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2 Matrices and linear equations

Arithmetic of matrices

Exercise 2.1. Evaluate the following matrix products:

3 42 1 2
) [1 36| 0 -1];
7 -1 0| |-1 o0

2 2
o) |7 3|1 -2
0
(c) [T4+i 6 —4+3i] |1—1];
1
[0
(d) |1|[7 6 —4];
|1
3 —6 0] [2
(e) 10 2 =2 (1};
|1 -1 -1 1
[4 3 1
o 5| [i]
(8 9] b3
Exercise 2.2. Let
10 1
A= 2 3 4
-1 0 =2
Compute the matrix
B=—-(A*—-2A —4I)
and show that it satisfies
BA=AB=1.

Exercise 2.3. Verify that

cos (#1) —sin (61)] {cos () —sin (92)1 _ |:COS (01 +65) —sin (6; + 02)
sin (f1)  cos ()| |sin(fy)  cos(6s) sin (01 +65)  cos (6 +02) |

(Does this seem pointless? That’s because we haven’t discussed the matrix of a rotation
yet, at which point this exercise will be more interesting.)
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The transpose of an m X n matrix A = [a;;] is the n x m matrix A" = [a;;] obtained
by interchanging the rows and columns of A. For instance:

1 7

1 2 -1 0] | 2 —2
{7 —2 -1 1]——1 ~1
0 1

Exercise 2.4. Prove that for any matrices A and B of the same size, and any scalar A,
the following hold:

(a) (A7)" =4

(b) (AA)" = A(AT);

(¢) (A+B)" = A" + B7;

(d) (AB)" = BTAT.
Exercise 2.5. Write down the 3 x 2 matrices A and B which have entries given by
A;; =i+ jand B = (—1)". Calculate A" B.

Exercise 2.6. Give 3 x 3 examples of the following:

a) a diagonal matrix; that is, a matrix A with A;; = 0 if 7 # j;

(a)
(b) a scalar matrix; that is, a diagonal matrix A with A; = A,;;
(c) a symmetric matrix; that is, a matrix A with A;; = Aj;;

)

(d) an upper triangular matrix; that is, a matrix A with A;; =0 if ¢ > j.

Exercise 2.7. Let A and B be n x n matrices and suppose that A> = A. Show that
(AB — ABA)? = 0.

Exercise 2.8. Suppose that a 2 x 2 matrix A satisfies AB = BA for every 2 X 2 matrix
B. Show that A must be a scalar matrix (that is, a scalar multiple of the identity matrix).

Hint: Write A = Z cﬂ and find the conditions imposed on a, b, ¢, d by the equality

10 0 1
AB—BAWhenB—[O 0} andB—{O O}'
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Gaussian elimination and echelon forms

Exercise 2.9. Following the algorithm, reduce the following matrices to row echelon
form (which is not unique), and then to reduced row echelon form (which is unique).
Keep a precise record of the elementary row operations you use. As usual, i € C denotes
a square root of —1.

4 -8 16
(a) |1 =3 6];
2 1 1
(b) 244 241 5 6+1]
1—20 1—2i =244 2—il’
(1 2
-1 1
0 2
0 2 1 4
(d) [0 0 2 6];
10 -3 2
(1 2 0 1
(e) |2 4 1 1];
36 11
0o 0 27
1 -1 11
(f) -1 1 —4 5|°
-2 2 -5 4

Exercise 2.10. What is the rank of the m x n matrix with 1 in every position? What
is the rank of the m x n chessboard matriz with (i, j) entry

0 ifi+jiseven
Q;5 =
! 1 if i+ 7 is odd?

Linear equations

Exercise 2.11. Which of the following systems of equations are linear?

(a) ZL’1—31‘2 :ZL’3—4
T4 =1—x
1+ x4+x3—2=0
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(b) 3z— zy =1
r+2xy—y=0

() y=z-1
r=1—y

(d)  a*=y
r+y=1

Exercise 2.12. For each of the matrices from Question 2.8 write down the corresponding
homogeneous system and the rank of the matrix, and solve the system of equations from
the reduced row echelon form. Note: Elementary row operations leave columns with all
zeros unchanged.

Exercise 2.13. Using Gaussian elimination, solve the following homogeneous systems:

(a) 24z —iy+ (3 —i)z+ u =0
T+ y —(1=2u =0

(b) Tx+T7y—16z+6w = 0
doe — y+ 3z24+7Tw = 0
3r+ y— 2244w = 0

Exercise 2.14. Use row reduction to find the ranks of the coefficient and augmented
matrices of the following systems of equations. Decide whether the system has

i. no solution vector,
ii. a unique solution vector,

T
iii. more than one solution vector |y
z

Solve the system where possible and describe the system geometrically.

(a) 3z— 2y+ 42 = 3
r— y+ z = 7

dr — 3y+ bz = 1

(b) r+ 2y— z = —1
20+ Ty— z = 3
—3r—12y+ =z = 0

(¢c) 33— 4dy+ =z = 2
—br+ 6y+10z = 7
8r—10y — 92 = —5
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(d) 22— 3y+ bz
dr + Ty — 2z
2v — 4y + 25z

10
)
31

Exercise 2.15. Using Gaussian elimination, solve the following system of equations:

2$1+I2+3I3+ Ty =
xr1 + xo + T3 — Ty =
I1—$2+3l‘3+5$4 =
dxy + 29+ Trs + by =

3

6
—12
-3

Exercise 2.16. Determine the values of k for which the system of linear equations has

i. no solution vector,

ii. a unique solution vector,

T

iii. more than one solution vector |y

(a) kx4 y+ 2z =1
r+ky+ z =1
T4+ y+kz = 1
(b) 2z+ (k—4)y+(3—
2y + (k —
T — 2y +
(c) z+2y+kz =1
2+ ky+8z = 3
(d) =z -3z = =3
20+ ky— z = =2
r+2y+kz = 1

For the cases ii. and iii.

z

k)z =1
3z = 2

I
I
—_

find the solutions.

Exercise 2.17. Determine the conditions on a, b, ¢ so that the system has a solution:

(a) x+4+2y—3z
3r— y+ 2z
x — oy + 8z

(b) x—2y+4z
20+ 3y — =z
3r+ y+2z

a

Find the solutions when they exist.
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Inverses

Exercise 2.18. Use elementary row operations to find, where possible, the inverses of
the following matrices:

00 1
(a) |0 1 0

[ 1.0 0|

1 0 0]
(b) 4 3

09 7|

[ 4 7 2]
() | =3 1 =7
24 1
1 2 3]
(d) | =1 7 —4
09 -1

Exercise 2.19. Use elementary row operations to find, where possible, the inverses of
the following matrices:

(a) [1+1i 1—2}

® 542

Exercise 2.20. Find the inverse of the matrix

4 3 =2 0

1 2 -3 1

A= 2 —1 1 -3

1 -3 1 =2

Hence solve the system

41‘1 + 31’2 — 21‘3 = 1
T1+2x9 —3x3+ 14 = 0
21’1— To + .1'3—3374 = —1
T — 3I2 + Tr3 — 2.734 = 3

Check your answer by matrix multiplication.
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Determinants

Exercise 2.21. Evaluate the following determinants by Gaussian elimination to triangular
form:

2 3 1
(a) |4 5 2
1 2 3
5 6
Mb) |12 3
01 —1
9 —1 —9
| -1 2 1
3 0 -3
1234
0123
D1y 021
003 2
1 -1 2 3
9 192 6
© 1 1 o2 3
2 2 0 -5
39 27 81
11 1 1
O 5 4 8 16
29 4 8 16

Exercise 2.22. Suppose

L Qe
> o
S 0
I
—_

Find the following determinants:

a b c
(@) | g h i
d e f
a —b c
(b) |d —e f
g —h 1
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d e f
(¢) | 3g 3h 3i

a b c

2a 20 2c
(d) | 2d 2 2f

29 2h 2

a b c

(e) | d+a e+b f+c

g—2a h—2b 1—2c

Exercise 2.23. Using a suitable determinant find

(a) the area of the parallelogram spanned by the vectors B and {_53
1[4
(b) the volume of the parallelotope spanned by the vectors 1], |1
—1_ _2_
1114
(c) the volume of the parallelotope spanned by the vectors |1, |1
1 2

(d) What does your answer to (c) tell you about the three vectors?

Exercise 2.24. Establish the following factorisations:

1 1 1
a b c|l=0B-c)c—a)la—b)(a+b+c)
ad v o

r oy oz

w? oyt 2P =(y—2)(z —x)(z —y)(yz + 22 + xy)

Yz 2r Y

Exercise 2.25. Evaluate the following determinants:

1 a be
(@) |1 b ca
1 ¢ ab

1 a a
(b) |1 b b
1 ¢ ¢

and

and
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Exercise 2.26. The famous Vandermonde determinant is defined by

LA X ot
b 1 Ay A2 - At
D VD D Vi

Use row operations to evaluate D,, D3, and Dy, expressing your answer as a fully
factorised expression to exhibit the fact that D,, = 0 if any two of the parameters A;, A,
..., Ap are equal.
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Answers
1 2
Solution 2.1. (a) [—5 —1];
7 15

(b) matrices incompatible;

(c) [2—3i];

[0 0 0
(d) |7 6 —4];
76 —4

(e) [0];

(f) |5

Solution 2.2.

Swi= O
— Wl =

Solution 2.3. Straightforward but tedious calculation: compute the matrix product and
notice that the entries of the resulting matrix can be rewritten as desired by appealing
to the laws for sine and cosine of a sum of angles.

Solution 2.4. (a) Clear from the definition: if we swap rows and columns twice, we
end up with the original matrix.

(b) Let C = AA, then ¢;; = Aa;;. We have
(A" =0T = [eji] = [Nagi] = Aazi] = A
(c) We have
(A+ B)" = [ay; + b;]" = [aj + bji] = [az] + [bj;] = A" + B

(d) Let C = AB, then

n
Cij = g Wik
P

10
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Therefore
(AB)T CJz = |:Z ajkbm} .
On the other hand we have

BTAT ﬂ aﬂ = [Zbkzajk]

Solution 2.5.

2 3 1 -1 5 3
A= |3 4 B=|-1 1 ATB:LL _4}.
4 5 1 -1
28 0 0
Solution 2.6. (a) | 0 29 O0f;
0 0 30
20 0 0
M | 029 0f;
| 0 0 29
[1 2 3]
(c) 12 4 5|;
13 5 30
[1 2 3]
(d) |0 4 5],
10 0 30]

Solution 2.7. Compute

(AB — ABA)* = (AB — ABA)(AB — ABA)
= ABAB — ABABA — ABAAB + ABAABA
= ABAB — ABABA — ABAB + ABABA
= 0.

Solution 2.8. Compute the two sides of AB = BA for both matrices B given in the
hint. We get the conditions

which imply that A = al.
Note: The same statement holds for n x n matrices for any n > 2.

11
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Solution 2.9. A row echelon form and the reduced row echelon form are given. Note
that row echelon forms are not unique.

[1 —2 4 1 00
(a) REF: |0 1 —2|, RREF: [0 1 0};
0 0 1 0 0 1
11 2—i 26-08i 110 1.6+0.7:]
(b) REF: 0 0 1 0.7—0.42}’ RREF: {0 0 1 0.7—045|
[1 2 10
0 1 0 1
(c) REF: 0 ol RREF: 0 ol
0 0 00
[1 0 =3 2] [1 0 0 11
(d) REF: 2 1 4|, RREF: [0 1 0 3/[;
00 1 3 0 1 3
(1 2 0 1] [1 2 0 0
(e) REF: 0 1 —1|, RREF: 01 0f;
00 0 1] 0 0 0 1
[1 —1 1 1] [1 -1 0 0
0O 027 0 010
(f) REF: 0 00 1l RREF: o 00 1l
0 0 0 0] 0 00 0

Solution 2.10. For the matrix of ones, the rank is always one regardless of size. For the
chessboard matrix, the rank depends on the size:

e if m =n =1, the rank is zero;
e if m=1andn > 2, the rank is one;
o if m > 2 and n = 1, the rank is one;
 in all remaining cases, the rank is two.
Solution 2.11. (a) linear;
(b) nonlinear;
(c) linear;

(d) nonlinear.

12
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T 0
Solution 2.12. (a) Rank 3; y|l =10
z 0
T -1 —1.6 —0.7¢
_ vyl 1 0
(b) Rank 2; o +0b 074040 ,a,b € R
w 0 1
T 0]
(c) Rank 2; {{y} = {0— }
([ 2] —11
(d) Rank 3; =t 5] te
L LW ] 1
([2] [-2
: y| _ 1
(e) Rank 3; L=t 0 teR
L [w] | 0
([«]1 |1
: yl _, |1
(f) Rank 3; . =1 0 tER
L [w] 1 0
x —1+2 141
. yl | 1-2i 3 — 5i
Solution 2.13. (a) | = t 5 ol ,teCy;
U 0 4
1 -1 —11
To| 17 5}
(b) . =a| - +b 0 , a,b € R
Ty 0 7

Solution 2.14. (a) and (b) rank(A|B) > rank A: no solution so the system consists of
three planes that do not all intersect in any points.

x 23 —20
(c) rank(A|B) = rank A = 2: multiple solutions: y| =« 37? + —37(1) ,a€R
2

the system consists of three planes intersecting in a line.

13
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T 1
(d) rank(A|B) = rank A = 3: unique solution: y| = | —1| p;the system consists
z 1
of three planes intersecting in a single point.
Solution 2.15.
T —2 —2 -3
To| 1 3 9
| = o} 1 + 0 0 + 0 a,feR
x4 0 1 0
Solution 2.16. (a) i.
k = —2: no solution;
T 1 1
b) ke R\ {-2,1}: =— |1];
z 1
x -1 -1 1
c) k=1 |y|=a| 1| +p| O] +|0].
z 0 1 0
(b) i.
k = 2: no solution;
x k—2
b) ke R\ {-1,2}: |y 1;
z 2
T 3 3
c) k= yl=a |2+ |1].
z 1 0
(¢) i
k = 4: no solution;
h) no such k;
x —k—4 1 k—6
c) keR\{4}: |y| =« 2| + —— 1
k—4
z 1 0
(d) i.
k = —5: no solution;

14
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x 1 -3k—3
b) ke R\ {-5 2} = — 41
) ke R\ {-52}: |y TEE ;
z 4
T 3 -3
k=2 |yl =a|-3|+]| 2.
z 1 0

x
Solution 2.17. (a) If c=—-2a+0: |y| =«
z

x 1 -7 =8 10| |a
(b) For all a,b,c: |y =% 7 10 -9 |b
z 7T 7 =7 |c
0 01
Solution 2.18. (a) [0 1 0
100
1 0 O
(b (O 7 =3
0 -9 4
1 29 1 =51
() o7 [-11 0 22
—-14 -2 25
(d) no inverse
. 1(3—7 1—2
Solution 2.19. (a) R [—2—@' 1+3i]

®) 55 s 2 e
17 —-11 —-13 14
Solution 2.20. % I()l __225 }é __252 : %
15 —15 =30 15
Solution 2.21. (a) —5
(b) -9

(c) 0

15
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(d) 1
(e) 2
(f) —1440
Solution 2.22. (a) —1

(b) —1

w

(c
(d
(e

Solution 2.23. (a) 11

oo

)
)
)
)1
(b) 2
(c) 0
(d) The three vectors in (c) must be coplanar.

Solution 2.24. You can compute each of the determinants by expansion along the first
row (for example), then expand the product on the right hand side and compare.

Solution 2.25. (a) (b—a)(c—a)(c—10)
(b) (b—a)(c—a)(c—Db)(a+b+c)

Solution 2.26. DQ = )\2 — )\1, D3 = ()\2 — )\1)()\3 — )\1)()\3 — )\2) and
D= (M2 — M)s — A1) — M)A — X)) — Ao) (s — Ag).

16
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