The unusual fluid dynamics of particle electrophoresis
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Abstract
The classical problem of the electrophoretic motion of a spherical particle has been treated theoretically by Overbeek in his 1941
PhD thesis and almost 40 years later by O’Brien & White. Although both approaches used identical assumptions, the details are
quite different. Overbeek solved for the pressure, velocity fields as well as the electrostatic potential whereas O’Brien & White
obtained the electrophoretic mobility without the need to consider the pressure and velocity explicitly. In this paper, we establish the
equivalence of these two approaches which allow us to show that the tangential component of the fluid velocity has a maximum near
the surface of the particle and outside the double layer, the velocity decays as 1/r3 , where r is the distance from the sphere, instead
of 1/r in normal Stokes flow. Associated with this behavior is that of an irrotational outer flow field. This is consistent with the
fact that a sphere moving with a constant electrophoretic velocity experiences zero net force. A study of the forces on the particle
also provides a physical explanation of the independence of the electrophoretic mobility on the electrostatic boundary conditions
or dielectric permittivity of the particle. These results are important in situations where inter-particle interaction is considered, for
instance, in electrokinetic deposition.
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1. Introduction
Electrophoresis, the study of the motion of small charged
particles in an electrolyte due to the influence of an applied
electric field, has a long history. In colloid and interface science, it has found extensive applications in the characterization
of particulate dispersions, emulsions, polymeric and soft biological systems [1, 2].
Historically, it has been a century since Smoluchowski [3]
published his result for the electrophoretic mobility of a colloidal particle with a thin electrical double layer. Nearly 80
years ago Overbeek [4], in his PhD thesis, extended Henry’s [5]
theory of the electrophoresis of a spherical colloidal particle
with low surface potentials in a symmetric electrolyte to include
the relaxation effect that is important at high surface potentials.
Forty years ago, O’Brien & White [6] provided a comprehensive formulation of the electrokinetic problem in an electrolyte
of arbitrary ionic composition. By exploiting the special symmetry of a sphere in a uniform applied electric field, E, they
simplified the electrokinetic equations to a set of coupled ordinary differential equations in the radial coordinate, r and developed a robust numerical scheme to solve this system of differential equations. This development facilitated the accurate estimation of the electrokinetic mobility of a solid charged sphere for
all practical magnitudes of the zeta (ζ)-potential and the sphere
radius relative to the thickness of the electrical double layer.
Although the physical models of the electrophoresis of a
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spherical particle considered by Overbeek [4] and by O’Brien
& White [6] are identical, the O’Brien & White [6] treatment
highlighted the dual length scale nature of the problem characterized by the Debye length and the particle radius. When
the Debye length is small compared to the particle size, in the
so-called thin double layer regime, one encounters ‘stiff’ differential equations that can be challenging in numerical implementations.
An important theoretical observation was made by Morrison [7] nearly half a century ago, whereby the fluid flow field
around a particle undergoing electrophoretic motion is shown to
be irrotational, but there have been few attempts to explore the
consequences of this interesting phenomenon in the literature.
Indeed, a detailed description of the flow field occurring during electrophoresis seems not to have been given to this day. In
part perhaps because it has been possible to calculate the electrophoretic mobility, for instance with the O’Brien & White [6]
approach, without the need to consider details of the flow field.
As will be shown later, the velocity field around a particle in
electrophoretic motion is unusual in the sense that it decays as
1/r3 with the distance, r from the particle, rather than as 1/r in
the more familiar Stokes flow [8]. Associated with the fact that
the velocity field is irrotational outside the double layer around
the particle, the pressure field decays exponentially on the scale
of the Debye length with distance from the particle rather than
as 1/r2 in Stokes flow. Such behaviours of the velocity and
pressure fields have implications for electrokinetic studies at
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