Topological recursion for Gaussian means and cohomological field
theories
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We use the explicit relation between genus filtrated s-loop means of the Gaussian matrix model
and terms of the genus expansion of the Kontsevich-Penner matrix model (KPMM), which is
the generating function for volumes of discretized (open) moduli spaces M (discrete volumes),
to express Gaussian means in all genera as polynomials in special times weighted by ancestor
invariants of an underlying cohomological field theory. We translate topological recursion of the
Gaussian model into recurrent relations for coefficients of this expansion proving their integrality
and positivity. As an application, we find the coefficients in the first subleading order for M, ; for
all g in three ways: by using the refined Harer—Zagier recursion, by exploiting the Givental-type
decomposition of KPMM, and by an explicit diagram counting.

1 Introduction

Multi-trace means ([]5_, tr H*)<"" of the Gaussian Unitary Ensemble (GUE) were under investi-
gation for many years. First, Harer and Zagier obtained [28] the linear recursion formula on genus
filtrated one-trace means, which allows obtaining answers for very high genera (unattainable by other
tools). Although exact s-fold integral representation for s-trace means valid for all N were obtained by
Brezin and Hikami [8] using the replica method ameliorated in [35], producing an effective genus ex-
pansion on the base of these formulas still remains an open problem. The interest to multi-trace means
was revived after the appearance of topological recursion [11, 21] and quantum curves [25, 37, 16]. It
was shown in our first paper [5] that Gaussian means are related via the so-called Kontsevich-Penner
matrix model (KPMM) [13, 4] to discrete volumes of open moduli spaces and, simultaneously, to
generating functions of ancestor invariants of a cohomological field theory [32].

We come to the KPMM using explicit combinatorial formulas. It is known since [14] and [33] that
the KPMM is equivalent to the Hermitian matrix model with the potential whose times (coupling
constants) are related to the external-matrix eigenvalues via the Miwa-type transformation and whose
matrix size is the coefficient of the logarithmic term. The first result of [5] is that the KPMM is
a primitive (antiderivative) for the resolvents of the Gaussian matrix model. The resolvents storing
the multi-trace Gaussian means are naturally described as meromorphic (multi)differentials with zero
residues over a rational Riemann surface, known as the spectral curve, hence their primitives are
meromorphic functions on the spectral curve. These primitives are conjecturally related (this was
proven in the Gaussian case [37], see also [40]) to the so called quantum curve which is a linear
differential equation that is a non-commutative quantisation of the spectral curve. The spectral and
quantum curves are related: the wave function emerging out of the spectral curve is a specialization
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of the free energy for the KPMM which satisfies the second order differential equation that is the
quantum curve.

The geometric content of the KPMM is also rich: its free energy was related to structures of
discretized moduli spaces in [9] and it was identified recently (see [39] and [36]) with the generating

function for discrete volumes Ny (P, . .., Ps)—quasi-polynomials introduced in [38] that count integer
points in the interiors M, s of moduli spaces of Riemann surfaces of genus g with s > 0 holes with
the fixed perimeters P; € Z,, j = 1,...,s of holes in the Strebel uniformization. Moreover, it was

shown in [10] that in the special times T;;L that are discrete Laplace transforms of monomials P?*,
this model admits a decomposition into two Kontsevich models related by a Bogolyubov canonical
transformation, which was the first example of the Givental-type decomposition formulas [24]. We
use the approach of [10] for presenting the free-energy expansion terms Fy s of the KPMM as finite
sums over graphs whose nodes are terms of the expansion of the Kontsevich matrix model free energy,
internal edges correspond to quadratic terms in the canonical transformation operator, external half
edges (dilaton leaves) correspond to the constant shifts of the higher times, and external legs (ordinary
leaves) carry the times T: Qin This graph representation provides another proof of quasi-polynomiality
of Ngs(Pr,...,Ps).

From [20] and [18] we know that the terms of topological recursion [19],[11],[12],[1] based on
a certain spectral curve satisfying a compatibility condition (relating the wg; and w2 invariants)
describe ancestor invariants of a cohomological field theory (CohFT), or equivalently a Frobenius
manifold.

A fundamental family of Frobenius manifolds described by Dubrovin are Hurwitz spaces. For
= ({1, .., Hn), the Hurwitz space Hy , consists of homotopy classes of genus g branched covers of
the sphere with n labeled points over co of ramification profile (u1,. .., uy,) and simple ramification
over P! — co. It has dimension |u| +n + 29 — 2 where |u| = py + -+ + pin.

The 2-dimensional Hurwitz—Frobenius manifold Hy (1 1) consists of double branched covers of the
sphere with two branch points and no ramification at infinity. Its free energy is
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Fo(to,1,to,0) = 5’53,0%,1 + 5%,1 logto,1 — Ztal (1.1)

with the Euler vector field F = to,o#ﬁo + 2t0,1%01. Note that expression (1.1) appears as a standard
term (the perturbative part) in the expansion of any matrix model upon identification of ¢y ; with the

normalized number of eigenvalues and ¢p o with the first time; we have that
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where the leading term of the 1/N-expansion of the free energy of the above Gaussian matrix model
is exactly (1.1).

In [5], we related the discrete volumes to the Gaussian means Ws(g ) (21,...,2s) and used the CohFT
description further relating the discrete volumes to ancestor invariants of a CohFT. These ancestor
invariants are evaluated already in terms of the closed moduli spaces M, ; compactified by Deligne
and Mumford.

The paper is organized as follows. In Sec. 2 we establish the equivalence between the Gaussian
means (the correlation functions) and the terms of expansion of the KPMM free energy.

In Sec. 3, we describe the results of [9], [10], and [38] for open discrete moduli spaces, which we
used in [5] to relate the above Gaussian means and the discrete volumes in a purely combinatorial
way. The quantum curve can then be obtained as a specialization of the KPMM to the case of unit



size matrices. We describe the Givental-type decomposition formulas for the KPMM obtained in [10]
representing them in terms of graph expansions for the free energy terms. This graph representation
also implies the quasi-polynomiality of the discrete volumes and provides a link to a CohFT.

In Sec. 4, we identify the Gaussian means expansion terms with the ancestor invariants of a
cohomological field theory using the results of [17] and [18]. The decomposition thus obtained has a
canonical Givental form. The coefficients of this decomposition, or Laplace transforms of the quasi-
b](;g%, which in a sense represent in the “most
economic” way the genus filtered s-loop means ngg ) (z1,...,zs) and are linear combinations of the

CohFT ancestor invariants of neighbouring levels.

polynomials Ny (Pi, ..., Ps), are the special coefficients

In Sec. 5, we develop the topological recursion for Gaussian means, present the general recursion

)
B’?
In Sec. 6, we concentrate on the case of a one-loop mean. We find the first subleading coefficient

relations for /5](; and prove that in the range of admissibility all these coefficients are positive integers.

b(g)

g2 i three ways: using the modified Harer—Zagier (HZ) recurrence relation, by the graph description
of Givental-type decomposition in Sec.3, and by an explicit diagram counting.

2 The effective matrix model for the multi-loop Gaussian means

We consider a sum of connected chord diagrams based on s backbones, or loop insertions, carrying
the variables u;, ¢ = 1,...,s. We first provide an effective matrix model description for all genus-g
contributions in terms of shapes —the connected fatgraphs of genus g with s faces and with vertices of
arbitrary order greater or equal three; from the Euler characteristic formula, for a fixed g and s, only
a finite number of such fat graphs exist, and we let I'y ; denote this finite set. This set I'y ; enumerates
cells in the canonical Strebel-Penner ideal cell decomposition of moduli space M, . In accordance
with [6], I'g s is in bijection with circular chord diagrams which are also ”shapes” in the terminology
of [6], that is chord diagrams which are seeds and which has no one-chords.

The correlation functions, or means, are given by the integrals

<ﬁ(trH’%)> :/HGH <ﬁteri> e 20 H D, (2.1)

i=1 i=1

where Hy is the set of Hermitian N x N matrices. By Wick’s theorem, any correlation function (2.1)
can be presented as the sum over all possible (complete) pairings between matrix entries M;;, where
the pairings are two-point correlation functions (H; jHy ) = %51‘15]'/&- These pairing are customarily
represented by edges: double lines of indices. The corresponding index lines run along faces of fatgraphs
containing ordered set of s vertices of valencies k;, ¢ = 1,...,s, and > > ; k;/2 edges. For each vertex,
we fix a cyclic order of edges incident to this vertex. Furthermore for each vertex we also have a first
incident edge given. We denote this set of fatgraphs f(k:l, ...,ks). Then the sum in (2.1) becomes
Zvef(kh...,ks) NP =2i=1ki/2 where b(~y) is the number of boundary components of .

Let f(kl, ..., ks)¢ be the subset of f(kl,...,ks) which consist of connected fatgraphs and let
conn
<Hf:1(tr H kl)> be the part of the sum comprising only connected diagrams. The connected

correlation functions then admit the 1/N-expansion,
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to segregate its part where

s ks conn o~ ¢
<H(trH z)> = Ty (ka, ... k)], (2.2)
i=1 g
is the part corresponding to the set fg(k‘l, ..., kg)¢ of connected fat graphs of genus g with ciliated
vertices.

For nonciliated vertices, we then have the following formula

-1)° <f[tr log(1 — uiH)>Conn = Z H( > <H trchi)>Conn
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where I'g(k1,. .., ks)¢ is the set of connected fat graphs of genus g with s nonciliated ordered vertices
of valencies k1, ..., ks and Aut () is the automorphism group of the fatgraph v with ordered vertices.
We pass from expressions with nonciliated vertices to those with ciliated vertices, or chord diagrams,
by differentiation:

Mlrrn) = (le[ee]) -

By combining formula (2.2) with (2.4), we find that

[H auj <Htr10g1_ul )> -3 N 29Hu
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g g
(2.4)

2.1 Summing up planar subgraphs—formulating the matrix model

We first perform a partial resummation over planar subgraphs in (2.3). A planar chord diagram on
an interval is a rainbow diagram (see examples in Fig. 1). Rainbow diagrams with a given number of
chords are enumerated by the Catalan numbers whose generating function is

Flu) = 1—4/1—4u?

2 b
2u;

(2.5)

so we effectively replace the original edge of a chord diagram by a thickened edge carrying the factor
f(u;) thus stripping out all “pimps,” or rainbow subgraphs.
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Figure 1: Summing up rainbow diagrams of chords (dashed lines) for a single backbone (a solid line). The
result is the new (thickened) edge of the backbone.

We next proceed to summing up ladder-type diagrams, where a “rung” of the ladder joins two
cycles that carry (either distinct or coinciding) indices ¢ and j (see an example in Fig. 2). Each



ladder contains at least one rung, which is a chord carrying the factor w;u;. We obtain an effective fat
graph with new edges and vertices by blowing up cycles of thickened backbone edges until they will be
joined pairwise along rungs (each containing at least one rung); disjoint parts of these cycles will then
constitute loops of lengths 2r; > 6 alternatively bounded by r; rungs (the chords) and 7 thickened
edges of circular backbones; these loops then become vertices of the respective orders ri > 3 of the
new fat graph.
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Figure 2: Performing a resummation over ladder diagrams. The thickened edges associated with the selected
ladder, which becomes an edge of a new fat graph, are painted dark. The crosshatched domains will become
the respective three- and four-valent vertices of the new fat graph representing a shape.
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Introducing et = #, or u; = ﬁ, for each ladder subgraph, we have a sum
k
g i f (U )= = , 2.6
(ulu]f(uz)f(u])) (uzf(ul)u‘]f(uj))il -1 eNitAi 1 ( )

k=1
We therefore attain the effective description.
Theorem 1. [5] The genus-g term of the (nonciliated) s-backbone connected diagrams is given

by the following (finite!) sum over fatgraph shapes Iy of genus g with s faces whose vertices have
valences at least three:

5 conn 1 1
\i i _ o (9)
<i||1tr log(eM + e H)> S |A“t(7)|ed|gels e = Ao As), (227)

g all fatgraphs
v € Fg,s

where £ denotes the two sides (faces) of the edge e. The quantity Fsgg)()\l, ..., As) In the right-hand
side is the term in the diagrammatic expansion of the free energy of the Kontsevich—Penner matrix
model [13] described by the normalised integral over Hermitian N x N-matrices X :

[ DXeoNu [LAXAX+1log(1-X)+X/2]

Z[A] i= eXa N @/2P 2 EI () (2.8)

[ DXeoNu [1AxAX-1x2]
Here the sum ranges all stable curves (2g + s > 2) and A = diag (e’\l, . ,eAN).

Differentiating the relation (2.7) w.r.t. A; in the right-hand side we obtain the standard loop means,
(9)

or (connected) correlation functions Ws? (zy,...,z,), 2; = e + e, of the Gaussian matrix model
enjoying the standard topological recursion relations [19], [11]. We therefore obtain the exact relation
between resolvents and terms of the expansion of the KPMM free energy:

S
1 0
A - As o o= As)
Ws(g)(e 1+€ 1,...,6 +e )—Zl_[l[ma)\l] Fs(g)()\l,...,)\s). (29)
The quantities W% (21,...,xs) here enjoy the standard topological recursion [11], [1] for the spectral

A

curve £ = e + e~ , Y %(6)‘—6_)‘).



3 Kontsevich—Penner matrix model and discrete moduli spaces

3.1 The Kontsevich matrix model

We turn now to the cell decomposition of moduli spaces of Riemann surfaces of genus g with s > 0
marked points proved independently by Harer [27] using Strebel differentials [43] and by Penner
[41], [42] using hyperbolic geometry. This cell decomposition theorem states that strata in the cell
decomposition of the direct product Mg x R% of the open moduli space and the s-dimensional space
of strictly positive perimeters of holes are in one-to-one correspondence with fat graphs of genus g with
s faces (those are the shapes from Sec. 2) whose edges are decorated with strictly positive numbers
l; € Ry. The perimeters Py, I = 1,...,s are the sums of [; taken (with multiplicities) over edges
incident to the corresponding face (boundary component, or hole). So it is natural to call them the
lengths of the corresponding edges.

The fundamental theorem by Kontsevich [31] establishes the relation between the intersection
indices (Tq, - Td,) g = fﬂg . -, 1/)?1 and the Kontsevich matrix-model integral. Here 97 is a 1)-class,
or a Chern class, associated with the Ith marked point, and integrals of these classes (intersection
indices) do not depend on actual values of P; being purely cohomological objects. Multiplying every

?’ by P[2 4 and performing the Laplace transformation w.r.t. all P;, we obtain

d (2dr)!
//0 dP; ---dPse =X Pras HP2 IT;Z) Td1 " Tds QH H >\2d1+1 (3.1)
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Using the explicit representation of ¢-classes from [31] we can present the left-hand side of (3.1) as the
sum over three-valent fat graphs with the weights 1/(A7, + Ar,) on edges where I; and I are indices
of two (possibly coinciding) cycles incident to a given edge. Also a factor 2/X1=IVI appears (where |V|
and |L| are the cardinalities of the respective sets of vertices and edges). The generating function is
then the celebrated Kontsevich matriz model

[ DXeoNt [1x2A+X3/6]

oo X0y N 2902720 RO ({6)) : (3.2)

f DXefaNtr [%XQA]

where

N
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are the times of the Kontsevich matrix model.

3.2 Open discrete moduli spaces and KPMM

As was proposed in [9], we set all the lengths of edges of the Penner—Strebel graphs to be nonnegative
integers l; € Zy, i =1,...,|L] < 6g — 6 + 3s. Instead of integrations over M, ; we take summations
over integer points inside My .

Because the length /; of every edge appears exactly twice in the sum »_;_, Py, this sum is always
a positive even number, and we must take this restriction into account when performing the discrete
Laplace transformations with the measure e~ 2-1=1 %7, By analogy with the continuous Laplace
transformation in the Kontsevich model, we introduce the new times

o1

o
_ P p2k,—~A7P
ONFF —1 Z@l) TPie (3.4)
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as discrete Laplace transforms; the above Zs restrictions ensure the existence of two sets of times.

Following [38] we thus define the discrete volumes Ny s(Pi,. .., Ps) which is a weighted count of the
integer points inside Mgfzc x 7% for fixed positive integers Py, I =1,...,s, which are the perimeters
of the holes (cycles). These discrete volumes are equal (modulo the standard factors of volumes of
automorphism groups) to the numbers of all fat graphs with vertices of valencies three and higher
and with positive integer lengths of edges subject to the restriction that the lengths of all cycles (the
perimeters) are fixed. Using the identity > 7_ A\fPr =" le()\1£6) + )\Iée)), where [, is the length of

the eth edge and Ife) and Iée) are the indices of two (possibly coinciding) cycles incident to the eth
edge, we obtain that

|L|

N, (Py,... =X Prar — . 3.5
Z g.s(P1,-. o, Pse Z|Autf |H )\(e)+)\(e) . (3.5)

{Pr}ezs

We recognize in (3.5) the genus expansion of the KPMM (2.8). We thus have the lemma

Lemma 1. [5] The generating function for the Laplace transformed discrete volumes Ny s(P, . .., Ps)
is the KPMM (2.8). The correspondence (3.5) is given by the formula

s —aNtr | 1AXAX+log(1-X)+X

. (36)

c Ii DX 0Nt [%AXAX—%XQ]

where the sum ranges all stable curves with 2g — 2 + s > 0 and strictly positive perimeters P;.

Remark 1. The formula (3.6) is valid at all values of N and ;. Specializing it to the case N =1
(when we have just an ordinary integral instead of the matrix one) and setting \; = A\, « = 1/A, and
x = e + e, we obtain

Z;} s,P. €L h2g+872N (P127"'7P2)e_/\2?:1 Pr 1 - 6_2>\

02298 P €Ly 9,8 s _ ef(2h)*le2>‘+h*1)\F(h z)
T['h ) )

where the function N
F(h,z) = / dt e~ (#*/2+at+logt)
— 0o

satisfies the second-order differential equation

2
[h2662+mh§ (1 h)]F(h,m):O

We thus reproduce the equation of the quantum curve from [16].

Note that the discrete volumes are quasi-polynomials: their coefficients depend on the mutual
parities of the P;’s and we present one more proof of this fact below (see Corollary 1). Because the
generating function (2.8) is related by (2.9) to the standard s-loop Gaussian means ngg ), we have the
following lemma.

(9)(

Lemma 2. [5]. The correlation functions W
to the standard topological recursion based on the spectral curve x = e + e, y = %(6)‘ — e ) are
related to the discrete volumes by the following explicit relation:

Z1,...,xs) of the Gaussian matrix model subject

S

W@ (M 4 e et fe) = H v Z Pre PIAT LN, (P, ..., Py). (3.7)
I=1 Pr=1



The matrix model (2.8) manifests many remarkable properties. Besides being the generating
function for the discrete volumes related to Gaussian means, it is also equivalent [14, 30] to the
Hermitian matrix model with the potential determined by the Miwa change of the variables t; =
%tr (eh+e M)k 4 %51%,2, it is the generating function for the number of clean Belyi functions, or for
the corresponding Grothendieck dessins d’enfant [3] (see also [2]) and, finally, in the special times T3,
r=20,1,..., (3.4), it is equal to the product of two Kontsevich matrix models [10], intertwined by a
canonical transformation of the variables. We now turn to this last property.

Lemma 3. ([10]) The partition function Z[A] (2.8) expressed in the times T;-(\) (3.4) depends
only on the even times TQik()\) and satisfies the following exact relation:

Z[A] = e]:KP[{TQ:ELH — eC(aN)e—N*QAe}'K[{T;L}]-F}'K[{T{n}}7 (3.8)

where Fx[{T55}] is a free energy of the Kontsevich matrix model (3.2), T, given by (3.4) are therefore
the times of the KdV hierarchies, and A is the canonical transformation operator

~  Bopnimi) 1 0? 0? 2(n+m+1 0
A= Y 2 { +2(2% >—1)7}

+
A A+ m+1) e+ 1)12m + ) OTS 0Ty 0Ty, 0Ty, Ty oTy, .
.- 221 9 9
N? : 3.9
+n§“ @n 1) (az;n - aT;n> (39)

Here C(aN) is a function depending only on aN that ensures that Fxp[{Ts}] = 0 for T5: = 0 and
Bsy, are the Bernoulli numbers generated by t/(e! — 1) = >">_ B,,,t™/(ml!).

From this canonical transformation we immediately obtain the (ordinary) graph representation for
the term JF s[{T5}] of the expansion of

Fre[{Ta}] = Y N? 72927270 Fy [{T3,}].

978

Lemma 4. ([10, 5]) We can present a term F, ,[{T5}] of the genus expansion of the KPMM (2.8)
as a sum of a finite set of graphs G s described below; each graph contributes the factor also described
below divided by the order of the automorphism group of the graph.

” ”»

e cach node (a vertex) v;, i = 1,...,q, of a graph G s is decorated by the marking "+” or "—7,

by the genus g; > 0, and has s; endpoints of edges incident to it (2¢; — 2 + s; > 0, i.e., all
+

T2

integers are subject to restriction that » i, k:fl = 3¢9; — 3 + s; where the superscript + or — is

determined by the marking of the vertex;

nodes are stable); each endpoint of an edge carries a nonnegative integer k.., r = 1,...,s;; these

e edges can be external legs (ordinary leaves) with kz;—; > 0 (we let a; > 0 denote the number
of such legs incident to the ith vertex), half-edges (dilaton leaves) with kX, > 2 (we let b; > 0
denote the number of such legs incident to the ith node), or internal edges incident either to two
different nodes or to the same node (their two endpoints carry in general different numbers kE

1,11
and k*

rain) (We let l; denote the number of internal edge endpoints incident to the ith node);

e cach node contributes the Kontsevich intersection index <7’in C Tk > ;
)1 st/ g;
e cvery internal edge with endpoint markings (ki , ky) or (k[ ,ky ) (two endpoints of such an edge
can be incident to the same node) contribute the factor
 Bawgargey 1
2k + k3 +1) 2k + 1)1(2kF 4 1)!

8



and every internal edge with endpoint markings (sz, k5 ) (two endpoints of such an edge can be
incident only to distinct nodes having different markings + and —) contributes the factor

Byt ug 41y 22k Tha 1) g

TokT +ky + 1) 2k + D12k, + 1)U

rE—
e cvery half-edge with the marking r* > 2 contributes the factor —%;

e cvery external leg with the marking kril contributes the corresponding time T2iki ;

e > 7 (gi+1;/2—1)+ 1 = g (the total genus g is equal to the sum of internal genera plus the
number of loops in the graph);

>-7 . a; = s (the total number of external legs is fixed and equal to s);

From the above formulas, we have that

s L] |B|
SR g 30 K ) - ) 10
j=1 j=1 j=1

where, disregarding the node labels, k:;:"t > 0 are indices of the external edges, kg?f > 0 and kzﬁg >0

are indices of endpoints of the internal edges, k:?alf > 2 are indices of half-edges, and |L| and |B| are
the cardinalities of the respective sets of internal edges and half-edges of the graph.

The proof is just another application of Wick’s theorem, now in the form of exponential of a
linear-quadratic differential operator (3.9); for the typical form in the above sum, see Fig. 3.

+
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Figure 3: The typical diagram from the graph expansion G .
This lemma immediately implies the corollary

Corollary 1. The quantities ]:g,s[{T;}] are polynomials such that, for every monomial T;;l Ty,
we have that > _;_n; < 3g — 3 + s, and the highest term with ) : ;n; =39 — 3+ s is

S S
(a7, (T1 T, + T Tom,)-
=1 =1

This also implies that all discrete volumes Ny s(P,. .., Ps) are Za-quasi-polynomials in P2

Proof. The discrete volumes Ny (P, ..., Ps) depend only on even powers of Pr because F, s depend
only on even times T;,:L; the quasi-polynomiality follows immediately from the fact that F,, are
polynomials in TQ‘; and T5, .



Remark 2. Note that the quadratic part of the differential operator (3.9) manifests the alternating
structure because the Bernoulli numbers Bsg, are positive for odd n and negative for even n,
2(2n)!
(271-)211

1 1

1+ o5 +

B2n = (—1)n+1 22n 32—n + e

3.3 The times for the multi-resolvents

We first consider Ny 1(P), which are polynomials of degree 3g — 2 in P2, are nonzero only for even
P, and must vanish for all P = 2,...,4g — 2 (because the minimum number of edges of the genus g
shape with one face is 2¢g, and the minimum nonzero P is therefore 4¢g). We thus have that, for even
P, Ng1(P) has the form HQQ 1(132 (2k)?) Poly—1(P?), where Poly_1(z) is a polynomial of degree
g — 1 and N 1(P) vanishes for odd P, so its Laplace transform in formula (3.7) is

(9) (A A -1 e Y (o 2 0 1
Wii(e +e ):6)‘—6_)‘;249+2i_1(4g+2i—1)! 1 (W_(zk) )56%—1 (3:11)

k=1
for some coeflicients b(g) Using that — a)\ - T = (eA—i* Ok and the relation
0? 9 1 4(m)(m + 1)
<W — (m) > (e)\ — e_)\)m = (e)\ — e—)\)m+27 m Z 1, (312)

we obtain the general representation for the one-loop mean,

1 g-1 b(g)

(9) (A _ (g 1 _ i
WPt +e™) = x— = Z bi —N)Ag+2  (eh — e—A)dgHL > (> — e M2 (3.13)
i=0

In [5], we have found the transition formulas between bgg) and the coefficients P, ; from [7]: the

(9)

integrality of b;”" implies that of P, ; and vice versa, but the positivity conjecture for P, s put forward
in [7] requires an additional work.

We now consider the general s-resolvent case. From (2.9) we have that the (stable) loop means
(with 29 + s — 2 > 1) are polynomials Ws(g)(e)‘1 Fe M e e = Fg7s({t§nj+1()\j)}) in times
obtained by the substitution

1 P 2d+1 1
+ + — -
Taa = toan (V) = 5 ——=x; (—) (3.14)

A ({9)\]‘ eri+1’

All the times t2 d +1()\) are strictly skew-symmetric with respect to the change of variables A — —A\.
Using (3.11) and the fact that

1 5\ 2d+1 2 d+1
togi1(A) + t2d+1(>\) I WY <a> o2 Z q;, d )2j+1 (3.15)
d
o 1 a 2d+1 92 d+1 €>\ + 6_>\
— + o N ~
tog1(A) —tag (A) = Po Y <5> PO Y Z%’,dm (3.16)
]:
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with some integer coeflicients ¢; 4 and §; 4, where relation (3.16) follows from that eA171 +5L = e/\72e_>‘

er -1
and from another useful representation

10 {0 ) 2 1 9 2%+l(2q)
Aol (W — (k=) ) e T Ao OA (A e N
= —9xHl(q 4 1)!%, (3.17)
we can equivalently expand Fy g ({t2inj +1(A;)}) in the variables
ska(A) == %, k=0,....,3g+s—3, =0,1. (3.18)

In the next section we demonstrate that the coefficients of these expansions are related to the ancestor
invariants of a CohFT.

We now present the general structure of the multiloop means.

Lemma 5. The general expression for a stable (2g+s—3 > 0) loop mean I/Vs(g)(e)‘1 +e M, eM
e~ in terms of the variables sy g(\) given by (3.18) reads:

S

WO (M e ™ h g o) = Zgg?;Hskfﬁi()‘j)’ (3.19)
Rg 0=

where k; and 3; are subject to the restrictions:

1 S S S
29—1+52ﬁj§2kj§3g+s—3, z;ﬁj:()modl (3.20)
J= J= J=

The two nonstable loop means are
Wi (e + e = e, (3.21)

1
VVQ(O)(eAl +e M M eM2) = H H %

] A
1 — J
i=1,2j=1,2 € ¢

We prove restrictions (3.20) using two considerations: first, if we scale A\; — oo uniformly for all
J» Aj = Aj + R, every edge contributes a factor e 2l plus s factors e~ due to the derivatives. The
minimum number of edges (for a shape with one vertex) is 29+ s—1, so the minimum factor appearing
is e(~49-3s+2)R whereas sk,8(A) scale as e(=3=2k+BR which results in the lower estimate. The upper
estimate emerges out of the pole behaviour at A; = 0. On the one hand, s; g(A) ~ A72673 as A — 0
irrespectively on (; on the other hand, from the relation to the Kontsevich model we can conclude
that the pole structure of the derivatives of the Kontsevich KdV times is tq;();) ~ A;zdj ~ with
>_;dj < 3g+s—3 and therefore ), d; = >, k;j, which leads to the upper estimate. That the sum of the
Bj factors is even follows from the symmetricity of the total expression with respect to the total change
of the times 7% — T'F; under this change, the variables s; 5(\) behave as sy g(A) — (—1)%s; 5()\), so
the sum of the beta factors must be even.

(9)

In Sec. 5, we use the topological recursion to prove that all admissible by (3.20) coefficients Z}Z -

)

are positive integers (see Theorem 6).

11



4 Cohomological field theory from discrete volumes

We now describe a cohomological field theory (CohFT) associated to the discrete volumes. A dimension
d Frobenius manifold structure is equivalent to a CohFT for a dimension d vector space H with a
basis {e,} and a metric . We show that the quasi-polynomial discrete volumes are equivalent to the
correlation functions of the CohFT associated to the Hurwitz Frobenius manifold Hy (1 1) described
in the introduction. We give two accountings of the genus 0 case: the first approach is constructive
and the other generalises to all genera. The constructive approach also implies that we deal with a
homogenous CohFT. The primary correlation functions of our CohFT turn out to be virtual Euler
characteristics x(My,,) of moduli spaces.

4.1 Cohomological field theories

Given a complex vector space H equipped with a complex metric 1, a CohFT is a sequence of S;-

equivariant linear maps
Iy s H®® — H (Mgyy),

which satisfy the following compatibility conditions with respect to inclusion of strata. Any partition
into two disjoint subsets IU.J = {1,...,s} defines a map ¢; : Mg, 7141 X Mg, |jj41 — My, such that

G1lg,s(v1 @ -+ @ vs) = Iy, 11141 @ Ly, 1 g141 (® vu®AR ®”]’)
iel JjeJ

where A = Zaﬁno‘ﬁea ® eg with respect to a basis {e,} of H. The map 1 : mg,1,3+2 — M%s
induces
Tz)*]g,s(’vl(@...@vs): gfl,s+2(v1®"'®vs®A)-

The three-point function Iy 3 together with the metric  induces a product e on H, uev =) B Ins(u®
VR ea)no‘ﬁeg, where Ij 3 takes its values in C. A vector eq satisfying

1073(2}1 X vy X 60) = 77(’[)1 (9 UQ), v’Ul,'UQ cH
is the identity element for the product on H.

An extra condition satisfied both by the CohFT under consideration and by Gromov—Witten
invariants pertains to the forgetful map for s > 3, m: My 11 — Mg s, which induces

Ig75+1(1)1 R R ® 60) = 7T*1975(1)1 XX US). (4.1)

4.2 Quasipolynomials and ancestor invariants

The discrete volumes Ny 4(Pi, ..., Ps) are mod 2 even quasi-polynomials, i.e. it is an even polynomial
on each coset of 2Z° C Z°®. Define a basis of mod 2 even quasi-polynomials induced (via tensor
product) from the following single-variable basis pj o(b) for k =0,1,2,... and o =0, 1.

1, beven 0, beven b
b) = ’ , b) = ’ , a(b) = mpg.o(m), k>0.
po,o( ) { 0. bodd Po,l( ) { 1. bodd Pk+1, ( ) mZ—O Pk, ( )
Then (b)
Do, k4o
Pr,a(b) = 42714' I @-m? (4.2)
0<m<k

m=k+a (mod 2)
where in the second subscript we mean k + « (mod 2).
Put k = (ki,...,ks) and @ = (aq, ..., ).
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Theorem 2. We have that
Ngvs(Pl"“’ :Z %@‘Hpkuaz(Pi)
where the coefficients are ancestor invariants:

S
k;
cékl&:/ Ips(ea ® - ®eay) [T 0F. (4.3)
’ My, i=1

The proof is an application of [18] where theories with spectral curves satisfying special conditions
were identified with semisimple CohFTs. The outcome of applying [18] is non-constructive so we prove
the genus zero case in a different way that provides an explicit realisation of the CohFT.

4.3 A homogeneous CohFT in genus zero

The primary correlators of a CohFT are Y, := fﬂq . I s : H®® — C, and we assemble them into the
generating function A

1 _
F(th "',thl) = ZN2 202 Yg75 - ZNQ QQFQ

where (tg,...,tp—1) in H* is the dual basis of {ey, ..., €D71}- The genus 0 part Fy is the prepotential
of the CohFT.

Theorem 3 Manin [32] Theorem I11.4.3. One can uniquely reconstruct a genus 0 CohFT from
abstract correlation functions.

The Deligne-Mumford compactification Mg, s possesses a natural stratification indexed by dual graphs.
The dual graph of ¥ € Mw has vertices corresponding to the irreducible components of ¥ with
specified genera, edges corresponding to the nodes (cusps) of ¥, and a tail—an edge with an open
end (no vertex)—corresponding to each labeled point of . If T' is a dual graph of type (g, s), then
the collection of curves Dr whose associated dual graph is I' forms a stratum of Mg,s. The closure
Dr = UporDrv, where the partial ordering is given by edge contraction, represents an element of
H*(Mgs). Keel [29] proved that H*(My) is generated by Dr and derived all relations.

The proof of Theorem 3 uses that

[ - @ (e,
Dr

veVr

which defines evaluation of a cohomology class on boundary strata tautologically from the definition
of a CohFT. Because H*(M ;) is generated by its boundary strata, and relations in H*(M s) agree
with the relations satisfied by abstract correlation functions, this suffices for proving the theorem.

In particular, we have the primary invariants

Yos(eo®ey®er) =1=Yp3(e1 @e; ®er), Yps(ep®anything) =0, s>3
Yo.5(e7%) = Nos(0,...,0) = x(Mps) s>3 (4.4)

that define a genus 0 CohFT.

A CohFT is conformal if its prepotential is quasihomogeneous with respect to the Fuler vector
field:
B-Fy=(3-d)F+Q() (4.5)
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where @ is a quadratic polynomial in ¢t = (tg,...,tp—1). Using the genus 0 reconstruction in Theo-
rem 3, Manin proved that a conformal CohFT induces the following push-forward condition on the
genus 0 CohFT.

Let £ be any vector field on H treated as a manifold with coordinates tg,...,tp_1 € H*. The Lie
derivative with respect to £ of the CohF'T correlation functions I, s induces a natural action

S
(E1)gs(01®- - @v5) = deg Iy o (1@ - -@g) =Y L5, (11®- B, 05]@- - - @y + MLy 541 (1@ - - @V, RE)
j=1

where 7 : Mg,s+1 — M%s is the forgetful map, I, , are (H*(Mo7s)—valued) tensors on H, and the
vector field £ acts infinitesimally on I .

A CohF'T is homogeneous of weight d if
(E ’ I)g,s - ((g - 1)d + S)Ig,s (4'6)

If a preprotential satisfies the homogeneity condition (4.5), the proof of Theorem 3 implies that the
corresponding genus 0 CohFT is homogeneous. The Lie derivative of the bivector A dual to the metric
n on H can be calculated in flat coordinates

ﬁE-A:£E'?7ij€i®€j :nij([E,ei]®€j+€i®[E,€j]) = (d—2)nijei®ej = (d—Q)A

where we have used a choice of flat coordinates [15] with respect to which n = ¢; p_1—; and F =
> (aati + ﬂz)%, where o; + ap_1_; =2 —d.

4.4 Proof of Theorem 2 in genus 0.

We can now prove the genus 0 case of Theorem 2. For this we produce a prepotential from the
primary (constant) terms of Ny (P, ..., Ps), which uniquely (and constructively) determines a genus
0 CohFT. Moreover, the quasihomogeneity of the prepotential implies a homogeneous CohFT. The
higher coefficients of No s(Pi, ..., Ps) satisfy a homogeneity condition that makes them the correlation
functions of the homogeneous CohFT.

The prepotential

1 1 1 = 1 1 1 3
Fy = Z Y08 = ot1 + Z aNo,s(O)tf = Stot1 + 5(1 +t1)?log(1 +t1) — =t — <t;

—t 4.
2 2 2 4 (47)
s>3

assembled from No 4(0) = (—1)*73(s — 3)! is quasihomogeneous with respect to the Euler vector field
5

o) .
E =tz + 21+ 1) g
E-Fy=4F) +t2 +t2.
This ensures that the genus 0 CohFT Ij ¢ produced from Theorem 3 satisfies

1
Tolgsi1(es ®er) = 5 <1 —g+s—deg— Z aik)lg7s(es) (4.8)

where eg = €;;, ® ... ® €;,, and ap = 1, a; = 2 are the coeflicients of E. The CohFT also satisfies the
pull-back condition (4.1).

Theorem 4. [Teleman [44]] A semi-simple homogenous CohFT with flat identity is uniquely and
explicitly reconstructible from genus zero data.
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Thus, given the genus 0 primary invariants No, 3(6) there is a unique homogenous CohFT with flat iden-
tity. Below we demonstrate that its correlation functions agree with the coefficients of Ny (P, ..., Ps).

The pushforward relation (4.8) expressed in terms of correlators is [5]

/— Igst1 (es®er) H¢ '= (Z +Xg, S) /_ Ig,S(eS)wai‘FZ /_ Ig,s(es\{j}@)e;)Hwiﬁ_éij.
M Mg, i=1 j=17Ma,s im1

g,5+1

The condition E- Fy = 4Fy+t3 43 on No 5 (6) is a specialisation to ¢ = 0 and P; = 0 of the divisor
equation [39]

s Pi-1
Nyot1(0, Py, ..., Py) = kNg,s(P, ..o Ps) | pyei + ZP + Xgs | Ngs(Pr,..., Py).  (4.9)
j=1 k=1

The flat identity pull-back condition is known as the string equation on correlators for 2g—2+s > 0:

S S S

) ki—8;

/ Ipsr1(v1 @ @ vs @ eo) [T " :Z/ Iys(or @ - @ug) [T v
Mg,st1 i=1 j=17Ma,s i=1

and agrees with the recursion [39]

(S

s P
Ngsi1(L Py, P) =Y Y kNgo(Pr, ..., Pyl py= (4.10)

Jj=1k=1
In particular, this proves the genus 0 case of Theorem 2 since the recursions (4.9) and (4.10) uniquely
determine the correlation functions of Iy s and Ny s(Pi, ..., Ps).

This constructive proof describes explicitly the genus 0 classes Iy s(es) € H* (ﬂqs):

x(Mos) es=e}?
/— Ios(es) = Ma,) !
Mo s 0 otherwise

4.5 General proof of Theorem 2 using DOSS method [18].

We establish the correspondence between correlation functions of the CohFT and discrete volumes
in higher genera applying the results of [18], where it was shown that for spectral curves satisfying
a compatibility condition, the Givental reconstruction of higher genus correlation functions can be
formulated in terms of graphs, and the same graphs can be used to calculate topological recursion.

Dunin-Barkowsky, Orantin, Shadrin, and Spitz [18] using Eynard’s technique of [20] associated to
any semi-simple CohFT a local spectral curve (3, B,x,y). The Givental R-matrix gives rise to the
bidifferential B on the spectral curve

o 59— N Ri(— }# _
ZB%prq: Zk:l k( z) k( w) (4.11)

zZ+w

where B;,’f} are coefficients of an asymptotic expansion of the Laplace transform of the regular part
of the Bergmann bidifferential B expressed in terms of the local coordinates s; = y/x — x(a;) where
dx(a;) = 0. The R-matrix together with the transition matrix ¥ from a flat to a normalised canon-
ical bases expresses the meromorphic differential ydx in terms of s;. In particular, this implies a
compatibility condition (4.13) between the differential ydz and the bifferential B.
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One can apply [18] in either direction, beginning with a semi-simple CohFT or a spectral curve.
The prepotential Fy (4.7) gives rise to a semi-simple CohFT thus generating the R-matrix and the
transition matrix W and hence the spectral curve. But having in hands a candidate for the spectral
curve, we can start with the spectral curve and apply [18] to obtain the coefficients of Ny 4(Pi, ..., Ps)
as ancestor invariants of a CohFT. Because it agrees with the above CohFT in genus 0, by uniqueness
it is the same CohFT produced by Teleman’s theorem.

The spectral curves for the discrete volumes and Gromov—Witten invariants of P! are similar:

discrete volumes z=z+1/2z, y=z, B = (gfifgz (4.12)
GW invariants x=z+1/z, y=logz, B= (jii?;Q .

and because r and B determine the R-matrix uniquely, it is the same for the both curves. The
R-matrix for the Gromov-Witten invariants of P! reads [18]:

> 2k — N2k — 3 [ =1 (=1)Ft12k;
S R, Ry = 2B >< (~1)Faki |
k=0

24k o%ki  (—1)FH

The results of [18] can be applied to those spectral curves for which a Laplace transform of ydx
is related to this R-matrix (which is essentially the Laplace transform of the regular part of the
bidifferential).

For local coordinates s;, i = 1,2 near x = +2 given by z = s7 + 2

1 > poq (2k =3 o, , 1 (2 =3 o,
y:1—|—51+58%+2(—1) 1w5% +1, y:—1+252—|—583 ZW53 +1,
1 k=1
so we obtain
NG (o2 > 1 2k DNERE =3)! g
(ydx), = eV 5 e ydx ~ l;)(—l) S u
\/_ —u(z+2) (Qk + 1)”(2k 3) —(k+1)
(ydﬁﬂ 7— ., ydﬂ? kzo 9dk+1)) u )
where (—1)!! =1, (=3)!! = —1, and we let ~ denote the Poincare asymptotic in the parameter w.

The compatibility condition between the differential ydx and the bifferential B reads

S5 (1 1) F5h = in), (i), ) (413)

V2
that it is satisfied for x = 2z + 1/z, y = 2z, B = dzdZ' /(2 — ).

1 =2
which uses the first row of the transition matrix ¥ = -1 ( ) A direct verification indicates
1 —

From this, [18] supplies the times

1 1 1 1 1 1 A d\* .
0 1 7 7 k
T2 - =3 = (=) &= _pri 4.14
50 2(1—2 1+Z>7 go 2<1—Z+1+z>’ Sk (d.%') 50 kpk:,lz ( )

and the main result

n
WO (@, 0 =3 T
Fa =l

where the coefficients are the ancestor invariants (4.3). As remarked above, the CohFT produced this
way necessarily coincides with the homogeneous CohFT produced by Teleman’s theorem since they
both use Givental reconstruction and the same initial data.
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4.6 Ancestor invariants and Gaussian means

Lemma 2 and formulas (3.11) and (3.17) straightforwardly express the loop means in terms of the
ancestor invariants.

Theorem 5. We have the following explicit relation between the ancestor invariants (4.3) of a
CohF'T and the Gaussian means:

S
WO (M +e™™, ... M 4 e ™) = Z CZ’@ Hﬁkmj()\j), (4.15)
— et
where

21727 (27 + 1), 0(N), k = 2r, a = 0;

. 2727(2r 4+ 1)s,.1(N), k = 2r, a=1;
pk’a(A) = 72r+2 r (4.16)

2 2r(2r +1)s,1(N), k=2r—1, a=0;

272715, 0(N), k=2r+1, a=1,

and s, g(\), f = 0,1, are defined in (3.18).
Example 1. The topological (degree zero) part of the CohFT is

Iy s(eq; @ @eq,) = €(@)29 + higher degree terms

where €(d Za, mod 2) is 0 or 1. This explains the asymptotic behaviour of the topological
=1

(9)

invariants Ws”’/ at their poles.

Example 2. If {eg, e1} is a basis of H corresponding to flat coordinates then

/_ Iys(e7?) = x(My,s).
My.s
This uses the fact that N 4(0,0,...,0) = x(M,,,) and

1, (k,a)=(0,0)
pk,a(o) = .
0, otherwise.

We thus identify the coefficients bg 7 of the expansions (3.19) with (linear combinations) of the

ancestor invariants CE using the 1dent1ﬁcat1on (4.16): for s =1, we have

—

,Q

X 1-2 —-1-2
bgo =2 7"(27,. + 1)cgr,0 + 2 rcgr—i-l 1

bff L =27(2r + 1), 1 + 22729 (2r + 1)cd, 10,

and for general s we have up to 2° terms ¢, with all admissible substitutions (k;,1) <> (k; — 1,0).

9)

grl/\
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5 The topological recursion

In this section, we present main ingredients of the topological recursion method developed in [19, 11,
(9)

12, 21]. In parallel, we adapt the general construction to the Gaussian means Ws” (z1,...,z4):
(i) We have a spectral curve ¥, , = 0 with two meromorphic differentials, dz and dy, on this curve.
The zeros of dx are the branching points. For the Gaussian means, this curve is the sphere
yx —y2 =1, and we use the convenient local coordinates:

z=e e y=e, dr = (e — e )d\. (5.1)

We consider the covering of this sphere by two maps: y = e and § = e ?; the sphere is

represented as a cylinder obtained from the strip Im\ € [0, 27| by identifying points (z,0) of the
real line Im\ = 0 with the points (z,2i7) of the line ImA\ = 2r. We have two branching points
A= 0,im.

(ii) We have the Bergmann 2-differential B(p,q) that is a symmetric differential with zero A-cycles
(which are absent in a genus zero case here) and with the double pole at coinciding p and q. We
also need its antiderivative E(p,q) which is a 1-differential in p and a function of ¢ defined as
qu B(p,e). For the Gaussian means,

dede de?

(@ — e Ep.a)= x—7p p=¢sa=c" (5.2)

B(p,q) =

(iii) We have the recursion kernel K (p, q) defined to be a (1, —1)-differential K (p,q) = E(p, q)

1 .
O
for the Gaussian means, (y(9)-y(9))

A
K(p.q) = -~ : p=e g=¢ (5.3)
’ e — et (et — e H)2du’ ’ ’ '

where one power of the difference e — e ™ in the denominator comes from the difference y(q) —
7(¢q) and another one comes from dz.

(iv) We introduce the correlation functions w9 (p1, ... ps) to be symmetric s-differentials determined
recurrently as follows: we choose one of the variables, p1, as a root. Then,
0 _ _

W pr,p2p3) = S K(p1,0)[B(p2,q) + By, dl[B(ps,0) + B(ps.al  (54)

res dr=0

1 _
Wil (p) = > K(p1,9)B(q,9), (5.5)
res dr=0

W(g)(pl’p% v aps) = Z K(pla Q) |:Z [B(pkia Q) + B(ﬁka Q)] Ws(g)l(q’p% cee aﬁk’ cee ,ps)

res dr=0 k=2

/
W9 g apa o)+ > W@ e W @ pien) |, (5.6)

91+92=9

IuJ={pg,..., ps}
where the right-hand side is explicitly symmetric w.r.t. all ps,...,ps but not w.r.t. p1, >
means that we take only stable terms (those with 2g — 2 + s > 0) explicitly segregating the only
nonstable contribution (the term with [B(py,q) + B(Py,q)]). The hat over a symbol indicates
its omission from the list of arguments and in the last term we take the sum over all partitions
of the set of arguments {ps,...,ps} into two nonintersecting subsets I and .J. We depict the
recursion relation schematically in Fig. 4.
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Dk, Dy,
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z g1)
b1 s plq p plﬁ‘,- 0 1 Wsl+1
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B = et R

S
bs k=2 py

: ./ ={p2,-- Ps}
Ds ps/ J

(92)
Wi

s

Figure 4: The graphical representation of recursion in (5.6). It clearly indicates the breeding (the first term
in the right-hand side) and convolution (the second and third terms in the right-hand side) processes; arrowed
line is the recursion kernel K (p1,q) and nonarrowed lines are Bergmann kernels B(pg, ¢) and B(py, q).

Using (5.6) we construct all higher W out of W?EO) (p1,p2,p3) and Wl(l)(pl).

The lemma from [11] states that, although recursion relations (5.6) are not explicitly symmetric
w.r.t. permutations of all p, ..., ps, the whole sum in the right-hand side of (5.6) is actually symmetric.

5.1 The topological recursion for the Gaussian means

In any local theory satisfying the topological recursion, all stable Ws(g ) (21,...,2s) have singularities
only at the branch points. In the Gaussian case, we therefore conclude that the only singularities in
the right-hand side of (5.6) besides poles of high orders at the branching points (for S(g ), the highest
possible order of a pole is 6g+ 2s — 3) are simple poles at ¢ = p; arising from K (p1,¢) and double poles
at ¢ = px, ¢ = Dy, arising from [B(pk, q) + B(Py,q)]. We can thus perform the integration w.r.t. ¢ in
the right-hand side by evaluating residues at these points, not at the branch points, which drastically
simplifies actual calculations.

The actual Gaussian means W9 (x1,...,xs) are the coefficients of one-differentials

Ws(g)(pl,pg, ceyDs) = Ws(g)(:vl, coyxg)dxy - - dx.
Here

W (x1,...,x5) = WD (M e, e )

i k;
- T x Ey JTOmEn 1M e

e=perm.{1,...,s} [Yol+IY1|=s i, 3 di=|Yo| v 3, S kj=|i] 7
Y7 |€2Z

where we enumerate the expansion coefficients gg% ),Y1 by two Young tableauxes, Y and Y7, whose total
length (total number of columns) is s, Y7 necessarily has an even length, the tableaux Y contains d;
columns of height ¢; 4+ 1, the tableaux Y7 contains k; columns of height r; + 1, and we perform the
total symmetrisation w.r.t. all permutations of s arguments \; (indicated as A,) distributed over the
both tableauxes (all terms of the products have different arguments).

Recurrent relations described by (5.6) (or graphically in Fig. 4) are governed by two operations on
the basic functions s o(A) and sp 1(\): “convolution” and “breeding.” The convolution process occurs
in the second and third terms in (5.6): it produces a linear combination of basis functions sy (A1)
out of two basis functions, s, 3,(\g) and s, 3,(Ag) given by the integral

“convolution”: Z K(p1,9)Sk, 5, (Aq)stﬁQ(Aq)de. (5.8)

res drg=0
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Recalling that dz, = (et — e_>“1)d)\q and that, instead of evaluating this integral by residues at the
branch points we can evaluate it at its only simple pole p; = ¢ outside the branch points, we obtain
with accounting for explicit form (3.18) of the basic vectors

Z K(ph Q)Skl,ﬁl ()‘Q)Sk‘2752 ()‘Q)dxg - —I‘eSplqu(pl, Q)Sklﬁl ()‘Q)SkQ,ﬁQ ()‘Q)dx?]

res drqg=0
(e>\1 + e—A1)51+52
= (6)\1 _ e*)\l )6+2k1+2k2

(6)‘1 + e—A1)51+52
(6)\1 _ 67}\1)7+2k1+2k2

d)\l = dxl,

so, recalling that (e# + e )2 = (e — e )% + 4, we obtain the following rule for the convolution
operation:

s A + B2 < 2,
“convolution”™:  sg,. g, (Aq)Sia.(Ng) = { Fitkat2,61+62 (A1) P14+ B2 (5.9)
L | Ski+ka+1,0(A1) + 48k 4kot2,0(A1) B1 = B2 =1

The second operation we need is the “breeding” operation, which we encounter in the first term in
the right-hand side of (5.6). This operation produces a term bilinear in sy, g, (A1) and sy, g,(Ap) out
of s g(Ag):

“breeding”: Y K(p1,9)[B(pk, a) + B(Pr: 0)]sk,8(Ag)dzq, (5.10)

res drg=0

where we can again do the integration by residues at ¢ = p; and ¢ = pj, (for the term with B(pg,q))
and at ¢ = p; and ¢ = P, (for the term with B(pj,q)). The calculations involve combinatorics of
geometric progression type but are otherwise straightforward. Two cases, 5 = 0 and 5 = 1, are rather
different, so two integrations give

k
Z K (p1,q)[B(pk,q) + BBy, )] sk,0(Ng)dag = Z (24 2k — 2m)Sm,0(A1)Sk—m,0(Ap)dx1dxy,
m=0

res dzg=0
k+1 k+1
+ > (34 2k — 2m)4sim,0(M)Skp1-mo(Ap)dzrday + Y (34 2k — 2m)sm 1 (M) Skt 1-m1 (Ap)da1day,
m=0 m=0
and

k
> K(p1,9)[B(ora) + B(Br 0)|sk1(Ag)dzg = > (24 2k — 2m) sy 1 (A1) sk—m,0(Ap)d1dazy
res dxg=0 m=0

k
+ Z (1 42k — 2m) S, 0(AM)Sk—m,1(Ap)dz1da,

m=0
k+1
+3° 43 + 2k —2m) [sm,o()\l)skﬂ_ml()\p) + sm71()\1)5k+1_m,0()\p)] dzydz,.

m=0

The thus obtained “breeding” operation reads:

k
“breeding”: (sk 0 ) Z (24 2k — 2m)Spm,0(A1)Sk—m 0()\ )
m=0

k+1 k+1
+ > (34 2k — 2m)4sm 0(M)Sk41-m0(Ap) + 3 (34 2k — 2m) s 1 (A1) sks1-m,1(Ap) (5.11)
m=0 m=0
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and

k k
e ) 3 (2 4+ 2k — 2m) 81 (A)sk-mo(p) + D (14 2k — 2m)sm,0(A) k1 (Ap)

k+1
+3 43 + 2k — 2m) [smo()\l)skﬂ,m,l()\p) + sm71()\1)sk+1,m70()\p)] (5.12)

m=0
The two starting correlation functions are

ngo) (@1, 2, 23) = 450,0(A1)50,0(A2)50,0(A3)dx1dwadrs
+[50,1(A1)50,1(A2)50,0(A3) + 50,1(A1)50,0(A2)50,1(A3) + 50,0(A1)50,1(A2)50,1(A3)] da1 daadars (5.13)

and

W () = s1.0(\)da. (5.14)

5.2 Recursion relations determining /Z)\](;g)g

The convenient graphical form of representing the breeding and convolution relations from the previous
subsection is by using Young tableauxes (as usual, to save the space, if one of the tableauxes is empty,
we just omit it); we let the first (white) tableaux denote Yy and the second (grey) tableaux denote

Y7, for example, Wg(o) = 4000+ 1om and Wl(l) =1 H, and the coefficients of products of “white” and
7(g)

“grey” tableauxes are precisely by/'y, .

The breeding operation then produces two columns (labeled “1” and “p”) out of one column of
every sort in accordance with the following rules:

e We take exactly one column of every sort for the breeding (the sorts differ by heights and colours
of columns);

e We absorb the obtained columns labeled “1” and “p” into the obtained product of Young
tableauxes (other columns remain unaltered); if, among the remaining columns, we have k
columns of the same sort as the column labeled “p”, we multiply the resulting tableaux by k+ 1,

after which we erase the label p but retain the label “17.

So, as the result of breeding, we obtain a linear combination of products of two Young tableauxes
with positive integer coefficients. Exactly one column in each product is labeled “1”.

Example 3. We first calculate W4(0). Because in this case no convolution operations are possible,

the whole answer is obtained by the breeding of Wg(o). For elements of this Young tableauxes we have:

"EI]

-0
= E[:l

@' =2o0.0+4H.0+120-H+3s-H+1H. (5.15)
1 p 1 p 1 p p
+ +

—

u-u+4E-u+12 +12m-H (5.16)
1 p 1 p 1 p

(0)

So, for elements of W3, we obtain (we explicitly segregate the multipliers appearing due to the
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symmetrisation w.r.t. p):

W = 4@'m+@'m+o@)' s
= 8-3|:||:|:||:|+16-3E|:||:|:|+485|:||:|:|+12|:||:|E|:|+4|:||:|E|:|
1p 1p p1i p1 1p
—|—2EE|EE|+4EE|E|E|+1QEE|EE|+3EEDD+1-3EEDD
1P 1ip pP1 P11 1p
+2-2|:||:||:||:|+4-2|:||:|E|:|—|—1-2|:||:||:||:|+4-2|:|E|:|:|+12|:||:|E|:|+12E|:||:|:|
P 1 p 1 1 p 1 P 1 P p 1
= 24|1:||:||:||:|+ 48 <1H:||:||:|+E|1:|:||:|) + 12<|:|:|Hl:|+|:||:|15|:|+|1:||:|H:|)

+12 (1E|:||:|:| + E|1:||:||:| + El:ul:n:l) + 3(1E|:|:||:| + E|1:|:||:|) + 4(|1:||:||:|:| + |:|:||1:|:|). (5.17)

We see that we have automatically obtained symmetrized expressions w.r.t. pi: every term in brackets
contains exactly one appearance of label “1” for every sort of columns. The total answer is therefore
totally symmetric in all its arguments and reads

WAEO) = 240om + 48 Hom + 12008e + 12H0oe + 3Beme + 400m. (5.18)

Here the coefficients of summands in this expression are precisely ZE Ei for the planar four-backbone
case.

The convolution operation produces one column labeled “1” (or a linear combination of such
columns) out of two columns by the following rules:

- - i B
ST T (. O T i : CECRN

1
1. When we do convolution inside the same product Yy Y7, we must make all possible convolutions
between different types of columns (one convolution per every pair of types) and convolutions inside
the same type (if we have more than one column of this type in Yj or in Y7). The additional factors
are:

e we have a factor of two if we make the convolution between different types of columns;

e we have an additional factor of two if we make a convolution in a term of Ws(g ) with s > 2, i.e., if

the result of convolution inside a Young tableaux product Yy Y7 contains more than one column.

2. When we do convolution between two separate products Yy Y7 and Y| Y/, we must make all possible
convolutions between all column types in the first product and in the second product (one convolution
per every pair of types from different products) unless Yy Y7 = Y Y7; in the latter case we take into
account every type of pairings between entries of the tableaux Yy Y7 only once. We then consider the
union of two products; as the result, we obtain a linear combination of Young tableauxes of the form

. ... HHHHHH coooomo P i [ (5.20)
——— 1 A~ WW ——A ——A

Sk s, 57 s s2 sh s1 s tr t!. ty th

where we have exactly one column labeled “1” and in every term s; columns come from Y, 5;- columns
come from Y| and, correspondingly, ¢; columns come from Y; and ¢, columns come from Y.

The combinatorial factors are:
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e we multiply the obtained Young tableaux by the product of binomial factors:
k
()
: Sj , ti 7
]:1 =1

e we multiply by a factor of two if we make the convolution between different types of columns
and/or if we make a convolution between two different tableauxes (i.e., if Yy # Y and/or Y1 # Y/
(in other words, the only situation when we do not have this factor is when we make a convolution
between two equal Young tableauxes, Yy = Y and Y7 = Y{ and we convolve terms of the same
type in these two tableauxes);

e we multiply by an additional factor of two if the result of convolution between Young tableauxes
Yo Y7 and Y{Y{ contains more than one column, that is, if [YoY1| > 1 and/or [YjY]/| > 1 (in
other words, the only situation when we do not have this factor is when s; = s = 1).

Example 4. We next calculate Wz(l) (in the third line, we explicitly indicate the combinatorial
factors due to the convolution process):

wi) = w w0 = (E)T+4|:||:||:|+|:|:||:|+|:||:||:|

| I——|
- 4H|:|+IQEH+2En+4ﬁn+2oﬁu+5ﬁu+3ﬁﬁ+ﬁu
+4- 20041 4§|:|+4 2ﬁu+1 2Eu

- <B:+E|:|) + 1255+20<§:| ﬁz) +5<§D+§D) + 3H8

= 4H0+ 12EE+20§|:+5§:|+3EE. (5.21)

Having this expression and Wl(l)7 we can now calculate W1(2):

] ]
wi? = g+ w xwy? =4 g2 420 By 45 By 3 B+ B <

- 4-2E+12E+20-2E+5-2<4E+E)+3(4E+E)+1-1E
H B

— 3.5.7H+3-7H. (5.22)

The same answer follows from the Harer—Zagier recursion relation: bg ) =3.5. 7, b( ) =3.7.

Example 5. The first example in which we have all three above operations is calculating W?El):

Wil = (Wi + w4+ wl” x w (5.23)

Here, the first term (with breeding) contains 67 summands, the second contains 21 summands, and
the third contains only three summands, and performing the summation we again obtain the result
that is totally symmetric in all p; including p; and reads

wi) = 24Hm+ 192EE|:+240§|:n+2885EE+480§ED+56OEDD+30|:§D+ 18l + 24HHR

+1205ﬁu+ 72HHH + 140080 + 120|:|ﬁE+ 120ﬁ5|:|+30ﬁ|:u:|+ 140Hmm. (5.24)
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One more example is Wéo):

Wi = (W + i x wi® (5.25)
IS

The first term comprises 85 summands and the second term comprises seven summands presenting
below for clarifying the symmetry coefficients count (we omit unit binomial coefficients)

Wi x wi?

I6om xoO+ 4000 x 00+ 4000 X 000+ 000 X O 00 + 000 X OO0 + O 00 X 000
L 1 L 1 L 1 L ] L ] L 1 L 1

= 16-2- (;‘)ﬁmuu+4-2-2§|:|:||:|:|+4-2-2- (i’)l:ll:l:lﬁ:l
1 1 1
4 3 2\ (2
+2- (Q)EEEIEIEI—{— 2-2. (1)|:|E|:||:|:|+ 2-(3)- (1)|:|:|(4E+1E)|:|:|.
Here, because we are convolving identical objects, we take into account every type of convolution only
once, but if we convolve different entries or different types of columns inside the same entry, we have

to multiply by two. One factor of two is always present because the result contains more than one
column.

The sum in (5.25) is totally symmetric in all p; including p; and reads

m| g
W5(0) —  192omm + 768 Homoo + 115200 + 960 Hoom + 144 0ooBs + 240 ooobm

+288 EDDEU + 288 DDDHH + 144 HDDED + 288 HDDED + 240 ﬁl:n:u:l: + 2400000
720 + 60|:|ﬁ|:|:||:| + 18080 + 72 HBom + 12 B + 6oﬁ|:||:|:||:| (5.26)

We therefore arrive at the main statement of this section.

Theorem 6. All the coefficients /b\l(;g% of expansions of the loop means from Lemma 5 in the range

determined by relations (3.20) are posj%jve integers.

The proof follows from that all the coefficients in the breeding and convolution relations are
positive integers, the result is automatically symmetric w.r.t. permutations of all arguments including
p1, and in the breeding and convolution relations we have all terms provided these terms satisfy
restrictions in (3.20).

6 The one-backbone case

6.1 The Harer—Zagier recursion and the graph decomposition from Sec. 3

In the one-backbone case, we have the representation (3.13) and the alternative representation

39—2

(9) (A 4 o= gL 1 9 \>* >t 2
WP (e’ +e ") = Z(—l) Qd_’"(c;l;r)!eA Y <5> PN d=3g—2, (6.1)
0

r—=

where on the base of reasonings related to stratification of closed moduli spaces, s, 1, are (conjecturally
positive) rational numbers, 5410 = (T39-2)4-

For the coeflicients bl(g ) of (3.13) based on the Harer and Zagier recurrent formula [28], we have
obtained the recurrence relation (also found in [26])
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b](gg)

Proposition 1. [5] The coefficients from (3.13) satisfy the three-term recurrence relation:

(49 + 2k + 6)b\9 Y = (4g + 2k + 1)(4g + 2k + 3) [ (4g + 2k + 2)b'Y + 4(4g + 2k — 1)b§§?1] . (6.2)
All these coefficients are positive integers.

)

(Of course, the positive integrality of b,(f is a particular case of the general Theorem 6.)

In [5], we used recursion (6.2) to develop a method allowing determining b;g_) 1_p, for any fixed & > 0

and for all g. For example, we have just two-term relations for the boundary coeflicients

(4g+6)bYTY = (49— 1)(4g + 3)(4g + 2)b9 |
(69 +6)b™) = 4(6g +1)(6g +3)(69 — )b,
which immediately give
@) 29-1 (6g — 3)!! (@) (4g)!
by=1= 39 ¢! ’ bo” = 89 g! (29 + 1N (6:3)

Substituting bég_) | into (6.1) and evaluating the leading term (r = 0) we obtain the highest Kont-
sevich coefficient s, 19 = <7-39_2>g = 23%3579!.

Solving recursion (6.2) for the first subleading term, we have obtained

-2 — 5N
(@ 129 (6g — 5)!! 1 9
bg_2 = gm7 or Hg,1,1 = 5[129 - 7g + 5]%971,07 g Z 2. (64)
For the next term, we have
_ _ g
@ _ (29=1)2973(6g =)t 72973 (6g — T)!! o — B
bys = 33, 3 1039 ) where (3g — 2)!Il = ,}:[3(% 2), (6.5)

etc. The complete multi-step procedure was described in [5].
(9)
—
to take only the part with the times TZ‘Z. The highest term for genus g is (ng,2>ng;7 4

We can alternatively derive b, from the graph representation of Lemma 4. For this, it suffices

Following Lemma 4, the first-order correction, or the coefficient of TGJ;fG’ comes only from two
terms: from the graph with one vertex and one internal edge with endpoint markings (0,0) and from
the graph with one vertex and one half-edge with marking 2 (see Fig. 5): the corresponding coefficient

is then 5

By 2
I< 39-37070)g—1 + E<7—39737_2>ga (6.6)
and we need only to know the corresponding intersection indices. Whereas (134—37070)g—1 = (T3g—5)g—1,
in [5] we have calculated the intersection index (734_372), using the Virasoro conditions for the Kont-

sevich matrix model; the result is

[12g(g — 1) + 5](T3g-2)g, 9> 2. (6.7)

| =

(T2T3g-3)g =
Using formula (6.7) and that Ba = 1/24, we obtain that the coefficient of T(St;f6 is
Lo 2
=12 = 7g + 5] (6.8)

in full agreement with (6.4).

Below we present the third calculation of the same quantity using the explicit diagram counting.
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e \ o+

+ +
T69—6 TGg—G

(9)

Figure 5: The two diagrams contributing to b,”,.

6.2 2-cycles and the recursion for bégjl and bégj2 terms
6.2.1 Contracting edges in genus-g graphs

We now find bég_) 5 using the explicit fat graph counting. For this, we consider the set of shapes with

one boundary component and one marked edge. We let T'9) denote the sets of combinatorial types of
the corresponding shapes of genus g and let V9 denote cardinalities of these sets.

We first consider the procedure of edge contraction in the genus g graphs. We let I‘fﬁgf?} denote the
set of genus-g shapes with the marked edge with all vertices having valence three and with q 2-cycles
(all these 2-cycles are of the form as in the rightmost diagram in Fig. 6). We let Vq(;gl::; denote the

number of such diagrams. We let I’L(f%_g, I’L(fi?,_g, and I’éﬁ%_g denote the respective sets of of genus-g

shapes with the marked edge and with one four-valent vertex, two four-valent vertices, and one five-
valent vertex and with all other vertices having valence three. The numbers of the corresponding
shapes are ‘/;1(7%)_3, V4(fl)73_3, and V5(7%)_3.

We now consider the contraction process. We never contract the marked edge corresponding to
the ends of the backbone and can contract any other edge in any graph from Fégg.—:s (there are 6g — 4
contractible edges in total) every time obtaining a graph from Ff%
@ (9)

13-3 can be obtained from two graphs in I' '3 5; we therefore have the equality

_s. Vice versa, every graph from

(69 —4) D Vyhls = 2Vi8s = (69 — 2.
q=0

A more interesting situation occurs when we want to contract two edges. We have three possible
outcomes:

1 when we contract two disjoint edges we obtain a graph from ‘/4(7%)7373;

2 when we contract two edges with incidence one we obtain a graph from V5(%)—3?

3 we do not allow contracting two edges with incidence two (which therefore constitute a 2-loop).
We consider the first case first. The total number of disjoint pair of edges is

1

5(69 —4)(6g — 5) — # of incident pairs of edges. (6.9)

The number of edges of incidence one and two can be easily counted: this is three times the number
of vertices minus 4 because of the marked edge minus twice the number of 2-loops in a graph from
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Vq(’“g)f:s, ie.,

349 —2) —4—-2¢;
the number of pairs of incidence two is obviously ¢. Then the total number of nonincident pairs can
be easily counted to be

(39 —4)(69 — 5) +q.
Note that from each such pair we produce a graph in V;&)’g_?,, and each graph from ‘/;1(23_3 can be
produced exactly in four ways from the graphs from Vq(;?s)—:s with some ¢ (it might be the same graph
from Vq(;%)_g that produces a graph from ‘/;1(71),3—37 we then count this case with the corresponding
multiplicity. The resulting relation reads

max

> (89— 4)(6g —5) + q V.9 5 = 4V, . (6.10)
q=0

Analogously, each graph from V5(7%)_3 can be obtained by contracting two edges with incidence one by

)

exactly five ways from graphs in Vq(;%f?), that is, we obtain that

max

S (129 - 10 - 2¢] V.Y 5 = 539 (6.11)
q=0

The total number of diagrams with 6g — 6 nonmarked edges is precisely the sum of V4(€1)3 3 and V5( 3) 3

and it is given by a combination of b factors, so we obtain

(39 —2)(3g —3)

‘/;1(,31),3—3 + ‘/5(,%)73 = 62932 + 5 bgg,)p (6.12)
and we have three above equations on three unknowns V4(Z)3 3 V5 3 3, and zmax . The solution
reads

1 20
Vil = 1 [(39 —4)(6g — 5)b7, + g, — gbg,)z]; (6.13)
8
V5(,%)73 = 2(9- 1)b(g,) + —bgg,)g; (6.14)
20
Savi), = gl - . ~0, (6.15)

Observe that there is another particular combination of V’s that produce an interesting relation

(@2N22V{9)5 5 +5Va9 5 = (69 —5)(6g — 6)13%%, where V3% ="V .. (6.16)
q=0

(We have verified the validity of this relation for g = 3 using the data from [34].)

6.2.2 Blowing up process, g — g+ 1

We now consider the “inverse” process depicted in Fig. 6, which enables us to blow up a handle from

a pair of marked sides of edges in a graph from I3 % 3; the number of 2-cycles is irrelevant here. At
the first stage we allow “bubbling” as in the mlddle diagram in Fig. 6 of two sides of edges; we must
now allow this bubbling on the marked edge as well. We also must present this marked edge as a
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subdiagram comprising three edges joined in a single vertex: two edges are incident to the rest of the
diagram (their ends are the ends of the marked edge and are therefore always different), the third
edge is the tail. (We can consider bubbling process in order, then, on the first stage, we have 2(6g — 1)
possibilities of setting a bubble on an edge side whereas on the second stage we have already 2(6g + 1)
such possibilities because we increased the total number of edges by two in the first process. So, the
total number of possibilities is

l22(69 —1)(6g + 1) = 2(6g — 1)(6g + 1).

2
Every time we bubble a graph from I’ggj 3 we obtain a graph from Fé?;j% with ¢ # 0. Vice versa, every
graph from F(?;_lg with nonzero ¢ can be obtained in exactly ¢ ways from graphs from F:(,’g_) 5. (Note

that the number of 2-cycles does not necessarily increase in this process: if we bubble a side of an edge
entering a 2-cycle in the initial graph, we destroy this 2-cycle, so, in principle, we can even reduce the
number of 2-cycles in this process, but every time we obtain a graph of genus g + 1 with at least one
2-cycle.

o PO Cutl BN @\

Figure 6: The procedure of gluing the handle into two sides of two arbitrary edges of a three-valent graph I's__ 3,
which increase the genus by one. We can think about it as of blowing up a handle from a pair of punctures.

We therefore have the relation

max

2(6g — 1)(6g + V3% = 3 gV 4Ty, (6.17)
q=0

from which, substituting the result in (6.15) and recalling that V})(g é is merely bgg )

"1, we obtain the new
relation on b’s:

20
2(69 — 1)(6g + 1)b, = (g + 1)pl+ — gb_ff’_ﬁ”, (6.18)

from which we immediately find that

9 _ 3991

.
972710 29 —1 97V

(6.19)

which coincides with (6.4).

Conclusion

Application of topological recursion (TR) to constructing generating functions for cohomological field
theories is becoming an important issue in contemporary mathematical physics (see, e.g., the recent
paper [23] where all genus all descendants equivariant Gromov-Witten invariants of P! were con-
structed using TR). In this respect, it seems interesting to understand the status of Givental-type
decompositions in the quantum spectral curve approach.
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