 213

where Co3 is a constant. Now we can use (3.32) again to simplify the solution for the correlator

of ghost primaries
C1230, 4 jotjs=
(01(21)P2(22) Py (23)) = ——L L=, (4.31)
212723413

as hy = hy = hg = 0. Note that unlike in 1-point and 2-point function, the solution does not

tell us about the exact values of ji, jo and j3.

4.1.4 4-Point Function

Remark that 1-point, 2-point and 3-point functions can be solved up to constant factors
directly from the Ward identities. However, a 4-point function is a little more tricky to solve.

To start, again, we apply (3.71) to write the correlator as

(P1(21)92(22)P3(23)Pa(24)) = 0ji1jotjatiu=0l (21, 22, 23, 24), (4.32)
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we make a change of variables by letting

Z =21+ 29 + 23+ 24, (9:81+82+83+84,
212 = 21 — 22, 012 = 01 — 0y,
(4.33)
293 = 22 — 23, Og3 = Oy — O3,
234 = 23 — 24, O34 = O3 — Oy,
and rearrange the expressions to write 21, 29, 23, 24 in terms of z, 219, 293, 234:
421 =z -+ 3212 + 2223 + 234, 81 == 8 + 812,
422 =Z — 212 + 2223 + 234, 82 = 8 — 812 + 823,
(4.34)
dz3 = 2 — 212 — 2293 + 234, O3 = 0 — Oh3 + O34,
424 = Z — 212 — 2223 - 3234, 84 == 8 - 834.

Then following the same steps, we apply (3.65a) and find out that the correlator does not

depend on z.

0= (01 + Oy + 03 + O4) (P1(21) P2(22) P3(23) Pa(24))
= 0 (01(21)P2(22)P3(23) Pa(24)) (4.35)

so that we have

(01(21)P2(22)P3(23) 9a(24)) = Gy tjo-tsstin=0S (212, 223, Z4). (4.36)
Apply the second Ward identity (3.65b), and substitute (4.34) to obtain

0= (21(91 + 22(92 -+ 23(93 + 24(94 + hl + hg + h3 + h4) <¢1 (21)¢2(22)¢3(23)¢4(Z4)>
= (212012 + 223023 + 234034 + hy + ho + hs + ha) f (212, 223, 234) 04, 4+ jotjs+ja=0- (4.37)

We skipped the steps for these substitutions as there are not any new techniques involved.
This is again a PDE but with 3 variables, so we can use method of characteristics, the same
way as in the 3-point function Section 4.1.3.

df N af leg 8f dZQg (9f d234

A 4.
dt 8212 dt +02’23 dt +8234 dt ’ ( 38)
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so that

dz
d—;Q =ZzZ12 = Z12 = 212(0)€t7
dz
d_zg =223 = Z93 = 223(0)€t7 (4.39)
dz
d—? = 234 = 234 = 234(0)€t.
Then use (4.37) to obtain
df
i (212012 + 22303 + 234034) f
= —(hy + ha + hy + hy) f (212, 223, 234)
Zos %
= f(#12, 223, 234) = nghg(ﬁ ﬂ% (4.40)

)
212 212

by noticing that 22 and Z** are constants independent of ¢.

Lastly, apply (3.65¢) so that we have

0= (zf@l + z%f)g + 2383 + 2284 + (2h1 — jl)Zl + (2h2 — jg)Zg

. . 223 2
+ (2h3 — js)zs + (2ha — ja)za) 29 (=2, =2). (4.41)
212 212

Now we can take u = 222, y = 23 g0 that f = 25'g(u,v). By using chain rule, we can find
z12”’ Z12 12 !

derivatives of g with respect to z;’s.

0 0 + z

99 gy YL ZERE s, 0 B,
dg 1 1 dg 1

= 049 + _avga S T — 0y

0z3 212 212 0z 212

Then use (3.71), which tells us j; + jo + j3 + js = 0 to simplify j121 + jozo + J323 + Ju2a

. . 4 . 1. .
J121 + Jaze + Jazs + Jaza = —[J1(2 + 3212 + 2293 + 234) + J2(2 — 212 + 2203 + 234)

4
+ Js(2 — 212 — 2223 + 234) + Ju(2z — 212 — 2203 — 3234))]
= %[212(3]'1 — J2 = J3 — Ja) + 223(251 + 2J2 — 23 — 244)
+ 234(j1 + J2 + J3 — 3ja)]
= j1z12 + (J1 + J2) 203 — Jazsa. (4.43)

39



Now, substitute into the equation (4.41) and simplify the terms, giving us

0= —u(l+u)z120,9 — v(1 + 2u + v)2120,9
+ [(h1 — ha)z12 + hg(—2z12 — 2293) + ha(—212 — 2203 — 2234)] g
— [(J1212 + (J1 + J2) 223 — Jazaa)] g
= 0=—u(l+u)0,9—v(l+2u+v)0yg+ (hi —hy —hg —hs — J1)g
+ [u(—=2hs — 2hy — (j1 + j2)) + v(—2h4 + ja)lg
=u(l4+u)0ug +v(14+2u+v)0yg + (—h1 + ha + hs + ha + j1)g
+ [w(2hs + 2hy + (ji + j2)) + v(2ha — ju)]g. (4.44)

Apply the method of characteristics once more to obtain the below solution for g,

2h4+j
g = uMhamhamhatin () ~hitha—ha—hitiz (_M) o G (M) . (4.45)
v v

Now we have an expression containing an unknown function of ratio G. By simplifying
u(l4+utv)
v

n = 2423 e can substitute u = 23, v = 24 into g.
212234 #12 #12

, we can find out that G depends on a ratio of z;’s. Hence, set G = G(7), where

(P1(21)P2(22) d3(23) Pa(24))
_ G(T/)zﬁhlihaih:sfhél (@>h1h2h3h4+]1 (%> —hi1+ha—h3z—ha+7j2 (223213>2h4+]4

212 212 212734

_ —h1—ha+h3—ha+j3 _h1—ha—h3+hs+j1+ja ,—hi1+ho—hs+ha+jo+ja —2ha—ja
= G(n)21 293 213 234 . (4.46)

As we want to write it in terms of a products of z;;’s. We guess that

(61(21)82(22) 3 (25)a(z0)) = H () [ [ 20”7077, (4.47)

a<b

Then divide the solution by (4.47), and find o and § by equating the powers of z1s, 293, 234

and zy4 separately,

—hi1—ha+h3—ha+j3 h1—ho—h3z+hg+j1+js ,—hi+ho—h3+ha+jo+js —2ha—j4
G(n)21 223 213 234

H(U) H zh/3—ha—hb—oéja—5jb ’

a<b “ab

(4.48)

which gives a = %, b= % The solution for 4-point correlation function that we obtain from
the Ward identities is then

(D1(21)D2(22)D3(23) Da(24)) = Oy jorrsarjumoH () [ [ g et 9e /202, (4.49)

a<b
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by including the constraint in (3.4.4) where H(n) is an undetermined function. Then substitute
h1:h2:h3:h4:()sothat

(91(21)d2(22) P3(23)D4(24)) = Ojs-tjatjatju=oH (1) H%jaﬂ*jb/a (4.50)

a<b

which is the solution for the 4-point correlator with ghost primaries.

4.1.5 Knizhnik-Zamolodchikov Equations

The Knizhnik-Zamolodchikov (KZ) equation for an n-point correlator are derived by acting
with L_; on ¢1(z;1) in the correlator(¢ids - - - ¢,,). Recall from (2.17) that the correlator be-

comes

(Lo1¢1a -+ - b)) = (0P102 - - &) (4.51)

which forms the LHS of the KZ equation. For the other side of the KZ, one can substitute
the mode expansion of L_; from (3.16) such that

L., = Z(—l —m)BmY1-m

me”Z

= L4 ’¢1> = Z(_l - m)ﬁm’}/flfm ’¢> = _’77150 ’¢1>

meZ

= (Lo1gide - ) = — (1=18001) 92 - -+ dn) (4.52)

as other modes annihilate the ghost primaries. [y acting on ¢;(z1) is a primary field as well,
but the additional y_; makes v_15y¢1(21) a secondary field following from Fig. 3.2. This forms
the RHS of the KZ equation. Combining (4.51) and (4.52) gives us the KZ equation as

(00102 -+ Pn) = — ((V-1B0d1) P2~ Dn) - (4.53)

Substituting the solutions derived from the Ward identities to the LHS, and apply Cauchy
integral theorem on the RHS may provide us with some new information about the constants
in 2-point and 3-point correlators, and help us solve for the constant function g(n) in (4.50).
Remark that this is not the only form of the KZ equation as we can also act with L_; on
other fields to obtain the KZ as other forms. However, the equations appear to have the same
solutions since all of the fields are ghost primaries here, while in Section 4.1 with primary
fields involved, different KZ equations may provide us with different information.

Now with the KZ equation of ghost primaries introduced, we can start to simplify the
RHS of (4.53). Apply Cauchy integral theorem and then use the fact that a contour around

z1 is the same as a very large contour around all z; minus contours around the other z;, for
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1=2,3,...,n, written as
n

1.4

1=

]{ | (4.54)
2 /i
Then RHS of (4.53) becomes

—((7-18001) 02 - - Pn) = — j{l <7(2)(ﬁ0¢1)§21>¢ ¢"> o

(z—21)

f*Z]{ <(ﬁzoai121 ¢2"'7(2)¢i"'¢n>%. (4.55)

Recall that we had v(2)¢*(w) ~ 0 for £ < 0, meaning that v(z)¢;(2;) always has a regular
OPE. Additionally, by intuition the infinite integral does not contribute here, but we will

prove this formally in Section 4.2.1. Hence the RHS of the KZ equation gives us that

—{(7=180¢1)¢2 - -~ ) = 0. (4.56)

This is a general result for any n-point correlator. Then, compute the LHS of the KZ equation
for 1-point, 2-point, 3-point and 4-point functions by substituting the results derived from the
Ward identities.

Firstly, the KZ equation for 1-point correlator does not give us any new information as the
first Ward identity (3.65a) already tells us that 0 (¢;) = 0. Then LHS is 0, agreeing with the
RHS.

For the 2-point correlator, differentiate (4.10) with respect to z; gives zero as the solution

1S a constant.

<8¢1¢2> - 81(0125h1:h2:j1:j2:0) = 0. (457)

Hence, once again, the KZ equation does not tell us anything new as we already knew that
the solution of the 2-point correlation function is a constant.

Now, differentiate the 3-point correlator with respect to z;, we can obtain

) |:01235J1+]2+]3 0:|

<¢1(21)¢2(22)¢3(Z3)> =

J3 JJ1 JJ2
2123237513

_ (_]‘3 N ) 01235]1+32+Js 07 (4.58)
Z 213

73 J1 J2
12 212793713

which is the LHS of the KZ equation, and equating with the RHS gives us

(—j3 n —j2> C1230)1 4543 =0 —0 (4.59)
z2 213 Ayt

To satisfy this equation, we must have j; = jo = j3 = 0 or Cla3 = 0. Hence, KZ tells us
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that the solution of 3-point correlator can only be nonzero when ¢;(21), ¢2(22), ¢3(23) are all
vacuums.

Lastly, substituting the 4-point correlator into the LHS of the KZ equation tells us

<8¢1¢2¢3¢4> = 61 [531""]24-]34-]409(77) H Za;)ja/Q_jb/Ql

a<b

i —Je | —Ji—J3  —Ji—Ja e
N ( 2y | 225 22 ) O tirtistimog(m) [T 2™ % (4.60)
. 13 H a<b

Again, to satisfy with the RHS of (4.53) and obtain nonzero solutions, we need
Jit+72=0, ji+i3=0, ji+j=0, ji+ja+is+ja=0. (4.61)

By combining the equations, we will have j; = jo, = j3 = 74 = 0. Same as previous results, all
of the ghost primaries in the correlator are vacuums for nonzero solutions, and the solution is
a constant.

Therefore, we can conclude that the n-point correlation functions of ghost primaries are
zero unless the fields are all vacuums, which is not an exciting result. Hence, we want to twist
at least one field by acting with ¢ on the field to have a primary field, and investigate what

the solutions can be.

4.2 Fields with Spectral Flow

Now we start to compute the solutions of the n-point correlators involving one primary field

¢° (2), while the others remain as ghost primaries ¢;(z;), for i = 1,2,...,n — 1, written as

(d1(21)d2(22) - -+ Pro1(zn—1) By (20) ) - (4.62)

One thing makes life easier is that the Ward identities are the same for correlators of any
primary fields with ¢ € Z, as the ghost primaries are special form of the primaries with ¢ = 0.

We can use the results from Section 4.1 directly and only rederive the KZ equations.

4.2.1 Essential Steps Towards KZ Equations

Techniques from Section 3.1.3 can be used to derive the following results. Recall from (3.26)

and (3.27) that the charge and conformal dimension of a primary field are

1
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We can then act with L_; on the primary field define in (3.29) to obtain

Ly {¢£> = Z(_l —m)BmY-1-m |¢Z>

meZ

= (B_e—1ve|¢°) + (=14 O)ye—1B-e | @), (4.64)

where remind from (2.17) that L_; ’qﬁg> corresponds to ‘8¢K>. Then for J_; acting on the

primary field, we have

Jo1 |¢Z> = Z BmY-1-m }¢K>

MmEZ

= Boe-172|0°) + Ye-18-¢|9") - (4.65)

This will be applied in our later derivations for the KZ equation.
Consider back to our large contour in (4.54), we need to check when it does not contribute.
We are now choosing a mode A,, of a general field A(z), that is acting on a primary field

#" (2,), the Cauchy integral theorem then gives

d

)

<Q,¢1(21)¢2(22) m¢€ Zn Q> 7{ ¢1 21 ¢2 22) (Z)¢fl(2n)9> (z _ zn)m+hA712m
(4.66)

where hy is the conformal weight of A(z). We can then replace the contour as follows:

fi N fi B ”Zj f ' (4.67)

To check if the infinity contour contributes, we expand A(z) as A(z) = Y, Apz7""4 and set
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w = % to evaluate the contour around 0

$ (2 A0 )0 )2) <z—zn>m+hAlj;
]{ Z<Q Az MG, (20) B (22) - - B (20)Q) (2 — 2,) ™A 12dm
- § S (A0 i) <—>m2d7
]{ kZh ((AT) k2, 61(21)a(22) - - ¢n<zn>9>z-k—wz_znwm—lj_;
-4 X (0t )t (L e
y{Z (A2 e - )} (L= syt gy

In the ghost system, Ay can be 7, Bi or Ji, which annihilates the vacuum for any & < —hy.
Thus the nonzero terms remaining for (A")_j are —k < —hyy, explaining the second last
step. We can also remark that changing the integral from infinity to 0 flips the contour from
anticlockwise to clockwise. The last step is then positive. After adjusting the expression, we
obtain the power of w to be k — m — 1. As we do not want the integral to contribute, we
need the term to be regular at w = 0, which means £k —m — 1 > 0 is required, and from the
summation that k > h 4+ also needs to be satisfied.

Therefore, a constraint for m can be obtained by substituting £ in:

m<k—1Vk> hy
= mShAT—L (469>

by taking the minimum of k. We can say that for these values of m, (4.68) vanishes.
Now let A,, be ~,, or ,, to see which modes for each operator are allowed to use such
trick. When A,, = B.:

Al =8l =4, = m< 1. (4.70)
As h i = 0 being v has conformal weight 0. When A,, =
Al =~ =5, = m<0. (4.71)

As h i = 1 being 8 has conformal weight 1.

Hence, the contour around infinity does not contribute except when mode index is negative
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for # and non-negative for v, when the mode acts on a primary field. This has to be checked

every time we apply such trick.

4.2.2 Knizhnik-Zamolodchikov Equations

Now we can derive a general form of the KZ equation for the n-point correlator of primary
fields in (4.62). There are two methods to be used in deriving the KZ equation. Method 1 is
the same as in Section 4.1.5, with L_; acting on ¢;(21), so we have the KZ equation written

as

(001 (21)Pa(z2) -+ 0 ) = — (v_1(Bod1) 2 - - DL (20)) - (4.72)

Then we compute the RHS again using the trick from (4.54)

RIS — ]{< ()(60@251)(25 ¢e>

(z —21)?

_2]4 < B e a (a0l )

W¢Z §a! ¢Z

-f o (e o [ 2] e

As ~ is with mode —1 and based on (4.71), the contour around infinity does not contribute.
Remind from (3.37) that v(2)¢;(z) are regular for ¢ = 2,3,...,n — 1, so the only term that
contributes is when v(z) acts on ¢!. Then Fourier expand v(z) and apply the definition of
(3.29) that 7, annihilates ¢!, for n > ¢. Hence we obtain the expression of the KZ in method
1.

Additionally, recall from (3.37) that v(2)¢*(w) is regular for £ < 0, so that RHS of the KZ
equation gives zero as well for ¢ < 0, and the correlators will give constant solutions for the
non contributing infinite contour. We will then focus on ¢ > 0 when we solve for the 2-point
and 3-point correlators.

Method 2 is to apply L_; on the field with spectral flow, which is always the last field

¢ (2,) for an n-point correlator here. Hence the KZ equation becomes

(1(21)pa(22) -+ OB%,(20)) = (D1(21)Pa(22) - - (LBi—1ye + (=1 + ) ye-1Be) D (z0) ), (4.74)

where we have applied (4.64) for the RHS. Then the RHS can be further written as

RHS = f ( ) (D102 -+ B(2)(vedly)) + (;12—+€+2 ($16--1(2) (B, )>) Qd;
(4.75)

However, v,_; will have a positive index when ¢ > 1, meaning that the infinity contour can
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not be cancelled based on our result in (4.71). As we want this method to be workable for all

¢ >0, we will modify the KZ equation in (4.74). By observing (4.65), the expression
Loy —(0—1)J, (4.76)

happens to cancel out the term that contains v_,_; in (4.64). We can then obtain a modified
method 2 with the KZ equation, with the RHS being

RHS = (¢y--- ¢n71L,1¢fg> —(0=1) {1+ ¢MJ71¢£>
= {1+ On1 ((Bopmrve + (=1 + O)yem1 By — (0 = 1)Boymrye — (€ — 1)B_pye—r)dh )
- <¢1 T ¢nflﬁf€—1(w¢ﬁ)>- (4.77)

The KZ equation is then
(p1¢2-+-09%) — (L = 1) (P12 J_108%) = {1~ D1 Bovo1 (Vedl)) - (4.78)

However, we do not have the corresponding state for J_;¢5. We need to compute the term by

using the Cauchy integral theorem

(1 J_10h) =

Z— Zn 27

(¢ (2 ¢é> dz B — 1% (¢ ¢£>dz
N B z—zn)

jz ¢1 ¢£ dz
Zj{ (z — z0) (2 — 2) ori’ (4.79)

24

by recalling from (3.17) that J(z)p(w) ~ Jj’_(—ww) Hence, the LHS becomes

LHS = (¢1¢g---0¢%) + (£ — 27{ i (o1 k) dz. (4.80)

(z — zn)(2 — 2;) 2mi

Then apply the trick (4.54) on RHS again, where now the large contour vanishes according to
(4.70), as the modes of 3 is —¢ — 1, which is negative for ¢ > 0:

s = j’{ (61 B(2)(1e0h)) (2 — 2) ! Qd—;
= — ;ji <¢1 e B(2)i (qufl» (2 — Zn)_g_lj_;
- —;é (o1 Bodi+ - () (2 — Zn)—K—IZd_;’ s

47



where we have used the OPE for 8(z)¢‘(w) from (3.36).
We will then use method 1 and modified method 2 to solve for the 2-point and 3-point

correlators.

4.2.3 2-Point Function

The 2-point correlator with the second field ¢o(29) being spectral flowed is written as

(P1(z1)5(22)) - (4.82)

Define ¢;(z1) to have the charge and conformal dimension (j;, h; = 0), where the conformal
dimension of ¢1(21) is derived from (3.32) for £ = 0. Also, we define ¢5(z25) to have the charge
and conformal dimension (ja, hy), where hy is given in (4.63). Apply method 1, we can first
use (4.10) to derive the LHS of the KZ equation

Cl26j1+j2=06h1*h2=j1 _h20125j1+j2=05*h2=]’1
LHS == 81 |: (Zl — Zz)hlJth = 2?22+1 s (483)

by recalling that z5 = 21 — 25.
Then for the RHS, we have

RHS — j'{ (;)2 <(ﬁo¢1) [(W—@Z bt 71—@} > . (4.84)

z—2 Z—2zp) zZ— Zp

As the integral depends on ¢, we will try with different values of /. Additionally, as we stated
in Section 4.2.2, the RHS is zero for £ < 0, so we will discuss the cases for £ > 0 only.
First, consider ¢ = 1, and apply (4.63) to obtain hy = js. Then we can express hy in terms

of jo and (4.83) becomes

D NoNY NN S
s — —J2Cn g;;;gjl_o ha=i1 (4.85)
12

Then RHS of the KZ equation is

1 L dz
RIS = 7{ ey (B 0noh) 5
_ (_;) (B (neb)) (4.86)

Now, we have two new primary fields in RHS, (Bo¢1)(21) and (71¢3)(22), and denote the
charges and conformal dimensions by (71, 0), (55, h%) respectively. To find the charges for these
fields, we can use the fact in Section 3.1.1 that 5(z) has a charge of 1, and 7(z) has the charge
-1, s0 j1 = j1 + 1, j, = j» — 1. Additionally, the conformal dimension of (y,¢3)(z2) becomes

hl, = j& = jo — 1. Then we obtain the charges and conformal dimensions of the two fields as
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being (j; + 1,0) and (jo — 1,72 — 1). Hence, the RHS follows by substituting this data into
(3.50)

RS — L Ciljageo
(21 — 22)% (21 — 22)727!
0125j1+j2=[]

where (1], is another constant that is different from C in (4.85). Lastly, equating LHS and
RHS gives us a KZ equation for the 2-point function:

—(2—1)Cn _ O
e (4.88)

Therefore, the 2-point correlation function with ¢ = 1 has only the zero solution unless Cj, =
—(ja — 1)C12, so the 2-point correlator function (¢;¢3) need not to be constants.

Next, we can try to apply method 1 to compute the KZ equation for ¢ = 2. From (4.63)
we have hy = 2j5 + 1 for £ = 2, and method 1 gives:

(00168) = § = < (Bu) ( (Z”jii)Q ; Z”l_¢i)> & (4589)

Notice that the second term contains a non-primary field with (y1¢3)(21), the infinite integral

is then non-zero as v has index 1, and we do not have the technique to solve it for now.
Alternatively, we can try to apply the modified method 2 in Section 4.2.2, starting by
checking if £ = 1 agrees with the result from method 1. From (4.80), the second term of the

LHS of the KZ equation vanishes, so we have

LHS 82 0126]14-]2 06—h2 =Jj1 | __ j20126]1+]2=0 ' (490)

(21 — z0)2 - 2t

From what we derived in (4.78),

RHS — — f B(z ¢1 (1)) d ——%((6@1)@@;»:—%. (4.91)

(2= 2)? 2mi (21 — 22) 22!

We can see that power of z15 in the RHS in the modified method 2 is the same as in method
1. Equating LHS and RHS gives us

. /
j20125j1+]2=0 _ _0125J1+32 =0

Jo+1 - Jo+1 )
212 212

(4.92)

which agrees with (4.88) for having nonzero solutions when C{, = joC)5 is satisfied. Hence,
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both methods give us the same result, and then we can use the modified method 2 to compute
for ¢ = 2. From (4.80) we have

Ji{e93)  dx

(z — 29)(2 — 21) 2mi

LHS =0, {¢1935) + (2 — 1)]{

21

 —h2Ch205, 1 jo—0  §1C1205,4j,—0

4.93
e
Then use (4.81) so that
RHS — _% <(60¢1>(7€¢§)> % _ _0125j1+j2:0 (4 94)
L (2= 2) (2 — 1) 2mi R '

by substituting (4.10) with conformal charges and weights (j; = 71+1,h1 = 0), (j4 = jo—1, h}).
As we have hy = 2j, + 1 from (4.63), and the LHS and RHS of the KZ equation are

—2jo — 1+ j1)C120,, 4 jo— —C150i 4 ine
e L e ) (1.95)
12 12

Equating LHS and RHS does not give a non-zero solution as the powers of z15 are different.
The only possibility is when Cis = Cio = 0. With the same idea, the powers of z15 do not
match in the KZ equation for £ > 2, all of them give solutions as zeros. As a matter of fact,
if we combine the deltas d;,1j,—0 and 0p, _p,—j, in the result from the Ward identities (4.10),
we can find out that hy = jo must be true for LHS of the KZ equation (4.83) to be non-zero,
given that h; = 0. Hence, the only 2-point correlator that has non trivial solutions is when
(=1

4.2.4 3-Point Function

Based on our previous experience, we can use method 1 for the £ = 1 case to find the solutions
for 3-point correlator (¢1(z1)¢a(22)¢5(23)) as well, and the modified method 2 to check for
¢ =1 and derive for ¢ > 1.

First with method 1, consider for £ = 1, we have hy = j5, apply (4.30) and the LHS of the

KZ equation is

LHS — 9 C1230j,4jotjs=0 | —(J3 + J2)C1230j, 4jo+js=0 (4.96)
— Y Jati1 jati2 - Jati1 Jjatiz+1 : :
293 7 213 293 7 213

50



Then, we compute the RHS as being

1
RHS = (0¢1(21)p2(22) d3(23)) = CEENCEES) ((Bodr)da(m1¢3))
1 1 5j1 J2+73=
= 2_%3 <<50¢1)¢2(71¢§)> = 2_%3 z;gijlzgg';Q_lO’ (4.97)

with charges and conformal dimensions of the three primary fields (8y¢1)(21), #2(22), (7163)(23)
being (j; = 71 + 1,0), (j2,0), (j5 = js — 1, hs = js — 1) respectively. Equating the RHS and
LHS to find the relations between the constants:

— (s + J2)Cr250j1tjarjo=0 _ ClasOis +iatia=0 (4.98)

J3+71 J3+je2+1 J3+j1 js+j2+1
%93 ° 213 %93 ~ 13

The powers of the variables are the same, so the correlator has non-zero solutions when
Clog = —(J3 + J2)Chas.

After that, we will apply modified method 2 as shown in (4.78) and compute the LHS and
RHS of the KZ equation for ¢ > 0. The LHS can be computed by using (4.80) again

(z — 23)(z — 21) 2mi z— 2z3)(2 — 29) 2mi

LHS = (¢1$:0¢5) + ({ — 1) (]{
Ji <¢1¢2¢§> . J2 <¢1</52¢§>'
2z

13 223

1 (P10205) dz 7{ j2 (1026%) ﬁ)
2

= <¢1¢23¢§> +

(4.99)

Hence, we can obtain the LHS by substituting the result derived from the Ward identities
(4.30):

hs + jo + (0 — 1) L hs+ 714+ (0 —1)ja,  Ci230j,+js+is=0
—h3+j3 hz+jz2 h3+j1’
12 213 T R23

LHS = ( (4.100)

213 223 z

with conformal charges and dimensions of ¢y, ¢2, ¢35 being (j1,0), (j2,0), (js, h3) respectively.
While the RHS is obtained from (4.81) such that

- _ (Bodr(veds)) dz (01(Boda) (eds)) dz
RHS = f ( f;(

z— 2z3) (2 — 1) 2mi 29 — 23)0H1 (2 — 29) 2mi

! 1"
_ —Ch939)1 4o tis=0 B Cl230)1+j2-+3=0 (4.101)
—hi4j3—1 hi+jo+l+1 hi+j1+1 —hi4i3—1 _hi4ja+1 hi4ji1+0+1" ’
z z Z. z z zZ
12 13 23 12 13 23

by applying (4.30) again with conformal charges and dimensions (j; + 1,0), (ja,0), (js — 1, h%)
respectively for the first term and (jy,0), (j2 + 1,0), (js — 1, h%) respectively for the second
term. According to our previous result (4.63), which is hy = €(js + €) — 20(¢ + 1), we can
further express iy in terms of hy as hfy = €(js — 1 + ) — 20(¢ + 1) = hy — £. Then the RHS
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can be written in terms of hs:

! 1
RIS — —C1930)1 42 +j3=0 B Cl230)1+ja+js=0
T _—hs+js—1+€ _hs+ja+1 _hs+j1+1—¢ —h3+j3—1+€ _hz+jo+1—C ha+ji+1
212 213 293 212 213 293
O tis el el
_ Jj1+j2+7j3=0 123 123 (4 102)
T _—hs+j3 _ha+j2 ha+j1 \ ,—1+L 1—¢ 146 _1—¢ : :
212 213 T %93 R12  *13%23 12 *13 23

To check if this method works in the 3-point correlator, we can check again with ¢ = 1 by

substituting hz = j3 in the equations,

(js + J2 N J3 + ) C12305, 4+ 43 =0

LHS = SR
213 Zoy 20,28t st
RHS = — ntiti=0 iy —Ci (4.103)
21—2J3+J3 Z{%—H? Z;l§,+]1 2?2213283 2?22?3223
When equating LHS and RHS, we obtain the two relations between the constants:
123 = —Ci23(J3 + j2) = Chazfi
123 = —Cha3(Jz + j1) = Chazjo (4.104)

Hence, the 3-point correlator may have non-zero solutions for £ = 1, which agrees with method
1.

Now can work on the cases of larger ¢, for instance when ¢ = 2, by substituting hy = 2j5+1
into LHS and RHS to obtain

2j3 — 1+ jas + J1 n 2js — 14751+ jz) C1230, 4 5o+ j3=0

—J3—1_2j3+j2+1 _2j3+71+1
213 293 212]3 lej))s J2 ZQ§3 J1

LHS = (

(j3 -1 N J3 — 1) C1230, 1y +j3=0

—J3—1_2j3+j2+1 2j3+j1+1
213 223 Z15° 213 253
S p P
+j2+73=0 / 23 I 13
RHS = - _—itp — Lo, 8
—ja—1 2j3+jot+1 2j3+i1+1 123 123
A SRR~ A 213212 223212
_ 5j1+j2+j3:0 ( ;) R12 — 213 ol Z12 + %23
- —ja—1_2j3+j2+1 _2j3+ji+1 \ 123 1237
215 213 253 Z13%12 223712
O s+ jotjs= 1 1 1 1
— J1+J2+73=0 ( / ol 4105
T —i3—1 _2j3tjat1l _2j3t+1 123(___)"‘ 123(_+_))- ( : )
20 gt ot 213 212 Z3 212

Matching the common powers will give us the relations between the constants as

1o3 = —Clas(js — 1)
log = Cia3(js — 1)
123 + 1,23 = U (4-106)
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Therefore, a 3-point correlator with ¢ = 2 may have non-zero solutions if the constants follow
the above constraints.

Furthermore, we can consider the case for £ = 3, where hy = 3j3. Then LHS is written as

3j3+Ja+ 271 | 3z + 71+ 252, Chr2305, 4 jo4is—0
LHS = ( + ) —2j3 3js+j2 ,373+j1’ (4'107)
213 %23 219213 T Zo3
O\ tint i Y o
RHS = *2j3J13j?32+j]23;j3+j1 2 = 2 —
R12 7 R13 T %93 Z12713%23 212713 %23
O tiotin z 2 22 z 2 22
_ J1+72+73=0 ! 13 12 " 23 12
= " hatjs hatjs _hatit [—Clos( — — + =) = Clas(5 + — + ). (4.108)
212 213 7R3 12”12 213 212 A2 %23

The powers of the terms on RHS do not match with LHS, which means the only solution is
when Cf,3 = C153 = 0. The same idea applies for larger ¢, that means for ¢ > 2 in 3-point
function, there are no terms in RHS that can be expressed in terms of i and %7 thus all of
them would give zero solutions.

To conclude, we can make connections with the fusion rules derived in | ]. Following
from Corollary 10 in | ], we can decompose primary fields and descendants of primary
fields, defined in Section 3.2, into a sum of a generic OPE. Ignoring the descendants, this gives

the fusion rule

¢1 X ¢ = ¢ + @5 !, (4.109)
where j3 = —j; — jo. Hence here, an OPE for the 3-point correlator can be obtained as being
<¢j1 ¢j2¢§3> ~ <¢jl¢§2+j3> + <¢j1 ¢§;j]3> . (4-11())

Recall from Section 4.1.2 that (¢;,¢;,) only has non-zero solutions for £ = 1. Substituting
into (4.110) gives us that the 3-point correlator is non-zero when ¢ = 1, where the first term
does not vanish, or ¢ = 2, where the second term does not vanish. Therefore, the results we

derived in this chapter agree with the fusion rules.
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Chapter 5
Conclusion

In this thesis, we started by introducing some fundamental information in Chapter 2 about
general conformal field theory, including Lie algebras, representations and conformal trans-
formations. Then we investigated how modes act on a state, which corresponds to a field.
Primary fields are also introduced with an example of the energy-momentum tensor.

After gaining the necessary knowledge, we established the ghost CFT and discussed the
ghost algebras in Chapter 3. With the spectral flow automorphisms introduced and the pri-
mary fields defined, we were able to generate modules, including a Verma module, where the
only highest weight state was the vacuum, relaxed Verma modules, where the states correspond
to ghost primaries, and spectral flowed relaxed Verma modules, with states corresponding to
primary fields. We were interested in the last two modules. In addition, we found out that
the usual Ward identities do not apply in ghost CFT because L # L_,, in general, so that
we derived new constraints for the correlators, which were checked to be applicable.

In Chapter 4, we first tried to solve for the correlators with ghost primaries. After sub-
stituting the new Ward identities and solving for the differential equations, we were able to
obtain some general solutions containing unknown constants for 1-point, 2-point and 3-point
functions, while an unknown constant function for 4-point function. However, a version of the
Knizhnik-Zamolodchikov (KZ) equation told us the solutions are all constants, and are only
non-zero when the fields are vacuums. This forced us to twist one of the field by acting with
the spectral flow o and rederive the correlations. Luckily, the solutions from the Ward identi-
ties are general, which means they are true for correlators of primary fields. After applying for
the KZ equation, we discovered that the 2-point correlator is non-zero only when the module
is twisted by 1, i.e. £ = 1. The 3-point correlator is non-zero for £ = 1 and ¢ = 2. Then we
concluded the thesis by confirming that these results agree with the fusion rules in | ]

Further research can be investigating the 4-point correlator (¢;(21)a(z2)¢5(23)¢5(24)) in
(4.49). By applying the KZ equation, the unknown function in the correlator is expected to

be solved. In fact, | | shows that 4-point correlator can give a logarithmic solution, which

o4



results in the ghost CFT being a logarithmic CF'T. In addition, the solution can be substituted

back into the 3-point correlator to deduce the values of the constant Co3.
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