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We investigate the statistical-mechanical basis and the numerical accuracy 
of the Smoluchowski-Poisson-Boltzmann (SPB) approximation for describ- 
ing ion diffusion in non-uniform electrolytes. The many-particle generalized 
Smoluchowski equation is formally reduced to a hierarchy of coupled n- 
particle equations. A closure relation, called the Instantaneous Relaxation 
Approximation (IRA), is used to decouple the equation for the  one-particle 
self-propagator. Introducing also a mean field approximation (MFA), we 
recover the SPB equation. The accuracy of the IRA and M F A  is quantita- 
tively assessed for a model system consisting of two parallel uniformly 
charged plates with an intervening solution containing point ions in a dielec- 
tric medium. This is done by comparing diffusion propagators, survival 
probabilities and mean first passage times obtained by (1) solving the many- 
particle generalized Smoluchowski equation by the stochastic dynamics 
simulation technique (2) numerically solving the one-particle Smoluchowski 
equation with the exact (simulated) equilibrium potential of mean force, and 
(3) analytically solving the SPB equation. The IRA is found to be a useful 
approximation, whereas the M F A  can lead to substantial error for systems 
with strong Coulomb coupling, as in the case of polyvalent counterions. 
Provided with a realistic potential of mean force, the one-particle Smolu- 
chowski equation thus yields an accurate description of ion diffusion in non- 
uniform electrolytes. 

1. INTRODUCTION 

T h e  e lect r ic  doub le  layer ,  cons i s t ing  of  an ionic so lu t ion  in contac t  wi th  a 
cha rged  interface,  emerges  as a centra l  fea ture  of  m a n y  p r o b l e m s  in col lo id  
science,  e l e c t r o c h e m i s t r y  and b iophys ics .  S ince  the  p ionee r ing  work  of  G o u y  [1]  
and  C h a p m a n  [2] ,  a vast  l i t e ra tu re  has a c c u m u l a t e d  conce rn ing  the der iva t ion ,  
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1106 T. Akesson et al. 

accuracy and application of the Poisson-Boltzmann (PB) equation and other theo- 
ries of the equilibrium ion distribution in the double layer. For a recent review, 
see Carnie and Torrie [3]. Although of considerable importance, the dynamic 
properties of the double layer have received much less attention [4]. 

In this paper, we focus on the self-diffusion of the counterions making up the 
diffuse part of the electric double layer. This problem has been approached in two 
fundamentally different ways. Historically, the first approach was the association 
theory [5], which postulates the existence of bound and free counterions with 
zero mobility and bulk mobility, respectively. This phenomenological approach is 
still widely used to interpret experimental data. A more realistic picture of the 
dynamic consequences of the long-range Coulomb interaction is provided by the 
Smoluchowski approach. Here Smoluchowski's diffusion equation [6] 

0 
Ot L ( r ;  t ] ro) = D o V �9 [ (V - / ~ K ) L ( r  ; t I ro)] (1) 

for the space-time evolution of the self-propagatorfs(r; t lr0) is extended by sub- 
stituting for the external force K (a uniform gravitational field in Smoluchowski 's 
original application) the equilibrium solvent-averaged mean force acting on a 
counterion located at r. When the mean force is evaluated in the Poisson- 
Boltzmann approximation we shall refer to equation (1) as the Smoluchowski-  
Poisson-Boltzmann (SPB) equation. The SPB approach, which was pioneered in 
the double layer context by Lifson and Jackson [7], has proven successful in 
explaining counterion self-diffusion [8-10] and spin relaxation Ell, 12] data from 
polyion solutions. 

The aim of this paper is to investigate some of the statistical-mechanical 
approximations inherent in the SPB equation. Starting from a many-particle 
generalized Smoluchowski equation, we identify the further approximations that 
are needed to obtain the SPB equation. These are (1) an assumption of instanta- 
neous response of the surrounding counterions to the motion of the tagged 
counterion and (2) a neglect of the equilibrium pair correlation among the 
counterions. (In a uniform electrolyte solution, approximation (1) corresponds to 
the neglect of the relaxation effect [-13].) We then assess the effect of each of these 
approximations for a model system consisting of two parallel charged plates with 
an intervening solution containing the counterions, see figure 1. This is accom- 

Figure 1. 

- | 

- |  

- | 

| 

| 

| 

-b 6 

| |  

| 
| 

|  

| - 

b ' Z  

A schematic picture of the model system with the mobile ions, considered as 
point charges, in between the uniformly charged walls. 
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Ion diffusion at charged interfaces 1107 

plished by solving the many-particle generalized Smoluchowski equation by the 
Stochastic Dynamics simulation technique and comparing the resulting self- 
propagator with that obtained (1) by numerically solving the Smoluchowski equa- 
tion, equation (1), with the exact simulated mean force and (2) by analytically 
solving the SPB equation. Comparisons are also made of mean first passage times 
and survival probabilities, formally obtained by integrating the self-propagator 
over time and/or space. 

2. THE GENERALIZED SMOLUCHOWSKI EQUATION 

Our point of departure will be the N-particle generalized Smoluchowski equa- 
tion which governs the time evolution of the probability density F(rN; t[ r for 
the configuration of the N counterions 

F(rN; t i r g ) = D  0 ~ , v , "  V,F(r N; t [ r~)  
~t i=l 

I N ] } + flVi ul(ri)  + ~ '  u2(ri, rj) F(rN; t l rg)  . 
j = l  

(2) 

For definitions of the quantities appearing in equation (2) ; see Appendix A. 
Equation (2) may be derived from the Liouville equation and certain well- 

defined approximations [14-17]. These are as follows: (1) the relaxation of ionic 
and solvent momenta and of solvent configuration is fast compared to the time- 
scale for relevant changes in the ionic configuration, (2) the potential energy of 
interaction, 

N 

ul(ri) + ~ '  u2(rl, rj), (3) 
j = l  

and its derivatives vary negligibly over the ionic momentum correlation length, 
Do(mfl) 1/2, and (3) the solvent-mediated dynamic coupling between the ions and 
with the walls may be neglected. Although these approximations do not appear to 
have been rigorously justified for aqueous electrolytes, simple numerical estimates 
tend to be reassuring. In this study, however, we shall not be concerned with the 
accuracy of these approximations. Rather, we shall examine the further approx- 
imations that are needed to derive the SPB equation from equation (2). 

The  first step in our formal derivation of the SPB equation is the reduction of 
the N-particle generalized Smoluchowski equation, equation (2), to a correspond- 
ing equation for the one-particle self-propagatorfs(t;  t[to). As defined in Appen- 
dix A, fs(r; t[ r0) dr is the probability of finding, at time t, the tagged ion to within 
dr of r, given that it was initially at r 0. Using the time dependent distribution 
functions defined in Appendix A, we perform this reduction in Appendix B. The  
result, equation (B 11), may be expressed in the physically perspicuous form 

~t L(r ;  t l r o ) =  D o V -  {IV + flVw(r; tl ro)Jf~(r; tl ro)}, (4) 
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1108 T.  Akesson et al. 

with a t ime dependent  potential of mean force w(r; t [ to) given by 

Vw(r; t l ro) = Vul(r) + f dr'[Vu2(r, r')]g(r, r'; t[ro)fd(r'; t l r0). (s) 

In these equations, r refers to the position of the tagged particle and r to the 
position of any of the N -  1 untagged particles. The  self-propagator fs(r; t] r 
and the distinct propagator  fd(r t]r are generalizations to finite nonuniform 
systems of van Hove ' s  space-time correlation functions [18]. The  definitions and 
general propert ies of these propagators  and of the t ime dependent  pair correlation 
function g(r r t ] r can be found in Appendix A. 

Taken together, equation (4) and the corresponding equation (B 12) for the 
distinct propagator  constitute the lowest level of a hierarchy of coupled n-particle 
generalized Smoluchowski equations (n = 1, 2, . . . ,  N), which all can be derived 
along the lines of Appendix B. In order to obtain the self-propagatorfs(r t] r it 
is necessary to solve the coupled equations, equations (4) and (B 12), subject to an 
approximate  closure which expresses the pair correlation g(r r t]r in terms of 
known functions. Such a closure has the effect of decoupling the one-particle 
level f rom the two-particle level of the hierarchy. If, in addition, we approximate 
the distinct propagator  in equation (5) by some known function, then also the self 
and distinct one-particle equations decouple and it suffices to solve equation (4). 

T h e  t ime dependence in the potential of mean force w(r; t] r as exhibited in 
equation (5), reflects the finite t ime required for the N -  1 untagged ions to fill 
the 'correlat ion ho le '  at r0 left by the tagged ion. As a consequence, the tagged 
ion experiences a retarding force which tends to slow down the evolution of the 
self-propagator.  The  analogous phenomenon in uniform systems is the so-called 
relaxation effect [13], which is usually pictured as a dynamic asymmetry  in the 
ion atmosphere around the tagged ion. 

T h e  second step in our derivation of the SPB equation is the introduction in 
equation (5) of the Instantaneous Relaxation Approximat ion (IRA),  defined by 

g(r,  r ' ;  t I ro) fd( r ' ;  t l ro) = g~q(r, r')feq(r'), (6) 

where geq(r, r') and feq(r') are the usual equil ibrium pair correlation and singlet 
distribution functions. 

I t  is clear f rom Appendix A that g(r, r'; t]ro)fd(r'; t i t0) dr' is the probabil i ty 
of finding, at t ime t, any one of the N -  1 untagged ions to within dr' of r' 
(irrespective of the configuration of the remaining N - -  2 untagged ions), given 
that the tagged ion is simultaneously at r and with the initial configuration of the 
untagged ions averaged over the conditional equil ibrium probabil i ty density with 
the tagged ion fixed at r0. Consequently,  equation (6) is exact in the two limits 
t = 0 and t---~ o0. It  would be numerically accurate at all t imes if the tagged ion 
were to diffuse much  more slowly than the untagged ions. T h e  t ime taken for the 
untagged ions to develop an equil ibrium correlation with the tagged ion would 
then be short compared to the t ime required for significant displacements of the 
tagged ion. 
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Ion diffusion at charged interfaces 1109 

When equation (6) is inserted into equation (5), we find that the potential of 
mean force in the IRA is simply the exact equilibrium potential of mean force, 
Weq(r), given by 

Vweq(r) = Vul(r ) + J dr'[Vu2(r , r')]geq(r, r')f~q(r') 

= - f l - ;V In feq(r), (7) 

where the last equality follows from the lowest member of the equilibrium 
Bogol iubo~Born  Green Yvon hierarchy [3]. Consequently, the IRA self- 
propagator evolves towards the correct equilibrium distribution. (This is 
expected, since equation (6) is exact in the limit t--* oc). 

The other statistical-mechanical approximation needed in our derivation of 
the SPB equation is a mean field approximation (MFA), according to which the 
equilibrium pair correlations are neglected by setting [3, 19] 

geq(r, r') = 1 (8) 

in equation (7). As a consequence, the potential of mean force becomes identical 
to the mean potential 

MFA f 7J3eq (r) ul ( r  ) + dr,u2(r ' t MFA , = r)feq (r) (9) 

where fMFA(r) satisfies the integral equation (7) with geq(r, r') = 1. In the MFA, 
the tagged ion is thus considered as diffusing in the mean potential resulting from 
statistical averaging over'all the N ions. The consequences of the M F A  for equi- 
librium properties have been studied in detail in references [3], [19] and [28]. 

3. THE SMOLUCHOWSKI--PoISSON--BoLTZMANN EQUATION IN 
PLANAR GEOMETRY 

The model system which we have chosen as testing ground for the SPB 
equation consists of two parallel uniformly charged plates located at z = __+ b with 
an intervening solution containing point ions of charge Ze imbedded in a homoge- 
neous dielectric of relative permittivity r (see figure 1). The charge of the point 
ions is opposite in sign to that of the plates, so that the system as a whole is 
electroneutral. In a system such as this, which contains only counterions, it is 
possible to set the ionic radius to zero. The effects of the two statistical- 
mechanical approximations (IRA and MFA) in the SPB equation can thus be 
investigated without interference from finite ion size effects, i.e. all correlations 
have a purely electrostatic origin. An additional advantage of the absence of 
colons is the existence of an analytic solution to the SPB equation for this system 
[2o]. 
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1110 T. ~,kesson et al. 

Each plate carries a fixed uniform surface charge density a. The permittivity 
is taken to be the same on either side of the plate, so that dielectric image forces 
do not occur. The singlet and pair potentials are then 

u l ( z  ) = constant; - b  < z < b, 

u2(r, r') = 
(Ze) 2 

4neo G I r --  r'l 

The mean electrostatic potential 

~(z)  = (Ze) -  t f dr, u2(r ' r')/~q(r') 

(10) 

(11) 

is approximated by the solution [21, 22] of the Poisson-Boltzmann equation 
subject to the appropriate boundary conditions 

2k n T 
~(z) -- ~(0) = In cos (nz). (13) 

Ze 

The reciprocal Debye length, ~, is obtained by solving the transcendental equa- 
tion 

[ Zeal  b 
xb tan (xb) - (14) 

2eo er kB T 

on the interval 0 < ~cb < n/2. 
In the IRA equation (4) reads 

St f s ( r ;  t l r 0 )=  D0V"  {IV + f lVw ,q ( r ) ] f s ( r ;  t[ r0) }. (15) 

Now from the symmetry of our model system, it is clear that a one-point function 
such as Weq(t ) can depend only on the z coordinate. The  operator on the right- 
hand side of equation (15) can therefore be split into one part which involves only 
the cylindrical coordinates p and tp and another part which involves only the z 
coordinate. As a consequence, the diffusion parallel to the plates (the lateral 
diffusion) is statistically independent from the diffusion perpendicular to the 
plates (the transverse diffusion). (This is not true when time dependent pair 
correlations are taken into account.) In the IRA, therefore, equation (15) may be 
decomposed into two separate diffusion equations; one describing the evolution 
of the lateral self-propagator 

& f s ( p ; t [ p o ) -  P @ P ~ p f s ( p ;  t lpo)  , (16) 

where p is the perpendicular distance (parallel to the plates) from the z-axis, and 
the other describing the evolution of the transverse self-propagator 

~t fs(z; t l Zo) = Do -~z + flWeq(Z) f~(z t lZo) , 

where the prime signifies differentiation with respect to z. 

(17) 

(12) 
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Ion diffusion at charged interfaces 1111 

Since the system is laterally unbounded,  the solution to equation (16) is 
simply the Green ' s  function for two-dimensional  free diffusion 

(p - p0) 
f~(p; tlpo) = (47~Dot) -1 exp 4--~o t ] .  (18) 

If, in equation (17), we also invoke the MFA,  with Wcq(Z) replaced by Ze~b(z) 
f rom equation (13), we arrive at the SPB equation for our model system 

& f~(z; t l Z o ) = D o - ~ z  - 2Ktan (~z) f~(z; tlz0) . (19) 

In Appendix C we show that the solution to equation (19), with impenetrable 
boundaries at z = • b and with a delta-function initial condition, is 

c o s  ( x z 0 )  f~(z; t I z0 )  = ~ c o t  (tcb) s e c  2 (Kz) + ~c2b - -  
c o s  (Kz)  

n = l  

exp {-- [(n~/2) 2 -- (Kb)Z](Do t/b2)} 
• 

[(mz/2) 2 - (~b) 2] 

[-6n, odd Un(KZO)Un(KZ) -~ (1 - -  (~n, odd)'Un(KZ0)Vn(K"~")] 

where 6,, oaa = 1 (0) if n is odd (even). Fur thermore  

(20) 

( m r z ~ _  nrr sin (nrrz~ 
u.(~:z) = tan (Kz) cos \ 2b / 2Kb \ -2-b- / '  (21 a) 

v.(~z) =- tan (Kz) sin \ 2b ] + 2~c---b cos k 2b ] '  

Since ~b < n/2, the exponentials in equation (20) decay with t ime and in the limit 
t -~  ~ only the first term, corresponding to the equil ibrium distribution feq(Z), 
remains. In the limit tcb = 0, equation (20) reduces to the well-known [23] propa-  
gator for one-dimensional  free diffusion between reflecting boundaries. 

4. STOCHASTIC DYNAMICS SIMULATION 

The  starting point for the Stochastic Dynamics  simulations is the extended 
Langevin equation for the ionic momenta  Pi(t) 

d 
dt pi(t)  = - ~ P / ( t )  + Ri(t )  + Ki(rN; t). (22)  

The  effects of the solvent are contained in the dissipation coefficient ~, in the 
random force Ri(t ) and in the dielectric screening of the ionic interactions. The  
time dependence of the ionic force KI(I'N; t) is only implicit through the coordi- 
nates r n and it is evaluated f rom the potential model in equations (10) and (11) 

N 
Ki(rN; t) = -- V VI(r N) = - V i E '  u2(rl, r ) .  (23) 

j=l  
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1 l 12 T .  Akesson  et al. 

E q u a t i o n  (22) can be fo rma l ly  in t eg ra t ed  to ob ta in  

~0 t r(t) -- r o = ( m ( ) - l ( p  0 -- p( t ) )  + ( m ~ ) - l  dt'[R(t') + K ( r  N, t ' )] ,  (24) 

where  the  index  i has been  d r o p p e d .  T h i s  is st i l l  an equa t ion  of  m o t i o n  in phase  
space.  Howeve r ,  for a t ime  t, which  is long c o m p a r e d  to the  m o m e n t u m  cor re la -  
t ion t ime  3-1 ,  we can neglec t  the  first t e r m  on the r i g h t - h a n d  side of  equa t ion  
(24) and ob ta in  [24] 

r(t) -- ro = (m~)-t fo dt'[R(t') + K(rN; t ' )] .  (25) 

E q u a t i o n  (25) is a s tochas t ic  d i f ferent ia l  equa t ion ,  which  has a so lu t ion  in the  
fo rm of  a p r o b a b i l i t y  dens i ty  func t ion  W(r s; t [ r~). In  fact it r ep re sen t s  N equa-  
t ions coup led  t h r o u g h  the force K(rn;t). I f  we res t r ic t  ourse lves  to shor t  t imes ,  
bu t  stil l  large c o m p a r e d  to ~-1 ,  then  K(rN; t) is a p p r o x i m a t e l y  cons tan t  and  the N 
equa t ions  decoup le  to give 

r(t) -- r o -- K(rN; O)t/m~ = (m~)-i fo dt' R(t ' ) .  (26) 

A p p l y i n g  C h a n d r a s e k h a r ' s  l e m m a  [25] to equa t ion  (26) leads to the  des i r ed  p r o b -  
ab i l i ty  dens i ty  func t ion  

W(r; t]ro) = (4nDo t ) 3/2 exp [ - 1  r(t) - to -- Kt/m~12/4Do t] (27) 

wi th  D O = kT/m~ and K = K(rN; 0). (The  same symbol ,  e.g. F or  PV, will  be used  
to deno te  d i f ferent  funct ions ,  ident i f ied  b y  the i r  a rgumen t s . )  

W e  will  now show that  W is also a so lu t ion  to the  genera l i zed  S m o l u c h o w s k i  
equa t ion ,  equa t ion  (2). Le t  us, in ana logy  wi th  wha t  we d id  in o rde r  to arr ive at 
equa t ion  (26), rep lace  the  po ten t ia l  t e rm  in equa t ion  (2) wi th  a cons tan t  K as is 
l eg i t imate  for  shor t  t imes .  E q u a t i o n  (2) then  factor izes  and  we have 

wi th  

8t  F ( r ;  t l ro) = Do V �9 {(V - f lK)F( r ;  t l ro)} (28) 

N 
F(t n; t] rr~) = I-I F(ri; t r0i). (29) 

i=1 

I t  is s imple  to show tha t  equa t ion  (27) is a so lu t ion  to the  S m o l u c h o w s k i  equa-  
t ion.  T h u s  the  two routes ,  equa t ions  (2) and  (25), are ident ica l  (PV-= F )  and  
which  way  to p roceed  is p u r e l y  based  on n u m e r i c a l  cons ide ra t ions .  I t  seems,  
however ,  that  the  s tochas t ic  a p p r o a c h  is concep tua l ly  s imp le r  and  more  su i tab le  
for n u m e r i c a l  compu ta t i ons .  

T h e  r i g h t - h a n d  side of  equa t ion  (26) can be i n t e r p r e t e d  as a r a n d o m  d isp lace-  
m e n t  due  to col l i s ions  wi th  the  so lvent  molecu les  and  we can rewr i t e  equa t ion  
(26) as 

r(t + At) - r(t) = Ar(t,  At) = ArG(At ) + K(rN; t) At/m~. (30) 
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Ion diffusion at charged interfaces l 113 

T h e  r a n d o m  d i s p l a c e m e n t  Ar G has,  in the  l imi t  of  inf ini te  d i lu t ion ,  a gauss ian  
d i s t r i b u t i o n  wi th  the  first  and  second  m o m e n t s  equal  to 

( A r G )  ---- 0 (31 a) 

( I A r  GI 2) = 6D 0 At. (31b) 

W e  now assume tha t  Ar G has the  same s ta t is t ica l  p rope r t i e s  at f inite concen t r a -  
t ions as in an inf in i te ly  d i lu te  sys tem,  which  is cons i s t en t  wi th  the  neglec t  of  the  
iner t ia l  t e r m  in equa t ion  (24), see also [24].  T h i s  means  tha t  ne i the r  the  f r ic t ion 
coeff ic ient  nor  the  r a n d o m  force  d i s t r i bu t i o n  are affected b y  the ex t ra  force 
K( t~ ;  t). I t  is then  s t r a i gh t fo rwa rd  to solve equa t ion  (30) wi th  a t ime  s tep At smal l  
enough  so tha t  K(rN; t + At) ~ K(rN; t), b u t  stil l  At >> ~ 1. T h e  la t te r  r equ i re -  
m e n t  has a formal  charac ter ,  s ince it is re la ted  to the  mass  of  the  Brownian  
par t ic le ,  wh ich  is w i thou t  s ignif icance in the  d i f fus ion l imit .  S i m u l a t i o n s  wi th  
t ime s teps  of  0-1 and 0 -2ps  were  wi th in  the  s ta t is t ica l  f luc tuat ions  ident ica l  and  
we used  the larger  value  in all s imula t ions  p r e sen t ed  here.  Pe r iod ic  b o u n d a r y  
cond i t ions  were  app l i ed  in the  two d i rec t ions  para l le l  to the  cha rged  walls.  T o  
gua ran tee  tha t  the  flux across  the  wal ls  is zero (perfect  ref lect ion) ,  an ion was 
a l lowed to move  p e r p e n d i c u l a r l y  on ly  if i ts  new pos i t ion  was conf ined  be tween  
the  walls .  T h i s  cond i t ion  leads  to the  cor rec t  e q u i l i b r i u m  d i s t r i bu t i on ,  as can be 
ver i f ied f rom the p r inc ip le  of  de ta i l ed  balance .  

T h e  e lect r ic  force ac t ing  on an ion was eva lua ted  us ing  the m i n i m u m  image  
conven t ion ,  that  is, it was a l lowed to in te rac t  wi th  all ions wi th in  a pa r a l l e l ep iped  
cen t red  on itself.  D u e  to the  long range  charac te r  of  the  e lec t ros ta t ic  force and the 
l imi t ed  n u m b e r  of  pa r t i c les  exp l i c i t ly  t r ea ted  (usua l ly  50 coun te r ions ) ,  one has to 
inc lude  a co r rec t ion  f rom the charges  ou t s ide  the  s imu la t ion  box.  T h i s  can in 
p r inc ip l e  be done  se l f -cons i s ten t ly ,  tha t  is the  o r ig ina l ly  u n k n o w n  d i s t r i b u t i o n  is 
a p p r o x i m a t e d  by  the d i s t r i b u t i o n  ob t a ined  f rom an ini t ia l  s imula t ion .  A second  
s imula t ion  wil l  then  give an i m p r o v e d  d i s t r i bu t ion ,  wh ich  in t u rn  can be  used  to 
a p p r o x i m a t e  the  exact  one and so on. T h i s  a p p r o a c h  has some d r a w b a c k s :  it is for 
example  no t  obv ious  tha t  it  wil l  converge  and it is r a the r  t i m e - c o n s u m i n g .  In  the  
p r e sen t  s imula t ions  we have a p p r o x i m a t e d  the d i s t r i bu t i on  ou t s ide  the  box wi th  
the  c o r r e s p o n d i n g  P o i s s o n - B o l t z m a n n  d i s t r ibu t ion .  T h i s  a p p r o a c h  has been  
ex tens ive ly  tes ted  in [19],  where  also a m o r e  de ta i l ed  accoun t  is given.  

5. CALCULATIONS 

In  this  sec t ion we p r e sen t  a quan t i t a t ive  a s sessmen t  of  the  accuracy  of  the  SPB 
a p p r o x i m a t i o n  in de sc r ib ing  coun te r ion  dif fus ion in the  m o d e l  sys tem of  f igure 1. 
T h e  effects of  the  two s t a t i s t i ca l -mechan ica l  a p p r o x i m a t i o n s ,  i n s t an taneous  
response  ( I R A )  and neglec t  of  e q u i l i b r i u m  spat ia l  co r re la t ion  ( M F A ) ,  i nhe ren t  in 
the  SPB p ropaga to r ,  wil l  be e x a m i n e d  separa te ly .  T h i s  can be done  b y  c o m p a r i n g  
(1) the  exact  (wi th in  the  mode l )  S D  p ropaga to r ,  ob t a ined  f rom s tochas t ic  
d y n a m i c s  s imula t ions  as de sc r ibed  in w (2) the  I R A  p ropaga to r ,  ob t a ined  by  
n u m e r i c a l l y  solving equa t ion  (17) wi th  the  exact  ( s imula ted)  mean  force,  as 
de sc r ibed  in A p p e n d i x  D,  and  (3) the  analy t ic  SPB p r o p a g a t o r ,  as g iven in w 
which  involves  b o t h  the  I R A  and the M F A .  T h e  s imula t ions ,  as well  as o the r  
ca lcula t ions ,  were  done  wi th  the  fo l lowing  p a r a m e t e r  va lues :  T = 293 K,  8r = 
80"36, b = 10"5.~ (except  f igure 9), D O = 2 x 1 0 - 9 m 2 s  -1 and  [a[  = 0 ' 2 2 4 C m  -2  
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1114 T . . ~ k e s s o n  et al. 

( c o r r e s p o n d i n g  to one e l e m e n t a r y  charge  per  71"4,~2). T h e  coun te r ion  va lency  
was Z = 1 or  2 as ind ica ted ,  c o r r e s p o n d i n g  to ~b = 1'3655 and ~b = 1"4599, 
respec t ive ly .  

T h e  s e l f - p r o p a g a t o r  fs(P, tp, z; tJpo, tPo, Zo) o b t a i n e d  f rom the s imu la t ion  
m a y  be r e g a r d e d  as the  so lu t ion  to equa t ion  (4). Because  of  the  t r ans la t iona l  
s y m m e t r y  of  the  m o d e l  sys tem,  this  p r o p a g a t o r  can d e p e n d  on ly  on the  la teral  
d i s p l a c e m e n t  Ap = [(x -- Xo) 2 + (y --y0)2] 1/2, and  on the  t r ansve r se  coord ina te s  z 

and  z 0 . In  genera l  the  t r ansverse  and la teral  d i f fus ion processes  are coup led  b u t  
one m a y  define a pu re ly  t r ansverse  p r o p a g a t o r  by  averag ing  over  the la teral  
d i sp lacemen t .  F o r  our  m o d e l  sys tem,  then,  

~0 ~176 f~(z ; t J z0) = d(Ap) f~(Ap, z ;  t J Zo). (32) 

All  p r o p a g a t o r s  will  be p r e s e n t e d  in d i sc re t i zed  form.  T h u s  fs(z ;  t Jzo) is 
r ep laced  b y  P(k; tJ ko), which  gives the  p r o b a b i l i t y  of  f ind ing  the tagged  ion in 
the  k th  z - i n t e rva l  at t ime  t, g iven that  it  was loca ted  in k0 ini t ia l ly .  W i t h  an 
in t e r l ame l l a r  spac ing  of  21 ,~ and  an in terva l  w i d t h  of 1 ,~, k runs  f rom 1 to 21 
(k = 1 and  21 be ing  ad jacent  to the  cha rged  walls).  T h e  t r ansverse  I R A  p r o p a g a -  
tor  was ob t a ined  by  first so lving equa t ion  (17) wi th  a g r id  spac ing  of  0"1 A and  
then  conve r t ing  the  resu l t ing  p r o p a g a t o r  to the  coarse r  1 A  gr id  used  in the  
figures.  T h e  d i sc re t i za t ion  e r ro r  was found  to be negl ig ib le .  T h e  d i sc re t i za t ion  of  
the  t r ansve r se  SPB p r o p a g a t o r  was p e r f o r m e d  ana ly t ica l ly  as de sc r ibed  in A p p e n -  
dix  C. 

T h e  la teral  d i f fus ion is cha rac te r i zed  by  the  d i sc re t i zed  p r o p a g a t o r  
P(l, m; t Jmo), which  gives the  p r o b a b i l i t y  tha t  the  tagged  ion at t ime  t has suf-  
fe red  a la teral  d i s p l a c e m e n t  of  1 radia l  uni ts ,  whi le  its ini t ia l  and  final t r ansve r se  
coord ina te s  were  in the  in terva ls  m o and  m, respec t ive ly .  T h e  radia l  in terva l  w i d t h  
is taken  to be 1 .~ (l = 1 ,2  . . . .  ), whi le  the  z - in t e rva l  is 3"5 A so tha t  m runs  f rom 1 
to 6 (m = 1) and  6 be ing  ad jacen t  to the  cha rged  walls).  

5.1. Lateral propagators 

As no ted  in w 3, the  I R A  and  SPB la teral  p r o p a g a t o r s  are bo th  i n d e p e n d e n t  of  
the  t r ansverse  coord ina t e  and given b y  the  f ree-d i f fus ion  G r e e n ' s  func t ion ,  equa-  
t ion (18). T h i s  is a consequence  of  the  s y m m e t r y  of  the  m o d e l  sys tem,  wh ich  
ensures  tha t  the  (exact) m e a n  force has no la tera l  c o m p o n e n t .  H o w e v e r ,  the  
evo lu t ion  of  the  s imu la t ed  la teral  p r o p a g a t o r  is expec t ed  to dev ia te  f rom equa t ion  
(18) due  to the  d y n a m i c  cor re la t ions  associa ted  wi th  the  t i m e - d e p e n d e n t  mean  
force in equa t ion  (4). 

F i g u r e  2 shows the  s imu la t ed  p r o p a g a t o r  P(l, m; t im) for m o n o v a l e n t  
coun te r ions  as a func t ion  of  the  square  of  the  la tera l  d i sp l acemen t .  F i r s t ly ,  we 
note  the  a lmos t  per fec t  G a u s s i a n  b e h a v i o u r ;  the  p r o p a g a t o r s  are well  d e s c r i b e d  
by  equa t ion  (18) b u t  wi th  an effective d i f fus ion coeff ic ient  wh ich  is lower  than  D O 
by  up  to 15 per  cent .  T h i s  r e t a rda t ion  is ana logous  to the  w e l l - k n o w n  re laxa t ion  
effect in u n i f o r m  sys tems.  T h e  second  po in t  to no te  abou t  f igure 2 is tha t  the  
effective d i f fus ion coeff ic ient  is t i m e - d e p e n d e n t ,  i.e. a f inite t ime,  of  the  o r d e r  
100ps ,  is r e q u i r e d  for the  d y n a m i c  cor re la t ions  to be ful ly  man i fe s t ed .  T h i s  t ime  
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Ion diffusion at charged interfaces 1115 

InP(I,m,llm) 

(I- 112) 2 
x 

5'0 1130 
(a) 

InP(I,m;tlm) 

i 
,(I-1/2) = 

16o 250 
(b) 

tnPO,m;tlm) 
5 

0 

(I-  112) 2 

260 46o 
(c) 

Figure 2. The  logar i thm of the s imulated lateral  p ropaga to r  P(l, m; tim) for monova len t  
coun te r ions  as a func t ion  of  ( l -  �89 T h e  s t ra ight  l ines d rawn  cor respond  to the  
loga r i thm of the  G r e e n ' s  funct ion ,  equa t ion  (18), wi th  different  values of the  diffu- 
sion coefficient,  D (given be low in uni t s  of 1 0 - 9 m  2 s-1) .  T o  separate  the  g raphs  a 
cons tan t  c has  been  added.  (a) t = 3 2 p s :  Q ,  m =  1, c = � 8 9  D =  1.84; + ,  m = 2 ,  
c=O, D = l ' 9 1 ;  x ,  m = 3 ,  c = - - � 8 9  D =  1"94. (b) t = 6 4 p s :  Q ,  m = l ,  c = l ,  
D = 1.74; + ,  average for m = 2 and  m = 3, c = 0, D = 1-87. (c) t = 128ps ,  D = 1"70 
and  1.77 respectively.  Otherwise  as in (b). 
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1116 T .  Akesson  et al. 

m a y  be t hough t  of as a re laxa t ion  t ime  for the  ionic  a t m o s p h e r e ;  it shou ld  be 
c losely  re la ted  to the  t ime  taken for an ion to diffuse a d i s tance  equal  to the  rad ius  
of  its ' c o r r e l a t i o n  h o l e ' .  S ince  the  coun te r ions  accumula t e  near  the  walls,  th is  
cor re la t ion  length  shou ld  be  abou t  6 - 8 , ~  (the charge  dens i ty  on each wall  cor re -  
sponds  to one e l e m e n t a r y  charge  pe r  (8.4,&)z). W i t h  a d i f fus ion coeff ic ient  of  
2 x 10 -9  m Z s - 1 ,  this  y ie lds  a re laxa t ion  t ime  of  abou t  100-150 ps, in r easonab le  
a g r e e m e n t  wi th  the  s imula t ions .  

In  ana logy  wi th  u n i f o r m  e lec t ro ly te  solu t ions ,  where  the  re laxa t ion  effect 
increases  wi th  concen t ra t ion ,  one expec ts  the  la teral  d i f fus ion to be m a x i m a l l y  
r e t a rded  near  the  cha rged  walls  where  the  local coun te r ion  concen t r a t i on  is 
h ighest .  T h i s  expec ta t ion  is b o r n e  out  by  the  s imu la t ion  da ta  in f igure 2. F r o m  
the s lopes  we thus  es t imate  a d i f fus iv i ty  r educ t ion  of  ca 15 per  cent  w i th in  3 -5A 
of  the  cha rged  walls  (where  a coun te r ion  res ides  abou t  75 per  cent  of  the  t ime) ,  
c o m p a r e d  to ca 8 pe r  cent  in the  r e m a i n d e r  of  the  sys tem.  In  view of  the  large 
concen t r a t i on  d i f ference  be tween  these  regions ,  the  o b s e r v e d  z - d e p e n d e n c e  in the  
la teral  d i f fus ion m a y  seem su rp r i s ing ly  weak.  H o w e v e r ,  s ince the  i n t e r - l ame l l a r  
separa t ion  is of  the  same o r d e r  of m a g n i t u d e  as the  cor re la t ion  length ,  also 
coun te r ions  m i d w a y  be tween  the wal ls  are d y n a m i c a l l y  co r re l a t ed  wi th  those  
re s id ing  near  the  walls.  

5.2. Transverse propagators 

In  the  case of  the  t r ansverse  coun te r ion  diffusion,  all th ree  ca lcu la ted  p r o p a g a -  
tors  (the exact  S D  p r o p a g a t o r  and  the a p p r o x i m a t e  I R A  and SPB p ropaga to r s )  
will ,  in genera l ,  be different .  A n y  dev ia t ion  be tween  the S D  and I R A  p r o p a g a t o r s  
can be t r aced  to d y n a m i c  cor re la t ions ,  as in the  case of  la teral  diffusion,  whereas  a 
d i f ference be tween  the  I R A  and SPB p r o p a g a t o r s  reflects s tat ic  cor re la t ions  via  
the e q u i l i b r i u m  mean  force in equa t ion  (17). T h e  d i sc re t i zed  t r ansverse  p r o p a g a -  
tor,  P(k ;  t ]k0) ,  p r e sen t ed  in this  subsec t ion  refers  to ref lect ing b o u n d a r y  cond i -  
t ions at the  cha rged  walls.  T h i s  p r o p a g a t o r  evolves  t ow a rds  the  e q u i l i b r i u m  
d i s t r i bu t ion .  In  the  l imi t  t---~ o0, the  S D  and  I R A  p r o p a g a t o r s  shou ld  thus  coin-  
cide,  whereas  the  SPB p r o p a g a t o r  shou ld  exh ib i t  the  known  [19] def ic iencies  of  
the  PB a p p r o x i m a t i o n  for this  sys tem,  viz. a too h igh  coun te r ion  concen t r a t i on  in 
the  m i d p l a n e  (z = 0) region.  

F i g u r e s  3-5 i l lus t ra te  the  t r ansverse  se l f -d i f fus ion  of  m o n o v a l e n t  c oun t e r i ons ;  
in f igures 3 and 4 we have p lo t t ed  d i sc re t i zed  p r o p a g a t o r s  P(k ;  t ] k0) as func t ions  
of  k at f ixed t ime,  whereas  in f igure 5 we p lo t  P(k  ; t ] k0) as a func t ion  of  t ime  for 
given k and k 0 . I t  is seen that  the  SD,  I R A  and SPB p r o p a g a t o r s  agree r e ma rk -  

ab ly  well  for m o n o v a l e n t  ions. W h e r e  dev ia t ions  do occur ,  they  are due  ma in ly  to 
s tat ic  cor re la t ions .  T h i s  is mos t  c lear ly  seen in the  z - i n t e rva l  ad jacen t  to the  
cha rged  wall  (k = 1) and  at long t imes.  

S ince  the  I R A  is exact  in the  two l imi ts  t = 0 and  t--~ oo (cf. w we can 
expect  to see effects of  d y n a m i c  cor re la t ions  on ly  at i n t e rme d ia t e  t imes .  Excep t  
for the  smal l  d i f ferences  be tween  the S D  and I R A  p r o p a g a t o r s  in f igures 4 (b) and  
5 (b), the re  is no ind ica t ion  in figures 3-5 of  s ignif icant  d y n a m i c  cor re la t ions .  In  
f igure 5 (a )  the  S D  and I R A  P ( 1 ; t ]  1) p r o p a g a t o r s  are seen to co inc ide  at all 
t imes .  T h i s  may  be u n d e r s t o o d  on the basis  that ,  at long and i n t e rme d ia t e  t imes ,  
d y n a m i c  cor re la t ions  re ta rd  to rough ly  equal  ex ten t  the  coun te r ion  fluxes away 
f rom and towards  the  cha rged  wall.  On  the  o the r  hand ,  at shor t  t imes ,  the  ion has 
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Ion diffusion at charged interfaces 

P(k;2psll) 

.5 

1 1'1 

k 

2~1 

1117 

.5- 

P(k;32psl 1 ) 

] : :  := 

1'1 
(b) 

k 

2'1 

P(k; 1024psi 1) 

3 

1~1 2'1 
(c) 

F i g u r e  3. T h e  t r a n s v e r s e  p r o p a g a t o r  P(k; t i t )  for  m o n o v a l e n t  c o u n t e r i o n s  as a f u n c t i o n  
o f  k at t h r e e  d i f f e r en t  t i m e s :  (a) t = 2 ps,  (b) t = 32 ps,  and  (c) t = 1024ps .  S y m b o l s :  
S D  ( x ) ,  I R A  ( -  - - ) ,  S P B  ( ). T h e  s t a n d a r d  dev ia t ions  are  a b o u t  1 pe r  c e n t  
( S D )  and  0"2 pe r  cen t  ( IRA) .  
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.3- 

P(k;2psl 11) 

k 

11 2~1 
(a) 

P(k;32psl 11) 

.1- T T 

' 1 '1 2'1 

(b) 

P~(k) 

.2- 

( _jk 
i i 

11 2'1 
(c) 

Figure 4. T h e  transverse propagator  P(k; t [ 11) for monovalent  counter ions  as a funct ion 
of k at two different t imes:  (a) t = 2 ps, and (b) t = 32ps.  Figure c shows the 
equi l ibr ium dis t r ibut ion P~q(k). Symbols  as in figure 3. T h e  bars show one s tandard  
deviation (68-3 per  cent  confidence limit) for the s imulated values. 
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I o n  d i f f u s i o n  a t  c h a r g e d  i n t e r f a c e s  

P(1;t[1) 

(a) 

2log t ips 

lb 

1119  

P(1,~l t 1) 

.2- 
..~- . . . .  4 . . . . .  -~ . . . . .  

/ 
(b) 

2 log t ips 

P(1;tt21 

.2- "'~ 

..." 2 t ips 

5 1~0 
(c) 

F i g u r e  5. T h e  t r a n s v e r s e  p r o p a g a t o r  P ( I  ; t [ k0) for  m o n o v a l e n t  ions  as a f u n c t i o n  of  t i m e  
for  t h r e e  d i f f e r en t  init ial  pos i t i ons  k o . S y m b o l s  as in f igure  3. T h e  bars  s h o w  one  
s t a n d a r d  dev ia t ion  for  S D .  
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m o v e d  a short  dis tance c o m p a r e d  to its corre la t ion  length,  which  results  in m i n o r  

effects of dynamic  correlat ions.  H o w e v e r ,  even the p ropaga to r  P ( 2 1 ; t ] l )  reveals 

no significant  relaxat ion effect. (Th i s  poin t  is fu r the r  discussed in w 5.3.) 

F igures  6 and 7 i l lustrate  the t ransverse  self-diffusion of  d iva lent  counter ions .  

As expected ,  static corre la t ions  are more  impor t an t  than for m o n o v a l e n t  ions. 

P(k;lOpsll) 

.5- 

k 

1 I1 2 [1 
(a) 

P(k; 160psi 1) 

.5- 

- -  - r  . . . .  

(b) 

P(k;5nsl 1) 

k 

- i  

21 

.5 

. . . . . .  k 
I . . . .  T . . . . . . . . . .  

11 2'1 
(c) 

Figure 6. The transverse propagator P(k; t ] 1) for divalent counterions as a function of k 
at (a) t = 10ps, (b) t = 160ps, and (c) t = 5000ps. Symbols as in figure 3. 
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Ion diffusion at charged interfaces 1121 

Howeve r ,  d y n a m i c  cor re la t ions  are still  neg l ig ib le ;  the S D  and  I R A  p r o p a g a t o r s  
are v i r t ua l ly  ident ica l .  

A n  a l te rna t ive  to the  plots  in f igures 5 (a) and  7 is shown in f igure 8, where  we 
have p lo t t ed  the q u a n t i t y  [1 - P ( 1 ; t l l ) ] / [ 1  - Peq(1)] as func t ion  of  t ime.  T h i s  

P(1;tll) 

Figure 7. 

.5- 

2log t/5ps 

The time dependence of the transverse propagator P ( 1 ; t  I 1) for divalent 
counterions. Symbols as in figure 3. 

1-P(1;t11) 
I I-P~I) 

2log t/ps 

(a) 

P(1;tll) 

x x . - - ~  x . . . . . . . . . . . . .  

2log t/5ps 

5 10 
(b) 

Figure 8. Transverse counterion diffusion as illustrated by the time dependence of 
[ 1  - -  P(1 ; t] I)]/[1 -- Peq(1)] for (a) monovalent and (b) divalent ions. Symbols as in 
figure 3. 
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1122 T. .~kesson et al. 

quantity is zero initially and evolves towards unity. At very short times, where 
P(1, t[1) is virtually unaffected by electrostatic interactions, the SD and IRA 
curves exceed the SPB curve in figure 8. This is simply due to the larger value of 
1 - P,q(1) in the MFA. However, at longer times there is a cross-over and the SD 
and IRA curves evolve more slowly than the SPB curve, due to the deeper 
electrostatic potential well in the presence of static correlations. 

5.3. Absorption statistics 
In some applications one is primarily interested in the statistics of counterion 

diffusion from one spatial region to another rather than in the, hitherto discussed, 
decay of an initial delta-function towards the equilibrium counterion distribution. 
The former process may be studied theoretically by introducing an absorbing 
boundary condition at some point where the tagged counterion loses its label. For 
the transverse counterion diffusion in our model system, for example, we can 
define the survival probability, Q(t[Zo, zA), that a counterion, initially located at 
z0, has not yet reached (and become absorbed at) z a at time t. Choosing the left 
wall (at z = - b )  as reflecting and the absorbing boundary at - b  < z a < b, we can 
express Q(t[Zo, za) as an integral over the transverse self-propagator, fs(z; t l z0), 
subject to the corresponding boundary conditions 

Q(tlZo,ZA)=ff idz fs(z; t lZo) .  (33) 

The mean first passage time (MFPT) ,  z(za[z0) , is the average time taken for a 
counterion, initially located at z0, to reach z a for the first time. This quantity is 
obtained by a further integration as 

Z(ZA I Z0) = dt Q(tlZo, za). (34) 

The discretized versions of the absorption probability and the M F P T  can be 
obtained directly from a simulation (SD). In the IRA, when the transverse propa- 
gator obeys equation (17), the propagator and the absorption probability can be 
calculated numerically as described in Appendix D. The M F P T ,  however, can be 
calculated without the need to solve equation (17). By combining equations (17), 
(33), (34) and the boundary conditions and then performing the integrations in 
equations (33) and (34) in a formal way, one obtains the simple formula [26, 27] 

1 ;  zA f f  z(zA [z~ = Doo dz exp [~Wcq(Z)] dz' exp [--flWcq(Z')]. (35) 
0 b 

Using this result and the simulated (exact) potential of mean force, W~q(Z), we 
calculated the IRA M F P T  by summation over 0"1A z-intervals. The SPB 
absorption probability and M F P T ,  finally, were obtained from the general ana- 
lytical results of [20]. 

Figure 9 shows the transverse MFPT z(zl -b)  as a function of - b  < z < 0 for 
monovalent and divalent counterions. The initial position is within 0"5 A of the 
left wall (z = --b). (In contrast to the other data presented in this paper, figure 9 
refers to a system with b = 13 ,~.) The close agreement between the SD and IRA 
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Ion diffusion at charged interfaces 

Tins 

1123 

.Y 
, /  

i T / .  x / / /  

.... /A 

6 
(a) 

Tins 

/ 
10 ,, 

/" 
/ /  

/" 
e 7 

"'/" zlA _ _ ~ ~ "  
6 

(b) 

Figure 9. The MFPT x(Z[Zo) with --b < z o < --b + 0.5,~, for (a) monovalent and (b) 
divalent counterions. Symbols as in figure 3. System parameters as elsewhere, 
except b = 13 A. 

results implies that  dynamic  correlations are un impor tan t  for this M F P T .  Static 
corre la t ions  are of minor  impor tance  for monovalent  ions, for which the SPB 
result deviates by less than 20 percent.  For  divalent counterions,  however, the 
reduced well depth  in the  PB potential  causes the SPB approximat ion to z(01 - b )  
to fall short  by a factor of 4. 

Figure 10 shows the temporal  decay of the survival probabi l i ty  Q(tl Zo, ZA), 
and of its logari thm, for monovalent  counterions.  The  initial posit ion is within 
0"5 ,~ of the left wall and the absorbing boundary  is at the midplane  (z n = 0). One 
sees again that  there  is vir tual ly no effect of dynamic  correlations on the counter-  
ion diffusion out of the potential  well. The  decay of the survival probabi l i ty  is 
seen to be exponential ,  except dur ing an initial phase of ca. 200 ps. Th is  fact may 
be exploited in simulations of the M F P T .  Rather  than extending the simulation 
to t imes that are long compared  to the M F P T  (which may mean up to 1 0 - 7 s  for 
divalent ions), one can terminate the simulation as soon as the exponential  decay 
in figure 10 is established and then evaluate the remainder  of the integral in 
equation (34) analytically. This  procedure  may reduce the computer  requirements  
by more than an order  of magnitude.  
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O(t ]-b,0) 

........... T 
g 

(a) 

InQ(t I-b,O) 0 - ~ . ~ . , ~ . . .  

-5- /ns 

(b) 

Figure 10. Time dependence of (a) the survival probability Q(t]Zo,  ZA) and (b) its 
logar!thm for monovalent counterions, z A = 0 and -- b < z 0 < -- b + 0"5 A with b = 
10.5 A. Symbols:  SD ( . . . . . .  ), IRA ( . . . .  ), SPB ( ). 

T h e  ins igni f icant  effect of  d y n a m i c  cor re la t ions  on the  t ransverse  coun te r ion  
diffusion,  as ev idenced  b y  f igures 9 and  10, m a y  be c on t r a s t e d  wi th  the  15 pe rcen t  
r educ t i on  of  the  effective l a t e r a l  diffusion coeff ic ient  (f igure 2). T h i s  d i f ference 
can be  u n d e r s t o o d  as follows.  T h e  M F P T  ~(0] - b )  m e a s u r e s  the  t ime  r e q u i r e d  
for a coun te r ion  to escape f rom a well  d e p t h  of  several  k T  in the  e q u i l i b r i u m  
po ten t i a l  of  mean  force.  T h i s  p rocess  m a y  be d e c o m p o s e d  into two s tages :  a 
t r ans i en t  ini t ia l  phase ,  when  the pos i t ion  of the  t agged  ion be c ome s  essent ia l ly  
equ i l i b ra t ed ,  fo l lowed by  a quas i - s t e ady - s t a t e  phase ,  d u r i n g  which  the  tagged  
par t ic le  dens i ty  s lowly  leaks ou t  of  the  sys t em at the  a b s o r b i n g  b o u n d a r y  w i thou t  
s igni f icant ly  d i s t u r b i n g  the e q u i l i b r i u m  d i s t r i bu t i on .  T h i s  q u a s i - s t e a d y - s t a t e  
phase ,  wh ich  c o r r e s p o n d s  to the  exponen t i a l  reg ion  in f igure 10, makes  the  over -  
w h e l m i n g  c o n t r i b u t i o n  to r(0] - -b) .  As a consequence  ~(0] - -b)  be c ome s  essen-  
t ia l ly  i n d e p e n d e n t  of  d y n a m i c  cor re la t ions ,  wh ich  on ly  affect the  t r ans i en t  ini t ia l  
phase.  

T h e  M F P T  ~ ( - - b ] 0 )  for  d i f fus ion in to  the  po ten t i a l  well,  on the  o the r  hand ,  
shou ld  show some effects of  d y n a m i c  cor re la t ions .  W h i l e  we have no t  ca lcu la ted  
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Ion diffusion at charged interfaces 1125 

MFPTs ,  z(z[b), from simulations compared to M F P T s  obtained from equation (34) with 
O(t { - b, - z0) from IRA. The quotient ZSD/qRA reflects the effect of dynamic correlations. 

z0(A) "csb(ps)  ~IRA(PS) ~'SD/~'IRA 

8 37.6 32.3 1.16 
6 169 158 1.07 
4 438 426 1.03 
2 837 829 1"01 
0 1299 1334 0.97 

this M F P T ,  a re la ted  t r e n d  can be seen in f igures 4(b)  and  5 (b) where  the  S D  
p r o p a g a t o r  evolves m o r e  s lowly  than  the I R A  p ropaga to r .  Re laxa t ion  effects 
shou ld  also be  a p p a r e n t  in z(z[ --b)  for z in the  n e i g h b o u r h o o d  of  the  cha rged  
wal l ;  the  c o n t r i b u t i o n  f rom the t r ans ien t  ini t ia l  phase  is then  not  negl ig ib le .  Such  
a b e h a v i o u r  is i l lus t ra ted  by  the ra t io  of  the  S D  and  I R A  M F P T ' s  in the  table.  

6. CONCLUSIONS 

In  this  work  we have inves t iga ted  the  s t a t i s t i ca l -mechan ica l  basis  and  the 
numer i ca l  accuracy  of  the  S m o l u c h o w s k i - P o i s s o n - B o l t z m a n n  a p p r o x i m a t i o n  for 
de sc r ib ing  ion d i f fus ion in n o n u n i f o r m  e lec t ro ly tes .  O u r  ma in  conc lus ions  are as 
follows.  

T h e  m a n y - p a r t i c l e  genera l i zed  S m o l u c h o w s k i  equa t ion  m a y  be fo rma l ly  
r e d u c e d  to a di f fus ion equa t ion  for  the  one -pa r t i c l e  se l f -p ropaga to r .  T h i s  equa-  
t ion con ta ins  a t i m e - d e p e n d e n t  genera l i za t ion  of  the  e q u i l i b r i u m  po ten t i a l  of  
mean  force.  T w o  a p p r o x i m a t i o n s ,  express ib le  in t e rms  of  we l l -de f ined  one-  and 
t w o - p a r t i c l e  d i s t r i b u t i o n  func t ions ,  are n e e d e d  to der ive  the  SPB equa t ion .  T h e s e  
are an I n s t a n t a n e o u s  Relaxa t ion  A p p r o x i m a t i o n  ( IRA) ,  c o r r e s p o n d i n g  to the  
neglec t  of  d y n a m i c  cor re la t ions  (or the  re laxa t ion  effect), and  a M e a n  F ie ld  
A p p r o x i m a t i o n  ( M F A ) ,  c o r r e s p o n d i n g  to the  neglec t  of  s tat ic  cor re la t ions .  

In  the  inves t iga ted  m o d e l  sys tem,  the  effective d i f fus ion coeff ic ient  for la teral  
d i sp l acemen t s  of  m o n o v a l e n t  coun te r ions  is r e d u c e d  by  up  to 15 pe r  cent  due  to a 
re laxa t ion  effect ( d y n a m i c  cor re la t ions) .  T h i s  r educ t i on  d e p e n d s  ra ther  weakly  on 
the  d i s tance  f rom the cha rged  walls.  

T h e  t r ansverse  d i f fus ion of  m o n o -  and d iva len t  coun te r ions  out  of  the  well  in 
the e q u i l i b r i u m  po ten t i a l  of  mean  force is v i r tua l ly  unaffec ted  b y  d y n a m i c  cor re l -  
a t ions  b u t  is sensi t ive  to the well  dep th .  F o r  this  m o d e  of  d i f fus ion the I R A  is 
thus  an excel len t  a p p r o x i m a t i o n ;  as long as an accura te  e q u i l i b r i u m  poten t ia l  of  
mean  force is used,  the  d y n a m i c a l  b e h a v i o u r  is fa i th fu l ly  d e s c r i b e d  in the  IRA.  
T h e  M F A  (i.e. the  P o i s s o n - B o l t z m a n n  a p p r o x i m a t i o n )  shou ld  be useful  for 
m o n o v a l e n t  ions, bu t  can lead to subs tan t i a l  e r ro r  in the  d y n a m i c a l  desc r ip t ion  of  
po lyva len t  ions. 

T h i s  work  was s u p p o r t e d  by  g ran t s  f rom the Swed i sh  N a t u r a l  Sc ience  Rea-  
search Counci l .  One  of  us (Bo JSnsson)  also wan t s  to acknowledge  a Vis i t ing  
F e l l o w s h i p  at the Aus t r a l i an  Na t iona l  Un ive r s i t y ,  Canbe r r a .  
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1126 T.  Akesson et al. 

APPENDIX A 

Time dependent distribution functions 

We consider a collection of N identical classical solute particles without inter- 
nal degrees of freedom. The  system is in thermal  equil ibrium at a temperature  T. 
The  solvent-averaged hamiltonian of the system is 

H(r N, O N) = P ?  + v(tN), (A 1) 
i = 1  2m 

where cN denotes the 3N particle coordinates i t ,  t2, . . . ,  tN and O N denotes the 3N 
particle momen ta  lal, 02,  - - - ,  las. T h e  potential energy of the system in the 
configuration cN is 

N N N 

V(CN) = E u,(r + �89 E E '  u~(r,, r (A 2) 
i = 1  i = 1  j = l  

where the pr ime signifies exclusion of t h e j  = i term. T h e  singlet potentials ul(r 
which include the effects of confining boundaries,  produce a spatially nonuniform 
average particle density at equilibrium. 

Let  F(tN; t lr be the specific N-part ic le  probabil i ty density in the canonical 
ensemble.  T h e n  F(rN; t l t0 ~) dr N is the probabil i ty of finding, at t ime t, the N 
distinct particles (labelled 1, 2, . . . ,  N) to within dr of the configuration iN, given 
that they were in the configuration t N at t = 0. I t  follows that 

fd tNF( tN;  tl = (A to N) 1. 3) 

Fur thermore ,  

and 

N 

F(r N; 01 rg) = H 6(ri - rol), (A 4) 
i = l  

exp [--flV(rM)] 
F(rN; ~ fro N) = Feq(r N) = , (A 5) 

f dr N exp [ - f l V ( r n ) ]  

where fl -- (k.  7 ) -  1. 
T h e  reduced specific n-particle probabil i ty densities are defined through 

F(t  n ; t I rN) -- f deN- nF( CN ; t I iN) ; n <~ N.  (A 6) 

F(r t ] t N) de ~ is the probabil i ty of finding, at t ime t, n distinct particles (labelled 
1, 2, . . . ,  n) to within dt ~ of the configuration r irrespective of the present 
configuration of the remaining N - n particles, but  conditional on the specified 
initial configuration of all the N particles. F rom equations (A 3)-(A 6), it follows 
that 

f dt"F(r t I = 1, (A 7) r N) 

F(r ; 0 ] iN) = f i  6(r _ toi) ' (A 8) 
i = 1  
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Ion diffusion at charged interfaces 1127 

f dr N-" exp [ - - f lV(rN)]  
F(r";  ooir N) = Feq(r" ) . . . . . . .  . 

f dr N exp  [ - - f l v ( rN)  "] 
(A 9) 

T h e  equ i l ib r ium specific n-par t ic le  corre la t ion funct ions  Geq(r" ) are defined 
th rough  

Feq(r - GCq(r") f l  Feq(ri); n ~ N (A 10) 
i=1 

Feq(ri) dr i is the p robab i l i ty  of  finding, at equ i l ib r ium,  the ith part icle  to wi thin  dr i 
of t i and Geq(tn)Feq(tl) dr i is the condi t ional  p robab i l i ty  of  finding, at equ i l ib r ium,  
the i th part icle to wi thin  de i of ti, given that  the o ther  n -- 1 part icles are in the 
conf igurat ion r"-x (and i r respect ive  of  the conf igurat ion of the remain ing  N - n 
particles).  Clearly,  Geq(ri) ~ 1. 

W e  consider  now a t w o - c o m p o n e n t  sys tem consis t ing of one tagged part icle 
and N -  1 untagged ,  but  o therwise  identical,  particles.  Fo r  this sys tem,  we have 
the fol lowing relat ion be tween  the specific (F) and generic  ( f )  p robab i l i ty  den-  
sities 

f(r"*, r"; t lrS,  r~ -~) - ( N -  1)! F(r"*, r"; t lr8 ,  r~-X), ( A l l )  
( N  -- 1 -- n)! 

where  r and rg-X refer  to generic  conf igurat ions  on the le f t -hand side and to 
specific conf igurat ions  on the r igh t -hand  side. Here ,  and in the following,  n* = 0 
or 1 and 0 ~< n ~< N - 1. In  analogy with  equat ion  (A 10), the equ i l ib r ium generic  
(n* + n)-par t ic le  corre la t ion funct ions  geq(r n*, r n) are defined th rough  

n+n* 

f,q(r"*, r") _= geq(r n*, r") H feq(rl) �9 (A 12) 
i=1 

C o m b i n a t i o n  of equat ions  (A 10)-(A 12) yields a relation be tween  the specific (G) 
and generic  (g) corre la t ion funct ions  

( N -  1)! ., 
geq(r"*, r") = ( N -  1 ) " ( N -  1 - n ) ]  Geq(r ' r~)" (A 13) 

No t ing  tha t  

1 f dr N- 1 -.feq(r.* ' r N- z) (A 14) feq(r"*, r") - ( N  -- 1 -- n)! 

and in tegra t ing equat ion (A 12) wi th  n = N - 1, we obtain  

f N-1  1 drN-l-"geq(r"*, rN-1) H feq(rl) =geq(  r"*, r"). (A15)  
( N  - 1 - n) v �9 i=n+ l  

T h i s  relat ion will be used in the following. 
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1128 T. e~kesson et al. 
We now define reduced generic (n* + n)-particle probability densities with the 

initial configuration of the N -  1 untagged particles averaged over the specific 
conditional equilibrium probability density with the tagged particle fixed at its 
initial position r*; 

( N - 1 ) ,  fdr~_l[Gcq(r, ' 1,N-~=) 1 f(r"*, r"; tlr*) --- (AT-- 1 77,)! r~ Feq(r~ 

• F(r"*, r ' ;  t l r* ,  r~ -x) 

f [ r~ 1)~-I]: 1 _ l dr0 N- ; geq(r*, fcq(r0i) 
(N -- 1 -- n) [ 

x F(r"*, r"; t i t , ,  r0N-1). (A16) 

The initial condition follows from equations (A 8), (A 15) and (A 16) 

f(r"*, r"; 01r*) 3(r"* "* * lfI = -- r 0 )gCq(r 0 , r") feq(rl), (A 17) 
i = 1  

with the convention b(r'* r~*) - 1 for n* = 0. Similarly, from equations (A9), 
(A 11), (A 12), (A 15) and (A t6) we get 

n+n* 

/(r"*, r"; oo I r*) = geq(r"*, r") I ]  /~q(ri). (A 18) 
i=1 

The normalization condition follows from equations (A7), ( A l l ) ,  (A15) and 
(A 16) 

f (N- -  1)! (A 19) dr"+"*f(r "*, r"; t i t * ) -  ( N - - 1  --n)!" 

r*' = 1 and n 0. The self-propagator f,( , t i t*) is obtained by setting n* = 
According to equations (A 17)-(A 19), it obeys the following relations 

f~(r*; 01 rS) = 6(r* - r,), (A 20) 

f~(r*; oo Ir~) =f~q(r*), (A21) 

f dr*fs(r* ; t] r~) = 1. (A 22) 

Similarly, we obtain for the distinct propagator fd(r; t]r*), corresponding to 
n* = 0 a n d n =  1, 

fa(r ;  01 r*) = g~q(r~, r)f~q(r), (A 23) 

f~(r;  oo I r*)  = f~q(r), (A 24) 

f dr/~(r; t i r e )  = - N 1. ( A  25) 

The self- and distinct propagators just defined constitute the generalizations of 
van Hove's self- and distinct space-time correlation functions to nonuniform 
systems. 
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Ion diffusion at charged interfaces 1129 

The pair propagator f(r*,  r; t ire) is obtained by setting n* = n =  1. The 
quantity f(r*,  r; t[ r~) dr* dr is the probability of finding, at time t, the tagged 
particle to within dr* of r* and any one of the N - 1 untagged particles to within 
dr of r, irrespective of the configuration of the remaining N -  2 untagged par- 
ticles, and with the initial configuration of the N -- 1 untagged particles averaged 
over the conditional equilibrium probability density with the tagged particle fixed 
at r~. From equations (A 17)-(A 19) it follows that 

f(r*,  r; 01r~) 6(r* * * = - r0)gr r)feq(r), (A 26) 

f(r*,  r; oo ]r~)=feq(r*)geq(r*, r)feq(r), (A27) 

f d r * f d r f ( r * , r ; t l r * ) = N - 1 .  (A28) 

Finally, we define time dependent (or 'nonequi l ibr ium')  generic (n*+  n)- 
particle correlation functions g(r"*, r"; t l rN) through 

n + n *  

f(r"*, r"; t i t * ) =  g(r"*, r"; tlr~)IF] f(r i ;  tlr*). (A29) 
i = 1  

This is the time dependent generalization of equation (A 13). Clearly, g -= 1 for 
n + n* ~ 1. From equations (A 17), (A 18) and (A 29) it follows that 

g(r"*, geq(r~, r") r"; 0 1 r ~ )  = 

f i  gcq(r~, ri) 
i = 1  

g(r"*, r ' ;  ~ l r * )  = geq(rn* ,  r'). 

(A 30) 

(A31) 

From equations (A29)-(A 31), we obtain for the time dependent pair correlation 
function (n* = n = 1) 

f ( r * ,  r; t[ r ~ )= f~ ( r * ;  t[ r~)g(r*, r; tlr~)fa(r; t i re) ,  

g(r*, r; 0[r*) = 1, 

g(r*, r; Go I r*) = g eq ( r* ,  r). 

(A 32) 

(A33) 

(A 34) 

APPENDIX B 

Derivation of generalized Smoluchowski equations 

The N-particle generalized Smoluchowski equation, equation (2), may also be 
expressed as a continuity equation 

with the fluxes 

N 

8 F(rN tlr0N)+ ~V~ di(rN;tlr0 N) 0, (B1) _ _  . . = 

8t ' i=t 

{ [ ] } di(r N ; t l r g ) - - D  o V iF ( r  ~; t lro N ) + f l v `  u l ( r l ) +  ~ " u 2 ( r i , r j )  F(r  N; t lrg) . (B2)  
j = l  
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1130 T. Akesson et al. 

Since the system is closed, the boundary conditions are 

fi(ri).di(rN; t]ros),~onS=0; i =  1 , 2 , . . . , N ,  (B3) 

where fi(r/) is the outward-pointing normal unit vector at a point r i o n  the bound- 
ing surface S. 

We shall now derive the generalized Smoluchowski equation obeyed by the 
setf-propagatorfs(r* ; t i t* ) defined in Appendix A. Consider the set of operators 

- -  N - 1  * 1 dr o geq(t0 , tON feq(r drN 1-.; 
P" - ( N -  1 - n ) !  .= 

n = 0 ,  1 . . . . .  N - l ,  (B4) 

which, according to equations (A 6) and (A 16), effect the transformations 

P.F(rS;  tlro s ) = f ( r* ,  r"; t l r* )  (BS) 

From equation (B 4), we see that the following recursive relation is obeyed 

/5 = ( N _ l _ n ) - l / 5 , + l  [dr.  (B6) 

Operating on equation (B 1) with t5 0 and using equation (B 5), we get 
N - 1  

t3t fs(r* ; t ]r*)+V*'PoJ*(rN;  tiros) + ~ /5oVi'Ji(rN; tiros) = 0 .  (B7) 
i = 1  

Using, in turn, equation (B 6), the divergence theorem and the boundary condi- 
tions, equation (B 3), we can get rid of the sum in equation (B 7) as follows 

N-1 N-1 ;V 
/5oVl " Ji(tN; tiros) = (N--  1) -1 ~ /51 driV i �9 Ji(rN; t] ros) 

i = 1  i = 1  

N - 1  fS  = ( N -  1) -1 ~ ~st daift(ri) �9 Ji(rN; tiros) 
i = 1  

= 0. (B 8) 

Furthermore, from equation (B 2) we have 

t l ros) = --D0{V*f~(r* ; t l r + fl[V*ul(e*)]f~(r* ; t l r~) rio J*(rN; 

N-1 t -{- fl E Po[V*u2 (r ri)]F( rN; t l ros) (B 9) 
i = l  

Using equations (B 5) and (B 6), the last term of equation (B 9) may be trans- 
formed as follows 

N - 1  

E /50[V*u2 (r*' ri)]F(rN; t[ ros) 
i=1 

= ( N -  1) -~ de~ [V*u~(e*, til]/5~F(tN; tiros) 

= [ d r  [V*u2(r r162 r; tit*). (B 10) 
3 
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Ion diffusion at charged interfaces 1131 

C o m b i n i n g  equat ions  (B 7)- (B 10) and using equat ion (A 32), we arr ive at the 
desired result  

8t  f~(r*; tO r*) = DoV* �9 V*f~(r*; tl r~) + f l [V*u,(r*)]f~(r*;  tl r*) 

(B 11) 

A similar  der ivat ion leads to the general ized Smoluchowsk i  equat ion  for the 
dist inct  p ropaga to r .  T h e  result  is 

Ot fd(r; tire) = DoV" Vfa(r; t rr~) + fl[Vux(r)]fa(r; t lr~) 

fl[f dt'[Vu2(t' , t)]g(l", r;t, r~)fa(t';t ',~>],.<,; + 
i 

(B 12) 

APPENDIX C 

Solution of the planar Smoluchowski-Poisson-Boltzmann equation 
In t roduc ing  the d imensionless  variables  

C - ~z, (C 1) 

z = ~2D o t (C 2) 

and the d imensionless  p ropaga to r  

s~(~; ZICo) = ~c-*f~(~; t l (o ) ,  (C3)  

the SPB equat ion for p lanar  geomet ry ,  equat ion  (19), becomes  

~-- f~(C; zl ~~ = ~ I(f--~ - 2 tan ~)fs(~; zl C~ ] (C4)  

T h e  walls at ~ = _+ lob are impene t rab le ,  so the b o u n d a r y  condi t ions  are 

f ' s ( - ~ b ;  ZICo) + 2 tan (~b)fs(--xb; zl~0) = 0, ( C 5 a )  

f'~(~b; z I ~0) - 2 tan (~:b)fs(rb; z I C0) = 0, (C 5 b) 

where  p r ime  denotes  different iat ion with respect  to ~. F u r t h e r m o r e ,  we have the 
initial condi t ion  

f~(C; 0l C0) = 6(~ -- 40). (C 6) 
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1132 T.  Akesson et al. 

We at tempt  a solution of  the fo rm 

fs(4; z 140) = E(4)Y(z). (C 7) 

Subst i tu t ion into equat ion (C 4) yields 

Y'(z____) _ E"(~___~) 2 tan 4 __E'(~) _ 2 see 2 r = - - ( 2  2 - -  1), (C 8) 
Y(~) =-(~) z(r 

where we have denoted  the separation constant  by  - ( 2 2  -- 1). T h e  t ime depen-  
dent  part  of  the solution is obta ined immedia te ly  f rom equat ion (C 8) as 

Y(z )  = exp [ - ( 2 2  - 1)z]. (C 9) 

T h e  spatial part  is the solution to the second-order  ord inary  differential equat ion 

-~"(4) - 2 tan ~ 7:'(4) + [22 -- 1 - 2 sec 2 ~] ~(~) = 0. (C 10) 

By in t roduc ing  the new dependent  variable 

y(~) - cos 4 E(4) (c  11) 

we can t r ans fo rm equat ion (C 10) into normal  form, lacking the first derivative, 

y"(~) + [22 -- 2 sec 2 4] Y(~) = 0. (C 12) 

As can easily be verified, the general solution to equat ion (C 12) is 

y(~) -- ~[tan ~ cos ()~4) - 2 sin (2~)] + fl[tan ~ sin (24) + 2 cos (24)], (C 13) 

where  ~ and fl are constants  to be de te rmined  f rom the initial and b o u n d a r y  
condit ions.  

T h e  b o u n d a r y  condit ions on Y(4) follow f rom equat ions  (C 5), (C 7) and (C 11) 

y ' ( - - t cb )  + tan (~cb)y(- tcb)  = O, (C 14a)  

y'(~cb) - t a n  Ocb)y(~cb) = O. (C 14b) 

Inser t ing  y(~) and y'(~) f rom equat ion (C 13) into equat ion (C 14), we find 

a(1 -- 22) cos (2~:b) - fl(1 - 22) sin (2~:b) = 0, (C 15 a) 

~(1 - 22) cos (2tcb) + fl(1 - 22) sin (2Kb) = 0. (C 15b) 

F r o m  equat ion (C 9), it is seen that  the solution 22 = 1 cor responds  to the t ime 
independent  equi l ibr ium distr ibution,  which  is given by 

feq(4) = �89 cot (~cb) see 2 4 (C 16) 

in accordance with equat ion (13). T h e  remaining  non-tr ivial  solutions of  equat ion 
(C 15) are obtained by requir ing the de te rminant  of  the coefficients of  a and fl to 
vanish. Th i s  leads to the eigenvalue equat ion 

sin (2~b2,) = 0 (C 17) 

with the solutions 

nT~ 

2 , - - 2 K b ,  n = l , 2 , . . . .  (C18)  
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Ion diffusion at charged interfaces 1133 

On subs t i tu t ing  the eigenvalues,  equat ion  (C 18), back into equat ion (C 15), we 
find 

c~ = 0; n even,].  
(c  19) ( 

f l = 0 ;  n o d d .  J 

W h e n  this result  is c o m b i n e d  with  equat ions  (C7) ,  (C9) ,  ( C l l ) ,  (C13)  and 
(C 16), we get 

9~(~; ~ [ ~o) = 1 cot tcb sec 2 

+ sec ~ Z [3..odaC~.u.(~) + (1 - 3..odd)/3nV.(~) ] exp [ - - ( 2 .  2 -- l )z] ,  (C20)  
n = I  

where  3., oaa = 1 if n is odd  and 0 o therwise  and where  

u. (~)  - tan ~ cos  (2.  ~) --  2 .  s in  (2.  ~), (C 21 a) 

v.(~) - tan ~ sin (2. ~) + 2. cos (2. ~). (C 21 b) 

Us ing  equat ion  (C 18), we obtain  the o r thogona l i ty  relat ions 

ff b d~ Um(~)u.(~) = -- 1); n 3,.. ~b(2. 2 odd,  ( C 2 2 a )  
Kb 

_:b d{ vm({)v.({) = -- 1); n even, 6,.. ~b(2. z ( C 2 2 b )  
Kb 

f_ :b O. (C 22 c) d{ Um(~)Vn(~) 
~b 

T h e  coefficients ~. and /3. in equat ion  (C20)  are de t e rmined  by  the initial 
condi t ion,  equat ion (C 6), which  yields 

�89 cot Kb see 2 ~ + see ~ ~ [3.,oaaOt. u.(~) + (1 -- 6.,oaa)/3.v.(~) ] = 3(~ -- ~0). 

(c  23) 

Mul t ip ly ing  equat ion  (C 23) by cos ~ Um(~) (m odd) or by  cos ~ v=(~) (m even) and 
in tegra t ing  over  ~ us ing equat ion  (C 22), we obtain  

cos ~0 u.(~o) 
c % -  •b(2 z _ 1) ' ( C 2 4 a )  

cos ~o v.(~o) 
/3. - •b(22 _ 1) (C 24 b) 

Subs t i tu t ion  into equat ion  (C 20) then  leads to the final solut ion 

1 cos ~o 
f~(~; "el 40) = �89 cot Kb sec 2 ~ + 

Kb cos 

x ~ [6..oaaUn(~o)U.(~) + (1 -- 6. o d d ) V n ( ~ 0 ) ' U . ( ~ ) ' ]  e x p  [ - - (22  -- l )z]  (C25)  
. = 1  ' ( 2 .  ~ - 1 )  

For  the pu rpose  of compar i son  with  p ropaga to r s  ob ta ined  by  way of s tochast ic  
dynamics  s imulat ions,  it is desirable to discretize equat ion (C 25). Le t  the {- range  
be d iv ided into intervals of  equal  wid th  A' -- kA, n u m b e r e d  f r o m  left to right.  I f  
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1134 T.  ~,kesson et al. 

P ( k  ; z I k0) is the probabi l i ty  of  finding the tagged counter ion  in the kth interval at 
z, given that  it was in the k0thinterval initially, then 

~ - -  ~:b + koA' ~ - Kb + kA' 

d~o f,q(~O) / d~ f,(~; z [ ~o) 
P ( k ;  z lko) = j--,,b+(k0--1)A" J-Kb+(k- 1)~' 

Inser t ing  equat ions 
obtain 

(C 26) 

(C 16) and (C25)  and pe r fo rming  the integrations,  we 

1 co 

P ( k ;  , l ko )  = �89 cot  ( ~ b ) W ( k )  + ~bW(ko--- ) .=~x[6"' odd U,,(ko)U,,(k)  

exp [ - - ( 2  2 -- 1)~] 
+ (1 - ~ . , o d d ) V . ( h o ) V . ( k ) ]  (~2. _ 1) 

where 

, (C27)  

U,,(k) - sec ( - K b  + kA') cos [ 2 . ( - r b  + kA')] 

- sec [ - ~ b  + (k - 1)A'] cos [2.(--Kb + ( k -  1)A')], ( C 2 8 a )  

V,,(k) - see ( - • b  + kA') sin [ 2 . ( -  ~cb + kA')] 

- see ( - ~ b  + (k - 1)A') sin [2 . ( - -~b  + (k - 1)A')], (C28b)  

W ( k )  =- tan (--Kb + kA') - tan (--Kb + (k -- 1)A'). (C 28c) 

APPENDIX D 

The S m o l u c h o w s k i  di f ference equation 

In  this appendix  we describe a numerica l  a lgor i thm for solving a discretized 
version of  the Smoluchowski  equat ion for diffusion perpendicular  to the plates, 
equat ion (17). Th i s  is necessary when the equi l ibr ium mean force, --W'eq(Z), is not  
known analytically, bu t  rather specified numerica l ly  as a set of  averages over finite 
intervals. 

T h e  diffusion space, - b  ~< z ~< b, is discretized by in t roduc ing  N + 1 equidis-  
tant  grid points  zk = - b  + kA, k = 0, 1, 2, . . . ,  N.  T h e  space is thus divided into 
N intervals, each of  wid th  A = 2b /N .  Similarly, the t ime coordinate  is discretized 
by  in t roduc ing  equidis tant  grid points  tl = lAt ,  l = 0, 1, 2, . . .  T h e  se l f -propagator  
on this lattice of  grid points  will be denoted  b y f ( k ,  /). 

T h e  spatial derivatives occur ing  in equat ion (17) are approximated  by the 
fol lowing central finite-difference formulas  

~k,,, f ( k  + 1, l) - f ( k  - 1, l) 
~---~ L ( z ;  t) = 2A ' (D 1) 

~2 zk, t~ f ( k  + 1, l) --  2 f ( k ,  l) + f ( k  - 1, /) ( D 2 )  
Oz z f ~ ( z ,  t) = A2 , 

__8 , �9 t)] (D 3) ~z  [w (Z) f s (Z ,  = w ' (k  + 1) f (k  + 1, 1)2A- w' (k  - 1) f (k  - 1, l) 
Zk, 11 
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Ion diffusion at charged interfaces 1135 

T h e s e  express ions  are to be used  on ly  at the  in te rna l  g r id  poin ts ,  k = 1, 2, . . . ,  
N -  1. T h e  b o u n d a r y  points ,  k = 0 and k = N,  will  be  t r ea ted  separa te ly .  T h e  
t ime  der iva t ive  is a p p r o x i m a t e d  by  the  fo rwa rd  f in i te -d i f ference  fo rmula  

=k,,, f ( k ,  t + l) - f ( k ,  l) 
~t f s (z;  t) = At (D 4) 

On  subs t i t u t i ng  equa t ions  (D 1 ) - ( D  4) in to  equa t ion  (17), we ob ta in  the  di f ference 

equa t ion  

f ( k ,  l + 1) --- ~[1 - �89 - 1 ) ] f ( k  -- 1, l) + [1 -- 2 ~ ] f ( k ,  l) 

+ ~ x [ l + � 8 9  k - - l , 2  . . . . .  N - I ,  ( D 5 )  

where  we have i n t r o d u c e d  the d imens ion le s s  p a r a m e t e r  

D O At (D 6) 
~-= A 2 

In  o r d e r  to ob ta in  accep tab le  s ta t is t ics  in s imula t ion  data ,  one usua l ly  fo rms  
averages  over  finite in tervals .  F o r  c o m p a r a t i v e  pu rposes ,  it is the re fore  conven ien t  

to define 

P(k,  1)=- d z f s ( z ;  h); k =  1, 2 , . . . , N ,  ( D 7 )  
k - !  

which  is the  p r o b a b i l i t y  of  f inding  the tagged par t ic le  in the  k th  z - in t e rva l  at t ime  
h.  S imi la r ly ,  we define 

W'(k)  -= dz  w'(z) ;  k = 1, 2, . . . ,  N.  ( D 8 )  
k - I  

T h e s e  in tegra ls  will  be  a p p r o x i m a t e d  by  

P(k,  l) = Af(h,  l), (D 9) 

W'(k) = Aw'(k). (D 10) 

S u b s t i t u t i n g  equa t ions  (D 9) and  (D 10) into equa t ion  (D 5), and  i n t roduc ing  

ma t r ix  no ta t ion ,  we have 

P ( / +  1) = TP(/), (D 11) 

where  P(I) is a co lumn  ma t r i x  wi th  e l emen t s  Pk -- P(k,  l), k = 1, 2, . . . ,  N .  T h e  
e l emen t  Tkk, of the  N x N t rans i t ion  ma t r i x  T gives the p r o b a b i l i t y  for a t ran-  
s i t ion f rom the  k' th to the  k th  in terva l  to occur  in a t ime  in terva l  At. A c o m p a r i -  
son of  equa t ions  ( D 5 )  and ( D l l )  reveals  tha t  T is t r id iagona l  wi th  nonze ro  

e l emen t s  

Tk, k-1 = ~[1 -- �89 -- 1)];  k -- 2, 3 . . . . .  N ,  ( D 1 2 a )  

Tkk = 1 - 2~; k = 2, 3 . . . .  , N --  1, (D 12 b) 

Tk, k+l = ~ [ 1  + � 8 9  k = l , 2  . . . . .  N - 1 .  ( D 1 2 c )  
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1136 T. Akesson et al. 

The two elements Tt i and TNN are not given by equation (D 12); they must be 
determined from the boundary conditions. To  do this, we first note that conser- 
vation of probability requires that 

Tk 1.k + Tkk + T~+l,~ = 1. (D 13) 

With both boundaries reflecting, there can be no flux of probability across either 
z 0 or z n. Hence, we must have T01 = 0 and Tn+l, N = 0. From equation (D 13), it 
then follows that 

T l l  = 1 --  T21 , 

TNN = 1 - -  T ~ - I . N .  

Finally, we have the initial condition 

(D 14 a) 

(D 14b) 

Pk(O) = 6kko. (D 15) 

The algorithm is stable for ~ ~< �89 and the discretization error can be made arbi- 
trarily small (at the expense of increasing the computing time) by decreasing the 
grid spacings. 

The case with one reflecting and one absorbing boundary can be handled in an 
analogous way by altering a few elements in the transition matrix. With a reflec- 
ting boundary at z 0 and an absorbing boundary at ZNA, we have N A z-intervals of 
width A = 2b/N. Equation (D 12) still applies if N is replaced by NA and if the 
upper limit in (D 12c) is taken as N A - 2 .  In addition to equation (D 14a), we 
n o w  h a v e  

TNA_I,Na = 0 (D 16a) 

TNaNA = 0. (D 16b) 

The discretized survival probability, Q(I[ k0, NA), is obtained by summation as 

NA 
Q(l lko,  Na) = ~ P(k, l). (D 17) 

k=l  

To compensate for the error introduced by letting, in equation (D 16), the entire 
NAth interval be absorbing, we calculate the corrected quantity 

~) .... (ll ko, NA) = �89 k0, Xa) + Q(I] ko, NA + 1)]. (D 18) 

With the grid spacing used in our calculations, the error in this procedure is 
negligible. 
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