COALESCENCE IN MARKOV CHAINS

GEOFFREY R. GRIMMETT AND MARK HOLMES

In celebration of Svante Janson’s 70th birthday

ABSTRACT. A Markov chain X' on a finite state space S has
transition matrix P and initial state . We may run the chains
(X*:i € S)in parallel, while insisting that any two such chains co-
alesce whenever they are simultaneously at the same state. There
are |S| trajectories which evolve separately, but not necessarily in-
dependently, prior to coalescence. What can be said about the
number k(u) of coalescence classes of the process, and what is the
set K(P) of such numbers k(u), as the coupling p of the chains
ranges over couplings that are consistent with P? We continue ear-
lier work of the authors (‘Non-coupling from the past’, in In and
Out of Equilibrium 3, Springer, 2021) on these two fundamental
questions, which have special importance for the ‘coupling from
the past’ algorithm.

We concentrate partly on a family of couplings termed block
measures, which may be viewed as couplings of lumpable chains
with coalescing lumps. Constructions of such couplings are pre-
sented, and also of non-block measure with similar properties.

1. INTRODUCTION

Finite-state space Markov chains form a key topic in probability
theory, and they are taught in many undergraduate courses worldwide.
They are considered to be well understood, and their theory fully es-
tablished. Applications across science are significant and multifarious.
In this paper we explore some interesting questions concerning coales-
cence that remain unresolved, and indeed in part unasked.

Throughout this paper, S is a finite, non-empty set (without loss of
generality, we may take S = {1,2,...,n}), and P = (p;; : i,5 € S)
is an irreducible stochastic matrix. Let X = (X; : ¢t =0,1,...) be a
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Markov chain on the state space S with transition matrix P. The long-
term behaviour of X is well known: if X is (irreducible and) aperiodic,
then P has a unique invariant distribution @ = (7; : j € 5), and
P(X; = j) — m; for j € S, as t — oo. For introductions to the theory
of Markov chains, the reader is referred to the books [11, 12, 17].

For i € S, denote by X* = (X} : ¢t = 0,1,...) the Markov chain
X = (X}) conditioned on starting in state i, that is, conditioned on the
event that Xy = 7. In the current article we explore the simultaneous
evolution of the chains X, i € S, in the setting where any two paths
stay together after they meet; that is, if X] = X/ then X/, = X}, for
all s € N:= {1,2,3,...}. For general P, multiple joint distributions
of evolutions exist that are ‘consistent’ with P in the sense that they
have the required marginal distributions.

In this setting, we say that X* and X7 coalesce (or just that i and j
coalesce) if they meet (that is, if X; = X} for some t). The principal
issue investigated here is to determine the degree of coalescence of the
family (X* : i € S) as t — oo. This question is made more explicit
in Section 3, and is connected to earlier work on so-called avoidance
coupling; see Remark 3.4.

The current work is a development of earlier work of the authors,
[10], directed mainly at coalescence in so-called ‘coupling from the past’
(CFTP). CFTP is an important technique for exact simulation from
a given distribution on a state space S, and is related to the topic of
‘Monte Carlo Markov chains’ (MCMC). Whereas MCMC runs forwards
in time, CF'TP runs backwards. The CFTP algorithm is successful in
situations where all the chains (X?) coalesce. We explain this connec-
tion in Remark 3.2. Some background information from [10] is included
in this work as an aid to the reader.

Here is a summary of the contents of this article. A ‘grand coupling’
is a coupling of the chains (X’ : ¢ € S). Such couplings are defined in
Section 2, where the special ‘independence coupling’ is introduced. In
Theorem 2.3 we answer the question of when the independence cou-
pling is the unique grand coupling. Section 3 is devoted to forward
coalescence. Lumpable chains and block measures are introduced in
Section 4, and the associated main results appear in Sections 5 and
6. A condition for a lumpable chain to give rise to a block measure is
presented in Theorem 5.3; conversely, the existence of non-block mea-
sures is explored in Theorem 6.1 in the special case of the transition
matrix with equally probable transitions. In the final Section 7, we
initiate an investigation of the structure of the set of grand couplings
corresponding to transition matrices.
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The general questions approached here seem quite fundamental to a
complete theory of finite state-space Markov chains, and yet they have
received only limited attention so far. This is reflected in the partial
state of knowledge revealed in [10] and the current paper, which con-
centrate on grand couplings based on sequences of independent random
functions. Thus, this work may be viewed as a contribution to the
theory of iterated random functions. The idea of studying a ‘forward’
chain by running it ‘backwards’ appeared in [14]; see also [5, 6], for
example.

There are a number of questions and open problems presented in
this paper, including Questions 3.3, 3.8, 3.11, 7.4, and the authors
hope that readers will resolve some of these.

We write N for the set {1,2,...} of natural numbers, and P for a
generic probability measure.

2. GRAND COUPLINGS OF MARKOV CHAINS

We shall consider only #rreducible Markov chains on a finite state
space S. Let Fg be the set of functions from S to S, and let Pg be the
set of irreducible stochastic matrices on S.

Definition 2.1 ([10]). A probability measure pu on Fg is consistent with
P € Ps, in which case we say that the pair (P, ) is consistent, if

(21) pl,]:M({fefo(Z):j})a Z,]ES
Let Lp denote the set of probability measures p on Fg that are con-
sistent with P € Ps. |

Let P € Ps. Any probability measure i € Lp may be used as the ba-
sis of a coupling of the chains (X" : i € S), as we now demonstrate. Let

Iy, F5, ... be random functions that are independent and distributed
on Fg according to u, and set
(2.2) X! =F,0F,_j0---0F(i), i€ S.

(This is a convenient abuse of notation; more properly, the right side of
(2.2) defines processes having the same law as the sequence (X*).) For
te€{0,1,...} let Z, = (X]:i€S). Then Z = (Z,:t =0,1,...) is
a Markov chain with state space S¥, started in the state (1,2,...,n).
The ‘multichain’ Z is in general reducible, since the number of distinct
entries in Z;,; is less than or equal to that in Z;.

By the consistency property (2.1), the sequence X' = (X} : t =
0,1,...) has the same law as X conditioned on the event that X, = 1.
Moreover, if X/ = X7 then trivially X, = X}, for all s € N (since
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each Fj is a function); that is, once the paths from 7 and j meet, they
stay together thenceforth.

A measure p € Lp is sometimes called a grand coupling of P. 1t is
elementary that Lp # &, as indicated in the following example.

Ezample 2.2 (Independence coupling). Let P € Pg, and let piq be
given by the product form

Hind {f} sz,f(z f € FS-

1€S
Then
Hlnd({f f Z Hpu flu) — Dij Z Hpuf
fif(@)=j ues Fif(i)=j ui

=DPij Z H Pu,jy,

(J1semsdim15Jig1seesdn) €SP L Ui

= Pij H [Z pu,ju:| = Dij H L,

uFt “ju €S uFi

so that pinq € Lp. The measure p,q is called the independence coupling
as it gives rise to n = |S| chains X* with transition matrix P, starting
from each i € S respectively, that evolve independently until they
meet. If P is aperiodic then, by Doeblin’s theorem (see Theorem 2.5),
for every pair 4,7 € S the chains X*, X7 meet in finite time. Such
chains stick together thenceforth, and thus all n chains a.s. meet in
finite time (in some common random state). <

The next theorem contains a criterion for p;,q to be the unique grand
coupling.

Theorem 2.3. For P € Pg, we have |Lp| > 2 if and only if P has
at least two rows each of which contains some entry lying in the open
interval (0,1).

Proof. 1t can be useful to think in terms of the transition diagram of the
chain, i.e., the labelled directed graph G with vertex-set S, and with
a directed edge from any ¢ to any j such that p; ; > 0; such an edge is
labelled with the value p; ;. The in-degree (respectively, out-degree) of
a state is the number of edges directed towards it (respectively, away
from it).

Let R be the set of rows that contain some entry in the interval
(0,1). Since P is stochastic, such a row must contain at least two such
entries.
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(a) Let |R| < 1; we will show that the independence coupling is the
unique grand coupling. We explain first the case |R| = 0, for which
every row contains a single non-zero entry 1, and thus all edge-labels
in G are 1. Each state ¢ has out-degree 1, and we write [i, ;) for the
unique directed edge leading from i. There are exactly n = |S| edges in
G. Since P is irreducible, GG is a directed self-avoiding cycle of length
n. Therefore, Lp contains only the probability measure 1 = d; that is
supported on the single function f defined by f : 7+ t; fori € S. In
this trivial situation, p is the independence coupling fiing-

Suppose that |R| = 1, and assume without loss of generality that
the row labelled 1 is the unique row containing an entry in (0,1). Let
J={j:p,; € (0,1)}. Edges of G of the form [1,7) for j € J have
labels in (0,1) and all other edges are labelled 1. For i # 1, write [i, t;)
for the unique edge directed away from i. We have

(2.3) P(X{ =j)=p;; forjelJ,
(2.4) P(X!=t)=1 fori#1.

There is a unique probability measure p consistent with the above,
namely

(2.5) D) =purw [[r@e:  f € Fs
i#1

where ¢ is the Kronecker delta. This is simply the independence cou-
pling. Therefore, |Lp| = 1.

(b) Conversely, suppose |R| > 2, and pick two rows lying in R, say
the ith and jth with ¢ # j. Find r, s such that p;,p;s > 0. There is
no loss of generality for the proof that follows if we assume ¢ = 1 and
J = 2, and we assume this henceforth. We may assume further that

(2.6) 0<prs <piy <l
Before defining i explicitly, we describe the stochastic evolution of the

first time-step of the family (X*: i € S) of Markov chains.
For i € {2,3,...,n}, we let X! be chosen according to P, that is,

Furthermore, Z := {X} :4 =2,3,...} is a set of independent random
variables.
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We turn to X7, which we take to be independent of Z \ {X?}. Fur-
thermore,

(2.8) P(X]=r|X{=5)=1,
P1r — DP2s fi—
' Tp, T
(29)  BXI=jlXi#s=q e
e if j #r.
1_p2,s

It is an exercise in conditional probability that the mass function of
Xiis (p1j : j € S). Equations (2.8)—(2.9) amount to a coupling of X7
and X7 under which (2.8) holds. Since p;, < 1, (2.8) fails by (2.6)
under the independence coupling p,q. Therefore, p # ping and hence
|ILp| > 2.

Equations (2.7)—(2.9) may be expressed by defining u as follows:

(p2,s Hi;ﬁl,2 Dif () if f(1)=r, f(2)

S,

piﬂ"_;pp?»s Hi;«él pisey  HJA) =7 f(2) # s,
(2.10)  u({f}) = 1 i

1—p25Hz’pi,f(i) if f(1) #r, f(2) # s,

0 7 otherwise.

\

One may check directly that p € Lp, but it is quicker to verify the
probabilities implied by (2.7)—(2.9). [

Remark 2.4 (Random transition matrix). By Theorem 2.3, a ‘typi-
cal’ transition matrix P has multiple grand couplings. We make this
statement more precise as follows. For given S, we model a ‘typical’
transition matrix as the |S| x |S| matrix with elements

Pij = Gij/Qi,
where the ¢; ; are independent and uniformly distributed on (0, 1), and
Q; = Zj gij- Let Q denote the law of such P. Note that Q-a.e. P has
all entries in (0,1) and hence is irreducible and aperiodic. Moreover,
by Theorem 2.3, Q-a.e. P admits multiple grand couplings. Further
results for a random transition matrix may be found in Remark 3.7,
Lemma 5.1, and Section 7. The particular measure Q has been chosen
for simplicity; the given applications hold for more general measures,

including those generated from independent ¢; ; with a common, strictly
positive, density function on (0, 1). <

We will make frequent use of the following well known fact due to
Doeblin [7] (see also [11, p. 260]).
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Theorem 2.5 ([7]). Let (X' : 4 € S) be independent Markov chains
on a finite state space S with common irreducible, aperiodic transition
matriz Q, with X} =i a.s. for each i € S. Fori,j € S, there exists
a.s. a finite time T such that Xk = X},

The following classical result of Birkhoff and von Neumann will be
useful later.

Theorem 2.6 ([3, 16]). A stochastic matriz P on the finite state space
S is doubly stochastic if and only if it lies in the convex hull of the set
IIs of permutation matrices.

3. COALESCENCE OF TRAJECTORIES

Consider a Markov chain X on the state space S = {1,2,...,n} with
irreducible transition matrix P, and let © € Lp be a grand coupling.
We consider the coalescence of the chains X in this section, and begin
with some notation from [10].

As in Section 2 (see (2.2)), let Fy, F,,... be independent random

functions distributed according to u, and set X} = ﬁt(z) where 7 € S
and

(3.1) F,:=FoF,_,0-0F.

Then (X*:4 € S) is a family of coupled Markov chains running for-
wards in time, each having transition matrix P, and such that X starts
in state i.

For i,7 € S, let

(3.2) T, = inf{t: X] = Xj}.

We say that i and j coalesce (and write i ~ j) if T; ; < co. The forward
coalescence time is given by

(3.3) T =inf{t: ﬁ’t() is a constant function} = jsu%ﬂ,j.
2,0€

We say that coalescence occurs if P(T < o0) = 1.
Lemma 3.1. The relation ~ is a (random) equivalence relation on S.

Proof. Tt suffices to prove the transitivity of ~. Let ¢ ~ j and j ~ k.
For t > max{T;;,T;r} we have that X; = X/ = XJ. The claim
follows. [ |

The equivalence classes of ~ are termed the coalescence classes of
(X*: 4 € S). The number of coalescence classes is a.s. constant (see
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[10, Lemma 2]), and we denote this number by k(u) and call it the
coalescence number of . We define

(3.4) K(P) ={k(n): p € Lp}.
Remark 3.2 (Coupling from the past (CFTP)). CFTP is a promi-
nent algorithm introduced by Propp and Wilson [18, 19, 21] for per-

fect simulation from the invariant distribution of an irreducible, ape-
riodic Markov chain on a finite state space. The CFTP algorithm

may be defined by replacing the function F; in (3.1) by the function
F,.=F oF,o---0F, The backward coalescence time is defined by

(3.5) C =inf{t: Fy(+) is a constant function },
and backward coalescence is said to occur if P(C' < co) = 1. On the

event {C < oo}, Ia ¢ may be regarded as a random state, and the main
theorem of CFTP asserts that, if backward coalescence occurs, then

ﬁc is distributed as the invariant distribution of the transition matrix
P.

The relationship between forward and backward coalescence was ex-
plored in [10]. It turns out that C' and T are identically distributed.
Furthermore, the CFTP process has the same set K(P) of coales-
cence numbers as the forward process. In contrast, there is a sig-
nificant difference between forward and backward coalescence in that,
if ﬁt(z) = ﬁt(j), then ﬁtﬂ(i) = ﬁt+1(j), whereas the corresponding
statement for backward coalescence is false in general. The last oc-
curs whenever the coalescing classes in the forward direction are non-
deterministic (see, for example, the forthcoming Examples 3.10 and
4.5(b)). <

The following two questions are fundamental to understanding coa-
lescence.

Question 3.3.

1. Can we determine the set K(P) for given P?
2. Which p € Lp have k(p) =17

We shall see in Theorem 3.13 that the independence coupling g
of Example 2.2 satisfies k(ping) < k(u) for all p € Lp, and moreover
k(tina) = 1 if and only if P is aperiodic.

Henceforth, expressions involving the word ‘coalescence’ shall refer
to forward coalescence. Let p be a probability measure on Fg, and let
supp(p) denote the support of pu. Let F' = (Fy : s € N) be a vector of
independent and identically distributed random functions, each with
law . The law of F' is the product measure p = [, -
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Remark 3.4 (Avoidance coupling). Let P € Pg and let
Fmax = kmax(P) := max{k(p) : p € Lp}.

That is, kpax is the maximum £ such that: there exists some grand
coupling u for which there exist k (possibly random) initial states whose
trajectories avoid one another for all time. The identification of k.
might be termed the ‘avoidance problem with simultaneous updating’.
The related problem of avoidance coupling with sequential updating
was initiated in [1] for random walk on a graph and has been developed
further by others (see, for example, [2]). <

Recall that, since P is finite and irreducible, it has a unique invariant
distribution (see, for example, [11, Thm 6.4.3]).

Theorem 3.5. Let P € Pg have (unique) invariant distribution .

(a) Let m € N, and suppose there exists s € S with mg > 1/m.
Then kpax < m.

(b) Let m € N, and suppose there exists s € S such that p; s > 1/m
forallt € S. Then kypax < m.

Proof. (a) Assume 7y > 1/m, and let iy, 4s, ..., i, be distinct elements

of S. For each k € {1,2,...,m}, there is asymptotic density ms of

times n at which X% = s. Since m, > 1/m, there exist (a.s.) distinct

i,7 € {i1,42,...,4y,} such that there is a strictly positive density of

times n at which X! = XJ = s. Therefore, k(u) < m for all u € Lp.
(b) Assume the given condition holds. Then

1
(36) Ty = Zﬂ-ipi’s > —.
i€S m
The conclusion holds by part (a). |

Remark 3.6. The condition of part (b) may be changed slightly, as
follows. Suppose p; s > 1/m for all ¢ € S with ¢ # s. Then (3.6)
becomes

1
s> iDis > — 1- s):
O
Therefore, 75 > 1/(m + 1), whence kpax < m + 1 by part (a). <

Remark 3.7 (Random transition matrix). By Theorem 3.5, if there
exists s € S with m; > 1, then k(u) = 1 for all u € Lp. In particular,
there is strictly positive Q-probability (see Remark 2.4) that a random
transition matrix P satisfies K(P) = {1}. <

Open problem 3.8. Is it true that K(P) = {1} for Q-a.e. P?
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1 e——o 1] &—— 1 o 1 °
2 ] 2 o 2 ° 2 °
3 (] 3 ° 3 ° 3 °
4 ° 4 ° 4 &——e 4 °

FiGURE 3.1. Diagrammatic representations of the four
functions f; ; of Example 3.10.

By Lemma 3.13(a) below, we have that 1 € K(P) for Q-a.e. P.

Although k(p) is a.s. constant, the coalescence classes of ~ need not
themselves be a.s. constant. Here is an example of this, preceded by
some notation.

Definition 3.9. Let f € Fs where S = {1,2,...,n}. We write f =

(Jijo - - gn) if f(r) =g, forr=1,2,... n. <

Ezample 3.10. Take S = {1,2,3,4} and any consistent pair (P, u) with
supp(p) = {f1.1, fiz, fa1, fa2}

where
f1’1 - (1212), f172 — (1221), f271 — (3434), f272 — (3443)

Then k(p) = 2 but the coalescence classes of F may be either {1, 3},
{2,4} or {1,4}, {2, 3}, each having a strictly positive probability. The
value of F} determines which of these two possibilities occurs.! The
four functions f; ; are illustrated in Figure 3.1. <

Open problem 3.11. For given P € Pg, is the set of cardinalities
(possibly with repetition) of coalescing classes a deterministic set?

A probability measure p on Fg may be written in the form

(3.7) p=Y_ asy,

feFs
where a is a probability mass function on Fg with support supp(u),
and 0 is the Dirac delta-mass on the point f € Fg. Thus, oy > 0 if
and only if f € supp(u). We denote by M (Fs) the set of all probability
measures on Fg, noting that they may be represented in the form (3.7).

'In the case of backward coalescence, for r € {1,2}2, the ‘first’ function to
be applied is f, a.s. infinitely often, whence F (1) = F +(3) infinitely often and
ﬁ‘t(l) # Ft(?)) infinitely often.
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In advance of stating an extension of [10, Lemma 3], we remind the
reader of the definition of a cyclic class.

Definition 3.12. Consider an irreducible Markov chain on the state
space S with transition matrix P and period d. There exists a unique
partition of .S into d classes Sy, S1, ..., S4-1 such that

Zpi,jzl, 1€S, r=0,1,...,d—1,

JESr41

where by convention Sy = Sy. The sets S, are called the cyclic classes
of the chain. <

See [4, Sect. 2.3.2] for further details of cyclic classes.

Theorem 3.13.

(a) We have that 1 € K(P) if and only if P € Pg is aperiodic. In
this case, k(pina) = 1.
(b) If P € Ps has period d, then the coalescence classes of ping are

a.s. the cyclic classes of P and therefore k(uma) = d. Hence,
d € K(P), and moreover d < k for all k € K(P).

Consider the particular case when all entries of P are strictly positive.
Since P is aperiodic, we have by Theorem 3.13(a) that 1 € K(P).
However, K(P) may be larger than a singleton; see the forthcoming
Theorem 6.1.

Proof of Theorem 3.13. (a) This is found at the proof of [10, Lemma 3],
but is included here for clarity. The independence coupling of Example
2.2 gives rise to n = |S| chains with transition matrix P, starting from
1,2,...,n, respectively, that evolve independently until they meet. If
P is aperiodic (and, by assumption, irreducible) then all n chains meet
a.s. in finite time. The last holds by Theorem 2.5, since any paths that
meet will remain together thenceforth under this coupling.

Conversely, if P is periodic and p; ; > 0 then ¢ # j, and 7 and j can
never coalesce, implying 1 ¢ K(P).

(b) Suppose P has period d > 2, and let Sy, Sy, ..., S4—1 be the cyclic
classes of P (see Definition 3.12). For r # s, states i € S, and j € S,
do not coalesce for any p € Lp. Now, P? has a block diagonal form
with (transition) matrices Ey, E1, ..., E4 1 along its diagonal. Each
E, is irreducible and aperiodic. By the argument above, subject to the
independence coupling j;,q, any two states in any given S, coalesce a.s.

For clarity, we give some more details of the last step. Fix r and let
i,j € S,. Let ZF = (ZF :t=0,1,...) be a copy of X*, and suppose the
chains (Z* : k € S,) evolve independently (unlike the sequence (X¥)
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whose members coalesce when they meet). Now, Z% := (ZF  :m =
0,1,...) has irreducible, aperiodic transition matrix F,. By Theorem
2.5 there exists a.s. some time T' < oo at which Zi,, = Z%d. Therefore,
there is some earliest time U < T'd at which Z{, = Z/,. From the pair
Z', Z7 we construct X', X7 by
i 7
(X0, x0) = {(Zi’zi) for t < U,
(Z}, Z7) fort > U.

Since the pair (X*, X7) has the same law as under u, this proves that
1 and j coalesce a.s. under p. This holds for all pairs of distinct states
in S,, and two states stick together after they coaleasce. The second
claim of the theorem is proved.

The minimality of d holds since no two states in distinct cyclic classes
may coalesce. |

4. LUMPABILITY AND BLOCK MEASURES

The notion of lumpability was introduced in 1963 by Kemeny and
Snell, [13]. A Markov chain X with finite state space S is called
lumpable if there exists a partition & of S such that the projection
of X onto § is itself a Markov chain.

Here is a more precise definition. A partition S = {54, Ss,...,S¢} of
S is called trivial if |S| € {1,]S|}, (i.e., if either S = {S} or S = {{s} :
s € S}). Elements of the partition S are called blocks. The chain X is
called S-lumpable if the sequence (W, :t =0,1,...), defined by

(41) Wt :j lf Xt € Sj,

forms a Markov chain. The process X is called lumpable if it is S-
lumpable for some non-trivial partition S.

There is a limited literature on lumpable chains, for which the reader
may consult, for example, [8, 9, 15] and [11, Exer. 6.1.13]. Kemeny and
Snell [13] proved a necessary and sufficient condition for X to be S-
lumpable, namely the following.

Theorem 4.1 ([13]). Let P = (p;j : 1,7 € S). Let S be a partition of
S, and let

(42) )\1(2g = Zpi’j’ 1€ ST.

A Markov chain X with transition matriz P is S-lumpable if and only

if,
(4.3)  for every r, s, we have that A\, s := )\,(f’l is constant fori € S,.
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A stochastic matrix P € Py is called S-lumpable if (4.3) holds (where
the A} are given in (4.2)). For such a pair P and S, let A be the £ x ¢
matrix (A.s : 1 < r;s < ¢). This A is the transition matrix of the
‘block process’ W of (4.1).

The evolution of an S-lumpable chain X may be given in two stages.
Suppose X; =i € S,; then X, is given as follows.

(a) Select a random block B with mass function P(B = Ss) = A,.,.
(b) Conditional on B = S, choose X;,; with mass function

P(Xip1=j|B=S,)= Pz‘,j//\r,s-
We address a certain sub-category of lumpable chains here, namely
those for which A is doubly stochastic. By Theorem 2.6, such A may

be expressed as a convex combination of permutation matrices.
Recall from (3.7) the set M (Fs) of probability measures on Fg.

Definition 4.2 ([10]). Let u € M(Fgs). For a partition S = {S, : r € I}
of S with index set I ={1,2,...,¢}, we call p an S-block measure if
(a) for f € supp(p), there exists a unique permutation 7 = 7y of 1
such that, for r € I, 5, C S, and
(b) k(p) = L.
An S-block measure p is said to be trivial if S is trivial. A measure p

is called a block measure if it is an S-block measure for some partition
S. <

Since any two states in distinct blocks cannot coalesce under a block
measure, the condition k(u) = ¢ implies that

(4.4) for r € I and i, j € S,, the pair i, j coalesce a.s.,

so that the coalescence classes of the coalescence relation ~ are a.s. the
blocks S1, 59, ..., 5.

By combining the definitions of lumpability and block measures we
arrive at a necessary condition for u to be an S-block measure. The
proof may be found in [10].

Theorem 4.3 ([10, Thm 6]). Let S be a non-empty, finite set, let P €
Ps, and let S = {S, : r € I} be a partition of S with index set I =
{1,2,...,0}. ForiecS,, let

(4-5) Ag«i = Z Pig-
JESs
If there exists an S-block measure pu € Lp, then
(a) forr,sel,
(4.6) Aps 1= )\(2 is constant for i € S,,

T
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(b) the ‘block-transition matriz’ A = (A5 : 1 < r,s < 0) is irre-
ducible. Moreover,

(4.7) A is doubly stochastic,

which may be expressed as

(4.8) Z Z ﬁpm =1, r,sel,

ies jes, 10T
where r(i) is the index r € I such thati € S,.

Whether or not u € M(Fg) is a block measure turns out to de-
pend on whether or not its coalescing classes are deterministic, that
is, a.s. constant. (Recall the definition of coalescing class after Lemma
3.1.) We state this as a theorem.

Theorem 4.4. A probability measure p € M(Fs) is a block measure if
and only if its coalescing classes C = {C1,Cy, ..., Cy} are a.s. constant.
If the last holds, i 1s a C-block measure.

Proof. If p € M(Fs) is an S-block measure then (recall (4.4) and the
preceding discussion) the coalescing classes are a.s. the elements of S.

Conversely, let the coalescing classes be C', ..., C,, and assume they
are a.s. constant. We claim that Definition 4.2 is satisfied with S = C.
Clearly k() = £, so (b) of Definition 4.2 holds. Let f € supp(u), and
let 41,1y € C;. Since 41 and iy a.s. coalesce, f(i1) and f(i2) a.s. coalesce,
so f(i1) € Cs <= f(i2) € C,. Suppose instead that i; € C;, and
iy € C}, where j; # j,. This implies that ¢; and ¢, cannot coalesce,
and hence f(i;) € C implies f(iz) ¢ Cs.

We have shown that f permutes classes, which verifies Definition
4.2(a) with § = C, and hence completes the proof. [

Example 4.5. Here is an illustration of Theorem 4.4. Consider the
transition matrix

3 030
0+ 0 1
P = %127
0559
5 00 3

and note that it is irreducible and aperiodic.
(a) Let sy put mass 3 on each of the two permutations

fi=(1234),  f, = (3421).

(Recall Definition 3.9.) It is easily checked that p; € Lp is a
(trivial) block measure with blocks {1}, {2}, {3}, {4}, so that

k(py) = 4.
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(b) Let 11, put mass 3 on each of the two functions
g1 = (3434),  g» = (1221).

Then p, € Lp. Under p, either: 1 and 3 coalesce, and 2 and
4 coalesce and there is no other coalescence (this happens if
g1 is applied first) or: 2 and 3 coalesce, and 1 and 4 coalesce
and there is no other coalescence (this happens if g, is applied
first). Therefore, k(f,) = 2, but the coalescence sets of y, are
not a.s. constant. By Theorem 4.4, pu, is not a block measure.
This case contains the essence of Example 3.10. <

5. EXISTENCE OF BLOCK MEASURES

This section is concerned with the existence of block measures. The
main question of interest is, for what state space S, partition S, and
matrix P € Ps does there exist an S-block measure u € Lp? Let
C = C(u) denote the set of coalescing classes of u. In general C(pu)
is random, and the support of C(u) depends only on supp(u). By
Theorem 4.4, finding an S-block measure u € Lp is equivalent to
finding p € Lp for which C = § a.s.

By Theorem 3.13, for every P € Pg there exists a partition S of S
(comprising the cyclic classes of P) such that the independence cou-
pling pinq is an S-block measure. Recall the probability measure Q in
Remark 2.4.

Lemma 5.1. For Q-a.e. P € Pg, every block measure s trivial.

Proof. We need only consider cases with |S| > 3. If there exists a non-
trivial block measure, then there exists 7' C S such that 2 < |T| <
|S| — 1 and, by (4.5)-(4.6),

Z pi,; is constant for i € 7.
jer
Let Z; .= ZJET pi;- Then Zy,Z,,... are independent with a common

absolutely continuous distribution. Therefore, Q(Z; = Z;) = 0 for all
distinct pairs ¢, k, whence the set of such P has Q-measure 0. |

By Lemma 5.1, for every S, for Q-a.s. P € Pg, and for every non-
trivial S, there exists no S-block measure. In contrast, the following

holds.

Theorem 5.2. For S = {1,2,...,n} and any partition S of S there
exists € M(Fg) such that p is an S-block measure.

Proof. Fix S and 8 = {S, : 7 € I}. Consider the set F of functions f
such that
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(i) for all r, f(i) = f(j) for every i,j € S,, and
(ii) there exists a permutation m = 7 of I such that, for r € I,
fSr - Sﬂ'(?")'

For example, if S = {{1,2},{3,4,5}} then F consists of the 12 func-
tions denoted

(11333), (11444), (11555), (22333), (22444), (22555),
(33111), (44111), (55111), (33222), (44222), (55222),

in the notation of Definition 3.9. R

Let p be a probability measure with supp(u) = F. By assumption
(i), for all r € I and 7,5 € S,, i and j coalesce in one step. The claim
follows by assumption (ii) and Definition 4.2. [ ]

Henceforth, for certain P, S, we will present a natural measure
i € Lp, and then determine conditions under which it is an S-block
measure.

Let the pair P € Pg and S = {S, : r € I} (a partition of the state
space S with I = {1,2,...,¢}) satisfy (4.6) and (4.7). By Theorem
4.3 these two conditions are necessary for the existence of an S-block
measure p € Lp.

Since P is assumed irreducible, the stochastic matrix A is irreducible
also. By (4.7) and Theorem 2.6, we may find a measure p € L, sup-
ported on a subset of the set of permutations of I, and we let II be a
random permutation with law p. (Note that p is not generally unique.)
Let i € S, and j € S;. In order for our forthcoming p to be consistent
with P (recall Definition 2.1) we need that

(5.1) > ud{fY) =piy.
Frimj
In order for ¢ to be mapped to j, it is necessary that II(r) = s; the last
occurs with probability A, ;. Conditional on II, we shall then map the
states independently in such a way as to obtain (5.1).
More precisely, conditional on II, let Z = (Z; : € S) be independent
random variables such that

pij/ s if S. 24, S, I(r) = s,
0 otherwise,

(5.2)  P(Zi=j[1)= {

and let p be the law of Z. Thus, u € M(Fg) is given by

(5.3) p{f}) =E

)

H]P)(Zi = f(i) [ 1I)

€S
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where the expectation is over the random permutation II. We call
the (P, S, p)-product measure.
Next we check that € Lp. Let i € S, and j € Ss. By (5.2)-(5.3),

> u{FY) =B(Zi = j) = Ao % = i,

[y

as required. By the definition of i, no two states in different sets of the
partition & may coalesce. Thus, to determine whether the (P, S, p)-
product measure p € Lp is an S-block measure it remains to check
whether k() = ¢ = |S|, which is to say that, for all r, all states in S,
coalesce (recall (4.4)).

Recall that C denotes the (possibly random) set of coalescing classes,
and that ¢ ~ j if there exists C' € C such that 7,5 € C.

Theorem 5.3. Let P € Pg, and let S = {S, : r € I} be a partition of
S with index set I = {1,2,...,0}. Assume (4.6) and (4.7) hold. The
(P, S, p)-product measure p satisfies k(u) = £ if and only if *

(5.4) P(i~j) >0, i,j€S.

Proof. Suppose the conditions of the theorem hold, and also (5.4). Let
r € I. We will show that

(5.5) Pli~j)=1  i,j€S,.

The claim k(u) = ¢ follows since there are finitely many pairs i, j € S,
and indices r. .

Recall from (3.2) that T;; = inf{t > 0: X; = X/}, so that i ~ j if
and only if T; ; < oo.

We first prove (5.5) with » = 1. Since |S;| < oo, by (5.4) there exists
€ >0, and M < oo such that

(5.6) P(T,; <M)>e,  i,j€S.

Let 7,5 € Sy. Either T, ; < M or not. Assume that T;; > M. We
continue the two chains from time M with initial states X%, and X7,
until the next epoch (M + K, say) at which these two processes lie in
S1; note that P(K < o0o) = 1 since A is irreducible. Having arrived
back in S7, we apply the argument above to deduce that coalescence
occurs by time 2M + K with (conditional) probability at least e.

20One may work with any given value of r in (5.4), and we have chosen r = 1
for concreteness. Condition (5.4) is similar to the sufficient condition of [20, Thm
6] for the quenched ergodicity of a Markov chain with random transition matrices.
Theorem 5.3 corrects an error in [10, Thm 6].
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It follows that
P(CTZ'J > 2M—|—K> = P(ﬂ’j >2M + K | ﬂ,j > M)]P)(EJ > M)
< (1—e)?

By iteration of this argument, P(T; ; < oco) =1, and (5.5) follows with
r=1.

For r # 1 and 4,7 € S,, since A is irreducible, a.s. S, is eventually
mapped to S;. At this point, ¢ and 5 have both been mapped to
elements of S, so (if they have not already done so) they will almost
surely coalesce by (5.5) with = 1. This verifies (5.5) for general r as
required.

Conversely, if there exist i, 7 € Sy such that P(i ~ j) = 0 then it is
necessarily the case that k(p) > ¢+ 1. [

Ezample 5.4. Here is an illustration of Theorem 5.3. As there (with
¢ = 2 for simplicity) we let P € Pg, S = {5, 52}, and we assume that
(4.6) and (4.7) hold.

For r = 1,2 we write S, = {z,; : 1 < j < m,}. Ordering the

elements of S as (T11....,Z1mysT21,- .-, Tom,), We may express the
(mq + ma) X (my + mg) matrix P in the form
A B
r=(c o)

where A is an m; X my matrix and D is an my X my matrix.
The 2 x 2 matrix A is doubly stochastic and irreducible, and may
(by Theorem 2.6) be expressed in the form

(5.7) A= (i i) 0l (1—a)

where o = A\ ; = A9 and

G -0

In other words, the measure p (which is unique since A is a 2 x 2
matrix) puts mass « on the identity permutation, and mass 1 — « on
the ‘interchange’ permutation. We let (II; : i € N) be independent
permutations with common law p, and let u be the (P, S, p)-product
measure.

We have shown that



COALESCENCE IN MARKOV CHAINS 19

Thus, the row sums of A and D (respectively, B and C) are all «
(respectively, 1 — «v) by (4.5) and (4.6)). Therefore, P is a mixture of
two stochastic matrices P; and Ps,

P:Oépl—F(l—Oé)PQ,

1 /A 0 1 0 B
Pl‘&(O D)’ PZ‘E(C o)'

Suppose o« > 0 (we have o < 1 by irreducibility), and that A" := A/«
is irreducible and aperiodic. We claim that k(u) = 2. This may be
shown as follows.

Let W = (W, : n > 0) be a Markov chain on S; with transition
matrix A’, and let 4,5 € S;. By Theorem 2.5, if W? and W/ are two
independent versions of W, starting respectively at ¢ and j, then there
exists M < oo such that

P(W,,, = W}, for some m < M) > 1.

where

It follows that
P(T;,; <o0) >P(T;; < oo, I, =1 form=1,2,..., M)
> oMP(W! = W/ for some m < M) > 1a™.
Equation (5.4) follows, and hence k(u) = 2 by Theorem 5.3. <

Finally, in preparation for the next section we state a result from
[10] which concerns the transition matrix

nt n n
n~t nt n-!
Pn = .
n-!t nt n-1!

on the state space S = {1,2,...,n} with equal entries.

Theorem 5.5 ([10, Thm 7]). For n > 2 there exists a block measure
w € L(P,) with k(n) = £ if and only if £ | n. In particular, K(P,) 2
{¢:0|n}. Forn>3, we haven —1¢ K(P,).

6. EXISTENCE OF NON-BLOCK MEASURES

Many of our measures ;4 € Lp so far have been block measures,
though we encountered a certain p in Example 3.10 which (by Theorem
4.4) is not a block measure. By Theorem 5.5, n — 1 ¢ K(P,), whence
K(P,) ={¢:¢|n} when n < 4. We do not know whether K(P,) =
{¢ : ¢ | n} when n > 4. In this section we shall construct a family of
non-block measures for P,.
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Theorem 6.1. Let n > 4 and suppose £ # 1 and € | n. There exists a
non-block measure p € Lp, with k(p) = ¢.

Before embarking on the proof of Theorem 6.1, we present an illus-
trative example.
Ezample 6.2. Let n = 6, £ = 2, and b = n/l = 3. Let S; = {1,2},
Sy ={3,4}, and S5 = {5,6}. Let F C Fg consist of the six functions

Ji1 = (121212), fi2 = (212121),
faq = (343443), fan = (434334),
fs1 = (566565), fz2 = (655656).

We make the following observations.
(i) For each u,v € {1,2,...,6}, f(u) = v for exactly one f € F.

Thus, taking p to be uniform on F , we obtain that p € Lp,.

(ii) Let f € F. For each i there exists j such that f maps S; onto
S;. Thus no pair of states in any S; will ever coalesce.

(iii) The functions f ; yield the immediately coalescing classes {1, 3,5},
{2,4,6}. The functions f,; yield the immediately coalescing
classes {1,3,6}, {2,4,5}. The functions f3; yield the immedi-
ately coalescing classes {1,4,6}, {2,3,5}. All coalescence takes
place on the first step, and depending on which function is cho-
sen first (i.e., which function F} is) we obtain different coalescing
classes. <

Proof of Theorem 6.1. Let n, ¢ be as in the statement of the theorem.
We will imitate Example 6.2, and the reader may wish to refer back to
that example. Let b = n/¢ and

Sr:{<r_1)€+1,(T_1>£+2,77‘6}, T:172".'7b,

noting that |S,| = ¢ for each r. When considering S, as a vector rather
than as a set, we order its elements in increasing order.

We will construct a set F comprising n (= bf) functions f; ; with
i€ {1,2,...,b}, j € {1,2,...,¢}; p will be the uniform measure on
F. Before giving a formal definition of F , wWe summarise its main
properties as follows:

(i) for every u,v € {1,2,...,n} there is exactly one f € F such
that f(u) = v,

(ii) for each f € F, there is a block S 7 such that every block S, is
mapped by f onto Sy (viewed as sets),

(iii) the elements of each S, (viewed as a vector) are mapped to a

certain permutation 7"S of Sy.
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We turn now to a formal definition, beginning with some nota-
tion. Following Definition 3.9, each f; ; can be expressed in the form
(z129 - - - x,), which is to say that f; ;(u) = z,. It is convenient to break
such a vector into consecutive subsequences of length ¢, and we do this
by adding vertical bars; thus, for example, we write (zyz5---x,) as

(561 e 'M‘SU@H e '$25| T ‘x(b—l)é—&—l e '%2);

and we term the b subsequences therein ‘image blocks’. For each f; ;,
the image elements z,...,x, are distinct; furthermore, when viewed
as sets, we have that {x¢_1)e41,..., %} = {21,..., ¢} for each 4, so
that each subsequent image block of each f;; is a permutation of the
first image block of f; ;.

We explain next the action of the f; ;. Let p denote the rotation
permutation iyig - - - iy > i223 - - - 1p21. We will express each f; ; in terms
of a pair (h; ;,7") where

(a) hip = S; and h;; = p'~1S; (with S; considered as a vector),

(b) foreachi =1,2,...,b, there exists a vector w' = (7, 7k, ..., 7})
of b — 1 permutations (not necessarily distinct) of ¢ symbols,
(c) we set
(61) fi,j = (hi,j‘ﬂ-éhi,j‘ s |7Tghi’j).

We discuss next how the 7’ are defined, beginning with the simplest
case 1 = 1.
Let each 7; be the identity permutation, so that, by (6.1),

fia = (ha|mshaa| - |mphia) = (1212 4] -+ |12 ).
More generally, we let
(6.2) frg = (haglmahug| - [yl ),
where

hy=mnhiy= (GG +1)-- (€ =1)12---(j — 1)), m > 2.

We discuss next the case of f;; with ¢ > 2. Then h;; = 5; and
hij = pU=YS; and it remains to choose a suitable vector @ of per-
mutations. For i = 2,3,...,b, let @ = (7},...,m) be an ordered set
of permutations satisfying (73, ...,7) # (74,..., 7 ) for each 7' < i
(in other words, all the ordered sets of permutations will be distinct as
ordered sets). We can always find distinct 7!, 72, ... 7® since there
are (£1)°~! distinct such vectors and (£!)°=! > 2071 > b (here we have

used the fact that b > 2). The function f;; is given by (6.1).
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By construction, F has properties (i)—(iii) above. Let p be the uni-
form probability measure on F. By (i),

WA fw = =2, wues,

whence € L(P,).

We turn to the issue of coalescence. By (ii)—(iii) above, coalescence
occurs at the first stage and not subsequently. Since there are at least
two distinct 7w’, the coalescing classes are random (indeed the number
of possibilities for the set of coalescing classes is the number of distinct

w', i = 1,2,...,b). Since mappings between blocks are surjections,
there are exactly ¢ coalescing classes C1, Cs, ..., Cy, and each such C,
is a transversal of S. Hence k(u) = ¢. |

Remark 6.3. In the above proof, we have required that the «’ be dis-
tinct. It suffices for the proof that at least two of them are distinct.
Suppose, on the contrary, that 7w/ = 7! for all j. Then the set of coa-
lescing classes is deterministic, and Theorem 4.4 applies. In particular
since 7! is the identity permutation we may see that
Ci={j,l+34,....,b=1)+j}, j=12,...0

We deduce that k(u) = ¢, and that u is a block measure with blocks
01,02,...,04. |
7. FUNCTIONS THAT GENERATE TRANSITION MATRICES

In this final section we pose an inverse question. As usual, the state
space is S = {1,2,...,n}. Recall the set Pg of irreducible transition
matrices on S and the set Fg of functions from S to S. Given a subset

G C Fg, let
P(G) ={P € Ps:3p € Lp with supp(n) C G}.

In other words, P(G) is the set of (irreducible) stochastic matrices that
can be obtained by just using functions in G.

Question 7.1. For given G C Fg, what can be said about the set P(G)?

Example 7.2. For distinct z,y € S let

o) = {y if v =ux,

v otherwise.

This is ‘almost’ the identity function (except that z +— y). Let G =
{foy : x,y € S, x # y}, so that G contains n(n — 1) functions. Let
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a = (agy T # y) be a vector of non-negative reals satisfying

Let pq be the probability measure on G that selects f,, with proba-
bility a,,. The corresponding P = P, = (p; ;) satisfies

pig = pn({f: f() =j}) = p{fi;}) = iy, i # J,

while
pi=p{f: f)=i}) =1-> ai;
J:j#i
Therefore, P(G) is the set of stochastic matrices whose off-diagonal
elements sum to 1. <

Some further very special cases admit precise answers to Question
7.1. Let Dg C Pg denote the set of doubly stochastic matrices, and let
FE™ C Fg denote the set of permutations of S.

Proposition 7.3.
(a) P(G) = Dg if and only if G = Fg™.
(b) P(G) = Ps if and only if G = Fg.

Proof. (a) This is a consequence of Theorem 2.6.

(b) Suppose first that G = Fg. For P € Pg one can construct its
independence coupling (recall Example 2.2). Therefore P(G) = Ps.

Suppose conversely that G is such that P(G) = Ps. We claim that
for every f € Fg there exists P € Pg (hence P € P(G)) such that
f € supp(p) for every p € Lp. This implies that f € G and therefore
G = Fgs as required.

It remains to verify the above claim. Let f = (j1ja ... Jn) € Fs (recall
Definition 3.9). There exists Py = (p;;) € Ps such that p; ;, >1—1/n
for every i € S; the remaining terms p; ;, 7 # J;, are assumed strictly
positive, thus implying that Py is irreducible. For u € Lp,, we have

. . 1 .
u({géfg:g(z):ji})>1—ﬁ, 1=1,2,...,n,

whence
u(f) = p (ﬂ{g 1g(1) = ji}) > 0.
icS
Therefore, f € supp(p). [ |

We recall the random transition matrix of Remark 2.4, with law Q.

Question 7.4. For given G C Fg, what can be said about Q(P(G))?
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This section closes with some partial answers to this question.

Firstly, in the proof of Proposition 7.3(b) it is shown that, if f ¢ G,
then any matrix with p; ;) > 1 — n~! for all i € S does not belong to
P(G). It follows that Q(P(G)) < 1 whenever G # Fg.

Secondly, in Example 7.2, we have Q(P(G)) = 0 since G is the set of
stochastic matrices with off-diagonal elements summing to 1.

Thirdly, in the case |S| = 2 there are just 4 functions, namely

(11), (12),(21), (22).

It is elementary that if G is missing two of them then Q(P(G)) = 0. The
following lemma shows that (when n = 2) removing a single function
one retains positive measure.

Proposition 7.5. If [S| =2 and f € Fg, then Q(P(Fs \ {f})) = 3.

Proof. Given a probability mass function a on Fg, the resulting matrix
P is given by
o + o “+ Q99
71 p_ [Qan taay aentae))
1) (Of(n) T Qe a2 + o

Henceforth, fix f = (uv) and write v’ # w and v' # v. Let Py,
denote the set of P € Pg for which py,, < p1,.. Since py, and p;, are

independent with the same probability density function (under Q), we
have that Q(Py,) = 5. We claim that

(7.2) P(Fs \{/}) = Puv,

and the proposition will follow immediately. It remains to prove (7.2).
Let P € P(Fs\{f}). There exists a mass function a on Fg satisfying
Q(wy = 0 such that (7.1) holds; note that am) > 0 for (ab) # (uv),
Q-a.s., and we will assume this. By (7.1),
P2y = Qu'v) < A(y/v) + Ay/v)y = Pra/-
Since P is stochastic, we have also that ps,» > p1 4, and hence P € P,
as required.
Conversely, let P € P, so that py, < p1.. Set
A(yv) = 0, Aluv’y = Plus  Au'v) = P2y Qu/ov’) = 1- (pl,u +p2,v)7
and note that
1— Au'v') = Plu +p2,v <Piu + Pruw = 1.
The stochastic matrix ) = (¢;;) corresponding to a (according to
(7.1)) satisfies
Q10 = Ouw) + A(ur') = O(ur’) = Plyus

2,0 = Q(yv) + Auv) = Au'v) = P2,w,
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whence @@ = P. Therefore, P,, C P(Fs \ {f}) and the proof of (7.2)
is complete. [ |

Finally, for any € > 0, when |S| is large there exist sets G C Fg with
size satisfying |G| > (1 — €)|Fg| for which P(G) has Q-measure zero.
Here are two examples.

Proposition 7.6. We have Q(P(G)) = 0 in the following two cases.

(a) Leti,je S andG=G;; ={f e Fs: f(i)#j}.
(b) Let iy,19, 71,72 € S satisfy iy # is, and let G be the set of all
f € Fs such that
f(i1) = g1 if and only if  f(iz) = jo.
Let n = |S|. The cardinality of G in part (a) is |Fg|(1 — n~!), and
in part (b) is |Fs|(1 — 2n~' + o(n™1)).

Proof. (a) For any p supported on G; ; we have pu({f : f(i) = j}) =0,
whence every P = (p;j) € P(G) has p; ; = 0. The probability of such
P satisfies Q(P(G)) = 0.
(b) For any u supported on such G we have
pf = f(in) = 1}) = p{f = fi2) = J2}),
so every P = (p; ;) € P(G) has p;, j, = i, jo- The claim follows. |
Ezample 7.7. Let n = 3, so that |Fg| = 27. Let G be the following set
of 15 functions:
G = {(111), (311), (121), (321), (231),
(112), (312), (122), (322), (232),
(113), (313),(123), (323), (233) }.

Note that 1 — 2 if and only if 2 +— 3 (the relevant functions are in bold
above) so, by Proposition 7.6(b), P(G) has zero Q-measure. <
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