
A refined monster?



2-groups

The notion of a 2-group is a refinement of the notion of a group, in
which the symmetries are related by symmetries of their own. 2-groups
are also known as “categorical groups” or “group-like categories”.

Examples: The autoequivalences of a given category, together with
the natural isomorphisms between them, form a 2-group.

More generally, the weakly invertible 1-endomorphisms of an object X
in a bicategory, together with the 2-isomorphisms between them, form a
2-group, which we will call the symmetry 2-group of X .

Models of particle theory tend to have symmetry groups, while
models of string theory tend to have symmetry 2-groups.



Particle theories with target space M
A particle theory with target space M consists of a hermitian line
bundle with connection (L,∇) on M, interpreted as a monoidal functor

Cob1(M) −→ LinesherC
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particles in M (phase space)

bordism from γ 7−→ trγ : Lx
∼=−→ Ly parallel transport

x to y in M (time evolution)



Extended sigma-models with target space M

An extended sigma-model with target space M consists of a bundle
gerbe with connection (L,∇) on M, interpreted as a monoidal 2-functor

Cob2(M) −→ 2-Vecther
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y 7−→ Ly one-dimensional 2-vector space

γ 7−→ Trγ : Lx
'−→ Ly categorical parallel transport

Σ 7−→ trΣ : Trγ
∼=−→ Trβ higher dimensional parallel transport



Example: holonomy and curvature

B

Σ

If Σ is closed and B is an oriented 3-
manifold in M with boundary

∂B = Σ,

then the holonomy around Σ can be cal-
culated using the curvature 3-form ν of L,

Hol(Σ) =

∫
B
e2πiν .

For a 2-connected target space M, such a
B always exists.

One dimension lower, the analogue is Stokes theorem,

Hol(γ) =

∫
D
e2πiκ,

for a loop γ bounding a disk D in M, and κ the curvature 2-form of L.



(Refined) symmetries of these theories

Line bundles with connection have symmetry groups

Aut(L,∇) = {(g , φ) | g ∈ Aut(M), φ :(L,∇)
∼=−→ g∗(L,∇)},

while bundles gerbes with connection have symmetry 2-groups:

ob(Aut(L,∇)) : pairs g ∈ Aut(M) and Φ :(L,∇)
'−→ g∗(L,∇)

arrows (g ,Φ)→ (g ,Ψ) are the isomorphisms Φ ∼= Ψ.



Example (symmetries of the extended WZW-model)

Let the target space M = G be a simple, simply connected compact Lie
group, let L be the gerbe whose curvature is the Cartan 3-form, i.e., the
invariant 3-form with

ν(ξ, ζ, η) = 〈[ξ, ζ], η〉 at 1 ∈ G ,

and let ∇ be any choice of connection on L. Then the symmetry
2-group of (L,∇) is the string extension of G ,

Aut(L,∇) = String(G ).



Definition of 2-groups

A 2-group is a monoidal groupoid G = (G0,G1) with weakly invertible
objects.

We will write
G × G •−−→ G

for the multiplication and

α: G0 × G0 × G0 −→ G1

for the associator.

A Lie 2-group is a 2-group whose underlying groupoid G is a
Lie-groupoid and such that • and α live in the orbifold bicategory. E.g.,

• : G × G ∼←−−− U −−→ G.



Classification of 2-groups

Lie 2-groups are classified, up to equivalence, by the following data: a
Lie group

G = G0/ ∼=,

a smooth G -module
A = aut(1),

and an element
[α] ∈ H3

gp(G ;A)

(a locally smooth cocycle).

If aut(1) is the circle group and π1(G ) is without torsion, we have

H3
gp(G ;U(1)) ∼= H4(BG ;Z).



Finite examples
Mathieu 2-groups:

H3
gp (M24;U(1)) = Z/12Z.

Monster 2-groups? Mason conjectured the existence of a non-trivial
element

[α] ∈ H3
gp (Monster ;U(1))

of order 48 (maybe 12, maybe 24).

There is strong evidence for this in monstrous moonshine: α would
explain the roots of unity (phase factors) in generalized moonshine and
the subtle role of the divisors of 24 in classical moonshine.

Platonic 2-groups: If G ⊂ S3 is a finite subgroup of the 3-sphere, then

H3
gp (G ;U(1)) = Z/|G |Z.



Program

Goal:
Find an object whose symmetry 2-group is the monster 2-group.

Here “find” means “discover”, not “construct”.

Explore the categorical aspects of moonshine.

Rules:
All constructions should be kept extremely simple.

Using loop groups is cheating.

Using obstruction theory is only allowed for inspiration.

Under no circumstances work through all triples (g , h, k) ∈ Monster3.

The hope is that the categorical picture is simpler and more natural
than the classical one.



Examples of Lie 2-groups
String 2-groups: Let G be a simple and simply connected compact Lie
group. Then

H3
gp(G ;U(1)) ∼= H4 (BG ;Z) ∼= Z,

and the usual generator classifies the 2-group String(G).

Torus 2-groups: Let Λ be a lattice, and let T be the compact torus
T = Λ⊗ R/Z. Then

H3
gp(T ;U(1)) ∼= H4 (BT ;Z)

is identified with the group of symmetric even bilinear forms on Λ. So,
we have canonical 2-group extensions of
(1) the torus TLeech associated to the Leech lattice

(2) the tori associated to the Niemeyer lattices

(3) maximal tori of simple and simply connected compact Lie groups

(4) in particular, the circle group.



Symmetries of torus 2-groups

Let Λ be a lattice, let I be an even symmetric bilinear form on Λ, and let
G be a finite group of linear isometries of (Λ, I ). Then the symmetries
of the torus 2-group classified by (Λ, I ) form a 2-group extension of G .

Examples: This yields 2-group extensions of

(1) the Conway group Co0,

(2) the Mathieu groups M12 and M24,

(3) Weyl groups,

(4) the symmetric groups (super-duper symmetry).



Constructing torus 2-groups
Given an even symmetric bilinear form I on Λ, choose J with

I (m, n) = J(m, n) + J(n,m).

Let T be the strict monoidal Lie groupoid with

objects t = Λ⊗ R

arrows t× Λ× U(1)

source (x ,m, z) 7−→ x

target (x ,m, z) 7−→ x + m

multiplication:
on objects x • y = x + y

on arrows (x ,m, z) • (y , n,w) =
(
x + y ,m + n, z · w · e−J(m,y)

)
unit object 0.



Representation and character theory of 2-groups

A representation of a 2-group G is a strong monoidal functor from G to
1Aut(V ), where V is an object of a strict 2-category.

Such a representation % has a categorical character

X%(g) = 2Hom(IdV , %(g)),

equipped with isomorphisms

βg ,s : X%(g) ∼= X%
(
sgs−1

)
,

and often, % has a 2-character

χ%(g , h) = tr(βg ,h),

defined on pairs of commuting elements of G = G0/ ∼=.



Inertia groupoids of 2-groups

Assume that G acts trivially on A = aut(1). Then the categorical
character of % is a representation of the inertia groupoid

ΛG = Bicat(pt//Z, pt//G )

(ignore 2-isomorphisms).

Example: If G is finite, C is a C-linear 2-category, A = U(1) acts by
scalars, and G is classified by the 3-cocycle α, then the categorical
character is a module over the twisted Drinfeld double, i.e.,

βg ,st =
α(tsgs−1t−1, t, s) · α(t, s, g)

α(t, sgs−1, s)
· βsgs−1,t ◦ βg ,s .



The inertia groupoid of a torus 2-group

Let T be the torus 2-group classified by (Λ, I ).

Then the inertia groupoid ΛT is equivalent to the groupoid with

objects T

arrows the U(1)-torsor of the Looijenga line bundle onT × T

composition inducing the Verlinde fusion product.



Characters of torus 2-groups (in progress)

As a consequence, the formalism for the characters of T is along the
following lines:

2-characters of T are theta-functions, resembling loop group characters.

Categorical characters of T are T × U(1)-representations of the form

V• =
⊕
λ∈Λ∨

Vλ

together with operators

ψm : Vλ
∼=−−→ Vλ+k·I ](m) m ∈ Λ.

We can start to see some triality phenomena in this picture.




