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A Simple Algorithm for Calculating Electrical Double Layer Interactions
in Asymmetric Electrolytes—Poisson–Boltzmann Theory
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A simple, general, and numerically robust algorithm is presented
for calculating the disjoining pressure and interaction free energy
per unit area between two identically charged flat plates due to elec-
trical double layer interactions according to the nonlinear Poisson–
Boltzmann theory. The result is applicable to electrolytes with any
number of ionic species having any combination of valencies as
well as to constant potential, constant charge, or charge regula-
tion boundary conditions on the plates. The algorithm is very sim-
ple to implement on commonly available numerical software en-
vironments and is therefore particularly suitable for use in data
analysis. C© 2002 Elsevier Science
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The nonlinear Poisson–Boltzmann theory provides an a
rate mean field description of electrical double layer interacti
in the colloidal regime and it is used extensively in interpret
direct and indirect measurements of colloidal forces. For in
actions involving symmetric electrolytes the problem has b
studied extensively (1). For mixed valence systems, only
cific cases have been analyzed and the solutions are not s
to implement. It is therefore most desirable to have a sim
general and robust method of calculating electrical double la
interactions for all electrolyte compositions.

Consider two identical, uniformly charged planar surfaces
cated atx = −L/2 and atx = L/2 (a distanceL apart) separate
by an electrolyte solution in contact with a bulk reservoir t
comprisesni ions per unit volume of speciesi with valencevi .
The mean electrostatic potentialψ(x) obeys the nondimensiona
Poisson–Boltzmann equation

d2y

dξ2
= −

∑
i

αi vi exp(−vi y), −κL/2≤ ξ ≤ κL/2, [1]

with y(ξ ) = eψ(x)/kT, the potential scaled by the proton
chargee and the thermal energykT; andξ = κx, the coordi-
nate scaled by the Debye parameterκ ≡ (noe2/ε0εr kT)1/2 of
the electrolyte with ionic strengthno ≡

∑
j n j v

2
j and ion num-

ber ratiosαi ≡ ni /no. The scaled surface potential of each pl
is y(κL/2)= z. At the median planex = 0, where dy/dx = 0
1 E-mail: D.Chan@unimelb.edu.au. Fax: +61 3 8344 4599.
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because of symmetry, the potential isy(0)= u. Without loss of
generality, we can assumez≥ u ≥ 0 provided the concentra
tions and the signs of the valencies of all the asymmetric io
species are adjusted accordingly.

Herewith the key results while details of the derivation
deferred to the latter part of this article. After application of t
boundary condition at the median planeξ = 0, the first integral
of [1]

dy

dξ
= 21/2

{∑
i

αi [exp(−vi y)− exp(−vi u)]

}1/2

[2]

can be integrated fromξ = 0 toκL/2, that is, fromy = u to z,
to give

κL = 21/2

z∫
u

dy{∑
iαi [exp(−vi y)− exp(−vi u)]

}1/2 [3a]

≡
√

z−u∫
0

2sds

G(s2+ u, u)
, [3b]

where

G(x, y)

≡
{
−
∑

i

αi exp

[
−1

2
vi (x + y)

]
sinh

[
1

2
vi (x − y)

]}1/2

.

[4]

The disjoining pressureP(L) is given, as usual, in terms of th
median plane potentialu:

P(L) = kT
∑

i

ni {exp[−vi u] − 1} ≡ 2nokT[G(u, 0)]2. [5]

The interaction free energy per unit area can be obtaine
integrating the disjoining pressureP(L) [5] with respect to the
separationL.
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The results given thus far are completely general and are
dependent of boundary conditions on the surfaces. Howe
expressions for the interaction free energy per unit area
vary with the type of boundary conditions:

(i) For surfaces that interact underconstant surface potential,
where the surface potentialz is independent of the median plan
potentialu, the interaction free energy per unit areaVP(L) is

VP(L) = nokT

κ

−2κL[G(u, 0)]2+ 4

u∫
0

G(y, 0) dy

+ 4

z∫
u

[G(y, 0)− G(y, u)] dy

 . [6]

The following remarks are in order:

(a) Equations [3]–[6] express the separation,L, the disjoin-
ing pressure,P(L), and the interaction free energy per unit are
Vp(L), parametrically in terms of the median plane potentialu.
These are to be used to generate the triplet{L , P(L), VP(L)} for
a suitable range of valuesu. An evenly spaced set ofu values
between 0 andz is sufficient for almost all practical applications

(b) The integrands in Eqs. [3] and [6] are well behav
throughout the domains of integration; in particular, the in
grand in Eq. [3b] is finite at the lower limits= 0 so that no spe-
cial numerical integration methods are required. Furtherm
the functions and the integrals have been arranged and gro
to minimize loss of significant figures at extreme values of
parameters, e.g., asL →∞; that is,u→ 0.

(c) By using list handling capabilities and adaptive num
ical integration routines of software packages such asMathe-
matica (2), the entire algorithm can be implemented in a fe
lines of code, see Table 1 (3). IfP(L) and VP(L) are needed
as functions ofL, the data pairs{L , P(L)} and{L ,VP(L)} can
be used to construct interpolation functions (4). The funct
G(x, y) is used throughout to take advantage of the precisio
built-in intrinsic forms of the hyperbolic sine function.

(ii) For surfaces that interact underconstant surface charge,
the surface potentialz for a given value of the median plan
potentialu has to be found by first solving the equation

G(z, u) = G(z∞, 0), [7]

where the constant surface charge density is characterize
terms of the scaled surface potential at infinite separation,z∞.
Equation [7] has a unique root located in max(u, z∞) ≤ z<∞.
Oncez is found for a given value ofu, Eqs. [3] and [5] will

give the separation,L, and the disjoining pressure,P(L), while
the interaction free energy per unit area under constant cha
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VC(L) is given by

VC(L) = nokT

κ

−2κL[G(u, 0)]2+ 4

u∫
0

G(y, 0) dy

+ 4

z∫
u

[G(y, 0)− G(y, u)] dy+ 4(z− z∞)G(u∞, 0)

− 4

z∫
z∞

G(y, 0) dy

 [8]

(iii) For surfaces that interact undercharge regulation, the
scaled surface potentialz has to be found using the surfac
charge–surface potential relationshipσ (z) that characterizes th
charge regulation process. For a given median plane poten
u, the surface potential,z, has to be obtained by first solving th
equation

2G(z, u) = eσ (z)

ε0εr kTκ
, [9]

which has a unique solution forz> 0. Using this solution,
Eqs. [3] and [5] will give the seperationL and the disjoining
pressureP(L), while the interaction free energy per unit ar
under charge regulationVR(L) is

VR(L) = nokT

κ

−2κL[G(u, 0)]2

+ 4

u∫
0

G(y, 0) dy+ 4

z∫
u

[G(y, 0)− G(y, u)] dy

+ 2
e

ε0εr kTκ

z∫
z∞

σ (y) dy− 4

z∫
z∞

G(y, 0) dy

 . [10]

For large separations,κL À 1, results for the different bound
ary conditions all approach those obtained from the so calledsu-
perposition approximationor weak overlap approximation. Far
from an isolated surface with surface potentialz∞, the poten-
tial has the asymptotic formψ(x) ∼= (kT/e)A z∞ e−κx, κx À 1.
From this result, we obtain the disjoining pressure and the in
action energy valid forκL À 1:

P(L) ∼= nokT
{
2z2
∞A2e−κL

}

rge

V(L) ∼= nokT

κ

{
2z2
∞A2e−κL

}
,
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TABLE 1
Poisson–Boltzmann Plates—Asymmetric Electrolyte
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grals K (m), F(ϕ |m), and E(ϕ,m) are available as the built-in functions
310 DEREK Y.

where the constantA is given by

log A ≡
z∞∫

0

y− 2G(y, 0)

2yG(y, 0)
dy.

This completes the specification of the method for calcu
ing electrical double layer interactions involving asymmet
electrolytes between identical plates for all common bound
conditions. With modern numerical computation software pa
ages, this method of calculating the separationL, the disjoining
pressureP(L), and the interaction energy per unit areaV(L) is
very easy to implement.

We now give details of the derivation of the above results. T
functionG(x, y) which follows from the identity

e−x − e−y = −2e−(x+y)/2 sinh[(x − y)/2] [11]

is used to obtain Eq. [3b] from [3a] in order to circumvent t
potential loss of significant figures in [3a]. A similar transfo
mation is used to ensure that the disjoining pressure in Eq. [5
evaluated accurately for smallu. In Eq. [3a], the change to the
new integration variables defined byy = s2+ u in Eq. [3b] re-
moves the integrable inverse square root singularity at the lo
limit y = u.

The derivation of the interaction free energy at constant
tentialVP(L) requires an integration by parts

VP(L) = −
L∫
∞

P(L) dL = −P(L) L +
u∫

0

L
dP

du
du, [12]

where dP/du is obtained from Eq. [5], while Eq. [3a] is use
to replaceL in the same integrand to obtain a double itera
integral. If the surface potentialz is a constant, an interchang
in the order of integration together with a regrouping of ter
gives the final result in [6] after using [11].

At any value ofu, the additional equation to be solved fo
the surface potentialz for constant surface charge [7] or fo
charge regulation [9] surfaces follows from applying the us
electrostatic Gaussian boundary condition to Eq. [2] atx = L/2,
the surface of the plate.

The derivation of the interaction free energiesVC(L) [8] and
VR(L) [10] from VP(L) [6] is a straightforward generalization
of a similar derivation for 1:1 electrolytes (5).

In the case of 1:1 or symmetric electrolytes, it is more efficie
to use the following explicit forms of Eqs. [3]–[6] (1, 5)

κL = 4m[K (m)− F(ϕ |m)], [11]

where m= e−2u and ϕ = arcsin(e−(z−u)/2); and K (m) and
F(ϕ |m) are elliptic integrals of the first kind and are readi
available (6). The disjoining pressureP(L) in [5] becomes

P(L) = 2nokT sinh2 1

2
u, [12]
and the expression for the interaction free energy per unit a
C. CHAN
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[6] for constant potentialsurfaces becomes

VP(L) = nokT

κ

{
16 sinh2

1

4
u− κL

[
sinhu+ 2eu/2 sinh

1

2
u

]

− 8

[
sinh

1

2
(z− u) sinh

1

2
(z+ u)

]1/2

− 8eu/2

[
E(ϕ,m)− E

(
π

2
,m

)]}
, [13]

whereE(ϕ,m) is the elliptic integral of the second kind (6). Fo
constant chargesurfaces the expression for the interaction fr
energy per unit area,VC(L) [8], is given by

VC(L) = nokT

κ

{
16 sinh2

1

4
u− κL

[
sinhu+ 2eu/2 sinh

1

2
u

]
− 8

[
sinh

1

2
(z− u) sinh

1

2
(z+ u)

]1/2

− 8eu/2

[
E(ϕ,m)− E

(
π

2
,m

)]
+ 4(z− z∞) sinh

1

2
z∞

− 16 sinh
1

4
(z− z∞) sinh

1

4
(z+ z∞)

}
, [14]

and the explicit solution of [7] for the surface potentialz is

z= arcosh
(
2 sinh2 1

2
z∞ + coshu

)
. [15]
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