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4 Inner product spaces

Dot product in R"
Exercise 4.1. For the given vectors a and b find a+ b, 5a—4b, a-b, ||a/|, and ||a—b]|.

—2 3
(a) a=| 6|, b=|-3|;
1 —1

(b) a — 361 — 462 -+ 2163, b = e + 262 — 583;
(c) a=e;+e, b=—ey+e;s.

Exercise 4.2. Find the following dot products:

1 2
(@) [1]-| 1|;
_1_ __3_
01 [ 1
(b) [1]-|-3];
_1_ - 7_
V2] [v2
(c) Tl |2
1 3

Exercise 4.3. Find the angle between the following pairs of vectors:

1 0
(a) |0 and [O|;
10 4
[ 1] [0
(b) |—1| and |1 |;
| 0] |1
[ 2] [—1
(¢c) |—2| and | O
| 2] | 2
1 -3
Exercise 4.4. Leta= |2| and b= 1
5 0

(a) Find the cosine of 6, the angle between a and b.
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(b) Find the distance between the points (1,2,5) and (=3, 1,0).

Exercise 4.5. If a = 2e; + re; + e3 and b = 4e; — 2e, — 2e3, find x such that a is
orthogonal to b. Can you find a value of z so that a and b are parallel?

Exercise 4.6. If a-b =0 and x+ (x - b)a = b, find the vector x.

Definitions and examples

Exercise 4.7. In R?, for x = [il} and y = Bl] , define (x,y) = x1y1 + 3z2y>.

2 2
Show that (x,y) is an inner product on R?.

Exercise 4.8. In R?, let (x,y) = 2191 — To¥o. Is this an inner product? If not, why not?

Exercise 4.9. Verify that the operation

(X,y) = 7191 — T1Y2 — TaY1 + 322y

gives an inner product in R2.

T W
Exercise 4.10. Decide which of the suggested operations on x = |25 | and y = | 4o
T3 Y3

in R? define an inner product:

(a) (x,¥) = x1y1 + 222y2 + T3Y3;
(b) (x,y) = atyi +23y3 + 23y3;
(¢) (X,¥) = 2191 — T2y + 3y3;
(d) (x,y) = 2151 + 2292

Exercise 4.11. Decide which of the operations (p,q) on real polynomials p(z) =
ao + a1z + apx? and q(x) = by + bix + byx? define an inner product:

(a) (p,q) = aobo + a1b1 + asby;
(b) (p,q) = agbo;

(c) (p,q) :/0 p(x)q(z) dz.

Exercise 4.12. If p = ag + a1 + a9x? and g = by + bz + bea? are any two polynomials
in P, then
(D, q) = aobo + a1by + aghy

is an inner product on Ps.
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(a) Compute (p,q) if p=—2+z + 32% and ¢ = 4 — T2
(b) If p= =2+ 3z + 222, find |p||.
(c) f p=3—x+ a2 qg=2+ 522 find d(p,q).

Exercise 4.13. If U = | " "2 and vV = | """ "2 are any two 2 X 2 matrices, then
U221 U992 V21 V22

(U, V'Y = u11v11 + u12019 + U21U91 + UgoUso

defines an inner product on Msyo.

() Compute (U, V) if U = [i _g] V= [_1 3].
2 5

(b) IfA_[ -

}, find A

() T A= [S i] and B — [_‘11 (q find d(A, B).

in R3, compute the norms ||x|| and

S = O

1
Exercise 4.14. For the vectors x = | 1|,y =
0

|y || as well as the angle between x and y using the following inner products.
(a) (x,¥) =1y + 2292 + T35
(b) (x,y) = T1y1 + 322y2 + w3Y3.

Exercise 4.15. Let A be a real invertible n X n matrix. Show that
(x,y) =y AT Ax = (Ay)" (Ax)

defines an inner product in R", where x and y are column vectors in R".
Where do you use the assumption that A is invertible? What happens if it is not
invertible?

Exercise 4.16. By choosing appropriate vectors in the Cauchy-Schwarz inequality, prove
that

(a1 4+ a,)> <n(a + - +a?)
for all real numbers a4, ..., a,. When does equality hold?

Exercise 4.17. Prove that the following holds for all vectors x,y in any inner product
space V:
I + ¥l + [1x = ylI* = 2[|x||* + 2[ly ||
Give a geometric interpretation of this result.
[Hint: consider the parallelogram whose sides are given by the vectors x
and y.]
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Orthogonality and orthonormal bases

Exercise 4.18. In each part determine whether the given vectors are orthogonal with
respect to the Euclidean inner product.

! 4
(a) u= 3|, v=|—-2];
| 2 1
[0 5
3 2
1 0
-1
Exercise 4.19. Let R* have the Euclidean inner product, and let u = (1) . Determine
2
whether the vector u is orthogonal to the set of vectors
0 1 4
W ={ } h —|Y - ! wy= |2
= 1Wi1, W2, W3 where Wi = ol Wo = 3| 37 |9
0 0 2

Exercise 4.20. Consider R? and R? each with the Euclidean inner product. In each
part find the cosine of the angle between u and v.

—1 2
(b)yu=1| 5|,v=| 4
2 -9

Exercise 4.21. Show that p = 1 — z + 222 and ¢ = 2z + 2? are orthogonal with respect
to the inner product in question 4.77.

2 1
-1 3
with respect to the inner product in question 4.777

@ |y i

Exercise 4.22. Let A = [ } . Which of the following matrices are orthogonal to A
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2 1
o |5 5]
Exercise 4.23. Show that in every inner product space: v + w is orthogonal to v —w
if and only if ||v|| = ||w||. Give a geometric interpretation of this result.

Exercise 4.24. Let (,) be an inner product on a vector space V', and let u, uy, ..., u,
be an orthonormal basis for V.
We proved in the lectures that for each x € V:

X = (x,u;)uy + (X, ug)uy + - -+ + (X, up)u,.
Show that
(a) (aquy +agug + -+ + @y, f1ug + foug + - -+ + Suly) = a1 By + asfa+ - - + @ fn;

(b) (,y) = (¢ u)(y, w) + - + (X w) (y, ug).

Exercise 4.25. For each vector x and y, give the coordinate vector with respect to the
following orthonormal basis (for the dot product):

1/3 —2/3 2/3
—-2/31, 1/31,12/3
2/3 2/3 1/3
[1
(a) x=|2|;
E
[—1
b)y=1| 0
|1
Exercise 4.26. Let u;, u,,...,u, be orthogonal vectors in an inner product space V'

and let ||x|| be the norm induced by the inner product on V. Show that
hay g - g * = g [fuaff 4 - 4 .

Exercise 4.27. Use the Gram—Schmidt procedure to construct orthonormal bases for
the subspaces of R™ spanned by the following sets of vectors (using the dot product):

1 2 1

0 1 -1
(a) 1 ) 1 ) 1 )

0 1 -1



MAST10008 Accelerated Mathematics 1 2026

2 2 3
2 3 4
(b) _1 Y 1 ) 5 )
L 0] | -2 [—2]
11 [ o]l [ 4]
—2 6 —2
(c) 1], -2, 2
3 —6 6
1] | 0f [—4]
x
Exercise 4.28. Find the orthogonal projection of |y | onto the subspace of R? spanned
z

by the vectors

1 -2
(a) |2, ] 2|;
2 -1
[ 1 0
®) | 2|, |-1
-1 2

Exercise 4.29. Let V be a finite dimensional real vector space with inner product ( , ),
and let W be a subspace of V. Then the orthogonal complement of W is defined as

WH={veV: (v,w)=0 forall we W}.
Prove the following:
(a) W+ is a subspace of V.
(b) Wnw+ = {0}
(c) dimW + dim W+ = dim V.

Exercise 4.30. Let P, be the vector space of polynomials of degree at most two with
the inner product

(p,q) 2/_ p(2)q(z) da.

1

Obtain an orthonormal basis for P, from the basis {1, x, x2} using the Gram—Schmidt
process.



MAST10008 Accelerated Mathematics 1 2026

Exercise 4.31. Show that the infinite set

1 1 }
sin nx, cosnr: n=1,2,...
{\/27T NG VT

is an orthonormal set in the vector space C|0,27] of real continuous functions on the
interval [0, 27] equipped with the inner product

(f.g) = / " f(@)g(a) da

Exercise 4.32. Determine whether or not the given matrix A is orthogonal.

Orthogonal matrices

rr. 2 2
3

@ [ 1)
2 _2 1
L3 3 3
[0 1 0
M) |1 0 1
010

cosf@ —sinf

Exercise 4.33. Show that the rotation matrix A = | .
sin 6 cos

} is orthogonal.

Exercise 4.34. For each symmetric matrix A below find a decomposition A = PDPT,
where P is orthogonal and D diagonal.

(7 2 0
(a) |2 6 2];
0 25

[ —2 0 —36
(b) 0 -3 0f;
~36 0 —23

(d)

Exercise 4.35. Let A be an orthogonal matrix. Show that det A = +1.

Exercise 4.36. Prove that if A, B are orthogonal n x n matrices, then so are A~! and
AB.
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Answers
[1 —22
Solution 4.1. (a) |3]; 421: —=25: V/A41; +/110.
0 9
[ 4 117
(b) |—21; —281; —110; +/466; 2v179.
| 16 125 |
1 5
(c) 101; 9|; -L V2 V6.
1 —4

Solution 4.2. 0, 6, 5 — 27.

—

. T 27
Solution 4.3. 7, <, arccos (\/—ﬁ>

Solution 4.4. (a) cosf = ﬁg;

1
(b) d((1,2,5),(—3,1,0)) = 1| — [2]] = v42.
5

Solution 4.5. To be orthogonal: x = 3; to be parallel: no solution.
Solution 4.6. x = b — ||b|%a.
Solution 4.7. Just like the first example of inner product in the lecture notes.

Solution 4.8. No. Note that (ey, e3) = —1 < 0. Alternatively, note that (e, + ey, e +
e2> = 0.

Solution 4.9. Everything is routine until you get to axioms 4(a) and 4(b). We have
(x,%) = o7 — 23179 + 375 = (11 — 29)* + 225.

Now this is clearly non-negative (4(a)), and it is zero if and only if both squares are zero,
which imply that xo = 0 and z; = 0, whence 4(b).

Solution 4.10. Yes, no, no, no.
Solution 4.11. Yes, no, yes.
Solution 4.12. (a) —29.

(b) V17.
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(c) 3v/2.
Solution 4.13. (a) 3.
(b) VT74.
(c) v/105.
Solution 4.14. (a) |x[|=Vv2, |y[l=1, 6=71;
) Ixll=2, lyll=v3, 0=gm

Solution 4.15. Most of this is a straightforward verification of the inner product axioms.
The interesting part is axiom 4(b), where the invertibility of A is crucial, as you want,
from Ax = 0, to deduce that x = 0.

Solution 4.16. Pattern-match the inequality that you want to prove to the statement of
1 aq

Cauchy—Schwarz. One good possibility isu= | : | and v= | : |, which indeed gives
1 an,

us what we want.
Equality holds iff v = Au.

Solution 4.17. Simply apply [|x||* = (x,x).
Geometric interpretation: the sum of the squares of the lengths of the two diagonals
of a parallelogram is equal to the sum of the squares of the lengths of the sides.

Solution 4.18. Yes, no.

Solution 4.19. No.

Solution 4.20. ———: 0.

\/57
Solution 4.21. Show (p,q) = 0.

Solution 4.22. Yes, no.

Solution 4.23. We have
0= <V +W7V - W> = <V7V> - <V,W> + <W,V> - <W7W> = ”VH2 - ||W||2

For a geometric interpretation, draw the parallelogram formed by two vectors v and w
and consider the diagonals.

Solution 4.24. Use the properties of the inner product and the orthonormality of the
basis.
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1
Solution 4.25. (a) [x] = |2];
3

1/3

(b) [y]=| 4/3
~1/3

Solution 4.26. The case n = 1 is trivial. The case n = 2 is the usual Pythagoras
theorem.
Use induction on n to do the general case.

1 1 2
0 2 —1
. 1 1 1 .
SOluthIl 4.27. (a) 75 1 s \/—1—0 1 s \/—1—0 _9 )
0 2 1
[ 2] 0 1
2 1 0
1 1 .
)5 |4 i o 32
i 0_ —2 2
[ 1] 1
-2 1
(c) % 14, \/Lg 0| — the space has dimension 2.
3 0
1] -1
1 or — 2y + 4z
Solution 4.28. (a) 9 —2x 4+ 8y + 2z | ;
do + 2y + 5z
br + 6y + 32
(b) — | 6x+ 10y — 2z

3r+ —2y + 13z

Solution 4.29. (a) We apply the Subspace Theorem:
« For any w € W we have (0, w) = 0, therefore 0 € W*.

o If vi,vy € W+ then (vi,w) = (vo,w) = 0 for all w € W. Therefore
(vi+ vy, w) =0 for all w € W, hence v; + v, € W

e« If Ae Rand v € W+, then (v,w) =0 for all w € W, so (\v,w) = 0 for all
weW,so v eW

10
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(b) Let v.e WNWH, then (v,w) =0 forallw € W. But v.€ W, so (v, v) = 0, hence
v =0.

(c¢) Let By = {wy,...,w,,} be an orthonormal basis of W. Extend it to an orthonormal
basis B = By U By of V, with By = {uy,...,u,}. Every vector in By is orthogonal
to each vector in By, hence to each vector in W = Span(B;), so By C wt.

Let v € W+, Since v € V, we have
vVv=au + -+ a,u, +bywy + -+ b, Wy,

where a; = (v, u;) and b; = (v, w;) = 0. Therefore v € Span(B,).

We conclude that Bs is a basis for W+, and we are done.

1 1
Solution 4.30. \/§ 3V5 ( —>.

NN ANE

Solution 4.31. It comes down to some integrals:

/27r { it m#n
cos(mx) cos(nx) do = _
0 ifm=n
/27r _ { it m#n
sin(max) sin(nz) de = _
0 itm=n
2m
/ cos(mx) sin(nz) dx = 0
0

Solution 4.32. Orthogonal, not orthogonal.
Solution 4.33. Multiply A” A and use the trigonometric identity sin? 0 + cos?6 = 1.

2 =2 1 9 00
Solution 4.34. (a) P=3 {2 1 =2, D=0 6 0
1 2 2 00 3
0 4 3 -3 0 0
by P=1l5 00|, D=|o02 0
0 -3 4 0 0 =50
(5 5 0 2 00
— 1 1 —
() P=|L ~L o, D=]000
| 0 01 000
r_ 1 I
i 200
@prP=| % L= =, D=|o20
0 —\/lg \/Lg 00 8

11
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Solution 4.35. We have
det(ATA) = det(I) =1,

but det(AT) = det(A) so we conclude that det(A)? =1, so det(A4) = £1.

Solution 4.36. We have ATA =1, so A and AT are inverses of each other.
Therefore
(A_l)TA_l — (AT)_lA_l — AA—l — [’

hence A~! is orthogonal.
For AB, we have

(AB)'(AB) = BTATAB=B"IB=B"B=1.

12
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