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ABSTRACT

Analytical solutions in fluid dynamics can be used to elucidate the physics of complex flows and to serve as test cases for numerical models.
In this work, we present the analytical solution for the acoustic boundary layer that develops around a rigid sphere executing small amplitude
harmonic rectilinear motion in a compressible fluid. The mathematical framework that describes the primary flow is identical to that of wave
propagation in linearly elastic solids, with the difference being the appearance of complex instead of real valued wave numbers. The solution
reverts to the well-known classical solutions in special limits: the potential flow solution in the thin boundary layer limit, the oscillatory
flat plate solution in the limit of large sphere radius, and the Stokes flow solutions in the incompressible limit of infinite sound speed. As a
companion analytical result, the steady second order acoustic streaming flow is obtained. This streaming flow is driven by the Reynolds stress
tensor that arises from the axisymmetric first order primary flow around such a rigid sphere. These results are obtained with a linearization of
the non-linear Navier–Stokes equations valid for small amplitude oscillations of the sphere. The streaming flow obeys a time-averaged Stokes
equation with a body force given by the Nyborg model in which the above-mentioned primary flow in a compressible Newtonian fluid is
used to estimate the time-averaged body force. Numerical results are presented to explore different regimes of the complex transverse and
longitudinal wave numbers that characterize the primary flow.
Published under license by AIP Publishing. https://doi.org/10.1063/5.0033933., s

I. INTRODUCTION
Acoustic streaming is the steady flow generated by periodic
small amplitude Rayleigh acoustic fields in compressible Newtonian fluids. In certain flow regimes, the streaming patterns are
observed as intricate steady vortices or circulatory patterns near
solid boundaries. The creation of a steady streaming flow due
to a periodic acoustic wave is inherently a non-linear effect that
arises from the time-averaged velocity field governed by the timedependent Navier–Stokes equations. The role of fluid viscosity and
the generation of vorticity near solid boundaries are key to the
streaming phenomenon so that the details of such flow depend on
the geometry of the system and on the hydrodynamic boundary
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conditions. Consequently, the flow characteristics will vary near
solid or soft surfaces such as biological cell membranes, bubble
surfaces, or fluid interfaces and as such can provide very different
modes of steady fluid transport. Recent advances in microfluidics
and ultrasonic technologies stimulated resurgent interest in these
phenomena.1–8
From the point of view of analytical and numerical analyses,
acoustic streaming has also attracted renewed interest recently, for
example, around spheres, bubbles, and drops,9,10 including thermal
effects.11,12 Previous studies of steady streaming around a stationary
sphere considered an imposed external oscillatory flow field13,14 or
streaming around bubbles and drops.15,16 The amplitude of the oscillations is also assumed to be small compared to the sphere radius. As
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the fluid is generally taken to be incompressible, this is termed steady
streaming rather than acoustic streaming.17 Streaming around a stationary sphere in a compressible fluid has been considered by Lee
and Wang.18 However, they made a further assumption to only
consider the flow outside the boundary layer to simplify the analysis.
To elucidate the physics of such complex flows, it is instructive to have available analytical solutions for special cases that can
also serve as test cases for more complex numerical models. It turns
out that the governing equations and boundary conditions for an
oscillating rigid sphere in an infinite but otherwise quiescent compressible Newtonian fluid are very similar to those of a rigid sphere
undergoing oscillatory motion in an infinite linear elastic material
for which an analytical solution has recently been given by Klaseboer
et al.19
This oscillatory motion of a sphere in a compressible Newtonian fluid generates both an acoustic field due to compressibility of
the fluid and an acoustic boundary layer in the fluid near the sphere
due to viscosity. Without further approximations, we can construct
an analytic solution that accounts for the transition from viscous
boundary layer dominated flow near interfaces to near potential
flow far from boundaries. The known limits of negligible viscosity, negligible compressibility, or zero frequency can be recovered
as special cases. In the geometric limit of a large sphere, results for
both normal and tangential flows at a planar surface are obtained at
different parts of the sphere. To the best knowledge of the authors,
such a theoretical solution has not appeared in the literature before.
Taking this analytical solution to be the primary solution, we then
obtain an expression for the secondary flow or acoustic streaming
that originates from small non-linear inertial effects.
At low amplitudes of oscillation,20 the streaming flow can be
obtained as a non-linear steady secondary correction to the linear
time-dependent primary flow. In this paper, we present a general
analytic solution of the model21 for streaming flow in a compressible Newtonian fluid around a rigid sphere with a radius, a that is
executing rectilinear oscillatory motion with an angular frequency
ω ≡ 2πf and a velocity amplitude U 0 . We focus on the Rayleigh22
or acoustic limit in which the magnitude of the sphere displacement
U 0 /ω is small compared to the sphere radius a and also on the low
Reynolds number regime where the non-linear inertial term in the
Navier–Stokes equation is small.
In Sec. II, we recapitulate the Nyborg formulation for the steady
acoustic streaming flow as a second order effect driven by a linear primary flow. In Sec. III, symmetry arguments pertaining to
the periodic primary flow due to a rigid sphere executing rectilinear oscillations are used to construct the time-averaged Reynolds
stress that results in a steady body force in a Stokes equation that
governs the steady streaming velocity field. Possible acoustic waves
inside the rigid sphere are not taken into account. An explicit analytic solution for periodic primary flow is given in Sec. III B. Corresponding general solutions for the steady acoustic streaming flow
(using the theory of electrophoresis of a charged spherical colloidal
particle23,24 ) are outlined in Sec. III D and are further worked out in
the Appendix. The solutions for the streaming vorticity and velocity are expressed explicitly as integrals of the body force. Analytic
and numerical results for the primary flow around a rigid sphere are
given in Sec. IV. The reduction in this general solution to special
cases and geometric limits together with numerical comparisons are
detailed in Sec. V, and the concluding remarks are given in Sec. VI.
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II. THE NYBORG FRAMEWORK
The Nyborg framework,21 based on the earlier Eckart theory,25
describes the transmission of an acoustic wave in a compressible
Newtonian fluid with constant shear viscosity μ and bulk viscosity μB . The governing equations for the space and time-dependent
density, ρ(x, t), velocity field, v(x, t), and pressure, p(x, t), are the
continuity and momentum equations,
∂ρ
+ ∇ ⋅ (ρ v) = 0,
∂t

(1a)

∂(ρ v)
1
+ ∇ ⋅ (ρ v v) = −∇p + μ∇2 v + (μB + μ)∇(∇ ⋅ v). (1b)
∂t
3
At small vibrating amplitudes, for which all physical quantities can
be linearized about their equilibrium values in terms of the small
parameters: ϵ = ∣∇ ⋅ (ρ v v)∣/∣∂(ρ v)/∂t∣ ∼ U0 /(aω) ≪ 1, and
the Reynolds number, Re = ∣∇ ⋅ (ρ v v)∣/∣μ∇2 v∣ ∼ ρ0 aU0 /μ ≪ 1,
all quantities in (1) are expanded in powers of ϵ about the constant
reference density ρ0 and pressure p0 , and noting that the reference
velocity is zero,
ρ = ρ0 + ϵ ρ1 + ϵ2 ρ2 + . . . ,

p = p0 + ϵ p1 + ϵ2 p2 + ⋯,

v = ϵ v 1 + ϵ2 v 2 + . . . .

(2)

To order ϵ, we have the equations that govern the primary flow,
∂ρ1
+ ρ0 ∇ ⋅ v 1 = 0,
∂t
ρ0

(3a)

∂v 1
1
= −∇p1 + μ∇2 v 1 + (μB + μ)∇(∇ ⋅ v 1 ).
∂t
3

(3b)

For the case of the primary velocity field v 1 (x, t) that is driven by
a sphere of radius, a, executing rectilinear oscillatory motion with a
center of mass velocity: U 0 e−iωt = U 0 e−iωt ez , along the z direction
in a compressible Newtonian fluid, we now show that this primary
flow can be obtained analytically due to axial symmetry. We assume
harmonic time dependence in all primary flow quantities: ρ1 (x, t)
∼ ρ(x)e−i ωt , p1 (x, t) ∼ p(x)e−i ωt , and v 1 (x, t) ∼ u(x)e−i ωt , so that
the order ϵ [Eq. (3)] becomes
− i ωρ + ρ0 ∇ ⋅ u = 0,

(4a)

1
− i ωρ0 u = −∇p + μ∇2 u + (μB + μ)∇(∇ ⋅ u).
3

(4b)

For small amplitude acoustic waves, we can assume the equation
of state: ∇p(x) = c02 ∇ρ(x), where c0 > 0 is the constant speed of
sound in the fluid. This assumes that adiabatic conditions hold.26
The pressure p can thus be eliminated from (4) to give27
[(k2T /k2L ) − 1]∇(∇ ⋅ u) + ∇2 u + k2T u = 0,

(5)

with (complex) transverse kT and longitudinal kL wave numbers
defined by
k2T ≡ i

ρ0 ω
μ

and k2L ≡ ω2 /[c02 −

iω
4
(μB + μ)].
ρ0
3

(6)
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Note that ∣k2L ∣ ≤√(3/4)∣k2T ∣ and that the viscous penetration depth
defined as δ = 2 μ/(ρ0 ω)28 is closely related to the Womersley
√
number M 14,29 as ∣M∣ = 2a/δ = ∣kT ∣a. In Sec. III, Eq. (5) will
be solved for a rigid sphere executing periodic rectilinear motion
with no-slip fluid boundary conditions such that boundary layers
are specifically taken into account.
III. FORMAL SOLUTION FOR AXISYMMETRIC FLOW
In this section, we exploit the axial symmetry condition of the
primary flow driven by the rectilinear motion of a rigid sphere to
construct a general formal solution of the problem. We draw on
a previously obtained solution for a rigid sphere oscillating in an
infinite linearly elastic (solid mechanics) domain.
A. Symmetry of the first order primary flow
The solution of the order ϵ [Eq. (5)] due to the oscillatory
motion of a rigid sphere along the z direction with velocity amplitude U 0 can only depend on the vector U 0 and the position vector x
with the origin at the center of the sphere. Symmetry consideration
implies that the solution to (5) has the general form
u(x) = ur (r) cos θ er + uθ (r) sin θ eθ
dϕ(r)
2
= {− h(r) +
}U0 cos θ er
r
dr
+{

ϕ(r)
1 d
[rh(r)] −
}U0 sin θ eθ ,
r dr
r

=

ρ0 c02
ρ0 c02 2
∇ ⋅ u(x) =
∇ [ϕ(r) cos θ] U0
iω
iω
i ρ0 c02 2
kL ϕ(r) cos θ U0 .
ω

(8)

The pressure in the incompressible limit where ∇ ⋅ u → 0 and the
speed of sound c0 → ∞ reduces to the familiar acoustic result: p(x)
= iωρ0 ϕ(r)cos θU 0 . From (7), we find for the vorticity,
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d
{∇2 [h(r) cos θ]}U0 eφ
dθ

= −k2T h(r) sin θ U0 eφ .

(9)

The order ϵ [Eq. (5)] that governs the primary flow u(x) has
the same mathematical form as the equation for elastic waves in
linear elasticity if the longitudinal and transverse velocities of the
elastic waves are identified formally as cT2 ≡ ω2 /k2T and cL2 ≡ ω2 /k2L ,
respectively. This analogy is explored further in Sec. III B.
B. The analogy with dynamic linear elasticity
In a linear dynamic elastic system, equilibrium of forces
requires ∇ ⋅ Σ = ρ∂ 2 U/∂t 2 , with Σ being the stress tensor, U being the
displacement, ρ being the density, and t being the time. Assuming
harmonic motion with angular frequency ω, one can write Σ = σe−iωt
and U = ue−iωt , and then, (in the frequency domain) the equation
of motion becomes ∇ ⋅ σ = −ρω2 u. Linear isotropic homogeneous
materials satisfy Hooke’s law as follows:
σ
k2
= [ T2 − 2](∇ ⋅ u)I + ∇u + [∇u]T ,
μ
kL

(10)

with μ being the shear modulus, I being the identity matrix, and
superscript “T ” indicating the transpose. The longitudinal (kL ) and
transverse (kT ) wave numbers in linear elasticity are defined as k2L
= ω2 ρ/(λ + 2 μ) and k2T = ω2 ρ/μ (λ is one of the Lamé constants) and
are real valued quantities. When Hooke’s law is substituted into the
equation of motion, one gets

(7)

where ur (r) and uθ (r) are only functions of the radial distance r
from the center of the sphere and er and eθ are unit vectors in
the direction of increasing radial and polar coordinates relative
to the z direction. In general, a vector field u can be expressed
as the sum of a divergence-free component uT with ∇ ⋅ uT = 0
and an irrotational component uL with ∇ × uL = 0, as shown by
Landau and Lifshitz30 (pp. 101–106, Sec. 22). Since u(x) is independent of the azimuthal angle φ and has no components in the
eφ direction, the irrotational longitudinal component of u can be
represented as uL (x) = ∇[ϕ(r)cos θ]U 0 , where ϕ(r) satisfies (∇2
+ k2L )[ϕ(r) cos θ] = 0. Similarly, the divergence-free transverse
component of the velocity can be represented as uT (x) = −∇
× [h(r)sin θeφ ]U 0 , with (∇2 + k2T )[h(r) cos θ] = 0. Representation
(7) then follows.
The introduction of ϕ(r) and h(r) simplifies the expression for
the pressure and the vorticity of the primary flow. From the continuity equation and the equation of state of the compressible fluid, the
pressure is
p(x) =

w(x) ≡ ∇ × u(x) = −

scitation.org/journal/phf

[(k2T /k2L ) − 1]∇(∇ ⋅ u) + ∇2 u + k2T u = 0.

(11)

This equation is identical to (5). Since the boundary conditions are
also identical (u = U 0 ), these two systems should have identical
mathematical solutions. In the work of Klaseboer et al.,19 an analytical solution was given for the elastic waves emitted by a rigid sphere
oscillating in an infinite elastic medium. The solution of the elastic
wave problem can be represented as a combination of the Green’s
function and a dipole field, and explicit solutions for the velocity
components were given by Klaseboer et al.19 as
⎧
a⎪
x ⋅ U0
⎪
u = c1 2 ⎨ei kT r ([1 + G(kT r)]U 0 + F(kT r) 2 x)
r⎪
r
⎪
⎩
⎫
k2
x ⋅ U0 ⎪
⎪
− ei kL r 2L (G(kL r)U 0 + F(kL r) 2 x)⎬
⎪
r
kT
⎪
⎭
− c2

a3 i kL r
e {(i kL r − 1)U 0 + k2L F(kL r)(x ⋅ U 0 )x},
r3

(12)

with the functions F(y) ≡ −1 − 3i/y + 3/y2 , G(y) ≡ i/y − 1/y2 , and
x being the position vector with respect to the center of the sphere.
This solution will also be valid in the acoustic boundary layer context. Note, however, that in linear elasticity, kL and kT are real
parameters, while in the current case of acoustic streaming, they are
complex parameters, as given in Eq. (6).
C. Solution for the primary flow
When an axial symmetric coordinate system is used, using
U 0 = U 0 cos θer − U 0 sin θeθ , x = rer , and (x ⋅ U 0 ) = rU 0 cos θ, Eq. (12)
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becomes
uθ (r)
a
a
= C1 [1 + G(kT r)] ei kT r + C2 G(kL r) ei kL r ,
U0
r
r

(13a)

ur (r)
a
a
= 2 C1 G(kT r) ei kT r + C2 [1 + 2G(kL r)] ei kL r . (13b)
U0
r
r
It is more convenient, instead of the constants c1 and c2 of Eq. (12),
to introduce new constants C1 = −2c1 and C2 = k2L a2 [c1 2/(k2T a2 )+c2 ]
in (13). The functions h(r) and ϕ(r) defined in (7) can now be seen
as
h(r) = −C1 a G(kT r) ei kT r ,

ϕ(r) = −C2 a G(kL r) ei kL r .

(14)

From the no-slip boundary conditions at the surface r = a: ur (a)
= U 0 and uθ (a) = −U 0 , we find
C1 = −

[1 + 3G(kL a)]
e−i kT a ,
[1 + G(kT a) + 2G(kL a)]

[1 + 3G(kT a)]
C2 =
e−i kL a .
[1 + G(kT a) + 2G(kL a)]

(15)

The complex valued kT and kL are taken to have positive imaginary
parts to ensure a finite solution at infinity. We can now also identify terms in exp(ikL r) and exp(ikT r) to be the longitudinal, uL , and
transverse, uT , components of u, respectively.
Solutions (13) and (14) reduce to potential flow solutions when
|kT a| ≫ 1, as shown in Sec. V A. When the radius a is large, at θ
= π/2, the Stokes solution for an oscillating plate is recovered, and at
θ = 0, a plane sound wave is recovered, as illustrated in Sec. V B. In
the incompressible limit, we recover the result given by Landau and
Lifshitz31 (p. 89, Sec. 24, Problem 5) and Stokes flow if the frequency
ω tends to zero, as demonstrated in Sec. V C. The recovery of these
classical solutions gives us further confidence that the constructed
solution is indeed correct.
If the sphere has a zero tangential stress boundary condition,
the vanishing of the tangential stress due to the primary flow will
determine different constants C1 and C2 .
D. Solution procedure for the secondary flow
The secondary “streaming” flow will now be obtained, assuming that the primary flow is as given in Sec. III C. The streaming
velocity is determined by the order ϵ2 terms of the momentum
equation [Eq. (1b)],
∂v 2 ∂(ρ1 v 1 )
+
+ ρ0 ∇ ⋅ (v 1 v 1 )
ρ0
∂t
∂t
1
= −∇p2 + μ∇2 v 2 + (μB + μ)∇(∇ ⋅ v 2 ).
3

2

F(x) ≡ ρ0 ∇ ⋅ ⟨v 1 v 1 ⟩ = −∇P(x) + μ∇ U(x).
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Since ∂(ρ1 v 1 )/∂t and ∂(v 2 )/∂t are periodic, their time average is zero. The time averaging also removes the periodic part of
(v 1 v 1 ), p2 (x, t) and v 2 (x, t). Furthermore, the streaming velocity,
U(x) is divergence free, ∇ ⋅ U = 0,18,21 based on a physical argument that there are no steady sources or sinks. However, a formal
proof of this result is not that straightforward. The secondary velocity satisfies ∇ ⋅ U(x) = −∇⋅ < v 1 ρ1 > /ρ0 . Thus it appears that both
sides of this equation are of order ϵ2 . While Nyborg21 assumed a
solenoidal secondary flow from the onset, Lee and Wang18 proved
more rigorously that ∇ ⋅ U(x) = 0 using a low viscosity argument.
Accepting that the streaming velocity U is divergence-free, its
governing equation (17) is identical to a Stokes flow in the presence of a non-conservative body force F due to the time-averaged
Reynolds stress tensor ⟨−ρ0 (v 1 v 1 )⟩ that is given in terms of the
first order velocity field v 1 .
This is the starting point for the general small amplitude
theory of the streaming velocity by calculating F from the solution of the primary flow. The desired physical solution is v 1 (x, t)
= Real{u(x)e−i ωt }, where u(x) = u′ (x) + iu′′ (x) is, in general,
complex with real and imaginary parts u′ (x) and u′′ (x), and the
time-averaged body force in (17) becomes F = 12 ρ0 ∇ ⋅ [u′ u′ + u′′ u′′ ].
Drawing on the mathematical concepts used in electrophoresis
of a spherical particle, explicit solutions for the streaming vorticity and velocity fields can be given in terms of the body force. The
derivation is rather tedious but otherwise relatively straightforward
and is provided in the Appendix.
IV. EXAMPLES OF THE PRIMARY VELOCITY FIELD
Some representative results will be shown next. In Figs. 1(a)–
1(d), we present the real and imaginary parts of the radial and
tangential components of the primary velocity from the surface
of the sphere at r/a = 1 to the far field at r/a = 15. Values
of the parameters kT a and kL a are chosen to reflect the main
differences in physical behavior, which are expected to occur
if |kT a| and |kL a| are larger or smaller compared to unity in
different combinations, but subject to the constraint that ∣k2L ∣
≤ (3/4)∣k2T ∣. The primary flow velocity components are scaled as
ur /U 0 and uθ /U 0 .
Results for the primary velocity field in Figs. 1(a)–1(d) are given
for the following four cases:
(i)

(16)

For harmonic time dependence of all quantities: ϕ(x, t) ∼ e−i ωt ,
we define the corresponding steady, time-independent streaming quantities by taking the time average: ϕ(x) ≡< ϕ(x, t)
>= (1/T) ∫T0 ϕ(x, t) dt, over one period of oscillation: T = 1/f = 2π/ω.
By time averaging the order ϵ2 momentum equation (16), we
obtain the desired Stokes equation relating the time-averaged body
force, F(x), to the time-average pressure, P(x) ≡< p2 (x, t) >, and
the streaming velocity, U(x) ≡ ⟨v 2 (x, t)⟩,
(17)
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(ii)

(iii)

(iv)

Both |kT a|, |kL a| ≪ 1, with kT a = 0.04 + i0.04 and kL a = 2.5 ×
10−3 + i1.35 × 10−5 (blue curves). The real parts of ur and
uθ have large magnitudes and long range, varying monotonically with r/a. The imaginary parts are also monotonic
with r/a, but the magnitudes are much smaller than the real
parts.
|kT a| ∼ 1 and |kL a| ≪ 1, with kT a = 0.7 + i0.7 and kL a = 0.05
+ i2.7 × 10−4 (green curves). The real and imaginary parts of
ur and uθ have comparable magnitude, but only the real part
of ur is monotonic.
|kT a| ≫ 1 and the real part of kL a ∼ 1, but the imaginary part
of kL a is small, with kT a = 14 + i14 and kL a = 1.0 + i5.4
× 10−3 (red curves). The real and imaginary part of ur and
uθ all change sign as r/a increases from the sphere surface.
Both |kT a|, |kL a| ≫ 1, and kL a has a large imaginary part,
with kT a = 14 + i14 and kL a = 7.4 + i5.9 (black curves).
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FIG. 1. The primary velocity field for different values of k L a and k T a, as detailed in the text for cases (i)–(iv): [(a) and (b)] real and [(c) and (d)] imaginary parts of the radial ur
and tangential uθ primary velocity components, in which k T a = 0.04 + i0.04 and k L a = 2.5 × 10−3 + i1.35 × 10−5 for case (i), k T a = 0.7 + i0.7 and k L a = 0.05 + i2.7 × 10−4
for case (ii), k T a = 14 + i14 and k L a = 1.0 + i5.4 × 10−3 for case (iii), and k T a = 14 + i14 and k L a = 7.4 + i5.9 for case (iv).

In this case, viscous effects dominate, and all flow is confined to within a thin boundary layer adjacent to the sphere
surface.
Plots of the primary velocity, u, [Eq. (13)] and pressure, p,
[Eq. (8)] fields at selected time instants are shown in Fig. 2 (Multimedia view) for case (ii) and in Fig. 3 (Multimedia view) for case
(iii). Of special interest are the “vortex-alike” structures appearing
to the left and right of Figs. 2(a) and 2(b) (Multimedia view) in the
primary flow patterns.
V. RECOVERY OF CLASSICAL SOLUTIONS
FOR THE PRIMARY FLOW
In this section, we will investigate several limits for the primary flow field, namely, the small viscosity limit, which will lead to
potential flow, the large radius limit leading to the flat plate solution,
and the infinite sound speed that together with large viscosity leads
to the classical Stokes flow solution.

Phys. Fluids 32, 126105 (2020); doi: 10.1063/5.0033933
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A. Small viscosity limit, thin boundary layer:
Potential flow
If viscous effects are small, we expect a very thin boundary
layer. From (6), a vanishing viscosity corresponds to the limit |kT a|
≫ |kL a|, and hence, ei kT r ≪ 1 for r > a due to the imaginary part of
kT . From (15), we find
1
lim C2 =
e−i kL a
∣kT a∣→∞
1 + 2G(kL a)
and (13) becomes
lim u =

∣kT a∣→∞

ei kL (r−a) a
U0 [[1 + 2G(kL r)] cos θ er
1 + 2G(kL a) r
+ G(kL r) sin θ eθ ].

(18)

This solution is consistent with that given by Landau and Lifshitz31
(p. 286, Sec. 74, Problem 1).
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FIG. 2. Primary flow velocity vector field and pressure distribution (in color) at time frame: (a) ωt = 0, (b) ωt = 3π/12, and (c) ωt = 6π/12 on the xz plane for case (ii) with k T a
= 0.7 + i0.7 and k L a = 0.05 + i2.7 × 10−4 . Multimedia view: https://doi.org/10.1063/5.0033933.1

FIG. 3. Primary flow velocity vector field and pressure distribution (in color) at time frame: (a) ωt = 0, (b) ωt = 3π/12, and (c) ωt = 6π/12 on the xz plane for case (iii) when
k T a = 14 + i14 and k L a = 1.0 + i5.4 × 10−3 . Multimedia view: https://doi.org/10.1063/5.0033933.2.

If in addition |kL a| → 0, we recover the potential flow solution
for the fluid velocity around a sphere moving at a constant velocity,
lim

∣kL a∣→0 ; ∣kT a∣→∞

u=

1
a3
U0 [cos θ er + sin θ eθ ].
r3
2

(19)

This solution is consistent with that given by Landau and Lifshitz31
(pp. 21–22, Sec. 10, Problem 2).
Figure 4 shows the flow patterns with a carefully selected set of
kT a and kL a values, kT a = 14 + i14 and kL a = 0.05 + i2.7 × 10−4 ,
since it is close to the thin boundary layer limit as |kT a| ≫ 1 and
|kT a| ≫ |kL a|. As demonstrated in Fig. 4, when |kT a| ≫ |kL a|, outside the thin boundary layer, the results obtained with (13) for the
primary velocity field are in good agreement with the results using
(18) for the thin boundary layer potential flow limit. In addition, for
this particular case, as the imaginary part of kL a is close to zero, the

Phys. Fluids 32, 126105 (2020); doi: 10.1063/5.0033933
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imaginary parts of the primary flow velocity components calculated
by (18) almost vanish, as displayed by the green circles in Fig. 4. Note
that Re[uθ (r)] closely follows the potential flow results for r/a > 1.5
but bends over sharply in the region of r/a = 1 to 1.5 to satisfy the noslip condition of uθ (a) = −1. In contrast, the potential flow solution
is uθ (a) = 0.5.

B. Large radius: Flat plate limit
If the radius of the sphere, a, is very large, then there are two
locations of special interest: the front of the sphere at θ = 0 and the
side of the sphere at θ = π/2.
Consider first the side at which cos θ = 0 and sin θ = 1. From
(7), we then find u = −uθ (r)ez since U 0 = −U 0 ez . Setting r/a → 1 in
(13), we find
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FIG. 4. Comparison of the primary velocity fields at k T a = 14 + i14 and k L a = 0.05 + i2.7 × 10−4 between the results obtained by using (13) (lines) and those of the thin
boundary layer limitation by using (18) (symbols): (a) the radial, ur , and (b) tangential, uθ , primary velocity components.

uθ (r)
= C1 ei kT r [1 + G(kT r)] + C2 ei kL r G(kL r).
U0

(20)

As such, with the help of the Maclaurin series expansion of ei kL a , we
have

For a large sphere, |kL a|, |kT a| ≫ 1, so G(kL r), G(kT r)
→ 0 and C1 → −ei kT a , and the velocity becomes
lim

∣kL a∣,∣kT a∣→∞ ; θ=π/2

u = −ei kT (r−a) U 0 .

(21)

ur (r)
= 2ei kT r C1 G(kT r) + C2 ei kL r [1 + 2G(kL r)].
U0

(22)

Again with G(kL r), G(kT r) → 0 for a large sphere, |kL a|, |kT a| ≫ 1,
we have the limiting solution
∣kL a∣,∣kT a∣→∞ ; θ=0

u = ei kL (r−a) U 0 ,

(23)

which represents a plane sound wave propagating out of an oscillating plate.
C. Infinite sound speed: (Oscillatory) incompressible
Stokes flow limit
The incompressibility of the fluid implies that c0 → ∞. In this
case, we can take the limit of |kL a| → 0 while keeping |kT a| finite.
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lim C2 =

∣kL a∣→0

In the time domain, this is equivalent to the well-known Stokes oscil−ky
latory boundary
thickness equation:28,32,33 u = −U 0 e√
cos(ωt − ky),
√
with k = ωρ0 /(2μ), the real part of kT = (1 + i ) ωρ0 /(2μ), and
y = r − a being the distance from the flat surface. Thus, the solution
at the side of the sphere tends toward the Stokes vibrating boundary layer theory for a flat plate when the radius of the sphere is large
enough.
For the solution in front of the sphere at θ = 0, in the large
a or flat plate limit with U 0 = U 0 ez , the velocity in (7) becomes u
= ur (r)ez , and with a/r → 1, we have

lim

lim C1 = −

∣kL a∣→0

3G(kL a) −i kT a
3
e
→ − e−i kT a ,
2G(kL a)
2

1 + 3G(kT a)
eikL a [2G(kL a)]

→−

(24a)

(kL a)2
[1 + 3G(kT a)].
2

(24b)

Introducing (24) into (13), we have
uθ (r)
1 + 3G(kT a) a3
3 a
=−
[1 + G(kT r)] ei kT (r−a) +
,
U0
2 r
2
r3

(25a)

ur (r)
a
a3
= −3 G(kT r) ei kT (r−a) + [1 + 3G(kT a)] 3 .
U0
r
r

(25b)

This solution is identical to the solution given by Landau
and Lifshitz31 (p. 89, Sec. 24, Problem 5), where the velocity was
written as u ≡ ∇ × ∇ × [f L (r)U 0 ]; then ur (r) = −(2/r)df L (r)/dr
df (r)
and uθ (r) = (1/r)df L (r)/dr + d2 f L (r)/dr2 . They showed that Ldr
= aL ( 1r −

1
)ei kT r + br2L .
i kT r2
−i kT a
3i ae
/(2kT ) and

This corresponds to our solution with

aL =
bL = −[1 + G(kT a)]a3 /2. It is also consistent with the solution of Eq. (9) from Ref. 14. As shown in Fig. 5,
the results obtained by using (13) for the primary velocity fields at
kL a = 0.01 + i0.001 when (i) kT a = 1 + i1 and (ii) kT a = 14 + i14 are
in good agreement with the results using (25) for the incompressible
Stokes flow limit.
In order to get back the Stokes limit, we have to take the limit
|kT a| → 0 as well. By using the Maclaurin series expansions of ei kT r
and ei kT a , we have
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FIG. 5. Comparison of the primary velocity fields at k L a = 0.01 + i0.001 with (i) k T a = 1 + i1 and (ii) k T a = 14 + i14 between the results obtained by using Eq. (13) (lines)
and those by using Eq. (25) for the incompressible Stokes flow limit (symbols): [(a) and (b)] real and [(c) and (d)] imaginary parts of the radial, ur , and tangential, uθ , primary
velocity components.

lim [1 + G(kT r)]ei kT r =

∣kT a∣→0

1
1
−
,
2 k2T r2

(26a)

ur (r) 3 a
3 a 1 a3
3 a3 3 a 1 a3
=
+ 2 2 −
−
=
−
,
U0
2 r kT r r 2 r3 k2T a2 r3 2 r 2 r3

(27b)

1
1
lim G(kT r)ei kT r = − − 2 2 ,
2 kT r

(26b)

which is the velocity field for a sphere moving in Stokes flow given
by Landau and Lifshitz31 (pp. 50–60, Sec. 20). Note that in the abovementioned results, terms with 1/k2T cancel out each other exactly.

1
3
lim [1 + 3G(kT a)]ei kT a = − − 2 2 .
2 kT a

(26c)

VI. CONCLUSION

∣kT a∣→0

∣kT a∣→0

Then, the velocity components become
uθ (r)
3 a
3 a 1 a3
3 a3
3 a 1 a3
=−
+ 2 2 −
−
=
−
−
,
2
U0
4 r 2kT r r 4 r3 2kT a2 r3
4 r 4 r3
(27a)
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The analytical solution of the flow field around a rigid sphere
executing small amplitude rectilinear motion in a compressible fluid
was investigated. Both the primary flow, where second order inertial effects were neglected, and the secondary flow were studied. The
mathematical form of the equation that governs the primary velocity
field is identical to that for the propagation of elastic waves in solids.
This allows us to draw on earlier work19 to obtain analytic solutions.
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The primary flow field was shown to adhere to all the classical analytical expressions in the small or large viscosity and/or radius limits
and is valid for very thin all the way to very thick boundary layers.
The equation that governs the (secondary) streaming flow is
analogous to the problem of the flow phenomenon associated with
the electrophoretic mobility of a spherical charged particle23,24 that
enables the streaming velocity field to be expressed readily in terms
of body force and vorticity.
To the best knowledge of the authors, this is one of the few
analytic results in the theory of acoustic boundary layer flow and
can serve as a benchmark for numerical solution schemes for more
complex problems.
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the single function S(r) in (A3). The form for the pressure can be
inferred from (17),
P(x) = P0 (r) + P2 (r)(3 cos2 θ − 1).

= [F0 (r) + F2 (r) (3 cos2 θ − 1)] er + F1 (r) cos θ sin θ eθ ,
(A1)
where the superscript “∗ ” denotes the complex conjugate. Explicit
expressions for the functions F 2 (r), F 1 (r), and F 0 (r) in (A1) for F are
F2 (r) =

ρ0 dur u∗r
ρ0
+
[2uθ u∗θ + 3uθ u∗r + 3u∗θ ur + 4ur u∗r ], (A2a)
6 dr
12r

F1 (r) =

ρ0 d
3ρ0
[uθ u∗r + u∗θ ur ] +
(2uθ u∗θ + uθ u∗r + u∗θ ur ), (A2b)
4 dr
4r
F0 (r) =

ρ0 dur u∗r
ρ0
+
[4ur u∗r − 4uθ u∗θ ].
6 dr
12r

2

U(x) = Ur (r) (3 cos θ − 1) er + Uθ (r) cos θ sin θ eθ
S(r)
1 d
(3 cos2 θ − 1) er −
[rS(r)] cos θ sin θ eθ . (A3)
r
r dr

The condition ∇ ⋅ U(x) = 0 (see the works of Nyborg21 and Lee
and Wang18 ) ensures that the streaming velocity is determined by
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W(x) ≡ ∇ × U(x) = W(r) cos θ sin θ eφ ,

(A6)

1 d
f (r) = { [rF1 (r)] + 6F2 (r)}.
r dr

(A7)

This completes the framework of the axisymmetric streaming flow
around a sphere.

The method of solution involves deriving an ordinary differential equation for W(r) defined in (A6) in terms of f (r) defined in
(A5). Then, the velocity function S(r) given by (A3) can be expressed
in terms of W(r) to give the solution for the velocity field.
Expressing ∇2 W(x) in spherical polar coordinates, the curl of
(17) becomes
d 1 d
(A8)
f (r) = μr [ 4 (r3 W(r))]
dr r dr
that can be integrated immediately to give the vorticity function,
W(r); noting that W(r) → 0 as r → ∞,
W(r) =

cw
+ Wf (r),
r3

with
(A2c)

Using this general form for F(x) in (17), the streaming velocity must
have the following angular and radial dependency:

=

(A5)

2. Formal solution of the streaming equation

ρ0
[(u ⋅ ∇)u∗ + (u∗ ⋅ ∇)u + (∇ ⋅ u∗ )u + (∇ ⋅ u)u∗ ]
4

F(x) =

∇ × F(x) = f (r) cos θ sin θ eφ ,

with f (r) that characterizes the body force in (A5) given by

1. Symmetry of the streaming equation
From the symmetry condition of the primary velocity field in
(7), it follows from (17) that the body force per unit volume that
drives the streaming flow must be of the form

(A4)

Instead of solving for the three functions S(r), P0 (r), and P2 (r),
it is more convenient to work in terms of the vorticity field, W = ∇
× U, to eliminate the pressure, P(x). We hereby follow very closely
the theory used for electrophoresis of a moving sphere, in particular that of the Ph.D. thesis of Overbeek;23 although the theory
is not identical, many of the mathematical concepts such as vector manipulation in spherical coordinates and double integration
techniques can still be utilized here. Taking the curl of (17) gives
∇ × F = μ∇2 W. Since both the body force F and the streaming
velocity U are independent of the azimuthal angle φ and have no
azimuthal φ-component, their curl will only have a non-zero component in the φ-direction along the unit vector, eφ . This then ensures
that ∇2 W also points in the φ direction. From (A1) and (A3), they
are characterized by two functions, f (r) and W(r), that are only
functions of the radial distance r from the center of the sphere,

APPENDIX: DERIVATION OF THE SECONDARY
FLOW FIELD
In this appendix, the theoretical solution for the secondary flow
field is derived, as outlined in Sec. III D.

scitation.org/journal/phf

Wf (r) ≡

1 1
μ r3 ∫r

∞

y 4 [∫

y

∞

f (x)
dx]dy.
x

(A9)

The integration constant cw from the homogeneous solution
can be determined from the boundary conditions at the sphere
surface r = a.
In a similar way, the streaming velocity function S(r) can be
found by combining (A3) and (A6) to give
W(r) = −r

d 1 d 3
[r S(r)]]
[
dr r4 dr

(A10)
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FIG. 7. The secondary flow velocity vector and vorticity distribution on the xz plane for (a) case (ii) with k T a = 0.7 + i0.7 and k L a = 0.05 + i2.7 × 10−4 and (b) case (iii) when
k T a = 14 + i14 and k L a = 1.0 + i5.4 × 10−3 .

defined as Re = ρ0 aU 0 /μ. Thus, the time-averaged body force f (r) is
significant only within a thin boundary layer from the sphere surface, and this is reflected in the observation that the vorticity W(r)
is non-zero only within about 5 radii from the surface. However,
the streaming velocity field can extend well beyond the range of the
streaming vorticity with the typical long ranged characteristics of
Stokes flow around a sphere.
Plots of the secondary velocity, U, and vorticity, W y , are shown
in Fig. 7 for cases (ii) and (iii). The four-lobed velocity profile is
clearly visible in Fig. 7 for the secondary streaming flow. Also clearly
visible are the eight regions of the secondary streaming flow vorticity W y in Fig. 7. Even though the vorticity changes sign in each
quadrant, the secondary streaming flow velocity does not reverse
direction in an individual quadrant. Near the sphere, the axially symmetric steady acoustic streaming flow U due to oscillatory motion of
the sphere in the z direction draws fluid toward the sphere in the xyplane and re-directs the fluid away from the sphere symmetrically
along the ±z directions.
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