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1 Introduction

Super-Brownian motion is a measure-valued process arising as a universal
scaling limit for a variety of critical lattice models above the critical dimension
in statistical physics and mathematical biology. Examples include oriented
percolation ([29]), lattice trees ([31]), models for competing species such as
voter models ([8],[3]), models for spread of disease such as contact processes
([27]), and percolation ([18]), where the full result in the latter context is the
subject of ongoing research (e.g., [20]). The nature of the convergence in all
these contexts is that of convergence of the associated empirical processes,
conditioned on long term survival and suitably rescaled, to super-Brownian
motion conditioned on survival. Moreover, often only convergence of the finite-
dimensional distributions is known. Extending this to convergence on path
space for lattice trees was recently carried out in [24] with great effort.

Convergence of the actual random sets of occupied sites to the range of
super-Brownian motion is one of the most natural questions, but has not been
achieved in any of these settings (convergence at a fixed time was done for
the voter model in [3], and for the simple setting of branching random walk
it is implicit in [10]). We provide a unified solution to this problem in the
form of quite general conditions under which the rescaled ranges of a single
occupancy particle model on the integer lattice (in discrete or continuous time)
converge to the range of super-Brownian motion, conditional on survival. The
conditions include convergence of the associated integrated measure-valued
processes to integrated super-Brownian motion, but a feature of our results
is that convergence of finite-dimensional distributions suffices (see Lemma 2.2
below). We verify the conditions for the voter model in two or more dimensions,
for critical oriented percolation and the critical contact process in more than
4 dimensions, and for critical lattice trees in more than eight dimensions.

As a consequence of the above convergence, we obtain the precise asymp-
totics for the extrinsic one-arm probability (i.e. the probability that the random
set is not contained in the ball of radius r, centred at the origin). The simpler
problem of establishing the asymptotics of the intrinsic one-arm probability
(the probability that there is an occupied site at time t) has itself only re-
cently been resolved at this level of generality [23]. For sufficiently spread-out
(unoriented) percolation in dimensions d > 6, Kozma and Nachmias [37] have
identified the correct power law decay, but have not proved a limit theorem.

Our general lattice models include a random “ancestral relation” which
in the case of random graphs such as lattice trees or oriented percolation is a
fundamental part of the model, but for particle models such as the voter model
or contact process, arises naturally from the graphical construction of such
models. Our first main result will in fact be a uniform modulus of continuity
for all “ancestral paths”. This result plays a crucial role in our proof of the
above convergence, but it is also important in its own right.

We begin by briefly defining the four models which motivated our general
results. These models depend on a random walk step kernel (probability mass
function), D : Z? — R, with finite range and covariance matrix 02 I x4 for
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some o2 > 0, and such that D(—x) = D(z) and D(0) = 0, where o will denote
the origin. By finite range we mean there is an L > 1 such that D(x) = 0 if
[|z]| > L where ||z|| is the Lo norm of z. Let |A| denote the cardinality of a
finite set A.

The voter model

The voter model on Z¢ (introduced in [7] and [30]) is a spin-flip system, and
so in particular, a continuous time Feller process (&;):>0 with state space
{0, I}Zd and flip rates as follows. With rate one each vertex, say at z, imposes
its type (0 or 1) on a randomly chosen vertex y with probability D(y — ). Let
&(z) € {0,1} denote the type of z € Z% at time t > 0, and let T; := {z € Z% :
&i(xz) = 1}. In the notation of [39] the flip rate at site x in state £ is

(&)= >, Dly—u=)

y:6(y)#E(x)

If E[|70|] < oo, then |T¢| is a non-negative martingale and the extinction time
S = inf{t > 0 : |T;| = 0} is a.s. finite (see Lemma 7.1(b) below). We will
usually assume that the process starts with a single site of type 1 at time 0,
located at the origin o, i.e.

P(7o = {o}) = 1.
Oriented percolation

For an introduction to oriented percolation (OP) see e.g. [29]. For simplicity
we take D to be uniform on ([—L, L]¢\ {0}) NZ<, where d > 4, although more
general kernels are possible (see Remark 2.7). The bond ((n,z), (n + 1,y)) is
occupied with probability pD(y — x), where p € [0, || D||}], independent of
all other bonds. Let [P, denote the law of the model. We say that there is an
occupied path from (n,z) to (n',2’), and write (n,z) — (n/,2’), if there is a
sequence T = xg, T, ..., Ty _n = 2’ in Z% such that ((n+i—1,2;_1), (n+i,;))
is occupied for each i = 1,...,n’ —n > 0. We include the convention that
(n,x) — (n,2') if and only if z = 2. Let 7,, = {x € Z? : (0,0) — (n, )}, and
observe that P, (79 = {0}) = 1. Define p. = sup{p : lim,,_,o0 Pp(Tn, # @) = 0}.
By (1.12) of [29], p. = 1 + O(L~%), and so p. € (0, | D||}!) for L large. Let
P =P, . It is well known (e.g. [23]) that lim,,_,. P(7, # @) = 0.

Lattice trees

A lattice tree (LT) T on Z?, is a finite connected simple graph in Z? with no
cycles. It consists of a set of lattice bonds, E(T") (unordered pairs of points
in Z9), together with the corresponding set of end-vertices, V(T'), in Z?. By
connected we mean that for any distinct vy, ve € V(T) there is an m € N and
a function w : {0,...,m} — V(T) so that w(0) = vy, w(m) = v, and for all
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1<k<m, {wk-1),w(k)} € E(T). We call w a path in T of length m from
v1 to ve. Given any two vertices vi,v2 in the tree, the lack of cycles means
there is a unique path (length 0 if v; = v9) of bonds connecting v1 and vy. The
number of such bonds, dr(vy,vs), is the tree distance between vy and ve. It
is a metric on the set of vertices, called the tree metric. Let Ty (x) denote the
countable space of lattice trees on Z% whose vertex set contains xz € Z% and for
which every bond has L..-norm at most L > 1. The parameter L will be taken
sufficiently large for our main results. We now describe a way of choosing a
“random” lattice tree 7 containing the origin, i.e. T € T, := Tp(o).

Let d > 8 and let D(:) be the probability mass function of the uniform
distribution on a finite box ([~ L, L]%\ 0) NZ? (see Remark 2.7). For e = (y, z),
let D(e) := D(x — y). For a lattice tree T € Ty (x) define

W.p(T)=2"" T D(e), (1.1)

ecE(T)

where |T'| is the number of edges in 7. Since D is uniform (1.1) could also be
written as (¢, z)!T!. For any z > 0 such that p, := 2orets (o) Wan(T) < 00 we
can define a probability on T, (0) by P.(T = T) = p; *W, p(T). Sub-additivity
arguments show that z, = sup{z > 0: p, < oo} € (0,00). It is known (e.g.
Theorem 1.2 of [17]) that p,, < co and that z, = sup{z : E,[|T]] < oo}, but
E,,[|T|] = cco. Hereafter we write W(-) for the critical weighting W, p(-),
write p := p,, and P =P, , and we select a random tree 7 according to this
critical weighting.

For T € Tr(0) and m € Z4, let T,,, denote the set of vertices in T of tree
distance m from o, so 7T,, is the corresponding set of vertices for our random
tree 7 and P(To = {o}) = 1. Note that lim, ., P(7, # @) = 0 (see e.g. [23]).

ZD)»

Contact process

The contact process (CP) on Z< is a spin-flip system (£);>0 (hence a cadlag
Feller process) with state space {0,1}%" and rates (A > 0)

c(w,€) = &(@) + (1 —&(@)A Y Dy — 2)E(y).

It describes the spread of an infection in that £ (z) = 1 if and only if site = is
infected at time t, and the above rates imply that an infected site x recovers
at rate 1, and an uninfected site = with rate A chooses a “neighbour” y with
probability D(y — x) and becomes infected if y is infected. For simplicity (see
Remark 2.7) we will take D to be the probability mass function of the uniform
distribution on ([—L,L]?\ {o}) N Z? where d > 4. We start from a single
infected particle at the origin at time 0. Let P) denote a probability measure
under which (§)¢>0 has the law above with rates X. Let 7; = {z : {(x) = 1},
so Px(To = {o}) = 1. Let A\; = sup{ A : lim;_,0c P\(T; # @) =0}, and P =P, .
It is known (e.g. [26,23]) that A, € (0,00), and that lim;_, . P(7; # @) = 0.
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General models and ancestral relations

Our goal is to establish general conditions for convergence of the ranges of
a wide class of rescaled lattice models (including the voter model, oriented
percolation, lattice trees, the contact process, and perhaps also percolation).
We introduce our general framework in this section. The time index I will
either be Z (discrete time) or [0, 00) (continuous time). We use the notation
I, = {s €1:s<t}. Aswe will be dealing with random compact sets, we let K
denote the set of compact subsets of R?. We equip it with the Hausdorff metric
dp (and note that (/C,dp) is Polish) defined by do(@, K) = do(K, @) = 1 for
K # @, while for K, K' #+ @

do(K,K')=d(K,K') A1, where

d(K,K') == A (K, K') + Ay (K, K)

A (K,K'):=inf{§>0: K C{z:d(z,K') <4}}, and (1.2)
d(z,K):=inf{|lz —y| : y € K}.

As our models of interest will be single occupancy models, we assume through-
out that

T = (Ti)ter is a stochastic process taking values in the finite (1.3)
subsets of Z¢ such that Ty = {0}, and in continuous time the

sample paths are cadlag IC — valued.

Notation. For a metric space M, D([0, 00), M) will denote the space of cadlag
M-valued paths with the Skorokhod topology, and C,(M) is the space of
bounded R-valued continuous functions on M. CZ(R?) is the set of bounded
continuous functions whose first and second order partials are also in Cy(R9).
Integration of f with respect to a measure u is often denoted by u(f).

Cadlag paths are bounded on bounded intervals and so this implies
for any t € I, Ugey, Ts is a finite subset of Z7. (1.4)
We will write
(t,x) € T if and only if x € T;, where (t,z) € T x Z°.

(Ft)ter will denote a filtration with respect to which (7;)ies is adapted. In
practice it may be larger than the filtration generated by T .

A random ancestral relation, (s,y) = (¢,z), on I x Z¢ will be fundamental
to our analysis. If it holds we say that (s,y) is an ancestor of (¢, ), and it will
imply s < ¢t. We write

(s1,91) = ... 5 (sv,yw) M (s5,53) = (Si41,yi41) fori=1,... N —1,
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and define (for s,t € I, z,y € Z%),

(s, y) B (t2) ifs<t A B
est(y,2) = {1(33 —yeT) ifs> ¢ and é,(y,z)(s) = est(y,x). (1.5)

We will assume % satisfies the following conditions where (AR)(i)-(iii) will
hold off a single null set which we usually ignore:

(AR)(i) For all (s,y), (t,x) € I x Z%:

(5,9) > (s,2) iffz =y €Ty, (1.6)

(5,9) % (t,2) implies s < t,y € T, and z € Ty, (1.7)

(0,0) 5 (t,z) iff 2 € T;. (1.8)
(it) For any 0 < s1 < s9 < s3 in I and y1,y2,ys € z% -

(s1,91) = (52, 42) = (s3,y3) implies (s1,y1) = (53, y3)- (1.9)

Conversely if (s1,91) — (s3,%3) then Jyy € Ty, s.t. (1.10)

(s1,91) = (s2,52) > (83, ¥3)-

(#ii) Tf I = [0,00), then for every x,y € Z%: (1.11)
é:(y,z) € D([0,0),R) =: D, for every t € I, and
t— é(y,x) € D([0,00), Dg).

(iv) est(y,x) is F; — measurable for all s,¢ in I and z,y € Z%.  (1.12)

We call % an ancestral relation iff (AR) holds. In this case we call (7, %) an
ancestral system.
Remarks 1.1. (1) It is immediate from (1.8) and (1.10) (the latter with
(817 52, 83) = (0’ S, t)) that
To=0=T,=0Vt>s. (1.13)

(2) In practice it is often easiest to verify (AR)(iii) by showing s — e, .(y, x)
is cadlag for each t, x,y, and that

For each t > 0,z,y € Z% there is a § > 0 s.t.

éu(y,x) = é(y,z), Yu € [t,t+9) and (1.14)

éu(y,x) = éw(y,x), Yu,u' € (t —6,t) N[0, 00). (1.15)

We will always assume (1.3) and (AR) when dealing with our ab-
stract models.

In the discrete time case we can extend T; and F; to ¢t € [0,00) by
Te=Ty, T=A{tx):xecT,t>0}, F=Fy,
and define (s,y) % (t,z) for all t > s > 0 by
(5,9) % (t,2) iff (1)) S ([¢),2). (1.16)
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It is easy to check then that in the discrete case (AR)(i)-(iv) hold, where now
s, 8;, t are allowed to take values in [0, 00). Moreover (1.14) and (1.15) hold.

Note: We allow n to denote a real parameter in [1,00).
For A € R? and a € R define aA = {ax : x € A}. To rescale our model for
n € [1,00) we set

7;(71) = 7;115/\/5) for ¢ > 07
and for s,t >0, x,y € Z%/\/n

we write (s,y) 2 (t,z) iff (ns, vny) = (nt, /nz).
We also define for n € [1,00), s, > 0 and z,y € Z¢/\/n,
&" (y 2)(s) = el (y,7) = enami(Vny, vnz), (1.17)

and note that &\ (y, z)(s) = én:(v/ny, v/nz)(ns).
Here is a simple consequence of (AR)(ii) which will be used frequently.

Lemma 1.2. Wp.l ifn € [l,00), M € N, 0 < 50 < 81 < -+ < 8y,
and (so,Yo) L (sar,ynr), then there are y1 € TSV, ..., ym—1 € TS | st
(Siflayifl) a_ﬂ;l (Si7yi) fO’I"’L' = 17 .. '7M'

Proof. Fixw s.t. (AR)(i)-(iii) hold. By scaling we may assume n = 1. By (1.10)

there is a y1 € T, s.t. (so,¥0) i (s1,11) = (sm,ynm ). Repeat this argument
M — 2 times to construct the required sequence. |

Definition 1.3. An ancestral path to (t,z) € T is a cadlag path w = (ws)s>0
for which (s,ws) =% (s',wy) for every 0 < s < &' < t, and wy = x for all
s > t. The random collection of all ancestral paths to points in T is denoted
by W and is called the system of ancestral paths for (T,%).

Ifn € [1,00) and w is an ancestral path to (nt,\/nz), we define the rescaled

ancestral path w™ by wi = wps/v/n, and call w™ an ancestral path to
(t,z) € T,™.

Remark 1.4. It is easy to check that if I = Z then (1.16) and (1.6) imply
that for any ancestral path w € W, ws = w4 for all s > 0. For this reason
we will often restrict our ancestral paths to s € Z .

Proposition 1.5. With probability 1 for any (t,z) € T, W includes at least
one ancestral path to (t,x).

The elementary proof is given in Section 6 below.

Let us briefly consider (1.3) and (AR) for our prototype models. For lattice
trees (1.3) is immediate. Since a lattice tree T' € Ty, is a tree, for any = € T),
there is a unique “ancestral” path w(m,x) = (wk(m,x))k<m of length m in
the tree from o to z. Moreover wy(m,z) € Ty for all 0 < k < m. Define
(k,y) 5 (m,z) if © € T, 0 < k < m, and wy(m,z) = y. Here we allow
m = 0. AR(i) and AR(ii) are then elementary to verify. It remains to verify
AR(iv) which is deferred to Section 9 where the definition of F; is also given.
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For the voter model there will be a unique ancestral path w(¢, x) for each
(t,z) € T (see Lemma 7.3), obtained by tracing back the opinion 1 at = at time
t to its source at the origin at time 0. Formally the ancestral paths are defined
by reversing the dual system of coalescing random walks, obtained from the
graphical construction of the voter model. We then define (s,y) % (t,z) iff
0<s<t zeTand ws(t,z) = y. This standard construction is described in
Section 7 where (AR) and (1.3) are then verified (see Lemmas 7.1 and 7.2).

For oriented percolation (1.3) is immediate, and we write (n,z) = (n/,z')
if (0,0) — (n,z) and (n,z) — (n’,2’). Here ancestral paths are not unique,
since there may be many occupied paths between (n,x) and (n',z’). Let F,
denote the o-field generated by the bond occupation status for all bonds
((m —1,2),(m,2")) for 1 <m < n and z,2’ € Z%. Tt is easy to see that % is
an ancestral relation (i.e. (AR) holds).

For the contact process, the ancestral relation will be similar to that for
oriented percolation, but will be obtained from the graphical construction of
the contact process (see Section 10 below).

Survival probability and measure-valued processes

The survival time of our scaled model T is
S™ =inf{t >0: 7' = 2},
so that by (1.13) and (1.3),
T =@ for all t > S™. (1.18)

The unscaled survival time is S™, and for ¢ > 0, the unscaled survival proba-
bility is defined as

o(t) == P(S© > t).

Our main results require a number of conditions on 7T, the first of which
concerns the asymptotics of the survival probability.

Notation. Write f(t) ~ g(t) as ¢ T oo iff limy_,oo f(t)/g(t) = 1. Similarly for
F(t) ~ g(t) as t 10.

Condition 1. (Survival Probability) There is a constant sp > 0 and a
non-decreasing function m : [0,00) — (0,00) such that m(t) T oo, as t T oo

SD
o(t) ~ t 1.19
(0~ 22 ast o (1.19)
for any s > 0, tlim m(st)/m(t) = s, (1.20)
and a constant ¢1.91 > 1 such that
1
m(sn) <c1.018, Vs,n > 1, m(n) <cio1—, for1 <s<n. (1.21)
m(n) m(sn) s
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The monotonicity properties of m and 6 and (1.19) easily show that

0 < sp=inf m(t)0(t) < supm(t)f(t) =3Sp < oo, (1.22)
t20 t>0

Note also that the first inequality in (1.21) with n = 1 implies that
m(s) < ¢1.03s, for all s > 1. (1.23)
For oriented percolation with d > 4 we set
m(t) = mOF(t) = A2V (t Vv 1), (1.24)
where A,V > 0 are constants that depend on D;

A= lim E[T), (1.25)

and V is called the vertex factor (see [23] and in particular Condition 1.1 with
r =2 and k = 0 for the former). Similarly we have such an A and V for the
contact process with d > 4 and for lattice trees with d > 8 and we set

m(t) =mCF(t) = A2V (t V1), and (1.26)
m(t) =mt T (t) = A2V (t Vv 1). (1.27)

For the voter model in two or more dimensions we set

tv1 if d>2
tve  if g =9,

log(tVe)

and

Py(S, #0 YneN) ifd>2
0<fp=
Pp {zmg if d = 2.

In the above under P,, (Sp)nez, is a discrete-time random walk with step
distribution D, started at o, and 02 ;x4 is the covariance matrix of D.

Proposition 1.6. (a) Condition 1 holds for critical sufficiently spread out
oriented percolation in dimension d > 4 with sp = 2A.

(b) Condition 1 holds for critical sufficiently spread out lattice trees in dimen-
sion d > 8 with sp = 2A.

(c) Condition 1 holds for critical sufficiently spread out contact processes in
dimension d > 4 with sp = 2A.

(d) Condition 1 holds for the voter model in dimension d > 1 with sp = Bp".

Proof. Conditions (1.20) and (1.21) are obvious in all four cases.

(a),(b),(c) For all 3 models (1.19) is a special case of Theorem 1.4 of [23] (for
oriented percolation this was first proved in [21]-[22]).

(d) Theorem 1’ of [4] (or (1.5) of [3]) gives (1.19) for the voter model. |
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We can reinterpret the state of our rescaled models in terms of an empirical
measure given by

1 1
(7L) = — = —
X = m(n) Z o m(n) Z O/ -

mefrt(”) TETnt

So X,™ takes values in the Polish space Mp(R9) of finite measures on R?
equipped with the topology of weak convergence. It follows from (1.3) that
the measure-valued process X = (X;")¢>0 is in the Polish space D :=
D([0,00), M (R%)). We define the survival map S : D — [0,00) for v =
(Vt)i>0 € D by

S(v) = inf{t > 0: 1;(RY) = 0},

so that our survival times satisfy S = S(X ™), and X" = 0 for all t > S™
by (1.18).

Weak convergence and super-Brownian motion

An adapted a.s. continuous M g (R?)-valued process, X = (Xs)s>0, on a com-
plete filtered probability space (2, F, F:, Px,) is said to be a super-Brownian
motion (SBM) with branching rate v > 0 and diffusion parameter o2 > 0 (or
a (v,08)-SBM) starting at Xy € M p(R9) iff it solves the following martingale
problem (see [41, Section IL.5] for well-posedness of this martingale problem):

Vo € C2RY), My(6) = X.(6) / X, (02 A¢/2)d

is a continuous F; — martingale starting at 0, and with square

function (M (¢)), :/o X, (y¢?)ds

Let S = S(X). Associated with such a SBM is a o-finite measure, N, = NZ’Ug,
on the space of continuous measure-valued paths satisfying vy = 0,0 < 5 < o0
and vs = 0 for all s > S; let 2E® denote the space of such paths. N, is called
the canonical measure for super-Brownian motion. The connection between
N, and super-Brownian motion is that if = is a Poisson point process on the
space 25 with intensity N,, then

X = /I/t dE(V),t >0; Xo=20do (128)
defines a SBM starting at dg. It is known that
2
No(S5 > s) = — < oo for all s > 0. (1.29)

S

Intuitively N, governs the evolution of the descendants of a single ancestor at
time zero, starting from the origin. For the above and more information on
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the canonical measure of super-Brownian motion see, e.g., Section IL.7 of [41].
We will sometimes work with the unconditioned measures (n € [1, 00))

pin () = m(n)P(-).
Note that (1.19) and (1.20) of Condition 1 together imply

2 2
for each s >0, lim —pu,(S"™ > s) = -. (1.30)
s

n—oo SD
Combining (1.22) with (1.21) and taking limits from the left, we arrive at

Sp < (ST > 8) < pn(S™ > 8) < €1.215D

e Vs > 0. 1.31
c1.21(s V1) - sAn 5= ( )

Suppressing dependence on +, 03, for s > 0 we define probabilities by
Py () =P(- 9™ > ) (1.32)

and

Ni() = No(-| S > ). (1.33)

We slightly abuse the above notation and will also denote super-Brownian
motion under Ny, or the probabilities N, by X = (X;);>0. Then for ¢i(z) :=
e we have

N, [ X ()] = e~o0lM*t/2, (1.34)

For LT, OP, and CP and d large as usual, we will use the fact that our
rescaled models converge (at least in the sense of finite-dimensional distribu-
tions) to SBM with v = 1 and

—, (1.35)

where 02(= do?) and v are as in [29,31,27], and the model dependent constant
v > 0 is non-trivial (it involves so-called lace expansion coefficients). v satisfies
(see e.g. [25, page 295] with p* = 2 for LT and p* = 1 for OP,CP)

v=1+O(L~YP"), (1.36)
For the VM and LT, the above convergence holds on path space:

Proposition 1.7. Consider either critical lattice trees with d > 8 and L
sufficiently large, or the voter model with d > 1. Then for any s > 0,

Ps(X™ €.) 5 NE (weak convergence on D),

where N3 has parameters (v,02) = (1,02v) for lattice trees, and (v,03) =

(28p,a2) for the voter model.

Proof. For the voter model this is Theorem 4(b) of [3]. For lattice trees this is
an immediate consequence of Theorem 1.2 of [24] (and an elementary rescaling)
and (1.30). The reader should note, however, that the definition of p,, in [24]
and that given above differ by a constant factor of A. |
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Remark 1.8. The size of our random tree, |T|, is random. If we were to
condition on |T| = n then (since all trees with n edges have equal weight)
our conditional probability measure chooses a tree with n edges uniformly at
random. If one rescales the n 4+ 1 vertex locations by Dfln’l/4 (where Dy
is a constant depending on L) and considers the random mass distribution
obtained by assigning mass (n+1)~1 to each vertez, Aldous (Section 4.2 of [1])
had conjectured, and Derbez and Slade [11,43] then proved, that the resulting
rescaled empirical measures converges weakly to Integrated Super-Brownian
Ezxcursion (ISE). The latter is essentially super-Brownian motion integrated
over time and conditioned to have total mass one.

For oriented percolation and the contact process, convergence of the finite-
dimensional distributions (f.d.d.’s) to those of a (1,02v)-SBM, where v is as
in (1.36), is known [29,27] (see also [33,23]) but tightness (and convergence on
path space) remains open. The actual weak convergence result we will impose
on our lattice models (Condition 6 below) will in fact follow from convergence
of the f.d.d.’s and a moment bound on the total mass (see Lemma 2.2).

Our main objective is to give general conditions for the convergence of
the rescaled sets of occupied sites. This convergence follows neither from the
notions of weak convergence above, nor from the weak convergence of the
so-called historical processes (see e.g. [9,32]).

Range

The range of T is R = Ui Tz, which by (1.4) and (1.13) is a finite subset of
74 on {S™ < oo}, and hence under Condition 1 will be finite a.s. The range
of Tt is R™ = R™W /\/n = U;>oT,"™. So by the above we see that

Condition 1 implies R™ is a.s. a finite subset of R?. (1.37)

Let R : D — closed subsets of R? be defined by

R =supp ([t}

where supp(y) is the closed support of a measure u. Clearly R™ = R(X™)
for all n > 1. The radius mapping 7 : £ — [0,00) on the space of compact
subsets of R? is given by

ro(K) = sup{|z| : z € K'}.
Of particular interest is the extrinsic one-arm probability
- =P(RY N Blo,r) # @) = P(ro(RV) > r).

In the setting of high-dimensional critical percolation, Kozma and Nach-
mias [37] have proved that as r — oo, r?5, is bounded above and below by
positive constants. It is believed (see e.g. [19, Open Problem 11.2] and [24,
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Conjecture 1.6]) that in fact 72n, — C > 0 for various critical models (per-
colation, voter, lattice trees, oriented percolation, and the contact process) all
above their respective critical dimensions. To understand this »—2 behaviour
in terms of the above weak convergence results, consider the one-arm proba-
bilities for the limiting super-Brownian motion.

The range of a (v,02)-SBM X is denoted by

R=R(X).
The a.e. continuity of (X¢);>0 easily shows that
R =Uisosupp(Xy) N, —ae.

We note that R is a compact subset Ny-a.e. This is well-known under Pj,
(see, e.g. Corollary TI1.1.4 of [41]) and then follows easily under N, using
(1.28). We now state a quantitative version of this from [36]. For d > 1, let
vg : B4(0,1) = Ry be the unique positive radial solution of

Avg = v3, with Ihlr;ll va(x) = +o0. (1.38)

(See Theorem 1 of [36] for existence and uniqueness of vg.)

Lemma 1.9. Foralld>1 and r > 0, NZ’J‘% (ro(R)>r) = Mvﬁz.

Proof. Theorem 1 of [36] and a simple scaling argument show that

Pso(ro(R) >r) =1 - exp(-Mrfz).

Y
On the other hand, the left-hand side of the above is 1 —exp(—Ny(ro(R) > 1))
by (1.28). Combining these equalities completes the proof. |

2 Statement of main results

We continue to state the general conditions which will imply our main re-
sults. Recall our standing assumptions (1.3) and (AR), the function m from
(1.21), and the unconditioned measures (n > 1) puy(-) = m(n)P(-). Recall also
that (F3)ier is the filtration introduced prior to (AR) which will contain the
filtration generated by (7s)s<: or equivalently by (X{)s<;.

2.1 Conditions

We now introduce additional conditions on (77,-%). Condition 2 is simple for
the voter model, and is one of the outputs of the inductive approach to the
lace expansion [28,25] for other models, while Condition 3 will usually follow
from Condition 1 and a form of the Markov property or Markov inequality.
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Condition 2. (Total Mass) sup,c;E[|T;|] = ¢z < o0.

Condition 3. (Conditional Survival Probability) There ezists c3 > 0
such that for all s > 0,t > 0, on the event {y € T;} we have (recall the
function m(-) from (1.21))

C3
m(t)

a.s.

P(3z: (5,9) = (s +1,2)| F) <

The next condition is the main input for our uniform modulus of continuity
for ancestral paths (e.g. Theorem 1 below).

Condition 4. (Spatial Increments) There exists ap > 4 and ¢4 = cs(p) >
0 such that for every 0 < s <t,

E[Z Y Lt -sy) S (ta)le -yl <elsviPR (21)

€Tt yET—s

We will need an additional hypothesis to control the ancestral paths just
before the terminal value.

Condition 5. (Local Jumps) There are k > 4 and c¢5 > 0 such that for all
5>0,y€cZ% and N > 0,

P (t,x) s.t. (s,y) > (t,2), t € [s,s+2], [y — x| > N|F,) (2.2)
<esN™" on {y € T5}.

Remark 2.1. In discrete time if for some L > 0,
VkeZy, Yo,y € 24 [(k,2) S (k+1,9) = |z —yl| < L],  (2.3)

then Condition 5 holds for any k > 4. This is obvious since the conditional
probability on the left-hand side of (2.2) is then zero if N > 2v/dL.

If v = ()0 € D and 7 > 0, define o, € Mp(R?) by 0,(-) = [; ve(-)dt,
and v, € Mp(R?) by v, (-) = 1(S(v) < 00) [ ve(-)dt.

Condition 6. (Measure Convergence) There are parameter values (7, og)
for N, so that for every s >0 and 0 <ty < t; < 0o, as n — oo,

Ps (X0 - XV e) 5 NS (Xy, — Xy, €) on Mp(RY).

For critical lattice trees (d > 8) with L sufficiently large, and voter models
(d > 2) the above is immediate from Proposition 1.7 with the parameter values
therein. For applications to other models (including oriented percolation and
the contact process) it is worth noting that convergence of finite-dimensional
distributions and boundedness of arbitrary moments of the total mass suffice.
The hypotheses of the next lemma will be verified for OP and CP in Sections 8
and 10, respectively.
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Lemma 2.2. Fiz s > 0 and let P2 and N3 be as in (1.32) and (1.33), respec-
tively. Assume that for all p € N:

for all 0 < wuq,...,u, <00, asn — 00,

Pr((Xs o X) € ) =5 NG (X, X)) € ) on Mp(RYP, (2.4)

and for t* >0, supsupE; [X{"(1)P] := Coz(s,t*,p) < oo. (2.5)
n>1t<t*

Then Condition 6 holds.

The proof is an easy Fubini argument and is given in Section 6.

The final condition is needed to ensure the rescaled ranges of T converge
weakly to the range of super-Brownian motion. Together with uniform control
of the ancestral paths, it will ensure that any occupied regions will be close to
regions of positive integrated mass of the limiting super-Brownian motion.

Condition 7. (Low Density Inequality) There exists ¢; > 0 such that for
anyt >0, M >0, and A > 4,

424
]E[Z 11(3:13' st (t,x) 2 (t+ A7x’)7/ Hy: (t,2) S (s,9)} ds < M)}
ot t+A
24-2
< cﬂP’(S“’ > A, IT:|ds < M). (2.6)
A+42

Here is a condition which implies the above and is more user-friendly in
discrete time. The elementary proof is given in Section 6.

Lemma 2.3. Assume the discrete time setting and there is a c¢; such that for
allt € Zy, m € N=* and M > 0,

]E{ Z 132 s.t. (6,2) S (£ +m,2') and (2.7)
x€Ty

{Gy): (62) S (Gy), b+m+2<i<l+2m—1}] gM)}

2m—1
< C7P(S“) >m, Z |T:| < M)
i=m-+2
Then Condition 7 holds.

Note that Condition 4 for s = t gives bounds on the spatial moments
> . |z[PP(x € T;). In fact a subset of the above conditions (including Condi-
tion 4) give exact asymptotics on these moments as ¢t — oo:

Proposition 2.4. Assume Condition 1 and that the conclusion of Condition 4
holds for s =t and all p > 4. Assume also that (2.4) holds for p =1 and (2.5)
holds for p = 2. If Z denotes a d-dimensional standard normal random vector,
then for all p > 0,

> lzPP(x € T¢) sD'yJSE

lim =

p
Jm 2 5 LliZ"). (2.8)
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The easy proof will be given in Section 6. Such exact asymptotics were
established for OP (d > 4) in [6] under more general conditions on D.

2.2 Main results

We start with a uniform modulus of continuity for the system of ancestral
paths in either discrete or continuous time. As was noted before Condition 7,
this modulus plays an important role in the convergence of the rescaled ranges
but is also of independent interest. For critical branching Brownian motion
such a modulus was first given in Theorem 4.7 of [10]. Although we assume
Condition 1 for convenience, in fact the proof only requires the existence of
a non-decreasing function m satisfying (1.21) and Condition 3, as well as
Conditions 2, 4, and 5 but not the exact asymptotics in (1.19) or (1.20). We
will often assume

1—-2a _ 4
a € (0,1/2), B € (0,1] satisf > -, 2.9
(0.1/2), B € (0.1] satisty ' > > (2.9
where p is as in Condition 4. We will also sometimes assume
1 2
O<a<-—-— 2.10
a<g-2, (210)

where k is as in Condition 5. Note that such «, 8 exist since k,p > 4.

Theorem 1. Assume Conditions 1 to 5 for I = Zy or Ry, and a, S satisfy
(2.9) and (2.10). Set q = % A1 e (0,1]. There is a constant C; > 1
and for allm > 1, a random variable 6,, € [0,1], such that if

a,mn

|52 — 51| < 0 and (s1,91) = (s2,92), (2.11)
then
ly1 — y2| < Ciflsa — s1]* +n7" (2.12)
Moreover, §,, satisfies
pn(0n < p) < Cilp” +079, Vpe[0,1). (2.13)

In the discrete time setting recall that Z,/n = {j/n : j € Zy} is the
natural time line. In this setting we can get a cleaner statement if we also
assume the stronger (2.3) in place of Condition 5.

Theorem 1°. Assume Conditions 1 to 4 and (2.3), where I = Z. Assume
also that a, B are as in (2.9). There is a constant Cy, and for alln > 1 a
random variable §,, € (0,1] such that if

1,80 €Ly /n, |s2—s1|<8n, and  (s1,y1) 23 (s2,92), (2.14)
then
ly1 — y2| < Crls2 — 1|7, (2.15)
and &, satisfies
pn (0 < p) < Cup’, Vpe[0,1). (2.16)

Moreover if s1,82,y1,y2 are as in (2.14) but with s; € Ry, then (2.12) holds.
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Theorems 1 and 1’ can be reinterpreted as (uniform) moduli of continuity
for all ancestral paths.

Definition 2.5. For o, > 0, the system of ancestral paths W for (T,%) is
said to satisfy an («, B)-modulus of continuity if there exists a random function
§:[1,00) = [0,1], a function ¢ : [1,00) — [0,00) such that lim, . e(n) =0
and a constant ¢ > 0 such that for any n € [1,00):

For every ancestral path w € W, and all 0 < s1 < s,

(1) |s2 = 51| < 0n = iy —w| < c(]s2 — s1]* +n77).
(2) m(n)P(5, < p) < cp® 4+ (n) for each p € [0,1).
Corollary 1. Assume Conditions 1 to 5 for I = Z, or Ry, then for «, 3,q as

in Theorem 1, W satisfies an (o, 8)-modulus of continuity with e(n) = Cin~19.

Proof. If w is an ancestral path to (nt,/nz) and 0 < 51 < s9, then for s; < t,
(51, w) Y (s2,w). (1) and (2) of Definition 2.5 now follow immediately
from Theorem 1 with d,, as in the theorem and £(n) as claimed. In general the

result follows because w(™ = w(y,. ]

Corollary 1°. Assume Conditions 1 to 4 and (2.3), where (T¢)icz, 15 in
discrete time, and let o, 8 and 6, be as in Theorem 1. Then for any n > 1
and w € W,

5; € Ly /n, |52 — s1| < 8, dmplies  |w(Y —w(| < Ch|sy — 517

If s; are as above but now in Ry, then |w(? —w(

< C1[|82 — Slla + TLia].
Proof. As above but now use Theorem 1’ in place of Theorem 1. |

We will use this modulus of continuity as a tool for proving weak conver-
gence of the range, however the result is useful more generally. For example,
it provides a means to check tightness of the spatial component of the model
in the extended Gromov-Hausdorff-Prohorov toplogy, cf. [2, Lemma 4.3]. For
LT in particular, this has implications for random walk on LT (see e.g.[2]).

Our second main result is that, conditional on longterm survival, the
rescaled range converges weakly to the range of (conditioned) SBM.

Theorem 2 (Convergence of the range). Assume Conditions 1-7, and let N,
be the canonical measure with parameters (7, 03) from Condition 6. Then for
every s > 0,

P(R™ € :|S™ > s) =5 N,(R€ S >s) asn — 00, né€[l,00),
as probability measures on K equipped with the Hausdorff metric.

With Lemma 2.2 in mind it is perhaps a bit surprising that such a result
could be proved without a formal tightness condition. It is Theorem 1 that
effectively gives tightness of the approximating ranges.

Recall that vg : B4(0,1) — R, is the unique solution of (1.38). The next
result uses both Theorems 1 and 2 to give exact leading asymptotics for the
extrinsic one-arm probability.



18 Mark Holmes, Edwin Perkins

Theorem 3 (One-arm asymptotics). Assume Conditions 1-7. Then

P(ro(RV) >7r) o}

Jim g s ay = 5 ), (2.17)
and so (Condition 1)
2
lim m(rz)IP(ro(RU)) >r) = %std(O). (2.18)
T—>00

Remark 2.6. The proof in Section 5 only uses Condition 1 and the conclu-
sions of Theorems 1 and 2.

We finally show that all of the above conditions are satisfied by the voter
model (d > 2), OP (d > 4), LT (d > 8), and the contact process (d > 4).

Theorem 4 (Voter model). For the voter model, Conditions 1-7 hold in di-
mensions d > 2 for any p > 4 in Condition 4, any k > 4 in Condition 5, and
(v,03) = (28p,02) in Condition 6. Hence for d > 2, if N, is the canonical
measure of SBM with parameters (28p,02), then

(vl) For any a € (0,1/2), the system of ancestral paths, W, satisfies an («, 1)-
modulus of continuity with e(n) = Cyn~1 for some Cy > 1,

(v2) P5(R™ € ) 5 N3(R€ ) in K, as n — oo, for every s > 0,

(v3) (i) limy o ™*P(ro(RV) > 1) = T85O i g > 9,
(1) lim, o0 %P(TO(R“)) >r)=v(0)(2m)~t if d = 2.

Part (v1) will give a uniform modulus of continuity for all of the rescaled
dual coalescing random walks between 1’s in a voter model conditioned on
longterm survival. This is stated and proved in Section 7 (Corollary 7.4).

In the next three results v is the model-dependent constant satisfying
(1.36).

Theorem 5 (Oriented percolation). For critical OP with d > 4 and L suffi-
ciently large, Conditions 1-7 hold for any p > 4 in Condition 4, any k > 4 in
Condition 5, and (v,03) = (1,02v) in Condition 6. Hence for d > 4, if N, is
the canonical measure of SBM with parameters (1,02v), then

(op1) For a € (0,1/2) the system of ancestral paths, W, satisfies an (o, 1)-
modulus of continuity with e(n) =0,
(op2) P5(R™ € ) =5 N$(R€-) in K, asn — oo, for every s > 0,

(Op‘?) lim, TQ]P(TO(RU)) > T) = 0123271}‘}1(0)'

Theorem 6 (Lattice trees). For critical lattice trees with d > 8 and L suffi-
ciently large, Conditions 1-7 hold for any p > 4 in Condition 4, any k > 4 in
Condition 5, and (v,03) = (1,02v) in Condition 6. Hence for d > 8, if N, is
the canonical measure of SBM with parameters (1,02v), then

(t1) For a € (0,1/2) the system of ancestral paths, W, satisfies an (,1)-
modulus of continuity with e(n) =0,
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(t2) P(R™ € ) "5 N3(R€ ) in K, asn — oo, for every s > 0,

(£3) limy_yo0 T2P(ro(RW) > 1) = 724020

Theorem 7 (Contact process). For the critical contact process with d > 4
and L large enough, Conditions 1-7 hold for any p > 4 in Condition 4, any
k > 4 in Condition 5, and (v,03) = (1,0%v) in Condition 6. Hence for d > 4,
if N, is the canonical measure of SBM with parameters (1,0%v), then

(ep1) For any a € (0,1/2),the system of ancestral paths, W, satisfies an (o, 1)-
modulus of continuity with e(n) = Cyn=t for some Cy > 1,
(cp2) PS(R™ € ) 5 NS(R € ) in K, as n — oo, for every s > 0,

(cp3) lim, o0 T?P(ro(RV) > 1) = 0123%\;1(0)'

Remark 2.7. Although we have assumed D is uniform on [—L,L]*\ {o} for
OP, LT and CP, the results (and proofs) for these models also hold for more
general kernels. Namely, if h : RY — [0,00) is bounded, continuous almost

everywhere, supported on [—1,1]%, invariant under the symmetries of Z* and
such that [ h(z)dz =1, then for L > 1 we may define D by

b=/ .
D(a) = { Svaomio rrm I F0
0 fo = 0

The case h = 2_d1[,171]d gives the uniform distribution. This is simply a
matter of noting that the references we provide for checking these conditions
hold for this class of more general D’s, and that our own arguments never
make use of the uniform nature of D.

Remark 2.8. In Sections 8-10 the hypotheses of Lemma 2.2 will be verified
for LT, OP and the CP (for the dimensions noted in the above theorems). As
Conditions 1-7 also hold by the above, we see in particular that Proposition 2.4
applies for all of these models. Recalling from the above that sp = 2A, v =1
and o} = o2 v for all of these models, Proposition 2.4 gives

f D P € T)

t—00 tp/2

= A(a?v)P/2E[| Z]7). (2.19)

Recall that for lattice trees wy(m,z) is the location of the ancestor of
x € Ty, in generation k& < m of the tree. We can also apply Corollary 1’ to
obtain a modulus of continuity for the large scale behaviour of k — wy(m, x)
conditional on longterm survival; see Corollary 9.1 in Section 9.

Note that the lower bounds on P(ro(R™M) > r) in (v3) and (t3) above follow
easily from Proposition 1.7 and the lower semi-continuity of the support map
on Mp(R?) (see Lemma 4.3 below). So the importance of (v3) and (t3) in
these cases are the matching upper bounds.

For the voter model, in an interesting article Merle [40] has studied the
probability that a distant site x ever holds the opinion 1 (i.e. P(&(x) =
1 for some ¢ > 0) in the limit as |z] — o). Although clearly related to the be-
haviour of the range of the voter model, and in particular (v3) above, neither
result implies the other.
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2.3 Discussion on Conditions and Extensions

Note that, although the above list of conditions may appear lengthy, we
shall see that for our prototype models, all of the conditions are either already
proved in the literature, or are fairly easy to establish from known results,
although Condition 4 was in some cases proved very recently in response to
this work. For the voter model this Condition is elementary for any d > 2 and
any p > 4; see Section 7. For our prototype models, a Markov (or sub-Markov)
argument reduces Condition 4 to the s = ¢ case, which is a bound of the form

> JzlPP(z € Tr) < Cp(t v 1)#/2) vt > 0. (2.20)

For the voter model such a reduction is implicit in (7.18), while for OP, the
CP, and LT the reductions are given by Lemma 8.2, Lemma 10.2 and Lemma
9.5 respectively, with f(z) = |z|P. For OP, (2.20) was established by Chen
and Sakai [6] (see Theorem 1.2 of [6] and the ensuing comment there to allow
a = o0) where in fact exact asymptotics are given for large t. In response to our
main results, Sakai and Slade [42] established (2.20) for sufficiently spread-out
critical CP (d > 4) and LT (d > 8) for any p > 4 (their method also applies
to OP). For LT, their result extends the result for p = 6 that appeared in an
earlier version of this paper [34] (and their method is simpler). Thus the earlier
version [34] has been superseded by this paper and [42]. Note that (2.19) shows
that their upper bounds then immediately give exact asymptotics as ¢t — co.

Recent work [20] suggests that it may be of interest to consider these
results in the setting of critical sufficiently spread out percolation (d > 6).
In this setting, for example, Theorem 3 would refine a result of Kozma and
Nachmias [37], by giving a bona fide limit for the one-arm probability. However
we quickly point out that there is much work still to be done here. For example,
the important Condition 6 has yet to be verified in this setting (see [18] for
partial results). In a very interesting paper Tim Hulshof [35] has shown that
there is a phase transition in the one-arm exponents which corresponds to
the condition p > 4 in Condition 4, both for critical percolation (d > 6) and
critical branching random walk (BRW) (d > 2). He works with infinite range
kernels D satisfying D(z) ~ |z|~%~% as |z| becomes large (where f(x) ~ g(z)
means c¢g < f < Cyg for some 0 < ¢ < C < o0) and shows that if R™ is the
open cluster of the origin (resp. set of vertices visited by BRW), then

P(ro(RY) > r) ac ™ Min4e)/2 55 1 5 o0,

For a > 4 this gives the one-arm exponent 2, found for the finite-range setting
in [37], but for o < 4 the one-arm exponent is no longer 2. It is easy to check
that a > 4 implies that ) |2|PD(z) < oo for some p > 4. Although we have
assumed single occupancy, our proof is modelled after the proof for branching
Brownian motion, which is implicit in [10], and minor modifications to our
arguments will give similar results for branching random walk. (One needs
to define (AR) for individual particles at each site, for example by using the
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arboreal labelling in [10]). Hulshof’s results, described above, strongly suggest
that the restriction p > 4 in Condition 4 is sharp. In fact we conjecture that
Theorems 1-3 will continue to hold without the finite range assumption on D,
but will all fail if we then allow p < 4 in Condition 4 for our four prototype
models with such “long-range” kernels.

The remainder of this paper is organised as follows. In Section 3 we estab-
lish the moduli of continuity, i.e., Theorems 1 and 1’. In Section 4 we prove our
general result on convergence of the rescaled ranges, Theorem 2. In Section 5
both of the above ingredients are used to prove the one-arm result, Theorem 3.
Lemmas 2.2 and 2.3 (dealing with checking Conditions 6 and 7, respectively)
and Proposition 1.5 (existence of ancestral paths) are proved in Section 6. In
Sections 7 to 10, respectively, we verify our conditions for the voter model,
OP, L'T’s and CP, and so establish Theorems 4, 5, 6 and 7.

3 Modulus of continuity
In this section we prove Theorems 1 and 1’.

Proposition 3.1. Assume Conditions 1, 3, 4, and let a, B satisfy (2.9). There
is a constant Cs1, and for all n > 1 a random variable §,, € (0,1] such that if

teZy/n, 2 €T, 0< sy <sy<t—n"', s, €Z;/n, and |sy — 51| < 6p,

(3.1)
then
a,n a,n
(s1,91) = (s2,92) = (¢, 7) (3:2)
implies
ly2 — 1| < Cz.as2 — 51| (3.3)
Moreover §,, satisfies
(00 < p) < Ca1p®,  for every p € [0,1). (3.4)
Proof. We first note that it suffices to consider n = 2"° for some ny €

N. Assuming the result for this case, for n > 1, choose ng € N so that
20—l <y < 270 and set 8, (w) = dan0 (W) € (0, 1]. The monotonicity of m(n)
from Condition 1 (survival probability) shows that

fin (6 < p) < pigno (Bgno0 < p) < Ca1p”,  for every p € [0,1).

Assume now that the conditions in (3.1) are satisfied by ¢t = k/n, z = z/y/n
and s; = k;/n where k,k; € Zy and z € Z%, and that (3.2) is satisfied by

T

Yi = o where x; € Z% for i = 1,2. Then ky < k — 1, which implies
kp27m0 < k2770 — 270 and 0 < (kg — k1)27"° < (kg — k1)n~! < dane. By

a,2™0 a,2™0 k 2
(W, W) SO the

scaling this implies (2’“—10, Fno7z)

result for 2™° implies that

(3% 5u22)

2”0/2 X9

- ks — by
|y2 - y1| - \/ﬁ 2n0/2

x (a3
- 2%1/2‘ <205, (QTO) < V203,59 — 51|
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So the result follows for general n > 1 by increasing Cs.1 to v/2C5.1.
We set n = 2™ for ng € N. For a natural number m define

I(ng,m) = {k € Zy : k <ng, 2" F 1 <m},
and for k € I(ng,m) define
Ap(ng,m) = {w s max{lyz — g (m — 270754 53) B (m = 2707, )
& (m,z) Iz € T} > 2"0/22*’”}.
Note that the max exists by (1.3). For £ € Z, let

U Akno.m)

Be(no,m) = Lef(iﬁ:m)

) 1f€>n0

U Ap,(ng,m+ 1), if £ < ng,

6]

Lemma 3.2. Assume (2.9). There is a constant ¢35 so that for all m € N,
(a) for all k € I(ng,m), pane (Ag(ng,m)) < c3 2~ kP/2=pa=1)

(b)

3.027tP/2=pa=1) if 0 < ¢ < no,

07 ng > nyg.

pigno (Be(no, m)) < {

Proof. (a) Clearly we have
piamo (Ag(n0,m)) (3-5)

Z Z ]1((m_2n0_k+17y1) i> (m_zno—k’y2)7

Y2€T, _ono—k Y1€T,,_ong—k+1

< m(2")E

ly2 — y1| > 2m0/227 k)

x 1(3z € Ty, s.b. (m — om0k ) & (m,x))|.

By Condition 3 (conditional survival probability),

no—k a C3
P(HZIJ S Tm s.t. (m —2m0 ,yg) — (m, l') |./—" _2n0—k) < m. (36)

Recall that 7, _one—+ is F,,_gne-r-measurable, and by AR(iv),

]]‘((m - 2n07k+1) yl) ﬂ> (m - 2710*]67 y2)) = em—?"U_l"+1,m—2"0_k(y17 yQ)a
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is also F,,,_gno-x-measurable. We therefore can use (3.6) in (3.5) to conclude

pano (Ag(ng, m))
c3m(2m0)

— m(2no—k
( ) Y2€T, _ong—k YIET _ong—k+1

ly2 — 1/
9pno/29—pka

9(no—k)p/2

opno/2g—pak co~h/2mpal),

< cze1m2%¢y

where Condition 4 (spatial increments) and (1.21) are used in the last.

(b) Note first that (2.9) implies p/2 — pa > 2. Sum the bound in (a) over
k > £, note that ng € I(ng,m+ 1) (to apply (a) to A,,(ng,m + 1)), and use
By(ng,m) = @ if £ > ng to derive (b) (where we can adjust the constants after
the fact). [ |

Lemma 3.3. Assume (2.9). There is a ¢33 = c33(a, L) such that if m € N
and £ € {0,...,ng} satisfies 270~ < m, then

Be(ng,m)* € {w s max{fa’ —y| : (m =277, 5) & (m,2') & (m +1,2)
for some x € Tpq1} < 03‘32("0/2)406}'

Proof. The conditions on £ and m show that {¢+1,...,n9} C I(ng,m). This
implies that

By(ng,m) C M2, Ax(no,m)® N Ap,(no, m + 1)°.

Choose w € By(ng,m)® and assume (m — 2"~¢ 4) % (m,2') % (m + 1,z)
for some = € T,,11. By (1.10) we may choose z” so that (m — 2m0—¢ ¢) %
(m—1,2") % (m,2') (set 2 =y if £ = np). Then since w & A, (ng,m + 1),

|a’ — 2| < 2no/2=moa, (3.7)

Let yo = y. By (1.10) for k = ¢+ 1,...,no we may choose y € T,,_gno—+ such
that y,, = 2", and

(m — 2 F e ) B (m =207 % ) for k=£0+1,...,ng.
By w ¢ Ag(ng,m) and the triangle inequality, we have
no no
2" =y = lyny —yel < Dk —ypa] <2702 Y 27k < oo/t
k=t+1 k=C+1

This and (3.7) imply |2/ — y| < €20/~ and so completes the proof. M

E Z Z 1((m — om0kt ) & (m — 2mo—k, Y2))
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Returning now to the proof of Proposition 3.1, we define

Cr(ng) = U, UL 71 By(ng,i2707) for r € Zy (Cr(no) = @ if > no),

K! =min{r €{0,...,n0+1} 1w ¢ Cr(no)} < no + 1,
KTZLO = min{r € Z, : 2"/ > gy,
Ky = (K)\ VK2 )N (ng+1) € Z.
Note that C,.(ng) is non-increasing in 7. Set ono (w) = 2750 () € (0, 1]. Then
for r € {0,...,np},
paro (Kng > 1) < piano (Cr(10)) + prano (S > 27+70)

no (214(1+ﬁ)]

e 270y
< E § 9—4(p/2—pa—1) m(
a |:€T i=1 o " m(27‘52n0)’

where we have used Lemma 3.2(b) and Condition 3 with (s,y)) = (0,0) and
t = 2782m0_ Since 277 < 20 (recall 3 < 1) we may use (1.21) to see that

m(2") —rB
W <ec1.212777,
and so from the above,

no
pano (Kpg > 1) < c32 Z 21 tP/2=27pa=h) 4 caey 5127 < 02778 (3.8)
l=r

where (2.9) is used in the last inequality. If » € {no +1,n0 +2,...} then (3.8)
is trivial since the left-hand side is zero. If p € (0,1] choose r € Z4 so that
277"l < p < 27" Then by (3.8),
fiano (Dm0 < p) < piano (Kpny > 1) < 02778 < C28)°.
Take limits from the right in p < 1 in the above to derive (3.4).
Turning now to (3.3), we can rescale and restate our objective as (note

that ¢ = (m + 1)/n for some m € N or the conclusion is vacuously true):
If

ki,ko € Zy,m e Nz € Tpi1,0 < k1 < ko < m satisfies
ko — k1| <270 Ko and (ki y1) 5 (k2,92) = (m+ 1,2),

then
|y2 _ y1| < 03,1|k‘2 _ k‘l‘a2(n°/2)_(”°a).

It suffices to consider ko = m in the above because if we choose (by (1.10)) «’
st (ko,y2) = (ke +1,2") 2 (m+ 1,2), then we can work with (ky + 1,2/) in
place of (m + 1, ). So let us assume

k€Zi,meN, 2 € T, 0<k<m, |m— k| <2m0 Kno, (3.9)

and (k,y) = (m,z') % (m+ 1, ).
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We must show that
&' —y| < Cyalm — k|*2(0/D= (o), (3.10)
If K,,, =no + 1, then (3.9) leads to a contradiction and so we have
Kpy < no, and so K, = K, VK2 <no. (3.11)
By (3.9), 27" < (m— k)27 "0 < 27 %% and so we may choose 7 € Z, so that

—k
91l < M= F <o K., <r<no. (3.12)

20 =% 0

Using the fact that 0 < (m — k)27 < 27" we can choose i, j, € Z; with
Jr —ir € {0,1} and iy, jo € {0,1} for £ € (r,n9] NN so that

no no
m2T =274 Y 27t k2T =027 4 Y 2
l=r+1 {=r+1
For g € (r,ng] NN define

q
. — . .y
my = jT2n0 7"7 Mg = My + E 342"0 3
l=r+1

q
kp =027, kg =ke+ D 02,
{=r+1
so that k,, = k and m,, = m. By Lemma 1.2 there are (y,);2, and (z4)72,
St Yng =Y, Zn, = @’ and

(kg1,¥g-1) = (kgyYq),  (Mg1,24-1) — (Mg, 2,) for g € (r,no] NN (3.13)

(if kg—1 = kq set yq = yg—1 and similarly if m,_; = my). In addition if 4, = j,
so that k, = m, we may assume

Yr =2z i = g (3.14)

On the other hand if j,. =4, + 1, then

no
kng ket D> 2070 <k 42077 = (i + 1)27077 = m,,
l=r+1

and so (by Lemma 1.2) we may choose z, in the above s.t. (kng,¥n,) —

(my, z). Hence we have

if j, =4, + 1, then (k.,y,) ..\ (Kng» Yno) 2 (my, )
& (m,2’) S (m+1,2). (3.15)
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Recalling from (3.11), and (3.12) that r > K,, > K}, , we have from the
definition of K, that w ¢ Cy(ng) and so for all £ € [r,ng| N Z,

0(14-8)
w e ﬂz‘E1 ’ ]Bg(no,i2"°_€)c,
which by Lemma 3.3 (and 270~¢ < §2"0~*) implies
V1 <i < [2F0FDTF ((1—1)2m0 ¢ y) B (1270~ ) B (127070 + 1, 2)
for some z € Tjpng—e4q, then |y —y'| < c3.32m0/ 2074, (3.16)

Asr > K,, > K,QLO, we also have S® < 278+no < 268+10 for a1l ¢ > r and so
if i > [2¢0497 ] then

jono—t < 9f(1+S)gno—f _ 9fB+no > S,
and so Tjgno-¢, 1 = &. This implies (3.16) holds vacuously and we may conclude
Vie Nif ((i —1)270 ) S (1270 ) & (1270~ F 41, 2)
for some 2z € Tipng 241, then |y — 3| < ¢z 32m0/227 ¢, (3.17)

BY Yno = ¥, 2n, = @’ and the triangle inequality, we have

o

2 = 9l = l2ng = wmal < D (120 = Zam1 + lgg — vaal] + |2 — ). (3.18)
q=r+1

Note that for ¢ € (r,no] NN, my = Jq2™ 1 for some j, € Zy and also
Mg—1 = (Jq — jq)2™° %, where j, = 0 or 1. Therefore (3.13) implies

(Gq - jq)2n07qa Zq—l) % GanOiqa Zq) % (m + 1,$),

and so by (1.10) there is a 2 € T} _gno-a41 S-t.

((Fg = 4a)2™ 79 2g-1) = (72707 % 2) = (Jg2™ 70 + 1, 2).
Therefore (3.17) implies
|2 — zg_1| < 3327072279 for g € (r,n9] NN (3.19)

(note here that if j, = 0, then j, = 0 and so 2, = z,_1 and the above inequality
is trivial). Similar reasoning shows

Yg — Yg—1| < 3327072279 for (r,ng) NN.

To handle the last term in (3.18), first observe that if j,. — i, = 1, then
k. = (jr —1)27~" and so (by (3.15)) (kr,yr) = (M, 2,) — (m+ 1, 2) implies

((Jr —1)2™7 " y,) % (Jr2"7", 2r) % ((Fr2"7" +1,2)
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for some z € T} ono—+11 (by (1.10)). It follows from (3.17) with £ = r that
if j, — i, = 1, then |z, — y,| < cz52m0/2277, (3.20)

Use (3.19)-(3.20) and (3.14) in (3.18) and so conclude that

no
|;U/ _y| < {203.32710/2 Z 2—qo¢] +C3.32n0/22—7"a
q=r+1
m—k

< 02n0/22—ra < 02(1(
20

)2/ (by (3.12),
which gives (3.10), as required. ]

Proof of Theorem 1. Let n € [1,00) and take §,, as in Proposition 3.1, so
that (2.16) and 6, € (0,1] are immediate from that proposition. Assume
$1,82,Y1,y2 are as in (2.14). If s; = s9 then y; = y2 by (AR)(i), and the
result is trivial. Otherwise s; < sg, and by (1.10) we may choose z’ s.t.

a,n

(s1,41) = (s2—n~

a,n

1a x/) — (527 y2)

We also have |sy; —n~! — 51| < |sy — 81| < J,,. Proposition 3.1 and (2.3) imply

ly2 = y1| < lya — ' + |2" — 1]
dL
S \\//>ﬁ + 03.1|82 — n_1 — Sl‘a
< (VAL + Cs.1)|sy — 1],

the last since |s3 — s1| > 1/n and o < 1/2. This proves (2.15) where
Cy =VdL + Cs;.

Now suppose instead that s1,s2 € Ry (otherwise as above). The validity
of (2.12) now follows by an elementary argument using (2.3) and the fact that

a,n

for 0 < s1 < s2, (s1,91) B (s2,92) iff ([s1n]/n,y1) = ([s2n]/n,y2). u

Consider next the proof of Theorem 1 and assume the hypotheses of that
theorem. We first use Conditions 5 (local jumps) and 2 (total mass) to handle
the small increments of w™ (¢, ) near ¢.

Lemma 3.4. There is a Cs 4 such that for any a € (0,1/2),t* > 1 andn > 1,

un(maxﬂy — x| (5,9) ¥ (t,x),t € [s,5+ (2/n)],s € Zy [/n,s <t} > n_a)

< 03.4t*n27n((1/2)7a) )
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Proof. It s = j/n € Z4 /n is fixed, then by scaling,

P (max{|y — x| (s,9) B (t,x),t € 5,5+ (2/n)]} > n_a>
= fin (maX{|y —zl: (j,y) > (t2),teljj+2}> n(1/2)_0‘)

< m(n) Z E[Il(y eT;)P(3teljj+2] and x € T; s.t.
yezd

jz —y| > 07 and (j,y) (ta$)|fj)]~

Now use Conditions 5 and 2, and (1.23) to see the above is at most
¢1.93ncacsn (/2 =)
Finally sum over s € (Z4/n) N [0,t*] to obtain the desired upper bound. W
Proof of Theorem 1. Fix n > 1 and ¢ € (0, 1] as in the Theorem and define
2, ={S™ < n?}
N {max{|y — x| (s,9) 2 (t,x),t € [s,5+2),s € Zy/n,s <ni} < n*a}.
By Lemma 3.4 and (1.31) and the fact that n? <n

C C
pn($27) < — o C 2707270 < 2, (3.21)

where the definition of ¢ is used in the last line. To avoid confusion we denote
the §,, arising in Proposition 3.1 by §2-! and then define

50 () B l(w), ifwe N,
n(W) =
0, if w e °.

Then for p € [0, 1),

C
(O < p) < pin(025) + (G < p) < —+ C3ap”,

the last by (3.21) and Proposition 3.1. This proves (2.13).
In proving (2.11) implies (2.12) to reduce subscripts we assume

0<s<t, [t—s <3, and (s,9) 2 (t ).

This implies ,, > 0 and so w € £2,,, which in turn implies S™ < n? and so
(as 7, is non-empty),
t<S™ < nf. (3.22)

We must show that, for an appropriate Cq,

|z —y| < Cy[|t — s]* +n™7]. (3.23)
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If t < 2/n this follows easily from w € (2, and the triangle inequality, so
assume without loss of generality that ¢ > 2/n. Write [u], = |nu]/n, and set
th=[t—n"1u,t, =t, +n Y s, = [s], At, <t all in € Z, /n. Therefore

0<ty—s,<t—-nt—(s—nH)=t—s5<d, (3.24)

(we can assume s,, = [s], in the above derivation, since otherwise s, = t,, and
the desired upper bound in (3.24) is trivial), and

0<t—t,<2/n, 0<s—3s,<2/n. (3.25)

Since s, < s and y € 7™ by Lemma 1.2 there exists y,, s.t.

a,n

(Snyyn) - (87 y)'

We also have s, < t, < t,+n"! <t <n? (by (3.22)) and = € T,"”, so by
Lemma 1.2 there are z,, =, s.t.

($nsYn) = (tns @) =3 (tn + 07" 2r,) =F (¢, 2). (3.26)
Therefore by w € (2,, and (3.25) we may conclude,

[z =y < [@ —2n| + |20 = yn| + [yn — v
<nTY4 |y —yn| +n7°
<2074 4 Cs.qltn — sn|®  (by (3.24), (3.26) and Proposition 3.1)
<2n7% 4 Csq|t — 5],

the last by (3.24). This proves (3.23) and the proof is complete. [ |

4 Convergence of the range
In this section we prove Theorem 2. Recall that N5(-) = N,(-|.S > s).

Lemma 4.1.

2
N} </ Xs(l)dsga) N%\/E, asal0
1

2
N} </ X.(1)ds < a) < 2\/76\/5, for every a > 0. (4.1)
1 v

Proof. First recall from (1.29) that N, (S > 1) = 2/, and by Theorem I1.7.2(iii)
of [41]

NS (X1(1) € dz) = (2/7)e” M2 dz. (4.2)
Let U§A) = ,/%% be the unique solution of
dv  —yvf
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Then the Markov property under N, and exponential duality (see Theorem I1.5.11(c)
of [41]), together with (4.2) gives

i fon { - /X )

=N, |:EX1 exp / X ]l{s>1}:|:| /NO<S > 1)
= /OO eXp{—va1 )}fe_zm/'ydx - 2
0 v 2 +'yv(/\)

Since v§>‘) v/(2X) = 1 as A — oo,

O{exp /X ds]wu)\, as A — oo.

A Tauberian theorem (e.g. Theorems 2,3 in Section XIIL.5 of [15]) now gives

2
4
1 ~J
N} (/1 Xs(1)ds < a) \/m\/&, asalO0.

Now
A [ev2rA 2\ 2 1 /2A
oM = R {1_}> A Azl
v levA1 oy eVIA +1 2\ v
Ifa<~vandso\:=1/a>~"" then using ly<, < eMa=Y) we have

(/X ds<a><eMN1[exp /X ds}

< et f

2+w1 2+1/ \f

For a > « the bound is trivial. |

Lemma 4.2. 0 ¢ R N, —a.e.

Proof. This is immediate from the description of the integral of SBM in terms
of the Brownian snake, and the continuity of the snake under N,. See Propo-
sition 5 and Section 5 of Chapter IV of [38]. |

Recall that K is the Polish space of compact subsets of R?, equipped with
the Hausdorff metric dy and A; is as in (1.2).

Lemma 4.3. If v, — v in Mp(R?), and supp(v) € K, then

A (supp(v),supp(vy,)) — 0.
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Proof. Fix e > 0. We must show that supp(v) C supp(v,,)¢ for all n sufficiently
large. Let « € supp(v). Then liminf,, o v, (B(x,c/2)) > v(B(z,e/2)) > 0.
Therefore there exists n(z) such that for every n > n(x),

v (B(z,2/2)) > ~v(B(x,2/2)) > 0,

N[ =

and therefore = € supp(v,,)¥/2. As supp(v) is compact there exist x1, ...,z €
supp(v) such that supp(v) C U7, B(x;,€/2). Thus if n > ng = max;<j n(z;)
then
supp(v) C Uiy B(wi,£/2) C supp(vy)°,
as required. ]
In the rest of the Section we will assume Conditions 1-7, let «, 8 satisfy (2.9)
and (2.10), and assume (7, 07) are as in Condition 6 (measure convergence).

The parameter ¢ is as in Theorem 1. We start with some simple consequences
of Theorem 1. Recall from (1.37) that R™ is a.s. finite. For ¢t > 0, define

R = Us<, T[™ C R™.
Lemma 4.4. (a) There is a c4.4 > 0 such that on {5, > n~'} we have
ro(R™) < eg4(S™271 +1). (4.3)

() 14.4(1) 1= 5D 1 fin (o (R*) > ) = 0 a5 u — oo,
(c) For any 19,€,5 > 0 there is a 7 = 7(79,¢,5) > 0 and no(1o,¢,5) > 1 so
that

P(R™ ¢ B(0,79)|S™ > s) <e Vn > no.

Proof. (a) Assume §,,(w) > 1/n. Assume also x € T™ for some s > 0. Choose
M € N so that (M —1)d, < s < Md,, and set s; = id,, for 0 < i < M and
sy = s. Clearly s < S™ (since 7™ is non-empty) and so

M <ot +1<8™6 1 +1. (4.4)

By Lemma 1.2 there are y; € T, for 0 < i < M s.t. yo = 0, yu = « and
(8i—1,¥i—1) L (siyy;) for 1 < ¢ < M. Theorem 1 implies for all 1 <1i < M,
lyi — yi—1] < 2C162, and so by the triangle inequality, (4.4), and 6, <1,

|z = Jynr| < M2C16% < 201 [S™6%~1 4+ 1].

This gives (a) with ¢44 = 2C}.
(b) Use (a) to see that for u,n > 1 and u > 2¢4 4,
pin(r6(R™) > w) (45)
< (8 S U™V T+ g (S0 > (u/cqn) — 1,0, > 1/u)
<Ciu P40 407 + pn (™ > uM(u/eas) — 1] > u®/(2c44)),
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where in the last line we have used Theorem 1 and the lower bound on u. Now
(1.31) implies that

/.Ln(S(") > ua/(264,4)) < 5[)61,21/((11,(1/204_4) A\ n)

Using this in the bound (4.5) we see that for any € > 0 there is an ng > 1 such
that

pn(ro(R™) >u) <e  for all n,u > ng. (4.6)
But for n € [1,n9) NN we have
pn(ro(R™) > u) < m(ng)P(ro(R™7) > u) < ¢,

for u > ug(e). The result follows from this last inequality and (4.6).
(¢) Fix 79,&,s > 0 and then choose n1(79) > 1 and 71 (79) > 0 so that

n > ny () and 7 € [0, 71 (79)) imply C1 (7% +n™%) < 7.

So for n > n; and 7 € (0 1), by Theorem 1 (and the fact that y € 7™ for
some s < 7 implies (0,0) ¥ (s,y)) we have

€ (0,6,] implies R C B(o,C1(t* +n~%)) C B(o,70).
Therefore using (1.31) and (2.13) we see that for n > n; and 7 € (0,7),
P(R™ ¢ B(o,7)|S™ > s) <P(6, < 7,5 > 5)/P(S™ > s)
< pn(On < 7)/pn (ST > 3)
<CL (TP +n Der o (s V1) (sp) ™t

<&,

where the last inequality holds for 7 sufficiently small and n sufficiently large,
depending only on ¢ and s. The result follows. |

Lemma 4.5. For every s > 0,
P (X e) 5 N3 (X €1) on Mp(RY).

Proof. Fix s > 0ande > 0. Choose t. > max{1/e, s} and let ¢ € Cy(Mp(R?)).
Then |P5[p(X2)] — Ng[go(Xoo)H is at most

|, [so( )1{s<n><t = No[p(X ) Is<ey]|

+ |P;[o(X, )]I{S(”)>t H = N3 o(X ) Tisse |

<|B;, (X)) = N3 [p(Xe.)]| (4.7)
+ Pl (X{) Lsene.y) — No[o(Xi ) Tgsseay]| (4.8)

+ llelloo (P, (S“” > te) + Ng(S > te)).
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For n sufficiently large (depending on s,t.,¢) the term (4.7) is less than ¢ by
Condition 6 (measure convergence). The quantity (4.8) is equal to

P(S™ > t.)

_ = No(s > ts)
P(S™ > s) °

Ple [p(X( .
| n[@( te )} NO(S>8>|
This is less than € for n sufficiently large depending on s, t., e by Condition 6
and Condition 1 (survival probability).
Similarly, (4.9) is equal to

P(S™ >t.) No(S>t.)
H‘PHOO(P(S(M > 5) + N,(S > S)>

which is less than or equal to ce for n sufficiently large (where ¢ depends on s
and ||¢]|eo) due to Condition 1 and (1.29). [ ]

Recalling Condition 7 (low density inequality), we set K = 1024 and for
i€Zy,¢eNandn € [1,00), define

2y ={w3r e T, 3 st (1275 2) 2 (1 +1)27% 2') and

(i+2)2* amn
/( {y: (27, 2) % (s,9)}lds/min) < K,

i+1)2-¢
and Qe = Uf 071(2” The following result together with the modulus of con-

tinuity will ensure that with high probability, points in the discrete range are
near areas of significant integrated mass.

Lemma 4.6. There is a cq.6 > 0 and for any n > 1 there is an M, € N so
that M,, T oo as n — 0o, and if (2], = Ué\i’;nﬁ? form € N, then

pn(20) < cq627™  for allm € [1,00), m € N.
Proof. Let £ €N, i€ {0,1,...,2% — 1} and assume
n > K32, (4.10)

A simple change of variables (u = ns) in the time integral in the definition of
27", shows that

Z 132" st. (ni2=%, ) 5 (n(i + 1)27%, "))

2€T, 50—t

a(f T (i) S () < nm(n)Kf)].

i2—L4n2-¢

pin (£232) < m(n)E
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So using Condition 7 with A = n27¢ > 4 (by (4.10)) and ¢t = ni2~¢ yields

Hin(927%) (4.11)

2n2-t—2 ¢
_ Ts| m(n)K
< P(S“) 2 f,/ Tl 45 < )
< erm(n) - na—tpa  m(n2=4)n2-¢ o= m(n2-¢)2-¢

2—(2/(n27%)

< wm(n)P(S("r% > 1, /

X2 (V)du < (K/2) " e1.:2°),
1+(2/(n279))
where in the last inequality we used (1.21), which applies because n27¢ > 1
by (4.10).

If Iy =[1,1+

of+1
n

9t+1
N

JU[2 2], then

E

/m € L)X (1) du ‘ Sm2mH 11

_ / E[X("2 ) (1)]du/P(S® > n2~?)

Ine

E[|Tun2—] 2¢
= ’ du < Cy10— 4.12
/IM m(n2=H)P(S® > n2-¢) U=ty (4.12)

where Condition 2 (total mass) and (1.22) are used in the last inequality.
Use the upper bound from (4.11), (1.21), and then (1.22) to conclude that

Hn( zrfé)
m(n)

< -~ 7
c7m(n2—5)

m(n2=HP(SY > n27Y)

2-(2/n27") By
x P(/ X2 (1)du < e (K/4) |52 > 1)
1+(2/(n274))
2— (21 /n)
< 205 P x(n27%) —t] gna=h
< ercr212°5p o (Ddu < c121(K/4)7°|S >1
14(2¢+1 /n)

2
< 0{2@( / X2 (1) du < 201_21(1(/4)4‘5‘"2*“ > 1)
1

¥ 241P>( X027 (1)du > cl_gl(K/4)*f‘S<"2’@> > 1)}

Lo

Markov’s inequality and (4.12) imply that

C 22@
< 4.12

T2 (Z, n)

KE
ey (K/) = 0= < CK Wn 2 K. (4.14)
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By Condition 6 (measure convergence) and the upper bound in (4.1),

2
lim sup 2@’(/ X&"Q%)(l)du < 261'21(](/4)—8‘5(712*4) > 1)
1

< 2N, (/2 Xo(1)du < 2c1_21(K/4)*f‘S > 1)
1
< (C/2)(VK/4)~"

Therefore there is an increasing sequence {n(f) : £ € N} such that n(¢) > K3¢/2

nd
) Ti(¢,n) < C(VK/4)™"  for all n > n(f). (4.15)

Use (4.14) and (4.15) in (4.13) and sum over i = 0, ..., 2% — 1 to deduce that
(21 < C(VEK/16)~' = C27¢  for all n > n(0). (4.16)

For n > 1, define M,, = max{¢: n(¢) <n}t oo asn — oo (max@ = 0). Then
by (4.16) for any m € N,

M, M,
pn(20) <Y (027) <Y C27f <2027,
L=m {=m
because ¢ < M,, implies that n(¢) < n. [ ]

Proof of Theorem 2. Recall (1.5). Let

& = (& /v /Vi)iso s . € 2) € (D(0,00), Dx)) ¥ 1= D,

where (1.11) is used to show that, using the usual countable product metric,

¢™ belongs to the complete separable metric space D.

For 5 > 0, the joint probability law of (X &™) (on D x D) conditional on
S™ > s is written as

P (X6 € )

= Nn((X(n)aé(m) € '|S(n) > S).
Although pf = P2, we will soon be trading in our familiar P to apply Sko-
rokhod’s Theorem and so to avoid confusion it will be useful to work with g},
on our original probability space.

Fix s > 0. It suffices to show weak convergence along any sequence ny — oo
and to ease the notation we will simply assume n € N (the proof being the
same in the general case). By Lemma 4.5 and the Skorokhod Representation
Theorem we may work on some ({2, F,P{*}) on which there are random mea-
sures (X)nen and X such that X has law u$ (X € -) for each n, X
has law N$(X_ € -), and

X 25 X asn— oo (4.17)
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For now we may assume F = o((X{)nen, X ). We claim that we may as-
sume that for all n € N there are processes (X™,é™) € D x D defined on
(92, F,Pt1) such that

Vn € N the law of (X™,é™) on D x D is ps (X ™, &™) € -)

oo
and X :/ XM du a.s.
0

To see this, work on 2 = 2 x D x D with the product o-field F, and define
Pt} on F by

N
P{S} <(Xoo7 (X;))HEN) € A7 (X(n)ﬂé(n))nSN € H Bn)
n=1

N
- / a(X oo, (X ner) [ 16, ((X™,60) € Bo| X0)dPee,

n=1

where the above conditional probabilities are taken to be a regular conditional
probabilities. In short, given (X, (X{)nen), we take (X &™), cn to be
conditionally independent and with laws pu3 (X, &™) € -| X (). Clearly the
resulting enlarged space satisfies the above claim. We now relabel the enlarged
space as (£2, F,Pt*}) to ease the notation.

Note that for each fixed n, T = (T,")i>0 := (supp(X;™))i>0 is a copy
of our rescaled set-valued process so we can define S™, R™ and “¥ just as

before using €™ and 7. For the latter, set e{"}(y,z) = & (y,x)(s) and

write (s,u) 3 (¢, ) iff s < t and e (z,y) = 1 (recall (1.5) and (1.17)). In
particular 27, and (2], as in Lemma 4.6 can be defined as subsets of {2, and
that result and (1.31) imply

n(£2
PR = i (20) < _ Hnl$2) < a6 ™ (S > 5)

T pn(S™ > s)
S €a6c1.21 (S \Y 1)2—m = C4.18(8)2_m.
Sp
(4.18)
To reinterpret Theorem 1 we introduce
A (p) = sup{lyz — y1| : |s2 — s1] < p, (s1,91) = (s2,32)}, (4.19)

and note that the law of A™(p) is the same under P} and u?. Therefore

< (A" (p) > Ci(p® +n"%))
- pn (S > 5) ’

PCH A (p) > Oy (p° +n72))
On the original space A™(p) > Ci(p* + n~%) implies §, < p and so by
Theorem 1 and (1.31) (as used in (4.18))
Vo e [0,1], P (A™(p) > Cr(p® + 1)) < pin(0n < p)/in(S™ > 5)
< C4.20(S)[,05 +n79. (4.20)
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Next note that (1.31) implies for m € N,

,un(S“” > mel) < C4,21(S)

P (S™ > 2m~1) < .
( )s pn(S™ >s) T 2m7lAn

(4.21)

Finally use (1.31) and recall Lemma 4.4(b) to see that for m € N,

ro(R™) > 2m=1)
pn (S > s)

P (rg(R™) > 2m7 1) < fin < caoa(s)naa(2™7h). (4.22)

We have R™ = R(X ™) = supp(X{), and R = supp(X,,) defines the range
of a SBM. It suffices to show

{s}
do(R™, R) 250 asn— oo

Lemma 4.3 and (4.17) show that A;(R, R™) % 0, and therefore if we set
R? :={z : d(z, R) < 4} it suffices to fix 75 > 0 and prove

lim P} (R™ ¢ R™) = 0. (4.23)

n—oo

Fix € > 0 and let 7(79,¢,s), no(70,&,5) be as in Lemma 4.4(c), and choose
0 <7 < 7(70,8,5). Recalling R = U<, TS, we see from Lemmas 4.2 and
4.4(c) that

PUHRY ¢ R™) < PUY(RY ¢ B(0,7)) = pp (R & B(0,7)) < e (4.24)
for n > ng(7o,¢, s).

For m € N, define the finite grid of points

19—m

sz{ i :ieZd}ﬂ[—Qm,Qm]d,

where Ky € N is chosen so that
Vz € B(0,27™) 3¢ € Gy, so that |¢g —z| < 27™. (4.25)
Define the finite collection
By, = {B(z,70/2): z € Gn}.
Fix m € N sufficiently large so that

(i) 27™ + 20,207 ™ < 74/10, (4.26)
(id) 2' 7™ < 7, (4.27)

C4.21(S)
2m71

(Z’L’L) C4,18(S)2_m =+ C4.20(S)2(1_m)ﬁ =+

+ C4.22(8)774.3(2m71) < E.
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If (W,,u > 0) denotes a d-dimensional Brownian motion with variance
parameter of starting at o under a probability measure P,, then for any open
ball B,

EHX  (0B)] = N5[X_ (0B)] < /OO N, [ X, (0B)] du/Ny(S > s)
0

_ /OO P,(W, € OB) du/N,(S > s)

0,
where the third equality is standard (e.g. Theorem II.7.2(iii) of [41]). Therefore

by (4.17), the above equality, and standard properties of the weak topology
we have (recall K = 1024)

_ _ 1
lim PM( sup |X(B) — X (B)| > 5K—m) —0.

n—oo BeBm,

So there is an ny; = ny(m, e, 79, s) so that for n > n; we have

_ _ 1
]P’“‘}( sup |X(B) — X (B)| > fK*m) <, (4.29)
BeB,, 2
and, if M,, is as in Lemma 4.6, then for n > n,
(i) m < My, (4.30)
(i7) 2010~ < 7,10, (4.31)
(43i) n > 2™ and [e4.20(8) + ca21(8)n "7 < e. (4.32)

Assume n > ny, and then choose w so that (A™ is as in (4.19))

(i) we (27)°, (i) A™(21™) < 0 (24— 4 =), (4.33)

(4ii) S™ < 2™ (jv) ro(R™) < 2m7 (4.34)
_ _ 1

(v) Bsequ I X(B)— X (B)| < §K_m. (4.35)

Let © € R™ \ R, and then choose s > 7 so that z € 7. By (4.27), (iii) in
(4.34), and s < S™ (since 7™ is non-empty), we have

217 < s < S < oML

and so we can choose i € {0,...,22"71} so that s € [(i +1)27™, (i +2)2™™).
Since |z| < ro(R™) < 2™~ (by (iv) of (4.34)), (4.25) shows there is a ¢ € Gy,
so that

v — g <27 < 70/10, (4.36)
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the last by (4.26). By (1.10) 3z € TS5, such that (i27™, zo) L8 (s, ).
Assume u € [(i+1)27™, (i+2)27™] and (127, z0) 23" (u, y) for some y € T,™.
Then use (4.36), (4.19), and (ii) in (4.33) to see that

ly —al <ly = 2ol + [xo — 2 + [z — g
<2AM (2™ 4 19/10
<20, (207™ £ =) 4 7 /10
< 379/10 < 79/2,
where we have used (4.26) and (4.31) in the last line. This implies that

_ (i+2)27™
X0 (Bg.70/2)) > / X0 (B(g,70/2)) du

(i+1)2—-m
(i+2)2—™ a.n
> / Xy € Tm + (127 20) = (u,9)}) du
(i+1)2—m
(4.37)

By (1.10) and (:2=™, z0) gy u,y), there is an 2’ € T(;41)2-m s.t.

a,m

(127™ x0) 2 (G 4+ 1)27™, ") 2 (u,y).
The fact that w ¢ 27 (by (i) of (4.33)), m < M, (by (4.30)),4i € {0...,2?m=1}

(
20 € TS5, and (127™, 29) “F ((i+1)27™,2') shows that the right-hand side

of (4.37) is at least K ™. This inequality and (4.35) imply
Xoo(B(g,70/2)) > K~™/2.

Use this and (4.36) to conclude X__(B(z,70)) > K~™/2 and therefore that
x € R™. We have shown that

For n > ny, conditions (4.33) — (4.35) imply that (R™ \ R{) C R™. (4.38)

Now use (4.18), (4.20), (4.21), (4.22), and (4.29) to see that the probability,
P(m,n) that one of the 5 conditions listed in (4.33)-(4.35) fails is at most

PEH20) 4+ PEH(AM (21) > ¢ (20 =)
+ PEH(SM > 9mTl) L P (g (R™) > 2™ 1) 4 ¢

04.21(5)

< ea18(8)27" 4 ca.00(s) 278 4 9] 4 e

+ ca02(8)n2a(2™7) + €.

Our lower bounds on m and n (in particular use (4.28) and (4.32)) shows that
the above is at most 3¢, and so we have shown

P(m,n) < 3¢ for n > ni(m,e,79) and where m is chosen as above.
Recalling (4.38) we conclude that
PEH((R™\ R™) ¢ R™) < 3e for n > ny.
This, together with (4.24), proves (4.23) and so completes the proof. [ |
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5 The extrinsic one-arm probability

In this section we prove Theorem 3. Recall that ro(G) = sup{|z| : z € G}.

Lemma 5.1. The map 1o : K — [0,00) is continuous.

Proof. Let K, — K, and let ¢ > 0. Choose ng sufficiently large so that
K, C K¢ and K C K¢ for all n > ng. Then for such n, ro(K,) < ro(K) + ¢
and ro(K) <ro(K,) +¢. ]

Proof of Theorem 3. Let € € (0,1), a, 5 be as in (2.9) and (2.10), and let 6, Cy
be as in Theorem 1. N, is the canonical measure for the (v, 03)-SBM arising
in Theorem 2. By Lemma 1.9 we have N,(ro(R) > 1) < oo, and as S > 0
N,-a.e., we may choose s € (0,1) small enough so that

No(ro(R) > 1,5 < 5) < ¢, (5.1)

and
C1(s* +s%) < ¢/2. (5.2)

Assume ny > 1 is large enough so that
Ci(n7*+n1?) <e/2, (5.3)

and
|pn(S™ > s) — (sp/s)| <e Vn > nq, (5.4)

where (1.30) is used for the last.
Assume that n > ny; and S™ < s < §,,. Then for any = € 7;(") we must
have t < S < s < 4, and so by Theorem 1 and (0,0) “¥ (¢, z),

2] =]z —o < C1(t*+n™%) < C1(s“+n7%) <ce,
the last inequality by (5.2) and (5.3). This proves that for all n > nq,
S <5< b, =rog(R™)<e<1.
Therefore for n > ny, we have by Theorem 1,
fn(To(R™) > 1,8 < 8) < 1 (6, < 5) < C1(s? +n79) < e, (5.5)

the last by (5.2) and (5.3) again.
If D.(h) denotes the set of discontinuity points of h : K — R, then by
Lemma 5.1,
NO(R S Dc(]l{r0>1})) < NO(TQ(R) = 1) = 0,

where we have used Lemma 1.9 in the last equality. So Theorem 2 shows that
we may also assume that n; is large enough so that

P (ro(R™) > 1) = Ni(ro(R) > 1)| <& for n > n;. (5.6)
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Write O(e) for any quantity bounded in absolute value by Ce for some
constant C independent of n. Then for n > ny; we have

m(n)P(ro(R™) > v/n) = pn(ro(R™) > 1)

fn (o

= pin(ro(R™) > 1,5 > 5) + O(¢e) (by (5.5))

=P’ (ro(R™) > 1), (S™ > 5) + O(e)

= N5 (ro(R) > 1)pn(S™ > s) + O(¢) (by (5.6), (1.31))
N3 (ro(

ro(R) > 1)72 4 0(e) - (by (5.4)). (5.7)
Next use (5.1) and Ny (S > s) = % to see that

No(ro(R) > 1,5 > s) sp

N3(ro(R) > 1)°7 =

2/(7s) s
— N, (ro(R) > 1)757’J +0(e)
= %gSDUd(O) +O(e), (5:8)

where Lemma 1.9 is used in the final equality. Combining (5.7) with (5.8), we

see that
o2

lim m(n)P(ro(RY) > v/n) = —std(O)

n— oo 2

which gives (2.18) in Theorem 3. (2.17) then follows from this and (1.30). W

6 On checking conditions 6-7 and the existence of ancestral paths

Here we prove Lemmas 2.2 and 2.3 as well as Propositions 1.5 and 2.4.

Proof of Lemma 2.2. To prove Condition 6 (measure convergence), it suffices
to prove convergence along any sequence. To simplify notation we assume
n € N and that the branching and diffusion parameters of the limiting super-
Brownian motion are both one. Fix 0 <ty < ;. Let p € N and uy,...,u, €
[to, t1]. Let ¢ > 0 be in Cy(R?). Then by (2.5),

Pz[(f[ X0(9)) | < 16120 (s tp) Wn e (6.1)

It follows easily from the finite-dimensional convergence (2.4) and the above
L? bound (e.g. use Skorokhod’s representation to get a.s. convergence in (2.4))

that
p

lim P° {HXW } - Ng[HXui(@] (6.2)

n—00
i=1 i=1
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Using Fubini’s theorem we have

t1

lim P*, [( X (qS)du) p}

n—oo
to

t1 t1 P
:nllnéo/tg /to P;[i]:[lx;?(gz))}dul...dup
t1 t1 p
:/ / N5 [ 1] X (0)] dur - du
to to i=1
t1
-

where (6.2), (6.1) and dominated convergence are used in the second equality.
If W denotes a standard Brownian motion starting at o under P,, then take
p =1 in the above to see that

Xu(¢)du)p] < 0, (6.3)

to

t1

Jim B = X00)(0)] = N3 [ Xa(6)du]
<B[ [ oW s > s

to

where the last is because the mean measure of X; under N, is P,(B; € -) (e.g.
Theorem II1.7.2(iii) in [41]). It now follows easily from the above that sequence
of laws {P5 (X" — X{” € ) : n € N} on Mp(R?) are tight.

To show the limit points are unique, assume

X~ Xé;”“) % Xty 4, in Mp(RY). (6.4)

It remains to show that

t1

P(Xye, € ) = Nf,( Xodu € ) (6.5)

to

(6.4) and the convergence, hence boundedness, in (6.3) with 2p in place of p,
imply that (again one can use Skorokhod’s representation theorem)

B[ 0] = i B, [[ [ X @00a]

k—o0 to

This together with (6.3), implies that

E[X1y 1, ()7] = NS [( ! Xu(¢)du)p} for all ¢ € Cy(R?) and p € N.  (6.6)

to

So to conclude (6.5) we must show the moment problem is well-posed. Assume
[¢lloc < 1. Recall that Ps_ is the probability law of a SBM started from a unit
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mass at the origin (with (y,03) = (1,1)). Then for 0 < 0 < 2/t2,

t1

]E(;O[exp(e t Xu(qb)du)}

< Es, {exp(ﬁ /Otl Xu(l)duﬂ

t1
< Es, {/ eeth“(l)du/tl} (Jensen applied to the integrand)
0
< exp(t10[1 — (116/2)] ) < oo,

where the last line uses the exponential bound in Lemma II1.3.6 of [41]. By
(1.28), the left-hand side of the above equals

exp {/(exp(@ /tt1 Vu(gb)du) - 1) dNO(Z/)}
> exp(/(exp(@ /tt1 Vu(¢)du) - 1)]1(5 > s) dNo(l/)).

Noting that N,(S > s) < oo, the above implies that
ty
/exp(9 Xu(gb)du) dN? < 0o for 0 < 0 < 272,
to

which in turn implies that the moment problem for the random variable

fttol X (¢)du under N¥ is well-posed (see, e.g. Theorem 3.3.11 in [12]). There-

fore (6.6) implies that for non-negative ¢ € Cy(R?) satisfying ||¢]|oo < 1,

ty

P(Xip0(6) €)= N;( | Xu(@)due).

to

This clearly then follows for all non-negative ¢ € Cy(R?) by linearity. This
shows the Laplace functionals of the above two measures are identical and so
(6.5) holds (e.g. by Lemma I1.5.9 of [41]) and the proof is complete. |

Proof of Lemma 2.3. Let t, M, A be as in Condition 7 and set ¢ = |t]| € Z,
m=|A] € NZ% Assume x € T, 32’ s.t. (t,2) = (t+ A,2') and

t4+2A
/ y: (t2) S (s,9)}] ds < M. (6.7)
t+A

Clearly x € Ty, and (4,z) % (t,z) % (t + A,2). So by (1.9) and (1.10)
32" € Toam s.t.

() S (L+m,a") S (t+ A 2). (6.8)
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Next by (6.7) and (1.16),

t+2A
Mz/ {y: (t2) S (s,9)}] ds
t+A

+2m
z/g {y: (L2) > (s,9)}] ds

+m+42
=HG,y): (6,2) S (i,y), L+m+2<i<l+2m—1,icN}. (6.9)

From (6.8) and (6.9) we see that the left-hand side of (2.6) (in Condition 7)
is at most

IE[ Z ]l(EIx” st. (6,x) 3 (04 m,a"),

€Ty
{G,y): (6x) S (y) b+m+2<i<l+2m—1}| < M)]
2m—1
< c7p(s<l> >m, Y |Ti < M) (by (2.7))
1=m-+2
2m
= cP(SY > 4, Tlds < M)
m+2
2A-2
< cﬂP’(S’(l’ > A, T2 |ds < M).
A+2
This proves (2.6), as required. |

Proof of Proposition 2.4. If ¢,(x) = |z|P, the expression inside the limit on the
left side of (2.8) is

E [Z; (B1)] = me(s > LX) (6.10)

By the above, (1.22), and Condition 4 (spatial increments) for s = t, we see
that for all p >4 and ¢t > 1,

B[S, 1((0,0) % (t,2))al? _ )

2 >
tp/ Sp Sp

E{ X1 (9)] < (6.11)
The assumed weak convergence of the one-dimensional distributions and bound-
edness in (2.5) for p = 2 imply weak convergence of the mean measures on R?,
i.e.

EH X} ()] =5 Nj[X1(), as ¢ = oo (6.12)

This weak convergence, the bound in (6.11), and a uniform integrability
argument imply that

Jlim E}X}7(6,)] = Ny [X1(6,)], Vp>0.
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So we may now let ¢ — oo in (6.10) and use the above and Condition 1
(survival probability) to see that the limit in (2.8) is

[ X1(¢p)dN,  ~yspob
= E[|B:1|?
"PIN,(S > 1) y - ElIBI:
where B is a standard Brownian motion starting at 0. We have also used (1.29)

and the fact that the mean measure of X7 under N, is the law of o9 B; (e.g.
by Theorem I1.7.2 (iii) of [41]). [ ]

Lemma 6.1. W.p.1 there is a random variable M € N and (F;)-stopping
times0=19 <71 < -+ <7p =SV such that

Trin onlri1,mi) for1<i<M
T, =
o on [Tar,00) =[SV, 00).

Proof. Choose w so that S® < oo and (AR)(i)-(iii) hold. In the discrete case
the result is clear. Just set M = S™ and 7; = 4, and recall (1.13).

Consider next I = [0,00). Recall ((1.3), (1.4)) that (7;,t > 0) is a cad-
lag KC-valued process taking values in the finite subsets of Z%, Pp. It follows
that do(Tz—,T¢) > 1 whenever T;— # T; and T is constant between jumps
(distinct points in Pg are distance 1 apart). Therefore the jump times cannot
accumulate and so can be listed as an increasing sequence of stopping times
0 <7 <7 <...,where 7, is the mth jump time and 7, = oo if there are
fewer than m jumps. By (1.13) T, = @ for all t > S™ < oo and as S™ is a
jump time, clearly S™ is the last jump time. Moreover the above implies that
the number of jumps M is an N-valued random variable and 75; = S®. The
proof is complete. u

Proof of Proposition 1.5. Consider first I = Z,. Choose w s.t. (AR)(i)-(iii)
hold. Let (t,z) € T.If t < 1, then & = o, and w = o is the required ancestral
path, so assume j = |[t| € N. We have (0,0) % (j,z) and so applying (1.10)
j — 1 times we can find yo,v1,...,y; such that (i — 1,y;-1) — (i,3;) for all
1<i<7, yo=o0and y; = x. Now define

yi—1 ifsefi—1,0) for 1 <i<j
Ws = . .
T if s > 4.

Then clearly w is an ancestral path to (¢,x).
If I = [0,00) one proceeds as above, choosing w so that the conclusion of

the previous lemma also holds, and now working with {r,71,...,7ar} N[0,
in place of {0,1,...,5}. [ ]
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7 Verifying the conditions for the voter model

Here we verify that (1.3), (AR) and Conditions 1-7 hold for the voter model
in dimensions d > 2 (and hence prove Theorem 4). We first briefly describe
the graphical construction of the voter model. This is a standard construction
so we refer the reader to Section 2 of [3] for most justifications and further
details (or alternatively Example 3.2 of [13]). Let {A(z,y) : =,y € Z¢} be a
collection of independent Poisson point processes (ppp’s) on Ry where A(z,y)
has intensity D(xz — y). The points in A(x,y)([t1,t2]) are the times in [t1, 2]
when a voter at y imposes its opinion at site x. At such times an arrow is drawn
from y to z. Let 7Y = o({A(z,y)([0,s]) : s < t,z,y € Z%}) and F;, = Fy,. We
assume below that the points in these point processes are all mutually disjoint
and strictly positive, thus omitting a set of measure 0.

Recall that the voter model (&;);>0 is a {0, 1}Zd—valued Feller process. For
each t > 0 and x € Z% we use the above ppp’s to trace the opinion & () back
to its source at time 0 by defining a “dual” random walk (W5 0 < s < t).
For this, set so = 0, Wé’w = x = yo and from here we assume ¢t > 0. Let
t — s1 be the largest time in (0,t] when there is an arrow from some y; to
yo if such a time exists (so s; = 0 is possible if there is an arrow at t). If
no such time exists, set s; = ¢t and n = 0. In general assume we are given
O0<t—sp<t—sp_1<---<t—s; <t and points yg,...,yr so that there is
an arrow from y; to y;—1 at time t—s; fori =1,... k. Let t —sgy1 € (0,t—sk)
be the largest time in this interval when there is an arrow from some yj41 to
yk- If no such time exists set sp11 =t and n = k. It is easy to see this process
stops after a finite number of steps for all t > 0, z € Z?¢ a.s. (for fixed (¢,7) it
is clear as the arrows are arising with rate 1, and if it is finite for all rational
t >0 and x € Z%, it will be finite for all (¢, 2) because for some rational ¢ > t
there will be no arrows into z in (¢, ¢]). Note that n € Z, gives the number of
steps in the walk and s, 11 = t. Define W5* for 0 < s <t by

Wst’””:yk if sp <5< spqqfor0<k<n.
Then

{WEhT . 5 < t}yeza is a system of left-continuous, right-limited, (7.1)

rate one coalescing random walks with step distribution D.
The above definition easily implies

W™ is F;—measurable, (7.2)

Vo<s<t WH"

—S8

is 0<A(ac’,y’)([s,t'}) >, 2y € Zd) — measurable
(7.3)

and, in particular, is independent of Fj,

th/’zl = W}®, for some s € [0,t At') = th//’_x; =W, Yue s t AL,

'—s s
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and L
Wit =wie fr0<u<s<t, xezd (7.4)
If & € {0,1}%", then
E(x) = W) forzeZit>0 (7.5)

defines an F;-adapted voter model starting at £ with cadlag paths in {0, 1}Zd

and law P, on D([0, c0), {0, 1}Zd). Right-continuity follows from the fact that
we include arrows at t in our definition of W® so for some § > 0, there are
no arrows to x in (¢,t + d] and so thi;@ = W}". Note that (7.4) with u = 0
and (7.5) imply

&(x) =& (WPY) Vo<s<t zecZ (7.6)
If & = 1,y we write £(z) = 1(W;"® = o) and define
Ti={x ez &) =1} ={z: W)* =o}. (7.7)
Lemma 7.1. (a) If & € {0,1}2" and A is a Borel subset of {0,1}2°, then
P(& € AlF,) = Pe.(&—s € A) a.s. for all 0 < s < t. (7.8)

(b) t = |Ti| is a cadlag (Fi)-martingale s.t. S < oo a.s. and in particular
sup;sq | Tt < 00 a.s.

(c) (Tt)i>0 satisfies (1.3).

Proof. (a) Use (7.6) to see that the left-hand side of (7.8) is
P(6s(W;Z,) € AlFs) = Pe,(§—s € A) as.

In the above equality we used the fact that

A2(2,y)([0,u]) = Az, y)([s,s +ul)

defines a collection of ppp’s equal in law to {A(z,y) : x,y € Z%} and in-
dependent of F,, which implies that {W,”, : 2 € Z%} are equal in law to
{W/=>* . 2 € Z?} and are independent of F,. We also used the fact that &, is
Fs-measurable.

(b) See Proposition V.4.1 of [39] and its proof for this, except for the martingale
property with respect to the larger filtration (F;). This, however, then follows
immediately from (a) and Proposition V.4.1(a) of [39)].

(c) The fact that & is cadlag in {0, 1}Zd and |T;| < oo for all t > 0 a.s. (by
(b)) shows t — T; is cadlag in K. This establishes (1.3). [ |

Define (s,y) = (t,z) iff s <t,z € T; and y = th’fs. It follows that
est(y,x) = IL(W(tt’fS)Jr =y, z €T forall s,t >0,z,y € Z%, (7.9)

where (t — s)7T is the positive part of ¢ — s.
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Lemma 7.2. % defines an ancestral relation for the voter model.

Proof. Starting with AR(i), note (1.6) is immediate. Assume (s,y) = (¢,z).
By definition z € 7; and s < t. (7.6) and (7.7) imply that &,(W/",) = &(x) =1
and so y = W, € T,, proving (1.7). (1.8) follows from (7.7).

Turning to (i), (1.9) is a consequence of (7.4). Assume (s1,71) — (53,3).
Then y; = WY and if yo = W% | then (s2,12) — (s3,¥3) by definition.

83—S1 8§3—S82?
By (7.4) we have W;2¥2 = W:*¥ =y, and so (s1,y1) — (s2,92). This gives

(ii).

We will use Remark 1.1(2) to verify (iii). The fact that s — es(¢,x) is
cadlag on [0, 00) is immediate from (7.9) and the fact that s — Wi* € Z9 is
left-continuous with right limits on [0,¢] (by (7.1)). There is a é > 0 such that
there is no arrow towards x in (¢,¢ + d]. Let r € (¢,¢ + 6]. Then by definition

Wit =x Vsel0,r—t], (7.10)
which by (7.6) implies

@) = &) = &(2),

and therefore
zeT iff zeT,. (7.11)

Next, use (7.4) with (u, s,t) replaced by (s,t,7) to see that,

W, = W:’_V:T;i = W/" forall s <t, (7.12)

where (7.10) is used in the last equality. We also have

W(:is)+ == W(tt’fs)+ for all s > ¢, (7.13)
where we use (7.10) for the first equality when r > s > ¢. Now use (7.11), (7.12)
and (7.13) in (7.9) to conclude that é,(y, z) = é,(y,x) for all r € [t,t+0]. This
proves the first condition in Remark 1.1(2). For the second condition, (1.15),
if # € T;— choose § > 0 such that there are no arrows to z in [t — §,t) and
proceed in a similar manner. This completes the proof of AR(iii).

If s < t, (7.9) shows that es(y,x) is Fi-measurable by (7.2) and the F-
adaptedness of 7. This gives (AR)(iv) and the proof is complete. |

For t > 0 and = € Z? we define our candidate for an ancestral path to
(t,z) € T by

wy(t, ) = WiT (7.14)

Lemma 7.3. For any (t,x) € T, w(t, z) is the unique ancestral path to (t,x),
and therefore W = {w(t,z) : (t,x) € T}.
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Proof. Assume that (t,2) € T. Then s — wy(t, x) is cadlag by definition and
the fact that W5* is left-continuous with right limits in s. (7.6) implies that
if 0 <s <t then 1 =¢&(x) = &(ws(t,z)) and so

w(t,x) € Ty for all s < t. (7.15)

Let 0 < s < s’ <t. Then, using (7.15), we see that (s, W;") % (s/, W}",) iff
S/’Wt,w, -

Wi =W, "=, which holds by (7.4). As ws(t,z) = Wy" = x for all s > t,

we see that w(¢,z) is an ancestral path to (¢, x).

Turning to uniqueness, let w4(t, ) be any ancestral path to (¢,2). Then
(0,0) % (s,10s(t, x) implies w,(t, ) = W%, and so w(t, z) = w(t, z) is unique.
The last assertion is then immediate. ]

Before proving Theorem 4 we note that the above definition of w(¢, ) and
part (v1) of the Theorem give a uniform modulus of continuity for the rescaled
dual coalescing random walks connecting one-valued sites in the voter model
conditioned on longterm survival.

Corollary 7.4. Assume {Wi® :0 < s <t,x € Z} (d > 2) is the coalescing
dual of a voter model (Ty)i>o0 starting with a single one at the origin, with
bounded range kernel D and survival time S®. Let o € (0,1/2). There is a
constant C7.4 and for alln > 1 a random variable 6,, € [0,1] so that

P(5,, < p|SV >nt*) < Cru(t*V1)[p+nt], Vpe[0,1), t* >0, (7.16)
and if (t,x) € T, 0< s1 < s9 <, and |s2 — 1| < ndy,
WEE = WEe| < Cran®/D=21)sy — 51]7 + 1], (717

Proof. Let 6, be as in Theorem 4(v1) (see Definition 2.5). Then for n > 1,
t* >0, and p € [0, 1), that Theorem gives

P(6, < p|S® > nt*) < m(n)P(6, < p)/(m(n)P(S® > nt*))
<Cilp+ntspteran(t* V1),

where (1.31) is used in the last line. This gives (7.16), and (7.17) is then
immediate from Corollary 1, (7.14) and Lemma 7.3. ]

Proof of Theorem 4. Parts (vl), (v2) and (v3) will follow from Theorems 1,
2 and 3, respectively, once we verify Conditions 1-7 for the parameter values
given in Theorem 4. Here we need to recall that sp = 651 for the voter model
(Proposition 1.6), and carry out a bit of arithmetic (especially for (v3)). We
have already noted that Conditions 1 and 6 follow from Propositions 1.6(b)
and 1.7, respectively. Condition 2 follows immediately from Lemma 7.1(b). So
it remains to check Conditions 3, 4, 5 and 7 for the voter model.
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Condition 3. On {y € T} we have

P(3z s.t. W2 =y | Fy)
=Pz st. W7 =y) (by (7.3))
=PIz s.t. WP* =0),

P(3z s.t. (s,9) = (s+t,2)|Fs)

where in the last line we used translation invariance in both space and time
of the system of Poisson point processes {A(z,y)}. More specifically we use
the fact that {A(z' — y,9 — y)([t,t +u]) : ',y € Z% u > 0} has the same
law as {A(z',y/)([0,u]) : 2,y € Z% u > 0}. Recalling (7.7) we see that the
right-hand side of the above equals

P(7s is non-empty) <

b

m(s)
by (1.22) (which applies because Condition 1 holds).

Condition 7. On {z € 7;} we can argue as above to see that

t4+2A
IP’(EIx’ st. (t2) S (t+ A, 2)), / {y: (t2) S (s,y)}|ds < M‘]-‘t>
t+A

P(32 trae’ e
' st WH =z, Hy : W0, =a}lds < M|F;
t+A

(
]P’(Hx’ s.t. WZ+A"T/ =z, /
t

(

t+2A

{y: W3 = a}lds < M) (by (7.3))
+A

24
P(3z st W™ =2, / {y : W5+ = z}|ds’ < M) (8 =s—1)
A

24
= P(Em’ st W™ =o, / Hy : WY = o}|ds < M),
A
where in the last line we use the the translation invariance in space and time
of the system of ppp’s as above. Now use (7.7) to see that the above equals
2A

]P’(S“’ > A, /A 72| ds < M).

Using this equality, the left-hand side of (2.6) (in Condition 7) is equal to
24
JE[ 3 }P’(S“’ > A, / 2| ds < M)}
z€T: A

2A
~B(TP(s® >, [ (Tlds< ).

Recall that E[|T;|]] = 1 by Lemma 7.1(b), and so if A > 4 the above is trivially
bounded above by the right-hand side of (2.6) with ¢; = 1, and so Condition 7
is established.
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Condition 4. Recall that for 0 < s < t, (t — s,9) = (t,z) iff x € T; and
y = Wh*. Therefore by translation invariance of W*, we have for any p > 4,

B[ 3 159 @)l -]

z€T: y€77 s

=E[ Y3 1w = y)le - wiep]

z€Ty yezd

—E| 3 1/ = o)la = W] (by (7.7))

Cwezd

=E| Y 107 = ) WP

Cwezd

= E[[W5ePP). (7.18)

Recall (see (7.1)) s — W!e is a rate one continuous time rw with step distri-
bution D and so has steps bounded in Euclidean norm by L. If S,, = E:’L:l Z;
denotes the corresponding discrete time rw and N, is an independent rate
one Poisson process, then we can use Burkholder’s predictable square function
inequality (Theorem 21.1 in [5]) to see that

E[|[W°P] = E[|Sy, |"]
< p/2 |P
< R[N + max|Zi["]

< e B[N [T D)

c(p, L)(s v 1)P"?,
and we arrive at Condition 4 for any p > 4.

Condition 5. To verify Condition 5 for all k > 4 we will dominate the range
of the voter model by a pure birth process. The following result is standard
(e.g. see Theorem 11 in Sec. 6.11 of [16] and use a stopping time argument to
add values of s = e* > 1 to those considered there).

Lemma 7.5. Let M; denote a rate one pure birth process with Mo = 1. Then
for all t,\ > 0 satisfying A < —In(1 —e™?),

E[e/\Mf] _ (1 + etf)\ o et)717
and s0 if A\75 = —In(1 — e~2)/2, there is a Cr.5 such that
P(My > N) < Crse 25N YN > 0. (7.19)

To verify Condition 5 we couple the voter model &(z) = 1(x € T;) with a
rate one branching random walk Z;(z) € Z, t > 0,z € Z%, so that Zy(z) =
&(z) = 1(x = o) and &(x) < Zi(x) for all ¢,2. This is standard so we only
sketch the construction.
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We extend the system of Poisson point processes used to construct the
dual coalescing rw’s {W!*} by considering an i.i.d. system of such processes
A;yi > 1, where A; = A. Then every time A;(z,y) jumps at time ¢, and
Zy(y) > 1, particle i at y will produce an offspring at z. In this way one can
easily check that Z; is a rate one branching random walk with offspring law D.
Moreover since M; = )" Z(x) is a rate one pure birth process, and so is finite
for all times, we can order the jumps of Z and £ as 0 < Ty < T < ... (recall
that the range of the voter model is finite a.s.). It is then easy to induct on n
to check that &, < Zp (coordinatewise). (Here one really only needs check
times at which a new one appears in &7, at location x.) Since Z; is monotone
increasing, this implies that

|R{V| < My forall t >0, (7.20)
where we recall that R{" is the range of the voter model up to time ¢.

Recall that ws(t,z) = V[/(tt’fs)+ is the unique ancestral path to (¢,z) € T.
The independence in (7.3) and translation invariance of the system of Poisson

point processes in the graphical construction of £, imply that for s > 0,y € Z¢
fixed, and on {y € 7T},

P(3 (t,z) s.t. (s,y) = (t,z), t € [s,5+2], |y — x| > N|F,)
=P3 (t,2) s.t. (0,0) 3 (t,x), t €[0,2], |z| > N)
< P(|{ws(t,x) : s € [0,t]}| > N/(VdAL) for some t € [0,2] and = € T;)
< P(|RS| > N/(VdL)).

The first inequality holds since s — wy(t, ) = W™, is a step function from

0 to z taking steps of (Euclidean) length at most v/dL, and the second holds
since for z € Ty, the range of w.(¢,z) is in R{" C Ry for t < 2.
Now use (7.19) and (7.20) to see the above upper bound is at most

P(Mz > N/(\/(;L)) < 07,5 exp (—3%2]\7)

This implies Condition 5 for each xk > 4, and so completes the proof of Theo-
rem 4. |

8 Verifying the conditions for oriented percolation

Recall the discussion after Proposition 1.5, and that in particular = defined
therein for oriented percolation is an ancestral relation.

Here we verify that Conditions 1-7 hold for sufficiently spread out critical
oriented percolation in dimensions d > 4 (and hence prove Theorem 5).

Condition 1: This was verified in Proposition 1.6 with m(t) = A2V (¢t Vv 1)
and sp = 2A. |

Condition 2: This is immediate from [29, Theorem 1.11(a)] with k=0. W
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Condition 3: This is a trivial consequence of Condition 1, since the event that
there is an occupied path from (s,y) to (s +t,2) (for some z) is independent
of F,, and has probability 6(t) = P(T; # &), by the translation invariance of
the model.

We will show below that Condition 4 is a consequence of the following two
lemmas, the first of which is Theorem 1.1 of [42] (it also is a special case of
Theorem 1.2 of [6] with a = oo; see the comment in [6] after Theorem 1.2).

Lemma 8.1. Ford > 4 if L is sufficiently large, then for all p > 4 there exists
CL(p) such that for alln € Z,,

> [zlPP(z € To) < Cr(p)n?/?.

Lemma 8.2. Let f : Z¢ — Ry. Then for oriented percolation (critical, spread
out, in dimensions d >4), and m <n € Z,

B[ 3 10my) = (o) S~ )| =ElTul Y. FEPE € Tamm)

2ETn YETm z€Z4

< Y fP(zE€Tm) (81)

z€Z4

Proof. Let C(n,(m,z)) = {z: (m,z) = (n+ m,z)}. Then the left hand side
is equal to

Y f@— 9Py € T,z € C(n—m, (m,y)))

z,y€Z4

= Z f(l? - y)]P)(y S Tm)P(x € C(n —m, (m’y)))
z,y€L?

= Z f@—y)P(y € Tn)P(z —y € C(n—m, (0,0)))
z,y€Zd

=Y Py e Tw) Y F(2)P(z € C(n —m, (0,0)))
= E[Tn] Y f(2)P(2 € o),

giving the equality. The inequality is then immediate from Condition 2. W

Condition 4: Assume L is sufficiently large so that the above two lemmas
hold. Let p > 4 and f(z) = |z|P, n = |¢], and m = |t — s]. Then the left hand
sides of (2.1) and (8.1) are identical. Therefore Lemma 8.2 shows that the left
hand side of (2.1) is at most

2 Y |2lPP(z € Tom).

z€Z4
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By Lemma 8.1 this is at most C,(n—m)?P/? < C (sV1)?/? and so Condition 4
is verified for any p > 4. |

Condition 5: This is immediate for any x > 4 when our steps are within a
box of size L (see Remark 2.1). Note that, more generally, the left hand side
of (2.2) is (by independence and translation invariance),

PA(t,z)st.te[0,2,z €T, |z[ > N)< > PaeT)+ » P eT)

|z|>N |z|>N
<pe Y, D@)+p. Y DUI(x)
|| >N lz|>N
<C D(z)
lz|>N/2
4+¢
_ oS, el D)
N4+e ’
which satisfies the required bound with x = 4 + ¢ provided that D has 4 + ¢
finite moments for some € > 0. ]

Condition 6: We verify the conditions of Lemma 2.2 with (v, 02) = (1,02v).
The first condition holds by [29, Theorem 1.2] together with the survival
asymptotics [23, Theorem 1.5] and [33, Proposition 2.4]. The second condi-
tion holds since (by Condition 1)

S n n
EL X < Cot 30 PO {wi € Tl })

ZL1y--9Tp

and by [29, Theorem 1.2] (with k = 0) the sum is at most C 4« ,n?~! for all
t <t*. |

Condition 7: We use Lemma 2.3. By independence of bond occupation status
before time ¢ and after time ¢, and translation invariance, the left hand side
of (2.7) is equal to

ZP(Q’J €T, 3 €2 st (0,x) = (L +m,2'),

{(i,y) : ({,2) = (i,y),m+2<i—L<2m—1} < M)

:ZIP’(:UG’U)

x

% P(32 € Ty {(3,9) : (0,0) = (i,y)sm +2 < i < 2m — 1} < M)

2m—1
P <S<1> >m, Y |Til §M> .

1=m-+2

= l;]?(z €T

From Condition 2 we see that the first term is bounded by a constant as
required. |
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Proof of Theorem 5. Conditions 1-7 all hold, with sp = 2A in Condition 1,
any p > 4 in Condition 4, any x > 4 in Condition 5 and (v,03) = (1,02v) in
Condition 6. Hence, with a bit of elementary arithmetic, Theorem 1’ implies
(opl), Theorem 2 implies (op2), and Theorem 3 implies (op3). ]

We end with a more explicit interpretation of the modulus of continuity in
Theorem 5.

Corollary 8.3. Let T be critical oriented percolation with d > 4, survival
time SY, and L sufficiently large so that the hypotheses of Theorem 5 hold.
Assume o € (0,1/2). Then there is a constant Css, and for anyn > 1 a
random variable 6,, € (0,1] so that

P(6, < p|S® >nt*) < Cs3(t* V1)p Vpe[0,1), t* >0, (8.2)
and if (0,0) — (k1,21) — (k2,22), k1, ko € Z, and |ky — k1| < ndy, then
vy — 21| < Cg.3lka — ka|*n1/2 =,

Proof. This follows immediately from Corollary 1’, and a short calculation to
derive (8.2). The latter is similar to the derivation of (7.16) in the proof of
Corollary 7.4. ]

9 Verifying the conditions for lattice trees

Recall that in Section 1 (following Proposition 1.5) we saw that (1.3) and
(AR), except for (AR)(iv), were elementary. Here we verify that (AR)(iv)
and Conditions 1-7 hold for sufficiently spread out critical lattice trees in
dimensions d > 8, and hence prove Theorem 6.

Recall that we defined = by

(k,y) % (m,z) <= x€Tn, 0<k<m, and wy(m,z) =y,

where w(m,z) = (wr(m,x))k<m is the unique path in the tree 7 from o
to z. Given T € Tr(o) =: T, we let T<, denote the subtree consisting of
vertices in Uy, <, T, and all the bonds in E(T") between these vertices. Clearly
T<, is connected because for any n’ < n and x € T/, (W (0, 2))m<n 1S
a path in T<,, from o to z. It follows that T<,, is a tree and clearly the set
T<, = {T<, : T € T} C T is a finite set of trees. It also follows that for any
r ez

1(x € T),)1(w(n,z) € A) is a function of T<,, for anyA C T<,. (9.1)

Choosing a random tree 7~ according to P, we see that T<,, is a random tree.
We define

Fn={{T<n € A} : Alis a subset of T<,}, n € Z, (9.2)
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that is, F, is just the o-field generated by 7T<,. Since T<, is a function of
T<n+1, (Fn)nez, is a filtration and clearly

Tn =V (T<n) \ V(T<n-1) is Fp-measurable.

We can now verify (AR)(iv). Let m,n € Z, and x,y € Z% If m < n
then epnn(y,z) = 1((m,y) S (n,z)) = L(z € T, wm(n,x) = y), which is
Fn-measurable by (9.1). If m > n then e, (y,2) = L(x =y € Ty,), which is
also F,-measurable by(9.2). This verifies (AR)(iv) as required.

For x € T, define the extended path w'(n,z) by

wh, (n,x) = wy(n,z)1(m < n) + z1(m > n).

It is then immediate from the definition of w(n,z) that w.,, (n,x) € T, for
m1 < n and that Wy, (M1, W, (1, ) = W, (n, ) for my < my < n. Thus
w’'(n,x) is an ancestral path to (n,z) € T. Moreover it is easy to see w'(n, )
is the only ancestral path to (n,x) and hence

W= {w'(n,z): (n,z) € T} (9.3)

is the system of ancestral paths for (77, %). Before verifying Conditions 1-
7 with parameters as in Theorem 6, and hence verifying the conclusion of
Corollary 1’, we can use the above characterization of W in (9.3) to give an
explicit interpretation of this corollary. It is a large scale modulus of continuity
for wy(m, z),k < m conditional on longterm survival of the tree.

Corollary 9.1. Let T be the critical lattice tree with d > 8, L sufficiently large
so that the hypotheses of Theorem 6 hold, and survival time S&. Assume
a € (0,1/2). Then there is a constant Cy1, and for any n > 1 a random
variable 0, € (0,1] so that

P(6,, < p|S® >nt*) < Co1(t*V1)p Vpel[0,1), t* >0, (9.4)
and if (m,x) € T, k1,ko € Z4, k; <m, and |ko — k1| < nd,, then
|wi, (M, ) — wi, (M, )] < Co1|ky — ky|*n /D~

Proof. This follows immediately from Corollary 1’, (9.3), and a short calcula-
tion to derive (9.4), as in Corollary 8.3. |

In the remainder of this section we verify Conditions 1-7 for critical suf-
ficiently spread-out lattice trees in dimensions d > 8. Condition 4 will be
verified below as a consequence of the following bound on the moments of the
two-point function from [42] (Theorem 1.3). (It was first proved in [34], for
p=6.)

Lemma 9.2 ([42]). For d > 8, L sufficiently large and p > 4 there ezists
C =C(d,L,p) > 0 such that for alln € Z,,

> |zPP(x € Tn) < CnP/2,
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Condition 1: This was checked in Proposition 1.6 with m(t) = A2V (¢t V 1)
and sp = 2A.

[ ]
Condition 2: This is immediate from [31, Theorem 1.12] with k& = 0. ]
Condition 5: For lattice trees (2.3) holds and hence so does Condition 5 for
any /> 4 (Remark 2.1). [ |

Condition 6: This is immediate with (vy,08) = (1,0%v) by Proposition 1.7.
|
It is worth noting however that we can also invoke Lemma 2.2 by checking
its simpler hypotheses. The first hypothesis of Lemma 2.2 was verified for
lattice trees with d > 8 in [23, Theorem 1.5] as a consequence of the survival
asymptotics proved therein and [31, Theorem 1.15] and [33, Proposition 2.4].
The second hypothesis of Lemma 2.2 is easily obtained from the identity

S n CSn
B =St Y Y wm,
T1,...,&p  TETL(0):
21,0 2p €T e

This identity gives rise to the bound

C
sup E? [X;™ (1)P] < sup Zeplt [nt|P~1 < C, P,
t<t* t<tx T

where the factor |nt|P~! comes from the possible temporal locations of p — 1
branch points in the minimal subtree connecting o to the points z1,...,z, €
Tint) (see e.g. [31, (4.4)-(4.5)]).

In preparation for proving the remaining conditions, we introduce a bit of
notation:
For any tree T' € Ty, and any « € T, let R,(T") denote the lattice tree consisting
of  and the descendants of z in T, together with the edges in T' connecting
them. So in particular if z € T,,, then

V(R,(T))={y € Z%:3m > ns.t. z=w,(m,y)}.

Let Ty, = (T'\ Ry(T)) U{z} denote the tree consisting of all vertices in T'

that are not descendants of x. It is connected, and hence a tree, since for any
such vertex y, the path from o to y cannot contain any descendants of x or
else y would also be a descendant. For any B C Tp, let B, denote the event
B shifted by z (i.e. for T2 0, T € B <= T +x € B,, where + is addition
in Z%).
Notation. We will write w,, = (wg,w1,-..,w,) to denote an n-step random
walk path, that is, a sequence of points w; € Z% so that ||w; — wi_1]ce < L
for all 1 <1¢ < n. We write w,, : y — z if, in addition, wy = y and w,, = z, in
which case w,, is a random walk path from y to z. If w is an n-step random
walk path we write w € Tr(wp) iff w is also self-avoiding (i.e., wo,...,w, are
distinct), where it is understood that the edge set is precisely the set of n
edges {{w;—1, wi}}iL;.
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If (T});cr are lattice trees, we define the union of these trees as the lattice
subgraph with vertex set equal to the union of the vertex sets of the T;, and
edge set equal to the union of the edge sets of the T;.

If w, is an n-step random walk path and R,, = (Ry,..., R,), where R; €
Ty (w;) for each i = 0,...,n, then we write R, 3 w,.

Remark 9.3. Here we describe a bijection between T € Ty, (o) such that x € T,
and collections (wn, Ry,), where R, 3 wy,, wo = 0 and wy, = x, and the (R;)_,
are mutually avoiding (i.e. vertex disjoint, which implies that w,, € T (0)).

Firstly note that any lattice tree T € Tp (o) such that x € T,, has a unique
n-step random walk path w, := w(n,z) € Tr(o) of vertices and edges in T
from o to x. Define R; to be the connected component of w; in the tree after
removing the edges of w, (but not the vertices) from T. Then trivially each
R; € Tr(w;), and the (R;)!, are mutually avoiding (i.e. vertex disjoint).
Moreover T' is the union of the trees wy, and (R;)]—,.

On the other hand, given an n-step random walk path w, € T (o) from o
to x, and R, 3 wy, the (edge and vertex) union of these trees is a tree if (and
only if) the (R;)7—, are mutually avoiding.

It is immediate from Remark 9.3 (and the product form of W (T')) that the
two-point function, P(z € Ty,), can be written as

]P)(I' S 7;7,) = ,071 Z W(T)]]-{QET"}

T€eTL (o)
n
= p_l Z W(wn) Z (H W(Rz)> ]l{Rg,...,Rn avoid each other}-
ni0—T R, Sw, \i=0

(9.5)

We henceforth write W(R,,) := [, W(R;) when R,, = (Ry, ..., Ry).
Obviously we obtain an upper bound for (9.5) by replacing the indicator

therein with a less restrictive one. This observation and generalisations of it

will play a crucial role in our verification of the conditions for lattice trees.
Conditions 3 and 7 will be simple consequences of the following Lemma.

Lemma 9.4. For all A, B C Ty, and every n € N,
P(x € Tn, T4 € A, Ro(T) € By) < pP(x € T, Tyo € A)P(T € B).  (9.6)

Proof. Using Remark 9.3 we see that the left hand side of (9.6) is equal to

1
= > WD) er,y Lz, eatl{r, (r)eB.)
pTETL

1
= ; Z W(wn) Z W(RH)H{RO,...,RH avoid each other}

Wp10—T R, Swn,

X LR, _yuw,ea}l{Rr,eB,} (9.7)
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where R,, Uw,, =: T" is a lattice tree (containing o, and x at generation n)
due to the indicator of avoidance, and R,,—1 Uw, = (T"\ R,) U {z} is a tree
as well.

Now R, is a tree containing x = w,,, so by weakening the avoidance con-
straint this is at most

1
; Z W(""“) Z W(Rn)]l{Ro,..‘,Rnfl avoid each other and z}

Wn 10— R, Sw,
X (R, _uw,eA} (R, eB,}
1
= - Z W(wn) Z W(Rn—l)]l{Ro,...,Rnfl avoid each other and z}
p Wni0—T R,_15wn,_1
X LR, _,Uw, 4} (9.8)
x Y W(Rn)l(g,en.): (9.9)
RWETL(QT)

where we have used the fact that 1yr, ,uw,eca} does not depend on R, \ {z}.
Now note that (9.9) is equal to

1
p= > W(R){rep,); = pP(T + 2 € B;) = pP(T € B).

P RETL(x)

Next note that the weight of a lattice tree consisting of a single vertex {x} is
1, so (9.8) is at most

1
- Z W(wn) Z W(Rn)]]-{Ro,...,Rn avoid each other}]]-{R,L,1Uw,LeA}v
p Wni0—T R,Jw,
(9.10)
since (9.10) contains the case where R,, = {z}. But (9.10) is equal to
P(x € Tn, Tys € A),
and the result follows. |

Condition 3: By (9.2), to verify Condition 3 for lattice trees, it is sufficient
to show that there exists ¢3 > 0 such that for alln € Zy,k € N, any 7" € T<,
such that P(7<,, =T') > 0 and any x € T},

PGEz: (n,a) % (n+k,2)|T<n =T') < %3 (9.11)
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Let B denote the set of lattice trees containing o that survive until at least
generation k, so B, is the set of lattice trees rooted at x for which there is at
least one vertex in the tree of tree distance k from z. Then

P(3z: (n,z) S (n+k,z2), T<n =T)

P3z: (n,2) S (n+k,2)|T<n =T') =

P(T<n = T")
_ P(Ro(T) €Ba, Tcn =T")
= P = T) . (912)

Note that for any 7' € Tr, if * € T, then T<,, = (T%;)<n. Therefore the
numerator in (9.12) can be written as

]P’(IZZ S 7;17 (T)éa:)ﬁn = T/aR:c(T) S Bz) S P]P)(z S 7;” (T)ﬁx)ﬁn = T/)]P(T € B)a
where we have used Lemma 9.4. But (since z € T},),
IP’(m S 7;“ (T}I)gn = T’) = P(Tgn = T/),

so for all k € N, (9.12) is bounded above by pP(T € B) = pb(k) < cp/k, by
(1.22) and Condition 1. By (1.27) we have proved (9.11), as needed. ]

Condition 7: Let (R (7)) denote the set of vertices in the tree R,(7) of
tree distance m from z (e.g. (R.(7))o = {z}). By Lemma 2.3 we need to show
that there exists ¢; > 0 such that for any ¢ € Z,,m € N2* and M > 0,

2m—1

E|Y 1(3ye (Ra(Mms > [(Ra(T))l < M)
x€Ty j=m+2
2m—1
< cﬂP’(S‘” >m, 3 |T| < M). (9.13)
Jj=m-+2
The left hand side can be written as
2m—1
S P(reTe e (BlMms Y. IRATNISM).  (9.14)
zeZd j=m-+2

Let B, denote the set of lattice trees T rooted at = (i.e. the unique particle
of generation 0 is x) that survive until time m such that the total number
of particles of generation between m + 2 and 2m — 1 is at most M, and let
B = B,. Then (9.14) is

Z P(m €T, Ro(T) € BI).

€L

Applying Lemma 9.4 this is at most

2m—1
p S Plee TOR(T eB)=pE |y 1] ]P’(Ely €T > ITjI < M),
z€Zd z€Ty j=m+2
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which, by Condition 2, verifies (9.13) with ¢7 = pes. |

For T € Tr(0), 0 < m < n, and © € Ty, let z,,(T) = wy,(n,z) denote
the unique ancestor of x in T of generation m. In preparation for verifying
Condition 4 subject to Lemma 9.2 we prove the following Lemma.

Lemma 9.5. If ¢y is the constant in Condition 2 for lattice trees, then for
any f: 7% — Ry such that f(—x) = f(z) and any m,n € Z,, s.t. m <n,

E [Z fla— a:m(T))] < Y fWPYE Toom).

TETy yeZa

Proof. Assume without loss of generality that m < n. The left hand side is
equal to

P Y D WD wer,y Lan )=y /(& — 1) (9.15)
r,yeZi TeTL

Now every

tree T rooted at o and containing x at tree distance n from o, such that the
unique path in the tree from o to x passes through y at tree distance m from o

is also

a tree (with the same weight) rooted at x containing o at tree distance n
from o such that the unique path in the tree from x to o passes through y at
tree distance n — m from x,

and vice versa. The above are actually the same tree, but since we are also
specifying the root, we will refer to the latter as T,.

Translating this tree by —z, we obtain a tree 7' = T,, — x (with the same
weight as T') rooted at 0 = x — x, containing 2’ := —x at tree distance n from
o and such that the unique path in 7’ from o to 2’ passes through ¢ :=y —x
at tree distance n — m from o. Since x — y = —¢/, and f(—y') = f(¥'), (9.15)
is equal to

P Y Y W wery i, =y [0
!y €24 T'E€TL,
Now we can simply drop the ' to get that (9.15) is equal to
Pt Y D W er ) Lo, )= ().
z,yeZd TETL
Now as in (9.7) we can write this as

pil Z Z W(wn) Z W(Rn)l{(Ri)OSign avoid each other}f(y)v

x,y€Zd wnio" Sy R,3w,

(9.16)

where the sum over w,, is a sum over random walk paths of length n from o
to x that are at y at time n — m.
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Now since R, _., O y, we have that

]l{(Ri)ogq'gn avoid each other}
=< ]]-{(Ri)OSiSnfm avoid each other}l{(Ri)n,erlSiSn avoid each other and y}-

Thus, using the fact that also the weight of a tree containing a single vertex y
is 1, we see that (9.16) is at most

PR D D Wwl)W(w)

z,y€L4 wglllm:o—ﬁy w® y—T

(1)
E W(Rnfm)]l{(Rgz))OSiS”,m avoid each other}f(y)
R, S0

n—m

(2)
E W(Rm )1{(R§7))0§i’§ﬂ1 avoid each other}’
RV 5w

Collecting terms, this is equal to
-1 ( W
P Y W) Y WRLL,)
yEeLt () 10—y RV 5w

X ]l{(Rﬁl))oggn,m avoid each other}f(y)

x ( Z Z W(wffi)) Z W(Rifl))]l{(Ri,?))Ugigm avoid each other}) .

€24 wg):yﬁx Rg)ng)

Changing variables from z to u =  — y in the last summation, we see the
above is equal to

Z TPy € Tam) Z P(u € Tm) < e2 Z F@W)Py € Tom),

YA u€Zd y€ezZ?

by Condition 2 for lattice trees, as required. |

Condition 4: Use Lemma 9.5 with f(z) = |z|P (p > 4),n=|t], m = [t —s],
and apply the tree structure to see that the left side of (2.1) is at most

Co Z ly[PP(y € ﬂtjthfsj) <c(p,L)(sV 1)p/2;

y€EeZ

the above inequality by Lemma 9.2. This verifies Condition 4. |
We can now prove Theorem 6.

Proof of Theorem 6. Identical to the proof of Theorem 5. |
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10 Verifying the conditions for the contact process

In this section we quickly verify all of our Conditions for the critical contact
process with d > 4, and hence establish Theorem 7.

Let IP) denote a probability measure on a space under which we have a col-
lection of independent Poisson point processes on R, {A(x)(dt), A(z,y)(dt) :
x,y € Z%} where A(x) has rate one and A(x,y) has rate AD(z — y). Points of
A(z,y) are times where an infected site y will infect a non-infected site x, and
points of A(z) are times where an infected site « will recover. As for the voter
model we may assume these point processes are mutually disjoint and do not
contain 0. Let

FP = o({A(z,y)([0,5]), A(x)([0,5]) : s < t, 2,y € Z?}), and F; = Fp,.

The construction below is a minor modification (to ensure right-continuity)
of that described in Section 3 of [13]. For each point s in A(z) we put a
d at (s,x), and for each point ¢t in A(z,y) we draw an arrow from (¢,y) to
(t,x). We write (s,y) — (t,x) iff s = t and x = y or s < ¢ and there is
an oriented path from (s,y) to (¢,x) which does not contain a §. The latter
means that there are s = sp < s1 < ...8k < Sg41 =t (k € Z4) and points
Y=Y0,Y1s-- - Yks Y+1 = T in Z¢ s.t.

(i) Vi =1,...,k there is an arrow from (s;,y;—1) to (si, yi), (10.1)
(#4) Vi =0,...,k, {y;} X (8;,8i+1] contains no 4. (10.2)

Tt follows (see Section 3 of [13]) that
&(z) =11iff Jy s.t. §o(y) =1 and (0,y) — (¢, ) (10.3)

defines a (cadlag) (F;)-adapted contact process with initial state & under Py.
Let Py ¢, denote the law of the process (§;):>0 with initial condition &. Define
Ti = {z : &(x) = 1}. By Theorem 1.1 of [26] (see also (1.16) of that reference)
there is a A, = 1+O(L™24) > 0 as L — oo such that lim;_,o, Py s, (T; #0) =0
iff A < A.. Henceforth we will consider only the critical contact process and
set Pey = Py, ¢, and P = P, . Note that allowing s; = s;41 = t and taking
Yr = Yr+1 = « allows us to include arrows arising at time ¢ and helps ensure
right continuity. More generally by translation invariance and independence
properties of our Poisson point processes, if for s > 0 and & € {0, I}Zd we
define ,
S8(2) =1iff Jy s.t. & (y) = 1 and (s,y) = (s +t,2),

then )
conditional on Fy, ()50 has law Per. (10.4)

As was done for the voter model in verifying Condition 5, it is easy to define a
supercritical binary branching random walk f on the same space, starting at
o, s.t.

&(x) < & (x) for all t > 0,2 € Z%. (10.5)
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One essentially ignores recoveries; see (2.8) in [14] for a similar domination. In
particular this shows that if Ty is almost surely finite then 7; is a cadlag (as
for the voter model) K-valued process taking values in the finite subsets of Z.
Setting To = {o} (equivalently & = d,) we see that (1.3) holds under P. It is
easy to check that

E(z) = €75 (z) for all 0 < s < t,z € Z°. (10.6)

This and (10.4) readily give the (F;)-Markov property:

Lemma 10.1. For any 0 < s <t and Borel A in {0,1}%4,

P(é-t S A|]:5) = Pgé (é-tfs S A)
We define (s,y) =% (¢, z) iff (0,0) — (s,y) — (t, ). It is straightforward to
check this defines an ancestral relation for the CP. Only AR(iii) takes a bit of
work and it is established using Remark 1.1(2).
Condition 1 holds by Theorem 1.5 of [23] with m(t) = A%V (¢t A 1) and
sp = 2A, where A,V > 0 are the L-dependent constants introduced in [23].

Lemma 10.2. Let f : Z% — R,. Then for the critical contact process (suffi-
ciently spread out, in dimensions d > 4), and 0 < s < t,

[ 3 1y = o) f@—y)] =BT Y fPEeTiy)

€T yeTs z€7Z%

< Y f2)P(z € Tivs).

2€74

Proof. This follows just as for the corresponding result for OP (Lemma 8.2).
|

Proof of Theorem 7. To apply Corollary 1, Theorem 2 and Theorem 3 to de-
rive these results it remains to check Conditions 2-7 for the claimed parameter
values. Condition 2 is immediate from (1.9) in [27] with £ = 0. Condition 3
follows easily from (10.4) and Condition 1. Condition 4, for any p > 4, is a
consequence of Theorem 1.2 of [42] and Lemma 10.2. Condition 5 for any £ > 4
is established by making minor modifications in the corresponding argument
for the voter model using the domination (10.5). Condition 7 follows from a
straightforward calculation using Lemma 10.1, (10.4) and Condition 2. Again
it is similar to the corresponding verification for the voter model.

To check Condition 6 we verify the hypotheses of Lemma 2.2 with (v, o) =
(1,02 v). The convergence of the finite-dimensional distributions follows from
convergence of the Fourier transforms of the r-point functions in Theorem 1.2
of [27], Proposition 2.5 of [33], and the already checked survival asymptotics
in Condition 1 (as for OP). The higher moment bound follows from Theo-
rem 1.2(i) in [27] with k = 0. [ ]
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