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Abstract

In this thesis, we will start with a discussion of the bosonic string theory. Although this theory is not
realistic, many techniques which will be developed there are very useful for the superstirng theory as
well. After defining the bosonic string action (Polyakov action), we will study symmetries for this action
and then, conserved quantities for the theory. These will be used for quantizing the theory. Calculating
its mass spectrum, we will see that the bosonic string theory has unphysical ghost states. However, these
states can be removed at the cost of fixing the spacetime dimension at 26.

Next, we will see the bosonic string theory in a different point of view: conformal field theories.

Finally, we will discuss the RNS superstring theory along almost the same way as we do in the bosonic
string theory and we will see that there are two types of superstring theories: the type A and IIB (of
course, there are other types as well). We will end with a discussion of T-duality, which relates the type
TTA theory to the type IIB theory and vice versa.
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Chapter 1

Introduction

String theory arose at the end of sixties in an attempt to describe the theory of strong interactions (The
Veneziano formula by Veneziano in 1969). Therewith, Nambu and Susskind realized that the fundamental
dynamical object from which the Veneziano formula can be derived is a relativistic string, which is an
extended one-dimensional line or loop.

However, further investigations revealed that it was difficult to treat string theory as the theory of
strong interactions. The first difficulty is the existence of a critical dimension. The construction of the
quantum mechanics of relativistic strings leads to mathematically consistent theory if and only if the
spacetime dimension is 26, which is called the critical dimension. The second difficulty was the that
string theory predicts the existence of a massless spin-2 particle which is absent in the hadronic world.

In 1974, a proposal to change the view on string theory was made (by Scherk and Schwarz). Their
suggestion was to regard the massless spin-2 particle as the quantum of the gravitational interaction (the
graviton). Thus, according to their point of view, string theory could give the unifying description of all
the particles and matter forces including gravity.

Even if we accept that string theory can be defined in the unusual 26-dimensional spacetime, we
have another problem. Such a string does not include fermionic degrees of freedom in the theory and
it predicts the existence if a particle with negative mass squared, called tachyon, which is known as a
source of instability and its existence implies that the theory is not well-defined. String theory had faced
the problematic features of critical dimensions, absence of fermion and existence of tachyon.

However, by the discovery of supersymmetry, this situation of string theory greatly changed. Super-
symmetry is a symmetry between bosons and fermions (by Wess and Zumino 1974). All universe is made
of two fundamental types of particles: bosons and fermions. Bosons mediate interactions of the matter
particles, which are fermions. Many physicists hope that supersymmetry could provide an underlying
principle for unification of all interactions.

The incorporation of supersymmetry in string theory was achieved in 1971 by Ramond and shortly
after, by Neveu and Schwarz. This was dawn of the RNS (Ramond-Neveu-Schwarz) superstring. This
theory is consistent in 10 dimensions ,instead of 26 for bosonic strings. In 1977, Gliozzi, Scherk and Olive
realized that further conditions (the GSO projection) should be imposed on the spectrum of the RNS
string which leads to the removal of tachyon and, as a result, to the spacetime supersymmetry. It also
turned out that the GSO projection can be imposed in two different ways, which produce two different
types of superstrings, called the type A and type IIB. However, it was priven that these two superstring
theory are equivalent to each other by T-duality transformation.

In this thesis, we will start with a discussion of the bosonic string theory. Although this theory is
not realistic, many techniques which will be developed there are very useful for the superstirng theory as
well. After defining the bosonic string action (Polyakov action), we will study symmetries for this action
and then, conserved quantities for the theory. These will be used for quantizing the theory. Calculating
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its mass spectrum, we will see that the bosonic string theory has unphysical ghost states. However, these
states can be removed at the cost of fixing the spacetime dimension at 26.
Next, we will see the bosonic string theory in a different point of view: conformal field theories.
Finally, we will discuss the RNS superstring theory in almost the same way as we do in the bosonic
string theory and we will see that there are two types of superstring theories: the type A and 1IB (of
course, there are other types as well). We will end with a discussion of T-duality, which relates the type
ITA theory to the type IIB theory and vice versa.



Chapter 2

Classical Bosonic String Theory

2.1 Classical Action for Relativistic Point Particles

In classical physics, the evolution of a theory is described by its field equations, or its equations of motion.
When we have a point particle, the field equations for spacetime coordinates of the particle X (¢) results
from extremizing the action, which is given by

S = /dtL, (2.1)

where L=T -V = %m).((t)2 — V(X (t)). By setting the variation of S with respect to X (t) equal to
zero, we get the equations of motion for X ().

Now, we apply this method to a relativistic point particle moving through a D-dimensional spacetime.
The relativistic action is given, in the system of natural units (¢ = fi = 1), by the invariant length of its
world-line,

%:fm/@, (2.2)

where m is the mass of the particle, which was included in order for Sy to be dimensionless. In this
equation, the line element ds is given by

ds? = —g,,(X)da*dz”, (2.3)
where the metric g, with u,v = 0,1,..., D—1, describes the geometry of the background spacetime and
is chosen to have Minkowski signature (—, +,...,+). The minus sign in front of g,,, has been introduced

so that ds is real for a time-like trajectory.
If we parametrize the particle’s path (the world-line of the particle) by a real parameter 7, then we

can rewrite (2.3) as

dX* dX”
? dr dTQ, (24)

— g (X)dXHdXY = —g,,(X)

which gives the following expression for the action Sy

So = fm/dﬂ/fgW(X)X“X”, (2.5)

where X* = %. An important property of the action is that it is independent of the choice of
parametrization (Proposition 1.1.1).
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Proposition 2.1.1. The action (2.5) remains unchanged if the parameter T is replaced by another one
= f(7).

Proof. Under the reparametrization 7 — 7/ = f(7), we have

df

d dr' = ——d
T — dT 2.0

and therefore,
axr(r’) XmL(T/)ﬁ dxm(r") daf

dr dr’ dr dr’  dr
With these relations, we can obtain the following result:

_ dXH(1")dXV(7")

B of dXrdXv (0f\ 2
m/(?TdT\/gW(X) dr dr ((’“)T)

which means that the proposition was proved. O

Due to the above proposition, one can choose a proper parametrization in order to simplify the action
and, as a result, the equations of motion. Now, this parametrization freedom will be used to simplify
the action (2.5).

The action Sy has two disadvantages. The first one is that it contains a square root, which causes
difficulty when quantizing. And the second is that this action cannot be used to describe a massless
particle. These problems can be avoided by introducing an action which is equivalent to the previous
one. The equivalent action is given by

So = %/dT [6(7)-15(2 - m%(T)], (2.6)

where X? = g, X* X" and e(7) is an auxiliary field.
Now, to see that this action is equivalent to (2.5), consider the variation of Sy with respect to the
field e(r).

~ 1 de , oo 9 9

By setting Sy = 0, the field equation for e(7) can be obtained as

which means if the equation of motion holds, then Sy is equivalent to Sp.
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2.1.1 Reparametrization Invariance of S

Sy should be invariant under a reparametrization (diffeomorphism) of 7. To see this, one needs to know
how the fields X*#(7) and e(7) transform under an infinitesimal change of parametrization 7 — 7/ =

T —&(7).
Since the fields X#(7) are scalar fields, they transform according to X*(7') = X*(7). Therefore,

SXH = XM(r) — XM(1) = X"*(7" + £(7)) — XH(7)

= XH(r) + () X" — X*(r)

= £(r)XH. (2.8)
Also, under the reparametrization, the auxiliary field is required to transform as

e (t")dr' = e(r)dr, (2.9)
which ensures that Sy is invariant as it will be seen later. Thus,
¢ (t)dr' = ¢ (1 — (7)) (dr — &dr)
= (€¢/(7) = €é(7) + O(€7)) (dr — &dr)

=€ (r)dr — d%_(fe)dT, (2.10)

where in the last line, we have replaced ¢’ 5 by ef since they are equal up to second order in £&. Now,
equating (2.9) with (2.10), we get

%(5(7‘)6(7)) =¢'(1) —e(r) = de(7). (2.11)

With these results, we will show that the action Sy is invariant under the reparametrization, for
simplicity, in the case of a flat-spacetime metric g, (X) = 7,,. Firstly, the variation of Sy under a
change both in X#(7) and e(7) is given by

~ 1 . 2 . .
65 = 7/d7 %€ % + ZX6X —m?de].
2 e? e
Here 6X* is given by
sxn = Lgxm— éxn g exn
dr

Substituting this back into 85y together with (2.11), we obtain

65y = %/dTi FXQ — mzfe},

dr|e

which is the integral of a total derivative. Therefore, it can be dropped, which means Sy is invariant under
reparametization. This invariance can be used to set the auxiliary field to unity,! thereby simplifying
the action, and it leads to the mass-shell condition. In fact,

550
oe e(t)=1
1Let us find the transformation rule for e(7), (2.9). Under reparametrizations 7 — 7/ = f(7), dr and X* transform as
axe Xn
' f

- 213

dr > dr’ = drf, X* >
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which implies that X2 + m? = 0 and this is the mass-shell condition.?

2.2 Generalization to p-Branes

A p-brane is a p-dimensional object moving through a D (D > p) dimensional spacetime. For example,
a O-brane is a point particle, a 1-brane is a string, and a 2-brane is a membrane etc.
The notion of an action for a point particle (0-brane) can be generalized to an action for a p-brane.
The generalization of Sy = —m [ ds to a p-brane in a D(> p) dimensional background spacetime is
given by
Sp = *Tp/dﬂpz (2.14)

where T}, is the p-brane tension, which has units of mass/vol and dp,, is the (p 4+ 1) dimensional volume

element given by
d, = /) — det (Gop(X))d" o, (2.15)

where G, is the induced metric on the world-surface (i.e. the world-sheet for p = 1), which is given by

0XH oX"
Gop(X) = ———79u(X), a,B=0,1,...p, 2.16
o) = 5 g (X), o p (216)
where 0% = 7 and 0% (i = 1,...p) are the p spacelike coordinates.

Also, the action (2.14) is invariant under a reparametrization of o©

Proposition 2.2.1. The action of a p-brane (2.14) is invariant under reparamerization of the p + 1
world-volume coordinates c® — (7).

Proof. Under this change of variables, the induced metric in (2.14) transforms in the following way:

COXMOXY L OXP L S0XV
Ga,B - 60'0‘ 80‘6 g/u/ - (f )oz aa_,y (f )ﬂ 85'6 g/tln
where 95
a(g) =29

Thus, the determinant appearing in the action, by using the Jacobian of the world-volume coordinate
transformation J = det fg, becomes

oXH* oxXY _ oXH* oxXY
det <guy&‘_aw) = J 2det <gl“/85'735'6) .

If e transforms as e — ¢, then the transformation of the action (2.6) is

So — %/d’r <(e/f-),1x2 _m2e/f') .

For this to be equal to (2.6), we need

, e dr

S (2.12)
fodr’
This is the transformation rule for e. Then, we want to find a transformation e — ¢’ such as ¢/(7') = 1. From (2.12),
if ¢ = 1, we have f = e. So, we can choose f to be f(r) = [dre(r). Thus, given an arbitrary e(r), we can always
appropriately choose f to go to a gauge where ¢/ = 1.
2The canonical momentum conjugate to X (7) is defined by

_ 0L

T oxm’

In the case at the moment, the canonical momentum is given by P*(7) = X*#(7). By using this, we see that the vanishing
of (2.13) is nothing more than the mass-shell condition of a particle with mass m, P*P,, +m? = 0.

PH(T)
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Figure 2.1: The functions X*(7,0) describe the embedding of the string worldsheet in spacetime.

The measure of the integral transforms according to
1 1=
d’tlo = JdPts,

so that the action becomes

~ " v
Sp = Tp/dpﬂc}\/ det (gﬂyé;f;%?é),

which means that the action is invariant under reparametriztion of the world-volume coordinates. O

We will now specialize the p-brane action to the p =1 case, i.e the string action.

2.2.1 The String Action

The string action is a 1-brane action, which describes a string in a D-dimensional spacetime. We will
parametrize the world-sheet of the string, which is the two- dimensional extension of the world-line, by
the two coordinates ¢® = 7 and ¢! = o, with 7 being time-like and o space-like. The embedding of the
string into the D-dimensional background spacetime is given by the functions (or the fields) X (7, o),
as drawn in Fig 2.1.

If the variable ¢ is periodic, then the embedding gives a closed string in the spacetime.

Now, we specialize to the case of Minkowski background spacetime. Then, (2.16) becomes

Goo 9 oy = X2
G 3(;“ 88XV77W = X"
Go1 = Guo ag(#%nuu:X-X’
Thus, we obtain _ .
Gop = (XX;, X);,fl). (2.17)
As a result, the string action, from (2.14), can be written as
Sne = —T/deU\/(X LX) - (X2)(X72), (2.18)

which is known as the Nambu-Goto action. The integral in this action can be physically interpreted as
the area of the world-sheet swept out by the string.
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2.2.2 The String Sigma Model Action (Polyakov Action)

In order to remove the square root in Sy¢, we can introduce an auxiliary field hag(7, o), as we did before
in the point particle case. This is the kind of metric that we use in two-dimensional general relativity,
which is therefore intrinsic metric on the world-sheet. The resulting action is called the string sigma
model action, and is given by

oOXH oXV
Do Db I

S, = % / drdov/—hh? (2.19)

where h = det (hapg). This action is equivalent to the Nambu-Goto action at the classical level.
Proposition 2.2.2. The string sigma model action S, is equivalent to the Nambu-Goto action Sn¢.

Proof. To begin with, recall that varying any action with respect to the metric yields the stress-energy

tensor Ty, :
2 1 65,

T \/—h 6hof’
The equations of motion for h*? can be obtained by setting the variation of the action S, with respect
to h*? equal to zero. That is,

Tog =

(2.20)

05,
Shos

= 7§ /drdm/—hdh“BTaﬁ =0, (2.21)

Shes

0S, = /deU

which holds when T,,3 = 0.
On the other hand, from the variation of S, in (2.19), we have by h®? is

T
65, =~ / drdo (6\/—hh°’ﬁ8aX : aﬁx)
_ 7§ / drdo/—hohe? (;haﬁméavx 95X + 0aX - aﬁX> .

In the second line, we have used the formulady/—h = —%\/—héh“ﬁhw. Setting this equal to zero yields
the equations of motion for h®?. Compared with (2.21), this gives

1
Top = —=haph?°0,X - 05X + 0, X - 95X = 0. (2.22)
2 —_———
Ga[g
Thus, taking the determinant gives

%\/—hh“*‘s&,XégX: —det (Gap),

which means that S, is classically equivalent to Syg. O

2.3 Symmetries and Field Equations

In this section, we will discuss the symmetries which the string sigma model action has. We will consider
the background spacetime to be Minkowskian, that is, the action which we will discuss is

T OXH XV
== vV —hh? N
Se =3 / drdo 9o Db ™

(2.23)
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2.3.1 Global Symmetries

A global transformation in some spacetime is a transformation whose parameter/parameters do not
depend on where in the spacetime the transformation is performed. Invariance of a theory under global
transformations gives conserved currents and charges via Noether’s theorem.

By contrast, if a theory has local symmetries, we can these symmetries to cope with a redundancy
which the theory has in its degrees of freedom. This is known as gauge fixing.

Poincaré Transformations

These global transformations are of the form:

0XH(r,0) = a", X" (1,0) + b, (2.24)
Ohap(T,0) =0, (2.25)
where fields X*#(7,0) are defined on the world-sheet and a*, (with a,, = —a,,) describes infinitesimal

Lorentz transformations and b* spacetime translations. Here, S, in (2.23) is invariant under the Poincaré
transformations.

Proposition 2.3.1. S, in (2.23) is invariant under the Poincaré transformations in (2.24) and (2.25).

Proof. Consider the following,
68y =T / drdo/—hh*P 9, (5XH) 05 X 1y

where we have used the fact that h®? is invariant under the transformation (2.25). Substituting 6 X*
from (2.24) gives

55, = _T/dnim/—ihh"ﬁaa(a’ﬁ@XN + 0*) 0 X" Ny

=-T / drdoN/—h ay,; h*P0, X505 X"
~N~
anti symmetric

=0.

In the last line, we have used the fact that the contraction of an antisymmetric tensor with a symmetric
tensor equals zero. This result means that this action is invariant under the Poincaré transformations. [J

2.3.2 Local Symmetries

Reparametrization Invariance (diffeomorphism)

This is a local symmetry for the world-sheet parametrized by two coordinates 7 and o. Under a coordinate
transformation o® — f*(0) = ¢’*, which is a reparametrization of the world-sheet, the metric hqog
transforms as

afrafs
has(o) = &J;a %hw(o). (2.26)

Proposition 2.3.2. S, in (2.23) is invariant under the reparametrization (2.26).

Proof. We have the following relations under this reparametrization:

0 do? 0

G0 = 9y gor 0d X(7.0) = X"(r', o).
g g g
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Thus, it follows that
0X* 090X,
do dob

The Jacobian for a change in the coordinates is given by

80_/(1
J = det ((%B)’

and the determinant of the metric A4 is, from (2.26),

ox™m OX],

h8 (7, 0) 5077 Dot

_ h/p/\ (7_/’ UI)

det (h*P) = J* det (hl,4).
Also, the integration measure transforms as
d*c’ = Jd*o
Therefore, these cancel out with each other in the following:
2o’/ —det i = Jd?c\/—J2deth
= d*0v/—deth
Putting all of these results together, we see that a reparametrization leaves S, invariant. O
Weyl Symmetry
Weyl transformations are those that change the scale of the metric hqg:
hap(T,0) = hs(7,0) = > hag(T,0), (2.27)
0XH"(r,0) =0. (2.28)
Proposition 2.3.3. S, in (2.23) is invariant under a Weyl transformation.

Proof. First, we need to know how v/—h and v/—hh®? transform. The transformation of v/—h is given
by

V=h = /—det(h,)
= 29(0)\/—h.

Whereas, since hO‘ma = 05, it follows from (2.27) that h'oP = e=2¢(@)poB  Thus, the transformation of
V/—hh? is given by

VB = 20(0)/_pe2¢() B — \/_phoB.
Therefore, under a Weyl transformation, S, does not change. O

This invariance under a Weyl transformation leads to the fact that the stress-energy tensor is traceless,
h*fT,5 = 0. To begin, from (2.20), we obtain

0S5

057 = | Shas

5P = _g / drdon/—RSh™ T, s.
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If we restrict to a Weyl transformation, the above variation of S, becomes®

68, = ,g / drdoN/—h(—2¢)h*P T,

which must be equal to zero since 5, = 0 under a Weyl transformation. Now, it follows from the
arbitrariness of v/—h and ¢ that

h*PT,5 =0, (2.29)

which means that for a Weyl invariant classical theory, the corresponding stress-energy tensor must be
traceless.

From now on, it will be shown that we can fix a gauge so that the intrinsic metric hog becomes flat
Nap if our theory is invariant under diffeomorphism and Weyl transformations.

First, we note that the metric hos has only three independent components since it is symmetric by
its definition:

haﬁ = (hOO h01> with h01 = th- (230)
hio  h11

A diffeomorphism can be used to change the metric into a form that is proportional to the two-dimensional
flat Minkowski metric 7,4 as follows:*

20(0),,  _ 20(0) (1 0
hap — € Nag = € (0 1).

Next, we can use Weyl transformations to remove the factor e2#(?):

-1 0
hap = flap = ( 0 1) . (2.31)

Here, we should note that since gauge transformations are local ones, this transformation from the metric
hagp to the flat metric n.s is generally only possible locally. However, it is known that in the case that
the Euler characteristic of the world-sheet is zero, we can extend a locally flat metric to a globally flat
metric.

With this gauge fixed flat metric, the string sigma model action S, becomes

T
Sy = —-3 /deU\/—nn“ﬁaaX“aﬂX”nW

- %/drda (X2 _ X’2) . (2.32)

2.3.3 Equation of Motion for S, and Boundary Conditions

Let us suppose that the world-sheet topology allows the locally flat metric to be extended globally. In
this case, for a closed string, an infinite cylinder is chosen as the world-sheet and for an open string,
an infinite strip. For convenience, we will choose the coordinate o to have the range 0 < o < 7. The
equations of motion for the field X*(r,0) are described by setting the variation of S, with respect to

3From (2.27), we have h/*# = e=2¢p*# = (1 — 2¢ + -- - )h*P. Thus, we obtain §h*F = p/*B — pB = _2ppadeta,
4A diffeomorphism allows us to change two of the independent components by using two coordinate transformations,
to set h1g = ho1 = 0 and hgg = —h11.
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X* equal to zero. This gives, from (2.32),
T .. , ,
68, = 5 | drdo (2X5X - 2X'6X")

=T / dea[(—az + 8§)X”} §X, +T / doX"5X,,

or
]

where 07 represents the boundary in the 7-direction.’ In the second line, we integrated both terms by
parts. We will assume that fields vanish at 7 — +00. As a result, the terms which are left become

|7 / drX'"5X,,

+T / drX'"6X,

o=0

58, =T / drdo [(—83 + 8§)X”] X,

-7 / dr [XW0X, | +X0X,

}. (2.33)

o=0

O=T"

In addition to the equations of motion, which come from the first term, there are the ¢ boundary terms
(the second and third term), which must vanish.

Closed string

For closed strings, we take X* to be periodic:
XH (1,0 +7) = XH(1,0). (2.34)

By imposing this condition, the boundary terms appearing in the variation of S, vanish. As a result, we
obtain the equations of motion for the closed string;:

(02-92) X" =0 (2.35)
with the boundary conditions (2.34).
Open string with Neumann boundary conditions
In this case, the derivative of X* with respect to o at the boundaries vanish (see Fig 2.2):
O, X"(r,0) =0 at oc=0,m. (2.36)
These conditions make the ¢ boundary terms vanish and the equations of motion become
(02-92) X" =0 (2.37)

with the boundary conditions (2.36). Note that the Neumann boundary conditions preserve Poincaré
invariance because

0o XM =0, (", X7 + b4

o=0,7

=0.

o=0,7

Open string with Dirichlet boundary conditions

5In a strict sense, this statement is not correct because we are taking the cylinder and strip to be infinite. The exact
meaning is infinitely distant area where fields vanish.
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X ‘(6.7) X (0,1)

0=0 o=n 0=0 =T

Figure 2.2: Neumann (right) and Dirichlet (left) boundary conditions

For the Dirichlet boundary conditions, we set the value of X* at the boundary to a constant:

XH(r,0)

=X/ and X*(r,0)

o=0

= X# (2.38)
where X/' and X# are constants (see Fig 2.2). Under these conditions, the o boundary terms vanish.

Thus, the equations of motion become
(02-92) X" =0 (2.39)

with the boundary conditions (2.38). Different from the Neumann case, Dirichlet boundary conditions
do not preserve Poincaré invariance because

X = (kXY b

o=0,m

(r:O,7r?é Xéll’ﬂ
This means that the ends of the string change under Poincaré transformations.

We have seen that the equations of motion are all the same under three different boundary conditions.
Furthermore, as additional constraint, the equations of motion of the world-sheet metric h,s must be
imposed. These were given in (2.22):

1
0="Tos = 0aX - 05X — 5hozﬁmﬁawx 05 X.
In the gauge hog = 1as, the above equations can be written for each components as follows:

1/.
0=Too=Tus = 5 <X2 + X’2) , (2.40)
0=Ty =To=X-X" (2.41)

2.3.4 Solution to the equations of motion

We will solve the equations of motion by introducing light-cone coordinates for the world-sheet, which

are defined as
of=1+o0. (2.42)

The derivatives, then, in terms of the light-cone coordinates become

0 or 0 0o 0 1
+:8J+:&7*@—’—80*870:5(87_‘—60)’
0 or 0 do 0 1
0- 80*:80*54_80*870:5(@_60)'

0
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Since the metric transforms as
, a7 do?
a8 = Go g 1

we obtain the metric in terms of light-cone coordinates, which is given by ©

1
Mg = —3 <(1) é) (in l-¢ coordinate). (2.43)

Then the inverse 7%? is calculated as

NP = -2 <(1) é) (in l-c coordinate). (2.44)
With the relation 8,9_ = 1 (82 — 92), the equations of motion in terms of light-cone coordinates become
(02-92) X" =0 = 0,0_X"=0 (in l-c coordinate). (2.45)

Also, the equations of motion for the metric hoz become

T++ = 8+XM8+X# = 0 (246)
T _=0_X"9_X, =0. (2.47)
We have to solve these equations (2.45) ~ (2.47). The general solution to the wave equation (2.45)

is given by a linear combination of two arbitrary functions whose component depends on one of the
light-cone coordinates:

X¥(o*,07) = Xp(o™) + Xi(o)
=Xph(r—o0)+ X1+ 0), (2.48)

which is a sum of right-moving and left-moving waves, which are called right-movers and left-movers,
respectively. These are expanded as follows:”

TR PINT i1 e
X}%(T _ O') — ,137 4 sP (7. _ 0.) + 179 aike*lk('r*g)’ (249)
2 2 2 k
k0
w l2 pH .ls o 3
Xi(rto)=" 4+ 2 (74 o) 4+ Lo N7 Sk pmik(rto), (2.50)
2 2 2 Pwrrd k

We have introduced some new terms here: z* and p* are constants and are the center of mass coordinate
and the total momentum of the string, respectively. Also, I is the length of the string, which is related
to the string tension 7' and the Regge slope parameter o’ via

1 1,
T = % and ils = Oé/.

8For example, the (+,+) component is calculated as follows:

B <8T>2+<8a>2_ Lol
G dot dot ) — 4 4
The rest of the components can be obtained in a similar fashion.

"We should expand them with integral symbol because k is an integer. But for future convenience, we expanded them
with summation symbol.
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The o and &) are arbitrary modes. The function X#(7, ) must be real, so that z#, p* and p* are real
and so that positive and negative modes are conjugated to one another,

a
Our next task is to apply the boundary conditions.
Closed strings
The closed string coordinates satisfy the periodicity boundary condition
XH(r,o0+7) = XH(r,0), (2.51)

which implies that the propagation of a closed string sweeps out a cylinder in spacetime. Imposing this
condition on the general solution (2.49) and (2.50), we get

at PpH il at .
© _ _ s _ s “n —2in(t—o0)
Xp(r—o0) 5 + 5 (tr—0)+ 5 E e , (2.52)
nezZ,#0
L il at .
K = — S S n —2in(t+o0)
Xi(r+o0) 3 + 5 (t4+0)+ 5 HEEZ 2 e , (2.53)

from which we get

87Xllé =1, Z age—%n(T—U)7

nez
0L X} =1, ate o),
neE”Z
We defined ; ]
Ho— 2S5 d at=Zp#
ag = 5p" and ap = Jp,
In addition, the periodicity condition imposes
p# — ]3#.
Thus, the general solution for closed strings is
XH(r,0) = Xp(r—0)+ X (T+0)
il 1 < . ,
= ot 4+ Pphr + % Z —{ake?mT 4 glem2no e 2inT, (2.54)
n#l "

In preparation for the quantization, we will calculate the Poisson brackets which the modes obey.
With the definition of the canonical momentum P*(7,0) = a?XLu’ we can get the mode expansion of the
canonical momentum on the world-sheet:

. XH
Pi(r,0) =TX" = —
2
iz 1 , .
= p? + - Z (aﬁe*m"“*”) + &ﬁeﬁm(7+”)) (2.55)
S

n#0
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The fields X* and its canonical momentum P* satisfy the following Poisson brackets

|:X“(T, o), XV (1, 0')] i |:P”(T, o), P"(r,0") i 0,

[P“(T, o), X" (r, 0'/)] _ (o — o).

Substituting the mode expansions for X* and P* to get the Poisson brackets in terms of a#, &#, z* and
p*, we obtain

[aﬁ%’az]P.B. = [7%7072]13,3.: " gm0, (2.56)
[, a%], . =0 (2.57)
"] =0t (2.58)

Open Strings with Neumann boundary conditions

Imposing the Neumann boundary conditions (2.36) at the o = 0 end on the equations (2.49) and
(2.50) yields
0 l? —IL ls —ikT =
X =@ =)+ Y e ek —af) =0,
k#£0
from which we can see
pt=p' and of =&,

which means that the left- and right-movers get mixed by the boundary condition. The other boundary
condition, which is imposed at the o = 7 end gives

X'

=il Z atte™* sin (km) = 0,
o=m 120

which implies that & must be an integer, denoting it by n. Thus, the general solution for an open string
with Neumann boundary conditions is

o
(NN) X*t(r,0) = a# + 2pir +il, Y “2em cos (no), (2.59)
n
n#0

from which we get

QaiX/L =1 Z aﬁe—in(*rj:o)
nez
ab = lp*.

The Poisson brackets for the modes are the same as that of closed strings.
Open Strings with Dirichlet conditions

The Dirichlet conditions (2.38) implies

0, X" (7,0) =0.

o=0,m
Substitution of the equations (2.49) and (2.50) into the boundary conditions yields

Pt =—pt, & =—-aof and kelZ.
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Thus, denoting k by n and imposing (2.38), the general solution for open strings with Dirichlet conditions
is

H )
(DD) XM(r,0) =" + %(X;: — X +LY %e‘”” sin (no), (2.60)
n#0

from which we get

204 XH =+, Z aﬁe‘i”(Tia),
nez

_xe-xp

=

n
Qg

The Poisson brackets for the modes are the same as that of closed strings.

We can also impose mixed boundary conditions, i.e. different boundary conditions at the two ends
of the open string. For Neumann boundary conditions at ¢ = 0 and Dirichlet boundary conditions at
o = 7, the general solution reads

H )
(ND) Xt(r,0)=a"+il, Y ZLeirmcos(aro),
reZ+1/2 "

where x# is the position of the ¢ = 7 end of the open string.
For completeness, we also give the last possible combination of boundary conditions.

ol _,
DN o " =TT
(DN) XH¥(1,0) =zt +1 g € sin (7ro),
r€Z+1/2

where x# is the position of the ¢ = 0 end of the open string.






Chapter 3

Quantized Bosonic String Theory

According to Noether’s theorem, associated with any global symmetry of a theory. there exists a con-
served current J and a conserved charge Q:

0o J* =0,
‘wzd(/doﬁ) =0.
dr T

3.1 Conserved Quantities on the World-sheet

In the last chapter, we saw that our bosonic theory had Poincaré symmetry (translations and Lorentz
transformations). we will discuss the conserved quantities associated with this symmetry.

Translations

Translations are given by 6 X# = b#(0®) and the variation of the action in a Minkowski spacetime (2.32)
is given by
58, = —T/deaaa (bH(0%)) 0% X,

which implies that the current is given by
JH = -To* X+ (3.1)
In fact, this current is conserved only when the equations of motion hold:

Do T = 0T = —TO*0u X" = T(0? — d2) X" = 0.
N——’

=0

Then, the corresponding charge is given by

P = / do T = — / doTd" X" = / doTd X" = / do P,
0 0 0

where P* is the canonical momentum, conjugate to the field X*#. This charge p* is called the total
momentum and it is the same as the term appearing in the mode expansion (2.49) and (2.50).

Lorentz transformations

21
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Lorentz transformations are given by
SXH = a X",

Therefore,
8S, = —T/decraa(a”ka)aaXuﬁuu
= 7T/d7da(8aa“k)X’“8”‘X”nW
= —T/dea(aaayk)XkaaXV»

from which we can read off the current. However, considering the fact that a,j is antisymmetric, the
current J& becomes

T = 7% (XHO, XY — XY 0u XM, (3.2)

which is antisymmetric and conserved only when the equations of motion hold:

gogm — — L (xngep, X¥ X7 979, XM) = 0.
2 ~—— S———
=0 =0
3.2 Hamiltonian and Energy-Momentum Tensor

The time evolution of a system is generated by the Hamiltonian. Thus, the world-sheet time evolution
is generated by the Hamiltonian defined by

H= /OTr do (X“P” - c) . (3.3)

In the case of the bosonic string theory, we have P# = TX* and £ = %(X2 — X'?). Substituting these
into (3.3) gives

H= g/ow do (X2 + X’2) . (3.4)

Inserting the mode expansions (2.55) for closed strings, the closed string Hamiltonian is

H= Oyt Qg ith of =ah = >—, 3.5
nzgioo (e -+ Ay - &) with of = ag 5 (3.5)
while for open strings we have
1 oo
H= 5 g (a—p - ap) with off = IspH. (3.6)

These results only hold in the classical theory. In the quantum theory, we will have order ambiguities
when we promote the modes to operators.

Next, let us consider the mode expansions of the energy-momentum tensor, in terms of a closed string
theory. The result for open strings follows from an analogous procedure to the closed string theory.
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So then, substituting the mode expansions for X}; and X} of a closed string into the components of
the stress-energy tensor given by (2.46) and (2.47) gives

T _ =12 i f: Oy - e~ 2T =) (3.7)

m=—0o0 n=—0o0
e .
= 2[3 Z Lm6727.m(7'70)’
where we have defined L,,, as
1 oo
On the other hand,
Top =12 Y Y G aye 2t (3.9)
= n=
= Zlf Z E,,L€_2im(7+g),
where L,,, has been defined as
_ 1 &
L= > G - G (3.10)
n=-—oo

These Fourier coefficients L, and L,, are called the Virasoro generators. Comparing the Hamiltonian
with L,, and L,,, we note that for a closed string

H=2(Lo+Lo) = Z (- O + Ay - O (3.11)
while for an open string
1 o0
H=1Lo=3 n;m Qp - Q. (3.12)

Next, we will consider a mass formula with these mode expansions for the Hamiltonian and the energy-
momentum tensor.

3.3 Classical Mass Formula for a Bosonic String

Classically, all the components of the stress-energy tensor vanish. This implies that classically, all the
Fourier modes also vanish: B
L,=0 and L, =0 for VnecZ.

Also, recall that the mass-shell condition is
M? = —p,p*,

where p* is the total momentum of the string, which is given by

20 .
w w ] —— for a closed string
= / doP* =T / do X = alﬁ (3.13)
0 0 —  for an open string
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Thus,

Qo o

w 2“27,0“’ for a closed string
P Py for an open string,

where o/ = [2/2. Then, for an open string, the vanishing of Ly becomes

I & 1 1
O:L0:§ Z a_n'an:52a_n~an+§ao~ao

n=—oo n#0
oo o0
/ / 2
:g a,n~an+ap“pll:§ Gy Oy — ' M*.
n=1 n=1

Hence, for an open string, we obtain the following mass formula:
1 (oo}
M? = EZa_n-ozn. (3.14)
n=1

In a similar way, for a closed string, we can get

o0

M? = aZ:(oz,n O A Ay - () (3.15)
n=1

These mass-shell conditions are only valid classically. In the quantized theory, they will get quantum

corrections.

3.4 Canonical Quantization

First, we will quantize the bosonic string theory using canonical quantization.
In the canonical quantization procedure, we quantize the theory by promoting Poisson brackets to
commutators

[« lpB. —id[-,-] (3.16)

and the field X* to an operator. This results in promoting the modes af,, the constant z* and their
barred versions and hence L,,, L, to operators.
In particular, the results for (2.56) ~ (2.58), via the quantization procedure (3.16), become

[aﬁzv aryz] = [5#17 d”r/L] = mUWCSern,o,
[agy,. &) =0, (3.17)
", z"] = —in"".
If we define new operators as
1 1

M for m > 0,

ﬁa—m

=AM I
le} and al] =

\/m m

then the commutation relations are rewritten as

m
A,

[ak a’T] = [a",,a%T] = "y for myn > 0.

m?'n n

This looks like the same algebraic structure as the algebra obeyed by the creation and annihilation
operators of harmonic oscillator except for the u = v = 0 case. In the case of uy = v = 0, we get

[a?nv CL?J = 77005m,n = —0m.n- (318)
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We will see later that this minus sign in the right hand side leads to negative norm states (or ghost
states), which is physically unacceptable.

The ground state, which is denoted by |0), is defined as the state which is annihilated by the lowering
operators af,:

ah10) =0 for m > 0. (3.19)

Other physical states |¢) can be constructed by acting on the ground states with the raising operators
alt-

m

|¢) = atiitabel - atnt)0; kH), (3.20)

which are eigenstates of the momentum operator p#,!
p*|¢) = k*|9). (3.21)

To see the existence of negative norm states, let us consider, for example, the state |¢0) = a2l|0; kH)
for m > 0. Then the norm of this state becomes

([ep) = (0; k*|ap,aft|0; k*)
= (0; k”\[ao aOT]|O;/€”) = —(0; k*|0; k").

m?'m
If we define (0;k*|0; k") to be positive, then we will have negative norm states in the theory. These
negative norm states cause a problem because they are unphysical. Fortunately, we can remove these
states. However, this removal will put a constraint on the number of dimensions of the background
spacetime. This will be shown later.

3.5 Virasoro Algebra

In the quantum theory, the modes a#, become operators, which implies that the generators L., will also
become operators. These operators are defined to be normal ordered, that is, (for an open string)

o0

1
L =5 > tamenom s, (3.22)

n=—oo

where the symbol : denotes the normal ordering operator. According to (3.17), only when m = 0, normal
ordering ambiguity arises and Lg is given by

oo

1
Lo = B n;w S Qg Qp (3.23)
1 1 — 1
:fag—l—fz :a,n~an:+72:a,n~an:
2 2 n=-—oo 2 n=1
-1 -1
1 1 1
:§a8+§ Zan~a,n+§ Za,n-an
n=-—oo n=-—oo

1 o0
= Qozg + Za_n c Qlyy -
n=1

Actually, this is the only Virasoro operator for which normal ordering matters. We have to choose an
ordering but we do not know which one is a correct ordering. They all differ from the normal ordered

IThis result implies that the state |0; k#) is a ground state with center of mass momentum k*.



26 CHAPTER 3. QUANTIZED BOSONIC STRING THEORY

one by a constant, because [a#, o'
a constant).
Also, these Virasoro operators satisfy the relation?

| is a constant. Thus, the Ly defined in (??) should be Ly — a (a is

n

C
[Lons Ln) = (m —n) Loy + Em(m2 — 1)0mn.0s (3.24)

where ¢ = D is the spacetime dimension (called the central charge). The second term in (3.24) is called
a central extension.

3.6 Physical States

Here we will discuss the physical states in terms of the Virasoro operators. As was mentioned above,
when we quantized the theory, we should add an constant to L. Therefore, for an open string, the
vanishing of the Ly constraint transforms into

(Lo — a)|é) =0, (3.25)

where a is a unknown constant and |¢) is any physical on-shell state in the theory.
For a closed string, we instead have

(Lo — a)l¢) = (Lo — a)l¢) = 0. (3.26)

This normal ordering ambiguity also contributes to the mass formula. For an open string, the mass
formula becomes

O/MQ:ZQ_Wan*aENfa, (3.27)
n=1
where - -
N = Z Q- = Z nal - an (3.28)
n=1 n=1

is called the number operator.3
For a closed string, we have the mass formula

1 oo oo
ZO/M2 = nz::la,n Coy, —a = Z Oy - Gy —a (3.29)

=N =N
Also, from (3.26), we can get (Lo — Lg)|¢) = 0, which implies
N=N. (3.30)

This is known as the level matching condition and it is the constraint that relates the left moving and
the right moving modes.

2This relation can be obtained directly by calculating [Lqm, Ly] from [ak,,a’] but it is quite messy. We want to derive

it in the next chapter by using the OPE of the energy-momentum tensor.
3By using this number operator, we can see the mass spectrum.

N=0 o M?=—a (ground state)
N=1 o M?=—a+1 (first excited state)
N=2 o M?=—a+2 (second excited state)
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3.6.1 Virasoro Generators and Physical States

In the rest of this chapter, we will not discuss closed strings. The results for closed strings can be
obtained from the results for open strings since a closed string state is a tensor product of a left- and
right-moving state. In the quantum theory, we cannot demand that the operator L,, annihilates all the
physical states, for all m # 0, since this is incompatible with the Virasoro algebra.

Instead, we will only impose on physical states

Lm>0|¢> =0= <¢|Lin>0- (3-31)

3.7 Removing Ghost States

Now that we have the physical open string states |¢) defined as

T
|6) = alti al't - aliz, |03 kM),

and obeying the following two constraints
(Lo —a)l¢) =0
Lm>0|¢> =0.

We also saw that there were some states whose norm was negative. However, we can remove these
unphysical negative norm states by constraining the constant a and the central charge of the Virasoro
algebra (the number of dimensions of the spacetime).

In order to construct a theory which does not include negative norm states, we will search for zero-
norm states which satisfy the physical state conditions. Thus, we need to introduce new states which
are called spurious states.

3.7.1 Spurious States
A state |¢)) is called spurious if it satisfies the mass-shell condition
(Lo — @)l = 0 (3.32)
and is orthogonal to all physical states
(plyp) =0 Vphysical states |¢), (3.33)

which means the set of all spurious states is an orthogonal subspace to the space of all physical states.
In general, a spurious state can be written as

W)> = Z L_n|xn), (3.34)
n=1
where |x,) satisfies
(Lo — a+n)|xa) = 0. (3.35)
This follows from the definition of a spurious state.? However, any spurious state can be simplified to
|¥) = L_1]x1) + L—2|x2)- (3.36)

4The reason is as follws: From (3.32), we have

Lol¢) —al$) =0= 3 ([Lo,L—n] + L—nLo) [xn) —altp) = 0
n=1

[e @) oo
= Z (nL—p +L_nLo—aLl_yn)|xn) =0= Z L_n(Lo—a+mn)|xn) =0,

n=1 n=1
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As an example, let us consider the state |¢) = L_s|x3). We will prove that the state L_g|x3) can be
written as the form of (3.36). From (3.24), we have L_3 = [L_1, L_5]. Therefore,

L_3|x3) = [L—1,L_3]|x3)
=L_1L_5|xs)— L_oL_1|x3),

which is of the form L_1|x1)+ L_2|x2) if we regard L_o|x3) and —L_1|x3) as |x1) and |x2), respectively.
Now then, we need to check that

(Lo—a+1)L_s|xs) =0 and (Lo—a+2)L_1|xs) =0.

Here, note that L_,, raises the eigenvalue of the operator Lo by the amount n.> Now, from (3.35), |x3)
satisfies (Lo —a+3)|x3) = 0, which implies Lg|xs) = (a—3)|xs). Thus,LoL_s|x3) = (a—3+2)L_s|x3) =
(a — 1)L_3|x3), which implies (Lo — a + 1)L_2|x3) = 0. This equation is just what we wanted to check.
Similarly, we can obtain LoL_1|x3) = (e —3 4+ 1)L_1]|x3), which implies (Lg — a + 2)L_1|x3) = 0. We
have shown that the state L_s|x3) can be written as the linear combination (3.36). As for other general
states, we can prove them in a similar manner.

The spurious states defined above are orthogonal to any physical state |¢) since

NE

(BlY) = (AIL_nlXn)

3
Il
-

M

(Xn|Ln|d)"

Il
_

I
o 3

)

where the second line follows from Lin = L,, and the third line from L,~¢|¢) = 0.
If a state |¢) is spurious and physical, then it is orthogonal to all physical states including itself

(®lv) =an|L [¥) = 0.

As a result, such a state has zero-norm.

Thus, we have constructed physical states whose norm is zero. We will remove the negative norm
states by using these zero-norm states.
3.7.2 Removing the negative norm states (determination of ¢ and c¢)

In order to find the suitable a value, we will start with the following physical spurious state

W’) = L—1|X1>,

where |x1) satisfies (Lo —a + 1)|x1) = 0 and L;,>0|x1) = 0, where the last equation comes because we
have assumed [¢) to be physical. Since we are assuming that |¢) is physical, it must satisfy the condition

which holds for all states |xn). thus we can get (3.35).

5Let |k) be a state such that Lo|k) = k|k). Then,

LoL—nlk) = (Lo, L—n] + L—nLo) |k)
= (n+k)L_p|k).

Therefore, L_p|k) is an eigenstate of Lo with eigenvalue n + k.
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(Lo — a)|¢p) = 0 along with the condition L,,ql1) = 0. The second condition implies that L;|¢) = 0,
from which we have 0 = L1L71|X1> = ([le L,ﬂ +L,1L1)|X1> = [Ll, L,1]|X1> = 2L0|X1> = 2(0,— 1)|X1>
Thus, we can determine the value of a as 1.

Next, in order to determine the value of ¢, we need to construct the following physical spurious state

[v) = (L—2 +vL_1L_1)|x2), (3.37)

where 7 is a constant, which will have to be fixed to ensure that |¢)) has a zero-norm (i.e. physical) and
|x2) obeys the relations: (Lo — a + 2)|x2) = (Lo + 1)|x2) = 0 and L;,50|x2) = 0. Now, since we are
assuming that |¢) is physical, we have Lq|t¢)) = 0, which implies that 0 = L1(L_o +~yL_1L_1)|x2) =
([L1i,L—o+~vL_1L_1])|x2) = {(3 = 2y)L_1 +4yLoL_1}|x2). The second term vanishes® Thus, L;|¢)) =
(3 —2v)L_1|x2) = 0. The equality holds only for v = 3/2. As a result, the equation (3.37) becomes

[9) = (L2 + 3L L 1)lxa)

So then, let us consider the constraint La|t) = 0, which implies that 0 = La(L_3 +3/2L_1L_1)|x2) =
[L2,L_2+3/2L_1L_1]|x2) = (13Lo+¢/2)|x2) = (—134¢/2)|x2). Thus, if we assume that |¢)) is physical
and spurious, then we must have ¢ = 26.

Overall, if we would like to remove the negative norm states, then we have to, at least, fix the value
of a, v and c at 1, 3/2 and 26, respectively. Since the central charge c is equal to the dimension of the
background spacetime, our theory is only physically acceptable for the case that it lives in a space of 26
dimensions. The a = 1, ¢ = 26 bosonic string theory is called critical, where the critical dimension is 26.
(Although there can exist bosonic string theories with non-negative norm physical states for a < 1 and
¢ < 25, which are called non-critical.)

3.8 Light-Cone Gauge Quantization

In the canonical quantization, we kept the bosonic theory manifestly Lorentz invariant but it predicted
the existence of negative norm states. By contrast, light-cone quantization does not predict negative
norm states but it is no longer manifestly Lorentz invariant. When we impose the Lorentz invariance of
the theory, we will see the theory has a = 1 and ¢ = D = 26 again.

To proceed, let us define light-cone coordinates for spacetime as

X* = \% (XO+£XxP). (3.38)

Then, the D spacetime coordinates X* consist of the null coordinates X* and the D — 2 transverse
coordinates X*:
(X, X, X2

In these coordinates, the inner product of two vectors v and w is given by

D-2

vow=—vtw —v wh + Z viw’
i=1
and indices are raised and lowered by the following rules
vT=—vy, vT=—v_ and o' =,

6LoL—1lx2) = ([Lo, L-1] + L—1Lo)Ix2) = L—1(1 + Lo)|x2) = 0.
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which implies that the theory is no longer manifestly Lorentz invariant in this coordinates since the two
coordinates X+ are treated differently from the others.
In the light-cone gauge, we choose

XT(r,0) =2t +1*ptr. (3.39)

In terms of the modes, this gauge corresponds to setting o, = @;7 = 0 for Vn # 0 (see (2.54) and (2.59)).
The light-cone gauge eliminates the oscillator modes of X .

Next, we will consider what happens to the oscillator modes of X~ in the light-cone gauge. Recall
the Virasoro constraints (??), these are equivalent to

(X +X")?=0. (3.40)
In terms of the light-cone coordinates, (3.40) becomes

1
202pt

X +X = (X' 4+ X2, (3.41)

These equations are used to determine X~ and for an open string with Neumann boundary conditions,
we have

X (r,0) =12~ —I—ZQp_T—I—Z o, e~ cos (no).
n;é()
Substituting this into (3.41) gives

1D 2 oo ) .
a, = oL (2 Z N Y o a§n70> . (3.42)

1=1 m=-—o0

In the light-cone gauge, only the zero modes for X~ survive as independent degrees of freedom as was
the case for X+. Thus, we can express the bosonic string theory in terms of transverse oscillators only.

3.8.1 Mass-Shell Condition (Open Bosonic String)

In the light-cone coordinates, the mass-shell condition is given by

M? = —pp,=2pTp_ =) p'pi. (3.43)
From (3.42), we have for n =0
1 1 D-2
pls=ay = — —(af)* + calan i—al, (3.44)
prls | 2 i=1 m>0
=N
which can be rewritten as 5
2ptp —p'pi = (N —a).

12

S

Thus, together with (3.43), we can get M? = 2/I2(N — a), that is,

M2 = l% Z Z cab ol —a. (3.45)
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3.8.2 Mass Spectrum (Open Bosonic String)

In the light-cone gauge, all the excitations are generated by transverse oscillators . In the canonical
quantization, we had to include all the oscillators, which cause the problem of negative norm states.
However, the commutator of the transverse oscillators does not have the negative value, which comes
from n°° = —1. Thus, we do not have negative norm states in the light-cone gauge.

The first excited state is given by o ;|0; k#), which belongs to a (D — 2)-component vector represen-
tation of the SO(D — 2) in the transverse space.

In general, it is known that Lorentz invariance implies that physical states form a representation of
SO(D — 1) for massive states and SO(D — 2) for massless states. Hence, since o’ ;|0; k*) belongs to a
representation of SO(D — 2), it must correspond to a massless state if the theory is Lorentz invariant.

By using this fact, the value of a in (3.45) can be determined. Acting on the first excited state with
the mass operator,

. 9 . 9 .
M2 (4]0 K)) = (N = a) (o 4[051)) = (1= a) (o 4]0547))
S S
Thus, in order for the first excited state to have an eigenvalue of zero for the mass operator, and not to
contradict with Lorentz invariance, the condition ¢ = 1 must be imposed.
After fixing the a value, the next task is to determine the spacetime dimension D, which is conducted
by calculating the normal ordering constant a directly. The normal ordering constant a occurs when we
normal order the expression

1 D—-2 oo
LYY atl
i=1 m=—o0
Normal ordering this expression yields
D-2 oo D—-2 oo o]
1 . . 1 ) . D—-2
3 Z al o = 3 Z ral o +T Z m (3.46)
i=1 m=—o0 i=1 m=—o0 m=1
since [al,, o m] = md;;. The second sum of the right hand side is divergent and needs to be regularized

by using (-function regularization.

Firstly, consider the sum ((s) = Y2, n~*, which is defined for any complex number s. For Re(s) > 1,

this sum converges to the Riemann zeta function ((s). This zeta function has the following value for

s =—1: ((—1) = —1/12. Thus, the second sum can be written as —(D — 2)/24. Using the earlier result
that a should be equal to one, we get

D-2 1

24 7

from which we can conclude D = 24.

3.8.3 Analysis of the Spectrum
Open String

For convenience, the mass operator is written below.

N)‘rnTD

o’M? =N —1, where o’ =

At the first few mass levels, the physical states of the open string are as follows.
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e For N =0
There is a tachyon, which has an imaginary mass and whose mass is given by o/ M? = —1.
e For N =1

There is a vector boson a' ;|0; k#) which is massless because of the Lorentz invariance. This state
gives a vector representation of SO(26 — 2).

e For N =2

We have the first states with positive mass. The states are
o' L]0 k") and of ;o |0; k") with o/ M2 = 1.

These are 24 and 24 x 25/2 states, respectively. Thus, the total number of states is 324, which is
the dimensionality of the symmetric traceless second-rank tensor representation of SO(25). So, in
this sense, the spectrum consists of a single massive spin-two state at the N = 2 mass level.

Closed String

The spectrum of the closed string can be obtained from the spectrum of the open string since a closed
string state is a tensor product of a left-moving state and a right-moving state. In addition, we must
consider the level matching condition (3.30) for left-moving and right-moving modes.

The mass operator of the closed string is given by

o M? =4(N —1)=4(N - 1)
The physical state of the closed string at the first two mass levels are as follows.

e For N=0=N
We have o/ M? = —4. Thus, the ground state |0; k*) is again a tachyon.

e For N=1=N
We have the massless states ‘ ‘
al ol |05 k),

which corresponds to the tensor product of two massless vectors (one left-mover and one right-
mover). The number of the states is 242 = 576 states.



Chapter 4

Conformal Field Theory

4.1 Role of CFT in String Theory

We will discuss why conformal field theories are important in string theory. It will turn out that two-
dimensional conformal field theories are very important to describe the world-sheet dynamics.

A string has internal degrees of freedom described by its vibrational modes. The different vibrational
modes of the string are interpreted as particles.

The vibrational modes of the string can be studied by investigating the world-sheet, which is a two-
dimensional surface. It will turn out that when studying the world-sheet, the vibrational modes of the
string are described by a two-dimensional conformal field theory.

4.2 Conformal Group in d dimensions

The conformal group is defined as follows. If one has a metric gog(z) in d dimensional spacetime, then
under a coordinate change = — ' (such that x# = f#(2’) we have, since the metric is a second-rank
tensor,
oz 0z
g;w(l') — g;y(x/) = D' Wgaﬁ (f(l'/)) : (41)
The conformal group is defined to be the subgroup of coordinate transformations that leaves the metric
unchanged, up to a scale factor Q(z), (i.e. preserves angles)

G () = g, (2") = Q) g (). (4.2)

The transformation z — 2’ is called a conformal transformation and, roughly speaking, a conformal field
theory is a field theory which respects these transformations.

The transformation of (4.2) has a different interpretation depending on whether we are considering
a fixed background metric or a dynamical background metric. When the background is dynamical,
the transformation is a diffeomorphism, which is a gauge symmetry. When the background is fixed,
the transformation is a global symmetry, with a corresponding current. We will see later that the
corresponding charges for this current are the Virasoro generators.

We will start with a flat background metric!. We can find the infinitesimal generators of the conformal
group. For an infinitesimal conformal transformation z# — f#(z'*) =z + €, we have, from (4.1),

g;l,(gca +€%) = guv + Oue + Ouey,

n two dimensions, this is not a restriction on the theory since we have seen that if the theory has a Weyl symmetry
and reparametrization invariance, then we can make the metric flat with this symmetry.

33
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which must be equal to (4.2). Thus, we get

(Q(z) — 1) G = Opey + Opey. (4.3)

Multiplying g on the both sides and taking the trace gives

Substituting this back into (4.3) yields
2
Ouey + Opey = E@ - €) G- (4.4)

The solutions to the above equation correspond to infinitesimal conformal transformations.
For d > 2, we obtain the following solutions.

1. € = a* (a* is a constant.)

These correspond to translations.

2. ¥ =wh v (w“l, is an antisymmetric tensor.)

These correspond to Lorentz transformations.

3. e = Azt (X is a number.)

These correspond to scale transformations.
4. et =btx? — 22Mb - c
These are known as the special conformal transformations.
Then, the finite transformations for each of them are given as
1. 2'* =M + at.
2. 2" = A"z (A € SO(1,d)).
3. 't = k.

mo_ oM bt g2
4. o™ = o

These transformations form the conformal group in d dimensions. The generators for them are

1. P* =0,.
2. M, = % (2,0, — x,0,,).
3. D =2zt0,.

4. k, = x2aﬂ —22,2"0,.
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4.3 Two dimensional Conformal Algebra

We will take d = 2 and g, = 0., where J,, is the two dimensional Euclidean metric.2 Under this
situation, the equation (4.4) becomes

Op€y + Ovey = (0 €) 6. (4.5)
etorp=v=1land p=v=2,
we have
6161 = 8262. (46)
e For y=1and v =2,
we have
6162 = —6261. (47)

Thus, we see that the equation (4.4), in the case of two dimensions, are the Cauchy-Riemann equations.
That is, in the two dimensional case, infinitesimal conformal transformations are functions which obey
the C-R equations.

In terms of the two dimensional complex coordinates

2,z =x' +ia?,
defining € = ¢! + i€ and € = €! — €2, the equations (4.6) and (??) can be rewritten as
0s¢ =0 and 0, =0.

Thus, in two dimensions, conformal transformations coincide with the holomorphic and the antiholomor-
phic coordinate transformations given by

where 0;f(2) = 0, f(2) = 0.
In order to obtain the generators, let us consider the infinitesimal coordinate transformations

2= 2 =z+¢) and z = 7 =z +€2),
where €(z) and &(Z) can be expanded as

e(z) = en2"T (4.8)

ne”Z

éz) =) ezt (4.9)

neEZ
Then, the corresponding infinitesimal generators can be obtained as

_ntly, (4.10)
—z"19;. (4.11)

ln =
I, =

2Until now it has been assumed that the string world-sheet has a Lorentzian signature metric. However, it is convenient
to make a Wick rotation 7 — —i7, so as to obtain a world-sheet with Euclidean signature, and thereby make the world-sheet
metric hog positive definite.



36 CHAPTER 4. CONFORMAL FIELD THEORY

The set {I,,, 1, }nez forms an algebra and its commutators are given by

s ln) = (m = )l (4.12)
[lm’ ln] = (m - n)lm-‘rn (413)
[y 1n] = 0. (4.14)

These commutation relations are modified a little after the quantization.
The generators [y +1 and [y +1 are a special case because these form a subalgebra and generate finite
conformal transformations. Specifically,

1. Translation

ly= 0. [4=-0
2. Scaling 4+ Rotation
l() = 72’827 Z_O = 7282
To be exact, lg + lp is the generator of scaling and i(ly — fo) is the generator of rotation.

3. SCF

ll = —22@, l_l = —_285

4.4 Conformal Field Theories in Two Dimensions

A conformal field theory is a field theory that respects conformal transformations (4.2). Here, we will
adopt a Euclidean metric:

ds® = (da')” + (dz?)?. (4.15)
In terms of the complex coordinates z = 2! + iz2, the above equation can be rewritten as

ds® = dzdz. (4.16)

Under a coordinate transformation z — f(z) and z — f(Z), ds? transforms as
of of
ds® — —=—=ds®. 4.1
57— 5559 (4.17)

A field ®(z, 2) is called a primary field with a conformal weight (h, h) if, under a conformal transfor-
mation z — f(z) and z — f(2), it transforms as

(2, 2) — <g£>h @Jj)h@(f(z),f(z)). (4.18)

Especially, under an infinitesimal transformation f(z) = z + €(z) and f(2) = z + &(2), we can get
9F\"
<6f> =(1+ 6Ze(z))h =1+ hd.e(z) + O(e?)
2

—h _
@) = (1+0:4(2))" = 1+ hose(2) + O)
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Then, the infinitesimal transformation of the field ®(z, Z) is given by

®(2,2) = (L4 ho.e(2) + O())(1 + hdz&(2) + O(8)®(z + €(2), 2 + &(2))
= ®(2,2) + [(hO.€(z) + €(2)0.) + (hD:€(2) + €(2)0:)| (2, 2) + O(€°, €, €€).

Thus, the variation of the field ®(z, Z) becomes, up to the first order in € and €,

6c,e®(2,2) = [(hO.€(2) + €(2)0.) + (hO:E(2) + €(2)05)| ®(z, 2). (4.19)

4.4.1 Correlation Functions

The transformation rule of two primary fields in (4.19) gives constraints on the correlation functions of
the primary fields.

Since a two-point correlation function of primary fields, G(2) (23, 2;) = (P1(21, 21 P1 (22, 22), is invariant
under an infinitesimal transformation d. ¢, now if we assume that the transformation . ¢ is a derivation,
then we have

0=10.:G?(z,%)
= ((0c,e®1)P2) + (P1(0c,eP2))
= ((€(21)05, P1 + h10,€(21)P1)P2) + ((€(21)0z, P1 + h105,E(Z1)D1) P2)
+ (D1(e(22) 02y Pa + h20.,6(22)P2)) + (P1(E(22)05, Pa + hoOs,€(Z2)P2))
[(e(zl)azl + h10.,€(21)) + (€(22)0s, + ha0,,€e(22))
+ (€(21)05, + h105,€(21)) + (€(22)0z, + h202,€(22))| G (24, Z).

Thus, we get
0= [(e(21)0z; + h10x,€(21)) + (€(22)0z, + h202,€6(22))
+anti part 1GP (2, %).
For an infinitesimal translation e(z) = e_;, &%) = é_1, the two-point function G(?) satisfies
(02, + 02,)G? = (05, + 05,)G®) =0, (4.20)

from which we see that G? is the function of z15 = 21 — 2o and Z12 = Z; — Z». Then, for an infinitesimal
dilatation €(z) = oz, €(2) = €z, G? satisfies

(hy + 2104, + ho + 220.,)G? = (hy + 7105, + hy + 2205,)G? = 0. (4.21)
By using (4.20), (4.21) becomes
(h1 + hy + 212(921G(2) = (iL1 + Bz + 512(9510(2) =0.

Solving this equation, we can get

C
@y 7)== — —
Gz, 7)) = e e (4.22)
212 TF12
Finally, the differential equations for an infinitesimal SCT e(z) = €122, &(2) = & 22, are
(2h1z1 + 220, + 2hozo + 220,,)GP) = (2h1 7, + 2205, + 2hazy + 7205,)GP = 0. (4.23)

Consider the holomorphic part. By using (4.20) and substituting (4.22) into (4.23), we can see that G(?)
satisfies
(2h121 + 2haz — (hy + ha)(21 + 22))GP = 0.
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For this equation to hold for any z; and zs, the following must be satisfied.

{2h1:h1+h2 —

2ho = hy + ho

In a similar way, we can get h; = hy. Thus, we see that the two-point function is constrained to take

the form o _ _
GO (2, 7) = { e (4.24)

0 if h1¢h2 or }_L17£7L2.

4.5 Radial Quantization

We will begin with a flat two-dimensional Euclidean surface with the coordinates labeled by ¢ for a
time-like coordinate and o! for a space-like coordinate. Then, the metric on the surface is given by

ds* = (do®)? + (do*)?. (4.25)

Let us consider the worldsheet of a free closed string (cylinder) parametrized by o' € [0,27] and o €
(—00,00). Then, we can regard this Euclidean surface as the product space R x S, where S! denotes a
circle. Now, we define light-cone coordinates for this Euclidean surface by

(,¢=0"%io!,

which are Wick rotation of the light-cone coordinates used for Minkowski string worldsheet in the previous
chapter. In terms of these coordinates, the metric becomes

ds* = d¢dc. (4.26)
We can introduce the complex plane with coordinates z using ¢ and ¢ via the map

(o 2 = % — (o)
c . (4.27)
<—>Z:€2<:€2(J 20)7

where the factor of 2 in the exponents reflects the earlier convention of choosing the periodicity of the
closed-string parametrization to be ¢ — o + 7. We can see, from the mapping, that the infinite past
(0 = —00) and future (¢° = oo) of the cylinder are mapped to the point z = 0 and the point z = oo,
respectively. Also, equal time slices of the cylinder, i.e. the surface defined by ¢° = const and o € [0, 7),
become circles of constant radius exp20” in the complex plane (see Fig 4.1). Also, time translations,
0%+ a (a is a constant), are the dilatations in the complex plane. Recall that the Hamiltonian generates
time translations. Thus, we can see that the dilatation generator on the complex plane corresponds to
the Hamiltonian on the cylinder. Therefore, the Hilbert space defined on the cylinder is built up of
constant time slices while the Hilbert space defined on the complex plane is built up of circles of constant
radius. In the end,this procedure of quantizing a theory on a manifold where geometry is given by the
complex plane is known as radial quantization.

4.6 Conserved Charges and Symmetry Generators

Before we begin to study the conserved charges on the complex z plane, we need to know the components
of the metric and the stress energy tensor in the complex coordinates z and z. The metric on the Euclidean
surface (cylinder) was given by, in the light-cone coordinates, (4.26). According to (4.27), we see that
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R x S

- Exp
0 e
G— /
/ ..................... equal radial 00 past
equal time slices
slices —

Figure 4.1: Mapping from the cylinder to the complex plane.

¢ =1/2Inz and ¢ = 1/21n 2, which give us ds?> = %#dzdi. The scaling factor of 1/(4]z|?) can be
removed via a conformal transformation and since the theory which we are considering is a CFT, it
should be invariant under this transformation. Therefore, we can take the metric on the complex plane
to be

ds* = dzdz, (4.28)

from which we can find that the components of the metric in the complex coordinates z is given by

Next, we would like to find the components of the stress energy tensor in terms of the complex coordinates
z and Z. The components are given by

1 .
Tzz = Z(TOO — 2ZT10 — Tu) (429)
1
Tzz = X(Too + 2iTyo — Th1) (4.30)
1 1
T.: =T, = — (1T, Ty) ==T". 4.31
4( 00+ T11) i ( )

Now, by the translational invariance, we have 01}, = 0,3 which implies that

aETzz + azTiz =0 (432)
6ZT55 + 8§ng = O (433)

Also, imposing dilatational invariance gives us that the stress energy tensor is traceless, T, = 0.* This
implies, from (4.31), that T;, = T,z = 0. Combining this result with (4.32) and (4.33) gives us

8ZT55 == 0 (434)
95T, =0, (4.35)

3If the theory is invariant under an infinitesimal coordinate transformation, z# — z# 4 €, then the corresponding
conserved current is given by j* = T,,€”, where T, is the stress energy tensor. In particular, for translations along x“
by a, we have eh = adh. Thus, the current is given by j*® = aTj. If the theory is translationally invariant, this current
gets conserved, 0%T o = 0.

4For dilatations (scaling), we have e# = bx#, where b is the constant of proportionality. Thus, the current corresponding
to this transformation is bT,,a¥. If the theory is invariant under dilatation, we have 0#j, = 0, which implies 0 =
M (bTwx”) = bT,". The second equality, in fact, is not correct but it becomes correct in the sense that a total derivative
vanishes in the action of the theory. Thus, in a conformally invariant theory, the stress energy tensor is traceless.
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TEewm)  wDT() 1), w,m)

Figure 4.2: The illustration of the new contour C’.

which tell us that T35 is a holomorphic function of Z only and 73, is an anti-holomorphic function of z,
T..,=T(z) and Tz =T(2),

which are the only non-vanishing components of the stress energy tensor for two-dimensional CFT.

Now, we are ready to study symmetries and their corresponding conserved charges for two-dimensional
CFT. For an infinitesimal conformal transformation 6z = €(z) and §z = €(Z), the associated conserved
charge is given by

Q= i% (d=T(2)e(z) + dzT(2)e(2)) , (4.36)
c

274
where the contour C is over a circle in the complex plane. The variation of a field ®(w, @) with respect
to the above transformation is then given by the equal-radius commutator
See®(w, w) = [Q, P(w, w)]
1
271 I

dze(z) [T(z), O (w, w)} +(the anti-holomorphic part). (4.37)

Products of fields are only defined if we put them in radial order. Radial order is defined in analogy
with time order in QFT as follows:

A(z)B fi
RIA()B(w)] = { (&) Bw)for ful <] (438)
B(w)A(z) for |z] < |w|,
where R is the radial ordering operator. Then, we can rewrite . ®(w, w) in (4.37) as
de eP(w, w) = L ]{ 7% (dze(2)R[T(z)®(w, w)]+(anti-holomorphic part))
’ 270 \Jjwl<lzl Jlzi<tol
=5 (dze(z)R[T(z)CD(w, w)] + (anti-holomorphic part)), (4.39)
™ Jor

where the new contour C’ is the contour enclosing the point w and is shown in Fig 4.2.

We know the infinitesimal transformation of the primary field under conformal transformations was
given by (4.19). Then, by equating (4.19) with (4.39) and using the Cauchy-Riemann formula, we can
infer any primary field must have the following radial-ordered operator product with 7'(2).

h®(w,w)  Oy®(w,w)
= 5 —+

R[T(z)@(w, w)}

G—w) + regular terms (4.40)

RIT(2)®(w, w)]= hq)(wv“é) n 05 ®(w, )

Z—w

+ regular terms, (4.41)

(z —w) Z—w
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v

L =
=
™

Figure 4.3: Subtraction of contours.

where (h,h) are called the conformal weights of the primary field ®(w,w). We have seen that the
transformation property of primary fields leads to a short distance operator product expansion (OPE)
for the holomorphic and anto-holomorphic stress energy tensor with the field ®. From now on, we will
drop the R symbol as a shorthand notation.

As an aside, we would like to relate OPEs to commutators here. Let a(z) and b(z) be two holomorphic
fields and consider the integral § dza(z)b(w), where the integration contour circles counterclockwise
around w. This expression has an operator meaning within correlation functions as long as it is radially
ordered. Accordingly, we split the contour into two fixed-time circles (see Fig 4.3.) going in opposite
directions. Thus, the above integral is seen to be a commutator,

]{udza(z)b(w) = }é‘l dza(z)b(w) 7% dzb(w)a(z)

Cy
= [A, b(w)], (4.42)

where the operator A is the integral over space of fixed-time of the field a(z), A = § a(z)dz and C; and
Cy are fixed-time contours of radii respectively equal to |w + €| and |w — €|, with € being infinitesimal.
The commutator obtained is then, in a sense, an equal time commutator.

The commutator [A, B] of two operators, each of which is the integral of a holomorphic field, is
obtained by integrating (4.42) over w,

(A, B] = 7( dw ?i dza(2)b(w), (4.43)

where the integral over z is taken around w and the integral over w around the origin and A = § a(z)dz,

B = §b(z)dz.

4.7 The Free Massless Bosonic Field

In this section, we will calculate the OPE’s for some specific quantities in the free bosonic field theory.
Then, we will show that the corresponding charges for the conserved current arising from global conformal
transformations are the Virasoro generators L,,.

The action for the bosonic theory is given by

S = ;/dzdéazX(z,Z)GgX(z,f). (4.44)
i

The equation of motion is given by
8282X(Z7 2) = 07 (445)
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from which, we can see that the field X (z, Z) decomposes into a holomorphic and anti-holomorphic part,
X(2,2) = X(2) + X(2). (4.46)

—
To find the propagator X (z, Z) X (w, @) for this theory, we calculate the following equation.

s
0= %/DXW (e 5 X (w, w))

1 1
=— | DXe ¥ (6P (2 —w, 2 — W) + —0.0:X (2, 2) X (w,w) ) -
Z/ e ((5 (z—w,z—w)+ QW@(‘?Z (2, %) (w,w))

Thus, we have
—

1
0= <6(2)(2 —w, % — w)> + 5-0:0: X (2,2) X (w, ).
T

By using 0. (1/%2) = 2m6?)(z,2) = 92(1/z), we can integrate the above equation to become

X(2,2)X (w,w) = —log|z — w|?
= —log(z — w) — log(z — ). (4.47)
On the other hand,
X(2,2) X (w,w) = X(2) X (w) + X(2) X (w) + X (2) X (0) + X (2) X (0). (4.48)

Since the correlation function of two dimensional CFTs has translation invariance, the contraction
—

X (2)X(w) is equal to some function of z — w. Thus, we can infer that, compared with (4.47) and
(4.48),

X(2)X(w) =0, X(2)X (w) =0, (4.49)
X(2)X(w) = —log(z — w), X(2)X (w) = —log(z — w). (4.50)

Next, we will define the stress energy tensor. From the action in (4.44), the holomorphic® part of it
should be given by

T(z) = —% 10, X(2)0.X(2)
= 1 lim (0,X(2)0,X (w) — singularity) ,

Z—w
where the singularity is, from Wick’s theorem, given by

— —
singularity = 0, X (2)0, X (w) = 0,0, | X(2)X (w)

- _ﬁ. (- (4.50)) (4.51)

5The anti-holomorphic part can inferred from the holomorphic part easily.
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Thus, the holomorphic part of the stress energy tensor is defined to be

T(z) = _% 0. X (2)0.X (2) = _% lim <8zX(z)8wX(w) + (zlw)Q) . (4.52)

Finally, we can calculate the OPEs of some fields with the stress energy tensor to see whether or not
these fields are primary in the free bosonic field theory.

e The OPE of T'(2) X (w)

T(2)X (w) = % L 0.X(2)0. X (2) : X (w)
=—0,X(2)0, | X(2)X(w) | 4+ regular terms

= —0,X(2)0, (—log(z — w)) + regular terms
0,X(z)

)
zZ—w

where ~ means that equivalence holds up to regular terms. By expanding 0, X (z) around the point
w, we get

Z—w

T(2)X (w) = (9 X (w) + 02X (w)(z — w) + - ) ( 1 )
OwX (w)

~ )
zZ—w

which means that the field X (w) is not a primary field® Therefore, X (w,w) is also not a primary
field.

e The OPE of T(2)0, X (w)

T(2)0pX (w) = —% 10, X(2)0zX (%) 1 0y X (w)
~ —0,X(2)0,0, | X(2)X(w)
N 0, Xz

(z —w)?

0w X (w) 02X (w)

b
2 z—w

~

(z —w)
which means that 0,X(w) is a primary field with the conformal weight h = 1. Thus,
T(2)0wX (w,w) is also a primary field.

Here, as an aside, we would like to calculate the commutation relation of bosonic modes (3.17) in
terms of OPE calculation. Generally, a primary field ¢(z,z) of conformal weights (h,h) may be

6Recall that the OPE of a primary field with the conformal weight h with the stress energy tensor was given by (4.40).
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mode expanded as follows:

=3 e, (4.53)

MEZn€EZ

1 1 7
— m+h—1 —zn+h—1 4.54
¢m,n 2771_2 %dZZ 72 - fdzz s ( 5 )

YY)

where the second equation can be obtained by Cauchy’s theorem. Thus, from the above result, we
can see that 9, X (z) is mode expanded as 7

0.X"(z) =Y 2z """a (4.56)
nez
ol = L}l{dzz"a XH"(2). (4.57)
"2 *

By using the formula (4.43), we can finally calculate the commutator as follows.

y Baiad ,u v m_n
7{2m]{2max 2)0u X (w)2"2

}{27”]{27” T (. (4.55))

= m§m+n,07’
which is the same as (3.17).
The OPE of T'(2)T(w)

T(z)T(w) = i 10, X (2)0,X (%) i1 0p X ()0 X (w) :

~ ﬁ 00, X (2)0p X (w) : Jr(zl_/i)4
2T (w) | OuT(w) 12
ool o T aow)

from which we see that the stress energy tensor is not strictly a primary field because of the
anomalous term (1/2)/(z — w)*. Suppose we have d scalar fields X* with = 0,...,d — 1. Then,
we get the following expression for T'(z),

T(z) = f% L0.XM(2)0.X () : . (4.58)

The OPE of T'(#)T(w) can be obtained in a similar fashion,

d/2 2T (w) 0w T (w)
i 2 ’
z—w

T(2)T(w) = (4.59)

(z —w) (z —w)

in which d is called the central charge, usually labeled by c. The central charge is the dimensionality
of the spacetime.

"We will write this mode expansion in terms of d scalar fields in the Minkowski flat worldsheet. As a result, the OPE

of the equation (4.51) is rewritten as

v

nl—L

0. XM ()0 X" ()~

(4.55)

which will be used for calculating th commutation relation.
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4.8 Charges of the Conformal Symmetry Currents

The classical current corresponding to conformal symmetry was given by
J(z) = T(2)e(2), (4.60)

where €(z) is a holomorphic function. Similarly, the anti-holomorphic part of the current is j(z) =
T(2)é(z). Thus, substituting (4.8) and (4.9) into the above €(z) and &(%z), the charges L, and L,
corresponding to €(z) and €(Z) are given by

d _ dz
Ly :fé © () and Ly :f{ 2 H(z), (4.61)
21 21

where the contour is taken to enclose the origin z,z = 0. Then, by using the Cauchy’s theorem, the
mode expansions for T'(z) and T(Z) are given by

z) = Z 2" 2L, and T(z Z Z" 2L, (4.62)

nez neZ

Promoting these to operators, we will find the algebra of commutators satisfied by the operator L,
by using the formula (4.43).

L L m+1 n+1
m ?{ 2mi ]{ 27m v

2 2T T
j{ PR T o/ + (w) + OuT(w) +reg | (use (4.59) with d — ¢)
271 2m (

z—w)*  (z—w)? z—w

2— dww™ ! (1120(m + Dm(m — D)w™ 2 +2(m + Dw™T(w) + wm+18wT(w)>
i

1 1
Ecm(mZ - 1)5m+n,0 + 2(m + 1)Ln+m - ﬂ %dw(m +n+ 2)wm+n+lT(w)
a o

1
= Ecm(m2 = D)dmtn,0 + (m—n)Lptn,

where, in the fourth line, the last term has been integrated by parts. In a similar way, we can get

[Lm7 I_/TL] = O?
L 1 _
[Lin, L) = Ecm(m2 — 1)0mtn.0 + (M —n)Lpyin.

These commutators have the same algebraic structure obeyed by the Virasoro algebra.

4.9 Free Massless Fermion Field
The action for this theory is given by, in two component spinor ¥ = (¢, 1)),
1 -
Sr= o / d2dZ(0s) + 00 D). (4.63)
T

The equations of motion, resulting from the above action, are given by

0,0 =0 and 0:¢ =0, (4.64)
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which tell us that the field v is holomorphic, while the field ¢ is antiholomprphic. Therefore, we can only
focus on one part, either holomorphic or antiholomorphic, since the other can be obtained by removing
bars. Then, we will focus on the holomorphic part.

In order to derive the OPE of the fermionic field with itself, we begin with the partition function and
the assumption that the path integral of a total functional derivative vanishes, just as we do for ordinary
integrals. Thus, we can write

5
39 (2)

= [2oni (e ) v+ (o)
= [Dupie (—2; zzp(z)w(w)w(z—w)),

(e~ p(w))

0= /Dm)z/?

which implies that

azwz)w(w):%é(z—w):az( ! )

Z—Ww

Integrating the both sides of the above equation, we obtain the OPE of the fermion with itself,

(4.65)

In a similar way we also get

D)D) ~ ——. (4.66)

zZ—w

Now that we have obtained the OPE of the fermionic field with itself, we want to calculate the OPE
of the energy momentum tensor with the fermionic field and itself. The energy momentum tensor can
be defined as

Te(2) = —  6(2)0:0(2) - (4.67)

where we have used the normal-ordered product,

| —

Then, the OPE between Tr and v can be calculated by using Wick’s theorem:

Tr(2)(w) = — : 6(2)0.0(2) : b(w)
= (D)5 U(EOB(E) () — 5 V()0 6(E)  b(w)
L0 )
2(z —w) * 2(z —w)?
3¥(w) | dutp(w)

(z—w)? z—w
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We see, from this result, that the fermionic field v is a primary field with a conformal weight h = 1/2.
Thus, from (4.53) and (4.54), we can mode expand this 1 as

Z 2R (4.68)

keZ+a

dzzF 71290 (2), (4.69)

bll
kT o

where we have introduced the parameter a to distinguish NS and R sectors. Integer modes (a = 0)
corresponds to the R sectors and half-integer modes (a = 1/2) to the NS sectors, which will be discussed
later in the next chapter. Also, note that, as we did before, we mode expanded % in terms of d fermions
in the Minkowski flat worldsheet. As a result, the OPE of (4.65) can be rewritten as®

174
77“
Z—Ww

P ()Y (w) ~

Then, by using the formula (4.43), we can derive the commutator which the modes bj; obey.

e bl/ e u k—1/2, .q—1/2
bk b} ]{271'1]{ 2mw (w)2 v
% dz 2k~ 1/2wq 1/2171“/
211 271'2 zZ—w
- 7] 6m+n,0a

which will be the same as the fermionic commutator we will see later although b will be replaced by d
when k and q take integer values.
Next, the OPE of T with itself is calculated in the same way, and the result is given by

Te(2) T (w) = 7 £ Y(:)0:0(2) = 0w) Dt (w) :
3 N 2T (w) 0T (w)

z—w)? (z—w)? z-—w
4.10 The Ghost System
The action for this theory is given by
Sgn = % /dzdz(bagc + b0, e), (4.70)

where b and c fields are called ghosts and are fermions. These fields arise from a change of variables in
some functional integrals in the Faddeev-Popov analysis of the path integral.
This ghost action gives the following equations of motion,

0,b=0:b=0,6=0zc=0, (4.71)

which tells us that the fields b and ¢ are holomorphic and the fields b and ¢ are antiholomorphic. Thus,
as usual, we will focus on the holomorphic part.

8Note that we, in addition to d fermions extension rescaled 1 to .
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In order to calculate the OPE of b and ¢ fields, we start with, as we did in the last section, the ghost
partition function and assume that the path integral of a total functional derivative vanishes. Namely,

0= /Dch(%(zz) (e~ 5omb(w))

= /Dch (;ﬂazc(z)b(w) +0(z — w)> ;

which implies that

Z—w

1
Osc(2)b(w) = 270(2 — w) = 0 ( ) .
Integrating the both sides gives the OPE for ¢(2)b(w),

1
b ~ . 4.72
o(z)bluw) ~ —— (472)
In the above calculation, using 6/dc(z) instead of §/5b(z), gives the OPE for b(z)c(w),
1
~ 4.
b(z)e(w) ~ —, (4.73)
from which we can immediately derive the following.
1
~— 4.74
b(z)awc(w) (Z _ w)27 ( 7 )
1

The energy momentum tensor for this theory is defined as
Tyn =2:0,¢(2)b(2) : 4+ : ¢(2)0.b(%) : . (4.76)
Thus, we can calculate the OPE of T, with the field ¢(w) as follows.

Ton(2)c(w) = (2 : 0,¢(2)b(2) : + : ¢(2)0:b(2)) c(w)
N 20.c(2)  c(2)

z—w  (z—w)?
—c(w Owc(w
- (2 —(w;2 T —(w)'

On the other hand, for the b field, we get

Ton(2)b(w) = (2 : 0,¢(2)b(2) : + : ¢(2)0.b(2)) b(w)

2b(w) n Oy b(w)

~

(z —w) z—w

From these results, we can see that ¢(z) is a primary field of conformal weight h = —1, while b(2) is a
primary field of conformal weight h = 2.

Also, the expression for the OPE of the ghost energy momentum tensor with itself can be calculated
in the exactly same way.

—13 | 2Tgn(w) | OuTon(w)
(z—w)*  (z—w)? z—w

Tyn(2)Tgn(w) ~ ;
which implies that the central charge is ¢4, = —26, which precisely cancels the conformal anomaly that
arises from the matter energy momentum tensor 7T’y (, which is the bosonic energy momentum tensor
here).



Chapter 5

Superstring Theories

The bosonic string theory which we discussed so far is unsatisfactory in two aspects. First, the string
spectrum contains a tachyon. Tachyons are unphysical. The second is that the spectrum does not contain
fermions, which include quarks and leptons in the standard model. Thus, if we want to describe nature
by the string theory, we have to incorporate fermions into it.

The inclusion of fermions into the string theory turns out to be require supersymmetry, which is a
symmetry that relates bosons X* (7, o) to fermions U# (7, 0). The latter are two-component spinors given

by
v = (o) &1

where we call ¥/ (1,0) (A = +£) the chiral components of the spinor. This resulting supersymmetric
string theory is called superstring theory.
In this thesis, we will discuss superstring theory with RNS formalism.

e Ramond-Neveu-Schwarz (RNS) Formalism: It uses two-dimensional worldsheet supersymmetry
and it requires the Gliozzi-Scherck-Olive (GSO) projection to remove unphysical states and make
the theory supersymmetric..

5.1 RNS strings

In the RNS formalism, we add D free Majorana fermion fields! W#(7,0) to our D-dimensional bosonic
string theory. The fields U#(7, ) are two-component spinors which describe fermions living on the world-
sheet and they transform as vectors under a Lorentz transformation of the D-dimensional background
spacetime. We incorporate these fermions by modifying the bosonic action.

The new action is now given by adding to the bosonic action Sp (see (2.32)) the Dirac action for D
free massless fermions Sg, for the string tension T' =1/,

S =5+ SF
1 ) 1 _
—g/drdaaaX‘ 0“X, — %/deO'\I’Hpaaa\I/,“ (5.2)

LA necessary condition for supersymmetric theory is that the number of bosonic degrees of freedom is equal to the
number of fermionic degrees of freedom. Thus, we add D fermionic fields to pair up with the D bosonic fields.

49
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where p® with o = 0, 1 is a two-dimensional representation of the Dirac algebra? and ¥* is the Dirac
conjugate to U*, defined by B
Ir = (o)t 0, (5.3)

We will choose a basis in which the matrices p® take the form

o (0 -1 L (01
p‘(10 and pr=1 o)

The above form of the Dirac matrices is called a Majorana representation. Also, in the Majorana
representation, reality conditions on the spinors are imposed,

()"0 = () ip’, (5-4)

where C' is the charge conjugate matrix defined by C' = ip” in two dimensions, from which we can easily
see that the reality condition (5.4) gives us the fact that the spinors have real components:

()" = vk, (5.5)

which are called Majorana spinors.
Classically, the Majorana spinors are Grassman numbers, which imply that they obey the anti-
commutation relations

This, of course, changes after quantization.
Now, substituting (5.1) into the action (5.2), we get, in world-sheet light-cone coordinates,

S = %/d0'+d0'_a+X“(0_,0’+)8_XN(O'_,O'+)
+%/d0+d07 (w‘_‘(aﬂaﬂa_s_w_u(a*,aﬂ
+ Y07, 00 bpulo ). (5T)

To see this expression is correct, we will show it only for the fermionic part. Since 0+ = %(80 +01), we
have
0 -0
Y0q =2 .
o =2(y o)

Ulip® =iy, —vo),

where we used the fact that ¢% = 194 since ¥ is a Majorana spinor. Now, we need to calculate the

Jacobian for the change of coordinates (1,0) — (¢7,0%). The Jacobian is given by J = 1/2. Thus,
we have drdo = JdoTdo™ = %da*‘o_. Finally, substituting all of them into the fermionic action gives
(5.7). By varying Sp, we see that the equations of motion for the two spinor components are given by

the Dirac equation, which in the world-sheet light-cone coordinates, is given by

Next,

A" =0 and O_9y! =0, 5.8
+

which imply that the first equation describes a left-moving wave while the second one a right-moving
wave.

2The Dirac matrices span a representation of a Clifford algebra, {p®, p%} = 2n®8, where { -, - } is the anti-commutator
and n®? is the Minkowskian flat metric
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5.2 Global World-sheet Supersymmetry
The total action (5.7) has a global symmetry under the infinitesimal transformations

SXH = lipoUH = eur, (5.9)
SUH = 9, XFe, (5.10)

where € is a infinitesimal constant Majorana spinor, given by

€= ,
€+
with the components e_ and e, being real Grassmann numbers. Since € is not dependent on ¢ and 7,
the transformations (5.9) and (5.10) are global symmetries and they are, in fact, supersymmetries since
they mix the bosonic fields and fermionic fields. Thus, we can see that this RNS superstring theory is a

theory which has supersymmetries on the world-sheet.
In terms of the spinor components, the transformations (5.9) and (5.10) are

OXH =i(egt —e_yh), (5.11)
Pt = —20_Xte,, (5.12)
Sy =204 Xte_. (5.13)

To see that the action (5.7) is invariant under the susy® transformations (5.9) and (5.10), let us see how
the action varies under the transformations. The variation of the action is given by

55 =1 / do+do~ (26‘+(6X)8_X + 28, X0_(6X)

™
+ (6 ) 04— + it 04 (59-)
+i(04 )0y + i¢+a—(5¢+))- (5.14)

Substituting (5.11) ~ (5.13) into the above gives

55 = % / dotdo{cy (040_ (X)) — c_ (0:0_ (4. X)) }.

Thus, if we assume that the boundary terms vanish, then we can finally see that under the susy trans-
formations the RNS action (5.7) is invariant, which implies that there exists a supersymmetry in our
theory.

5.3 Supercurrents and the Super-Virasoro Constraints

We will canonically quantize the RNS superstring and see that ghost states appear in the RNS theory.
However, we will be able to eliminate them by using the super-Virasoro constraints which follow from
the superconformal symmetry of the RNS theory, when the critical dimension is D = 10.

In order to derive the constraint equations, we begin with the two conserved currents associated to
the two global symmetries of the RNS action (5.2). These two currents are the supercurrent, which comes
form the supersymmetry of the action, and the stress-energy tensor, which comes from the translation
symmetry of the action on the world-sheet. To begin, we will start with the supercurrent.

3Susy is a shorthand notation for supersymmetry or supersymmetric.
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Since the supersymmetry is a global world-sheet symmetry, we get, via Noether’s theorem, an asso-
ciated conserved current, called the worldsheet supercurrent. The explicit form of the supercurrent is
constructed as follows. By taking the supersymmetry spinor parameter € to be dependent on world-sheet
coordinates, we find that the total action (5.2) varies under this now local symmetry, as

, ) ]
65 = o / drdo 204 (6X)0° X" — (601)p° 0, W, + ¥ 0, (50,
7

~ /decr (aa (;gwaaxu> — 0n€ <;pﬁpa\11#85X“>>
= 1 B o Iz
= [ drdod,e 3PP v, 05 X" |,

where we used the fact that a total derivative does not contribute to the variation of the action. Thus,
we can see that the supercurrent is given by

1
Ji=—3 (PPp™W,) , s XM, (5.15)

where A indicates spinor components: A € {+, —}. It can be shown that the supercurrent satisfies
(pa)aBdps =0, (5.16)

where A and B indicate spinor components. This implies that the supercurrent has two independent
components, labeled by j_ and j.

We, actually, want to have an expression for the supercurrent in terms of the worldsheet light-cone
coordinates. Substituting the e_ susy transformation® into (5.14), we get for the integrand

28+(—i67¢+>87X + 28+X87(—Z'67’¢+)
+i(0)04 90— + ip_0,4 (0)
=+ Z(28+X€_) + i¢+6_ (28+X€_),

which is equal to, up to a total derivative,
47;6787 (1[)+8+X) .
Substituting this back into (5.14) gives

08 = ﬁ/da+da_e,8,(¢+8+X),

™

which becomes after integrating by parts,
47 o
08 =—— [ do"do™ (0—e_)(¢4+0+X).
™

Thus, choosing an appropriate normalization, the supercurrent associated with the e_ transformation is
given by

4From (5.11) ~ (5.13), we can easily read off the e_ susy transformation as

SoXM = —je_yh, Syt =0, Sl =20, X e_.
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Similarly, the e, transformation gives
jo=y"o_X,. (5.18)

It can be shown that the supercurrents are conserved as follows:
O4j- =0+ (YL0-X,,)

= 0P X, + " 0L0_X,
= O’

where the last line follows by the field equations for ¢»_ and X. Similarly, we can show that
87j+ = O

Combining these results, we get
0aJg =0, (5.19)

which implies that the supercurrent is conserved.
The next current is the stress energy tensor and it is given by

1- 1-
Taﬂ = 6QXM85XM + 1\1!“,0085\11“ + Z\P“pﬁaa\lfu — (trace). (520)

To derive this, let us consider an infinitesimal translation €* which is used to vary the world-sheet

coordinates c® — o% + €®. Then, we can write the change of the bosonic and fermionic fields by
XH— XF 4+ 0, XM, (5.21)
UH — UF 4+ %0, UF. (5.22)

Following the Noether’s method, we vary the action as if €* depended on the world-sheet coordinates.

Since we have already considered the bosonic part, we will look at only the fermionic part here. Using
(5.22), we vary Sp in (5.2) as follows:

5Sp = —2i /deO'(((S\I/'u)paaa\I’u + ‘I’upaaa(d‘l’uD
T

1 - -
=5 drdo (eﬁaglP“paaa\I/” + \I/“po‘(?a(eﬁagllﬂ‘o
7T

1 1-
—%/deoaae’B (2\1/%@(%\11#) .

The term in the parentheses should be the stress energy tensor. However, this is not correct because it
should be symmetric. Thus, we take

1 1- 1-
0Sp = —— /drdcr@aeﬁ <4‘1/“p°‘8[3lllu + 4\I/”pﬂ8alllu> .
T

Together with the bosonic part, the stress energy tensor is given by (5.20).
We can rewrite this in terms of the world-sheet light-cone coordinates as

]
T++ - 8+X“8+XH + 5¢i8+w+u, (523)

T _ =0 X"0_X, + %1/1’18,1/},#, (5.24)
T,+ = T+7 == 0 (525)
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Note that we can obtain conservation laws for the energy-momentum tensor: 0_T,4 = 047 _ = 0.
Equations (5.23) ~ (5.25) can be obtained as follows. We consider the infinitesimal translation (5.21)
and (5.22), focusing here on 64 X = ¢t9, X and 6, ¥4 = €70, V4 since the ¢~ transformation can be
done in exactly the same way. From (5.14), the variation of the action under this transformation is given
by

(SS = %/dUJ’_dO’_ (28+((5+X)8_X + 26+X8_(5+X) + 'L.(5+1p_)8+1/}_
+ i 04 (640-) + (6194 )0-vy + i¢+87(5+¢+))

1
= — /d0'+d0'_6+ (28+6+X8,X + 28+X6+67X + ia+¢,6+w,

™

+ 001 04— +i01p 0 by + i¢+5+84/}+)
=2 [dotdo (~20-(0:X0,) 4 0. (6-040) — i0_(6:0,04)).
where the last line holds up to a total derivative. Identifying this with
267 (0-T4y + 04T 1)

gives us T = 0: X0 X + (i/2)1p1 0194 and T— = —(i/2)¢_0+0—. However, T_, vanishes by the
equation of motion (5.8). Similarly, the ¢~ variation gives (5.24).
Now, in the RNS theory, we set super-Virasoro constraints, which are given by

T++ - T,, == j+ == j, - 0 (526)

In the next section, we will find the mode expansions of our fields.

5.4 Boundary Conditions and Mode Expansions

From now on, we will write our integration measure as d?c = drdo instead of dotdo~ although we
still write the integrand as functions of the world-sheet light-cone coordinates. Also, we will ignore the
constant appearing due to the Jacobian of the coordinate transformation.

Since we have already studied the bosonic part, we will consider only the fermionic part here. Varying
the fermionic action in (5.2) with respect to 11 gives, if the equations of motion (5.8) are satisfied,

e~ [drtw-sv- —vudv)| - [drtw-sv- — v (5.27)

=7 =

5.4.1 Open RNS Strings

In the case of open strings, the two boundary terms in (5.27) must vanish separately. We can achieve
this by setting
Bo=tyt (5.28)

at each of the string’s endpoints. The relative sign between ¢} and /" is a matter of convention. Thus,
without loss of generality, we can choose to set

wi|o‘:02 1/]‘1 ‘O’:O: 0. (529)

Then, the relative sign at the other end has meaning and there are two possible cases, which are called
sectors.
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Ramond Sector (R sector):

In this case, we choose, at the other end of the string,

wi‘a’:ﬂ': ¢Ii‘a':7r' (530)

We will see later that the Ramond boundary condition (5.30) leads to fermions on the background
spacetime. Then, because the field equations for the fermionic fields (5.8) implies that ¢_ = ¢_(c7)
and vy = 1, (07). imposing the Ramond boundary condition gives us, for the mode expansion of the
fermionic fields,

Y (r,0) Zd“ —in(r—o), (5.31)
neZ

W (1,0) =7 Z dtem (o) (5.32)
neZ

where the factor 1/4/2 has been chosen for future convenience. In addition, the Majorana condition of
¥ (5.5) gives us
d*, = (d)'. (5.33)

Neveu-Schwarz Sector (NS sector):

In this case, we choose, at the other end of the string,

| _ ==yt _ . (5.34)

The NS boundary condition will give rise to bosons on the background spacetime. In this sector, the
mode expansion satisfying (5.34) is given by

W (1, 0) Z bre~ir(r=o), (5.35)
TEZ+2

W)= B s, 39
TEZ+2

In the following, the letters m and n are used for integers while r and s will denote half-integers.

5.4.2 Closed RNS Strings

Closed string boundary conditions give two sets of fermionic modes, corresponding to the left- and right-
moving sectors. There are two possible periodicity conditions which make the boundary terms vanish:

i (r,0) = 2 (1,0 + 7), (5.37)

where the positive sign describes periodic boundary conditions (called R boundary conditions) while the
negative sign describes anti-periodic boundary conditions (called NS boundary conditions). It is possible
to impose either the R or the NS boundary conditions on the left- and the right-movers separately. This
means that, for the right-movers, we can choose

P(ro) =Y dhe 00 or gl (o) = Y ble 2T, (5.38)

nez TEZ+2
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while, for the left-movers, we can choose

P (r,0) = Z Jﬁe‘zm(ﬂ'”) or Y (r,0)= Z Bfe_2i7l(7+"), (5.39)
nez reZ+3

Since real states are tensor products of a left- and right-mover, there are four different closed string
sectors. We will see later that states in the NS-NS and R-R sectors are spacetime bosons, while states
in the NS-R and R-NS sectors are spacetime fermions.

5.5 Canonical Quantization of the RNS superstring theory

By using the mode expansions, we will quantize the RNS theory.

We begin by promoting the modes a and @&, which come from the bosonic fields and the modes b, b, d
and d, which come from the fermionic fields to operators. The bosonic fields obey the same commutators
as those we discussed already, which were given by (3.17). The fermionic fields obey the free Dirac
equation on the worldsheet. As a result, the canonical anti-commutation relations are given by

{V4(r,0),¥5(1,0")} = 7 0aB6(0 — o),

which implies that the modes satisfy

(0,05} = {0, 07} = 6ry s, (5.40)
{dxu d;’/L} = {Jlntfng} = 6m+n77/i”) (541)

with the other anti-commutation relations vanishing. Since the spacetime metric n*¥ appears on the
right hand side of the anti-commutators above, the time components of the fermionic oscillators give
rise to ghost states, as well. However, we can remove these ghost states by using the super-Virasoro
constraints (5.26). From here on, we will consider only the open string.

We will define the ground states of the RNS theory. Since we have two sectors, we are supposed to
have two ground states, one for the R sector, labeled by |0)g, and one for the NS sector, labeled by
|0)ns. They are defined by

ab |0)g =dl|0)gr =0, for m >0 (5.42)

for the R sector and
ab |0)ns = b¥|0)ys =0, for m,r >0 (5.43)

for the NS sector. The excited states are constructed by acting on the ground states with the negative
mode oscillators. There are some important differences between the R ground state and the NS ground
state.

5.5.1 R ground state and NS ground state

In the NS sector, the ground state is unique and it corresponds to a state of spin zero, i.e. a boson. Since
all the oscillators o and b¥ transform as spacetime vectors under a Lorentz transformation, the excited
states in the NS sector will be spacetime bosons. Also, acting on a state with negative modes increases
the mass of the state.

In the R sector, the ground state is degenerate, which can be understood as follows. The operators
dfj can act without effecting the mass of the state since they commute with the number operator N,
which is defined by

N = i a_p - Oy + i nd_, - d,, (5.44)
n=1 n=1
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whose eigenvalue determines the mass squared. Thus, |0)z and dfj|0)p are degenerate in mass. Now,
from the oscillator algebra (5.41), we see that the dfj obey the same algebraic relations as the Clifford
algebra,up to a factor of 2:

{dg,dg} = do,on"” =n"".

Thus, since the above algebra is identical to the Dirac algebra, it implies that the set of degenerate
ground states in the R sector must furnish a representation of the Dirac algebra. This implies that there
is a set of degenerate ground states, which can be written in the form |a) with a being a spinor index,

such that 1

dila) = Z5ThID), (5.45)
where I'* is an a dimensional matrix representation of dfj, i.e. a Dirac matrix. Hence, the R sector
ground state is a spacetime fermion. Now, since all of the oscillators a# and d* transform as spacetime
vectors and since every state in the R sector can be obtained by acting with the negative modes on the

ground state |0) g, we see that all the states in the R sector are spacetime fermions.

5.5.2 Super-Virasoro Constraints for Open Strings

The super-Virasoro generators are the modes of the stress energy tensor T,,g and the supercurrent J§.
Thus, for an open string, the super-Virasoro generators are given by

1 [7 -
Ly == / doe™ Ty, =LY + LY, (5.46)
m s

where the contribution from the bosonic modes was given by (??). Here, since we have two sectors for the
fermionic modes of the RNS theory, we will get a different contribution to the super-Virasoro generators
in each sector.

NS sector:

The contribution from the fermionic modes is given by

1
L1(1{) = 5 Z (7“+ %) 2boy by, mEZ, (547)
reZ+ i

and the modes of the supercurrent are

2 (",
G, = ‘[/ €77 = by (5.48)

g o neZ
We can write the operator Ly in the form
Ly
LO = 50&0 + N, (549)
where N is the number operator, defined by
N=Y o n-ant > b, b, (5.50)
n=1 r=1/2

whose eigenvalues determine the mass squared of an excited state as in the bosonic theory.
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R sector:

The contribution from the fermionic modes is given by

1
L= (n+%) td_n - dpin:, mEL, (5.51)
nez

and the modes of the supercurrent are given by

2 (" .
F, = £ eMljy = Z Oy Ayt (5.52)
™ —T
nez
Note that there is no normal-ordering ambiguity in the definition of Fj.

We will get a super-Virasoro algebra whose elements consist of the super-Virasoro generators and
the modes of the supercurrent as we did in the bosonic theory. Since we have two different expressions
for the super-Virasoro generator and the supercurrent, corresponding to the two sectors, we will get two
sets of super-Virasoro algebras.

NS Sector:

The super-Virasoro algebra is given by

c

(Lo Ln] = (M —n) Ly + Em(m2 — ), —n, (5.53)
m

(Lo, Gy] = (5 — 7“) Gt (5.54)

(G GyY = 2L,y + % (4r2 = 1) 6, s, (5.55)

where the central charge is related to the spacetime dimension by ¢ = D + D/2.

R Sector:

The super-Virasoro algebra is given by

D

(Lo, L] = (M —n) Ly + gmi”(sm,,n, (5.56)
m
D
{Fp, F} = 2Lpin + 5m25m7_n. (5.58)

5.5.3 Physical State Condition
In the bosonic string theory, the physical states were characterized as such states |¢) that
Li16) =0, (5.59)
(LY = a)|g) = 0. (5.60)

In the RNS superstring theory, we have analogous conditions. We will again get two different physical
state conditions corresponding to two different sectors, i.e. quantum versions of 7'(z) = 0.
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NS Sector:

The physical state condition is characterized as follows. If |¢) is a physical state, then it must satisfy

Lin|d) =0 m >0, (5.61)
Grlp) =0 r>0, (5.62)
(LO — G,Ns)|¢> = 07 (563)

where ang is a constant which arises due to the normal-ordering ambiguity of Ly. The last of these
conditions implies that o/ M? = N — ayg, where M is the mass of a state |¢) and N is the eigenvalue of
the number operator on the state |¢).

R Sector:

The physical state condition is as follows.

Li|d) =0 m >0, (5.64)
F,l¢)=0 n>0, (5.65)
(Lo —ar)|¢) =0, (5.66)

where ap is a constant which arises due to the normal-ordering ambiguity of L.

5.5.4 Removing the Ghost States

Let us consider a few examples of zero-norm spurious states to calculate the values of ayg, ag and D.
Recall that these are states that are orthogonal to physical states and decouple from the theory even
though they satisfy physical conditions.

NS Sector:

To begin, we consider a state of the form

|9) = G_1/2[x),
where |y) satisfies the conditions
Lm>olx) =0, (5.67)
Grj2lx) = Gab) = (Lo — as + 5)h) =0, (5.68)

where the last equality follows from (5.63).5 It is, therefore, sufficient to show that G s210) = G3/2lg) =0
in order for |¢) to be physical.® Since the G3 /2 condition obviously holds by the corresponding condition

5This is because of the fact that G_1 o raises the eigenvalue of Lo by 1/2.
6This is because all G, for r > 3/2 can be written in terms of the generators L,>o0, G1/2 and Gg/5. For example, we
can get, from (5.54),

[L1,G3/2] = —=[L1,G3/2]-

1
Gs/2 =G143/2 = m
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for [x), we only have to check the G/, condition. This is given by G1/2[¢) = G1/2G_1/2|x). Now, since
G1/2G_1)2 = {G_1/2,G1/2} — G_1/2G1)2 and {G_1/2,G1/2} = 2Lg, we can see that G /9|¢) becomes

G1/2\¢> = (2L0 - G71/2G1/2) Ix) = 2Lol|x)
=2(ans — 1/2)x)-

For this to vanish, we need ayg = 1/2. This choice gives a family of zero-norm spurious state |¢). Such
a state satisfies the conditions for physical state conditions with aygs = 1/2. Moreover, |¢) is orthogonal
to all physical states |a), since (a|p) = (a|G_1/2|x) = (x|G1/2|a)* = 0. Therefore, for ays = 1/2, these
are zero-norm spurious states.

In order to calculate the critical dimension, let us consider a second class of zero-norm spurious state

|¢) = (G_3/2 + AG_1/2L_1)|x). (5.69)

Also, suppose that
G12lx) = G3y2lx) = (Lo + 1)|x) = 0. (5.70)

Next, we need to show, as before, Gy /2|¢) = 0 and G3/2|¢) = 0. The G/, condition becomes, by using
(5.53) ~ (5.55), G /2|¢) = (2 = A)L_1|x). For this to vanish, we need A = 2. Then, the G/, condition
becomes, in a similar way, Gs/2|¢) = (D — 2 —4)) = (D — 10)|x). Thus, for G5/, to annihilate [¢), we
need to have the critical dimension D = 10.

R Sector:

We do not need to use spurious states to calculate the ar value. we do this as follows. From (5.58),
if m =n =0, we obtain Ly = F}. Then, from (5.65) we obtain Fy|¢) = 0. Acting on this equation with
Fy gives Fo(Fy|¢)) = Fg|o) = Lo|¢) = 0. However, we have (5.66), which leads to ar = 0.

In order to calculate the critical dimension, consider the state

|¢) = FoF-1|x), (5.71)

where |x) satisfies
Filx) = (Lo + 1)[x) = 0. (5.72)

Also, Fy|¢) = 0 holds. If the state |¢) is also annihilated by L;, then it is a zero-norm physical state.
Thus, we have Lq|¢) = (1/2F) + FoF1)F_1|x) = 1/4(D — 10)|x). For this to vanish, we need D = 10.

5.6 Light-Cone Quantization

We imposed the light-cone gauge condition of (3.39) since we had a residual symmetry after fixing the
gauge symmetry. Now, this is also true for the RNS theory. We have a residual fermionic symmetry,
which will allow us to impose more conditions on our RNS theory. Namely, we will set, in addition to
(3.39),

Ut (r,0) =0. (5.73)

Note that, in the R sector, we should keep the zero mode. In the light-cone gauge, the coordinates X~
and ¥, due to the super-Virasoro constraints, are not independent degrees of freedom. This implies
that all the physical states are given by acting with the transverse raising modes of the bosonic and
fermionic fields.
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5.6.1 Open RNS String Mass Spectrum

Let us analyze some open RNS superstring states in the light-cone gauge. As usual, the mass spectrum
depends on the two different sectors.

e NS Sector:

The mass formula is given by

Za,naﬁ Z rb’ b — (5.74)
r=1/2

where we substituted ayg = 1/2.

Ground State:

The NS ground state is annihilated by all positive modes,

ap,|0; k) s = b1 |0; k) s = 0, (5.75)
and
al0; k") vs = V2|05 k) s, (5.76)

where v2a/ is from normalization. Calculating the mass of the NS ground state, we get, by using (5.75),
1
o M2[0; k) s = =5 |0 K") v

Thus, the mass is given by o/ M? = —1/2, which implies that the ground state is a tachyon. We will see
later that there is a way to consistently truncate this state from the spectrum.

First Excited State:

The first excited state is given by ‘
b1 )210; k") s (5.77)

Since this operator is a vector in spacetime and it is acting on a bosonic ground state, which is a spacetime
scalar, the resulting state is a spacetime vector. Also, now we are working in the light-cone gauge, so
the label ¢ runs from 1 to D — 2 = 8, corresponding to the transverse directions. Thus, the first excited
state has a total of 8 polarizations, which is required for a massless vector in ten dimensions. To see
that this state is indeed massless, note that the mass of the state is given by o/ M? = 1/2 — ayg. Since
ans = 1/2, the state is massless.

e R Sector:

The mass formula is given by

o/M? = "o ,a n+zndl Wl (5.78)
n=1
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Ground State:

The R ground state satisfies
ah|0; k) g = d},|0;K*)p = 0 n >0, (5.79)

and

F0|O; k‘”)R =0. (580)

Calculating the mass squared of the R ground state gives o/ M?|0; k*)r = 0, which implies that the R
ground state is massless. Then, the equation (5.80) implies, from (5.52), that

0= (%dé +>
n=1

= diV2a/kN)|0; kM) R
oc db k05 k) R,

(i + dinam) 0.

which is the Dirac equation in the momentum representation. As was mentioned earlier, the R ground
state is not unique due to the fact that the zero modes satisfy a D = 10 dimensional Dirac algebra.
This implies that the ground state is a spin(9, 1) spinor. The operation of multiplying with the operator
df is the nothing more that multiplying with a 10 dimensional Dirac matrix. This, in turn, implies
that the R ground state is a spinor with 32 components.” However, in 10 dimensions, it is known that
we can impose the Majorana condition and the Weyl condition on spinors, which reduce the number
of independent components by 1/2. As a result, our ground state is described by a spinor with 16
independent components. But, note that this spinor satisfies the Dirac equation, so that the number of
independent components reduces to 8. Thus, the R ground state has 8 degrees of freedom corresponding
to an irreducible spinor of spin(8).

As was mentioned before, the states in the R sector correspond to fermions in the background
spacetime. Also, since the first excited state of the NS sector is a bosonic state with 8 degrees of freedom
and the R ground state is a fermionic state with 8 degrees of freedom, if we could shift the NS first
excited state back to its ground state, then we could think of the total open RNS string theory as a
hopefully supersymmetric theory which have 8 massless bosons and 8 massless fermions in the background
spacetime. However, we still would have a problem even if we could do this. The problem is that the
NS ground state is a tachyon and there is nothing corresponding to this in the R sector.

However, we will see later that we can impose a further condition on our states, called the GSO
projection, which removes the NS tachyon state and shift the NS first excited state to the NS ground
state.

First Excited State:

The excited states are obtained by acting on the R ground state with o, or d*,. Since these
operators are spacetime vectors, the resulting states are spacetime spinors. The possibilities for excited
states are further restricted by the GSO projection, which will be discussed now.

"It is known that a spinor in a 2k-dimensional space has 2¥ components.
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5.6.2 GSO projection

In the last section, we have seen that the spectrum of RNS string states has several problems. The NS
ground state is a tachyon and also the spectrum is not spacetime supersymmetric.

We will explain here how to make the RNS string theory a consistent theory, by truncating the
spectrum in a very specific way that eliminates the tachyon and gives supersymmetic theory in ten
dimensional spacetime. This is called the GSO projection.

In order to describe the truncation of the spectrum, first let us define operators which count the
number of b-oscillators in the NS sector, and d-oscillators in the R sector, which are given by, respectively,

Fys= Y b.,bi, (5.81)
r=1/2

Frp=> d,d, (5.82)
n=1

Then, by using these operators, we can construct new operators, called the G-parity operators, which is
given by, in the NS sector,

G = (—1)Fvstl = (L1)XiZy2 b bt (5.83)
In the R sector, we have o
G =Tp(-1)fr =1y (1) Zn=d=ndn (5.84)
where I'1; is defined by
Fll = F()Fl cee Fg, (585)

which can be thought of as the ten dimensional analog of the 5 Dirac matrix in four dimensions. Thus,
just as the 5 matrix, the I'1; satisfies the following relations.

(F11)2 =1 and {Flla FM} =0. (586)

Spinors U* which satisfy
[ UH = UM, (5.87)

are said to have positive chirality, while spinors which satisfy
[ oH = -0k, (5.88)

are said to have negative chirality. A spinor with a definite chirality is called a Weyl spinor.
Now, in the NS sector, we will impose the GSO projection which consists of keeping only the states
with a positive G-parity, i.e. we keep only the states |Q) such that

G|Q) = (-1)™=+Q) = |Q),

which implies that we have
1= (—1)fvstl = (—1)fvs (1),

For this to hold, Fivg has to take an odd number. Thus, in the NS sector, we keep only the states with
an odd number of b oscillator excitations. In the R sector, we can project on states with positive or
negative G-parity depending on the chirality of the spinor ground state. The choice is purely a matter
of convention.

The GSO projection eliminates the open string tachyon from the spectrum since it has negative
G-parity, G|0)nys = —|0)ng. The first excited state bi_1/2|0>NS has positive G-parity and survives the
projection. After the GSO projection, this massless vector boson becomes the ground state of the NS
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sector. This matches nicely with the fact that the ground state in the fermionic sector (the R sector) is
a massless spinor. Also, the ground state of the NS sector after the GS projection is bil/2|0>Ns, which
has only eight degrees of freedom. This matches the number of degrees of freedom for the fermionic
ground state. This is a first indication that the spectrum could be spacetime supersymmetric after the
GSO projection.

We will now show that there are the same number of physical degrees of freedom in the NS sector and
the R sector at the first massive level after performing the GSO projection. To begin, note that at this
level, we have N = 3/2 for the NS sector states and N = 1 for the R sector states. Also, the G-parity
constraint in the NS sector requires the states to have an odd number of b oscillator excitations, while
in the R sector the constraint correlates the number of d oscillator excitations with the chirality of the
spinor. Now, in the NS sector, the states which survive the GSO projection, at this level, are given by

ai_lbj;l/gm; kM>NSa bi_l/gbjfl/leil/Q‘O; k”)NS» bi_3/2|0; kM>NS-

Counting the number of these states gives us a total of 64 + 56 4+ 8 = 128. For the R sector, we have the
allowed states,

ai—1|¢0§k#>v di—lW(l)%k”%

where [1g; k*) and |¢); k") denote a pair of Majorana-Weyl spinors of the R ground state of opposite
chirality and each has 16 real components. However, note that they have only 8 degrees of physical
freedom since they must satisfy the Dirac equation. Thus, counting the number of independent states
in the R sector gives 64 4+ 64 = 128 As a result, for the first massive excited state we see that after the
GSO projection, both the NS and R sector have the same degrees of freedom.

5.6.3 Closed RNS String Spectrum

The closed string has left- and right-mover. Also, there is the possibility that each mover has either NS
or R boundary conditions, which implies that we must consider the four possible sectors: R-R, R-NS,
NS-R and NS-NS. As before, by projecting onto states with a positive G-parity in the NS sector, we can
remove the tachyon state. For the R sector, we can project onto states with positive or negative G-parity
depending on the chirality of the ground state. Thus, two different theories, the type IIA and the type I
IB superstring theory, can be obtained depending on whether the G-parity of the left- and right-moving
R sector is the same or opposite.

In the type IIB theory, the left- and right-moving R ground states have the same chirality, chosen to
be positive for the definiteness. Therefore, the two R sectors have the same G-parity. Let us denote each
of them by |+)r. With these considerations, the massless states in the type IIB closed string spectrum
are

|+ R ® [+)Rs
b1 |0) s @ bL 1 /5|0) s,
511/2|0>NS ® |[+) R,
|+>R®bi—1/2|0>NS~

Since the state |+)pg is a spinor with eight components, we see that each of the four sectors contains
8 x 8 = 64 states.

In the type ITA theory, the left- and right-moving R ground states have opposite chirality, which we
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labeled as |[+)r and |—)g. The massless states in the type IIA closed string spectrum are given by

|=)r ® [4+) R,
bL120) s @ bLy 5 |0) s,
511/2‘0>NS ® |+) R
|_>R®bi—1/2‘O>NS~

We can see that each of the four sectors have 64 states as in the type IIB theory.
The different types of states in the massless sectors of the two theories are summarized as follows.

e R-R Sector: These states are bosons obtained by performing the tensor product of a pair of
Majorana-Weyl spinors. In the type IIA, the two Majorana-Weyl spinors have opposite chirality,
and we obtain a one-form (vector) gauge field (8 states) and a three-form gauge field (56 states).
In the type IIB, the two Majorana-Weyl spinors have the same chirality, and we obtain a zero-form
(scalar) gauge field (1 state), a two-form gauge field (28 states) and a four-form gauge field with a
self-dual field strength (35 states).

e NS-NS Sector: This sector is the same for the type IIA and type IIB. We obtain a scalar called
dilaton (1 state), an antisymmetric two-form gauge field (28 states) called the Kalb-Ramond firld
and a symmetric traceless rank 2 tensor called the graviton (35 states).

e NS-R and R-NS Sector: Each spectrum of these sectors contains a spin 3/2 gravitino (56 states)
and a spin 1/2 fermion called the dilatino (8 states). In the type IIB, the two gravitino have the
same chirality, while in the type IIA, opposite chirality.






Chapter 6

T-duality and Dp-brane

6.1 T-duality and Closed Bosonic Strings

We will consider the bosonic string theory with one of its spatial dimensions compactified. Namely,
we assume that this spatial dimension has a periodic boundary condition. This implies that our back-
ground spacetime is topologically equivalent to the space given by Cartesian product of 25-dimensional
Minkowski spacetime and a circle of radius R, i.e. R**! x Sk. We describe this procedure as compact-
ification on a circle of radius R. We will choose to compactify the X2°(7, o) coordinate. We can now
think of our background spacetime as that given in Fig 6.1, We will study the changes in the bosonic
string theory by introducing this compactification.

In the non-compact theory, which we have discussed so far, closed strings satisfied the periodic
boundary condition (2.34), which was stated with the implicit assumption where the string was moving
in a spacetime with non-compact dimensions, but now in our modified situation, we let the 25th dimension
be a circle of radius R. This changes the boundary condition (2.34) as follows, but only for X?25:

X?(r,0 +7) = X*(1,0) + 2nRW, (6.1)
Xi(r,0+7)=X(1,0) i=0,...,24 (6.2)

where W is called the winding number.! The equation (6.1) implies that now the string has winding
states. Simply put, the string can wind around the compactified dimension any number of times.

I-".{t \\'. \'-I Ilf "\II

'| I| I

I\ / _/"I \'x_ /
o241 X*® (~ Sk)

Figure 6.1: A compactified background spacetime.

IThe winding number indicates how many times the string winds around the circle and its sign encodes the direction.
For example, if we take each counterclockwise winding to be +1, then each clockwise winding is —1.

67
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6.1.1 Mode Expansion for the Compactified Dimensions

The modiﬁe_d boundary condition (6.1) gives a modified mode expansion on X?°, while the mode expan-
sions for X? remain unchanged. The general solution for new boundary conditions for X?2° is given by
adding a term linear in ¢ to (2.54) in order to incorporate the boundary condition (6.1),

. 1 _ _ ‘
X2 (1,0) = 2% + 2d/p** 1 + 2RW o + %@Z —(a2Pe?inT 4 525 2ing )= 2inT (6.3)
n
n#0

Also, since one dimension is compact, the momentum eigenvalue along that direction, p?®, has to be
quantized because, from quantum mechanics, we know that the wave function contains the factor ei*’ e
As a result, if we increase £2° by the amount 27 R, which corresponds to a winding number W = 1, the
wave function should be mapped back to the initial value, i.e. the wave function should be single-valued
on the circle. This implies that the momentum in the 25th direction has to be of the form

pP==, KecZ, (6.4)

where K is called the Kaluza-Klein excitation number. Thus, without the compactified dimensions,
the center of mass momentum of the string was arbitrary, while compactifying one of the dimensions
quantizes the center of mass momentum along that direction.

Now, splitting the expansion (6.3) into left- and right-movers gives

XP(r,0) = XP(r+0)+ XB (1 —0) (6.5)
with
25 1 25 —25 IK { 7 1 ~25 —2in(t+0)
XL(T+U):§($ +z%) + aﬁ—i—WR (T+U)+§\/2a Zgane )
n#0
X¥(r—0)= }(x% — %) + o/5 -WR)(r—0)+ z\/ 2a/ Z 1025672”1(7—76)
R 2 R 2 Zn " ’
where 2% is some constant which cancels in the sum to form X25(r, o). Furthermore, defining the zero
modes,

K
V2a/'a?® = (o/ + WR> , (6.6)

R
25 _ /K
V2dag’ = |« 7 WR ), (6.7)
we can rewrite the expression for the left- and right-movers as
1 i 1 )
XP(1+0) = 5(® +7%) + V20l (7 + o) + %\/ﬂ > aenrto), (6.8)
n
n#0
1 i 1 )
XP(r—o0)= 5(1:25 — 22 + V2o (1 — o) + %\/20/ Z Zaen(r=o), (6.9)
n
n#0

We note that now we have generally 2% # a25.
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6.1.2 Modified Mass Formula

The mass formula for the string with one dimension compactified on a circle can be interpreted from
a 25-dimensional viewpoint in which we regard each of the Kaluza-Klein excitations on X?2°, which are
given by K, as distinct particles. In general, the mass formula is given by

24
M? = —z:pup”7 (6.10)
pn=0

where note that we are only performing the sum over the non-compact dimensions.
On the other hand, we still have the requirement that all on-shell physical states are annihilated by
the operators Ly — 1 and Ly — 1, which imply that Ly = 1 and Ly = 1. These equations become

1
S0/ M? = (a5°)* + 2Ny, — 2

= (0435)2 + 2NR - 2,

where Ny and Npi are the number operators for the left- and right-movers, respectively. The above
equations can be confirmed as follows. From (?7), we have

1 (oo}
2
§a0 + ngﬂ Q_p - Oy

1 /
= 5(a8)? = S M+ Ni, (- (33) and (6.10))

Lg

which is equal to 1. This is what we want to confirm.
Taking the difference of the above two expression for (1/2)a’M? and using (6.6) and (6.7) gives

Nr — N = WK, (6.11)

which is the modified level matching condition. In a similar way, taking the sum gives

(5) + (%)

which is the modified mass formula for a string with one spatial dimension compactified.

o M? =d +2N, +2Np — 4, (6.12)

6.1.3 7T-duality of the Bosonic String

The level matching condition (6.11) and the mass formula (6.12) are invariant under interchange of W
and K, provided that we simultaneously send R to R=d /R. This symmetry is called T-duality. It
tells us that a theory compactified on a circle of radius R has the same mass spectrum as a theory which
is compactified on a circle of radius R, and vice versa. (See Fig 6.2.) Also, note that the interchange
of W and K implies that the momentum excitations K in one description corresponds to winding-mode
excitations in the dual description, and vice versa.

The T-duality transformation

T :R*! x Sp «— R*! x S,

T:W<+— K,
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Rl "-‘ . \

VR =

\ / string wrapped around
X% with radius R

string wrapped around
X% with radius R

Figure 6.2: The T-duality of closed bosonic string theories.

is equivalent to the following transformation in terms of the modes in the expansion of the compactified
dimension,

0[85 - _0%53 (613)

agd — a2, (6.14)

which can be seen easily from (6.6) and (6.7). In fact, it is not just the zero mode, but the entire
right-moving part of the compact coordinate that flips sign under the T-duality transformation,

T:XP — —X% and T:XP — X7 (6.15)
Thus, we see that X2°(7, o) is mapped to, under the T-duality transformation,
T:X?(r,0) = X®(r,0) = X1 (14 0) — Xg(T — 0), (6.16)
which has the expression,
~ K 3 1 . . .
X¥(r,0) = & + 20/E0 + 2RWT + %\/@Z — (@ e7%e . 202inTem2nT - (6.17)
n
n#0

We should note that the coordinate 22°, which parametrizes the original circle with periodicity 27 R, has
been replaced by a coordinate z2°. It is clear that this parametrizes the dual circle with periodicity onR,
because the conjugate momentum is p?> = RW/a/ = W/R.

We will now see that T-duality interchanges X2° and X2 from the viewpoint of the world-sheet. To
begin, consider the following world-sheet action

1
S = /dea <2vava — X5 (7, a)aﬁva> : (6.18)

Varying this action with respect to X2° gives us the equations of motion
eaﬁagva =0,=01Vo — Vi =0,

whose solution is given by V,, = 00 X2 where X5 is an arbitrary function.
On the other hand, varying the action with respect to V,, gives the equation of motion

Vo = —€05X%(1,0). (6.19)
Now, comparing the two expressions for V,, gives 9, X25 = —e 205 X%, which implies

0, X% =0, X%, 9_X¥ =—-9_X?.
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The first and second equations imply X7° = X7° and X% = — X%, respectively. That is, a T-duality
transformation can be expressed in the compact dimension as X% — —X% and X7> — X?° as was
stated previously. In addition, substituting (6.19) back into(6.18) gives

1
3 / drdod* X9, X%,

which is the bosonic action (the Polyakov action) for the X2 component, which makes this discussion
reasonable.
We will repeat the previous arguments for the case of open strings.

6.2 7T-duality and Open Strings

Previously, we saw that when we varied the Polyakov action in conformal gauge, we got a bulk term
whose vanishing gave the equation of motion and the boundary term

58 = [,L / drdod, X,6x"]"
2o/ =0
Now, as before, we need to make this boundary term vanish. This is achieved by forcing the ends of the
open string to obey either Neumann boundary conditions (2.36) or Dirichlet boundary conditions (2.38).
However, in order to satisfy Poincaré invariance for all 26 dimensions, we choose Neumann boundary
conditions for the open string.

Now, we will assume that we compactify the X?® coordinate. Then, we want to perform a T-duality
transformation on the open string theory in the X2° direction.

But before we study the quantitative properties which arise from the transformation, we will see
what kind of qualitative changes we will get. The first thing to notice is when we apply the T-duality
transformation on the bosonic string which is compactified on a circle, we see that the winding number
is meaningless. This is due to the fact that an open string cannot wind around the compact dimension.
Hence, open strings do not have winding modes and so W = 0. Since the winding modes were critical to
relate the closed string spectra of two bosonic theories by using T-duality, we then expect not to have
open strings transform in this way.

In order to see how the open string transform under T-duality transformation, we first start with the
mode expansion for the coordinate X*, which are given by setting [y = 1 or &’ = 1/2 in (2.59), with the
Neumann boundary conditions.

1 ,
X" (r,0) =a" +p'r+i Z —ake " cos (no). (6.20)
n
n#0

We can further split the mode expansions into two parts, left- and right-movers, just as was done for
closed strings. They are given by

1 1 ; 1 )
X(r—0) = 3@ =) + 3p"(r — o)+ 3 Y —ake "7, (6.21)
n#0
7 Low o Lo ‘ 1 u —in(T+o)
XL(T—l—a):i(x + )—|—§p (T+O’)+§Zﬁan€ . (6.22)
n#0
(6.23)

When we compactify the X2° coordinate and apply the T-duality transformation to this direction, we
get, as was shown already,
T:X#% 5 X? and XP — —XP.
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(That is why we have written the open string modes in terms of left- and right-movers.) Thus, under
the T-duality transformation, for the X2° coordinate we obtain

T:X% 5 X¥®=XH_ X%

) R ‘
_ .’E25 +p250_ + 5 E 70[72156 inT (6 ino ezna)
n

n#0
5 5 ]. 5 i .
=75 4+ pPo + Z ﬁai"e*”” sin (no), (6.24)
n#0

from which we can read off the properties of T-duality. First, note that since there is no linear term in
7, we see that the T-dual open string has no momentum in the X?2° direction. Also, we see that the
T-dual open string has fixed endpoints at ¢ = 0,7 since the oscillator term vanishes at these points.
Note that this is equivalent to the Dirichlet boundary conditions for an open string. Thus, we see that
the T-duality transformation maps the X2° coordinate with Neumann boundary conditions to that with
Dirichlet boundary conditions (and vice versa). Explicitly, the boundary conditions of the X 23 coordinate
of the T-dual string, which are Dirichlet conditions, are given by

X2(r,0) = 7%, (6.25)
XP(r,1) = 3% + ™K % orkR (6.26)
) - R - 5 .

where we have used p*® = K/R and R = o//R = 1/(2R). Hence, we get
XB(r,7) — X?(1,0) = 2nK R,

which tells us that the dual string winds around the dual dimension of radius R with winding number
K. This winding mode is topologically stable since the endpoints of the string are fixed by the Dirichlet
boundary conditions. Therefore, this string cannot unwind without breaking.

Summarizing:

e T-duality transforms a bosonic open string with Neumann boundary conditions on a circle of radius
R into a bosonic open string with Dirichlet boundary conditions on a circle of radius R.

e T-duality transforms a string that has momentum and no winding in the circular direction into a
string that has winding but no momentum in the dual circular direction.

e The ends of the dual open string are attached to the 25-dimensional hyperplane X2 = 72 in

spacetime.
e The ends of the dual open string can wrap around the circle an integer number of times.

This hyperplane is an example of Dp-brane, where D is for Dirichlet while p stands for the number of
spatial dimensions of the hyperplane. In general, a Dp-brane is defined as a hyper-surface on which an
open string can end, as illustrated in Fig 6.3, We should note that Dp-branes are also physical objects,
i.e. they have their own dynamics. In the above example, the hyper-surface X2 = 2 is a D24-brane.

By applying a T-duality transformation to open bosonic strings with Neumann boundary conditions
in all directions, we learned that in the dual theory, the corresponding open strings have Dirichlet
boundary conditions along the dual circle and therefore end on a D24-brane. This reasoning can be
iterated by taking other directions to be circular and performing 7T-duality transformations on those
directions. Starting with n such circles (or an n-torus), we end up with a 7-dual description in which the
open string has Dirichlet boundary conditions in the n directions. This implies that the string ends on a
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f‘;—‘\H ¥

Figure 6.3: Dp-branes and open strings ending on them.

D(25 — n)-brane. What this means for the open string in the original description, which had Neumann
boundary conditions for all directions, is that this is clearly the n = 0 case. So, the open string should be
regarded as ending on a spacetime-filling D25-brane. In general, we can consider a set-up in which there
are a number of D-branes of various dimensions. They are replaced by D-branes of other dimensions in
T-dual formulations.

6.2.1 Mass spectrum of Open Strings on Dp-branes

Let us consider a configuration for our bosonic string theory in which the coordinates X%, X1, ..., X? =
X* have Neumann boundary conditions and the coordinates XP*!, XP*2 . X2 = X! have Dirichlet

boundary conditions. Then, the mode expansion for X* is the same as (2.59) and is given by

1 _
XH =gk + 2p'T +ils Z —ake™" cos (no), (6.27)
n#0 "
where we note that y runs from 0 to p. The mode expansion for X7 is the same as (2.60) and is given by
o 1 inr
X =gl 4 ;(xJI —ah)+ 1 %;0 Eaﬁe T sin (no), (6.28)
n

where ¢ and j label the different Dp-branes. (See Fig 6.4.) Now, from these mode expansions, we can
derive the mass-shell condition. Namely, we have, from (3.12),

T
LOZH:§/ do (X2 + X7?)

0
— g/o do_((X,u)2+(X/u)2+(XI)2+(X/I)2>

> 1 [xf -l ?
= Z ot o, +a'ptp, + Z ol anr + T - L.

n=1 n=1

Thus, we can get

4a' T

T
LO:N—O/M+< : J) , (6.29)



74 CHAPTER 6. T-DUALITY AND DP-BRANE

" ot
s iy !
I 1 i L i
e S
1-7 string

Figure 6.4: A compactified background spacetime.

where we have defined N as

00 0o
n=1 n=1
0
= Z a’inanm (630)
n=1

with v =0,1,...,25. Furthermore, imposing the physical state condition, Ly — 1 = 0, leads to
N -1

M? = = + T%(x] — 2)?, (6.31)

J

where T is the tension, defined by 7' = 1/(27a’). Note that we can think of (z! — x§)2 as the energy
stored in the tension of a string stretched between a Dp-brane at z; and a Dp-brane at x;.

Let us now investigate the spectrum for our theory.

Massless State

e One Dp-brane:
For the case of one Dp-brane, the term T2 (x! — x]I )2 vanishes. This fact gives us the following expression
for the mass
N-1

/ Y

M? =

(67

which implies that there is still a tachyon for N = 0. Thus, we seen that for the massless states of the
bosonic string theory with one Dp-brane, we must have N = 1. That is, the only massless states with
one Dp-brane are level 1 states. These states are given by

ol [0 k), (6.32)
which corresponds to a p + 1-dimensional vector, which we denote by A*, and also
ol 1105 k7), (6.33)

which corresponds to 25 — p scalars, which we denote by X’. We can interpret A, as a gauge field
and X' as the position of the Dp-brane. This implies that a Dp-brane has a U(1) gauge field on its
world-volume and has a massless scalar for each direction normal to the Dp-brane.
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e Two Dp-branes:

For this case, the mass formula is given by

N -1

Ol/

2 2/ 1 12

M= = +T(z; —x3)°,

with 4, j = 1,2. Now, if the two Dp-branes are at the same position (i.e. z; = x;), then we get extra
massless modes which arise from 1 — 2 and 2 — 1 strings, compared to 1 — 1 and 2 — 2 strings for one
brane.? The states are given by

(A")as and X[, (6.34)

where a, 8 = 1,2. The four component entity denoted by (A*).ps describes a U(2) gauge theory. Thus,
when the two branes are coincident, we get a U(2) gauge theory living on them. In general, it is known
that if we have N coincident Dp-branes, then we get a U(N) gauge theory living on them and the fields
are given by

(A")ap and X[, (6.35)

where o, 5 =1,2,..., N. Also, note that when one of the Dp-branes moves apart from the others, U(N)
divides into U(N —1) x U(1). Thus, for example, in the case of two Dp-branes, if they are not coincident,
then the gauge symmetry is U(1) x U(1).

Dp-branes are not a story restricted to the bosonic theory. They can also exist in superstring theories.

6.3 Type II Superstrings and 7T-duality

We have seen that in the closed bosonic string theory, T-duality maps the theory which is compactified
on a circle of radius R into an identical theory on a dual circle of radius R = o /R. Let us examine the
same T-duality transformations for type II superstring theories. It will turn out that the type IIA theory
is mapped to the type IIB theory and vice versa.

Consider the case of a single circle, i.e. consider that the X coordinate of a type II is compactified
on a circle of radius R and that a T-duality transformation is performed for this coordinate. The
transformation for the bosonic coordinate is the same as for the bosonic string, namely,

X? = X} and Xj — —X3, (6.36)

which interchange momentum and winding numbers. In the RNS formalism, world-sheet supersymmetry
requires the world-sheet fermion ¥* to transform in the same way as its bosonic partner X?, namely,

U9 - 0) and U — —0%, (6.37)
which imply that in particular, the zero mode of \1132 in the Ramond sector transforms
dy — —dj.

Now, we have the relation between Ramond sector zero modes and ten-dimensional Dirac matrices,
re = \/idg . Thus, a T-duality transformation yields, in terms of I'*,

" T forp#9 and T9 — —T9
from which we can find that the chirality operator I''! behaves as

Fll = F()Fl s Fg — _F117

2We call a string which goes from a brane at x; to a brane at z; ai— j string.
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which means that the chirality of the right-moving Ramond ground state is reversed.

The relative chirality of the left-moving and right-moving ground states is what distinguishes the
type ITA and type IIB theories. Then, we conclude that T-duality flips the chirality for right-moving
spinors and thus transforms the various superstring sectors as

(R+7 Ri) — (R+7 R:F)
(NSt,R*) — (NS*, R¥)

This exchanges type IIB theory and type IIA theory. The precise statement of this T-duality between
both theories is

Type IIB on S* with radius R <+ Type IIA on S' with radius R.

6.3.1 Branes in Type II Superstring Theory

First, note that a point particle, i.e. DO-brane couples naturally to a gauge field A, as follows:

. dX M
SA:/A/LXMdT:/A/LidTE/A(l), (638)
c c dr c

where C is the world-line of the particle. In this way, we can construct a one-form,? which is denoted
by A1), from a gauge field. For example, we know that a charges point particle couples to an electric
or magnetic field, described by a gauge field A, as it moves through spacetime. Also, given a one-form
A(1), which is defined by a gauge field A, then we can construct an object called the field strength Fy),
which is associated to the one-form via the following definition:

F(2) = dA(l), (641)

where d is the exterior derivative. Note that since F(s) is defined as the exterior derivative of a one-form,
Fy) is a two-form.

The above discussion can be generalized to 1-brane. Namely, a 1-brane couples naturally to a two-
form gauge potential B(o) = B, dX* A dX" via the action

Sy = / drdo B, 00 X 05 X" = / B, (6.42)
M M

where M is the world-sheet mapped out by the 1-brane (i.e. the string). Indeed, the spectrum of closed
superstrings contains an antisymmetric two-form B,,,, called the Kalb-Ramond field. This, in turn, can
be used to define its associated field strength H(3y = dB(y), which is a 3-form. Furthermore it is known
that this can be generalized to p-branes as follows. A p-brane couples naturally to a p + 1-form gauge
potential C,41) via the action

Sc = /M doVdo? - - . AoPCliy iy gy Oy XM v+ Dy XHrt1 €100t = /M Cip+1), (6.43)

3Generally, given a gauge field Ay, we can construct a one-form Aq) by defining it as

Similarly, given a gauge field with n components Ay ys...u,, , We can construct a n-form A, via

1
Amy = — Az ™t N2 A A dattn (6.40)
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where M is the world-volume mapped out by the p-brane. Also, its associated p + 2-form field strength
Flp12) is defined as Fi;,49) = dCpy1)-

We can use the above information about the coupling of branes to gauge potentials in order to see
what kind of stable branes we can expect in a string theory. Since we know what kind of gauge fields
are present in the type IIA and IIB theories, we can see what kind of branes these two theories have by
using this knowledge. To begin, let us start with the type A theory.

e Type ITA:

In the type ITA theory, there exist 1-form and 3-form gauge potentials. Since D0-branes couple
to 1-form gauge potentials and D2-branes couple to 3-form gauge potentials, we see that there
exist D0-brane and D2-brane in the type A theory. However, this is not all because, given a
field strength, which is associated to a form potential, we can construct another field strength by
taking the Hodge dual. Foe example, if we have a gauge potential Cy), there is a field strength
F(9) = dC(;y and by taking the Hodge dual of F{y), we get another field strength *F,). Thus,
back to our case, we have 1- and 3-form potentials which defines 2- and 4-form field strengths and,
since D = 10 for type A theories, there are a dual 8- and 6-form field strengths, corresponding
to the 2- and 4-field strengths, respectively. In addition, associated to the dual 8- and 6-form
field strengths, there are a 7- and 5-form gauge potential, respectively. They couple to D6- and
D4-branes, respectively. As a result, the type A theory has D0O-, D2-, D4 and D6-branes.

e Type IIB:

The type IIB theory has 0-form (scalar), 2-form and 4-form gauge potentials, which are coupled to
D(—1)-, D1- and D3-branes, respectively. The D(—1)-brane is an object which is localized in time
as well as in space, i.e. it is interpreted as a D-instanton, In addition, by taking the Hodge dual as
in the type ITA theory,we have dual D5- and D7-branes. Note that in the type IIA case, we had two
types of branes (DO and D2) and they gave rise to two types of dual branes (D4 and D6). But,
in the type IIB case, we have three types of branes (D(—1), D1 and D3), which give rise to only
two types of dual branes (D5 and D7). The reason why this happen is as follows: the D3-brane
couples to a 4-form gauge potential, which defines a 5-form field strength. But the Hodge dual of
this field strength is a dual 5-form field strength, which gives a 4-form gauge potential. Then, it
couples to a D3-brane. Thus, the Hodge dualizing of the D3-brane does not give any new branes.
In that sense, D3-branes are called self-dual with respect to the Hodge star operator.

Summarizing: the type IIA theory has DO0-, D2-, D4- and D6-branes, while the type IIB theory has
D(-1)-, D1-, D3-, D5- and D7-branes. Lastly, T-duality maps a type IIA theory compactified on a
circle of radius R to a type IIB theory compactified on a circle of radius R, sends the Neumann boundary
conditions to Dirichlet boundary conditions and maps various Dp-branes (p even) into other Dg-branes
(¢ odd), and vice versa.
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