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The force-extension behavior of charged polymers is investigated by the means of Monte Carlo simulations
in the stress ensemble, strain ensemble and by a method which gives the free energy for a chosen range of
end-to-end distances. All three methods are equivalent within statistical limits. To focus on the effects of
polymer charge on the force-extension curve, we have studied net-neutral polyampholytes as a function of
charge block size and polyelectrolytes with neutralizing counterions of various valences. The force-extension
curves of polyampholytes with random charge sequences or small charge block sizes or polyelectrolytes with
multivalent counterions are similar to force-extension curves for uncharged polymers. Polyampholytes with
large charge block sizes can form pearl-necklace structures which give rise to a plateau in the force-extension
curve.

1. Introduction

Many naturally occurring polymers and those synthesized for
industrial purposes carry ionizable groups. For example, syn-
thetic charged polymers can be found in the medical, food,
photographic, cosmetic, and other industries. In nature, DNA,
RNA, and proteins are important examples of polymers that
bear charges. Polyelectrolytes (PEs) are polymers that carry
charges of only one sign, whereas polyampholytes (PAs) refer
to polymers with both positive and negative charges.

The theory of the behavior of neutral polymers in dilute
solution is well established.1,2 Polyelectrolytes have also been
studied extensively3 and, although some questions such as the
persistence length3 and the behavior of highly charged PEs4-6

remain open, a good understanding of PEs have developed. The
interest in polyampholytes is more recent and to some extent
sparked by their closeness to proteins. Because of the mixture
of charges, it is more demanding to study their complex
behavior, both experimentally7,8 and theoretically.9-15

Experiments facilitating powerful single molecule manipula-
tion have recently been used to extract mechanical information
about polymers.16-19 In these experiments, an AFM tip or an
optical tweezer is used to extend the polymer, and both the
length and the applied force are recorded to construct a force-
extension curve.

Mechanical stability is important for the function of polymers,
and many different molecules have been examined. For example,
DNA condensed by multivalent counterions can be described
by a wormlike chain (WLC) model.20 Although simple models
like the WLC or freely jointed chain (FJC) are readily used to
describe many polymer features, some molecules show a much
more complicated behavior.

One example is the muscle protein titin, whose force-
extension curve has a saw-tooth shape.21 When stretching the
chain, a certain domain is unfolded, and when that domain is
fully stretched, the force is relaxed until another domain starts

to unfold. Unfolding of multiple compact domains leads to the
saw-tooth pattern.

Another debated topic is the existence of the Rayleigh
instability in single polymer chains. The question is whether
under an expanding force, such as a net charge or external field,
balanced by a compacting force, such as hydrophobic or
electrostatic forces, the polymer can assume a pearl-necklace
structure.12,22,23Although this has not been observed directly,
it is thought that plateaus in the force-extension curve might
reflect the Rayleigh instability.19 In this paper, we will discuss
this phenomenon in the context of charged polymers.

It is not always easy to deduce unambiguously conformation
properties from force-extension data. Therefore, it is desirable
to undertake model studies of charged polymers to elucidate
the generic behavior of such systems. In this work, computer
simulation is used as a tool to facilitate understanding of the
physical mechanisms involved. Simulation studies have earlier
been performed for the stretching of polymers without
charges.24-27 Focusing on charged polymers, three different
ways of simulating stretched polymers are explored here:

(1) A known force is applied and the resulting extension is
measured; this is called a stress ensemble.

(2) A certain extension is given and the resulting force is
measured; this is referred to as a strain ensemble.

(3) A method in which the potential of mean force is
calculated in one simulation for a certain range of the extension.
Differentiating the potential of mean force gives the force-
extension curve.

For the charged polymers systems studied here, all three
approaches produce the same results within the statistical
uncertainties, and can be used interchangeably.

Also, in an attempt to model different experimental setups,
the effects of attaching the polymer ends to zero, one, and two
walls have been investigated. It is shown that the influence of
the walls are of negligible importance at all but the smallest
extensions, for which restrictions on the conformational freedom
imposed by the walls become significant.

In section 2, the system and its Hamiltonian are presented
and the three simulation approaches outlined above are described
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in detail. As a reference system, force-extension results are
shown for neutral polymers in section 3. Three different
stretching regimes are observed: entropic stretching where
monomers are rearranged while the bond length is kept constant;
enthalpic stretching where the individual bonds are stretched;
and the finite extensibility regime where the monomers are
ordered in the direction of the applied force and the bonds cannot
be stretched further resulting in a steep increase in the force
for further stretching. In section 4, we consider the behavior of
stretched polyampholytes and show that for block-polyam-
pholytes increasing block size leads to a bigger contractive force
which resists the external stretching. For these polyampholytes,
there is a plateau in the force-extension curve which coincides
with the regime of pearl-necklace formation in the polymer
conformation. Random polyampholytes do not adopt the pearl-
necklace structures because the average block size is too small.
In section 5, polyelectrolytes are discussed. For the case with
monovalent counterions, the PE is already stretched and only
the finite extensibility regime is explored. For higher valence
counterions, the PE contracts, but only to about the size of an
uncharged chain, and the stretching behavior closely follows
that of the uncharged chain.

To focus on the effects of electrostatic interactions associated
with the polymer, we have not studied the effect of any added
salt. Thus, only net neutral polyampholytes and polyelectrolytes
with neutralizing counterions are considered.

2. The Model and Simulation Methods

In this section, the model of the charged polymer systems is
first described followed by the three different methods for
simulating extended polymers.

2.1. Model of an Undisturbed Polymer.The basic system
consists of a single polymer with a total number of monomers
N, which is modeled as a chain of hard sphere monomers with
diameterd. Each monomer is connected to its neighbor by either
harmonic springs with force constantK or a rigid but freely
rotating bond of fixed lengthb. All simulations are carried out
in the so-called primitive model whereby the solvent is described
by the dielectric constantεr.

When studying polyelectrolytes, the polymer is enclosed in
a cell together with its counterions, withNc being the number
of neutralizing counterions. The effects of added salt is left to
a future study. See section 2.2 for more details of the cell model.
Polyelectrolytes are only studied within the stress ensemble.
All three methods could have been used to study PEs, but
because it is time-consuming due the included counterions, only
one method is used. For the polyampholytes, there are no
counterions because only net-neutral PAs are considered. PAs
and uncharged polymers are studied with all three methods.

The Hamiltonian for the undisturbed system, in the absence
of an external force, is given by

where

is the contribution due to the harmonic springs joining neighbor-
ing monomers and|r i - r i+1| is the distance between consecutive
monomers. For the case of bonds with fixed lengths,Ubond in
eq 1 will be replaced by the constraint of a freely rotating bond

of a fixed lengthb. The electrostatic term is

whereqi is the valence of particlei and e is the elementary
charge.Uhc is a hard core potential given by

In the simulations reported here, the following parameters are
used: d ) 4 Å, K ) 14 × 10-3 N/m or b ) 6 Å andε ) 78
(the value for water atT ) 298 K). The above values have
been frequently used in simulations, and the behavior of such
chains are thus well characterized. The force constant is chosen
so that, when no external stress or strain is applied, the
uncharged polymers with Gaussian bonds will have the same
mean bond lengthrmm as the fixed bond lengthb. For the PAs,
all monomers have a valence of eitherqm ) +1 or -1 and the
net charge of the chain is zero. Both block PAs, with a block
size n, and random PAs are considered. For the PEs, the
monomers have a valence ofqm ) +1 and the counterions can
have a valenceqc ) -1, -2, -3, or -4 and obeys the
electroneutrality condition

All simulations are carried out in three dimensions except the
special case corresponding to Figure 8 which is a one-
dimensional calculation.

2.2. Stress Ensemble.For simulations in the stress ensemble,
an external forceF is applied at the two ends of the polymer,
and force-extension curves are constructed by plotting the force
against the equilibrium root-mean-square end-to-end distance

x〈REE
2〉, shortened to simplyREE. The Hamiltonian, including

the effect of the external force, is given by

wherezN is the coordinate, in the direction of the applied force,
of the last monomer with the origin located at the first monomer.
A schematic figure of the systems is showed in Figure 1.

Simulations in the stress ensemble are performed with both
zero and one wall. In the case without walls, the chain and
counterions are enclosed in a spherical cell, whereas in the case

U0 ) Ubond+ Uel + Uhc (1)

Ubond)
1

2
∑
i)1

N-1

K|r i - r i + 1|2 (2)

Figure 1. Schematic figure of the model, with one wall, used in the
stress ensemble. All particles are enclosed by the wall and an outer
sphere (not shown) resulting in a cell with the shape of a hemisphere.
The different charges are distinguished by the two shades of gray and
the polymer shown here is a net-neutral polyampholyte. For polyelec-
trolytes, counterions will also be present. The picture is produced with
GISMOS.46

Uel ) ∑
i < j

N + Nc qiqje
2

4πεrε0|r i - r j|
(3)

Uhc ) {0, |r i - r j| g d
∞, |r i - r j| < d

(4)

Nqm + Ncqc ) 0 (5)

Utot ) U0 - FzN (6)
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with one wall, half the cell is closed off for the particles resulting
in a cell with the shape of a hemisphere.

The cell model is well suited for studying single polymer
properties.28 Every cell contains one polymer chain and coun-
terions. If required, salt can also be added while maintaining
electroneutrality in the cell.

Simulations are carried out in the canonical ensemble in which
monomers are moved by simple translations and/or with a pivot
move and the small ions are translated. Energies are computed
from eq 6 and moves are accepted according to the Metropolis
MC scheme.29,30The autocorrelation for the end-to-end distance
REE has been measured and the simulations are run over at least
a few hundred independent configurations to ensure good
statistics.

2.3. Strain Ensemble.In the strain ensemble, the end-to-
end distanceREE is imposed as a constraint and the resulting
average forceF is measured at equilibrium. In this case, the
Hamiltonian is

Simulations in the strain ensemble are performed with two walls
present. A schematic figure of the system is showed in Figure
2. Only PAs and neutral polymers are studied with this system.

The lateral force will be equal across the system, and for
numerical reasons, the force, due to the polymer, is calculated
at the midplane31-33 as

where the electrostatic correlation forceFel is due to the sum
of direct Coulombic interaction between charges on one side
of the mid-plane and charges on the other side.Fkin is the kinetic
force due to collisions with the (imaginary) midplane and is
related to the local concentration of the different particles,
Fkin/unit area) kT∑Fi (midplane), whereFi is the concentration
of particle type i. The bridging termFbridge is the lateral
component of the force due to polymer bonds crossing the
midplane, and the last termFcoll is given by hard sphere
collisions between particles at the midplane.

Simulations are carried out in the canonical ensemble in which
monomers are moved by simple translations. Energies are
computed from eq 7 and moves are accepted according to the
Metropolis MC scheme.29,30 The autocorrelation for the force
has been measured, and the simulations are run over at least a
few hundred independent configurations to ensure good statis-
tics.

2.4. Free Energy Method.To construct a force-extension
curve using the stress or strain ensemble, each point of the curve
requires a separate simulation. An alternative method is to
modify the MC procedure with a suitable penalty functionU*
so that all end-to-end distances (and forces) are equally probable.
The method presented here resembles umbrella sampling but
is different in that the penalty function is not given as an input
to the simulation but is generated during the simulation. This
penalty function turns out to be related to the potential of mean
force (PMF),w(REE), between the two ends of the chain.34,35

The force-extension curve is the derivative ofw(REE) with
respect toREE.

A straightforward way of calculating the PMF, in a normal
simulation, is to simply calculate the probability of finding the
system at a certain end-to-end distancep(REE) because the PMF
is connected to the probability by

wherekB is the Boltzmann constant andT is the temperature.
However, because the probability of visiting high energy states
is low, configurations far from the averageREE, i.e., the extended
or compressed configurations, will be sampled infrequently if
at all during a simulation. However, by adding an appropriate
penalty functionU* to the normal, undisturbed, MC Hamiltonian
of eq 1, it is possible to sample all states of interest.

In the canonical ensemble, the probability distribution along
any reaction coordinateú is given by

where r represents all particle coordinates andâ ) 1/kBT.
Adding the penalty function results in a modified probability
distribution

The original probability distribution can be retrieved from

whereC1 is a constant. If a simulation is run with a penalty
function resulting in a constantp*(ú) this will give

whereC2 is another constant. Identifying with eq 9, it is clear
that

whereC3 is a physically unimportant constant, because we are
interested in the derivative ofw or U*, which is the force-
extension curve.

The problem is now to constructU* that will give rise to a
uniform distribution of end-to-end distances. The penalty
functionU*(REE) is discretized overREE into equal size intervals.
At the start of the simulation, the penalty functionU* is taken
to be uniform. Every time the end-to-end distance falls within
a particular interval ofREE, the correspondingU* is increased
by a certain valueδU*. This ensures that the distribution
function p* ∼ exp[-â(U + U*)] will approach a constant.

Figure 2. Schematic figure of the model used in the strain ensemble.
The different charges are distinguished by the two shades of gray and
the polymer shown here is a net-neutral polyampholyte. The picture is
produced with GISMOS.46

Utot ) U0 (7)

F ) Fel + Fkin + Fbridge+ Fcoll (8)

w(REE) ) - kBT ln p(REE) (9)

p(ú0) )
∫exp[-âU(r )]δ[ú - ú0] dr

∫exp[-âU(r )] dr
(10)

p*(ú0) )
∫exp[-â{U(r )+U*(ú0)}]δ[ú - ú0] dr

∫exp[-â{U(r )+U*(ú0)}] dr
(11)

p(ú) ) C1p*(ú) exp[âU*(ú)] (12)

p(ú) ) C2 exp[âU*(ú)] (13)

U*(REE) ) -w(REE) + C3 (14)
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A technical problem is that keepingδU* constant during the
full extent of the simulation will lead to poor statistics. The
difference in energy before and after a MC move will be
calculated as∆U + ∆U*. When the distribution function
becomes uniform,U* will start to be updated equally over all
REE, and the fluctuations in∆U* will start to dominate and
obscure the information in∆U. This problem is circumvented
by decreasing the penalty as the simulation progresses.34 In this
paper, the choice forδU* is 0.1kBT at the beginning of the
simulation. This is then updated byδUnew

/ ) δU*/MIN[ U*-
(REE)], where MIN[U*(REE)] is the minimum value ofU* found
for the different discretized values ofREE.

Each simulation is run untilp*(REE) is verified to be uniform
which guarantees good results for the PMF.

3. Uncharged Polymers

The only interactions present for the neutral polymers are
the hard sphere repulsions and the nearest monomer bond
interactions, which is the model known as the self-avoiding walk
(SAW). In Figure 3, force-extension curves for polymers with
N ) 120 are shown. For the chain with Gaussian bonds, all
three methods presented in section 2 are used. For the stress
method, no walls are present, and for the strain method, two
walls are present, and the free energy method has one wall.
Independent of the choice of method or the number of walls,
the same results are obtained for undisturbed and for stretched
polymers, i.e., forF g 0. When the polymer is compressed (F
< 0), the presence of two constraining walls results in a larger
negative force, because the configurational space is smaller for
the polymer.36,37

The polymers with fixed bond length have been simulated
within the stress ensemble and with the free energy method.
Again the results agree. The curves for the polymers with a
fixed bond length follow the curves of the polymers with
Gaussian bonds up until aboutF ) 6 pN. This range of
extension is sometimes called entropic stretching because the
mean bond length of the polymer with Gaussian bonds does
not change. This can also be observed in the insert of Figure 3
which shows that the bond length for the polymers with
Gaussian bonds is constant for small forces. When the force
increases further, the bond length then increases. Because of

the nature of the bond potential, the bond length and the end-
to-end distance will increase linearly with the force. Stretching
of the polymer due to stretching of the bonds is sometimes
referred to as enthalpic stretching. Obviously, the polymers with
a fixed bond length cannot expand in the same way, and when
the entropic stretching has been exhausted, the force increases
rapidly with extension.

The crossover to this so-called finite extensibility regime
seems to take place between 2R0 and 3R0, where R0 is the
undisturbedREE, i.e., atF ) 0, which is in agreement with earlier
observations.38 In most single molecule experiments performed,
it is actually this regime that is probed,21 which is a reason to
why many different molecules can be fitted to simple polymer
models such as the WLC and FJC.

A more realistic polymer will have features from both the
model with extensible bonds and the model with fixed bonds.
The bonds will be able to stretch, but only to a certain limit,
where the force will start to increase rapidly and eventually even
break the bonds.

Simulation snapshots of uncharged polymers, corresponding
to various applied forces, are shown in Figure 4. For small
forces, it is clear that the polymer is unfolding (entropic
stretching), whereas at higher force, the polymer is almost linear
and the only way of stretching the polymer further is by
stretching the individual bonds (enthalpic stretching).

4. Polyampholytes

In addition to the monomer-monomer hard sphere interac-
tions and bond laws of the uncharged polymers, each monomer
of polyampholytes carries a charge. Although experimentally
realizable polyampholytes often have neutral monomers, in
simulations, it is convenient to let all monomers have either a
positive or negative charge. This allows for a more effective
assessment of the electrostatic effects given the limited chain
length that can be considered in simulations.

Net-neutral PAs are either characterized by random charge
distributions or by a repeating sequence ofn positive andn
negative monomers. Because of electrostatic interactions, both
random and block-PAs generally collapse for all but the smallest
block sizes.39 This compaction is sometimes called the polyam-
pholyte effect. If the PA has a net charge, the polyelectrolyte
effect will come into effect trying to unfold the chain. The
configuration of the PA will depend on a complicated balance
between the attractive and repulsive electrostatic forces.7,9,11-13,15,40

Figure 3. Force-extension curves for neutral polymers withN ) 120
obtained using the different methods described in the text are used.
Polymers with Gaussian bonds are simulated with applied stress
(circles), with applied strain (squares), and with the free energy method
(bottom solid line). Polymers with a fixed bond length are simulated
with applied stress (diamonds) and with the free energy method (top
solid line). The inset shows how the size of the Gaussian bondsrmm

grows with increasing imposed force.

Figure 4. Snapshots from MC simulations of a neutral polymer in the
stress ensemble. The polymer has Gaussian bonds and the number of
monomers isN ) 120. From top to bottom, the external force is (a)F
) 0, (b)F ) 1.6, (c)F ) 4, (d)F ) 8, (e)F ) 12, and (f)F ) 16 pN.
The inserted diagram points out where in the force-extension curve
the snapshots are taken.
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Between the two extreme cases of a collapsed net-neutral PA
and an extended polymer where the PE effects dominate, there
is a possibility of the chain forming so-called pearl-necklace
structures.

Pearl-necklace structures have been predicted theoretically
for PAs, where pearl-necklaces will form as a competition
between the PA effect and the PE effect.12,23Also hydrophobic
PEs are thought to form pearl-necklaces as a competition
between the expanding PE effect and the compacting hydro-
phobic interactions.41

Although these electrostatically induced pearl-necklace struc-
tures have been observed in simulations15,42,43 their existence
has not been confirmed by experimental observations. The
effects of the competing electrostatic interactions will be
manifest in the force-extension curves of the charged polymer
and thus provide a feasible way to extract information for these
systems.

In this section, the polyampholyte effect together with an
externally applied force will be studied in detail; thus, only net-
neutral PAs will be discussed. The polyelectrolyte effect is
deferred to section 5.

Force-extension curves for block-polyampholytes with dif-
ferent block sizes are shown in Figure 5. AtF ) 0, it is obvious
that the chains with small block sizes have the sameREE as the
uncharged chain and that chains with bigger block sizes have
smaller values ofREE. With increasingF, the force-extension
curve for the alternating chain (n ) 1) follows that of the
uncharged polymer. As the block size increases, the stretching
behavior deviates from that of an uncharged chain. For the PAs
with n ) 20 and 60, a plateaulike region is found in which the
force does not change substantially for a wide range of the end-
to-end distances.

It has been put forward that pearl-necklace forming polymers
would give rise to a plateau in the force-extension curve and
that this constant force regime would be due to the unfolding
of the pearls.22,44Snapshots of the unfolding PAs, Figure 6, show
how the different block-PAs unfold.

Forn ) 4, the snapshots closely resemble those of the neutral
polymer shown in Figure 4. For small forces, the chains are
not very compact, and for increasing forces, both chains unfold
in a regular fashion. Only atF ) 8 pN (snapshot c) is there a

possible resemblance of pearl-necklace structures. Within this
particular polymer model, grouping the charges in blocks of
four is not enough to induce compaction and counteract the
external pulling force.

Turning to then ) 20 case, the PA is compact for small
forces. Increasing the force slightly distorts the shape of the
chain, elongating it in the force direction into a more cylindrical
form. For stronger forces, the chain forms three separate pearls.
These are formed in the junctions between the positive and
negative charges, but interestingly enough, pearls do not form
at all of the five junctions. For forces where pearls are observed,
the force-extension curve flattens out, although it does not form
a totally flat plateau. A similar behavior has been observed in
simulations of hydrophobic polyelectrolytes forming pearl-

Figure 5. Force-extension curves for block-polyampholytes withN
) 120 and block sizen ) 1 (squares),n ) 4 (triangles),n ) 10 (pluses),
n ) 20 (diamonds),n ) 60 (stars), and an uncharged polymer (circles).
All simulations are performed with an applied stress (open symbols
and connected by the solid line) except for then ) 20 case which also
is simulated with applied strain (filled diamonds) and with the free
energy method (solid thin fluctuating line).

Figure 6. Snapshots from MC simulations of block-polyampholytes
with a block size ofn ) 4 (top),n ) 20 (middle), andn ) 60 (bottom).
The number of monomers areN ) 120 and Gaussian bonds are used.
The snapshots are taken from simulations with an external force. The
inserted diagrams points out where in the force-extension curve the
snapshots are taken. For then ) 4 case, the following forces are
applied: (a)F ) 0, (b) F ) 4, (c) F ) 8, (d) F ) 12, (e)F ) 16, (f)
F ) 20, (g) F ) 24, and (h)F ) 28 pN. For then ) 20 case, the
following forces are applied: (a)F ) 0, (b) F ) 4, (c) F ) 8, (d) F
) 12, (e)F ) 16, (f) F ) 20, (g)F ) 24, and (h)F ) 28 pN. For the
n ) 60 case, the following forces are applied: (a)F ) 16, (b)F ) 20,
(c) F ) 24, (d)F ) 26, (e)F ) 27.5, (f)F ) 29, and (g)F ) 33 pN.
The snapshots are produced with GISMOS.46
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necklace structures,45 and the underlying mechanism is attributed
to thermal fluctuations in the number of pearls.44 Although this
should show up in all equilibrium simulations as well as
experiments, sometimes the pulling of the polymer is performed
at a speed that does not allow full equilibrium, and thus, the
plateau may be more pronounced.

The di-block case,n ) 60, is an extreme of the pearl-necklace
forming PA. The polymer stays compact up to high forces,
where it starts to elongate. At a certain force, the ends of the
polymer starts to leave the still compact center. This is when
the plateau phase is reached in the force-extension curve. The
force is more or less constant until all of the monomers have
left the single pearl.

Force-extension curves obtained with the three different
methods described in section 2 are shown for the pearl-necklace
forming, N ) 120, n ) 20, block-PA in Figure 5. Just as for
the uncharged polymer, the results are identical within statistical
limits except at small applied forces which can be attributed to
the presence of the different number of walls.

The length of the Gaussian bonds for the pearl-necklace
forming polymer,N ) 120,n ) 20, as it is being stretched, is
shown in Figure 7. For small external forces, the bond length
does not change much, in what could be seen as an equivalent
to the entropic stretching for neutral polymers. For larger forces,
two different stretching regimes occur for the bonds: one in
which the pearls are present and one when all the monomers
are pulled out of the pearls. The expansion of the bond is larger
in the latter regime. One reason as to why the plateaus seen in
Figure 5 are not totally flat is that the bond length increases
even when the polymer is in the plateau. Thus, a complicated
balance of stretching single bonds in the necklace and unpacking
the electrostatically compacted pearl is maintained. The flatness
of the plateau would depend on this balance and, for example,
PAs with a fixed bond length do not show a pronounced plateau.

For highly stretched PAs (REE > 800 Å), it is shown in Figure
5 that a smaller force is required to stretch a PA with highn
than an uncharged polymer. This is opposite to the behavior at
moderate forces, where the force needed to stretch a PA to a
given length increases with increasing block size. To elucidate
this force-extension behavior observed for PAs with highly
stretched structures, polymer configurations, in which the
monomers are constrained to lie sequentially on a straight line,
are studied. The results of stress ensemble simulations in which
the monomers can only move in one dimension along a straight

line are shown in Figure 8. The mean bond length and end-to-
end distance for PAs with Gaussian bonds are shown as a
function of block size. In contrast to the behavior of PAs in
three dimensions, increasing block size actually increases the
chain size. Only then ) 1 PA is smaller than the uncharged
polymer. This is in agreement with observations at largeREE in
Figure 5, where only then ) 1 curve lies above that of the
uncharged chain. The crossover in the force-extension curves
of charged PAs and the uncharged polymer at largeREE indicates
that in highly stretched conformations the PAs electrostatic
interactions act to expand the PA rather than provide a
compacting force.

Turning to random PAs, the extra complexity of different
charge sequences is added. In Figure 9, the results for 10
different sequences are shown. Although the different charge
realizations have the same average block length of about two,
as any random PA with large enoughN, they have distinctly
different behavior. Some curves show specific structure before
they fall into the curve of an uncharged polymer, whereas others
follow that curve closely.

When examining snapshots of the random charge sequences,
it is possible to find pearl-necklace structures as seen in Figure
10 although they do not seem to be the dominating structure.

Figure 7. Variation of the bond length as the PA (N ) 120,n ) 20)
unfolds is shown by the thick dashed line. The thin solid lines are just
guides to point out different regimes.

Figure 8. Variation of the end-to-end distance (squares) and the bond
length (circles) for different block sizes for a polyampholyte constrained
to one dimension.n ) 0 corresponds to the uncharged polymer. The
chain size isN ) 40 and Gaussian bonds have been used.

Figure 9. Force-extension curves for 10 different random polyam-
pholytes withN ) 120 and Gaussian bonds (dotted lines). Also shown
is the averages of all 10 (solid line) and the corresponding uncharged
polymer (dashed line). The free energy method is used to obtain the
curves, and the fluctuations are filtered out by using running averages.
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Also the length of the PAs investigated here could be too small
for the formation of pearl-necklace structures.

5. Polyelectrolytes

Turning to polyelectrolytes, where counterions have to be
added to the system to keep it electroneutral, the valance of the
counterions is important, and it has been shown that the presence
of multivalent counterions can collapse flexible polyelectro-
lytes.5,6 In Figure 11, the force-extension curves of PEs with
different counterions are shown. For no applied force, it is clear
how a counterion valence ofqc ) 3 compacts the PE to about
the same size as the uncharged polymer and theqc ) 4 induces
an even smaller size. Forqc ) 1 and 2, the PEs are much more
extended than for the uncharged chain. Also, the polymers with
Gaussian bonds are more extended than their counterparts with
fixed bond length, implying that the bonds are stretched even
for F ) 0.

When applying an external force, the PEs compacted by
multivalent counterions expands more than the PE with monov-
alent counterions which is already expanded due to monomer-
monomer repulsion. Thus, for the case of a highly charged PE
with monovalent counterions, only the finite extensibility regime
will be explored as seen in Figure 11a.

Although the force-extension curves for PEs with different
counterions are quantitatively different, as shown in Figure 11,
they all have similar shapes as the curve for the uncharged
polymer in contrast to the PA force-extension curves in Figures
5 and 9. Thus, although both PAs and PEs with multivalent
counterions are compacted due to electrostatics, their response
to external forces are markedly different. The compacting forces
of a PA is larger than the compacting forces of a PE with
multivalent counterions which should reflect on the chain
conformations. This behavior can be quantified by considering
the end-to-end distribution functions, plotted in Figure 12.

For the uncharged polymer, the shape of the end-to-end
distribution functions are almost independent of the applied
force. For larger forces, the distributions are slightly sharper,
indicating that stretching the polymer limits the conformations
available for the polymer. For a polymer with fixed bond size,
this will be even more evident as the extreme case of a fully
stretched polymer only has one possible conformation.

The end-to-end distribution function for polyelectrolytes
compacted by trivalent counterions is similar to that for the
uncharged polymer, whereas the pearl-necklace forming block-
polyampholyte behaves differently. For the compact PA, at zero
applied force, the distribution function is narrow. Increasing the
applied force opens up the PA and increases the fluctuations in
the end-to-end distance. The width of the PA end-to-end
distribution function reaches a maximum at the plateau (F )
24 pN) in which the chain forms pearl-necklace structures. When

applying an even larger force, the distribution becomes more
narrow again as the PA becomes fully extended.

Thus, PAs resist external forces, forming exotic structures,
better than flexible polyelectrolytes with multivalent counterions,
which more or less follows the behavior of a SAW.

6. Conclusions

The three different models for simulating the force-extension
curves of polymers can be used interchangeably for the systems
studied here. For small applied forces, the influence of different
kinds of geometrical constraints will be noticeable but do not
greatly influence the response of the system subjected to an
extension force. Simulations using the free energy method is
the easiest to implement and also gives the full force-extension
curve in one simulation.

When an external strain or stress is applied to a uncharged
polymer, the monomers simply rearrange under small forces or
extensions (entropic stretching). For larger forces, individual
bonds are stretched (enthalpic stretching) until the finite
extensibility regime is reached, where the polymer cannot stretch
further and the force increases rapidly.

Figure 10. Snapshot from a MC simulations of a random polyam-
pholyte showing a pearl-necklace like configuration. The number of
monomers areN ) 120 and Gaussian bonds are used. For this
configurationREE ) 120 Å. The snapshots are produced with GIS-
MOS.46

Figure 11. Force-extension curves for polyelectrolytes with (a) fixed
bond sizes,b ) 6 Å and (b) Gaussian bonds.N ) 132 and the
counterion valance isqc ) 1 (circles), qc ) 2 (squares),qc ) 3
(diamonds), andqc ) 4 (triangles). Also shown is the uncharged chain
(no symbol). On thex axis, the end-to-end distance is divided byL0,
the contour length of the chain with a fixed bond size. In the inset of
(b), thex axis is rescaled with theF ) 0 end-to-end distance. In (a),
the curves forqc ) 3 and the uncharged chain are on top of each other
and cannot be distinguished.
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Highly charged PEs with monovalent counterions are already
stretched in comparison with the uncharged polymer. Further
stretching will mostly probe the finite extensibility regime. When
multivalent counterions, with a valance of three or larger, are
present, the undisturbed PE is compacted. This compact PE
behaves largely as an uncharged polymer when an external strain
or stress is applied.

In the absence of an imposed stress or strain, net-neutral
block-PAs form compact structures if the block size is large
enough. They effectively resist unfolding when subjected to
applied external strain or stress. In the plateau like regime in

the force-extension curve, exotic pearl-necklace structures are
formed. Random PAs do not replicate this behavior, and
although some pearl-necklace like conformations can be found,
they are not the dominating structure.
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