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Long-Range Electrostatic Attractions between Identically Charged
Particles in Confined Geometries: An Unresolved Problem
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Long-range electrostatic attractions between identical colloidal
articles in confined geometries have been observed experimen-
ally by many workers. A satisfactory theoretical explanation for
his behavior has proven elusive. Recent numerical calculations
nd reports (Nature 393, 621–623, 663–665 (1998)), however, have
uggested that this problem is closed by demonstrating that this
urprising effect is to be found naturally within the well-estab-
ished Poisson–Boltzmann (PB) theory. We rigorously prove that
hese claims are false; within the framework of the PB theory, the
nteraction between identical colloidal particles is always repul-
ive, irrespective of whether the particles are isolated or confined.

satisfactory theoretical explanation of this surprising phenom-
non thus remains an unresolved problem. © 1999 Academic Press

Key Words: confined geometries; electrostatic attraction;
oisson–Boltzmann.

Recently, a great deal of effort has been focused on the experimental m
ent (1–6) and theoretical validation (7–10) of the surprising phenomen

ong-ranged electrostatic attraction between identically charged colloidal pa
mmersed in an electrolyte, and confined by a third charged body. These
ations are at odds with the well-established theory of Derjaguin–Landau
ey–Overbeek (DLVO) (11, 12) for the pairwise interaction of two isol

dentically charged particles, which predicts a repulsion. Experimental r
uggest, however, that the source of this dichotomy lies in the influence of
harged body (1, 3, 5, 6): an attraction is apparent when the particles are
icinity of a charged wall, whereas the pairwise interaction is purely repu
hen the particles are isolated. It has been suggested (1, 3, 5, 6, 1
emonstrated via numerical calculation (10) that this attractive interaction c
btained using the well-known Poisson–Boltzmann theory, provided the pa
re confined. Here we rigorously prove that this is not the case; withi

ramework of the nonlinear Poisson–Boltzmann theory, the pairwise interact
wo identically charged particles confined or in the vicinity of an arbitrary
harged body, whose sides are parallel to the line joining the centers
articles, is always repulsive (14). Consequently, our results show that the

mentally observed attractive interactions (1–6) are not to be found within
heoretical framework, and suggest either (a) the need for revision of the e
nd established colloidal theories or (b) a reassessment of the exper

echniques and the corresponding interpretation of experimental observati
The problem to be considered is that of two identically charged particles, imm

n an electrolyte, and confined to or in the vicinity of an arbitrary charged su
which is parallel to the line connecting the centers-of-mass of the two par

he particles need not be spherical and may have arbitrary charge properti
nly requirement is that the electric potential possesses mirror symmetry ab
idplane between the particles. We emphasize that this specification encom
any cases of practical interest including that of two particles in the vicinity

ingle planar wall (6), particles confined between two walls (1–5), or par
onfined in a cylindrical pore (10) (see Fig. 1). The electrolyte is confined t
nterior of the surfaceS where the particles lie, and the region exterior to
lectrolyte has constant permittivity. The surfaceS maintains either consta
otential or constant charge density or is charge regulating (15, 16).
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n the electrolyte. Within the framework of the nonlinear Poisson–Boltzm
heory, the electric potentialC in a symmetric 1:1 electrolyte and the elec
otentialf outside the surfaceS (i.e., exterior to the electrolyte) satisfy

¹ 2C 5 S kT

e0
D k 2sinhS e0C

kT D , ¹ 2f 5 0, [1]

herek is the Debye screening parameter. All variables not defined in th
re given in the Appendix. To determine the general nature of the
etween the particles, we do not need to solve [1].
A formally exact expression for the electrostatic forcef between the part

les, acting along their line-of-centers, is obtained by integrating the Ma
tress tensor (15) over an appropriate surfaceS enclosing one of the particl
ithin the electrolyte,

f 5 E
S

n z FS) 1
1

2
eE2D I 2 eEEG z k dS, [2]

here) 5 2n0kT cosh(e0C/kT) is the osmotic pressure, andE 5 2=C is
he electric field. A repulsive force between the particles corresponds tof being
ositive.
The choice of the surfaceS is completely arbitrary and will give the sam

esult provided it completely encloses one of the particles. For convenien
hoose the surfaceS to be a cylinder of arbitrary cross section with (a) one
f S coinciding with the midplane between the particles, denotedS1, (b) the
ides of cylinderS, denotedS2, are parallel to the line-of-centers of t
articles and are lying either on the charged surfaceS or at an infinite distanc

rom the particles (e.g., in the caseS is a single flat wall), and (c) the remaini
ace ofS, denotedS3, is identical and parallel to the face at the midplaneS1,
ut located at an infinite distance along the cylinder axis fromS1 and the

nteracting particles. A graphical example of this surface for two part
onfined in a cylindrical pore is given in Fig. 1. The expression for the fo
q. [2], is then separated into three integrals overS1, S2, andS3.
For the case whereS is held at constant potential, we note that

omponents of the electric field atS1, S2, andS3 in the k direction are zero
onsequently, the integral overS2 vanishes. Substitutingydiff 5 y 2 y3 into

2], making use of [1], and Green’s theorem (17) we then obtain

5 eS kT

e0
D 2 E

S1

H k 2@cosh~ y3 1 ydiff! 2 coshy3 2 ydiff sinh y3#

1
1

2
U¹ tydiffU 2J dS1, @3#

herey3 is identical to the reduced electric potential distribution due to
harged surfaceS in isolation, i.e., with the particles removed. Since
ntegrand in [3] is always positive, irrespective of the signs and magnitud

3 andydiff , it then follows thatf is always positive; i.e., the force is repulsi
The analysis for the case whereS is held at constant charge density

erformed in an analogous manner by making use of the dielectric bou
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A Midplane between the particles, exterior to the electrolyte
k [2],
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ondition (15) atS and Green’s theorem (17), which results in a line an
urface integral over the midplaneA, exterior to the electrolyte. The lin
ntegral cancels with contributions fromS1 to give

5 eS kT

e0D 2 F E
S1

H k 2@cosh~ y3 1 ydiff! 2 coshy3 2 ydiff sinh y3#

1
1

2U¹ tydiffU 2J dS1 1
eext

2e E
A

U¹ t pdiffU 2

dAG . @4#

he integrands in [4] are always positive, and again we find that the force be
he particles is always repulsive. We emphasize that [3] and [4] are comp
eneral in that no approximations have been invoked in their derivation a
alid for all particles, irrespective of their charge and shape. An analogous a
an be carried out for the case where the surfaceS is charge regulating (16), fo
hich is it also found that the interaction is always repulsive.
Within the framework of the Poisson–Boltzmann theory, the interactio

wo identical charged particles is always repulsive, irrespective of the c
n the particles and whether the particles are isolated or confined, provid
ides of the confining surfaceS are parallel to the line-of-centers of t
articles. Therefore, the observed long-ranged attractive interactions
etween like-charged particles cannot be accounted for using this well-

ished and tested theory, contrary to previous suggestions (1, 3, 5, 6, 13
umerical calculations (10). An alternative theory has been proposed (7
xplain this attractive interaction, but it too gives results that are incons
ith experimental observations (3, 6). One can then only speculate abo
rigin of such attractive interactions, whether it lies in effects not taken
ccount in the existing and established theories, or perhaps in experi
henomena which have not been interpreted correctly.

APPENDIX: NOMENCLATURE

0 Proton charge
Boltzmann constant
Absolute temperature
Permittivity of electrolyte

ext Permittivity exterior to the electrolyte

0 Bulk ion number density of the electrolyte
Unit normal vector directed toward the enclosed particle f

the surfaceS
Unit tensor

i Subsurfaces of integration surfaceS

FIG. 1. Schematic diagram of two identically charged particles (filled sph
onfined in a charged cylindrical poreS. The particles are immersed in an electro
hich is bounded by the surfaceS. The region exterior to the electrolyte h
onstant permittivity. The integration surfaceSused in the evaluation of the for
ncloses one of the particles, and its subsurfacesS1, S2, andS3 are indicated.
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Unit vector pointing away from the unenclosed particle in
that is in the line joining the centers of the particles

t Transverse gradient operator parallel to the midplane bet
the particles

5 e0C/kT Reduced electric potential in electrolyte

i 5 e0C i /kT Reduced electric potential in electrolyte at the surfaceSi

diff 5 y 2 y3 Difference between the reduced potential in the electro
and that due to the surfaceS in isolation

diff Difference between the reduced potential exterior to the
trolyte and that due to the surfaceS in isolation
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