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The interaction between bubbles and solid surfaces is central to a broad range of industrial and biological process-
es. Various experimental techniques have been developed to measure the interactions of bubbles approaching
solids in a liquid. A main challenge is to accurately and reliably control the relative motion over a wide range
of hydrodynamic conditions and at the same time to determine the interaction forces, bubble–solid separation
and bubble deformation. Existing experimentalmethods are able to focus only on one of the aspects of this prob-
lem,mostly for bubbles and particles with characteristic dimensions either below 100 μmor above 1 cm. As a re-
sult, either the interfacial deformations aremeasured directly with the forces being inferred from amodel, or the
forces are measured directly with the deformations to be deduced from the theory. The recently developed inte-
grated thin film drainage apparatus (ITFDA) filled the gap of intermediate bubble/particle size ranges that are
commonly encountered in mineral and oil recovery applications. Equipped with side-view digital cameras
along with a bimorph cantilever as force sensor and speaker diaphragm as the driver for bubble to approach a
solid sphere, the ITFDA has the capacity to measure simultaneously and independently the forces and interfacial
deformations as a bubble approaches a solid sphere in a liquid. Coupledwith the thin liquidfilm drainagemodel-
ing, the ITFDAmeasurement allows the critical role of surface tension, fluid viscosity and bubble approach speed
in determining bubble deformation (profile) and hydrodynamic forces to be elucidated. Here we compare the
available methods of studying bubble–solid interactions and demonstrate unique features and advantages of
the ITFDA for measuring both forces and bubble deformations in systems of Reynolds numbers as high as 10.
The consistency and accuracy of such measurement are tested against the well established Stokes–Reynolds–
Young–Laplace model. The potential to use the design principles of the ITFDA for fundamental and developmen-
tal research is demonstrated.

© 2014 Published by Elsevier B.V.
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1. Introduction

1.1. Background and motivations

Interaction between bubbles and solid surfaces in aqueous solutions
plays a crucial role in various industrial processes, most notably in froth
flotation that is widely used in the separation of mineral particles, treat-
ment of wastewater, recycling of fibers from waste paper, removal of
toxic components from industrial effluent and separation of biological
cells [1,2]. Since the selective attachment of air bubbles to target parti-
cles determines the separation between hydrophobic and hydrophilic
particles in a flotation cell, understanding bubble–particle interactions
in froth flotation is absolutely crucial [3,4]. An important feature of bub-
ble–particle interaction is drainage of aqueous liquid films between air
bubbles and solid surfaces under the influence of hydrodynamic and
surface forces, compounded by bubble deformation. Accounting for
such deformations under the hydrodynamic forces makes analysis of
liquid film drainage dynamics much more challenging. Derjaguin and
Kussakov [5] are among the first who analyzed non-equilibrium inter-
actions between an air bubble and a flat mica plate. They showed for
the first time dimple formation on the bubble surface.

A number of different experimental techniques have been used to
study liquid film drainage dynamics and time dependent interactions be-
tween an air bubble and a solid surface immersed in a liquid [6]. One of the
earliest methods to study the drainage dynamics of the liquid film involv-
ing deformable interfaces was based on the Scheludko cell although only
the time evolution of the central liquid film thickness, h(t), was obtained.

The atomic force microscope (AFM), on the other hand, has been
widely and effectively used tomeasure both static and dynamic interac-
tion forces of deformable bubbles [7–10] or oil drops [11–20] ap-
proaching solid probe particles in aqueous solutions [21–23]. The AFM
colloidal or bubble probe technique allowed direct measurement of in-
teraction forces, but provided no direct information on bubble deforma-
tion. Different techniques such as free bubble rise method, bubble
expansion method and surface force apparatus were used to study the
thin film drainage between an air bubble and a solid surface.

However, none of these techniques is capable of determining simul-
taneously the deformation of air bubbles and colloidal forces. Moreover,
the experiments conducted by the thin liquid film apparatus, surface
force apparatus, bubble expansion method and AFM probe technique
aremostly in the lowReynolds number regime. For example, the report-
ed maximum bubble approach speed towards a particle in AFM mea-
surement was ~100 μm/s [24], corresponding to a bubble Reynolds
number of ~0.02 which is much lower than the Reynolds number of
particle–bubble encounters in a flotation cell.

To better understand interactions between air bubbles and solid
particles in aqueous media as encountered in flotation practice, it is im-
portant to develop a device that measures both forces and bubble
deformation in systems of higher Reynolds numbers. For this purpose,
an integrated thin film drainage apparatus (ITFDA) was developed re-
cently to measure the bubble–particle interactions over a wide range
of dynamic conditions [25,26]. The ITFDA is capable ofmeasuring simul-
taneously the dynamic forces and the geometric properties of the bub-
ble interacting with solid particles. Using the diaphragm of a high
frequency speaker as the drive of the bubble, the approach speed of
the bubble to a solid particle can be as high as 5000 μm/s, which gives
a bubble Reynolds number of 10, making the ITFDA an ideal device to
study the bubble–particle interactions under dynamic conditions.
It should be noted that even though the Reynolds number that
characterizes bubble motion can be as large as 10 with the ITFDA, the
Reynolds number that characterizes drainage of intervening liquid
film is small, typically Refilm b 1. Therefore the Stokes–Reynolds–
Young–Laplace model based on the lubrication theory can still pro-
vide a quantitative description of film drainage dynamics and bubble
deformation [27].

1.2. Coverage and scope

Historically, the systematic investigation of bubble–particle interac-
tions in the context of colloid and interface science began in the late
1930s, with Derjaguin and Kussakov [5] as the pioneers who studied
the behavior of a bubble in water rising under buoyancy towards a
mica plate. The experiment was intended to measure surface forces
that were the foundation of the Derjaguin–Landau–Verwey–Overbeek
theory of colloidal stability [28,29]. The short-ranged nature of such
forces required measurement using molecularly smooth surfaces such
as a bubble–mica system. In a typical force measurement experiment,
one either varies the separation between surfaces and measures the
force, or imposes a known force and observes how the intervening liq-
uid film thins. In the Derjaguin and Kussakov experiments, the buoyan-
cy force was known. However, being a time-dependent dynamic
experiment, it was necessary to track the position of the bubble and
the separation between the bubble surface and themica plate as a func-
tion of time. Furthermore for deformable bubbles, it is also necessary to
measure variations of the interfacial deformation of the bubble as a
function of position and time during the experiment. These technical
and theoretical challenges were perhaps too overwhelming at the
time for quantitative measurements. Nonetheless, Derjaguin and
Kussakov were able to infer that the hydrodynamic repulsion that
arose as the bubble approached the mica plate caused the bubble sur-
face to form a dimple whose shape changed over the time. The work
by Derjaguin and Kussakov demonstrated that any attempt to measure
dynamic forces involving deformable bubbles has to be able to:
i) control and/or measure the force as a function of time; ii) measure
the spatial and temporal profile of the bubble or the film thickness be-
tween the bubble and the solid surface; and iii) control and/or measure
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the position of themoving bubble. Omitting any of these elements in an
experiment or a theoretical model to interpret the experimental results
would limit the value of the work.

Due to technical constraints in instrumentation and allowable size of
samples, it is not easy to incorporate all the above key elements in every
experimental approach. As a consequence, many papers that appeared
in the past that attempted to study bubble–particle interactions only
provided partial or in some cases, even omitted such information.
Nevertheless the experimental research coupled with a theoretical
framework that includes all the aforementioned key information of dy-
namic force measurements has provided a good understanding of rath-
er complex systems. The present overview on the use of the integrated
thin film drainage apparatus (ITFDA) should be placed into the context
with other complementary methods of studying the dynamic interac-
tions between deformable bubbles and solid surfaces.

2. Dynamic experimental methods

In this section, we review complementary methods of studying dy-
namic bubble–solid interactions. Although no single approach was ca-
pable of including all key elements of dynamic experiments discussed
in Section 1.2, each concentrated on certain key aspects of the system
that taken together, will form a complete picture and foster an in-
depth understanding of a rather complex problem.

2.1. Free bubble rise method

There have been a number of experiments that studied the rise of
mm-size bubbles in water impinging on a horizontal solid surface
[30–33]. These studies focused on the trajectories of the bubbles that
collided with and bounced from the surface. The bubbles in these stud-
ies were in themillimeter to hundreds of micron size range, with Reyn-
olds number between 200 and 600, calculated based on the bubble
terminal velocity. The initial bubble–solid surface encounter was domi-
nated by inertia effect. The interaction forces in this regime were
modeled successfully [31]. Recently, high-speed interferometry has
been used to provide information on the film deformation and thin liq-
uid film drainage mechanisms in this high Reynolds number regime
[34].

Using smaller bubbles in the tens ofmicron size range allowed study
of colloidal forces between rising bubbles and solid surfaces [35]. Under
such conditions the role of surface forces was shown to play an impor-
tant role in determining thin liquid film drainage dynamics between
the bubble and the solid surface [36].

2.2. Bubble expansion method

With the bubble risemethod, the buoyancy force can bemodified by
changing bubble size. But in order to measure the bubble deformation
and film drainage, a larger interaction area between the bubble and
the solid surface is needed. Detailed measurements of the spatial and
temporal evolution of a draining aqueous film between a bubble and a
smooth hydrophilic quartz plate weremade in the early 1990s by Fisher
et al. [37]. Their study concluded that quantitative comparison of the re-
sults from different laboratories was very difficult if not impossible,
since the method of forming the draining film profoundly affected its
shape and the dynamics of shape evolution. They pointed out that not
all the authors publishing in the field were aware of these limitations.
They noted a “scarcity of data where the initial conditions for film for-
mation have been reliably and reproducibly controlled”.

In the bubble expansion method [37–39], a bubble is forced to
emerge rapidly (in less than 1 s) out of a (1 mm inner diameter) glass
capillary tube held perpendicularly to a quartz plate placed 610 μm
away. The evolution of the trapped water film between the bubble
and the plate wasmeasured by interferometry from 5 s after the bubble
expansion to over 200 s as the film drainage proceeded. This was a
constant force experiment where the applied force on the bubble was
estimated to be ~40 μN. The detailed sets of experimental data were
only analyzed quantitatively some 20 years later [40] using the model
discussed in Section 4.
2.3. Scheludko cell

Fundamental studies of liquid film drainages have been conducted
in specially designed capillary cells, referred to as Scheludko cells. In
this technique, the captive air bubble was pressed against a flat silica
surface through a capillary tube [41–44], or by pulling out the liquid be-
tween two approaching surfaces [45]. The film thickness between the
two surfaces was measured using an interferometric method that was
based on multiple reflection and interference of a monochromatic
light. Using this method, the time evolution of the central liquid film
thickness, h(t), was obtained while the quantitative details of the film
profile and liquid withdrawal conditions were often not reported. Al-
though the Scheludko thin liquid film apparatus allowed the thickness
of the center film to be measured accurately, it was not capable of mea-
suring the interaction force between an air bubble and a solid surface.
2.4. Surface force apparatus

The surface force apparatus, using fringes of equal chromatic order,
has provided accurate measurement of film thickness at sub-
nanometer resolution in elucidating the drainage dynamics of water
films trapped between a molecular smooth mica plate and a mercury
drop [46,47]. Although the apparatus could have been used to measure
the force, the early experiments mainly focused on themeasurement of
film drainage process. Such studies provided valuable insights into the
role of hydrodynamic forces along with repulsive and attractive surface
forces in determining thefilmdrainage dynamics that led to either a sta-
ble equilibrium film or rupture of the film, the latter leading to a three
phase contact.

The same experimental technique has been used to study the
interaction between a bubble and amica plate in a range of monovalent
electrolyte solutions of mM concentrations [48,49]. From these studies,
the surface potential of the bubbleswas found to be negative, withmag-
nitude being less than 10 mV. However, the observed force displace-
ment behavior remained unexplained [49]. This is an area worthy of
further investigation, as it is likely to yield some extremely interesting
results.
2.5. Atomic force microscope

Complementary to film drainage measurements using the bubble
expansion method or the surface force apparatus, the atomic force
microscope (AFM) has been adapted to measure bubble–particle inter-
actions. The earliest attempts used the colloid-probe technique to mea-
sure the equilibrium force between a colloid particle and a sessile
bubble on a substrate in electrolyte solutions [7,8]. With the develop-
ment of the technique to attach small, ultrasonically generated bubbles
(~100 μmdiameter) inwater onto the force-sensing cantilever [50], the
time-dependent force between the bubble and a solid surface as the
cantilever moved towards and away from the solid surface was mea-
sured and modeled. The deformation of the bubble and film drainage
between a bubble and various substrate materials have been studied
using this approach [51–53]. Unfortunately, the flexibility of the AFM
in undertaking such measurements was offset by the fact that there
was no method to measure directly the bubble–surface separation or
to determine the extent of bubble deformation during the measure-
ment. Such information had to be inferred from theoretical modeling
of the drainage process.



Fig. 1. (a) Schematic diagram of the key components and characteristic parameters of the
ITFDA: the time-dependent separation distance between the lower surface of the bubble
and the top surface of the glass sphere at a distance r from the axis of symmetry, h(r,t);
inner radius of the glass capillary tube, rc; angle of the bubble on the bottom of the capil-
lary tube (remains constant in themodel), θ; bubble radius, Rb; glass sphere radius, Rg; the
position of the glass capillary tube relative to the fixed end of the cantilever, X(t); and the
deflection of the bimorph cantilever, S(t). (b) Photograph of the bubble at the end of the
glass capillary tube above the glass sphere. The red line and green square are drawn to
help demarcate the interfaces and to confirm the symmetry of the bubble.
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2.6. An important but less explored domain

Due to the experimental design, each of the experimental methods
described above to study bubble–particle interactions suffers some in-
herent limitations although each has particular strength. The free bub-
ble rise method is capable of monitoring the motion, collision and
bounce of the bubble below a solid plate surface in the high Reynolds
number regime. However, to quantify experimentally the effects of bub-
ble deformation and film drainage during the course of collision and
bounces between the bubble and the solid surface, significant technical
challenges remain because of the disconnect between the temporal and
spatial scales involved.

Studies of bubble–solid interactions using the bubble expansion
method or the surface force apparatus yielded accurate and valuable
information on bubble deformation and film drainage. The inherent de-
sign of the apparatus limited the experiments to a lowReynolds number
regime. Although it is possible in principle to measure the time depen-
dent force using this approach, this has yet to be attempted.

In contrast, experiments using the AFM are capable of direct
measurement of colloidal forces at the nN sensitivity. There are also
considerable flexibility and control in bubble approach/retract speeds.
However, since only bubbles or particles of sizes ~100 μm or less can
be used in the AFM experiments, direct and precise measurements of
bubble deformation are difficult. Furthermore in common with SFA
studies, experiments with AFM are typically confined to the low Reyn-
olds number regime.

Therefore a relatively unexplored domain, defined by small to inter-
mediate Reynolds numbers, the ability to control the bubble–particle
collision trajectory, to measure the extent of bubble deformation and
the drainage of the trapped film between the deformed bubble and
the particle, presents fertile opportunities for a different experimental
approach. The integrated thin film drainage apparatus, in its current
stage of the development with potential extensions, has the promise
of adding valuable findings and insights to this important knowledge
domain.

3. Integrated thin film drainage apparatus (ITFDA)

The current version of the integrated thin film drainage apparatus
(ITFDA) is designed to measure the force between a solid glass sphere,
as a model particle, and a bubble in different liquids [25,26]. The design
principle of the ITFDA is similar to that of an atomic force microscope
(AFM) and the surface force apparatus (SFA). It operates in themillime-
ter size range of bubbles and particles — intermediate between that of
the AFM and SFA, and allows measurement of interaction forces over a
wider range of Reynolds numbers. The ITFDA incorporates the strength
of both SFA and AFM that features the flexibility of measuring the time-
dependent forces between the bubble and the particle under controlled
variations in their relative displacement. The radii of the bubble and
particle, the initial bubble–particle separation and bubble deformation
that occur during the interaction are measured from the images of real
time videos. Another important attribute of the ITFDA is the ability to
modify the surface properties of the bubble and the glass sphere in
situ during the measurement. This capability offers the opportunity to
study the effect of surfactants on the liquid–air interface, the wetting
properties of solid surface and possible additives in solution on stability
and thin drainage dynamics of intervening thin liquid films.

3.1. Design features

A schematic diagram of the key components of the ITFDA and a
photo of the bubble–glass sphere configuration are given in Fig. 1. The
apparatus is housed in a stainless liquid chamber with two optical
grade transparent windows placed perpendicular to each other to
allow the viewing and recording of bubble approaching the sphere par-
ticle during the measurement for subsequent analysis.
A bubble is generated at the end of a vertical glass capillary tube that
is immersed in the test liquid. It is sealed when the bubble attains the
required size to be used for force measurements. The glass capillary
tube, with the bubble attached is positioned above the glass sphere.
They are aligned in an axisymmetric configuration with the help of
two perpendicularly positioned cameras in the plane perpendicular to
the axis of symmetry, to provide views in orthogonal directions. The axi-
symmetric alignment facilitates theoretical analysis.

The time-dependent interaction between the bubble and the glass
sphere is studied as the capillary tube drives the bubble to approach
or retract away from the solid sphere in a well-controlled manner in
terms of the extent of bubble–particle overlap and the bubble–particle
approach/retract speeds.

3.2. Force sensing bimorph

The glass sphere is attached to the free end of a bimorph cantilever
that is used as a force sensor. A piezoceramic actuator with a dimension
of 20 mm × 3 mm × 0.3 mm and a capacitance of 20 nF (Fuji Ceramics
Corp.) is used to fabricate the force sensor. The actuator is enclosed in
a fluorinated ethylene propylene sheath and mounted on a stainless
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steel chamber. The piezoelectric property of the bimorph material gen-
erates an electrical potential in response to deformation under an exter-
nal force, F exerted on the glass sphere by the approaching bubble. The
deformation of the bimorph cantilever is determined by measuring the
voltage. The bimorph force sensor is calibrated by placing small pieces
of platinum wire of known mass on the cantilever and determining
the voltage generated. The force sensor used in this study has a sensitiv-
ity of 0.1 μN.
3.3. The glass spheres

The glass sphere attached to the bimorph used in the current study is
obtained by melting a 1.5 ± 0.1 mm diameter Pyrex rod under a
butane–oxygen flameuntil the surface tension of themelting Pyrex pro-
duces nearly a spherical surface with a diameter of 4.5 ± 0.2 mm. The
spheres prepared this way are molecularly smooth with a peak-to-
peak roughness of less than 1.2 nm determined by AFM imaging.
3.4. Bubble generation and displacement control

The air bubble is generated using a micro-syringe at the end of the
glass capillary tube of 1.10 ± 0.01 mm inner diameter (Fisher Scientif-
ic). The end of the glass tube is placed under a butane flame to create
a smooth end appropriate for bubble generation and force measure-
ments. Extreme caution is taken to avoid overheating of the tube to en-
sure a uniform geometric symmetry at the end of the capillary tube. The
bubble generation process and its size aremonitored by real-time video
observations. This arrangement allows reproducible generation of bub-
bles with desired diameters of 1.46± 0.01mm.With this capillary tube,
the bubbles of sizes ranging from 1 mm to 3 mm can be reproducibly
generated. By changing the size of the capillary tube, a wider range of
bubble sizes can be achieved. The other end of the capillary tube is at-
tached to the diaphragm of a speaker that is used to control the vertical
displacement of the capillary tube. A computer-generated waveform is
used to control the patterns of the diaphragm displacement that in
turn drives the attached air bubble towards or away from the lower
glass sphere in the desired manner.

It should be noted that the actual bubble approach velocity could be
different from the capillary drive speed due to bubble deformation, in
particular when the bubble approaches closer to the solid surface. This
is taken into account in the theoretical model by analyzing the local ve-
locity of the bubble surface, ∂h(r,t)/∂t.
Fig. 2. (a) The measured (dashed line) displacement of the capillary tube ΔX(t) (the signal has
sponding polynomial fit (line); and (b) the instantaneous speed dX(t)/dt (see Fig. 1) obtained b
the approach–retract cycle is 33 μm/s. The maximum displacement is 160 μm. The resolution o
3.5. Force measurement protocol

For a typical force measurement, a fresh air bubble was generated at
the end of the glass capillary tube. The bubble size and the gap between
thebubble and the glass spherewere precisely controlledwith the aid of
two CCD cameras positioned perpendicular to each other. The glass cap-
illary tube, with the attached air bubble, was driven towards and then
away from the lower glass sphere by the diaphragm of the speaker. A
typical approach–retract cycle that records variations of the capillary
tube position with time, t, is shown in Fig. 2. The capillary tube with
the bubble attached is first driven towards the lower glass sphere by de-
creasing the distance X(t) between the capillary tube and the fixed end
of the cantilever (Fig. 1) in the approach part of the cycle. The voltage to
the speaker is then reversed to move upward the air bubble away from
the glass surface in the retraction phase. The time-dependent voltage
applied to the speaker, the actual displacement recordedwith a position
sensitive displacement sensor and bimorph output are recorded for the
approach–retract cycle and synchronized with the video recording the
bubble shape using one of the two CCD cameras placed in orthogonal
orientations in the plane normal to the direction of bubble
displacement.

Change in the position of glass tube, ΔX(t), was measured by a dis-
placement sensor with a detection sensitivity of 5 μm, mounted on the
speaker diaphragm. The measured ΔX(t) (dotted line) in Fig. 2a was
fitted with a polynomial function (separately for approach and retrac-
tion) to obtain a smooth curve (solid line), which facilitated the deter-
mination of capillary displacement speed. The instantaneous speed
dX(t)/dt was obtained by differentiating this polynomial function as
shown in Fig. 2b. The slight nonlinear-response of the speaker's
diaphragm to the initial voltage applied or to changing directions of
the displacement caused the displacement to deviate slightly from an
ideal saw-tooth wave. In modeling the results, the measured capillary
displacement speed, dX(t)/dt, from the measured displacement profile
was used so that the observed nonlinearity had no adverse effect on
modeling the experimental data.

The initial distance of the closest approach between the bubble
and the glass spheres is set at ho = 120 ± 10 μm and the maximum
displacement of the capillary tube is set at 160 ± 5 μm (see Fig. 2).
Such a combination of settings translates to an overlap of the
bubble and the solid sphere by 40 μm. The ability to measure or
specify the initial separation and the maximum displacement be-
tween the bubble and the sphere, and hence the bubble–particle
overlap in the ITFDA is one of the advantages of the ITFDA over the
AFM.
been processed through a low pass filter with a cut-off frequency of 10 Hz) and the corre-
y differentiating the polynomial, as a function of measurement time. The nominal speed of
f the displacement sensor to determine X(t) is 5 μm.
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Although ITFDA is capable of operating at a very high bubble
approach speed, the bubble driving speed ranging from 30 μm/s to
140 μm/s was investigated in this study. In the experiment, at least 10
measurements were conducted for each set of conditions. For noise re-
duction, the force signal was processed through a low pass filter with a
cut-off frequency of 10 Hz.

The initial separation between the bubble and the glass sphere, ho,
the radius of the bubble, Rb, the radius of the glass sphere, Rg, as well
as the angle subtended by the bubble at the end of the capillary tube,
θ (Fig. 1) can all be determined from the recorded images, using the
image analysis program interfaced with LabVIEW 8.0.

3.6. Cantilever deflection

Quantitative modeling of the experimentally measured forces re-
quires knowledge of the value of the instantaneous cantilever deflec-
tion, S(t). With the linear-dependence of F on the deflection S as
verified independently, the measured deflection, S(t) of the force
sensing bimorph allows the calculation of the applied force, F(t) by
F(t) = K S(t), if the cantilever spring constant, K is available. The
bimorph cantilever used in this study has a spring constant K in the
range of 60–70 N/m. To determine S(t) from the measured voltage,
the relation between the charge (or voltage) developed in the
bimorph and the displacement of the bimorph, S(t) is first
established by placing the glass capillary tube in the direct contact
with the bimorph cantilever and measure the output voltage of the
bimorph due to the change in the capillary tube displacement,
ΔX(t) that is now equal to the change in the cantilever deflection
ΔS(t) (see Fig. 1).

4. Theoretical model

The theoretical framework that we used to model the measure-
ments of the hydrodynamic interaction between a deformable bub-
ble and a glass sphere was established previously in the analysis of
experimental results taken on the SFA and the AFM. These apparatus
operate in a size range that encompasses the characteristic dimen-
sions of the ITFDA. Readers are referred to [54] for a more detailed
description of the theoretical model. In brief, drainage of the liquid
film between the bubble and the sphere is described by the Reynolds
lubrication theory under Stokes flow. This theory relates the evolu-
tion of the position- and time-dependent separation, h(r,t) to the hy-
drodynamic pressure, p(r,t) and the disjoining pressure, П(h(r,t))
that characterizes surface forces in the film. The deformation of the
liquid–air interface of the bubble is described by the non-
equilibrium Young–Laplace equation. In this equation, it is assumed
that the drop can adjust its shape immediately to accommodate
changes in hydrodynamic and disjoining pressures. Since the bubble
at the end of the capillary tube was sealed with liquid water to stabi-
lize the size of bubble, the bubble is considered to be at constant vol-
ume. The approach is known as the Stokes–Reynolds–Young–
Laplace (SRYL) model. In the experiments with the ITFDA, the dis-
placement function, X(t) of the glass capillary tube drives the
space–time evolution of these equations.

4.1. Governing equations

The Stokes–Reynolds equation for film evolution is given by

∂h r; tð Þ
∂t ¼ 1

12μr
∂
∂r rh3 r; tð Þ ∂p r; tð Þ

∂r

� �
ð4:1:1Þ

where μ is the shear viscosity of the Newtonian liquid. Implicit in
Eq. (4.1.1) is that the hydrodynamic boundary condition at the bubble
surface is the same as the tangentially immobile condition that holds
at the glass surface. The usual assumption of a zero tangential stress
condition at the bubble surface was found to result in a drainage rate
that is too fast as compared to the observationswith the ITFDA. Further-
more, the acceptable agreement achieved in the current study between
the experimental data and the SRYL model with immobile boundary
condition at the bubble surface suggests that in spite of extreme care
in surface and solution preparation, there appears the existence of a
trace amount of impurities which is beyond the detection limit of sur-
face tension measurement but is responsible for immobile boundary
condition at the bubble surface [55]. The liquid–air interface of the
film deforms as a result of the hydrodynamic pressure in the film. Ac-
cording to the Young–Laplacemodel, if the deformation is small as com-
pared to the radius of the bubble, the film thickness is governed by the
equation

γ
r
∂
∂r r

∂h r; tð Þ
∂r

� �
¼ 2γ

R
−p r; tð Þ−Π h r; tð Þð Þ ð4:1:2Þ

where γ is the surface tension of liquid [54]. The mean radius, R is
defined as a characteristic value of the pressure: (γ/R) in this
problem.

The Laplace pressure, that is the pressure difference between the
interior and the exterior of a spherical bubble of radius Rb, is given by
(2γ/Rb). If the bubble at the end of the capillary tube is deformed as a
result of interaction, its Laplace pressure will change to (2γ/RL)
where RL is the Laplace radius. If the deformation is small then the
approximation: RL ≈ Rb would hold. We can then approximate R in
Eq. (4.1.2) by

1
R
≡ 1

RL
þ 1
Rg

≈ 1
Rb

þ 1
Rg

ð4:1:3Þ

with the initial parabolic profile

h r;0ð Þ≡ h0 þ
r2

2R
: ð4:1:4Þ

Eqs. (4.1.1) and (4.1.2) are solved in the domain of 0 ≤ r ≤ rmax

where themotion of the glass capillary tube enters in the boundary con-
dition at r = rmax

∂h rmax; tð Þ
∂t ¼ dD tð Þ

dt
− 1

2πγ
dF tð Þ
dt

log
rmax

2R

� �
þ B θð Þ

n o
ð4:1:5Þ

with D(t) ≡ S(t) + X(t) = F(t) / K + X(t),

B θð Þ ¼ 1þ 1
2
log

1þ cosθ
1−cosθ

� �
ð4:1:6Þ

and the force F(t) is given by

F tð Þ ¼ 2π
Z∞

0

p r0; t
� �þΠ h r0; t

� �� �� 	
r0dr0: ð4:1:7Þ

For a given system, the angle θ in Eqs. (4.1.5) and (4.1.6) is a fix
system parameter and does not change with bubble displacement
or deformation. In the current study of hydrodynamic interactions
using the ITFDA, the effect of the disjoining pressure, Π(h(r,t))
due to surface forces is negligible because the liquid film between
the bubble and the glass sphere remains much thicker than the op-
erative range of Π, which was confirmed experimentally by observ-
ing a negligible effect of changing aqueous solution pH and
electrolyte concentration on the measured force profiles [26].



Table 1
Material constants and ITFDA parameters.

Bubble radius, Rb 730 ± 5 μm
Particle radius, Rg 2200 ± 50 μm
Geometric mean radius, R 550 μm
Bubble angle at capillary tube, θ 132°
Surface tension, γ
– KCl solution 71 mN/m
– Ethanol 22 mN/m
– Silicone oil 22 mN/m
Viscosity, μ
– KCl solution 1.0 mPa·s
– Ethanol 1.2 mPa·s
– Silicone oil 55 mPa·s
Bimorph cantilever constant, K 64 ± 4 N/m
Initial separation, h(0,0) 120 ± 3 μm
Maximum displacement, ΔXmax 160 μm

Fig. 3. Variation of the force F(t)— experiment (dashed line) andmodel (solid line), calcu-
lated centralfilm thicknessh(0,t) and central pressure p(0,t) as a function ofmeasurement
time for an air bubble approaching a solid sphere in aqueous electrolyte solution of 1 mM
KCl and pH= 5.6 at nominal bubble drive speed of 33 μm/s, corresponding to a Reynolds
number Re= 0.05. Insets of (a): photographs of the bubble and the glass sphere at times
corresponding to points B, D and F on the force curve.
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4.2. Scaling and universality of the governing equations

Due to the widely different length scales involved in the problem
and complexity of numerical solution, the Stokes–Reynolds–Young–La-
place equations become dimensionless by using the scaling parameters
give in Eq. (4.2.1) [37]

film thickness : h≡ Ca1=2R
h i

h�

radial coordinate : r ≡ Ca1=4R
h i

r�

time : t ≡ Ca1=2R=V
h i

t�

pressure : p ≡ γ=R½ �p�
disjoining pressure : П ≡ γ=R½ �П�

force : F ≡ γ=Rð Þ Ca1=4R
� �2


 �
F� ≡ Ca1=2γR

h i
F�

ð4:2:1Þ

where V ~ dX(t)/dt is a characteristic speed and Ca ≡ μV/γ is the capillary
number thatmeasures the ratio of viscous forces to capillary forces. In the
present ITFDA experiments, the capillary number is small: Ca ~ 10−6.

In terms of the scaled variables, the Stokes–Reynolds equation that
describes film drainage between a bubble and a solid sphere, Eq. (4.1.1),
becomes

∂h�

∂t� ¼ 1
12r�

∂
∂r� r�h�3

∂p�

∂r�
� �

ð4:2:2Þ

and Eq. (4.1.2) for film thickness becomes

1
r�

∂
∂r� r�

∂h�

∂r�
� �

¼ 2−p�−Π�
: ð4:2:3Þ

It is remarkable that the scaled Stokes–Reynolds–Young–Laplace
equations in Eqs. (4.2.2) and (4.2.3) have a universal form independent
of any physical parameters apart from the scaled disjoining pressure. In
particular, the fluid viscosity does not appear explicitly.

The initial condition, Eq. (4.1.4) now has the form

h� r�;0
� � ¼ h�o þ

r�ð Þ2
2

ð4:2:4Þ

The boundary condition at r⁎max, Eq (4.1.5),with dX(t)/dt ~−V, has a
weak logarithmic dependence on the capillary number Ca:

∂h� r�max; t
�ð Þ

∂t� ¼ −1þ 1
2π

dF�

dt�
2πγ
K

− log 1
2
Ca1=4r�max−B θð Þ

� �� 
: ð4:2:5Þ

Eq. (4.2.5) provides the dependence of film drainage on the interfa-
cial tension and the fluid viscosity.

The left hand side of Eq. (4.2.3) represents the small deformation ap-
proximation of the mean curvature of h⁎. If the disjoining pressure is
negligible, that is Π ≪ (γ/R), then this curvature changes sign when
the scaled pressure p⁎ ≡ (R/γ) p has the numerical value of 2. Indeed,
for Ca ≤ 10−4 numerical solutions of these equations in the absence of
thedisjoiningpressure,Π=0, revealed thatwith the approach at a con-
stant speed, the initial parabolic film profile will develop a dimplewhen
the central separation reaches the value

h r ¼ 0; tð Þ ¼ cRCa1=2 ≡ hdimple: ð4:2:6Þ

For interactions in related geometries such as between a bubble and
a plate or between two bubbles, the observed value of the constant c is
in the range of 0.4–0.7 [31,54]. The universal nature of the governing
equations, Eqs. (4.2.2) and (4.2.3) together with the weak dependence
on the capillary number provides a consistency check on results obtain-
ed with the ITFDA using fluids of different interfacial tensions and fluid
viscosities. We will see a demonstration of this application in Section 5.
5. Experiments with hydrophilic glass

Now we present results of force measurements between a bubble
and a glass sphere in aqueous electrolyte solutions, ethanol and silicone
oil using the ITFDA. These fluids are chosen to demonstrate the flexibil-
ity of the ITFDA: being able to measure hydrodynamic interaction in a
fluid over a range of surface tension, fluid viscosity and driving speed.
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The results will be comparedwith the Stokes–Reynolds–Young–Laplace
(SRYL) model outlined in Section 4.

To facilitate comparison across the three liquids, the glass sphere is
rendered hydrophilic to avoid any possible hydrophobic attraction
between the bubble and the glass that might rupture the intervening
liquid film. A summary of material properties and characteristics of
the ITFDA is given in Table 1. Aqueous KCl electrolyte solution and eth-
anol have nearly identical viscosities but with surface tensions that dif-
fer by a factor of 3,whereas ethanol and silicone oil have nearly identical
surface tensions but have viscosities that differ by a factor of 55. Thus
measurements using this triplet of fluids allow us to delineate the effect
of interfacial tension and fluid viscosity on thin liquid film drainage dy-
namics and validate the applicability of the SRYL model over a wider
range of fluids and Reynolds numbers.
5.1. Surface treatment

The capillary tube and the glass sphere were treated in freshly pre-
pared piranha solutions (3:1 v/v H2SO4:H2O2) at 80 °C–90 °C for
30 min, rinsed thoroughly with Milli-Q water and blow-dried using an
ultra-pure nitrogen stream. The surfaces prepared in this manner
were free of contamination and completely water wettable (i.e., water
contact angle, θ = 0°). The sample chamber was cleaned in the anhy-
drous ethyl alcohol (Commercial Alcohols Inc.) under ultrasonication
for half an hour, rinsed with de-ionized water and then blow-dried
with ultrapure nitrogen. The bimorph beam was mounted on to the
chamber wall. A glass sphere was clamped at the free end of the
bimorph in a dust-free laminar flow environment. The chamber was
then filled with test solutions and placed on a three-dimensional trans-
lation stage. The capillary tube was filled with fresh air before being
immersed into the solution. The system was then left for 2 h to equili-
brate the interfaces and to stabilize the bimorph signal before any
measurement.
Fig. 4. Thickness of the aqueous film, h(r,t) between the bubble and the glass sphere at differe
(points D to G in Fig. 3a); and the hydrodynamic pressure profile, p(r,t) scaled by (g/R) = 64.5
concentration is 1 mM KCl and the nominal approaching/retraction speed, 33 mm/s.
5.2. Interaction in aqueous electrolyte solutions

An example of the time-dependent force profile between an air bub-
ble and a hydrophilic glass sphere in 1 mM KCl aqueous electrolyte so-
lution of pH 5.6, measured using the ITFDA, is shown in Fig. 3a. The
bubble, initially at a separation of 120 μm from the glass sphere, is
first driven towards the sphere by moving the capillary tube at a nomi-
nal speed of 33 μm/s for 160 μm and is then retracted at the same speed
(seeMovie 1 in the Supplementarymaterial). The repulsive force, rising
towards the maximum during the approach phase is solely due to hy-
drodynamic repulsion, counterbalanced by the Laplace pressure force
from the bubble. The force then decreases at the commencement of
the retraction phase. The attractive (negative) force minimum is attrib-
uted to hydrodynamic suction as the bubble separates from the glass
sphere. Using the system parameters in Table 1, the prediction of the
time dependent force from the Stokes–Reynolds–Young–Laplace
model is in good agreement with the experimental data.

In Fig. 3b, we show the predicted film thickness at the axis of sym-
metry, h(0,t) as a function of measurement time. When the force is re-
pulsive, h(0,t) remains approximately constant at 310 nm, but briefly
attains a minimum value of around 61 nm at the attractive force mini-
mum. In Fig. 3c, we show the hydrodynamic pressure, p(0,t) at the
same position. When the force is repulsive, p(0,t) reaches the constant
value of 129 Pa which is the same as the Laplace pressure of the bubble.
The force minimum is the consequence of the hydrodynamic suction at
the negative pressure minimum of −860 Pa and h(0,t) ~ 61 nm.

However, the variation of both the film thickness profile, h(r,t) and
the pressure profile, p(r,t) within the film are more complex and inter-
esting. In Fig. 4a and b, we show the film profile, h(r,t) at various times
along the force profile, F(t) indicated in Fig. 3a. One key feature is the
initial development of a dimple at point B, when the film thickness is
~310 nm. The dimple grows to a maximum size at the force maximum
(point D) with a dimple rim radius of ~110 μm. The minimum film
thickness of ~170 nm occurs at the dimple rim.
nt measurement time during (a) approaching (points A to D in Fig. 3a) and (b) retraction
Pa in the water film during (c) approaching and (d) retraction. As in Fig. 3, the electrolyte
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As discussed in Section 4.2, the initial formation of the dimple at a
film thickness of ~310 nm is due to hydrodynamic repulsion, as the
disjoining pressure arising from surface forces at such large separations
is negligible. Indeed, turning now to Fig. 4c for the hydrodynamic pres-
sure at point B, the hydrodynamic pressure p reaches (2γ/R), scaled La-
place pressure p⁎ ≡ (R/γ) p = 2 of the bubble, when the dimple begins
to develop. During the retraction phase (points D to G in Fig. 4b), the
thickness of most parts of the film increases with retraction from D to
G, except around the axis of symmetry r = 0. In fact, we see in Figs. 3b
and 4b that h(0,t) actually decreases to a minimum value of ~61 nm
at point F, corresponding to the force minimum, before increasing
with further retraction. This negative pressure is the hydrodynamic suc-
tion that gives rise to an attractive retraction minimum in the force
profile.

The experiment with the results shown in Fig. 3 corresponds to a
Reynolds number, Re = 2RρV/μ = 0.05. In Fig. 5 we compare the
Fig. 5. (a): Variation of the force F(t)-experiment (dashed line) andmodel (solid line)with
the insets being the photographs of the bubble and glass sphere at times indicated on the
force curve; (b) and (c): Calculated central film thickness h(0,t) and central pressure
p(0,t), respectively, as a function of measurement time for an air bubble approaching a
solid sphere in an aqueous electrolyte solutions (1 mM KCl, pH = 5.6) at normal ap-
proaching/retraction speed of 134 µm/s, corresponding to a Reynolds number Re = 0.2.
(d) and (e): Bubble surface profile at points B andDmarked in (a) for bubble approaching
speed of 33.4 µm/s (Fig. 3) and 134 µm/s, respectively.
experimental and theoretical results taken at Re = 0.2, corresponding
to a nominal bubble speed of 134 μm/s which is 4 times larger than
that for the experiment in Fig. 3, with all other experimental parameters
such as bubble size, initial separation and total displacement being the
same as those used in the experiment described in Fig. 3. Qualitatively
the results in Figs. 3 and 5 are similar. However, we note that the force
maximum at a higher approach speed shown in Fig. 5a is smaller than
that shown in Fig. 3a. The result can beunderstood by investigating bub-
ble deformation shown in Fig. 5d and e. Since the bubbles have identical
radius in both experiments, they have the same Laplace pressure: 2γ/
R = 129 Pa. As the hydrodynamic pressure in the water film due to
the approach of the bubble increases to 2γ/R, the bubble surface will
flatten, resulting in an increase in the intervening film (interaction)
area. At a higher approach speed of 134 μm/s or higher Re of 0.2
(Fig. 5), the hydrodynamic pressure reaches the Laplace pressure at a
larger bubble–particle separation of 635 nm, as compared to the
Fig. 6. (a): Variation of the force F(t)-experiment (dashed line) andmodel (solid line)with
the insets being the photographs of the bubble and glass sphere at times indicated on the
force curve; (b) and (c): Calculated central film thickness h(0,t) and central pressure
p(0,t), respectively, as a function of measurement time for an air bubble approaching a
solid sphere in ethanol at normal approaching/retraction speed of 33 µm/s, corresponding
to a Reynolds number Re = 0.05. (d) and (e): Bubble surface profile at points B and D
marked in (a) for bubbles approaching solid sphere in 1 mM KCl aqueous solutions of
pH 5.6 (Fig. 3) and ethanol, respectively.
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separation of 310 nm for bubble approaching at 33 μm/s or Re = 0.05
(Fig. 3), see curve B in Fig. 5d and e. The radial extent of the dimple at
134 μm/s or Re = 0.2 is smaller, expanding to around 75 μm (curve D
in Fig. 5e) in comparison to around 110 μm for the case of bubble ap-
proach speed of 33 μm/s or Re = 0.05 (curve D in Fig. 5d).

It is interesting to note that theminimum film thickness reached be-
fore retraction is 50% thinner at 61 nm for the lower bubble approach
speed, as compared to 126 nm for the higher bubble approach speed.
In the context of interactions involving deformable surfaces, an impor-
tant finding from this study is that with all other things being equal,
slower bubble approach speedwill result in the formation of thinner liq-
uid films before retraction. This is in contrast to rigid bodies in which a
faster drive speed will lead to smaller separations. As shown in Figs. 3a
and 5a, the attractive hydrodynamic pull-off force (−0.145 μN) is lower
for the lower bubble retracting speed (33 µm/s) as compared with the
Fig. 7. (a): Variation of the force F(t-experiment (dashed line) andmodel (solid line) with
the insets being the photographs of the bubble and glass sphere at times indicated on the
force curve; (b) and (c): Calculated central film thickness h(0,t and central pressure p(0,t,
respectively, as a function of measurement time for an air bubble approaching a solid
sphere in silicon oil at normal approaching/retraction speed of 33 µm/s, corresponding
to a Reynolds number Re = 10−4. (d) and (e): Bubble surface profile at points B and D
marked in (a) for bubbles approaching solid sphere in Ethanol (Fig. 5) and silicon oil,
respectively.
pull-off force (-0.4 µN) for the higher retraction speed (134 µm/s), as
anticipated.
5.3. Interaction in ethanol and silicone oil

In Fig. 6 we show the effects of varying the surface tension of liquid
by using ethanol with a surface tension about one third of the surface
tension of water. The effect of liquid viscosity is shown in Fig. 7 by
conducting the measurements in silicone oil which has a viscosity 55
times higher than the viscosity of ethanol but the same surface tension
as ethanol (see Table 1). (See Movie 2 (ethanol) and Movie 3 (silicone
oil) in the Supplementary material.)

The essential difference between the results obtained in water and
in ethanol can be understood in terms of the difference in Laplace pres-
sure, 2γ/R, for the two liquids. For the same size of air bubble, the La-
place pressure of air bubble in ethanol is 40 Pa, in comparison to
129 Pa for the air bubble in water. Such a difference in the Laplace pres-
sure of the air bubble means that with all other things being equal, bub-
ble deformation in ethanol will occur at smaller hydrodynamic forces,
rendering larger separation distances as shown in Fig. 6e. By the same
reasoning developed to account for the decreased maximum repulsive
forces with increasing bubble approach speed in water, the maximum
repulsive force in ethanol at the same bubble approach speed is found
to be only about one-thirds of the value obtained for water, as scaled
by surface tension ratio.

For an air bubble approaching a solid sphere at 33 μm/s in the sili-
cone oil having a viscosity 55 times higher than the viscosity of ethanol,
although the Reynolds number remains small ~10−4, the hydrodynam-
ic pressure on the solid sphere from the motion of the bubble is much
higher. As a result, a larger repulsive force is measured in silicon oil
(2.4 μN, Fig. 7a) than in ethanol (1.67 μN, Fig. 6a), although both liquids
have the same surface tension. The attractive hydrodynamic pull-off
force is also stronger in silicon oil (−0.6 μN, Fig. 7a) than in ethanol
(−0.125 μN, Fig. 6a) as anticipated. Such differences are again
accounted for by the deformation and flattening of the bubble, now oc-
curring at amuch larger separation distance of about 4400 nm in silicon
oil, as compared to 600 nm for the bubble approaching the solid sphere
at the same bubble speed in the ethanol that has the same Laplace pres-
sure of 40 Pa.
Fig. 8. A comparison between themeasured and the calculated contact diameter between
the bubble and the glass sphere inwater, ethanol and silicone oil under different approach
speeds in the repulsive part of the force profiles given in Figs. 3 and 5–7.



Fig. 9. Correlation between the measured repulsive forces normalized by capillary pres-
sure (2γ/Rb) and the film area between the bubble and the glass sphere in water, ethanol
and silicone oil under different drive conditions.
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5.4. Scaling of experimental results

The above experiments of measuring the hydrodynamic forces be-
tween bubbles and solid glass spheres in water, ethanol and silicone
oil of different surface tensions and viscosities are conducted using the
ITFDA at small Reynolds number, Re (b0.2) and small capillary number,
Ca (~10−6), which allows us to compare the experimental results and
theoretical predictions.

For accurate image analysis to determine the contact angle and/or
diameter of bubble–solid contact, the inset image as shown for example
in Fig. 8 was further zoomed in. The three phase contact points between
the glass, the bubble and the test solution on the left and right hand
sides were selected, and the distance between these two three phase
contact points was measured as the contact diameter. The measure-
ments were repeated three times using the same procedures. The aver-
age and the standard deviation of the three measurements were
calculated. The absolute standard deviation of the contact diameter
measurement using this method is about 15 μm. The contact diameters
at different stages of bubble–glass interaction were determined as a
function of experiment time using the method mentioned above. Once
the film thickness was calculated by the model, the distance between
the two barriers or diameter of the dimple could be determined and
plotted as a function of experiment time. The measured contact diame-
ter and the calculated dimple diameter corresponding to the same ex-
periment time were then compared and plotted in Fig. 8.

As can be seen in Fig. 8, themeasured contact diameters between the
bubble and the glass sphere from the side view cameras for all the
systems studied are in excellent agreement with the predicted contact
diameter or twice the dimple radius, Rf, under this range of experimen-
tal conditions, demonstrating not only the excellent capability of the
newly designed ITFDA, but also the applicability of the Stokes–Reyn-
olds–Young–Laplace model to studying hydrodynamic interactions be-
tween deformable surfaces.

To further understand the measured variation of repulsive forces
with bubble approach speed, liquid surface tension and viscosity, the
measured repulsive forces scaled by capillary pressure (2γ/Rb) are plot-
ted as a function of film area in Fig. 9. The good linear correlation be-
tween the two parameters suggests that the Laplace pressure force
during interaction counterbalances the hydrodynamic force which
drives bubble deformation.
6. Conclusions and future perspectives

With the ability tomeasure forces and deformations simultaneously,
the development of the ITFDA makes it possible to delineate details of
the system physics. The ITFDA offers the flexibility to vary parameters
such as displacement speed, interfacial tension and viscosity of the
fluids and the chemistry tomodify the solid surface to variablewettabil-
ity. The excellent agreement between the experiment and theory of dy-
namic forces in the three fluids of very distinct physicochemical
properties (viscosity, surface tension and polarity) demonstrates that
the SRYLmodel can be applied to the systems of awider range of bubble
approach speed, and liquid interfacial tension and viscosity. Such good
agreement also makes it possible to use the model to infer quantitative
information about film profiles during the bubble approach–retraction.
The simulation results indicate that for a given set of conditions themin-
imum film thickness in the approach phase is smaller for the system of
low bubble approach speed, and/or low viscosity and high surface ten-
sion of the liquids. The agreement between the measured and the pre-
dicted contact diameter shows the capability of ITFDA to accurately
measure bubble deformation. The linear relationship between the nor-
malized repulsive force by Laplace pressure and bubble deformation
suggests that for the studied range of experimental conditions (Reyn-
olds number, Re b 0.2 and film thickness greater than 150 nm of hydro-
philic solid surfaces), the contribution of disjoining pressure on total
force is minimum and the force can be estimated from the product of
the Laplace pressure of the undeformed bubble and the radius of the
flattened film areas. It is our intention to further measure the bubble
profile with similar experimental systems to fill the gap of confirming
theoretical prediction with experimental results. In principle, the film
thickness profile between the glass sphere and the deforming bubble
can bemeasured by interferometry. This is an obvious direction for fur-
ther development of this apparatus.

Supplementary data to this article can be found online at http://dx.
doi.org/10.1016/j.cis.2014.12.004.
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