MAST10008 Accelerated Mathematics 1 2026

1 Introduction to rigorous mathematics

Sets and numbers

Exercise 1.1. Show that set union is an associative operation, that is for any three sets
A, B, C we have
(AUB)UC =AU (BUC).

Exercise 1.2. We say that two sets S7 and Sy are disjoint if S NSy = 9.
Show that given any two sets A and B, the sets

Slle\B, SQ::AQB7 SgZB\A

are pairwise disjoint.
What is their union S; U Sy U S37

Exercise 1.3. Express the following repeating decimals as rational numbers:

(f) 0.001010101...

Exercise 1.4. (Hard) Show that any decimal number that is eventually periodic must
represent a rational number.

Exercise 1.5. Solve the following equations in Fs:
(a) 24+1=0
(b) 2?24+ 2=0
(c) 22 +2+1=0.

Exercise 1.6. Let m denote a natural number. Which of the following equations
involving only natural numbers have solutions that are also natural numbers? If there is
a solution, is it unique, in other words, is there only one solution?

(a) m+1=2
(b) m+2=1
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(c) 2m =4
(d) 2m =3
(e) (0).m = 42
(f) (0).m =0

If we replace “natural number” by “integer”, which of the preceding equations, which
had no solution in the natural numbers, now possess solutions in the integers?
Which now become solvable if “integer” is replaced by “rational number”?

Complex numbers: prerequisites
Exercise 1.7. (a) Using the number ¢, write down an expression for /—25.
(b) Simplify 4"

(c) For the complex number z = 2 — 3i, write down: (i) Re(z); (ii) Im(z); (iii)
Re(z) — Im(z).

Exercise 1.8. Find the solutions of 22 — 6z + 10 = 0. What is the relationship between
the solutions? Plot the solutions in the complex plane.

Exercise 1.9. Let z and w be complex numbers. Prove the following properties of the
complex conjugate.

a) z+ Z is real;

L R L
1N cartesian rorm x Y.
113 y

(b) Find Re (; s 22) and Im <; * ‘;)
Exercise 1.11. Find the modulus and argument of

(a) 1++/3i

(b) =3 —3i

Exercise 1.10. (a) Express
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(c) 3+4i
(d) —7.
Exercise 1.12. Express the following complex numbers in exponential polar form:
(a) z=+3+i
(b) z=—-1—1.

Exercise 1.13. (a) Express z = —2 4 24/3i in exponential polar form re*.

(b) Express z = 5e's in cartesian form z + iy.

Exercise 1.14. (a) Describe geometrically what happens when a complex number z
is multiplied by w = i. By u = —7

(b) Describe geometrically what happens when a complex number z is divided by

w=14 Y3

2 Tl

Exercise 1.15. If z = v/3 +i and w = 1 — v/3i, use exponential polar form to find %
and zw.

Exercise 1.16. Using properties of the modulus, evaluate

—2(3 —1)(5 + 29)
(14 3d)(7—14)

Exercise 1.17. Using properties of the argument, evaluate:
(a) arg ((1 +i)(—1+ \/32)),
(0) ars (=52,

Exercise 1.18. What is the geometric relation between the point z in the complex plane
and the following points? Illustrate with a sketch.

(@ -

Exercise 1.19. Sketch the set of points in the complex plane representing the complex
numbers z satisfying the following relations:
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Polar form and exponential form

Exercise 1.20. Express each of the following complex numbers in the polar form re.
[llustrate with a sketch.

)
) =5+ 5i
(c) —V6—iv2
) 34 4i
) 1—4V3
) (1+iv/3)?

142
1—1

14+iv/3
(h) 1_i\/§

(i) (2+30)(1 — 29)
Exercise 1.21. Express the following numbers in Cartesian form:
(a) 62—5—@%
(b) i
(c) ei2m

Exercise 1.22. Express in exponential form e*:
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(a) 1—14V3
(b) =3
(c) 141
Is exponential form unique?

Exercise 1.23. Compute (5 —i)*(1 +4) and use the result to prove that

s 1 1
— =4arctan | - | — arctan | — | .
4 (5) (239)

The latter expression has frequently been used to calculate w. The first term on the right
hand side is easy to calculate and the second term converges very quickly.

Applications of exponential form

Exercise 1.24. Let z be a complex variable and write z = a + tb. Make sense of the
derivative

d
— 62t,
dt
where t is a real variable.
Find a general formula for the indefinite integral

/ et dt.

Exercise 1.25. Find the fourth derivative with respect to ¢ of e cos(bt) using that of

elatidt  Show that .

pm (e cos(2t)) = —25¢ *sin(2t + ),

where o = arctan (%)

Exercise 1.26. Calculate [ 3'cos(t)dt using the complex exponential.

Exercise 1.27. Using the complex exponential, calculate

(a) d—m e’ cos (\/§t>

Exercise 1.28. Use de Moivre’s formula to express the following functions as polynomials
in sin(f) and cos(#). Which of them can be expressed as polynomials in (i) cos(#) alone,
(ii) sin(#) alone?
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a

n

(a) cos(46)
(b) sin(

(c)
(d)

in(30)
os(50)

@)

sin(46)

Exercise 1.29. Express the following as linear combinations of trigonometric functions
of integral multiples of 6:

a

(c

(d) cos?

(a)

(b) sin’(0)
)
)

0) sin®(0).

Exercise 1.30. (Hard) Give an argument to show that, for any natural number n,
cos(nfd) can be expressed in the form

cos(nf) = P,(cos(0)),

where P, is a polynomial of degree n with real coefficients. (For example, P;(x) = x and
Py(z) = 22% — 1.)
(These are called Chebyshev polynomials.)

Finding roots and solving equations

Exercise 1.31. Find all cube roots of unity and locate them graphically.
Exercise 1.32. Find the square roots of 1.

Exercise 1.33. Find all complex numbers z for which z? = —8i and sketch them in the
complex plane.

Exercise 1.34. Find the sixth roots of 64 and illustrate with a diagram.
Exercise 1.35. Solve the following equations and locate the zeros graphically:
(a) 2°=—-32
(b) 23 =—1+1
(c) 2t = —2v3— 2.

Exercise 1.36. Find all zeros of the following equations:
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(a) 2 —222+4=0
(b) 26+22342=0
(c) 22 +422+16=0
(d) 22+1=0

(e)

(f) 22 = (14+2)2>+iz+i=0

P+ (l+i)z—5z+i=0

Hint. In (f) z =1 is a zero. Divide by z — 1.

Proofs

Exercise 1.37. Prove carefully the following results about integers. (You will need to
assume some facts about the integers but you should state clearly what they are and you
should make them as simple as possible.)

(a) The square of an even integer is even.

(b) The product of two odd integers is odd.

(c) The sum of two odd integers is even.

(d) The cube of an odd integer is odd.

(e) If k is an odd integer, k? — 1 is divisible by 4.

Exercise 1.38. (Hard) Prove that if ag, a1, ..., a,—; are integers and z is a rational
number such that

T 4 Q12"+ a0+ 4 agx + ag =0,

then z has to be an integer which is a factor of ay. This theorem shows in particular
that for n € N and n > 1, the n-th root of any natural number k is irrational, unless k
is of the form m” for some natural number m. The theorem can also be used in some
cases to deduce that solutions of algebraic equations are not rational numbers.

Exercise 1.39. One of the following statements is true and the other is false. For the
one that is true, give a careful proof. For the one that is false, give an example to show
that it is false.

(a) If a natural number n is divisible by 12 then its square is also divisible by 12.

(b) If the square n? of a natural number n is divisible by 12 then n is also divisible by
12.
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Exercise 1.40. Show by example that

(a) the sum of two irrational numbers need not be irrational;

(b) the product of two irrational numbers need not be irrational.
Exercise 1.41. Prove that there is no rational number whose square is six.
Exercise 1.42. Prove that v/2 + /3 is irrational.

Exercise 1.43. Prove that log;, 2 is irrational.

Exercise 1.44. (Hard) Given 5 points in a square of side 1, show that there are two
V2

points of the five for which the distance apart is no more than 3.

Exercise 1.45. (Hard) Suppose that the points of the plane are each coloured either
red, yellow or blue. Prove that there are two points at distance one apart which have the
same colour.

Exercise 1.46. (Hard) Prove that, for any set of 2026 integers, there is a subset whose
sum is divisible by 2026.

Inequalities

Exercise 1.47. Transform each of the following inequalities into an equivalent inequality
free of the modulus sign, such as a < x < b. Simplify as much as possible.

(a) |z] <3

(b) |z —2]<5
(c) 3—2z| <1
(d) |1+ 2z <3

Exercise 1.48. Rewrite each of the following inequalities in terms of intervals:
(a) |[z+3]>1

(b) |z —2| <3
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(c) lx—=2|<3or|z+1<1
(d) |[z—2|<3and [z + 1| <1
(e)

)

(f) lx+2|<2o0r |z >1

|z +2| <2and |z] > 1

Mathematical induction

Exercise 1.49. Rewrite each equality using summation notation, and prove that the
equality holds for every positive integer n.

(@) 24+44+6+---+2n=n(n+1)

(b) 1+4+7+ -+ Bn—-2)=3n(3n—-1)

() 247+ 12+---+ (5n—3) = in(5n — 1)

(d) 1+2-2+43-224+4-2°4+ .. 4+n-2" =14 (n—1)2"
() P+224+3%+---4+n?=gn(n+1)(2n +1)

0 1+1+1+ N 1 n
1-2 2.3 3-4 nn+1) n+1

(g) 3+32+3% 4 --43"=3(3"-1)

4
(h) (1+25—|——|—n5)+<1—|—27++n7>:2{n(n2+1)}

1—r"

T if r#£1

1) 1+r+r2+- 4 t=

Exercise 1.50. Prove by induction that the following statements are true for every

positive integer n.
a) 3is a factor of n® —n +3

(
(b) 9 is a factor of 10" +3-10" +5

d

)
)
(c) 41is a factor of 5" — 1
(d) = —y is a factor of ™ — y™
)

(e) 7*™ — 48n — 1 is divisible by 2304.

Exercise 1.51. Prove that the following inequalities hold for all n € N.
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(a) 1+x)*>21+nzxif r > —1 (the so-called Bernoulli’s inequality)

) P+ 4+ +(n—1PF<in*<134+22+...4n?

1 1 1
(C)l—kﬁ—l-%—l—"'—F%?\/ﬁ
1
@ L+ s+ f f <o/l

Exercise 1.52. In each case find ng € N such that the inequality holds for all n > ny,
and give a proof by induction.

Exercise 1.53. Derive the following formulas (without using mathematical induction):

n

(a) SO(2k—1) =

k=1
(Hint: 2k —1=k*—(k—1)2)

“ 1 1

=1
(Hint: Use the preceding formula.)

1
(c) Zk;Q 3n —|—2n +6n

(Hlnt k3 —(k—1)=3k* -3k +1.)

1 n
d - =1- = .
();k(k%—l) n+1 n+1
1 __1_ 1,
k(k+1) k k+1

(Hint:

10
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Exercise 1.54. Consider the triangle in the complex plane that has vertices at the origin,
at z; and at z; + z5. By considering the sides of this triangle, show that

|21 + 2| < 21| + 22|
Now use mathematical induction to show that, for any complex numbers z1, ..., z,,

ot 2l < Jal ol

Functions

Exercise 1.55. Let X be a nonempty set and let y be an element that may or may not
be in X.

(a) How many functions X — & are there?
(b
(c

(d) How many functions {y} — X are there?

How many functions @ — X are there?

)
) How many functions X — {y} are there?
)

Exercise 1.56. Consider two functions f: A — Bandg: B — C.

(a) Suppose go f is injective. Does it follow that f must be injective? That g must be
injective?

(b) Suppose g o f is surjective. Does it follow that f must be surjective? That g must
be surjective?

(c) Suppose g o f is bijective. What can you conclude about f and g7

Exercise 1.57. Let f: A — C and g: B — D be bijective functions. Give a
bijective function h: A x B — C' x D (and prove that it is bijective).

Exercise 1.58. Let f: A — B be a function and let X C A. The image of X under
f is the subset of B defined by

f(X)={be B: b= f(x) for some x € X}.
Suppose we have another subset Y C A.

(a) Prove that
FIXUY) = f(X)U f(Y).

(b) Prove that
fXNY) C f(X) N fY).

Does the opposite inclusion always hold?

11
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Exercise 1.59. Let f: A — B be a function and let X C B. The inverse image of
X under f is the subset of A defined by

fUX)={acA: f(a) € X}.
Suppose we have another subset Y C B.

(a) Prove that
X UY) = fX)ufH(Y)

(b) Prove that
FANY)C X)) nfH(Y).

Does the opposite inclusion always hold?

Exercise 1.60. Let f: A — B be a function.

(a) Prove that
A f(X)=X  forevery X C A

if and only if f is injective.

(b) Prove that
fUHX) =X for every X C B

if and only if f is surjective.
Exercise 1.61. Let A, B be two nonempty sets. Consider the functions

ma: Ax B— A given by ma(a,b) = a for all (a,b) € A x B
mp: AX B — B given by mg(a,b) = b for all (a,b) € A x B.

(a) Prove that m4 and 7p are surjective.

(b) Prove that given any set X and any functions f: X — Aand g: X — B,
there exists a unique function h: X — A x B such that

maoh=f and mgoh=yg.
(This is called the universal mapping property of the Cartesian product A x B.)
Exercise 1.62. Let A be a set of cardinality n, where n > 1.
(a) Prove that A is not the empty set.

(b) Prove that for any a € A, the subset A\ {a} has cardinality n — 1.

12
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Exercise 1.63. Let A be a set of cardinality n € N. Prove that for any m # n, A
cannot have cardinality m.
(Hint: use induction on n, and Exercise 1.62.)

Exercise 1.64. Let A be a finite set and let B C A. Prove that B is finite and #B < #A.
(Hint: try induction on the cardinality of A.)

Exercise 1.65. Let X be an arbitrary nonempty set, A a finite subset of X, and
re X\ A

(a) Prove that if z € X \ A then AU {x} is finite and
#(AU{z}) = #A+ 1.

(b) Prove that for any n € N, if xy,...,z, are distinct elements of X \ A, then
AU{x1,...,2,} is finite and

#(AU{z1,...,2,}) = #A+n.
Therefore if A and B are finite subsets of X that are disjoint, then

#(AUB) = #A+ #B.

Exercise 1.66. (Inclusion-exclusion principle). Let A and B be two finite sets.
(a) Prove that the union AU B and the intersection A N B are finite sets.

(b) Prove that
#(AUB) =#A+#B—#(ANB).

Exercise 1.67. (Pigeonhole principle). Let Ay,..., A, be finite sets, let A be their
union, and suppose the cardinality of A is > n. Prove that there exists j such that the
cardinality of A; is > 1.

Equivalence relations

Exercise 1.68. An equivalence relation ~ is a way of identifying elements of a set. More
precisely, given a set A and z,y € A, we will write x ~ y to signify that “z is equivalent
to y”, and we require this to satisfy three properties:

o 2~z forall z € A (“reflexivity”);
o if z ~y then y ~ z (“symmetry”);

o if x ~yand y~ z then x ~ z (“transitivity”).

13
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(a)

(b)

(c)

(2)

Let A, B be sets and f: A — B a function. For z,y € A, define z ~ y if
f(x) = f(y). Show that this satisfies the properties of an equivalence relation on

A.

Fix a natural number n. For k,m € Z, define k ~ m if m — k is divisible by n.
Show that this satisfies the properties of an equivalence relation on Z.

Fix a set 2 and let A denote the set of all subsets of €). For X,Y € A define
X ~Y if there exists a bijective function X — Y. Show that this satisfies the
properties of an equivalence relation on A.

Suppose we are given an equivalence relation on a set A. For any element x € A,
we define the equivalence class of x as:

2] ={y € A|x~y}.

Show that, for any elements z, z € A, their equivalence classes are either identical
or disjoint, in other words:

either [z] = [z] or [z]N][z] = @.

How many distinct equivalence classes are there for the equivalence relation on Z
defined in part (b)? Make sure to prove that the number you give (and which will
probably depend on n) is the exact number of classes (not just an upper bound,
for instance).

Suppose we are given an equivalence relation on a set A, and consider the set B of

equivalence classes':
B ={[z] |z € A}.

There is an obvious surjective function 7: A — B defined by [z]. Under what
circumstances (if any) is 7 a bijection?
Let A =N x N and define (a,b) ~ (¢,d) ifa+d=b+c.

i. Show that this satisfies the conditions of an equivalence relation on A.

ii. Construct a bijective function B — Z, where B is the set of equivalence
classes. (Don’t forget to prove that your function is well-defined, and that it
is bijective.)

1A frequently used notation for the set of equivalence classes is A/ ~, read as “A mod tilde”, and it is
referred to as the quotient of A by the relation ~

14
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Answers

Solution 1.1. We have to show that
(AUB)UCCAU(BUC) and AU(BUC)C (AUB)UC.

We work out the first of these inclusions; the other is very similar.
Let # € (AU B) UC. Then there are two (non-mutually exclusive) possibilities:

e € AUB,sor € Aorx € B. IfxEA,thencertainly:vEAU(BUC’).
Otherwise, x € Bsox € BUC, so againxeAU(BUC).

e x € C, in which case x € BUC, soxEAU(BUC).
In all cases we concluded that x € AU (B U C’).

Solution 1.2. If x € S; N Sy, then we have simultaneously that x € A, z ¢ B, x € A,
and x € B, contradiction. So S; NSy = @. The same argument shows that S3 NSy =
If x € S;NSy, thenx € A,z ¢ B, x € B, and x ¢ A, contradiction.
The union is
S1uUSUS;=AUB.

To show this, first note that if C € X and D C Y then CUD C X UY. Since

=A\BCAand S, = AN B C A, we have that S;USy C A. Now S3 = B\ A C B,
SO (51U52)U53 QAUB

For the inclusion in the other direction, let z € A U B. Suppose first that z € A.
Either z € B or x ¢ B, leading to x € A\ B = S; or x € AN B = 5, so that
$651U82g51U52U53.

Similarly, if x € B we conclude that x € S, U S3, so in either case z € S; U Sy U Ss.

Solution 1.3. (a) §
(b) §
(c) 1
(d) 0.35 =%
(e) 35
() 5o

Solution 1.4. Without loss of generality we may assume that the number is between 0
and 1 (otherwise subtract the integer part of the number).
So we have something of the form

r = 0.a1a203 . . . pQpi1Gpis - - - Qpir

15
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where the bar indicates the repeating part. Then

n
10"z = ayay ... an.Cpi1Gnia - - - Qppr

Set A=ajas...a, € Nand B=a,.1...a,., € N, then

10"r — A =0.G110ni2 - - Gnyr

We finally get to the cool part: because of the periodicity, we have

10"(10"z — A) — B = 0.0, 1Gni2 - - - Qi = 10"z — A,

SO B
10"z — A=
10" —1
and finally
B
_ 101 +4
10

which is manifestly a rational number.

Solution 1.5. (a) z =1

—>

b) z=0o0rz=
(¢) no solution

Solution 1.6. (a) Yes, unique

(f) Yes, not unique
Equation (b) has a unique solution in the set of integers.
Equation (d) has a unique solution in the set of rational numbers.

Solution 1.7. (a) 5i; (b) —i; (c) i. 2, ii. —3, iii. 5.

Solution 1.8. From the quadratic formula, z = 3 + 7. The two solutions are complex
conjugates.

Solution 1.9. (a) z2+Z= (v +1y) + (z —iy) =2z € R.

(b) z—Zz = (x +1iy) — (z —iy) = 2yi € iR.

16
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(c) 2zz=(z+iy)(x —iy) =2>+y? € R.

(d) z4w=(x+iy)+ (a+ib) = (x + a) —i(y + b) = Z + w.
(e) You do it.

Solution 1.10. (a) 3 — 3.
(b) —1, resp. 3/2.

Solution 1.11. (a) 2 and 7/3;
(b) 3v/2 and 57/4;
(c) 5 and arctan(4/3);
(d) 7 and 7.

Solution 1.12. (a) 2¢/6;
(b) V2em/4,

Solution 1.13. (a) 4e™7/3;
(b) —2¥2 452,

Solution 1.14. (a) for i: anti-clockwise rotation by 7/2, for —i: clockwise rotation
by 7/2;

(b) clockwise rotation by /3.
Solution 1.15. 1/z = (1/2)e™"/6 zw = 4=/,
Solution 1.16. 1/58/5.
Solution 1.17. (a) 117/12;
(b) 3m/4.
Solution 1.18. (a) Reflection in the real axis.
(b) Reflection in the imaginary axis.
(c) Symmetry in the origin.
(d) Reflection in the real axis followed by scaling by the coefficient |z| =2
Solution 1.19. (a) Circle, centre (0,0), radius 2.

(b) Interior of the circle with centre (0,0) and radius 2.

17
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(c) Exterior of the circle with centre (0,0) and radius 2.
(d) Circle, centre (1,0), radius 2.

(e) Interior of circle with centre (—1,0), radius 1.

(f) Circle, centre (—2,0), radius 2.

(g) The line y = —z.

(h) Bisector of line segment with end points a, b.

Solution 1.20. (a) 4¢€'s

Solution 1.21. (a) %62(1—1—2')
(b) —1

(c) 1
Solution 1.22. (a) elos2+i(Zkm—3)

(b) elog 3+i(2k+1)7

() ¢ 3 log 2+i(§ +2k)

18
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Solution 1.23. In Cartesian form, we have

z=(5—1i)*(1+1)
=(5"—4-5%+6-5%" —4-5-* +i*) (1 +4)
= (625 — 5000 — 150 4 204 + 1) (1 + 1)
= (476 — 480i)(1 + 1)

956 — 4i

4(239 — 9).

Therefore
arg(z) = — arctan(1/239).

On the other hand:
arg(z) = darg(5 — i) + arg(1 +i) = —4arctan(1/5) + %

Equate the two expressions and you’re done.
(I'm being careless with argument versus principal argument here, but if you stare at
the numbers you notice that it’s not a problem.)

Solution 1.24.
d

Eeztzzezt

2t 1 2t

etdt =—-e* 4 C.
z

Solution 1.25.

4

d .
pm e cosbt = Re ((a + ib)* e(““b)t) = ™ (Acos bt — Bsinbt),

where
A=a*—-6a*”+b* and B = 4dab(a® —b?).

Solution 1.26.
/Bt costdt = a3'(log3 - cost +sint) + C,

where o = 1/((log 3)? + 1).
Solution 1.27. (a) —2°'¢’ cos /3t
(b) 237e!(cost — sint).

Solution 1.28. (a) 8cos*# — 8cos?f + 1

19
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(b) 3sinf — 4sin*4

(c) 16cos®d — 20 cos® O + 5cos

(d) 4cos®fsin® — 4cosfsin®6f — cannot be expressed in one alone.
Solution 1.29. (a) 27*(cos50 + 5cos 30 + 10 cos )

(b) 27*(sin 50 — 5sin 36 + 10 sin )

(c) 27°(cos 66 + 6 cos 40 + 15 cos 20 + 10)

(d) —27*(cos 50 + cos 30 — 2 cos b).
Solution 1.30. Use the complex exponential and the binomial theorem.
Solution 1.31. 1, —14¥3 1 3
Solution 1.32. \/Li + i\/ii, — (LQ + z%)
Solution 1.33. 2i, —/3—1i, 3 —i.
Solution 1.34. 2, 1+iV3, —14+iv3, -2, —1—iV/3, 1—iV3.

3

Solution 1.35. (a) 2eis™, 2¢i3™, —2, 2ei57, 2e7iE"

11

(b) V2ei™ = 275(1+1i), 2emT, 2e "
(c) V2e 13T \[2einiT \/2eini™ \[2e iuT,
Solution 1.36. (a) J5(V3+14), —5(V3+1), 5(V3—1i), J5(=V3+1i)
(b) 2eii™, 2einT, e a7, 2T 2z, 2 inT
(c) 1+iv3, —(1+iv3), 1—iV3, —1+iV3
(d) \/%(1—1—2'), \/%(1—2'), —%(14—2’), \/Li(—l—l—i)
(1= +535(V3 1), 3(=1—19) - 73(V3 1)
, \4/§COS%7T+(1+\4/§SiIl%7T)Z', —WCOS%W—I—(l—wSiD%W)i

Solution 1.37. (a) Let n = 2k be an even integer, with k € Z. Then n? = (2k)* =
4k% = 2(2k?) is an even integer, since 2k* € Z.

—
¢]
N—
[

N =

—~
—
SN—
—_

(b) Let n = 2k + 1 and m = 2h + 1 be odd integers, with k,h € Z. Then nm =
(2k+1)(2h+1) = dkh+2k+2h+1 = 2(2kh+k+h)+1 is odd, since 2kh+k+h € Z.
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(c) Let n = 2k + 1 and m = 2h + 1 be odd integers, with k,h € Z. Then n+m =
(2k+1)+(2h+1)=2k+2h+2=2(k+h+1)is even, since k+h+1 € Z.

(d) Let n =2k +1 be an odd integer, with k € Z. Then n® = (2k + 1)% = 8k3 + 12k +
6k + 1 = 2(4k® + 6k* + 3k) + 1 is odd, since 4k® + 6k* + 3k € Z.

(e) Let k = 2n + 1 be an odd integer, with n € Z. Then k? — 1= (2n+1)> -1 =
4n? +4n+ 1 — 1 = 4(n* 4+ n) is divisible by 4, since n® + n € Z.

(In fact, k* — 1 is divisible by 8. Can you see why?)
Solution 1.38. Write x = § with p and ¢ relatively prime. The relation becomes

n n—1

p

n—1

b
q_n + Ap—1

+..._|_a1]_?_|_a0207
q
which we can rewrite as

p (P + " g+ arg™ ) = —aeg™

Since g divides the right hand side, it must divide the left hand side. But it is relatively
prime to p, so it must divide the parenthesis. This implies that it must divide p"~!,
which in turn (because p and ¢ are relatively prime) forces ¢ = 1. In other words, x = p
is an integer.

The last equation becomes
p(P" ! +an1p" P+ 4 ar) = —ag,
so p must divide ayg.

Solution 1.39. The first statement is true. If n = 12k with k € Z then n? = 144k? =
12(12k?) is divisible by 12 since 12k* € Z.

The second statement is false. For example, take n = 6. Then n is not divisible by 12,
but its square n? = 36 is divisible by 12.

Solution 1.40. (a) 7+ (—m) = 0;
(b) V2-v2=2.
Solution 1.41. We prove the statement by contradiction. Suppose there exists z € Q

with 22 = 6. Write 2 = § where p and ¢ are relatively prime integers.

Then 5_2 = 6 so p*> = 6¢%. This implies that p? is even, therefore (as we have seen) p
must be even, say p = 2r for r € Z. We get (2r)? = 642, so 472 = 6¢, so 2r* = 3¢*. This
means that 3¢? is even, so ¢* is even (since 3 is odd), so ¢ is even.

But then both p and ¢ are even, contradicting the fact that they are relatively prime.

So our original assumption is false and /6 is irrational.
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Solution 1.42. Let z = v/2 + /3. Suppose z is rational, then so is its square 22 =
(V2+v3)? =2+2V6+ 3 = 5+2v6. Rewrite this as v/6 = 2(22 — 5), which must then
also be rational. But this contradicts the fact that v/6 is irrational that we proved in
Exercise 1.41.

Solution 1.43. We proceed by contradiction.
Suppose log,,(2) is rational, and write it as § with p, g € Z relatively prime.

Then 1079 = 2. Raising to the ¢-th power we get 107 = 29. Clearly this forces ¢ > p.
Multiply by 277 on both sides of the equation to get 57 = 297P. The right hand side is
an even integer, so the left hand side is also an even integer, which is a contradiction
since 5 is odd hence 57 is also odd.

Solution 1.44. We will use the pigeonhole principle: if you have n pigeonholes and you
place n + 1 objects in them, then there is at least one pigeonhole containing more than
one object.

Take the square and partition it into the 4 squares of side length 1/2. We are
distributing the 5 points among these 4 squares, so at least one square contains 2 points.
But then the distance between these 2 points is at most the length of the diagonal of the
small square, that is v/2/2.

Solution 1.45. We prove this by contradiction. Assume there are no two points of the
same colour at a distance of 1 apart.

There must be at least one red point R. Otherwise all points are either yellow or blue
so any equilateral triangle of side length 1 will have two vertices of the same colour.

Take this red point R and consider a circle centred at it, of radius V/3. This circle must
have some yellow or blue point, because if all the points on it were red then some of them
would be at distance 1 apart. Let’s say this point Y is yellow (if it’s blue, the argument is
similar). Divide the segment RY in two halves and construct the two equilateral triangles
centred along this axis:

77

These equilateral triangles have side length 1 (since the length of RY is v/3). Consider
the two new vertices. They are at distance 1 from R, so they cannot be red. They are
also at distance 1 from Y, so they cannot be yellow. Therefore they must be blue, but
this is a contradiction since they are at distance 1 from each other.
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Solution 1.46. This is another application of the pigeonhole principle: if you have n
pigeonholes and you place n + 1 objects in them, there is at least one pigeonhole that
contains at least two objects.

In the statement of the question, there is nothing special about the number 2026, it
can be replaced by any natural number N.

Enumerate the set of integers

{a1,aq,...,an}
and consider the sums

S1 = Qq

So = a1 + as

SN =a1+ag+ -+ an.

Let r; denote the remainder of the division of s; by N. If any of the r; is zero, then s; is
divisible by N and we are done.

If none of the r;’s are zero, it means that the N numbers rq, 79, ..., 7y are placed in
the N — 1 pigeonholes 1,2,..., N — 1. So by the pigeonhole principle, at least two of the
r; must be equal, let’s say r; = 7, with j < k. Consider then the sum

Sk — 8j = Qjp1 + Ajyo + -0 F Q.
The remainder of its division by N is 7, — r; = 0, so the sum is divisible by V.

Solution 1.47. (a) -3 <z <3

>
1<x<\/§or—\/§<x<—1
Solution 1.48. (a) (—oo0, —4] U[—2,00)

(b) (=1,5)
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(C) (_17 5) U <_27 O) = <_27 5)
(d) (=1,5)N(=2,0) = (=1,0)
(e) [-4,-1)

(f) (_0070] U (17 OO)

Solution 1.49. For all of these we let P(n) denote the desired statement corresponding
ton € N.

(a)

Base case: P(1) says 2 =1-2, true.
Induction step: Let n € N be arbitrary but fixed. Suppose P(n) is true.
The left hand side of P(n+ 1) is

244+ 4+2n+2n+1)=nn+1)+2(n+1)=(n+1)(n+2),

so P(n+ 1) is true.

By the principle of mathematical induction, we conclude that P(n) is true for all
n € N.

n

> Bk-2)= %n(?)n —1).

k=1
Base case: P(1) says 1 =11-2, true.
Induction step: Let n € N be arbitrary but fixed. Suppose P(n) is true.
The left hand side of P(n + 1) is

3n* —n+6n+2  (n+1)(3n+2)
2 B 2 ’

|4 -+ (3n—2)4(3(n+1)—2) = %n(3n—1)+(3n—|—1) _

so P(n+ 1) is true.

By the principle of mathematical induction, we conclude that P(n) is true for all
n € N.
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Base case: P(1) says 2 =114, true.
Induction step: Let n € N be arbitrary but fixed. Suppose P(n) is true.
The left hand side of P(n+ 1) is

(n+1)(5n +4)
5 ;

2+7+---+(5n—3)+(5(n+1)—3):%n(5n—1)—|—(5n+2):

so P(n+1) is true.

By the principle of mathematical induction, we conclude that P(n) is true for all
n € N.

d k2P =14 (n—1)2"
k=1

Base case: P(1) says 1 =1, true.
Induction step: Let n € N be arbitrary but fixed. Suppose P(n) is true.
The left hand side of P(n+ 1) is

14224 402" 4 (n41)-2" = 14+ (n—1)2"+(n+1)2" = 1+(2n)2" = 1+n-2""

so P(n+ 1) is true.

By the principle of mathematical induction, we conclude that P(n) is true for all
n € N.

= 1
> K= s+ 1)(2n +1).
k=1

Base case: P(1) says 12 = £1-2-3, true.
Induction step: Let n € N be arbitrary but fixed. Suppose P(n) is true.
The left hand side of P(n+ 1) is

n(n+1)(2n + 1)
6

n+1)(n+2)(2n +3)
6 ;

12+22—|—---+n2+(n+1)2: —|—(n+1)2= (

so P(n+ 1) is true.

By the principle of mathematical induction, we conclude that P(n) is true for all
n € N.
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(f)

k;l/k(kJrl) -
Base case: P(1) says 3 = 3, true.
Induction step: Let n € N be arbitrary but fixed. Suppose P(n) is true.
The left hand side of P(n+ 1) is
L T 1 n 1 _n n 1 _n +1
1-2 nn+1) (m+1)n+2) n+l m+Dn+2) n+2’

so P(n+ 1) is true.

By the principle of mathematical induction, we conclude that P(n) is true for all
n € N.

- 3
o =(3" 1)
k=1 2

Base case: P(1) says 3 = 22, true.
Induction step: Let n € N be arbitrary but fixed. Suppose P(n) is true.
The left hand side of P(n+ 1) is

33" —1) gy _ 37 =3

3 32 R 3” 3” 1
so P(n+ 1) is true.

By the principle of mathematical induction, we conclude that P(n) is true for all
n € N.

Zk5+2k7_2( nH))

Base case: P(1) says 1+ 1 =2, true.
Induction step: Let n € N be arbitrary but fixed. Suppose P(n) is true.
The left hand side of P(n+ 1) is
n*(n+1)*
8
(n+ 1)* (n* + 8n3 + 24n? + 321
8

(142440 +(n+ 1))+ (1+2"+ - +n"+ (n+1)") = +(n+1)°+ (n+1)

(n+1)*(n+2)*
3 :
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so P(n + 1) is true.

By the principle of mathematical induction, we conclude that P(n) is true for all
n € N.

i b1 % ifr=#£1
'8 =
n if r=1.
. _ 1-r
Base case: P(1) says 1 = 1=, true.
Induction step: Let n € N be arbitrary but fixed. Suppose P(n) is true.

The left hand side of P(n+ 1) is

1_ n
L4r+r?+ " = e —
1—r 1—r

so P(n+ 1) is true.

By the principle of mathematical induction, we conclude that P(n) is true for all
n € N.

Solution 1.50. Let P(n) denote the desired statement for n € N.

(a)

Base case: P(1) says 3 divides 1 — 1 + 3, true.

Induction step: Let n € N be arbitrary but fixed. Suppose P(n) is true.
We have
n+1P—m+1)+3=1n*—n+3)+3(n*+n),

and on the right hand side the first term is divisible by 3 by the induction hypothesis,
while the second term is clearly divisible by 3. So P(n + 1) is true.

By the principle of mathematical induction, we conclude that P(n) is true for all
n € N.

Base case: P(1) says 9 divides 100 + 30 + 5, true as 135 =9 - 15.

Induction step: Let n € N be arbitrary but fixed. Suppose P(n) is true.

We have
10" +3- 10" + 5 =10 (10"*! + 3- 10" + 5) — 45,

which is divisible by 9 by the induction hypothesis and the fact that 45 is divisible
by 9. So P(n+ 1) is true.

By the principle of mathematical induction, we conclude that P(n) is true for all
n € N.
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(c) Base case: P(1) says 4 divides 5 — 1, true.
Induction step: Let n € N be arbitrary but fixed. Suppose P(n) is true.

We have
57— 1=5(5"—1) +4,

which is divisible by 4 by the induction hypothesis and the fact that 4 is divisible
by 4. So P(n + 1) is true.

By the principle of mathematical induction, we conclude that P(n) is true for all
n € N.
(d) Base case: P(1) says x — y divides = — y, true.
Induction step: Let n € N be arbitrary but fixed. Suppose P(n) is true.
We have

" — T = a (@ — ") Fay” =y = x(@” =)+ y (),
which is divisible by x — y by the induction hypothesis and the fact that = — y is
divisible by z —y. So P(n + 1) is true.
By the principle of mathematical induction, we conclude that P(n) is true for all
n € N.
(e) Base case: P(1) says 2304 divides 72 — 48 — 1 = 0, true.
Induction step: Let n € N be arbitrary but fixed. Suppose P(n) is true.

We have
720D 48(n 4+ 1) — 1 = 49(7" — 48n — 1) 4 48 - 48n,

which is divisible by 2304 by the induction hypothesis and the fact that 48-48 = 2304.
So P(n+ 1) is true.

By the principle of mathematical induction, we conclude that P(n) is true for all
n € N.

Solution 1.51. Let P(n) denote the desired statement for n € N.

(a) Base case: P(1) says that 1 +x > 1+ z, true.
Induction step: Let n € N be arbitrary but fixed. Suppose P(n) is true.

We have
(L42)*! = (1+2)"(1+2) > (1+n2)(1+2),

by the induction hypothesis together with the fact that x > —1 (so that 1+z > 0).
We continue then

(14+2)"" =1+2)"(1+z) > 1+nz)(1+z) =1+ (n+1Da+nz® > 1+ (n+1)x,
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so P(n + 1) is true.
By the principle of mathematical induction, we conclude that P(n) is true for all
n € N.
(b) To preserve sanity, we do the two inequalities separately.
Base case: P(1) says that 0 < 1, true.
Induction step: Let n € N be arbitrary but fixed. Suppose P(n) is true.
We have

1 1 1
P4+2% 44 (n—1)°+n® < Zn4+n3 <3 (n* +4n® + 6n° +4n + 1) = I (n+1)%,

so P(n+ 1) is true.

By the principle of mathematical induction, we conclude that the first inequality
holds for all n € N.

Now we do the other inequality.
Base case: P(1) says that 1 < 1, true.

Induction step: Let n € N be arbitrary but fixed. Suppose P(n) is true.
We have

1
(n* +4n® +120° + 120 +4) > - (n+1)",

-

1
P4+2°+ - 40+ (n+1)° > Zn4+(n+1)3 =

so P(n+ 1) is true.
By the principle of mathematical induction, we conclude that the second inequality
holds for all n € N.

(c) Base case: P(1) says that 1 > 1, true.

Before going further, I claim that \/n + nl = =>Vn+l for all n € N. To see this,

we start with the obviously true inequality

vnn+1) > n.

Add 1 on both sides:
vnn+1)+1>n+1,

then divide both sides by v/n + 1:

Vvnn+1)+1
zvn+1,
vn+1
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and finally notice that the left hand side can be rewritten

Vn + > Vn+ 1.

m

Now we do the induction step: Let n € N be arbitrary but fixed. Suppose P(n) is
true.

We have ) )
14+ —=4+—= >vVn+1,
Vv SR e b

first by using the induction hypothesis, and then by using the fact we proved above.
So P(n + 1) is true.

By the principle of mathematical induction, we conclude that P(n) is true for all
n € N.

We use the same approach as in part (c¢). T will just show you the auxiliary
inequality needed here, and let you do the induction yourselves.

I claim that for all n € N we have

2/n — 1+ <2vVn+1-1.

1
vn+1
To see this, start with

An? +4n < 4n® +4n + 1,

take square root on both sides (the inequality survives because both sides are
positive):
2y/n(n+1)<2n+1,

2y/n(n+1)+1<2(n+1),

divide by v/n + 1 on both sides:

add 1 on both sides:

2v/n + <2vn + 1,

1
vn+1

then subtract 1 on both sides to get the claim.

Solution 1.52. (a) no =14

n0:5
n0:6
n0:5
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(e) Nng = 12
Solution 1.53. (a)

n n

D @k—1)=> (K —(k-1)?)

k=1 =1

ol

—~

2

3

(b) Note that

so we conclude

3

(c) By the same approach as in part (a), we have

n

> (K = (k- 1)%) =n’,

k=1
On the other hand, the hint suggests

n

nt =Y (k- (k—1)") = Z (3k* =3k +1) = 3Zk2 3Zk—|—n— 32k2 (n®+n)+
k=1
It remains to solve for the last sum.

(d) Same idea as part (a), just follow the hint.

Solution 1.54. The sides of the triangle have lengths |21 + 23|, |21], and |z, and we
know that any side is at most equal to the sum of the other two.

Solution 1.55. (a) There are no such functions: suppose f: X — @ is a function
and let z € X (such z exists since X is nonempty). Then f(x) € @, contradicting
the fact that the empty set does not have any elements.

(b) There is a unique function f: @ — X. It doesn’t do anything.

31
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(c¢) There is a unique function f: X — {y}: for any = € X we are forced to let
f(x) =y, which gives a uniquely determined function.

(d) There are as many functions f: {y} — X as there are elements in X. Given
x € X, setting f,(y) = z gives a function f, : {y} — X. Clearly if x; # x5 then

far 7 Jaa-

Conversely, if f: {y} — X is a function, then f(y) € X. If we let x = f(y),
then f = f, as defined above.

If T wrote this more carefully, the argument would make it clear that there is a
bijection between the set X and the set of all functions {y} — X.

Solution 1.56. (a) I claim that f must be injective. Suppose a,a’ € A such that
f(a) = f(a’). Then

(g0 f)la) =g(f(a)) = g(f(a)) = (g o f)(d).

Since g o f is injective, we must have a = a’.

There is nothing we can say about the function ¢g. For a counterexample showing
that g need not be injective, we can take f: R — R given by f(z) = e” and
g: R — R given by g(z) = 2%

(b) I claim that g must be surjective. Suppose ¢ € C. Since go f: A — C'is
surjective, there exists a € A such that ¢(f(a)) = ¢. Let b = f(a) € B. Then

g9(b) = g(f(a)) = c.
There is nothing we can say about the function f. For a counterexample showing

that f need not be surjective, we can take f: R — R given by f(z) = 0 and
g: R — {1} given by g(z) = 1.

(c) We can only conclude what parts (a) and (b) tell us, namely that f is injective
and g is surjective.

Solution 1.57. Let h(a,b) = (f(a), (b))

We check that h is injective: suppose h(ay,b1) = h(ag,bs), so that f(a;) = f(ag)
and g(by) = g(bs). Since f and g are injective, we get a; = as and b = by, so that
(al, bl) = (ag,bz).

To see that h is surjective, consider an arbitrary element (c¢,d) € C' x D. Then
¢ € () since f is surjective, there exists a € A such that f(a) = ¢. Also d € D;
since g is surjective, there exists b € B such that g(b) = d. Then (a,b) € A x B and

h(a,b) = (f(a),g(b)) = (c.d).

Solution 1.58. (a) First we show that f(XUY) C f(X)Uf(Y). Ifb e f(XUY), then
there exists a € X UY such that b = f(a). So we have a € X with b = f(a), so that
be f(X),oraeY withb= f(a), so that b € f(Y). In any case, b € f(X)U f(Y).
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Next we show that f(X)U f(Y) C f(XUY). Ifbe f(X)U f(Y), then b € f(X)
or b € f(Y). In the first case, we have that b = f(a) for some a € X; in the second
case, we have that b = f(a) for some a € Y. In any of the cases, we have b = f(a)
for some a € X UY, so that b€ f(X UY).

Ifbe f(XNY) then b = f(a) for some a € X NY. Since a € X, we see
that b € f(X); and since a € Y, we see that b € f(Y), so we conclude that
be f(X)N (V).

The opposite inclusion does not always hold. (Follow-up exercise for you: try to
prove the opposite inclusion, and identify where the “proof” fails to be correct.)
For a counterexample, take f: R — R given by f(z) = z?, X = [1,2] and
Y = [-2,—1]. Then f(X) = [1,4] = f(Y), so that f(X)n f(Y) = [1,4], but
XNY =@sothat f(XNY)=2.

Solution 1.59. (a) Ifa € f~1 (X UY) then f(a) € XUY, so f(a) € X or f(a) €Y,

which means that a € f~1(X) or a € f~1(Y), so that a € f~1(X) U f~1(Y).

Ifae fHX)Uf YY), thenae f1(X)orae f71(Y),s0 f(a) € X or f(a) €Y,
which means that f(a) € X UY, so that a € f~H(X UY).

Ifae f/H(XNY) then f(a) € XNY,so f(a) € X and f(a) € Y, which means
that a € f~}(X) and a € f~1(Y), so that a € f~1(X) N f7L(Y).
The opposite inclusion always holds: if a € f~1(X) N f~1(Y), then a € f~(X)
and a € f71(Y), so f(a) € X and f(a) € Y, hence f(a) € X NY, so that
a€ f7Y(XNY). (Follow-up exercise: why doesn’t the counterexample from the
proof of Exercise 1.58(b) translate into a counterexample here?)

Solution 1.60. (a) Suppose f is injective and let X C A.

If a € f7Y(f(X)) then f(a) € f(X) so there exists x € X such that f(a) = f(x);
since f is injective, this implies that a = z, so in particular a € X. Therefore

X)) € X

If z € X then f(x) € f(X)soz € f~1(f(X)); in other words X C f~!(f(X)).
Conversely, suppose f~1(f(X)) = X for all X C A but f is not injective. Then
there exist a;,ay € A such that f(ay) = f(az) but a; # as. Let X = {a1} and b =
fla1) = f(az), then f(X) = {f(a1)} = {b}, but {a1,a2} C f7({b}) = f(f(X)),
so certainly f~1(f(X)) # X, contradiction.

Suppose [ is surjective and let X C B.

If b € f(fY(X)) then there exists a € f~!(X) such that f(a) = b, but then
f(a) € X, s0be X. We conclude that f(f~'(X)) C X.

Now suppose z € X. Since f is surjective, there exists a € A such that f(a) = z.
This means that a € f~1(X), and then that z € f(f~'(X)), so we conclude that

X C X)),
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Conversely, suppose f(f~1(X)) = X for all X C B. Take an arbitrary b € B

and define X = {b}. 1t f-'({b}) = o, then f(/~\({b})) = /(2) = & # (b},
contradiction. So we must have that f~'({b}) # @ for all b € B, which means that
f is surjective.

Solution 1.61. (a) Since B is nonempty, it contains at least one element by, € B. For
any a € A, we have m4(a,by) = a, so 74 is surjective.

The proof for mp is similar.

(b) We are asked to look for h: X — A x B such that for all x € X we have

ma(h(z)) = f(z),
mp(h(z)) = g(x).

By the definition of 74 and 7, this forces us to take

This function h satisfies the required property, and is unique.

Solution 1.62. (a) Suppose the empty set & has cardinality n > 1. Then there exists a
bijection f : @ — {1,2,...,n}. This has an inverse function f~*: {1,2,...,n} —
&, but this contradicts the fact that there are no such functions, see 1.1.55(a).

(b) Since A has cardinality n, there exists a bijection f: A — {1,2,...,n}. Given
a € A, define
g: A\{a} —{1,2,...,n—1}

by the rule
oy L@ i@ < f@)
f@) =1 if f(z) > f(a).
(Since f is bijective, we cannot have f(x) = f(a) with x € A\ {a}.)
I claim that ¢ is a bijection.

Suppose g(z1) = g(xs) with 1,29 € A\ {a}. There are three possibilities:

o if f(z1) < f(a) and f(z2) < f(a), then f(z1) = g(z1) = g(z2) = f(22), so
x1 = xo by the injectivity of f;

o if f(z1) > f(a) and f(z2) > f(a), then f(z1) =1 = g(x1) = g(x2) = f(22) -1,
so f(x1) = f(x2) so x1 = x5 by the injectivity of f;

o if f(z1) < f(a) and f(x2) > f(a), then, since f(a), f(z1), f(22) € N, we
have f(z9) > f(a) +1 > f(z1) +2; but f(z1) = g(21) = g(22) = f(z2) — 1,
contradiction. So this case is impossible.
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In all possible cases we concluded that x; = x4, so g is injective.

To show that g is surjective, let k € {1,2,...,n — 1}.

If k< f(a),let z = f~1(k), then f(x) =k < f(a) so g(z) = k.

If k> f(a),let x = f~1(k+1), then f(z) =k+1> f(a),so g(x) = f(z) — 1 = k.

Solution 1.63. We use induction on n.

For the base case: if n = 0 then A is the empty set, so by Exercise 1.62(a) it cannot
have another cardinality m > 1.

For the induction step: take n € N arbitrary but fixed, and suppose the statement
holds for all sets of cardinality n. Let A be a set of cardinality n+ 1. By Exercise 1.62(a),
A is not empty, so let a € A. Suppose that A also has another cardinality m # n + 1.
By Exercise 1.62(b), A\ {a} has cardinality n and cardinality m — 1 # n, contradicting
the induction hypothesis.

Solution 1.64. We proceed by induction on the cardinality n of A.

For the base case n = 0: A is the empty set, which forces B to also be the empty set,
hence B = A and we are done.

For the induction step: let n € N be arbitrary but fixed and suppose that the statement
holds for all sets A of cardinality n. Let A’ be a set of cardinality n + 1 and let B C A’.
If B = A’ then the claim is obvious. If B C A’ then there exists a € A’ such that a ¢ B.
Let A = A"\ {a}, then by 1.1.62(b) we know that A has cardinality n. Since a ¢ B,
we know that B C A, so by the induction hypothesis we conclude that B is finite and
#B < #A < H#A
Solution 1.65. (a) Let m be the cardinality of A. If m = 0 then A = @ and

AU{z} = {z} clearly has cardinality 1, so we are done.

If m > 1, then there exists a bijection f: A — {1,2,...,m}. We construct a
function g : AU {z} — {1,2,...,m,m + 1} by the rule:

_Jfly) ity e A,
9(y) = .
m+1 ify=uz.
You should check that ¢ is indeed bijective.

(b) Induction on n.

For the base case n = 0, the statement is trivial as AU {x1,...,z,} = A is clearly
finite of cardinality # A + 0.

For the induction step: let n € N be arbitrary but fixed and suppose the statement
holds for this value of n. Given xy,...,z,, , distinct elements of X \ A, let
B=AU{xy,...,x,}. By the induction hypothesis B is finite and

4B = #A+n.
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Now apply part (a) to BU {z,+1} to conclude that it is finite and

#(A U {1’1, cee wxnaanrl}) = #(B U {xn+1}) = #B +1= #A + (n + 1)
Solution 1.66. (a) Since AN B C A and A is finite, AN B is also finite by 1.1.64(a).

For the union, note that

AUB=AU(B\A4),
and since B\ A C B, it is finite, say of cardinality n. Write B\ A = {z1,...,z,},
then we conclude by applying 1.1.65(b).

(b) Continuing with the notation of the previous part, we have

(1) #(AUB) = #(AU(B\ A)) = #A+ #(B\ A).
However
B=(B\A)U(BnNA)
and the two subsets B\ A and B N A are disjoint, so by 1.1.65(b) we have
#B=#(B\A)+#(BnA).
Combining this with Equation (1) we get
#(AUB) =#A+#B —#(ANB).
Solution 1.67. First, I claim that

HALD #A;.
j=1

We prove this by induction on n. If n = 0, there are no sets so A = & and the claimed
inequality is 0 = 0.

For the induction step: let n € N be arbitrary but fixed and suppose the statement
holds for this value of n. Given finite sets Ay,..., A,, A1, we let A denote their union
and B the union of A;,...,A,. Then

n+1

#A=#(BU A1) S#B+#A,1 < (Z Aj) +# A =) #A,
j=1 =1

where we first used the definitions of A and B, then the inclusion-exclusion principle
1.1.66(b) for B and A1, and then the induction hypothesis.

Now to prove the pigeonhole principle, we proceed by contradiction, assuming that for
all j we have #A4; < 1.

We have then

gAY #4, <3 1
i=1 i=1

contradiction.
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Solution 1.68.

(a) o Given x € A, we have f(z) = f(z) so x ~ z.
o If 2 ~y, then f(z) = f(y), so f(y) = f(x), that is y ~ x.
o If x ~yand y~ z then f(z) = f(y) and f(y) = f(2), so that f(z) = f(2),
that is z ~ z.
(b) o Given k € Z, k — k = 0 is divisible by n.
o If £ ~m, then m — k = na for some a € Z, therefore k —m = —na, som ~ k.

o If Kk ~mand m ~ £ then m — k = na and ¢ — m = nb for some a,b € Z.
Therefore { — k =n(a+b) so k ~ {.

(¢c) o Given X € A, the identity function idx: X — X is bijective, so X ~ X.

o If X ~Y then there is a bijective function f: X — Y, so there’s a bijective
inverse function f~': Y — X, that is Y ~ X.

e If X ~Y and Y ~ Z, then there are bijective functions f: X — Y and
g: Y — Z. The composition go f: X — Z is bijective, so X ~ Z.

(d) Let x,z € A. There are two possibilities:

o x~ z: given y € [x], we have x ~ y, so y ~ x, 80 y ~ z, so y € [z]. This tells
us that [z] C [z], and the other inclusion follows the same way from z ~ z.
Therefore [z] = [z].

o x o z: suppose [x] N [z] is not empty, and pick some element y in there. Then
y € [z] soy ~x,and y € [2] so y ~ z, implying that = ~ z, contradiction.
Therefore [z] N [z] = @.

(e) Given m € Z, let 0 < r < n — 1 be the remainder of the division of m by n:
m = gn+r. Then m —r is divisible by n, hence m ~ r. From the previous part, we
know that there are at most n equivalence classes, one for each possible value of r.
To show that we have exactly n equivalence classes, we need to prove that [ry] # [ro]
for any ry # o with 0 < ry,79 <n — 1. We do this by contradiction: if [rq] = [r9]
then rq ~ ry, so ro — 7y is a multiple of n. But —(n —1) <7y — 7 < (n—1), and
the only multiple of n in that interval is 0, in other words ro = ry, contradiction.

(f) Suppose 7 is bijective. I claim that the only way x ~ y can happen is if z = y: if
x ~ y then w(x) = m(y), but 7 is bijective so z = y.
We conclude that the equivalence relation on A must be given by: x ~ y if and
only if z = y.
(g) 1. e Given (a,b) € N x N, we have a +b = b+ a so (a,b) ~ (a,b).
o If (a,b) ~ (¢,d) then a+d =b+c,s0 c+b=d+a, that is (¢,d) ~ (a,b).
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o If (a,b) ~ (¢,d) and (¢,d) ~ (z,y) thena+d=b+cand c+y =d+ z.
Adding these two equalities gives a+d+c+y = b+c+d+x, and cancelling
out ¢ + d on both sides we get a + y = b+ z, that is (a,b) ~ (z,y).

ii. Define g: B — Z by g([(a, b)]) = b — a. We first need to make sure that
this is a well-defined function, in other words that the value does not depend
on the chosen representative (a, b) of [(a,b)]: suppose (a’,V') € [(a,b)], then
(@', V) ~ (a,b) soa’ +b="V+a, hence ' —V =a —b.

Let’s show that g is injective: if g([(a,b)]) = g([(c,d)]) then a —b = ¢ —d, so
a+d=>b+c so (a,b) ~ (c,d), so [(a,b)] = [(c,d)].

Finally, to see that g is surjective, let n € Z. If n > 0 then n = g([(n+1,1)]);
if n <0 then n = g([(1,1 —n)]).
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