3 Vector spaces and linear transformations
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3.1 Vectors in R"

Since Descartes, the space we live in is described mathematically as

al

RS> = xo| @ x1,79,73 € R

|13

But we work with other spaces as well, for instance we graph real-valued functions of one real variable in

These have the common (and obvious) generalisation for n € N

We refer to R™ as n-space (or n-dimensional space), and to the elements of R" as vectors.



Arithmetic operations on vectors

Scalar multiplication

(Two nonzero vectors u, v € R™ are said to be parallel if u = Av for some scalar A € R.)

Vector addition

Some properties of vector arithmetic
e u+v=v+tuforaluveR"
e Mu+v)=Xdu+vforallu,veR"and all A e R

« v+0=vforall veR" etc.
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3.2 Axiomatic definition of vector spaces

If you try to describe properties that are common to the spaces R"™ that we have been working with, you may eventually end up

with the following.
Fix a field F. (For us, this means: either R, Q, C, or Fy.)
A wvector space V over F is a set with two operations

« addition VxV —V, (u,v)—u+v

o scalar multiplication F x V. — V., (A\,u) — Au

satistying the axioms

(a) u+v=v+4uforalluveV.
(b) (u+v)+w=u+(v+w)foraluv,weV.
(¢) There exists an element 0 € V such that v+ 0= v for all ve V.

(d) For all v € V there exists an element denoted —v with the property that v+ (—v) = 0.



(e) Apw)v=Apuv) for all ve V and all X € F.
(f) A+ p)v=Av+puviorallveVandall \, u€F.
(g) Mu+v)=X u+ v forallu,veVandall A € F.

(h) iv=vforallveV.

Example 3.1 (Real n-dimensional space). For any n € N the space R" is a vector space over R.

Yes, even RY = {0} (a single point).
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Example 3.2 (Spaces of polynomials).

PR) = {amz™ + am12" 4t aiz +ag a; € R, m e N}.

Pn(R) = {amz™ + ap12™ '+ 4+ ax+ag: a; €RY, m € N fixed.
J
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Example 3.3 (Space of functions). Fix a set S and consider

FS,R)={f: S — R}.
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Example 3.4 (Space of m x n matrices). Let M,xn(R) denote the set of all m x n matrices with real entries.

All the examples we have seen have direct analogues over other fields F such as Q, C, or Fs.

For instance, C3, P5(Fs), May3(Q).

I~



3.3 Linear transformations

A guiding principle in mathematics is that, once you have a structure on a set, you should study functions that preserve this
structure. We do this now for vector spaces, which are sets with the added structure of an addition and a scalar multiplication.

Let V and W be vector spaces over the same field of scalars F. A function T': V — W is called a linear transformation it it

satisfies
(a) T(vi+vo)=T(vq)+T(vg) forall vi,vo eV

(b) T(Av) = AT'(v) for all ve V and all A € F.

Since linear transformations are functions, they can be injective, surjective, bijective, or none of the above.

A bijective linear transformation is also called an 7somorphism; we then say that the spaces V and W are isomorphic.



Example 3.5. Fix m,n, and a matrix A € My, xn(F). Consider the function 7': F" — F" defined by

T(x) = Ax.



Proposition 3.6. Fix m, n, and a linear transformation T : F"" — F". Then there exists a unique matric A € My, xn(F)
such that T(x) = Ax for all x € F".

Corollary 3.7. Fix m and n. There is a bijective function

{linear transformations F" — F™} — Mpxn(F).
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Linear operations on functions

You have encountered linear transformations on spaces of functions, for instance

Dy: DiffR,R) — R

or

][a,b] ) Cont([a, b],R) — R

I~
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You also know many geometric transformations on R? that are linear. In this simple setting, a linear transformation
« sends the origin to the origin
« sends lines through the origin to lines through the origin;

« sends parallelograms with one vertex at the origin to parallellograms with one vertex at the origin (not necessarily congruent).

Reflections

Y Y

8

More generally, reflection in any line passing through the origin is a linear transformation.
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Scaling: dilations/contractions

Y Y
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Rotations

~ Y Y

More generally, rotation around the origin by any angle 6 is a linear transformation.
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Orthogonal projections

Y Y

[}
8
8

More generally, orthogonal projection onto any line passing through the origin is a linear transformation.
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Shears

3-17



Translations

~ Y +~ Y

Translations are basically never linear transformations (the only one that is linear is translation by

More generally, any S : V' — W such that S(0y/) # Oy is not linear.
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3.4 Subspaces

Let V be a vector space and let U be a subset of V. We say that U is a subspace of V' it U is itself a vector space under the

operations inherited from V.

The Subspace Theorem. A subset U of a vector space V' is a subspace if and only if it satisfies the three properties
(a) Oy € U;
(b) if up,uy € U, then uj +uy € U;

(c) f A€ Fand u € U, then Au e U.
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Example 3.8. Let V = R? and



Example 3.9. Let V = R? and
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Example 3.10. Let V = R? and
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Example 3.11. Let V = F(R,R) and

U={feV: fiscontinuous}.
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Subsets that are subspaces tend to arise in one of a small number of natural constructions; this allows us to prove that they are

subspaces without going through the Subspace Theorem.

The kernel (or nullspace) of a linear transformation T: V. — W is

ker(T)={veV: T(v) =0y}

Proposition 3.12. ker(T') is a subspace of V.
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Example 3.13 (Example 3.8 revisited). Let V = R? and



Example 3.14. Let V = F(R,R) and
U={feV: f(=3)=0and f(1) =0}.
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Example 3.15. Let V = F% and

< <

<

Na-)

<—

<r—

<r—

<

Na»)

Na»)

<—

Na)

Na)

<

Na»)

Na-)

Na-)

)
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The image of a linear transformation T': V' — W is defined to be the range of T', that is

im(T)={weW: w="T(v) for some v € V}.

Proposition 3.16. im(T) s a subspace of W.
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3.5 Linear combinations, spanning sets, and linear independence

Let V' be a vector space and vy,..., vy, € V. A linear combination of vy, ..., vy is a vector of the form
W= AV]+ -+ AV

with A\,..., A\ € F, the field of scalars of V.

The set of all linear combinations of vq,..., vy, is called the span of these m vectors:

By convention, if m = 0, we put Span(&) = {0y }.

3-29



Example 3.17. Is the vector [(1)] in the span of [ 1] and E]7
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More generally, if V' = F" and we want to determine whether w is in the span of vq,..., vy, we form the augmented matrix

and see whether the system has at least one solution (then w is in the span) or no solutions (then w is not in the span).

C
()

oo
(O8]



Proposition 3.18. The span of a set of vectors in a vector space V is a subspace of V.
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Example 3.19. Let V = F% and

ap;
am;

am)



Let vi,..., vy, € V. We say that these vectors span V if
Span{vy,..., v}t =V,

in other words every vector in V' is a linear combination of vq,..., vy,. This set of vectors is then called a spanning set of V.

Example 3.20. Do the following vectors span R3?




Linear (in)dependence
A vector space has many spanning sets. For instance R3 can be spanned any of the following:

. {e1,ez,e3}

1 1 2
. , 101,11
2] (1] [4]

{e1,e0,€3,€1,—€9, €] + 3e3}

. R3

and many others.

Clearly some are more economical than others. To make this precise, we want to define the notion of redundancy in a set of
vectors. This is called linear dependence.

,.
(ON)
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A set of vectors vy,..., vy, € V is linearly dependent if there exist scalars aq,...,ay € F, not all zero, such that
a1vi+ - +amvm = Oy.

(We say that there is a nontrivial linear relation between the vectors.)

A consequence of linear dependence is that we can express some vectors as linear combinations of the others; let ¢ be such that

a; # 0, then
ai ai—1 Q41 am

Vi=——V]— - — Vil — Vitl = — — Vm.
a; a; a; a;
We say that the vector v; is redundant.
A set of vectors vq,...,vy, € V is linearly independent if it is not linearly dependent; more precisely, if the only scalars
ai,...,am € F such that
a1vy + - +amvm = 0y
are a] = --- =am = 0.



Example 3.21.
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More generally, it V' = F" and we want to determine whether the set {vy,..., vy} is linearly independent, we form the augmented
matrix

and see whether the system has a unique solution (then the vectors are linearly independent) or infinitely many solutions (then
the vectors are linearly dependent).



Example 3.22. Are the vectors

and

linearly independent?



Example 3.23. Are the polynomials
z(r — 1),

linearly independent in Py(R)?

Does the constant polynomial 1 lie in their span?



3.6 Bases and dimension
Let V' be a vector space. A subset S of V' is a basis of V if it spans V and is linearly independent.

Convention: {0} has the unique basis &.

Example 3.24 (Standard basis of F").

Example 3.25. Is { [3] : [2] } a basis of R2?

I~
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Executive summary: Let V be a vector space.

V has a basis.

« Any two bases of V' have the same cardinality. (In the sense we discussed already, i.e. there is a bijection from one basis to
the other.) If this cardinality is finite, it is called the dimension of V', and V is said to be finite-dimensional.
We will focus almost exclusively on this situation. MAST30026 Metric and Hilbert spaces treats infinite-dimensional

vector spaces.
« Any spanning set of V' contains a basis of V.
« Any linearly independent subset of V' can be extended to a basis of V.
« If V has dimension n, then
— Any subset S with #S < n is not spanning V.

— Any subset S with #S > n is not linearly independent.



In order to avoid circularity in the logic, we give a slightly different initial definition of finite-dimensionality:
A vector space V' is finite-dimensional if there exists a finite spanning subset S.

Proposition 3.26. Given any linearly independent subset vi,...,vy of V and any finite spanning set w, ..

have m < n.

., wy, of V', we

\.Ia\./
e
w0
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Proposition 3.27. Let V be a finite-dimensional vector space. Fvery subspace of V' is finite-dimensional.

45



Proposition 3.28. Any finite-dimensional vector space V' has a finite basis.

Note that the proof showed something of independent interest, which we record here:

Proposition 3.29. Any finite spanning set S of V' contains a basis B of V.

3-46



Proposition 3.30. Let V' be a finite-dimensional vector space. Any two bases of V' have the same size.

The size of any basis of V' is called the dimension of V.

The zero vector space has dimension #& = 0.
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Example 3.31. The standard basis of the space My, «xn(F) is
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Example 3.32. The standard basis of the space Py, (F) is
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Proposition 3.33. Let V' be a vector space and S ={vy,...,vp} CV. Then S is ...
(a) ...a spanning set of V if and only if every v € V has at least one expression of the form (*),
(b) ...a linearly independent subset of V if and only if every v € V has at most expression of the form (*),
(c) ...a basis of V if and only if every v € V has a unique expression of the form (*),

where
(%) V=a1vy+ -+ apvp, a; € F.
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A linear transformation can be defined (and is completely determined) by its values on a basis of the domain:

Proposition 3.34. Let V,W be vector spaces, vi,...,vy a basis of V, and w1, ..., wy a collection of n (not necessarily
distinct) vectors in W. Then there exists a unique linear transformation T : V — W with the property that

T(v;) = w; fori=1,2,... n.



We use linear transformations to clarify the effect of choosing a basis on a vector space.

Let {v{,va,..., vy} be a basis of a vector space V. Choose an ordering on these vectors, say B = (v{,va,...,vy). We will refer to
B as an ordered basis of V.

Example 3.35. We know that {1, z, 22} is a linearly independent and spanning set for the vector space Py. So B = (1, z, 22) is
an ordered basis.

We will use this to construct a linear transformation 7 : Py — R3 as follows: by Proposition 3.34 we can require



This is a general phenomenon: Let B = (vq,...,vy) be an ordered basis of a vector space V.

Let pp: V — F™ denote the linear transformation obtained by requiring
op(vi) = € fori=1,...,n.
To see what this does to an arbitrary v € V| write v uniquely as a linear combination
V=aivy+:--+anvp,
then

ai

pB(v)= | i | = Vs,

the coordinate vector of v with respect to B.



Proposition 3.36. The linear transformation o : V — F" is invertible.
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S0 a choice of ordered basis on V' defines an isomorphism between V and F".

Example 3.37 (P,).



Example 3.38. Consider the ordered basis B = (#° +x + 1,2+ 1,1) of Ps.



3.7 Finding bases of subspaces

The approach depends on the manner in which the subspace is given to us.

Solution space of a homogeneous system

A homogeneous system with m equations and n variables takes the form
Ax =0, (1)

where A is an m x n matrix.

The matrix A defines a linear transformation T': F" — F™ by T'(x) = Ax. The solutions of the system (1) are precisely the

elements of ker(T).

3-08



Example 3.39. Find a basis for the solution space of the system

x1+2x9+ 23+ 24=0
3r1 + 629 +4x3 + 24 =0



Note that the dimension of the solution space is equal to the number of free parameters of the system. Things work the same over
other fields of scalars than R.

Example 3.40. Find a basis for the solution space of the system over Fy

{x1+x2—l—x3+x4 0

T + X3

I
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Span of a set of vectors

Suppose S = {vi,...,vu} is a set of vectors in F"" and we are interested in the subspace
W =Span(S) = {\vi+---+ vy N\ € FL

Recall (from our discussion of matrix multiplication a long time ago) that

Al =Avi+ -+ A,

where A is the matrix with columns vq,..., vy.

Therefore we can identify Span(S) with the image of the linear transformation 7°: F"® — F™ given by T'(v) = Av:

im(7T) ={w e F": w="T(v) for some v € F""} = Span(5).

3-61



Example 3.41. Find a basis for Span(S), where S =< |o|, | 1|, [1], [-2| p € R5.
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[ claim that the vectors in S corresponding to the columns with leading ones in the RREF form a basis for Span(S):



This observation holds in general, and it stems from:

Proposition 3.42. Let A be a matrix and suppose B can be obtained from A by applying one elementary row operation.

Then the set of linear relations between the columns of A is equal to the set of linear relations between the columns of B;
in other words, for any ci,...,cp € F:

of and only if
ciwW1 + -+ cpwp =0,

1 1

i1} , vinte tho ~aloirar o rooa A ey - 4 : anl " o e
WNEre vi,...,Vy UZG'.Q-OLB the colummns O] A ana wi,..., Wy d@TLObE the coumns O] B.
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This leads to the column method for finding a basis of Span(S), for finite S C F":
(a) Construct a matrix A whose columns are the elements of S.
(b) Compute a row echelon form of A.

(¢) The vectors of S corresponding to the columns with leading entries form a basis.

Note that the basis we obtain is a subset of the S we started with.



Span of a set of vectors, take two

Instead of building a matrix A whose columns are the vectors in .S, we build a matrix B whose rows are the vectors in S.

1 —1 2 1
Example 3.43. Find a basis for Span(S), where S =< |o|, | 1|, |1], [-2]| p € R5.
—3 0 5)
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[ claim that the nonzero rows in the RREF of B form a basis for Span(S):

67



This leads to the row method for finding a basis of Span(5), for finite S C R™:
(a) Construct a matrix B whose rows are the elements of S.
(b) Compute a row echelon form C' of B.
(¢) The nonzero rows of C' form a basis of Span(S).

Note that the basis we obtain is in most cases not a subset of the S we started with.
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Let C be an m x n matrix.

The subspace of F™ spanned by the columns of C is called the column space of C.

The subspace of F" spanned by the rows of C is called the row space of C.

Proposition 3.44. dim row space(C) = dim column space(C') = rank(C).

k)_



Rank-nullity Theorem, Version I. For any matrix C,

dim column space(C') + dim ker(C') = number of columns of C.

Corollary 3.45. If A and B are n x n matrices such that AB = I, then BA = I,,.



Example 3.46. Given the matrix

find a basis and the dimension of the
(a) column space of C
(b) row space of C

(¢) solution space of C.

1 -1 2 -2
2 0 1 0
5 -3 7 —6
11 -1 3




3.8 Matrix representations and change of basis

Recall that an ordered basis B = (vq,...,vy) of a vector space V' produces an isomorphism
YR - V — F"

defined by taking coordinates with respect to B: ¢g(v) = [v]g.

Suppose we have a linear transformation 7': V' — W and an ordered basis C of W, giving rise to a diagram:



The matrix [T)¢c.p is called the matriz representation of the linear transformation T with respect to the basis B of V' and the
basis C of W.

[t is uniquely determined by the relation:

TW)le = [Tleeplvlip ~ forallveV,

and its entries can be described explicitly as:

Tlee= [[T(v)lc --- [T(va)le| -

where B = (vi,...,vp).
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Example 3.47. Let V = Py(R) with ordered basis B = (1, z,2%) and W = P;(R) with ordered basis C = (1,z). Let D: V — W
be the derivative linear operator: D(f) = %.

The matrix of D with respect to the bases B and C is

For instance, the derivative of 2 — 5z + z2 is —5 + 2z, and indeed:



Rank-nullity Theorem, Version II. For any linear transformation 7: V — W, we have

rank(7") 4+ dim ker(7T") = dim(V).

Corollary 3.48. A [inear transformation f: V — V is injective if and only if it is surjective.
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For a linear transformation 7T': V — V', we often choose the same ordered basis B for both the domain V' and the codomain V,
and get a matrix representation that is simply denoted [T]5.

Example 3.49. The rotation about the origin through an angle of 6 in R? is a linear transformation.



Composition of linear transformations and matrix multiplication

IfTy: U— Vand Ty : V — W are linear transformations, with B, C, D bases for U, V, W, then

15 0o T)pep = To)pecTilceB-

In other words, the matrix representation of the composition Th o Tj is the product of the matrix representation of Th and the

matrix representation of 77.



Important special case: Effect of change of basis on coordinates

The construction of the matrix representation applies to any linear transformation between finite-dimensional vector spaces.

In particular, we can consider the identity linear transformation idy : V. — V.

After choosing two ordered bases B and C for V', we get a matrix representation

This is called the change of basis matriz from B to C and is uniquely determined by the relation

[V]C = PC(—B[V]B for all v e V.



Example 3.50. In V = R2, write down the change of basis matrix from B to S, where

(W bl) oG

1
1k

and use it to compute [v]g, given that [v]g =




Example 3.51. Let V =Py(R), B= (1,z,2%) and C = (1,1 + 2,1 + = + 2?).



Suppose that we have three ordered bases B, C, and D of V.

What do you think the matrix product Pp, P, g is?

As a special case, we have

PpcleB=PpeB=1.
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Effect of change of basis on matrix representations

Suppose V' is a vector space and T': V — V is a linear transformation. Given an ordered basis B, we get a matrix representation

[T]5. Given another ordered basis C, we get another matrix representation [T'c.

To relate these two matrices, consider the following diagram:

3-82



Example 3.52. Consider the linear transformation 7 : R3 — R3 given by the matrix

(10 1]
A=100 3
2 0 2]
1
and the ordered bases S (the standard basis) and C = | [1], [1],




Matrix representations for geometric transformations of R?

Example 3.53 (Reflections). Consider T': R? — R? given by reflection in the z-axis.

What if we change T to be reflection in the line y = ma?

3-84



Example 3.54 (Orthogonal projections). Consider T : R? — R? given by orthogonal projection onto the z-axis.

If we change T to be orthogonal projection onto the line y = ma, then



3.9 Eigenvectors and eigenvalues

We focus our attention on the study of linear transformations 7: V — V.

As we have glimpsed in Examples 3.53 and 3.54, it is useful to identify vectors v € V for which the image T'(v) is particularly easy

to describe.

Example 3.55. Consider

2 5 00
L0310
0 1 80
0 9 —4 0
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A nonzero vector v € V with the property that T(v) = Av for some A\ € F is called an eigenvector of T. The corresponding
scalar A is called an eigenvalue of T

Example 3.56. Consider the linear transformation 7': R? — R? given by

(D)L E

X

Y

What is the effect on the vectors H and [ i] ?

\.Ia\./
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Finding eigenvalues

Proposition 3.57. A scalar )\ is an eigenvalue of the matriz A if and only if

det(A — AI) = 0.

3-88



Example 3.58. Find the eigenvalues of [ ; i] .
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If Ais an n x n matrix, then the expression det(A — xI) is a polynomial of degree n in x, called the characteristic polynomial of

A.

The equation det(A — zI) = 0 is called the characteristic equation of A.
When A has real entries, it is possible that some of its eigenvalues are complex (and not real).

When A has entries in Fo, it is possible that some of its eigenvalues are not in Fy (exactly where they are is a matter for
MAST30005 Algebra).



Example 3.59. Find the eigenvalues of

(3 2 4]

2 0 2].

4 2 3]
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Finding eigenvectors
If X\ is an eigenvalue of A, then the corresponding eigenvectors are the solutions of the vector equation
(A= A)v=0.

In other words, these are the nonzero elements in the kernel of A— AI. In this setting, the kernel of A — \I is called the \-eigenspace
of A.

We solve this equation as usual, via row reduction.



Example 3.60. Find eigenvectors for the eigenvalues obtained in Example 3.58.

o

w



Example 3.61. Find the eigenspaces of the matrix from Example 3.59.

I~
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Proposition 3.62. Let A be an n x n matriz and let vy, ..., vy be the result of finding a basis for each eigenspace of A
and putting these bases together. Then v, ..., vy, are linearly independent.



Corollary 3.63. If A is an n x n matriz and the dimensions of the eigenspaces of A add up to n, then A has n linearly
independent eigenvectors.

Example 3.64. In Example 3.61,

1 2
Example 3.65. How many linearly independent eigenvectors does [O 1] have?
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The Cayley—Hamilton Theorem

Theorem 3.66. Let A be an n x n matriz and let
det(A — xl) = ap + a1z + -+ - + apz”
be the characteristic polynomial of A. Then

apl + A+ ---+a, A" = 0.
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Example 3.67. Consider A =

3
1 4|
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We can make use of the characteristic equation to compute powers of A:

I~
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Diagonalisation

Suppose you are given a linear transformation T': V — V. We have already seen that some choices of ordered basis of V' yield

simpler matrices than other choices.
Two natural questions present themselves:
(a) How simple can we make the matrix representation?
(b) How can we compute an ordered basis that achieves such a simple matrix representation?

The ultimate answer to these questions depends on the field of scalars of V', and takes us to MAST20022 Group Theory and
Linear Algebra, MAST30005 Algebra, and beyond.

We will be focussing on a special case that is very useful in practice, that where the matrix representation is diagonal.



We say that a linear transformation 7: V — V' is diagonalisable if there exists an ordered basis B such that the matrix [T]p is
diagonal.

We say that an n x n matrix A is diagonalisable if the associated linear transformation R"™ — R™ given by v —— Av is
diagonalisable.

Theorem 3.68. A linear transformation T : V — V 1is diagonalisable if and only if V has a basis B consisting of
eigenvectors for T.



Example 3.69. Consider [(1) i]



Example 3.70. Consider

(3 2 4]

2 0 2].

4 2 3]



Corollary 3.71. An n x n matriz A is diagonalisable if and only if there exist a diagonal n x n matriz D and an invertible

n X n matriz P such that
P lAP=D.

Moreover, the columns of P are linearly independent eigenvectors of A and the diagonal entries of D are the corresponding

etgenvalues.



Example 3.72. Consider

(3 2 4]

2 0 2].

4 2 3



Proposition 3.73. If an n x n matriz A has n distinct eigenvalues, then A is diagonalisable.
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Example 3.74. Consider [ ; i]



Matrix powers

Suppose we have to compute a high power of a matrix A. There is one situation when this is very easy, namely for a diagonal

matrix

D —

The next best thing is when A is diagonalisable:

di

do

DF =

3-108
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