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Chapter 1

Introduction

In classical representation theory, there are various formulations of the notion of a

projective representation of a finite group, of which a few are

(i) a group homomorphism g : G — PGL(V, C),

(ii) amap 0: G — GL(V,C) with 2-cocycle v : G x G — C* such that

o(g)o(h) = (g, h)o(gh)

(iii) a group homomorphism ¢ : G —» GL(V, C), for G a central extension of G by
Cx,

(iv) amodule over the twisted group algebra “CG for some 2-cocycle § : G x G — C*.

In this work, we study the representation theory of finite 2-groups. As is the
case for projective representations of finite groups, there are various formulations of

a finite 2-group representation. We list them here, in corresponding order:

(i) a gerbal representation of G, as in [FZIT],

(ii) a projective 2-representation of G with 3-cocycle a: G x G x G — C* | which

will be described in Definition PTI38,
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(iii) a monoidal functor® G — 1-Aut(V'), where V is an object in a strict C-linear

2-category and G is a 2-group extension of G by [pt/C*],

iv) a module category (as in [Ost03h]) over Vecg, the ‘categorified twisted group
gory G g g

algebra’ of G with 3-cocycle a.

We will primarily focus on representations of finite 2-groups of the form C&(C*)
acting on an object of a strict C-linear 2-category. We use this C-linearity condition
so as to compare our work with that of [GKOR], [Bar09] and [Ost03a]. We expect
that most of our work could be formulated in the more general case, in the spirit of
[EZ.1T].

We also study the character of a finite 2-group representation. In the classical
setting, given a linear representation o : G — GL(V,C) of a finite group G, the
character of p is the map y : G — C defined by

x(g) = tr(e(g))

We can similarly define the character of a projective 2-representation in terms of
the categorical trace defined in [Bar(9] and [GKOR][; for each g € G, we get a C-vector
space X (g) = Tr(o(g)) with conjugation isomorphisms f,, : X(g9) — X (hgh™).

Our main result is as follows

Theorem. The character of a projective 2-representation of G with 3-cocycle
a:GxGExG— U1

is a representation of the twisted Drinfeld double D*(G).

In other words, if g, h,k € G, then the composition

B, . _
X(g) 228 X (hgh™t) 2275 X (khgh™' k")

1s equal to

() ([k|h]9) Brn,g
B L LN

X(g) X (khgh k™Y

1See Definition 130



where T(a)([k|h]g) € U(1) is the transgression of a, as defined in Definition ITT18.

While we initially restricted our attention to projective 2-representations, we
later realised that viewing projective 2-representations as module categories over
Vecg: lead to interesting results. In particular, Ostrik’s classification of indecompos-
able module categories over Vecg; allows us to make very general statements about
projective 2-representations. Furthermore, this approach allows us to use the notion
of the tensor product of module categories (as in [ENOT0]) to describe a notion of
induction for projective 2-representations similar to that described in [GKO8, §7].

Finally, we present a comparison of the various formulations listed above, describ-
ing the similarities between gerbal representations and projective 2-representations,
and also the explicit connection between projective 2-representations and module

categories over Vecg.

1.1 Background

1.1.1 Category theory

We recall the basic notion of a category. A good introduction to category theory
is available in [Lan9¥]. Categories should be thought of as a convenient means of

studying not only mathematical objects, but also the maps between them.
Definition 1.1.1. A category C consists of
(i) a collection ob(C) of objects

(ii) for each x,y € ob(C), a collection Home(z, y) of arrows between then. We will

write f : 2 — y to mean that f € Home(z,y).

(iii) for each z,y,z € ob(C), a composition function
o : Home(y, 2) x Home(x,y) — Home(x, 2)

which assigns to arrows f : ©+ — y and g : y — 2 their composite go f :
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(iv) for each x € ob(C), an identity arrow id, :  — z on «

such that

(i) composition is associative, i.e. (hog)o f =ho(go f) for composable arrows

f,g,h, and
(ii) if f: 2z — y, then
id,of = f = foid,
Example 1.1.2. Some examples of categories are
(i) The category Set has objects sets, with arrows the functions between them.

(ii) For k a field, the category of k-vector spaces Vecy has objects k-vector spaces,

with arrows the k-linear maps between them.

(11i) The category of groups Grp has objects groups, with arrows the group homo-

morphisms between them.

(iv) The category of abelian groups Ab has objects abelian groups, with arrows the

group homomorphisms between them.

(v) The category of topological spaces Top has objects topological spaces, with ar-

rows the continuous functions between them.

We now recall some basic terminology. We say an arrow f : x — y is invertible
if there is a g : y — x such that fog =id, and go f = id,. We say that two
objects z,y € ob(C) are isomorphic (denoted x = y) if there exists an invertible
arrow between them. There is a natural notion of an arrow between categories;

these are known as functors.

Definition 1.1.3. Let C,D be categories. A functor F' : C — D consists of the

following data
(i) for each object x € ob(C), an object F'(x) € ob(D),

(ii) for each arrow f:x — y in C, an arrow F(f) : F(z) — F(y) in D
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such that
(i) F(idx) = idF(;p), and
(ii) F(fog)= F(f)o F(g) for composable arrows f, g in C.

Example 1.1.4. LetC be a category. Then we have an identity functor ide : C — C,

which assigns each object and arrow of C to itself.

Example 1.1.5 ([Lan98, Chapter I §3|). The powerset functor P : Set — Set
assigns to each set X € Set its powerset P(X), and to each function f: X — Y
the map P(f) : P(X) — P(Y) which sends A € P(X) to f(A) € P(Y).

We note that functors can be composed; given F' : C — D and G : D — F, the
functor GF : C — F sends x € ob(C) to GF(z) € ob(F), and an arrow f:x — y
in C to GF(f) : GF(z) — GF(y) in F. It is a basic exercise to show that GF' is
indeed a functor.

There is also a notion of arrows between functors; these are known as natural

transformations.

Definition 1.1.6. Let C,D be categories, and F,G : C — D functors. A natural

transformation T : F' = G is a collection of arrows in D

{7e 1 F(x) — G(Z) }reob(o)
such that if f : x — y is an arrow in C, then the diagram
F() G(f)

Ty

F(y) —— G(y)

commutes. We call the arrow 7, : F(x) — G(x) the x component of 7, and we say

that 7 is a natural isomorphism if each component 7, : F'(z) — G(z) is invertible.



We now have a way of comparing categories; we say that two categories C, D
are isomorphic if there exist functors F' : C — D and G : D — C such that
FG =idp and GF = id¢, where idp and ide are the identity functors on D and C
respectively. An isomorphism of categories is a strong condition; we will often want

to use a weaker notion.

Definition 1.1.7. Let C and D be categories. We say C and D are equivalent if
there exists functors F' : C — D and G : D — C and natural isomorphisms
€ : FG = idp, n : id¢ = GF. We call the data (F,G,¢,n) an equivalence of

categories. We will often call F' (and ) an equivalence of categories.

We will be interested in categories with additional properties and/or structure.

In particular, we are interested in groupoids and monoidal categories.

1.1.2 Groupoids

Definition 1.1.8. A groupoid is a category G such that every arrow is invertible.

We say that a groupoid G is finite if it has finitely many objects and arrows.

Example 1.1.9. Let G be a group, and take G to be the category with one object
pt, with arrows Homg(pt, pt) = G, where composition of arrows is that induced by

the group structure on G. Then G is a groupoid.

It is a simple exercise to show that a group could be defined as a groupoid with a
single object. Furthermore, every groupoid is equivalent (in the sense of Definition
[177) to a disjoint union of groups, where a group is thought of as a single object
groupoid.

We now recall some terminology for working with groupoids, and various methods

for constructing groupoids which we will use.

Definition 1.1.10 ([Wil0R, §1.1]). Let G be a groupoid, and let

A

L, T Zo



be a sequence of n composable arrows in G. We call such a sequence an n-simplez,

and we write this sequence as

(gnl - - 1g1]

Definition 1.1.11 ([WiI0R, §1.3.1]). Let G be a finite groupoid, then we define the

loop groupoid (or inertia groupoid) AG to be the category with objects

ob(AG) = |_| Homg(x, x)

z€g

For each x,y € ob(G) and arrows v € Homg(z,z), g € Homg(z,y), we define an

arrow in AG

Gy iy — g9

This arrow will be denoted by g when the source is clear. Let

G Y97yt gy ey

be an n-simplex in AG, then we write this sequence as

[gnl - |g1]

Example 1.1.12 ([Wil0R, §1.4.1)). Let G be a finite group, and X a finite set with
a left G-action. The action groupoid Gg(X) is the groupoid whose objects are the

elements of X, and whose arrows are of the form
g
g T x,

for each pair x € X and g € G, with composition defined in the obvious way.

Let G be a finite group, then unpacking Definition I_TT1, the loop groupoid

AG has objects the elements of G, and for each pair g,h € G, there is an arrow
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hy : g — hgh™. Let X = G° be G with left G-action given by conjugation, then
it is clear that Go(G¢) = AG. An explicit illustration of the inertia groupoid ASs is
provided in [Wil0R, §1.3.1 Figure 3].

1.1.3 Projective representations of finite groups & groupoids

To discuss projective 2-representations, we must first refresh our knowledge of pro-
jective representations of finite groups and groupoids. A good introduction is avail-
able in [Wil0R]. For our purposes, we think of group and groupoid cohomology
entirely in terms of functions satisfying a cocycle condition. For all of the defini-

tions in this section, G is a finite groupoid, G is a finite group, and k is a field.

Definition 1.1.13. A function # mapping 2-simplices in G to values in k* is called
a 2-cochain on G with values in k*. If G = G, then a 2-cochain is a function (not
necessarily a group homomorphism) 6 : G x G — k*. We say that such a 2-cochain

is normalised if it satisfies

0(g,e) = b(e,e) = 0(e, g) (1.1)
for all g € GG, where e is the identity element in G.

Definition 1.1.14. A 2-cochain 6 on G is called a 2-cocycle on G with values in k*

if it satisfies

0(191192951)0([g2195]) = 0(191921951)0([9:192]) (1.2)

for every 3-simplex [g1]g2]g3] in G.

If G = G, then a 2-cocycle is a function 0 : G x G — k* satisfying

9(9179293)9(92793) = 9(9192793)9(91792) (1-3)

for all g1, 92,93 € G.

Definition 1.1.15. A function o mapping 3-simplices in G to values in k™ is called
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a 3-cocycle on G with values in k> if it satisfies

a([92193194))([91]9293]94] ) ([91] 921 93]) = ([9192]93]94))([91]92]9394]) (1.4)

for every 4-simplex [g1]g2|g3]g4] in G.
As before, if G = G, then a 3-cocycle is a function o : G x G x G — k*

satisfying

(92, 93, 94)(91, 9293, ga) (g1, G2, 93) = (9192, g3, 94) (91, G2, 9394) (1.5)

for all g1, g2, g3, g4 € G. We say that such a 3-cocycle is normalised if it satisfies

Oé<e7927g3) = 04(91, 6793) = a(gl>g2> 6) =1

for all ¢1,92,93 € G, where e is the identity element in G and 1 is the identity

element in k*.

Definition 1.1.16. Let 6 : G x G — k™ be a 2-cochain. The coboundary of 6 is

the 3-cocycle df given by

for all g, h, k € G.

Definition 1.1.17. Let o,/ : G X G x G — k* be 3-cocycles. We say that o and

o are cohomologous if there exists a 2-cochain 6 : G x G — k* such that

o Jao=db

Definition 1.1.18 ([Wil08, Theorem 3]). Let G be a finite groupoid. The trans-
gression of a 3-cocycle a on G with values in U(1) is the 2-cocycle 7(«) on the loop

groupoid AG with values in U(1) defined by

(kg el [hgyg~'h~"|h|g])
a([hlgyg~g])

7(a)([h|g]y) =

9



Definition 1.1.19 ([Wil08, Theorem 3|). Let G be a finite groupoid. The trans-
gression of a 2-cochain 6 on G with values in U(1) is the 1-cochain 7(#) on the loop

groupoid AG with values in U(1) defined by

+0)(gh) = W @

Definition 1.1.20 ([Wil0R, §2.3.1]). Let G be a finite groupoid and 6 be a 2-cocycle
on G with values in U(1). A projective representation® of G with 2-cocycle  consists

of the following data
1. for each x € ob(G), a C-vector space F'(x)

2. for each arrow g : © — y in G, a C-linear map F'(g) : F(x) — F(y) such that

F(g2)F (1) = 0([g2]91]) F (9291)
for every 2-simplex [g2|g1] in G.

In the case G = G, this recovers the familiar definition of a projective repre-
sentation [Kar93, §3.1] of G, which we may also think of as a group homomor-
phism ¢ : G — PGL(V) with V some C-vector space, which yields a 2-cocycle
0 : G x G — U(1) after a choice of lift p : G — GL(V).

There are equivalent ways to define projective representations of groupoids;

Willerton [Wil0R, §2.3.1] describes the central extension
U(l) — %G —g¢
where ?G is the category whose objects are those of G, with arrows

Homeg(x,y) = U(1) x Homg(z,y)

2Willerton calls these a O-twisted representations of G
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where composition is given by (22, g2)o(z1, ¢1) := (6([92]91]) 2221, g2091). A projective
representation of G can then be thought of as a representation of G in which the

central U(1) acts in a natural way.

Definition 1.1.21 ([Wil0R, §2]). Let G be a finite groupoid, and # a normalised 2-
cocycle on G with values in U(1). The twisted groupoid algebra °CG is the C-algebra
spanned by the arrows in G, such that the product (go)(g1) is zero if g, and ¢; are
not composable in G, and is 6([g2]g1])(g2 © g1) otherwise.

Willerton similarly describes how the category of projective representations of
G is equivalent to the category of representations of the twisted groupoid algebra
i'cg [WAIOR, Proposition 8]; this is analogous to the equivalence between projective
representations of G and modules over the twisted group algebra CG [Kar93, The-
orem 3.2]. An important example for us of a twisted groupoid algebra will be the

twisted Drinfeld double.

Definition 1.1.22 ([Wil0R, Theorem 17]). Given a finite group G and a 3-cocycle «
on G with values in U(1), the twisted Drinfeld double D*(G) is the twisted groupoid
algebra " C(AG), where 7(«) is the transgression map defined in Definition ITIR.

1.1.4 Monoidal categories
We present the definition of a monoidal category as given in [[Lan98, Chapter VII].
Definition 1.1.23. A monoidal category is a category M with the following data
(i) a functor ® : M x M — M, called the tensor or monoidal product
(ii) an object 1 € ob(M), called the unit object

(iii) a natural isomorphism axyz : (X ®Y)® Z — X ® (Y ® Z), called the

associativity isomorphism or associator

(iv) natural isomorphisms Ax : 1® X — X and gx : X ®1 — X, called the left

and right units respectively
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such that the pentagon diagram

WeoX)e (Y ®Z)

AWQX,Y,Z AW, X,Y®Z

(WeoX)Y)® Z WeXelYeZ)
l/aw,x,y@)id id®ax,y, Z/I\
We(XY)®Z WXy We(XY)® 2)

and the triangle diagram

ax1y

(X1)ey —2X S X (1Y)

%A

XY

commute for all W, X,Y,Z € ob(M). In the language of [BLO4], this is a weak

monoidal category.

Remark 1.1.24. The tensor product @ : M x M — M 1is a functor, hence it is
necessary to describe the tensor product of objects, and the tensor product of arrows.
however we will omit a description of the tensor product of arrows when it is clear
from the context. Similarly, we will often omit a description of the left and right

unit isomorphisms.

The notion of a monoidal category will be used to describe both 2-groups and
module categories. We proceed by listing some some examples of monoidal cate-

gories.

Example 1.1.25 ([Efi09, §1.3.1]). The category Set may be given the structure of
a monoidal category. Let the tensor product of sets X andY be X ® Y := X xY
their Cartesian product, and take the unit object to be the one element set 1 = {x}.

Let the associativity isomorphism ax )y z be given by the standard isomorphism

(XXY)xZ =X x (Y x 2)

12



This example can be naturally extended to both Grp and Top®.

Example 1.1.26 ([Efi09, §1.3.3]). Let R be a commutative ring, then the category
of left R-modules R-Mod is a monoidal category, with monoidal product being given

by the tensor product of R-modules ®g. The unit object is 1 = R, considered as an

R-module.

Notable special cases of this example are R = k for some field k&, and R = Z.
This gives us a monoidal structure on the categories Vec, and Ab respectively.

A stricter notion of monoidal category will often be useful.

Definition 1.1.27 ([Lan98, Chapter VII §1]). A monoidal category M is said to
be strict if axy,z, Ax and px are identity arrows for all X,Y, Z € ob(M). We will

say that a monoidal category is non-strict if it is not strict.

Note that if M is a strict monodial category, then we have equalities

(XRY)®Z=X®(Y®Z) and 19 X=X=X®1

for all X,Y,Z € ob(M). However this should not be taken as a characterisation of
strict monoidal categories: we will see examples of non-strict monoidal categories
for which these equalities hold. In other words, the choice of associativity and unit

isomorphisms is an important part of the data of a monoidal category.

Example 1.1.28 ([Efi09, §1.3.6]). Let G be a group, and A an abelian group. Let
Ca(A) = Ga(G) (see Example TI13), where the A-action on G is trivial. Unpacking
this, Cq(A) is the groupoid with objects the elements of G, and arrows

A ifg=h
Home,,(ay(g,h) =
0 ifg=nh

with composition induced by the group structure of A. We give Cq(A) the following

monodial structure

3More generally, any category C with finite products is monoidal, where the tensor product of
objects X,Y is given by the product X x Y, and the unit object 1 is the terminal object in C
[CanyR, Chapter VII, §1].
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o I[fg,h € G, let g h := gh, and
e I[fa:g— gandb:h — h are arrows, let a @ b:=ab: gh — gh

The unit object is 1 = e the identity element of G, with associator agp i = idgnk
corresponding to the identity element of A. This is an example of a strict monoidal

category.

For this example, it is instructive to think of the associator as a map

a:GxGE@xGE— A

(97 h? k) — Qg hk = idghk

It is natural to ask whether there are more interesting choices of a giving a monoidal
structure on Cg(A). The pentagon and triangle diagrams tell us that such a map

must satisfy the equations

a(g1, 92, 93) (91, 9293, 9a) (92, g3, g1) = (g1, g2, 9391) (G192, 93, Ga)

a(gh ]-7 92) =1

for all g1, g2, g3, g4 € G. This motivates our next example.

Example 1.1.29 ([Efi09, §1.3.7]). Let a : G x G x G — A be a normalised
3-cocycle (see Definition [[4). Let CA(A) be the monoidal category whose objects,
arrows, monoidal product, unit object, and unit isomorphisms are the same as those

of Cq(A). Let the associator be given by
Qg hk = a(gu hv k) € Hong(A) (ghku ghk)

For non-trivial «, this gives C&(A) a non-strict monoidal structure.

We will be very interested in monoidal categories of the form C&(A) where « is
non-trivial; these are examples of 2-groups with non-trivial associators. Before de-
scribing 2-groups, we recall monoidal functors. These are functors between monoidal

categories respecting the monoidal structure.

14



Definition 1.1.30. Let M and N be monoidal categories. A monoidal functor
F: M — N is a functor F : M — N along with the following data

(i) a natural isomorphism ¢xy : F(X)® F(Y) — F(X®Y), and
(ii) an isomorphism ¢ : 1yr — F(1 )
such that the diagrams

) ox,y®id

(F(X)® F(Y))® F(Z FIX®Y)® F(Z) 222 p(X 0 Y)® Z)

AR (X),F(Y),F(2) Flax,y,z)

F(X)® (FY)® F(2) 2222 p(xyo F(Y © 2) 2% p(X @ (Y @ Z))

and

Pp®id F(\x)

1 0,X

F(1pm) @ F(X) Flpy ®X)

commute. We say that two monoidal categories are equivalent if there is a monoidal

functor between them that is an equivalence of categories.

Remark 1.1.31. This is sometimes called a strong monoidal functor, however we

follow the convention used in [Ost(l3d, [BLOJ).

Example 1.1.32 ([CED4, Example 1.7]). Let a, o’ : G x G x G — A be normalised
8-cocycles. Recalling Example T2, the categories C& (A) and C&(A) have the same

objects and arrows, so we have an identity functor
F:C&(A) — CY(A)

on underlying categories. We wish to give F' the structure of a monoidal functor.
If0: GxG — A is a normalised 2-cochain such that o/ /oo = df (see Definition
1714d), then let

¢gn = 0(g, h) € Homee (ay(gh, gh)

15



This gives F' the structure of a monoidal functor.

We note that F is an equivalence, C& (A) and C&(A) are equivalent monoidal cat-
egories when a and o/ are cohomologous. Moreover, C& (A) and C&(A) are equivalent

monoidal categories if and only if o/ and a are cohomologous 3-cocycles.

1.1.5 2-groups

We now present the notion of a 2-group. A good introduction to 2-groups is available

n [BLO4].

Definition 1.1.33 ([BL04, Definition 2]). A 2-group is a monoidal groupoid G with
every object weakly invertible, that is, for each g € ob(G), there exists h € ob(G)
such that g® h =1 and h ® g = 1.

We have defined what is known as a weak 2-group in the language of [BLO4].

Definition 1.1.34 ([BLO4, §2]). A strict 2-group is a strict monoidal groupoid G
with every object invertible, that is, for each g € ob(G), there exists g~ € ob(G)
such that g® g ' =1and g' ®@ g =1.

We have the following important classification of 2-groups from the unpublished

thesis of Sinh [Sin77)].

Proposition 1.1.35 (see [Sin75] and [BLO4, §8.3]). Let G be a 2-group. Then G is

determined up to equivalence by the data of
(i) a group G,
(ii) an abelian group A with a G-action, and
(iii) an element [a] of the corresponding cohomology group H?*(G, A)
As remarked previously, the monoidal category C&(A) of Example is a
2-group. We will focus our attention on 2-groups of this form; this classification

says that we may understand the representation theory of a large class of 2-groups

by studying the representation theory of C&(A).
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1.1.6 String diagrams and 2-categories

We recall the notion of a 2-category, and notate these 2-categories using string

diagrams, closely following [Bar(9, Chapter 4] and [CWT0O, §1.1].
Definition 1.1.36 ([Lan98]). A 2-category C consists of the following data
1. A class of objects ob(C).

2. For each pair xz,y € ob(C) a category 1-Home(z,y). We call an object A €
1-Home(z,y) a 1-morphism from x to y, notated A : x — y. In string diagram

notation, A is drawn

[ i

Given A,B € 1-Home(z,y), we call an arrow ¢ € Homipomg(zy) (A, B) =
2-Home (A, B) a 2-morphism from A to B, denoted ¢ : A = B. In string di-

agram notation, ¢ is drawn

NOR

A

Composition of morphisms in 2-Home(z,y) is notated by o, e.g. if ¢ : A = B
and ¢’ : B = C, where A,B,C : x — y are l-morphisms, then we have a
2-morphism ¢’ o ¢ : A = C; we call this vertical composition of 2-morphisms. In

string diagram notation, we have
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Y B x = y@@m

A A

The equals sign in this figure indicates that both string diagrams refer to the

same 2-morphism.

. The composition bifunctor

1-Home (y, z) x 1-Home(z,y) — 1-Home(z, 2)

(A,B) — AB

Unpacking this definition, we note that if A,B:x — y and C, D : y — z are
I-morphisms and ¢ : A = B, ¢ : C' = D are 2-morphisms, then we have the
composition ¢y : CA = DB where CA, DB : x — z are l-morphisms from
x to z; we call this horizontal composition of 2-morphisms. In string diagram

notation, we have

D B D Yy B
z @) Y <¢> r = z C P > T
C A C Yy A

. The natural associativity isomorphism

QA BC : (AB)C = A(BC)

It is defined for any three composable 1-morphisms A, B, C' and satisfies the pen-
tagonal axioms, see [Lan98]. We suppress these isomorphisms from our notation;
Bartlett provides a strictification argument [Bar(d, Proposition 4.1] that we are

allowed to do this,
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5. For any = € ob(C), a l-morphism 1, € 1-Hom¢(z, z) called the unit morphism,

with 2-isomorphisms

€ 1;A= Aforany A:y — z,

Cp:Bl,= Bforany B:ox — 2

satisfying the axioms of [Lan9%|. By the same strictification argument of Bartlett,

we can omit these isomorphisms from our notation.

We also need the notion of a k-linear 2-category. A k-linear 2-category C has the
key features that 2-Home (A, B) is a k-vector space (where A, B € 1-Home(z,y) are
I-morphisms) and composition is k-bilinear. In particular, if ¢, ¢’ € 2-Home (A, B)

are 2-morphisms related by a scalar s € k (i.e. s¢ = ¢'), then we draw

B B
S
JORENCY
A A

We will occasionally omit borders and labels of diagrams where the context is
clear. We have the following important example of a 2-group arising from a 2-

category.

Example 1.1.37 ([BL04, Example 33]). Let C be a strict 2-category, and V' € ob(C).
Then there is a strict 2-group 1-Aut(V'), called the strict automorphism 2-group of
V. The objects of 1-Aut(V') are the invertible 1-morphisms A : V. — V in C,
with arrows being the invertible 2-morphisms between them. The monoidal structure
on 1-Aut(V') is that induced by the composition of 1-morphisms and the horizontal
composition of 2-morphisms, with identity object 1 = idy : V. — V the identity

arrow on V.
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Chapter 2

Projective 2-representations

In classical representation theory, we study a group by understandings it actions
on a vector space by automorphisms. It it thus natural to study a 2-group by
understanding its actions on an object of a strict 2-category by automorphisms.

In this section, we will study the action of finite 2-groups of the form C&(£*) on an
object of a strict k-linear 2-category; we will call these projective 2-representations.
We later discuss the close relationship between these and the gerbal representations

introduced in [EZ11)].

Definition 2.0.38. Let G be a finite group, and C a k-linear 2-category. A projective

2-representation of G on C consists of the following data
(a) an object V of C

(b) for each g € G, a l-automorphism p(g) : V. — V, drawn as
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(c) for every pair g, h € G, a 2-isomorphism v, : 0(g)o(h) = o(gh), drawn as

gh

(d) a 2-isomorphism v : o(1) = idy, drawn as

©

such that the following conditions hold

(i) for any g, h, k € G, we have
Vg (0(9)ng) = g, b, k)gn e (Vgno(k))

where (g, h, k) € k*. In string diagram notation, we draw this as

gh a(g, h, k) hk

(ii) for any g € G, we have

Y14 = P10(g) and ¥y = 0(g9)Y1
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In string diagram notation, we draw these as

= g and _ = ANg

2.1 The 3-cocycle condition

Recall a gerbal representation [EZT1, Definition 2.8] of a group G on a category V is
the assignment to each g € G of an equivalence F'(g) : V — V such that F'(e) = idy,
and F(g)F(h) = F(gh). The main difference between our definition and that of a

gerbal representation is the choice of a specific isomorphism

o

Ygn - 0(g)o(h) = o(gh)

as part of the data. In [EZTT], Frenkel and Zhu show that given F' a gerbal rep-
resentation of @, then any choice of isomorphism c(g,h) : F(g)F(h) = F(gh)
yields a 3-cocycle on G satisfying condition (i). Similarly, by considering the vari-

ous 2-isomorphisms between o(g1)o(g2)0(g3)0(g4) and 0(g1929394), we may prove the

following.

Proposition 2.1.1 (Compare [FZI1, Theorem 2.10]). Let ¢ be a projective 2-
representation of a group G. Then the map o : G X G x G —> kX appearing

in condition (i) is a normalised 3-cocycle on G with values in k*.
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Proof. We use (i) for all steps of our proof. Consider

91929394 91929394

(9192, 93, 94) s

g1 g2 94

(g1, 92,9394)

91929394
g1

g3
g2
g4

On the other hand, we have

91929394 91929394

(g1, 92, 93)

(g1, 9293, 94)

91929394 91929394

(92,93, 94)

g4 g2
g1 - 95 g1 g 94
Comparing these diagrams, we find
(9192, 93, ga)a (g1, 92, 9394) = (g2, g3, 94) (1, 9293, 9a) (91, 92, 93) (2.1)
which is Equation [ so « is indeed a 3-cocycle. O
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Example 2.1.2 (Compare [GKOR, §5.1]). Let G be a finite group with a normalised
2-cochain 6. Let o = df be the 3-cocycle given by the coboundary of 6, then we

define a projective 2-representation of G on Vecc with corresponding 3-cocycle «.

For g € G, we let

0(9) = idvec. : Vece — Vece

be the identity functor on Vece. For g,h € G let ¢y = 0(g)o(h) = o(gh) be given by
multiplication by 0(g, h). Let 1 : o(1) = idyec. be given by multiplication by 6(1,1).

We recall some further notation for working with projective 2-representations.

To represent @/J;,IL :o(gh) = o(g)o(h), we draw

gh

Similarly, to represent ¥;" : ide = o(1), we draw

Finally, we let
g g 1
o
and
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Corollary 2.1.3. The following graphical equation holds after inverting condition
(1) of Definition Z138.

hk (g, h, k) 9P

ghk ghk

that is,
(W 0By, = (g, by k) (0(9) Yy 1)y b

Corollary 2.1.4 ([Bar09, §7.1.1]). We have ¥, o ;" = ide and ¥t o9y = o(1),

drawn as

g h gh
() gh = 9 h (d) g h = gh
g h gh
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Finally, for g € G, we have wlyg(iﬂflg(g)) =o0(g9) = %71(9(9)%_1), drawn as

2.1.1 Some graphical equations for projective 2-representations

Lemma 2.1.5 ([Bar09, Lemma 7.3 (ii)]). The following graphical equation holds

O O
Proof.
z 5 o
: — : — o —
f o :
o 0 S o
o O

The first equality follows from PZI4 (c), the second from 24 (e), with the final

following by definition. O

Lemma 2.1.6 (Compare [Bar09, Lemma 7.3 (iii)]). The following graphical equa-
tions hold

gh gh
(i) a(gh,h= 1, h)~1
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gh gh

(ii) o(g, 971, gh)

Proof. We will prove (ii); the proof of (i) is almost identical. By combining 214
(c) and (e), we get

gh
gh
g h g h
gh
g
h
A final application of T4 (d) gives us the desired result. O

Corollary 2.1.7 (Compare [Bar09, Lemma 7.3 (i)]). The following graphical equa-
tions hold

-1 —1
(2) (9977 9) 9 (i) alg,g7 ', 9)
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Proof. We will prove (i); the proof of (i7) is almost identical. By applying ZT8 and
then 214 (e), we have

g g
g

as required. 0

Corollary 2.1.8 (Compare [Bar(9, Lemma 7.3 (iv)]). The following graphical equa-
tion holds

o -1 _—1 g h h)_l
h —1 (hah g ) (g

7 w (gh) o(g,h (gh)— 1)

Proof. Applying T3, we get

-1

a(g, h, (gh)™1)

Inverting the equation derived in part (ii) of -8 gives the desired result. [

As a final note, the projective 2-representations of a group G with 3-cocycle a
on a k-linear 2-category C form a 2-category. We adapt the following definitions of

[Bar(9].

Definition 2.1.9 ([Bar(9, §7.1.2]). Let p: V — V and ¥ : T — T be projective
2-representations of a finite group G with 3-cocycle o on a k-linear 2-category C
where VT € ob(C). A I-morphism o : o — ¥ of projective 2-representations

consists of the following data
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(a) a l-morphism o : V — T in C, drawn as

T \% or simply

(b) for cach g € G, a 2-isomorphism o(g) : ¥(g)o = co(g) in C, drawn as

g
(oa
g
such that the diagrams
oo(gh)
o

oo(g)e(h) d(gh)o o

mo

o(g)e(h) Ng,n0

’19(1)0- W O'Q(l)

J(g)oo(h) saem— V(@)0(h)e

commute, where v, 5, : 0(g)o(h) = o(gh) and Ng.n = V(g)0(h) = 9(gh).

In string diagram notation, we draw these as

o o o N
gh gh
= and =
g :
h .
. o
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Definition 2.1.10 ([Bar0d, §7.1.3]). Given l-morphisms o, v : o — 0 of projective

2-representations, a 2-morphism 6 : 0 = v is a 2-morphism # : ¢ = v in C, drawn

as

such that the diagram

commutes. We draw this as

Definition 2.1.11. Let 2Repj (G, C) be the 2-category with objects being projective
2-representations of a finite group G with 3-cocycle o on a k-linear 2-category C,

with 1 and 2-morphisms as defined above.
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2.2 The character of a projective 2-representation

Recall that the character of a classical representation o is the map vy : G — k
defined by x(g) = tr(o(g)). This motivates the following definition of [GKO8] and

[Bar(9].

Definition 2.2.1 ([GKOS, Definition 3.1] and [Bar(4, Definition 7.8]). Let C be a 2-
category, z € ob(C) and A € 1-Home(x, x) a 1-endomorphism of z. The categorical
trace of A is defined to be

Tr(A) = 2-Home(1,, A)

where 1, is the identity 1-morphism of z.

Remark 2.2.2. Note that if C is a k-linear 2-category (as is the case when study-
ing projective 2-representations), then the categorical trace of a 1-endomorphism

A:x — x is a k-vector space.

Definition 2.2.3 (Compare [GKOR, Definition 4.8] and, in particular, [Bar(09, Defi-
nition 7.9]). Let p be a projective 2-representation of a finite group G. The character

of o is the assignment
g— Tr(o(g)) :== X(g) for each g € G
and the collection of isomorphisms
By + X(g) — X(hgh™)

defined by
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A\

for each g,h € G. That the 3, are isomorphisms is a consequence of Theorem
7275, We note that the definitions in [GKOR] and [Bar(9] are the special case a = 1,

although they look a bit different at first sight.

Example 2.2.4 ([GKO8, Definition 4.12]). Let o be a projective 2-representation of
a finite group G on a k-linear 2-category with finite-dimensional 2-Hom(A, B). If
g,h € G is a pair of commuting elements, then B, is an automorphism of X(g).

Let the joint trace be the map

x(g,h) = Tr(Byn)

defined for commuting g,h € G. As in [GKUS8, §5.1], let us consider the character
and joint trace of the projective 2-representation defined in Erample ZZ12. For
g € G, we have

X(g) = Tr(idyeee) = C

Let g, h € G be commuting elements, then it follows from Definition BZZZ_3 that the

joint trace x(g, h) is given by multiplication by

O(hgh=1,h) - 6(g,h) = 7(6)([g]h)

the transgression of the normalised 2-cochain 0 (see Definition T113).
We now present our main result.

Theorem 2.2.5. Let G be a finite group, a a 3-cocycle on G with values in U(1),
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and o a projective 2-representation of G with 3-cocycle ac. The character of o is then

a projective representation of AG with 2-cocycle ().

Corollary 2.2.6. In the situation of the theorem, the character of o is a represen-

tation of the twisted Drinfeld double
DY(G) = "™C(AG)

Proof of theorem. To verify that the character of o is a projective representation of

AG with 2-cocycle 7(a), we require that if r, g, h € G, then

Bgrg=1,nBr.g = 7(a)([hlg]r) Brng

Let n € X(r), then by applying T4 (d) twice, we find

hgrgl Rt
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Applying T8 twice, we have

hgrgl Rt hgrgl h—1

a(g,g”n™h
a(h,g,(hg)—1)

a(h,g,(hg) 1Y)
a(g,g—1,ph—1)

These two factors cancel, so the first and last diagram in this figure are equal.
We redraw this diagram by removing the loop (as per 214 (d)), then apply Z1T2
(c) to get

hgrgl r—1
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Next, we apply (i) to obtain
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Finally, we remove this loop then apply (i) to compute

hgrgl R—1

After removing the loop we recognise this final diagram as being £, ,(n). We

have therefore shown that

a(h,grg™", g) B
alhgrg—th, b g)a(hg,r) oo~ #naln) = Brg(71)

that is,
Byrg=1nBrg(n) = T(a)([Rlg]r) Brng(n)

as required. O

Remark 2.2.7. The character of a projective 2-representation with 3-cocycle o is
a map

X : AG — Vece

This map 1is (in general) not a functor™. Consider the restriction of X to G, which
is a full subgroupoid of the inertia groupoid AG. The data of this restriction is a
C-vector space X (1) and automorphisms {8, = f1,4: X(1) — X (1) },ec such that

By = T(a)([g]h]1) Bgn = Bon

for all g,h € G, where the last equality follows directly from Definition I 118. In

other words, this restriction determines an ordinary representation of G.

!The proof that X is a functor in the case a = 1 is the content of [GKOR, Proposition 4.10]
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Chapter 3

Module categories

We proceed by considering module categories over the monoidal category Vecg de-
scribed in [Osf03a]. This is a natural approach; the category Vecg, can be thought of
as a categorification of the twisted group algebra CG, and we recall that modules
over CG are equivalent to projective representations of G with 2-cocycle 6.

Indeed, we will show that the data of a projective 2-representation of G on
a k-linear category C with 3-cocycle « is equivalent to the data of a Vecg-module
category structure on C (this is in fact a 2-categorical equivalence). This allows us to
gain further insight into projective 2-representations. In particular, this equivalence
will allow us to describe a notion of induction of projective 2-representations?.

We recall some basic terms.

Definition 3.0.8 ([BKOT, Definition 1.13 and §1.1]). Let C be an abelian category
over k. We say an object U in C is simple if any injection V' < U is either 0 or an
isomorphism. We say C is semisimple if any object V' € C is isomorphic to a direct

sum of simple objects.

Definition 3.0.9 (see [ENOO0H, §2.1]). Let G be a finite group. Let Vecg be the

monoidal category with objects finite dimensional G-graded k-vector spaces

W =w,

geG

IThe case a = 1 is described in [GKUOS, §7].
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and arrows k-linear maps f : W — W’ preserving the G-grading. The simple

objects in Vecg are the spaces kg, where

kE ifg=nh
(kg)h:

0 otherwise

for each g € G. The monoidal structure on Vecg is given by

(VeoWw), @ gh-1 @ W,
heG
with trivial associator.
Let a : G x G x G — k> be a normalised 3-cocycle. Let Vecg be the monoidal

category with the same objects and tensor product as Vecq, but with associator
g i (kg @ kn) @ ki — ky @ (ky @ k;)

defined by
aghi(u®@v@w) =a(g, h,i) u@vw

The pentagon diagram is satisfied precisely because « is a 3-cocycle, as was the case

with Example [C1—29.

The categories Veci and Vecg are examples of abelian semisimple categories
over k with finitely many simple objects. In this section, we only consider abelian
semisimple categories over k& with finite dimensional hom spaces?, and assume that
all functors are additive. We provide the general notion of a module category here,

closely following [Osf03al.

Definition 3.0.10 ([Ost03a, Definition 6]). A module category over a monoidal
category C is a k-linear abelian category M together with an exact bifunctor ® :
C x M — M and natural associativity and unit isomorphisms mxy : (X ®Y)®
M—XY M), ly:1®M— M forany X,Y € C, M € M such that the

diagrams

2That is, for any pair of objects x,y, the k-vector space Home(x,y) is a finite dimensional
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(XeY)oZ)oM

(X @ (Y ®2) (X®Y)®
J/mx,ngz,M mX,Y,Z@JVI\L

Xo(Y®2)eM) e X® (Y ®(ZoM)

®(ZeM)

and

mx,1,M

Xol)oM—5 S X (1o M)

% y

XM

commute. We say that M is a (left) C-module category.

Example 3.0.11 ([Osf03a, §2.3]). (i) Let C be a monoidal category (see Defini-

tion IZ3), it is clear that the monoidal structure on C induces a C-module

category structure on C.

(ii) Let F' : C — Vecy be a monoidal functor (see Definition I1-30), then we

have the natural isomorphism ¢xy : F(X) ®p F(Y) — F(X ®Y) and an

isomorphism ¢ : 1, — F(1¢). We claim that this determines a C-module

category structure on Vecy. For X € ob(C) and V € ob(Vec), set X ®

V= F(X)® V. Let the associativity isomorphism mx,yy be given by the

composition

¢;(}Y®kid

(Xe@Y)eV=FXaY)®,V (F(X)®p F(Y)) @ V

— FX)@p (FY)2 V) =X (Y V)
and the unit isomorphism ly be given by the composition

L@V =F)e, V2 o,V v
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Example 3.0.12 ([Efi09, Example 2.5.10]). A module category M over Vecg is a
collection of exact functors F(g) : M — M (where F(g)(M) =k, @ M for M €
ob(M)), together with a collection of natural isomorphisms ¢gp @ F(g)F(h) —
F(gh) such that

Pg.ni(F(9)n.i) = Pgni(Ggn k(1)) : F(g)F(h)F (i) — F(ghi)

where g, h,i € G.

At this stage, we note that a Vecg-module category structure on M is precisely
an action of G on V (as in [GKU8, §4.2]). We therefore expect that a Vecg-module

category structure on M is equivalent to a ‘twisted’ action of G on V.

Example 3.0.13. A module category M over Vecg is a collection of exact func-
tors F(g) : M — M, together with a collection of natural isomorphisms ¢g}, :
F(9)F(h) = F(gh) such that

Ggni(F(9)0ni) = (g, b, 1)Ggni(QgnF (1)) : F(g)F(h)F (i) — F(ghi)

where g, h, k € G.

Comparing this with Definition PTIZ38, we see that a Vecg-module category struc-

ture on M gives us a projective 2-representation of G' with 3-cocycle a on M.

3.1 Module functors and module natural trans-

formations

Definition 3.1.1 ([Osf03a, Definition 7]). Let M; and My be two module cate-
gories over a monoidal category C. A module functor from M to M is a functor F :

M, — M, together with a natural isomorphism cx pr : F(X®@M) — XQF(M),
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where X € ob(C) and M € ob(M,) such that the diagrams

F(X®Y)® M)

F(mx,y,m) eXQY,M

F(X® (Y ®M)) (X©Y)® F(M)

l/cx,y@w mX,Y,F(M)l/

X ®F(Y ® M) ey X ® (Y ® F(M))
and
F(le ® M) — 0 F(M)
le ® F(M)

commute. We say that F'is a C-module functor. If F' is furthermore an equivalence
of categories (see Definition [I71), then we say that F' is an equivalence of C-module

categories.
We will make use of the following definitions provided in [Ost03a, Definition 7].

Definition 3.1.2. We say that two module categories M; and My over C are
equivalent if there is a module functor from M; to My which is an equivalence of

categories (recall Definition II72).

Definition 3.1.3 (also see [Efi0Y, Proposition 2.4.1]). Given two module categories
My and Msy over C, their direct sum is the category M; & My with the obvious

C-module category structure.

Definition 3.1.4. We say that a module category M over C is indecomposable if it

is not equivalent to a non-trivial direct sum of module categories.

We wish to construct a 2-category whose objects are the module categories over
a monoidal category C, and whose 1-morphisms are the module functors between
them. To do this, we will need to describe a natural transformations between module

functors.natural transformation between module functors.
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Definition 3.1.5 ([Hov99, Definition 4.1.7]). Let M; and My be module categories
over C, and let F, G : M; — M be C-module functors with corresponding natural
isomorphisms cx »s and dx a, where X € ob(C) and M € ob(M;). A module natural
transformation from F to G is a natural transformation # : F' = G such that the

diagram

CX,M

F(X @ M)

X ® F(M)

OxoMm id ®0pr

G(X @ M) — M o X oG(M)
commutes. We say that 0 is a C-module natural transformation.

Definition 3.1.6. Let 2Mod(C) be the 2-category whose objects are module cate-
gories M over C, with 1-morphisms being the C-module functors, and 2-morphisms

being the C-module natural transformations between them.

For convenience, we state the following result. We will state it in more detail in

Theorem E=33.

Theorem. Let C be the 2-category of k-linear categories. Then there is a weak

equivalence of 2-categories
2Rep; (G, C) — 2Mod(Vecg:)

In other words, a projective 2-representation of G with 3-cocycle a on a k-linear

category V is equivalent to a Vecg-module category structure on V.

3.2 Algebra objects and modules in monoidal cat-
egories

In [Osf03a), Ostrik provides a classification of indecomposable module categories
over Vecg,, which we wish to apply (using the equivalence of Theorem B=373) to clas-

sify ‘irreducible’ projective 2-representations. Before we present this classification,
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we recall the notion of an algebra object in a monoidal category, and a module over

such an algebra object.

Definition 3.2.1 ([Osf03a, Definition 8(i)], [Lan98, VII §3]). Let C be a monoidal
category. An algebra object (or monoid object) is an object A of C with a multi-

plication arrow m : A® A — A and a unit arrow e : 1 — A such that the

diagrams
(AR A)®
/ K
A® A & A
id ®m\|/ \I/m
A® A = A
and
1:® A A®1e
SN
commute.

Definition 3.2.2 ([0Ost034, Definition 8(ii)], [Lan98, VII §4]). A right module over
an algebra object A in a monoidal category C is an object M of C with an action

arrow s : M ® A — M such that the diagrams

(MA)® A
y X
M®(A® A) M®A
id®ml \Ls
M®A i M
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and

M®1, oM M

M®A

commute.

Definition 3.2.3 ([Ost03a, Definition 8(iii)]). A morphism between two right mod-
ules (M7, s1) and (Ms, s2) over an algebra object A in a monoidal category C is an

arrow f € Home(My, M) such that the diagram

Mo AL$ M0 A

commutes.

Remark 3.2.4. Let A be an algebra object in a monoidal category C, and let
Modc(A) be the category whose objects are the right modules over A in C, and
whose arrows are the A-module morphisms between them.

Then Mod¢(A) is an abelian category (by [Ostll3d, Lemma 3]), and moreover,
is a C-module category: given a right A-module (M,s) in C and X € ob(C), then
X ® A is a right A-module with action arrow given by id ®s.

3.3 Classification of indecomposable module cat-
egories

Let C be a semisimple rigid® monoidal category with finitely many simple objects
and simple unit object; Vecg, is an example of such a category. In [Ost03a, Theorem

1], Ostrik proves that every semisimple indecomposable module category M over

3A monoidal category C is rigid if every object has right and left duals (see [BKUOI, §2.1] for
more details).
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C is equivalent to Mod¢(A), for some algebra object A € ob(C). Ostrik applies
this classification to the case C = Vecg (i.e. [Ost03H, Example 2.1]), which we now

interpret in terms of projective 2-representations.

Lemma 3.3.1 ([Ost03B6, Example 2.1]). Let H C G be a subgroup of a finite group
G, and let 6 : H x H — C* be a normalised 2-cochain such that d0 = a|g. Then

the twisted group algebra objec® *CH is an algebra object in Vece:, where we take

C geH
(GCH)QZ

0 g¢H

with multiplication morphism defined by
Uhl (29 "Uh2 = H(hl, hg)vhl;u

for hy € H with vy, € ("CH),,.

Proof. The pentagonal axiom is satisfied by our requirement that df = «|g. The
triangular axioms are satisfied because 6 : G x G — C* is a normalised 2-cochain.

]

Remark 3.3.2. It is important to note that the twisted group algebra object is (in
general) not an algebra. For example, if o|g is non-trivial with df = «|y, then 0 is

not a 2-cocycle, so °CH is not an algebra, as it fails to be associative.
We have the following result of Ostrik.

Lemma 3.3.3 ([Ost03B, Example 2.1]). The indecomposable module categories over
Vecg: are classified by the conjugacy classes of pairs (H, ) where H C G is a subgroup

and 6 a 2-cochain on H with values in C* such that oy = db.

In other words, every semisimple indecomposable module category over Vecg, is
equivalent as a Vecg-module category to ModVng(e(Cﬁ) where °CH is the twisted
group algebra object constructed in Lemma BZ31. We now consider some technical

lemmas.

4Ostrik denotes this by A(H, 0)
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Lemma 3.3.4. Let M be a right “CH-module in Vecl. Then M, = M,;, as C-vector
spaces for all h € H.

Proof. It suffices to consider non-zero M. For any h € H, we have the composition
Jon + Mg = My @ Cy, — Mg,

The triangle diagram implies that j,; : My — M, is an isomorphism. Therefore

by inspecting the pentagon diagram, we get that the composition

Jg,h gh,h~1
M, Mgy, > M,

is an isomorphism, so in particular, j,; is injective. However the same argument

tells us that jg, -1 is injective. We conclude that j, 5, is an isomorphism. O]

Corollary 3.3.5 (compare [Ost03H, Proposition 3.2|, [ENOT0, §2.7]). The number

of simple objects in Modyec, (BCF) 18 equal to the number of left cosets of H in G.

Proof. By the previous lemma, we have that any simple object M = ©ycaM, in

Modyecg, (H(CH) is isomorphic to C, ® 9CH, from which the result follows. O

Consider the special case where G = H and df = « for some 2-cochain on G.
Then Modvecg, (%@) is an abelian category over C with one simple object. We have

the following proposition.

Proposition 3.3.6. There is an equivalence of Vecg-module categories
MOdVeC% (Q(C@) — Vece

where the Vecg-module category structure on Vecc is that defined in Example Z12.

Proof. For more details on how the Vecg-module category structure on Vecc is

defined, see Theorem BEZ373. Let F': ModVQCg(e(C@) — Vecc be the functor

M= M, — M

geG
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together with isomorphisms defined by the composition
Jo—1
com : F(Co@ M) =Cy® My = My-1r =—% My = F(M)

We claim that F' is an equivalence of Vecg-module categories. From the module

structure on M, we get the commuting diagram

Mgny-+ = F((C, ® C) @ M)

Migny—+ = F(Cy @ (Cp @ M) My 2 F(C, ® M)

G(g,h)l/ \Ljh—l,h

Jign)—1
Mgny-1 = F(Cqp @ M) S M, = F(M)

However we recognise this as the pentagon diagram of Definition BT, so F is indeed
a Vecg-module category functor. That F' is an equivalence follows immediately from

the previous lemma, so we are done. O

In other words, when o = df for a 2-cochain 6 on G, the pair (G, 6) occurring in
Ostrik’s classification of indecomposable module categories over Vecg is equivalent

to the projective 2-representation defined in Example 2212

3.4 Induction of projective 2-representations

Recall induction for projective representations [Kar94]: If H is a subgroup of a finite

group G and W is a left Y/"CH module for some 2-cocycle 6 : G x G — k*, then
V =°CG Qg W

is a left °CG module. In other words, a projective representation of a subgroup
H C G with 2-cocycle 0|y induces a projective representation of G with 2-cocycle
6.

Given the equivalence between module categories over Vecg and projective 2-

representations, this suggestions a natural definition of the induced projective 2-
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representation.

Definition 3.4.1 ([ENOT0, Proposition 3.5]). Let M be a right C-module category®,
and N be a left C-module category. The tensor product of M and N is defined to
be

MXe N = Fung (M N)

the abelian category of C-module functors from the opposite category M to N.

Remark 3.4.2 ([ENOT0, §2.9]). If M is a right C-module category, then M is a

left C-module category with C-action @ given by
XOM:=M@*'X

for X € C and M € M. The object *X 1is known as the left dual of X, and will
exist for all examples that we are interested in.

Definition 3.4.3. Let G be a finite group with 3-cocycle o : G x G x G — C*,
and let H C G be a subgroup of G. If V is a left Vecy-module category, then let

ind|% (V) := Vec%, Myees, V = Funyeee ((Vecg)™ , V)

be the induced left Vecg-module category.

Remark 3.4.4 (see [ENOTO, Remark 3.6]). We note that the restriction of the
monoidal structure on Vecg makes Vecg into a (Vecg, Vect;)-bimodule category,
hence the category ind|% (V) has a left Vecd-module category structure.

In detail, if we have a Vec$-module functor
F: (Vect)? — V
together with natural isomorphisms

Ch’MF(ChQM):F(M@)(Chfl)—)(Ch®F(M)

5Tt is a simple exercise to write the definition of a right C-module category based on the definition
of a left C-module category; we do not do it here.
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Then for g € G, (C, ® F) is the Vec};-module functor given by
(Cye@ F)(M)=F(M®C,)
together with natural isomorphisms
At = Che,1oM = ChMeC, (CoF)CLoM) —Che (C,e F)(M)

In the case of a trivial 3-cocycle @ = 1, the notion of induced projective 2-
representation corresponds with the notion of induced 2-representation discussed in

[GKOR, §7].

Proposition 3.4.5. Let o be a 2-representation® of a subgroup H C G on a k-linear
category V. Then the induced 2-representation defined in [GKUS8, Definition 7.1] is

equivalent to ind|%(V) as a Vecg-module category.

Outline of proof. Let T be the induced 2-representation of ¢ as defined in [GKOR,
Definition 7.1], and let F' € ob(ind|%(V)) with natural isomorphisms c, s as de-
scribed above. Let f: G — ob(V) be given by f(g) = F(C,). For each g € G and

h € H, let u, ) be the isomorphism
Ugh = Ch-1g : flgh) — o(h™") f(g)

By the pentagon diagram, we have that the diagram

Flghihs) —""2 = o((hyhy) ™)
Ughy,h2 j/ hy 1h 1

_ (h )ug
Q(h21)f(9h1) ’ : Q( 1

commutes, and the triangle diagram gives that ug; = 1, }(g), hence (f,u,y) is an
object of Z. Similarly, a Vecg-module natural transformation v : F' = F” is precisely

an arrow (f,ugn) — (f',u),,) in Z. This describes an equivalence ind|% (V) — Z.

6We call a projective 2-representation with 3-cocycle a = 1 a 2-representation, see [GKUS].
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Finally, the Vecg-module category structures on ind|% (V) and Z are the same, so

we are done.

We note that there is an equivalence of right Vec%-modules

o~y o
Vecg, = @ rVecy;

reER

This suggests the following proposition, which we do not include the details of here.

Proposition 3.4.6. Let H C G be a subgroup, and o a projective 2-representation
of H with 3-cocycle a|y. Then

ind| () ~ P re

reR

as left Vecg-module categories, where R is a left transversal of H in G.

This uses the above decomposition of Vecg: and distributivity of the tensor prod-

uct of module categories. This suggests the following conjecture

Conjecture. Let H C G be a subgroup, and 0 a 2-cochain on H such that df = «|y.
Then
indg(ModVeC% ("CH)) ~ Modyece, (°CH)

as left Vecg-module categories.

This can be seen as a combination of the previous proposition with Corollary

B=3A. Assuming this conjecture, we have the following corollary.

Corollary 3.4.7 (compare [GKOR, Proposition 7.3]). Let o be a projective 2-representation
of a group G with 3-cocycle o on a semisimple k-linear abelian category V with

finitely many simple objects. Then
1= EB indgi 00,
i=1

where the H; are subgroups of G, 0; is a 2-cochain on H; such that df; = a|y,, and
0p, 1S the projective 2-representation corresponding to the pair (H;,0;) described in

FExample Z12.
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Outline of proof. By Lemma B=333, we have the decomposition
V ~ P Modveeg (" CH;)
i=1

into indecomposable components, where H; and 6; are as above. By our conjecture,

we get

Y o~ @ indgi Modyeee (“CH;)

i=1

Finally, by Lemma BZ38, we have
Y ~ @ indgi 00,
i=1

where gy, is the projective 2-representation corresponding to the pair (H;,0;) de-

scribed in Example 22T
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Chapter 4

Comparison of formulations of

2-group representations

As a final note, we provide a brief overview of the various formulations of a 2-group

representation listed in the introduction.

4.1 Gerbal representations

In [EZ17], Frenkel and Zhu showed that a gerbal representation of a group G on an
abelian category C determines an action of G on the group Z(C)* = Tr(id¢)*, and
that such a representation determines a cohomology class [a] € H3(G, Z(C)*). We

present their result here.

Theorem 4.1.1 ([EZTT, Theorem 2.10]). Let F be a gerbal representation of G on
C, and choose isomorphisms 1,5, = F(g)F(h) =, F(gh) forall g,h € G. Then given
g,h, k € G, there is a unique element a(g, h, k) € Z(C)* sending the isomorphism

wg,kF(k)
4

F(g)F(h)F (k) Fgh)F(k) 25 F(ghk)

to

F(9)Yn.k F(Q)F(h/{?) Vg, nk F(ghl{?)

F(g)E(h)F(F)
This defines a map o : G X G x G — Z(C)* such that
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(i) a is a 3-cocycle on G with values in Z(C)*, that is, a € Z3(G, Z(C)*).

(ii) Given a different choice of isomorphisms 1, ,, : F'(g)F(h) = F(gh), the new
cocycle o differs from a by a coboundary, so there is a well-defined cohomology

class [a] € H3(G, Z(C)*) associated to the gerbal representation F.

From this, we see that a projective 2-representation is a special case of a gerbal
representation, where we require that our 3-cocycle a takes values in k* C Z(C)*

and that G acts on £* trivially.

4.2 2-group representations

Let G be a 2-group extension of G by [pt/C*|. Then a representation of G is a
monoidal functor

G — 1-Aut(V)

where V' is an object in a strict C-linear 2-category C and 1-Aut(V') is the corre-
sponding strict automorphism 2-group of V. We require that C be strict so as to
make use of string diagrams; we have seen that they can be an incredibly useful
tool. In the case G = C&(C*) (see Example [I29), this definition reduces to that

of a projective 2-representation.

4.3 Module categories over Vec

We present the equivalence between projective 2-representations of a finite group G

with 3-cocycle v on a k-linear category M and Vecg-module category structures on

M.

Lemma 4.3.1. Let o : M — M be a projective 2-representations of a finite group
G with 3-cocycle o on a k-linear category M. Then M has a Vecg-module category
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structure given by

Vo ® M := p(g)(M)
Mg,n,M = @ZJ;}L(M)

lM = wl(M)

for g,h € G and M € M. Furthermore, if o : 0 — 02 1S a morphism of such
projective 2-representations, then o : My — My is a Vecg-module category functor

with natural isomorphism given by
cor = 0(g) " (M)

Finally, if 0 : 0 = ¢ is a 2-morphism of projective 2-representations, then 6 is

equivalent to the data of a Vecg-module natural transformation 0 : 0 = ¢.

Lemma 4.3.2. Let M be a k-linear module category over Vecg, then there is a

projective 2-representation o of G on M with 3-cocycle o given by

plg) ==V, ® —

—1
wg’h = mg)h7_

¢1 =1_

for g,h € G. If F : My — My is a module category functor over Vecg, then
F: My — M, together with the 2-isomorphism

o(g) :=c, : F(oi(9)) — 02(9)F (4.1)

is a morphism of projective 2-representations. As noted previously, if 0 : 0 = ¢
is a module natural transformation over Vecg, then 0 : 0 = ¢ is equivalent to a

2-morphism of projective 2-representations.

Theorem 4.3.3. The assignment

2Repy (G, C) — 2Vec -Mod (4.2)
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described in Lemma (.31 is a weak equivalence of 2-categories.

Proof. Tedious but straight forward.

28



Bibliography

[Bar09] B. Bartlett. On unitary 2-representations of finite groups and topological

quantum field theory. ArXiv e-prints, January 2009. arXiv:0901.3975.

[BKO1] Bojko Bakalov and Alexander Kirillov, Jr. Lectures on tensor categories
and modular functors, volume 21 of University Lecture Series. American

Mathematical Society, Providence, RI, 2001.

[BLO4] John C. Baez and Aaron D. Lauda. Higher-dimensional algebra. V. 2-
groups. Theory Appl. Categ., 12:423-491, 2004.

[CE04] D. Calaque and P. Etingof. Lectures on tensor categories. ArXiv Mathe-

matics e-prints, January 2004. arXiv:arXiv:math/0401246.

[CW10] A Caldararu and S Willerton. The mukai pairing. i. a categorical approach.
New York Journal of Mathematics, 16:61 — 98, 2010.

[ENOO05] Pavel Etingof, Dmitri Nikshych, and Viktor Ostrik. On fusion categories.
Ann. of Math. (2), 162(2):581-642, 2005. URL: http://dx.doi.org/10.
4007/annals.2005.162.581, doi:10.4007/annals.2005.162.581

[ENO10] Pavel Etingof, Dmitri Nikshych, and Victor Ostrik. Fusion categories and
homotopy theory. Quantum Topol., 1(3):209-273, 2010. With an appendix
by Ehud Meir. URL: http://dx.doi.org/10.4171/QT/6, doi:10.4171/

QT/6.
[Eti09] Pavel Etingof. 18.769 topics in Lie theory: Tensor cate-
gories,  2009. URL: http://ocw.mit.edu/courses/mathematics/

18-769-topics—-in-lie-theory-tensor—-categories—spring-2009/.

99


http://arxiv.org/abs/0901.3975
http://arxiv.org/abs/arXiv:math/0401246
http://dx.doi.org/10.4007/annals.2005.162.581
http://dx.doi.org/10.4007/annals.2005.162.581
http://dx.doi.org/10.4007/annals.2005.162.581
http://dx.doi.org/10.4171/QT/6
http://dx.doi.org/10.4171/QT/6
http://dx.doi.org/10.4171/QT/6
http://ocw.mit.edu/courses/mathematics/18-769-topics-in-lie-theory-tensor-categories-spring-2009/
http://ocw.mit.edu/courses/mathematics/18-769-topics-in-lie-theory-tensor-categories-spring-2009/

[FZ11]

[GKOS]

[Hov99)

[Kar93]

[Kar94]

[Lan9g]

Edward Frenkel and Xinwen Zhu. Gerbal representations of double loop
groups. International Mathematics Research Notices, 2011. doi:10.1093/

imrn/rnr159.

Nora Ganter and Mikhail Kapranov. Representation and character theory
in 2-categories. Adv. Math., 217(5):2268-2300, 2008. doi:10.1016/7.aim.

2007.10.004.

Mark Hovey. Model categories. American Mathematical Society, Provi-

dence, R.I, 1999.

Gregory Karpilovsky. Group representations. Vol. 2, volume 177 of North-
Holland Mathematics Studies. North-Holland Publishing Co., Amsterdam,
1993.

Gregory Karpilovsky. Group representations. Vol. 3, volume 180 of North-
Holland Mathematics Studies. North-Holland Publishing Co., Amsterdam,
1994.

S.M. Lane. Categories for the Working Mathematician. Graduate Texts in
Mathematics. Springer, 1998.

[Ost03a] Victor Ostrik. Module categories, weak Hopf algebras and modular invari-

ants. Transform. Groups, 8(2):177-206, 2003. URL: http://dx.doi.org/
10.1007/s00031-003-0515-6, doi:10.1007/s00031-003-0515-6.

[Ost03b] Viktor Ostrik. Module categories over the Drinfeld double of a finite group.

[Sin75]

[Wil0g]

Int. Math. Res. Not., (27):1507-1520, 2003. URL: http://dx.doi.org/10.
1155/51073792803205079, do1:10.1155/51073792803205079.

Hoang Xuan Sinh. Gr-categories. PhD thesis, Universite Paris VII, 1975.

Simon Willerton. The twisted Drinfeld double of a finite group via gerbes
and finite groupoids. Algebraic and Geometric Topology, 8:1419-1457, 2008.
doi:10.2140/agt.2008.8.1419.

60


http://dx.doi.org/10.1093/imrn/rnr159
http://dx.doi.org/10.1093/imrn/rnr159
http://dx.doi.org/10.1016/j.aim.2007.10.004
http://dx.doi.org/10.1016/j.aim.2007.10.004
http://dx.doi.org/10.1007/s00031-003-0515-6
http://dx.doi.org/10.1007/s00031-003-0515-6
http://dx.doi.org/10.1007/s00031-003-0515-6
http://dx.doi.org/10.1155/S1073792803205079
http://dx.doi.org/10.1155/S1073792803205079
http://dx.doi.org/10.1155/S1073792803205079
http://dx.doi.org/10.2140/agt.2008.8.1419

	Introduction
	Background
	Category theory
	Groupoids
	Projective representations of finite groups & groupoids
	Monoidal categories
	2-groups
	String diagrams and 2-categories


	Projective 2-representations
	The 3-cocycle condition
	Some graphical equations for projective 2-representations

	The character of a projective 2-representation

	Module categories
	Module functors and module natural transformations
	Algebra objects and modules in monoidal categories
	Classification of indecomposable module categories
	Induction of projective 2-representations

	Comparison of formulations of 2-group representations
	Gerbal representations
	2-group representations
	Module categories over VecG


