




Key ideas of Schönhage and Strassen

Revisiting natural numbers and the notion of “Place Value”

4035 = 5× 1 + 3× 10 + 0× 100 + 4× 1000

= 5× x0 + 3× x1 + 0× x2 + 4× x3

with x = 10.

Multiplication of natural numbers can be translated into
polynomial multiplication.



Binary setting

In fact, Schönhage and Strassen work with powers of 2 rather
then 10, e.g., 4035 would be

111111000011 = 1× 2048 + 1× 1024 + 1× 512 + 1× 256

+1× 128 + 1× 64 + 0× 32 + 0× 16

+0× 8 + 0× 4 + 1× 2 + 1× 1

It is easier for the computer to deal only with the two digits 0
and 1 (off/on).



Evaluation at a fixed data point as linear operator

Space of polynomials
with coefficients in C

C

p(x) = a0 + a1x + . . . adx
d

p(10)

Evaluation at 10 is a linear operator taking as inputs
polynomials and giving as output a number.



Two ways to parametrise spaces of polynomials

p(x) = a0 + a1x
1 + . . . an−1x

n−1

Space of polynomials

with coefficients in C
and degree < n

Cn Cn


a0
a1
...

an−1




p(x0)
p(x1)

...
p(xn−1)


vector of coefficients

sampling at n distinct
data points

bad for multiplication good for multiplication

∼= ∼=
T

change of

coordinates



Change of coordinates matrix

T =


1 x0 . . . xn−1

0

1 x1 . . . xn−1
1

...
...

1 xn−1 . . . xn−1
n−1



Choose data points x0, . . . xn−1 yielding nice T and small p(xi )!



Inspiration from signal processing: wave functions

f (t) = c0 + c1e
2πit + · · ·+ cn−1(e2πit)n−1

Wave functions made
up from harmonics of
frequency 0 to n − 1

Cn Cn


c0
c1
...

cn−1




f (0)
f ( 1n )

...
f (n−1

n )


frequency
components

sampling at evenly
spaced data points

∼= ∼=

F
discrete Fourier
transform

e2πit = cos(2πt) + i sin(2πt).

When studying waves, use complex numbers!





Matrix of the discrete Fourier transform

F =



1 1 1 . . . 1

1 ζ ζ2 . . . ζ−1

1 ζ2 ζ4 . . . ζ−2

...
...

...

1 ζ−1 ζ−2 . . . ζ

iR

R

ζ

1 = ζn

ζ−1 = ζn−1

ζ2
i

−i ζ−2

−1

ζ

ζ := e
2πi
n

In the example on
the left, n = 12



Substitute x = e2πit in p(x)

Polynomials of
degree < n

Wave functions made
up from simple waves
of frequency below n

Cn Cn

p(x) = a0 + a1x + . . . an−1x
n−1

a0 + a1e
2πit . . . ane

2(n−1)πit

ai count frequency
components

powers of ζ as
data samples for p


p(1)

p(ζ)
...

p(ζn−1)

T = F
discrete Fourier
transform


