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4.1 Dot product on Rn

The Euclidean inner product (or dot product) of u =

u1...
un

 ∈ Rn and v =

v1...
vn

 ∈ Rn is

u · v = u1v1 + · · · + unvn.

The length (or norm or magnitude) of u is
‖u‖ =

√
u21 + · · · + u2n =

√
u · u.

A unit vector is a vector u with ‖u‖ = 1.
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Angles Geometrically, two non-parallel vectors u,v ∈ Rn form a plane W in Rn. We define the angle between u and v to be
the angle between these vectors as line segments in the plane W (where this notion is already familiar).

v

u

v

u

v

u

For any u,v ∈ Rn we have
u · v = ‖u‖ ‖v‖ cos θ,

where θ is the angle between u and v.

In particular: two nonzero vectors u,v ∈ Rn are perpendicular if and only if u · v = 0.
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Orthogonal projection Given u,v ∈ Rn with u 6= 0, the orthogonal projection of v onto u is

v‖ = proju v =
(
v · û

)
û,

where û = 1
‖u‖ u denotes the unit vector in the direction of u.

The component of v orthogonal to u is
v⊥ = v − v‖.

u

v

v‖

v⊥

u

v

v‖

v⊥
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Example 4.1.

(a) Find the orthogonal projection of

12
3

 onto e1.

û = e1 and v · û = 1 so the projection is e1.

(b) Find the orthogonal projection of

12
3

 onto

11
1

.

û = 1√
3

11
1

 and v · û = 6√
3
= 2

√
3 so the projection is 2

11
1

 =

22
2

.

(c) Find the component of

12
3

 orthogonal to

11
1

.
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This is simply

12
3

−

22
2

 =

−1

0

1

.
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Properties of the dot product

1. u · v = v · u

2. (λu) · v = λ(u · v)

3. (u + v) ·w = u ·w + v ·w

4. (a) u · u > 0

(b) u · u = 0 ⇒ u = 0.

To make our lives considerably easier, let’s note that we can also think of dot product as a special case of matrix multiplication:

u · v = uTv = uT Iv.

This gives easy proofs of properties 1, 2, and 3, and invites generalisation: replace I by a suitable matrix.
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4.2 Inner products

Let V be a vector space with field of scalars R.

An inner product on V is a function
〈 , 〉 : V × V −→ R

satisfying, for all u,v,w ∈ V and all λ ∈ R:

1. 〈u,v〉 = 〈v,u〉

2. 〈λu,v〉 = λ〈u,v〉

3. 〈u + v,w〉 = 〈u,w〉 + 〈v,w〉

4. (a) 〈u,u〉 > 0

(b) 〈u,u〉 = 0 ⇒ u = 0.

An inner product space is a vector space V together with a choice of inner product.

If W is a subspace of V , then W is itself an inner product space with respect to the inner product of V .
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Example 4.2. Consider R2 with
〈u,v〉 = u1v1 + 2u2v2.

1. 〈v,u〉 = v1u1 + 2v2u2 = 〈u,v〉.

2. 〈λu,v〉 = λu1v1 + 2λu2v2 = λ〈u,v〉.

3. 〈u + v,w〉 = (u1 + v1)w1 + 2(u2 + v2)w2 = 〈u,w〉 + 〈v,w〉.

4. (a) 〈u,u〉 = u21 + 2u22 > 0.

(b) 〈u,u〉 = u21 + 2u22 = 0 forces u21 = 2u22 = 0 hence u1 = u2 = 0.

Let’s note that this inner product can be rewritten as

〈u,v〉 = uT

[
1 0

0 2

]
v.
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Proposition 4.3. Let A ∈ Mn(R) and define, for u,v ∈ Rn:

〈u,v〉 = uTAv.

Then 〈·, ·〉 satisfies conditions 2 and 3 of an inner product.

Moreover, 〈·, ·〉 satisfies condition 1 of an inner product if and only if A is a symmetric matrix, that is AT = A.Proof.

2. 〈λu,v〉 = (λu)TAv = λuTAv = λ〈u,v〉
3. 〈u + v,w〉 = (u + v)TAw = uTAw + vTAw = 〈u,w〉 + 〈v,w〉

For 1., note that

〈v,u〉 = vTAu

〈u,v〉 =
(
〈u,v〉

)T (
uTAv

)T
= vTATu.

It is now clear that if A is symmetric then 〈v,u〉 = 〈u,v〉 for all u,v ∈ Rn.

In the other direction, for any 1 6 i, j 6 n we have Aij = eTi Aej = eTi A
Tej = Aji, so A = AT .
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Example 4.4. Consider R3 with
〈u,v〉 = u1v1 − u2v2 + u3v3.

We notice that we can write

〈u,v〉 = uT

1 0 0

0 −1 0

0 0 1

v,

and the matrix is symmetric, so we conclude that conditions 1, 2, and 3 are satisfied.

However, neither condition 4a nor 4b hold: take u = e2, then 〈u,u〉 = 0−1+0 = −1 < 0, contradicting 4a. Or take u = e1+e2 6= 0,
but 〈u,u〉 = 1− 1 + 0 = 0, contradicting 4b.
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Example 4.5. Consider R2 with
〈u,v〉 = u1v1 + u1v2 + u2v2.

We have
〈u,v〉 = uT

[
1 1

0 1

]
v,

so conditions 1 and 2 are satisfied.

However, the matrix is not symmetric, so condition 3 fails.
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Example 4.6. Consider the vector space of continuous functions C([0, 1]) with

〈f, g〉 =
∫ 1

0
f (x)g(x) dx.

This is certainly not Rn, so we have to use the definition directly:

1. 〈f, g〉 = 〈g, f〉 is clear since f (x)g(x) = g(x)f (x) for all x ∈ [0, 1].

2. 〈λf, g〉 = λ〈f, g〉 is clear by linearity of the integral.

3. 〈f + g, h〉 = 〈f, h〉 + 〈g, h〉 is clear by linearity of the integral.

4. (a) 〈f, f〉 =
∫ 1

0
f (x)2 dx > 0 since f (x)2 > 0 for all x ∈ [0, 1].

(b) 〈f, f〉 =
∫ 1

0
f (x)2 dx. Since f is continuous, so is f2. Suppose there exists x0 ∈ [0, 1] such that f (x0) > 0. By continuity

of f2, there is a small interval (x0 − ε, x0 + ε) such that f (x)2 > 0 for all x ∈ (x0 − ε, x0 + ε), contributing a (possibly
small) nonzero amount to the integral, so the integral cannot be zero.
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Proposition 4.7. Let V be an inner product space, then for any v ∈ V we have

〈0,v〉 = 0.

Proof. Using condition 2 in the definition of an inner product:

〈0,v〉 = 〈0v,v〉 = 0 〈v,v〉 = 0.

Proposition 4.8. Let V be an inner product space and let S be a spanning set for V . If u ∈ V has the property that

〈u,v〉 = 0 for all v ∈ S,

then u = 0.

Proof. The condition implies that 〈u,u〉 = 0, hence u = 0.
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4.3 The Cauchy–Schwarz inequality

Let V be an inner product space.

The length of a vector u ∈ V is
‖u‖ =

√
〈u,u〉.

The distance between two vectors u,v ∈ V is
d(u,v) = ‖u− v‖.
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To define the angle between two vectors, we need the Cauchy–Schwarz inequality:

Theorem 4.9. Let u, v be vectors in an inner product space V . Then

|〈u,v〉| 6 ‖u‖ ‖v‖,

where equality holds if and only if u and v are parallel.

Proof. If u = 0 or v = 0, we have the equality 0 = 0.

Otherwise, for any t ∈ R we have

0 6 〈u− tv,u− tv〉 = 〈u,u〉 − 2t〈u,v〉 + t2〈v,v〉
= ‖u‖2 − 2t〈u,v〉 + t2‖v‖2.

In particular, we can take t =
〈u,v〉
‖v‖2 :

0 6 ‖u‖2 − 2
〈u,v〉2

‖v‖2
+

〈u,v〉2

‖v‖2
= ‖u‖2 − 〈u,v〉2

‖v‖2
,

so 〈u,v〉2 6 ‖u‖2 ‖v‖2.
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The angle θ between two vectors u,v ∈ V is defined by the equation

cos(θ) =
〈u,v〉
‖u‖ ‖v‖

.

Example 4.10. Consider R2 with the inner product

〈u,v〉 = u1v1 + 2u2v2.

Compute ‖u‖, d(u,v), and the angle between u and v for u =

[
2

5

]
and v =

[
−1

3

]
.

‖u‖ =
√
22 + 2× 52 =

√
54 = 3

√
6

d(u,v) = ‖u− v‖ =
√

32 + 2× 22 =
√
17

cos θ =
−2 + 2× 15

3
√
6
√
19

=
28

3
√
6× 19

.
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4.4 Orthogonality

Let V be an inner product space.

We say that u,v ∈ V are orthogonal if 〈u,v〉 = 0.

We say that a subset S ⊆ V is orthogonal if any two distinct vectors in S are orthogonal.

We say that a subset S ⊆ V is orthonormal if it is orthogonal and every vector in S has length 1.

Example 4.11. In R2 with the dot product,

• the vectors
[
1

1

]
and

[
1

−1

]
are

orthogonal, as their dot product is zero, but not orthonormal, as they have length
√
2;

• the vectors

 1√
2
1√
2

 and

 1√
2

−1√
2

 are

orthonormal, as their dot product is zero and they are both unit length.
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Example 4.12. In C([−1, 1]) with inner product

〈f, g〉 =
∫ 1

−1
f (x)g(x) dx,

the functions x2 and x3 are

orthogonal:
〈x2, x3〉 =

∫ 1

−1
x5 dx = 0,

but not orthonormal:
〈x2, x2〉 =

∫ 1

−1
x4 dx =

[
x5

5

]1
−1

=
2

5
6= 1.
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Theorem 4.13. Let S = {v1, . . . ,vn} be an orthogonal set of nonzero vectors in an inner product space. Then S is linearly
independent.

(We call S an orthogonal basis for Span(S). Moreover, if S is an orthonormal set, we call it an orthonormal basis for
Span(S).)

Proof. Consider a linear relation
a1v1 + · · · + anvn = 0.

For i = 1, . . . , n, take the inner product with vi:
ai〈vi,vi〉 = 0,

but 〈vi,vi〉 6= 0 since vi 6= 0, hence ai = 0 and the relation is trivial.
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If {u1, . . . ,un} is an orthonormal basis for V , then every v ∈ V can be written

v = a1u1 + · · · + anun,

where
ai = 〈v,ui〉.

(We will soon see that every inner product space has orthonormal bases.)

Proposition 4.14. Let u,v be vectors in an inner product space V , with u 6= 0. Then the vector

v − 〈v,u〉
〈u,u〉

u

is orthogonal to u.

Proof. 〈
u,v − 〈v,u〉

〈u,u〉
u

〉
= 〈u,v〉 − 〈v,u〉

〈u,u〉
〈u,u〉 = 0.
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This motivates the definition: the orthogonal projection of v onto u is

proju(v) =
〈v,u〉
〈u,u〉

u.

If u happens to be a unit vector, then the formula simplifies to

proju(v) = 〈v,u〉u.

Moreover, we can project onto a subspace W of V as follows: let {u1, . . . ,um} be an orthonormal basis for W . The orthogonal
projection of v onto W is

projW (v) = proju1
(v) + · · · + projum

(v)

= 〈v,u1〉u1 + · · · + 〈v,um〉um.

Note that this defines a linear transformation projW : V −→ V with image W .
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4.5 The Gram–Schmidt orthonormalisation process

Let V be an inner product space.

There is a procedure that starts with an arbitrary spanning set S = {v1, . . . ,vn} of V and returns an orthonormal basis
B = {u1, . . . ,um}, where (of course) m 6 n.

w1 = v1 u1 =
1

‖v1‖
v1

w2 = v2 − projSpan{u1}(v2) = v2 − 〈u1,v2〉u1 u2 =
1

‖w2‖
w2

w3 = v3 − projSpan{u1,u2}(v3) = v3 − 〈u1,v3〉u1 − 〈u2,v3〉u2 u3 =
1

‖w3‖
w3.

If at any step we have wi = 0, we throw it away and continue to the next vi+1.
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Example 4.15. Let W = Span(v1,v2,v3) ⊆ R4 with the dot product, where

v1 =


1

1

1

1

 v2 =


2

4

2

4

 v3 =


1

5

−1

3

 .

(a) Find an orthonormal basis for W .

(b) Find the point of W closest to the point v =


1

2

3

0

.
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w1 =


1

1

1

1

 u1 =
1

2


1

1

1

1



w2 =


2

4

2

4

−

1

2


1

1

1

1

 ·


2

4

2

4


 1

2


1

1

1

1

 =


−1

1

−1

1

 u2 =
1

2


−1

1

−1

1



w3 =


1

5

−1

3

−

1

2


1

1

1

1

 ·


1

5

−1

3


 1

2


1

1

1

1

−

1

2


−1

1

−1

1

 ·


1

5

−1

3


 1

2


−1

1

−1

1

 =


1

1

−1

−1

 u3 =
1

2


1

1

−1

−1

 .

projW (v) =
1

2



1

1

1

1

 ·


1

2

3

0


 1

2


1

1

1

1

 +
1

2



−1

1

−1

1

 ·


1

2

3

0


 1

2


−1

1

−1

1

 +
1

2




1

1

−1

−1

 ·


1

2

3

0


 1

2


1

1

−1

−1

 =


2

1

2

1

 .
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4.6 Orthogonal matrices

An n× n matrix Q is an orthogonal matrix if
QTQ = I.

In particular, Q is an invertible matrix with Q−1 = QT .

Example 4.16. Q = 1√
2

[
1 −1

1 1

]
is orthogonal since

QTQ =
1

2

[
1 1

−1 1

][
1 −1

1 1

]
=

1

2

[
2 0

0 2

]
= I.
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Proposition 4.17. An n× n matrix is orthogonal if and only if its columns (equivalently, its rows) form an orthonormal
basis of Rn.

Proof. Let u1, . . . ,un denote the columns of Q.
QTQ =

(
ui · uj

)
.

Therefore this is the identity matrix if and only if

ui · uj =

1 if i = j

0 if i 6= j

if and only if {u1, . . . ,un} is an orthonormal basis of Rn.
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Proposition 4.18. If Q is an n× n orthogonal matrix then

(Qu) · (Qv) = u · v for all u,v ∈ Rn.

Proof.

(Qu) · (Qv) = (Qu)T (Qv) = uTQTQv = uT Iv = uTv = u · v.

The converse also holds. You should prove it!

So orthogonal matrices preserve the dot product of vectors. Therefore they also preserve lengths and angles.
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Theorem 4.19. If A is a symmetric n× n real matrix then

(a) the characteristic polynomial of A has n real roots (counted with multiplicity) – so A has n (not necessarily distinct)
real eigenvalues;

(b) A has n orthonormal eigenvectors.

This is a special case of the spectral theorem for linear operators on finite-dimensional inner product spaces, which is covered in
MAST20022 Group Theory and Linear Algebra.

So if A is symmetric then there is an orthonormal basis of Rn consisting of eigenvectors of A.

Hence A is diagonalisable:
Q−1AQ = D

by an orthogonal change of basis matrix Q. (So we can also write QTAQ = D.)

(We say that A is orthogonally diagonalisable.)
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Proposition 4.20. Let A be a real symmetric matrix. Any two eigenvectors of A with distinct eigenvalues are orthogonal.

Proof. Suppose v and w are eigenvectors of A with eigenvalues λ 6= µ. We have

λ(v ·w) = (λv) ·w = (Av) ·w = (Av)Tw = vT (ATw) = vT (Aw) = v · (µw) = µ(v ·w),

but λ 6= µ so v ·w = 0.

Example 4.21. Given A =

3 2 4

2 0 2

4 2 3

, orthogonally diagonalise A.

We’ve seen that A has eigenvalues 8 and −1; a basis for the 8-eigenspace is


21
2


 and a basis for the (−1)-eigenspace is


−1

2

0

 ,

−1

0

1


.
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