SPIN STRUCTURES AND MEASURES ON THE MODULI

SPACE OF CURVES

PAUL NORBURY

ABSTRACT. This article arose out of notes for a CIME summer school mini-
course in Cetraro. In it we develop differential-geometric constructions on the
moduli space MZ%“ of smooth spin curves, with particular emphasis on their
interpretation in hyperbolic geometry. We relate the locally constant sheaf
arising from a hyperbolic spin structure to the corresponding holomorphic
sheaf, extending this known relationship to spin curves with Ramond marked
points. We use the hyperbolic description to construct characteristic forms and
spin measures on moduli spaces of hyperbolic surfaces with geodesic boundary,
providing a framework for applying Teichmiiller-theoretic methods to their
volumes and volume recursions. Finally, we study separately the even and odd
components of spin moduli space and find symmetries between their volume
contributions which are not apparent from the contributions of individual
boundary strata.
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1. INTRODUCTION

The Weil-Petersson volumes of the moduli spaces M, ,, parametrising genus g
curves with n labeled points (C, p1,...,pn), for any g,n € N={0,1,2, ...} satisfying
2g — 2+ n > 0 play a central role in both pure mathematics and theoretical physics.
Their study has led to deep and productive connections between the two areas.
In particular, their appearance in two-dimensional quantum gravity implies that
the partition functions built from these volumes satisfy remarkable integrability
properties. From the algebro-geometric viewpoint, these volumes arise as intersection
numbers on the moduli spaces ﬂg,n of genus g stable curves.

Recently, the super Weil-Petersson volumes of the moduli spaces of genus g
super Riemann surfaces with n labeled points, denoted /T/l\gm, have been shown to
possess analogous structures. They satisfy a Virasoro constraint, realised through
a recursion that parallels Mirzakhani’s recursion for classical volumes [15]. This
super-recursion was originally described heuristically using techniques from super
geometry [22] and later proven rigorously using algebro-geometric methods in [17].

The moduli space of spin curves ./\/lzl?,iln parametrising genus curves (C, p1, ..., Pn)
equipped with a spin structure appears naturally in this context as the underlying
topological space of the moduli space of super Riemann surfaces ./T/l\g,n, an infinitesi-
mal fattening of M;{’,il“. In these notes we work solely with this topological space,
rather than the full supermanifold. A central object of study is a naturally defined
vector bundle

Eg,n MSpln

g,m

arising via a cohomological construction in Section 3.2. It is naturally the normal
bundle of M;{’,ﬂn inside /T/l\gyn. For this reason, F, , exhibits properties analogous
to those of the tangent bundle 7'M, ,, of the classical moduli space of curves. In
particular, a natural Hermitian metric is constructed on E;,—see (14)—using
the canonical complete hyperbolic surface uniformising C' — {p1, ..., pn }, directly
mirroring the Weil-Petersson Hermitian metric on T M, ,,. The Hermitian metrics on
TMg, and Ey , give rise to the Weil-Petersson symplectic form wy p, respectively
a natural Euler form e(E, ), which together define a finite measure on MEP"

1= e(Egn) expwyp € QOPMEPI
This pushes forward to a measure on M, ,,, which decompose into a sum of measures
obtained via restriction of p to each connected component of ./\/lzlfriln.

The Weil-Petersson form wyy p arises naturally via the realisation of M, , as
the moduli space of complete hyperbolic surfaces with cusps at the labeled points.
For any (L1, ..., L,) € R> there is a deformation wy p(L1, ..., Ly) of wy p obtained
by deforming the cusps to geodesic boundary components. This defines (L, ..., Ly,)
dependent measures

(L1, ...;Ly) = e(Ey ) expwwp(Li,...,Ly) € pr./\/lz%n.

Spin structures on the complete hyperbolic surface C — {p1, ..., p,} that come from
the restriction of a spin structure on the hyperbolic surface C' form an open and
closed subset Z?E"} C M;{’,iln known as the Neveu—Schwarz components. The
Neveu—Schwarz components consist of two connected components corresponding to
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even and odd spin structures. The total measure

V(L1 .y Ly) = (—1)"29*1”/ (L, ..., Ly)

spin
Mg,{ln}

arises as the super Weil-Petersson volume of the Neveu—Schwarz components of
the moduli space of super Riemann surfaces ./T/l\g,n. The genus zero Neveu-Schwarz
volumes vanish 170’”(L1, ...y Ly) = 0. Stanford and Witten [22] showed that these
volumes satisfy recursion relations analogous to Mirzakhani’s recursion relations
[15] for the Weil-Petersson volumes of M, ,,. Their proof, using supergeometry, is
heuristic and the recursion was proven rigorously via algebro-geometric techniques

n [17]. Define

; s y+z
sinh % sinh 7

cosh *—4== cosh ‘/HZ‘LZ

(1) D(z,y,2) =

and R(I7yvz) = %(D(l’ + y7Za0) + D(I - y,Z7O))-

Theorem 1 (Stanford-Witten [22], N. [17]). The volumes ‘797H(L1, vy L) for g >0
and n > 0 are uniquely determined by the following recursion relations:

LiVyn(Liy ey Ly) = L161,,01 4 + Z/ 2R(Ly, Lj, 2)Vyn1(2, L\ 5y)da
j=2"0

+%/ /:EyD(Ll,x,y) [ngl,n%*l(xay»LK)_*'Z ‘//\tql,\l\+1(x,LI)‘/}gg,\J\+l(yv LJ)} dSUdy
0 J0 g1+92=9
ILJ=K

for K =(2,...,n).

From Theorem 1 one can deduce that %,n(Ll, ..ey Ly,) is polynomial in the L;
and further deduce underlying Virasoro structure and a relationship with the KdV
hierarchy [17].

The measures over eneral non Neveu—Schwarz components Of MSIi roduce
9’ ? g,n
(

volumes 17977;)(L17 woty L) defined in (19), where m denotes the number of Ramond
points—see Section 2.2—so Vo (L1, ..., Ly) = \//\'g(%) (L1, ...,Ly). They assemble to
produce the following series in s:

Ve

m
1 Yg.n

oo
= s
Vyn(s, L1,y L) = § MLy, ..., Ly,).
The factor 1/m! makes the m Ramond points unlabeled. The genus zero volumes

are now non-trivial, and in particular the disk and annulus functions ‘A/OJ and ‘70,2
arise from hyperbolic surfaces due to the presence of Ramond points.

~

Remarkably, V, (s, L1, ..., Ly,) satisfies the same recursion relations from Theo-
rem 1 satisfied by Vj (L1, ..., Ly,), with different initial conditions.

Theorem 2 (Alexandrov, N., [2]). The volumes ‘//\'g,n(s,Ll, iy L) for g > 0 and
n > 0 are uniquely determined by the Stanford- Witten recursion:

[eelyle el
(2) leg,n(vala"wL’n) = %/ / xyD(Llaxay)Pg,n+1(x7yaLK)d‘rdy
0 JO
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n oo

~ 2
+ Z/ TR(Ly, Lj, x)Vyn-1(5,2, L\ (53)dx + 01.0(75

é g
)L

for K =1(2,...,n) and

Pg,n+1($7 Y, LK) = ngl,nJrl(s? x,Y, LK) + Z ‘/;]1,\I|+1(Sa €, LI)V;]Q,|J|+1(83 Y, LJ)
g1+92=g
TuJ=K
The recursion relations (2) give a recursive procedure in increasing powers of s
which specialises at s = 0 to Theorem 1. Note that D(x,y, z) and R(z,y, z) used to
define the recursion relations do not depend on s.
The restriction of (2) to the disk case (g,n) = (0,1) produces the following
elegant recursion relation.

Theorem 3 ([19]). The disk function ‘7071(5,L) is uniquely determined by the
recursion relation

V[) 1(s, L) / / zyD(L, x y)V 1(s, )Vo’l(s,y)dxdy.

The disk recursion relation produces

~ 54 3
Voai(s, L) = 2, + (6 24 L2> o (3307T4+307r2L2+8L4> ot

The main focus of the paper is contained in Sections 2, 3 and 4 which give
differential-geometric constructions on the moduli space ./\/lSp““ of smooth spin
curves. They survey existing results, with particular emphasis on constructions that
admit a direct interpretation in terms of hyperbolic geometry, while also developing
several new aspects of the theory. One new contribution is Theorem 3.3, which
extends to Ramond points the relationship between the cohomology of a locally
constant sheaf arising from a hyperbolic spin structure and that of the corresponding
holomorphic sheaf. This motivates the detailed treatment of sheaf cohomology in
Sections 2 and 3.

A second aim is to develop the spin measures directly on moduli spaces of hy-
perbolic surfaces with geodesic boundary. This provides a framework in which
Teichmiiller-theoretic methods may be applied to the measures and their volume
recursions. We also study separately the contributions of the even and odd com-
ponents of the moduli space of spin curves, revealing symmetries which are not
apparent from the individual boundary-stratum contributions.

We give less detail on algebro-geometric constructions, referring instead to the
existing literature, and concentrate on differential-geometric interpretations, ex-
amples, and open problems. Nevertheless, several of the results ultimately rely
on intersection theory on the compactifications M, ,, and M,
algebro-geometric constructions are recalled in Section 5.

Most of the constructions in these notes can be formulated entirely within ordinary
geometry, without using supergeometry. Supergeometry nevertheless provides an
important motivation: the heuristic derivation of the volume recursion due to
Stanford and Witten [22] uses the geometry of super Riemann surfaces. We describe
this viewpoint in Section 4.3 and explain how it is related to the differential-geometric
constructions developed here.

g.n » SO the necessary
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2. SPIN STRUCTURES ON RIEMANN SURFACES
2.1. Spin structures. Let C' be a Riemann surface. Given coordinate charts
z=¢y:U —C, w=¢y:V —=C,
the transition function on the overlap UNV is the holomorphic change of coordinates
2 = 2(w) = gu 0 6.

Since coordinate changes are conformal, their derivatives satisfy z’(w) # 0.
The canonical bundle we = T*C' is the holomorphic line bundle whose transition
functions are z’(w). Equivalently, local sections transform according to

dz = 2/ (w) dw.

Definition 2.1. A spin structure on C'is a holomorphic line bundle L — C' together
with an isomorphism

¢ L®? i)wc.

In terms of transition functions, a spin structure is obtained by choosing square
roots of the transition functions of w¢

Z/(w)l/Q

that satisfy the cocycle conditions on double and triple overlaps. Since z'(w) # 0, a
holomorphic square root exists locally via a choice of branch.

The choice of square root must be compatible on overlaps: on U NV, we have
Z(w)w'(z) = 1, and we choose square roots so that z/(w)zw'(z)z = 1, and on
UNV NW, we have z'(w)w'(u)u'(z) = 1, then we also choose square roots so that
Z(w)zw (u)2u/(2)2 = 1. Given any Riemann surface, a spin structure exists, i.e. a
compatible choice of square roots may be made. If L and L’ are two spin structures,
then

L'=L®n,
where 7 is a line bundle satisfying

n®* =~ Oc.

Hence the set of spin structures is a torsor for H'(C, Z3). In particular, a compact
genus g surface C possesses 229 distinct spin structures.

For a non-compact Riemann surface the line bundle L is holomorphically trivial,
but the square-root isomorphism still carries non-trivial information, classified by
HY(S,Zs).

Next we describe a construction of a spin structure using a hyperbolic metric.
The conformal and hyperbolic constructions turn out to be equivalent.
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2.1.1. Hyperbolic spin structures. Spin structures have a particularly nice description
in terms of hyperbolic structures on surfaces. A hyperbolic metric on an orientable
surface ¥ determines a principal SO(2) bundle Pso(3) given by the orthonormal
frame bundle of X. A hyperbolic spin structure on X is a principal SO(2) bundle
double cover

7 ¢ Pepin(Z) = Pso(X), m(e? - p) = e 7 (p).
Hence a hyperbolic spin structure can be naturally identified with an element
(3) n € H'(Pso(X), Zy) = Hom(m1 (Pso (%)), Za)
satisfying r(n) # 0 in the exact sequence
0— HY(X,Zy) = H (Pso(X),Zs) = HY(SO(2),Z3) — 0

where the final arrow maps to 0 = wy € H2(X,Zs). The exact sequence shows that
any two hyperbolic spin structures on X differ by an element of H(%, Z,).

A hyperbolic spin structure is elegantly described in terms of the associated
Fuchsian representation

0:m% — PSL(2,R).
For T = g(m¥),
Pso(¥) = PSL(2,R)/T — H/T = X.
Exercise 1. Prove that Pso(H) = PSL(2,R).
We used g above because we will instead consider
0:m% — SL(2,R)

with image T" such that the composition g of ¢ with the map SL(2,R) — PSL(2,R)
is Fuchsian. Any representation m — PSL(2,R) lifts (in many ways) to a
representation m Y — SL(2,R) and the choice of lift defines a spin structure. This
can be seen from the following realisation of Pgpin(X):

Pspin(2) = SL(2,R)/T — PSL(2,R)/T = Pso(%).
Associated to a hyperbolic spin structure is a natural representation
0:mY — SL(2,R) ~ R?
which defines a real rank two vector bundle
TY? 5%

When ¥ 2 C is compact, this bundle is related to the spin bundle L satisfying
L®? =~ e via

(4) TY?’9C=LoLY

where LV denotes the dual of L.
An elegant description of the conformal construction of spin structures uses
twisted curves or orbifolds, which are defined next.
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2.1.2. Twisted curves. A twisted curve with a group G is a one-dimensional orbifold,
or stack, C, satisfying the following conditions:

e Generic points of € have trivial isotropy groups.
e Non-trivial orbifold points of € have isotropy groups isomorphic to G.

A twisted curve is equipped with a morphism p: € — C, called the coarse map,
which forgets the orbifold structure. Here, C' is a smooth curve and is referred to as
the coarse curve of €, also denoted C' = |C|.

A good source of examples of twisted curves arises from branched covers. A
branched cover of curves

f:X—>C
is a holomorphic map such that, near each ramification point p € X, there exist
local coordinates z centred at p and w centred at f(p) for which

w=2z",

where r > 2 is the ramification index at p. Although it is standard to consider the
target C' to be a curve without orbifold structure, it naturally comes equipped with
an orbifold structure, where the branch point f(p) has isotropy group Z,.

Exercise 2. Prove that for any elliptic curve E = C/A the quotient

E/U = (Plv {p17p27p37p4})

for o(z) = —z with fized points mapping to p;, is a twisted curve (of orbifold Euler
characteristic 0).

From now on, we only consider twisted curves with group G = Zs such that the
points p; € € with non-trivial isotropy group Zs are precisely the labeled points. A
local chart around each point p; € € corresponds to z — z2.

2.1.3. Orbifold line bundles. An orbifold line bundle (or simply a line bundle) F
over a smooth twisted curve C is a locally equivariant bundle over the local charts
around each point.

At each orbifold point p an orbifold line bundle associates a representation of
Zs on F|, acting by multiplication by £1 which can be seen as follows. Locally, a
Zs-orbifold point is described by the quotient of a disk D = {z : |z| < €} by the
Zs-action z — —z which, via z — 22 = x, maps to the disk {z : |z| < €} with
Zo-orbifold point at x = 0. A locally equivariant line bundle is given by a lift of the
Zo-action on D to a Zs-action on D x C. There are two such lifts up to equivalence
represented by

(z,0) = (—2z,v) or (z,0) = (—z,—v).

Over the orbifold point, the representation is trivial in the first case and non-trivial
in the second case.

An important example of an orbifold line bundle F over € is the canonical bundle
we. It is locally generated by dx for any local coordinate z. At an orbifold point
x = 22, the canonical bundle we is generated by dz hence the local representation
is non-trivial, i.e. dz — —dz under z — —z. In particular, it has no square-root
F®2 = e since the square of any representation Zy — Z is trivial. Define the log
canonical bundle of a twisted curve € by

wg’g :=we(D), D=pi+ ...+ pn.
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The log-canonical bundle w?g is generated by df = 2% g 2% hence the local
representation is trivial and a square-root may exist. Over the coarse curve, we is
generated by dxr = 2zdz so we see that p*wo # we. However, we 2 p.we. Moreover,
degwe = 29 — 2 and

1
deg we :29—2+§n

where half-integer degree exists since non-trivial orbifold points have degree % For

log __ : dr _ odz log log
we® = we(p1 + ... + pn), since £ = 2% then p*ws® = we® and

log

lc?g:2972+n:degwe .

degw
Definition 2.2. A spin structure on a twisted pointed curve € with isotropy group

Zs is given by (C,p1,...,pn, L, ¢) where £L — € is a line bundle equipped with an

isomorphism ¢ : £L%2 = wgg.

The spin bundle £ is an orbifold line bundle over € of degree

1
degL:g—1+§n

which may be a half-integer.

2.2. Neveu—Schwarz and Ramond boundary behaviour. At a labeled point,
or boundary component, p; € €, the behaviour of a spin structure is of one of two
types, known as Neveu—Schwarz and Ramond.. This corresponds to the two possible
representations Zo — Zso, non-trivial or trivial, at a labeled point in the twisted
curve construction. It also corresponds to the two lifts of a peripheral element from
PSL(2,R) to SL(2,R) in the hyperbolic construction.

Definition 2.3. On a twisted curve €, given a spin structure defined by £2 =2 wg)g

and its uniformising representation ¢ : m X — SL(2,R), Neveu—Schwarz behaviour
of the spin structure at p; € C, or equivalently 8; C 0¥ = € — {p1, ..., pn}, is defined
by the following equivalent conditions:

e the representation Zy — Zj induced by £ at p; is non-trivial;

o tr(e(B;)) <0;
e the spin structure on ¥ extends across p;.

It is Ramond if it is not Neveu—Schwarz.

The relationship between these three conditions can be seen by considering a
spin structure on a disk: the tangent frame induced from the boundary circle
S1 < Pgo(X) rotates exactly once relative to a trivialisation over the disk, so
the square root rotates by half and defines holonomy of multiplication by —1.
Equivalently the element of H!(Pso(X), Z2) sends it to the non-trivial element of
Zs. The following exercise shows that the boundary behaviour of a spin structure
on a once punctured torus is necessarily of Neveu—Schwarz type, in particular it is
independent of the lift of the Fuchsian representation from PSL(2,R) to SL(2,R).

Exercise 3. For any Fuchsian representation ¢ : m(X) — SL(2,R) defining a
hyperbolic structure on a once punctured torus 3, prove that tro(f1) < 0.
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2.2.1. The number of Ramond points is even. On any surface with spin structure,
the number of Ramond points is always even. This can be seen from both the
conformal and hyperbolic viewpoints. We will begin with the conformal viewpoint
via twisted curves.

Denote the divisor of Neveu—Schwarz points by N.S of degree | N S| and the divisor

of Ramond points by R of degree |R|. For £2? =2 wg’g, we have

1
degL:g—1+§n.

Local Neveu—Schwarz sections of the pushforward sheaf are skew-invariant under
z — —z which forces them to vanish. This decreases the degree by a half at each
Neveu—Schwarz point while the degree at each Ramond point is unchanged. Hence
for L = p,.L (or more precisely the sheaf of local sections pushes forward to the
sheaf O¢(L) = p«Oe(L)) we have

1
2
Since the degree of any divisor on the coarse curve must be an integer this shows
that the number |R| of Ramond boundary components is even. This evenness
argument often appears entirely over the coarse curve, and we give it here to show
that it is equivalent. The skew-invariance argument above shows that a spin bundle,
satisfying £2 = wg’g over C, pushes forward to a bundle L = p,£ on the coarse
curve C' that satisfies

(5) L®2 =2 B(~NS) = wo(R)

1 1
degL=g—1+ n—§|NS|=g—1+§|R|.

then taking degrees gives
2deg L = degwe + |R| = (29 — 2) + deg R.

hence the number of Ramond points |R| is even.
Evenness of |R| can also be proven via the following homological argument. A
spin structure on a surface C' determines a quadratic form

q: Hi(C,Zs) — Zs
satisfying
(6) q(a+1b) =q(a) +q(b) +a-b,
where a - b denotes the mod 2 intersection number.

The quadratic form naturally associated to a spin structure, due to Johnson [13],
is defined as follows. Let
[C] € Hi(X2,Zs)

be represented by a finite collection of pairwise disjoint embedded oriented closed
curves

C=CiU---ucQC,.
Define a map

0: Hy(X,Z9) — H1(Pso(X),Zs)

by

awnzna+§:@,
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where o is the image of the generator of
H,(S0(2), Z)
under the inclusion of a fibre
SO(2) = Pso(X),

and C; is the lift of C; to the orthonormal frame bundle using its tangential framing.

The map /¢ is well defined on homology. Indeed, it is invariant under isotopy of
the representative curves, vanishes on the boundary of a disk (whose tangential lift
represents o), and is unchanged under the local surgery that replaces a crossing
by embedded curves. Consequently, ¢([C]) depends only on the homology class
[C]. As described in (3), this defines a spin structure via a cohomology class
n € HY(Pso(X),Zs) satisfying n(o) = 1.

The associated quadratic form is then defined by

qn : Hi(2,Z2) — Zo, Gy =mnok.
It is straightforward to verify that g, is a quadratic form:
qn(a+0b) =qy(a)+qy(b) +a-b, Va,b € Hi(X,Zs).
Moreover, the correspondence
n+—4qn

is an isomorphism of affine H'(X, Zs)-spaces between the set of spin structures on
Y and the set of quadratic forms.

Neveu—-Schwarz and Ramond boundary classes of a spin structure are natural in
terms of the quadratic form of a spin structure. This follows from considering spin
structures on the boundary of a disk D. Equip D with its unique spin structure.

Its restriction to the boundary is of Neveu—Schwarz type. Since D is contractible,
its orthonormal frame bundle is trivial:

Pso(D) =D x 50(2)

The tangential framing of the boundary circle 0D has winding number 1 relative to
this trivialisation. Consequently, its tangential lift

dD C Pso(D)

represents the nontrivial class in the fibre direction, and hence the spin structure 7
satisfies

n(dD) = 1.
By definition of Johnson’s map,
¢([0D]) = o + dD,
where o denotes the generator of
H1(S0(2), Zs).
Since (o) = 1, it follows that
a([9D)) = #(¢([0D))) = (o +0D) = (o) + (D) = 1+1=0

in Zs. Thus the quadratic form of a spin structure that extends to a disk vanishes
on the boundary of a disk:

q([9D]) =0
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so this holds precisely for Neveu—-Schwarz boundary components and we conclude
that for any boundary class [y] € H1(X):

q()) =0 <~ is Neveu-Schwarz
q(7))=1 < v is Ramond.

Let ;, i = 1,...,n be the boundary classes represented by small positively oriented
loops around the boundary components 3; of 3. Since the union of the boundary
circles bounds a surface, their homology classes satisfy

)+ lm] =0
in H1(X,Zs). Applying the quadratic form to this relation yields

0=q(ly]+--+[wml)-
Since the loops ~y; are pairwise disjoint, all intersection numbers vanish:
il - [yl =0, i # g
Using the additive property (6) repeatedly gives
g([ni] + -+ [val) = a((n)) + -+ a(pa))-

Hence
O=qg(n)+ +a[wm)=1+-+1+0+---+0=|R| (mod 2).

Thus the number of Ramond points of a spin structure is necessarily even.

2.3. Moduli space M;F,in. In this section we define the moduli space M;{’,iln for
2g — 2 4+ n > 0, which parametrises genus g, n-pointed, spin, Riemann surfaces up
to conformal equivalence. We begin with different equivalent descriptions of the
moduli space of Riemann surfaces M, ,,, one of the central objects in geometry. We
define M, ,, in different ways, where in each case roughly speaking, a point of M, ,
parametrises an equivalence class of a surface together with additional geometric
data.

Definition 2.4. A genus g, n-pointed Riemann surface is a pair

(C;pla cee 7pn)7
e (' is a compact connected Riemann surface of genus g,
® p1,...,p, € C are distinct labeled points.
Two such objects (C;p1,...,p,) and (C';p),...,p),) are equivalent if there exists a
biholomorphic map f : C' — C' satisfying f(p;) = p} for all i.

The moduli space M, ,, is the set of equivalence classes of such n-pointed Riemann
surfaces.

Mg ={(C,p1,...,pn) | genus g, n-pointed Riemann surface C'}/ ~ .
When
29 —24+n>0,

the topological surface ¥ 2 C — {p1,...,p,} admits a unique complete hyperbolic
metric in the conformal class of C, with a cusp at each labeled point. Consequently,
one may equivalently regard M, , as the moduli space of complete hyperbolic
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surfaces of genus g with n labeled cusps up to isometry. Note that a neighbourhood
of a cusp is also known as a boundary component and denoted 3; C 9%.

Mg = {(E,ﬂl, .oty Bn) | £ complete, oriented genus g hyp. surf., 9% = I_IBZ-}/ ~

The equivalence of these two descriptions of M, ;, is a consequence of the uniformi-
sation theorem.

To describe the geometry of M, ,, it is useful to introduce Teichmdiller space. Let
Y be a fixed oriented topological surface of genus g with n labeled points z1, ..., .

Definition 2.5. A marking of an n-pointed Riemann surface C is an orientation-
preserving homeomorphism

f:2=-C
that sends labeled points to labeled points: f(x;) = p;. Two marked surfaces (C, f)
and (C', f') are equivalent if there exists a biholomorphism h : C' — C’ such that f’
is isotopic to h o f.

The set of equivalence classes of marked surfaces is the Teichmiiller space Ty .
Unlike Mg ,,, which is generally an orbifold, T} ,, is a smooth contractible manifold
of real dimension

dim Ty, = 69 — 6 + 2n.
The mapping class group
Lyn = mo(Homeo™ (2, 21, ..., z,,))
acts on Ty, by changing the marking, and the moduli space is the quotient
Mgn=Tyn/Tgn-

A third description of the moduli space via its universal cover uses representations
of the fundamental group. Given a complete hyperbolic structure on ¥, its universal
cover is the hyperbolic plane H?2, and the deck transformations define a representation

0:m(X) = PSL(2,R),
called the holonomy representation. This leads to the character variety
Xy n = Hom(m (X), PSL(2,R)) /PSL(2,R),

whose points are conjugacy classes of representations.

The representations arising from hyperbolic structures, known as Fuchsian, are
precisely the discrete and faithful representations whose boundary classes, given by
peripheral loops around the punctures, are parabolic. Note that any closed curve
v C ¥ corresponds to a conjugacy class [y] C m13. A conjugacy class in PSL(2,R)
is parabolic if any representative A € PSL(2,R) satisfies |tr (4)| = 2 and hyperbolic
if any representative A € PSL(2,R) satisfies |tr (A)| > 2. Thus every non-trivial
element in the image of a Fuchsian representation is represented by a hyperbolic or
parabolic isometry of H2, so that

[tr(e(n)| =2 forall y € m(%).

The corresponding connected component of the character variety is the Teichmailler
component. The holonomy map identifies Teichmiller space with this component,

T ~ XTeich

gn — “Fgn

Thus, Teichmiiller space may be viewed either as the space of
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e marked Riemann surfaces,
e marked complete hyperbolic structures,
o discrete faithful PSL(2,R) representations of m (X).

The forgetful map that discards the marking gives the orbifold covering

Tym — Mgn.

2.3.1. Moduli space of spin curves. Given a compact complex curve or equivalently
a compact Riemann surface C' = ¥, define the moduli space of spin curves and the
moduli space of spin hyperbolic surfaces by:

MP™ ={(C,L,) | 9(C) = 9,0+ L = we}/ ~
%“{(E,Té/z) | ¥ oriented hyperbolic, g(X) = g}/ ~

where the first quotient is by conformal maps and the second by isometries, and

Pgpin () is the principal bundle of the rank two vector bundle Té/ 2 The relationship
between the two descriptions is obtained by taking the unique hyperbolic metric on
Y. in the conformal class of C' and using (4) to identify spin structures.

Now introduce labeled points, or boundary components. The definition of the
moduli space of spin hyperbolic surfaces is almost unchanged from the n = 0 case,
with the added condition of completeness of the metric:

MZ%“ = {(E, Té/ % Bi,.... 3,) | © complete, oriented hyperbolic surface,

g(X) =g, 0¥ = Uﬁi}/"‘

The spin Teichmiiller space 7;‘;}“ is given by the Fuchsian component of the spin
character variety

g = Lo m(S) = SLE,R) | tr(e()] = 2, vy € m(T),

g(X) =g, 0¥ = Uﬂi}/w

where a representation is Fuchsian if its projection to PSL(2,R) is discrete and
faithful, and the quotient is by conjugation.

The corresponding construction of M;{’}l“ for n > 0 using the conformal construc-
tion of spin structures is most elegantly described in terms of twisted curves.

Definition 2.6. The moduli space of spin curves is
i >~
MR = {(Cp1, o pn £,0) | 65 £52 5w} /~
where each C is a twisted curve with isotropy group Zs.

The formulation of the moduli space of spin curves over the coarse curve C' = |C|

replaces wlgg with twists of we, given in (5), by divisors determined by Neveu—
Schwarz and Ramond behaviour at the marked points and nodes.

Denote the moduli space of twisted curves with Zs isotropy by Mﬁ The natural
forgetful map MSPin M?,)l — My, that forgets the spin structure and twisted

ag,n
curve structure is denoted by

P MP 5 My,
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The spin Teichmiiller space is no longer connected, due to different boundary
behaviour of the spin structure described in Section 2.2. Each connected component
is naturally homeomorphic to the usual Teichmiiller space 7,, via the natural
quotient map SL(2,R) — PSL(2,R) which forgets the spin structure.

2.3.2. Components of the moduli space of spin curves. The moduli space of twisted
spin curves decomposes into components determined by the boundary behaviour:

M= | M
oe{0,1}n
where o; = 0 for Neveu-Schwarz p; and o; = 1 for Ramond p;. The disjoint
union is over all o satisfying |o| is even since the number of Ramond points is even.
Each component Msgf);n is connected except for || = n when it is the union of two
components.

When all boundary classes of a spin structure are Neveu—Schwarz it is the pull-
back under p : € — C of a spin structure on the coarse curve C' = |C|. Equivalently,
for ¥ = C\ {p1,...,pn}, the spin structure extends to C. Consequently, the
associated quadratic form

q: H1(27ZQ) — ZQ
is the pull-back of a quadratic form on the symplectic vector space H1(C,Zs). The
Arf invariant of a quadratic form ¢ defined on a symplectic vector space over Zs is
a Zo-valued invariant defined by

Arf(q) = qlai)q(B:)
i=1
for any standard symplectic basis {a1, 1, ..., g, By} meaning that (o, 5;) = i,
(e, ) = 0= (B;, B;). This is independent of the choice of {«;, 5;}. A spin structure
is even if its quadratic form has even Arf invariant and odd if its quadratic form has
odd Arf invariant. This gives rise to two connected components determined by their
Arf invariant, when |o| = n.

3. SHEAF COHOMOLOGY OVER SPIN SURFACES

The moduli space of spin curves comes equipped with a natural vector bundle
and a natural Euler class. This gives rise to a natural differential form on the
moduli space, and a cohomology class after compactification, which pairs with the
Weil-Petersson form to produce interesting new measures on the moduli space.
Measures arise here as top dimensional differential forms. In this section we define
the bundle in two equivalent ways, via the conformal viewpoint and the hyperbolic
viewpoint.

3.1. Local systems and holomorphic spin bundles. For ¥ = € — D, the flat

1
structure on 73 defines a holomorphic structure on a rank two bundle over €. When
D = (), so that ¥ is compact, there is an isomorphism of holomorphic vector bundles
1
TeCx2LaLY

for £82 = we. The retraction of SL(2,R) to SO(2) C SL(2,R) allows the reduction
of the structure group of any SL(2,R) bundle E to an SO(2) bundle F, thus a
holomorphic line bundle, and there is a natural isomorphism £ ® C = F & FV.
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Using this together with the decomposition of a holomorphic vector bundle into
unique decomposables [3] produces the isomorphism of real rank two bundles:

TE =LV,

1
For general D, there is a canonical extension of Ty; ® C from a bundle over X to a
rank two holomorphic vector bundle Esy, — C. It is obtained from a generalisation of
the extension over smooth curves due to Deligne [7]. Again there is an isomorphism
of holomorphic vector bundles Ex, = £ & £Y. One can prove this in two ways,
by showing that Deligne’s local extension over a disk above an orbifold point is
equivariant hence applies to twisted curves. Or, by applying Deligne’s canonical
extension over the coarse curve p : € — C' to produce the bundle L & LY (—NS)
over C, for L = C, £, which is the pushforward of £ ® £V. Recall that NS is the
divisor of Neveu-Schwartz points and p.(L£Y) = (p. L)Y (—NS).
1
The sheaf of locally constant sections of 7Ty; defines sheaf cohomology groups
4 1

which we denote H),(X,TZ), for j = 0,1,2 since they can be calculated via a
twisted de Rham complex using the flat connection.

The sheaf of locally holomorphic sections of £V defines sheaf cohomology groups
HI(C,LY) for j = 0,1, and H°(C,LY) = 0, the space of global holomorphic sections
is trivial, since deg £Y < 0. We will see that they have similar behaviour to the

‘ 1
sheaf cohomology groups H,(X,T3).
1

An element of HJ,(X,T) corresponds to a horizontal section or equivalently
an invariant vector of the Fuchsian representation o, which is an eigenvector with
eigenvalue one, g(y)v = v for all v € m1(X). But |tr (o(7))| > 2 for some v € (%)
which implies v = 0, hence

1
HgR(Ev TEQ) =0.
Also,
1
Hip(3,T3) =0
which uses a retraction of 3 to a one-dimensional spine when ¥ is non-compact,
hence any H? vanishes. When Y is compact it uses Poincaré duality

1 1 1
Hip(3,T2) = Ho(3, 15 ) = Hgp(3, (T%)")" = 0.

The final equality uses the fact that any non-zero invariant vector in the dual vector
space gives a non-trivial invariant one-dimensional subspace of the representation g,
contradicting irreducilbility.

If all boundary points are Neveu—Schwarz, then there is a canonical isomorphism

(7) Hip(S,TE) = H'(C,LY)Y

proven in [17] using a theorem of Simpson applied to the (complex) rank two bundle
L ® LV equipped with a natural Higgs field for L = p, L.

When there are Ramond points, the isomorphism (7) no longer holds. It is
instead replaced by an exact sequence. To prove this generalisation, we compute the
sheaf cohomology HEy (%, Té/ 2). Following [17, 22], we instead compute the twisted
homology of a dual cellular complex

1/2\V ~o 1/2
Hy (S, T5/%)Y = Hip (5, T?)
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where the isomorphism uses the symplectic structure on Té/ % The twisted homology

groups Hy (3, Té/ 2) can be defined as follows. Given an ideal triangulation T of X,
for each cell o € T, let

V, = H(o, TL/?)

denote the space of covariantly constant sections of T;/ 2 pulled back over o. Define
the cellular chain groups by

(2, T5%) = P Vs
o€Tk
The boundary maps are defined by

Comr (3,1 L O, 1)

sl — s\agz@(—l)eis

%

(%)

where
0o = J(-1)%0;
K3

is the usual oriented boundary decomposition into codimension-one cells.

The identity

9*=0

follows from the usual cancellation of codimension-two faces. For a 2-cell, the
contribution at each vertex consists of the same covariantly constant section, trans-
ported to the vertex along the two incident edges, appearing with opposite signs
because of the orientations. Equivalently, this is the vanishing of the square of the
ordinary simplicial boundary map. The same argument applies in higher dimensions,
where each codimension-two cell appears twice with opposite orientations. Since
the connection is flat, parallel transport around the boundary of a sufficiently small
cell is trivial, so the two extensions agree.

We define Hy (X, Tzlj/ 2) to be the homology of the resulting chain complex

8) Co(5, 7% -2 01 (2, 1Y% -2 Co(2, T?).

The following proposition uses the notion of a graph connection which we define
here.

Definition 3.1. A ribbon graph is a graph equipped with a cyclic ordering of the
half-edges incident at each vertex. Equivalently, it is an embedding

I'—S

of a graph into an oriented surface S such that each connected component of S\ T’
is an open disk. The orientation of S induces a cyclic ordering of the half-edges
incident at every vertex.

Combinatorially, a ribbon graph is a triple

(X7 go, 0'1),

where X is the set of oriented edges, o1 : X — X is a fixed-point-free involution
reversing the orientation of each edge, and oy : X — X is a permutation whose



SPIN STRUCTURES AND MEASURES ON THE MODULI SPACE OF CURVES 17

cycles give the cyclic ordering of oriented half-edges around each vertex. The vertices
of the ribbon graph are the orbits

V= )(/0’07
and the edges are the orbits

E= X/O'l .
The boundary components (or faces) are the orbits of the permutation

09 =0q 101.
To an oriented edge e € X, we denote its source and target vertices by

e_ :=mo(e), ey :=mgoT(e)
where 7y : X — X/7¢ is the quotient map.
Definition 3.2. A graph connection with group G on a ribbon graph (X, 0g,01) is
a map
g: X — G, gooy =g L.
Two graph connections are equivalent under gauge transformations
h: X —G, hooyg=nh
which act by
g—hooy-g-h7L.

Theorem 3.3. Given a spin structure £2 =2 wleog with Ramond points R C C and a
representation o : w1 (%) — SL(2,R) which defines a conformally equivalent complete

1
hyperbolic spin structure and the bundle Tg — ¥ = C — {p1,...,pn}, there is an
exact sequence of real vector spaces

9) 0 RE & HL(S,T2) —» HY(C,LY)Y = 0.

Proof. The proof is divided into six parts. It generalises the proof of the Neveu—
Schwarz case (7) from [17] and necessarily deviates from that proof in parts 3, 5
and 6.

1. Hip(%, Té) in terms of graph connections.
Holonomy with no non-trivial fixed points.
Holonomy with non-trivial fixed points.

Calculation of H*(€, LY).

Construction of Ramond boundary solutions.

6. Linear independence of Ramond boundary solutions.

1
1. Hip(%,TZ) in terms of graph connections. If R = () then (9) follows from (7)
proven in [17] so we assume that R # ). Choose an ideal triangulation of ¥, which
is necessarily non-compact. Then only C; and C5, the 1-chains and 2-chains, appear

G

in the complex (8) defining Hy (X, Té/ ?). The dual triangulation is a trivalent ribbon
graph I'. We choose the ideal triangulation so that that there exists a collection of
29 — 2+ n edges D C E(T") such that

(10) Hip(3,T2) = (R*)”.
The collection D will be a dimer with the property that each vertex of I' is incident

to a unique edge in D. More generally D can be related to a dimer via Whitehead
moves on the graph, but we will only consider ideal triangulations with dual ribbon



18 PAUL NORBURY

graphs admitting dimers. The isomorphism (10) is proven in [17] in the case that
all boundary components are of Neveu-Schwarz type. We recall the argument here,
in order to modify it in the presence of Ramond punctures. The representation
0:m(X) = SL(2,R) up to conjugation is equivalent to a graph connection up
to gauge transformation. It associates an elemlent ge to each oriented edge of T’
satisfying g- = go'. The vector space H} r(3,T3) is isomorphic to the dual of the

cokernel of 02(E7TX1:/2) SN C1(27Té/2) from (8) since C° = 0. The dual of the
cokernel is isomorphic to the kernel of the dual map

§: (RM)* — (R*)Y
where X is the set of oriented edges of I', defined on e € X by

5ve‘e+ = GeVe, 6Ue|e, = —Ve.

1
We choose the convention that the trivialisation of 7Ty over an oriented edge e

is induced from the trivialisation of Té over its source vertex e_. The condition
6v = 0 at each vertex is the vanishing of the sum of contributions from the three
oriented edges adjacent to the given vertex, such as »_ g.v. = 0 for a vertex with
only incoming edges, or more generally each summand is g.ve Or —ve.

Fix a dimer edge ey € D, choose an arbitrary non-zero vector

Ve, € R2,

and set
Ve =0, e € D\ {eo}.

Since T is trivalent, the complement I" \ D is a disjoint union of embedded loops.
Along an oriented loop

vy CT'\D,

the vertex condition defining ker § uniquely determines the vector on each successive
edge from the preceding one. For example, if the orientation of every edge agrees
with that of v, then consecutive edges satisfy

geivei = U6i+1 b

where e; and e;11 are consecutive oriented edges of . Suppose first that v does not
meet eg. Then every vector on « is determined by a single vector v, on one edge,
which must satisfy

Gy Ve = Ve.

Equivalently, (g, — I)ve = 0.

2. Holonomy with no non-trivial fized points. First assume that g, — I is invertible,
which is the case treated in [17]. Invertibility of g, — I holds when g, is hyperbolic—
always true on non-boundary y—or when g, is parabolic and Neveu-Schwarz, since
tr(g,) <0 and det(g,) =1 = 1 is not an eigenvalue of g,. Invertibility of g, — I
implies that the only solution is v, = 0.

Now denote components of I' \ D that meet the distinguished edge ey by 71 and
v2 with labels (g;,v;) € (SL(2,R),R?) for i = 1,2 as in the diagrams below. The
diagrams show the three possibilities. A dimer edge ey cannot be a loop so via a
gauge transformation we may arrange g., = 1.
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g1 \/ ke V. gz

FIGure 1. (I'\ D) Ueg

Traversing loops yields the relations at the two vertices
(g1 —DNv1—vo=0, (g2—IDNva+vo=0
hence
v1= (g1 — 1) v, w2 =—(g2—1I) 0o

Hence invertiblity of g, — I along any loop implies that vo uniquely determines v;
and vo, which in turn uniquely determines the vectors on every edge of v; and ~s.
All other edges are assigned the zero vector by the argument above.

g1 V1 Vo\r V2 gz 91 V1 V2 gZ

FIGURE 2. (T'\ D) U e

The two vertices gives the relations
(11) vg+v1+ve =0, v+ gi1v1 + gova =0

hence

vi = —g7 (9297 — )" g2 — Do, va = g7 (9297 — 1) g1 — I)vo.

Again vy uniquely determines v; and vy, using invertibility of g2g; ' T where
gggl_1 = g, for a loop 7.

Thus each choice of v., € R? determines a unique element of ker §. The elements
arising from distinct dimer edges are linearly independent, since each vanishes on
every other dimer edge. Conversely, if an element of ker § vanishes on every dimer
edge, then the above propagation argument shows that it vanishes identically. Con-
sequently, each dimer edge contributes a two-dimensional subspace of H; (T, Té/ 2),
and since D consists of 2g — 2 + n edges, these subspaces together form a basis
of 2(2g — 2 + n) vectors for Hy (T, Té/2), proving (10) under the assumption that
g — I is invertible along all loops 7.



20 PAUL NORBURY

3. Holonomy with non-trivial fized points. Along a Ramond boundary component,
the holonomy g satisfies tr (g) > 0 and, since the hyperbolic metric is complete, it

satisfies tr (¢g) = 2. So
1 a
g~ ( 0 1 > ;o aF0

and g — I is not invertible with rank equal to one. In this case, the argument above
needs to be modified.

When g > 0, one can still choose a ribbon graph I'" with collection D so that
each boundary component contains at least two edges from D. This guarantees that
g — I is invertible along the collection of loops v in I' \ D which implies (10) by
the argument above. When g = 1, a trivalent ribbon graph is given in the diagram.
The diagram shows a planar model of a genus one surface where arrows and labels
indicate identification of sides. The ribbon graph has 3n edges, 2n vertices and n
boundary components. The dimer is given by the set of vertical edges, thickened in
the diagram.

az as a4 as a2p—1
a1 ag a3 G4 a2p—2  G2p—1

Each face contains two dimer edges, so if we set v. = 0 along all dimer edges e
except for eg, then any loop v in (I'\ D) U ey cannot be a boundary loop, hence
g — I is invertible and the argument above applies.

For higher genus g > 1, one can construct a ribbon graph I' with collection D so
that each boundary component contains at least two edges from D as follows. Begin
with the genus 1 example above, then take two different faces and attach a new edge
dimer to the centre of two non-dimer edges as in the diagram below. The new edge
is pictured in two parts, where the two end points marked by e are identified and do
not represent a vertex. The new picture sends (V, E,n) — (V +2,E+3,n—1) and
g — g+ 1. Each boundary component still contains at least two dimer edges, since
two boundary components are combined into one and the others are unaffected.
Apply this repeatedly to increase the genus, beginning with a large enough n.

az a3 a4 G5 a2n—1
ay ag a3 a4 a2p—2  G2p—1

In genus 0 there does not exist such a pair (I', D) so that each Ramond boundary
component contains at least two edges from D. This is simply due to the fact
that for ¢ = 0, 2|D| = 2(2g — 2+ n) < 2n. For n > 3, it can be arranged that
each boundary component contains at least dimer edge. Simply begin with the
n = 4 picture below. Each boundary component contains one dimer edge and two
non-dimer edges.
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For n > 4, add a dimer edge inside a face from the centres of two non-dimer as in
the diagram below. This sends (V, E,n) — (V + 2, E+3,n+ 1) and each boundary
component of the new planar ribbon graph contains one dimer edge and at least two
non-dimer edges. So the process can continue to achieve any number n of boundary
components.

Now assume we have a genus 0 ribbon graph I' and a dimer D such that each
boundary component contains at least one dimer edge. Then around any loop
v C T'\' D we have g, — I is invertible since  is not a Ramond boundary. Following
the argument above, we take ey € D and we an conclude that if v does not meet
eo then v, = 0 along any edge of 7. If v meets eg, Figure 3.1 and Figure 3.1 show
(T'\ D) U eq.

In the case of Figure 3.1, neither of the two loops is a Ramond boundary, since
any boundary loop contains a dimer edge, which would be absent from the figure.
Hence g1 — I and g, — I are invertible and the earlier argument applies to conclude
that any vy € R? uniquely determines v; and vy thus a solution of jv = 0.

For the graphs in Figure 3.1, the loop 712 consisting of the edges e; and ey is not
a boundary loop since it contains no dimer edges. Hence gag; L _ I is invertible
and we can draw the same conclusions as the earlier argument, i.e. that vy € R?
uniquely determines v; and vs.

Thus again we conclude that D determines a vector space (R?)P of solutions of
d0v = 0. Furthermore, any solution is constructed this way since the dimer is chosen
so that any solutions of Jv = 0 necessarily vanishes on all dimer edges.

4. Calculation of H'(C,LV). The dimension
1
(12) RY(C,LY) =dim H'(C,LY) =29 — 2 + §(n+|a|)

may be computed via the orbifold Riemann-Roch theorem which incorporates the
isotropy representation at each orbifold point. It gives

hO(C,LY) —h'(C,LY) =1—g+degL¥ =\,
=1

n g
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where |o| = 01 + -+ + 0y, and A,, = 0;/2 is the contribution of the isotropy
representation at p;. It is also useful to see this calculation on the coarse curve C'
which gives

ho(C,LY(=NS)) — h'(C,LY(—NS)) =2—2g— (n+|o])
for L = p. L since p,(LY) = (p«L)Y(=NS).

1
We see that the dimensions of H}(¥,7) and H'(€, L")V disagree when R # ()
and it remains to prove there relation via the exact sequence (9).

5. Construction of Ramond boundary solutions. For each Ramond boundary loop
~v C I" with parabolic holonomy, there exists a non-trivial solution of v = 0, unique
up to scale, supported on . This defines a one-dimensional space of solutions
to dv = 0. The solution is constructed as follows. The holonomy ¢, around 7 is
parabolic with positive trace hence g, — I is of rank one and (g, — I)v = 0 defines a
non-zero vector v € R? unique up to scale. The edges of «y are assigned g; € SL(2,R),
t=1,...,m, so that g,, --- g291 = g,.

Suppose first that each edge of v meets a different boundary loop on the other
side, or equivalently v meets each edge of I' at most once. Assign v; € R? to each
edge of v where v; = v = gv as in the diagram. Assign 0 to all other edges.

FIGURE 3. v1 = v, v2 = g1v1, U3 = gaU2, ..., U1 = GmUm = Gy U1

This gives a solution to dv = 0 supported on -y since at each vertex
—grVk + V41 +0=0

and 04+ 0+ 0 = 0 at all vertices outside of v, as required.

Now suppose instead the Ramond boundary loop 7 meets some edges of I’
twice. In this case, the solution supported on 7 is somewhat more involved. Let
{e1,...,em} C v be those edges of " that v meets exactly once, and refer to them
as lone edges. We refer to those edges that meet I" twice as paired edges. The set
of lone edges is necessarily non-empty, i.e. m > 1, because evenness of |R| implies
that T has at least two boundary components, and connectedness of I' implies that
any boundary component must share an edge with at least one other boundary
component.

Figure 3.1 shows a paired edge, assigned vg. The holonomy around = is

Gy = Gm---9o 929190
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which is the word obtained by inserting for each paired edge e, holonomy g, and g;*
inside the word ¢, gm_1...g2g1. A paired edge e is not a closed loop, since a boundary
component must lie on one side of any closed loop, and more generally the union of
the paired edges cannot contain a closed loop, again since a boundary component
must lie on one side of any closed loop. Hence, via a gauge transformation, we may
arrange that g, = I for all paired edges e. Thus gy = gm...g291 gets contributions
only from lone edges. Let v; = v # 0 ,where g,v = v and define viy41 = grvy for
k=1,..m—1 so that g,,v,, = v;. Assign the vectors vy, ..., v,, to the lone edges
{e1,...,em} (oriented so that the boundary lies to the right).

Vg Vk—1
Vo
U, vy
0 — 0
I
! I
! I
I
w l
0
0
Uk Vg—1
Vo
Um, U1

FIGURE 4. v = gmUm — Vk, V1 =V = g4V, Uz = g1V1,

At a paired edge, assign a vector that satisfies the vertex condition at its source.
In Figure 3.1, this means
V9 = gmUm — Vk-
Then the vertex condition at the target of the paired edge is automatically satisfied.
Again using Figure 3.1 to demonstrate, and recalling that gg = I, we get:

Vo = gmUm — Vg = U1 — Gk—1Vk—1

as required. The same applies to all paired edges.

6. Linear independence of Ramond boundary solutions. The construction above
defines |R| solutions supported at each Ramond boundary component which span a
subspace. In fact this gives an |R|-dimensional subspace of solutions because the
solutions supported at each Ramond boundary component are linear independent
which is proven as follows. Suppose there is a non-trivial linear relation between
solutions, each supported on a single Ramond boundary component. If a Ramond
boundary component contains a paired edge, then it doesn’t appear in the linear
relation since its coefficient is necessarily zero to remove its paired edge contribution.
Similarly, if a lone edge on a Ramond boundary component meets a Neveu—Schwarz
boundary component, then it does not appear in the linear relation, since its
coeflicient is necessarily zero to remove its lone-edge contribution. The remaining
case is an edge e that meets two different Ramond boundary components y; and
~o. If there is a linear relation, then the e component can be canceled only if the
two solutions supported on each of v and -5 define parallel vectors on e. But then
there exists v # 0 such that v1v = v = y9v. The fixed vector corresponds to a fixed
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point in 0H. Two parabolic elements have the same fixed point in OH if and only
if they lie in the same maximal parabolic subgroup. Therefore parabolic elements
associated to distinct cusps have distinct fixed points, contradicting the existence of
v. This proves the linear independence of the solutions supported at each Ramond
boundary component hence they define an |R|-dimensional set of solutions.

Thus dim Hlp (2, Té) —|R| = dim H'(€,£Y)Y which gives an exact sequence
0= RE - HY(2,T2) — HY(C, Y)Y =0
as required. ([

3.2. Vector bundle F,,, — M;f’,in. The sheaf cohomology groups calculated in 3.1
associate a vector space to each spin curve which together define a vector bundle over
the moduli space of spin curves. The vector bundle arises as a derived pushforward
of a sheaf.

Denote the universal spin curve by U5Rm - MEPIY for g = (071, ...,00). Let €
be the universal spin bundle defined over USP™ so that £9% = o8,

Definition 3.4. Define a vector bundle by E, := —Rm,EY— MPIr.
This defines a holomorphic vector bundle with fibre
Egnle) = H'(C,LY)Y

for £L%2 = we. It is a vector bundle since deg LY =1—g—1n < 0so H°(C,LY) =0
and H'(€,LY) has constant dimension over connected components of MSPI*. The
dual £Y in the definition is important, since without it we would instead produce
a virual bundle built from both H°(€, L) and H'(C, L) since both are in general
non-trivial. The dual present in E;’m is unimportant, since it only introduces a
factor of (—1)" into later formulae, but it turns out to be more natural.

Denote the restriction to each component by E, , = Eg’n|M?;n. The rank of

E, » is obtained from the Riemann-Roch calculation in 3.1:
rank By, =29 —2+n — 1|R|

where o = (17~ I1El 0l%l),

Now instead we give a construction of a vector bundle using the hyperbolic
viewpoint which uses the derived pushforward of the universal spin structure given
by a relative local system. Define

U= xThm

Each point in Teichmiiller space b € ’7;5};3‘1 determines a Fuchsian representation up
to conjugation
oy : m(X) — SL(2,R),

and we choose conjugacy class representatives so that g, varies continuously in b.
The family of representations g, defines a universal spin structure which is a rank
two real vector bundle

E = (HxR*x T2™) /m(Z) — U,
where the action of v € m1(X2) is given by
v (SU, v, b) = (Pyxv Qb(f}/)va b)
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The restriction of E to the fibre U, = ¥ x {b} is precisely the flat bundle associated
to the representation gy : m1(X) — SL(2,R),
IE|Z/{b = TZjb

Define the relative local system £ to be the sheaf of sections of E locally constant
along fibres Uy,.
Definition 3.5. Define the vector bundle E},, := —Rm,.EF— MPIn.

This defines a vector bundle with fibre

1
El s = Hip(S,T2).
The restriction to each component is denoted by E; - = Eg nl pgepin . The calculation
in the proof of Theorem 3.3 gives
rank E;in =49 — 4+ 2n.

The rank of E},, is the same on each component of MEP™ unlike the rank of Ey .

Over the Neveu-Schwarz components M3PI" for o = (1"), i.e. all labeled points

of the spin structure are of Neveu—Schwarz type, the isomorphism (7) is canonical
and hence the bundles are isomorphic

Eyo=El,, —o=(1").

More generally, we expect an isomorphism of F, , with Eg o/ (933, but the con-
struction in Theorem 3.3 has not yet been proven to be canonical.

Exercise 4. Open problem. Prove
~ @F R
E —Eg,g/(’)i‘? ?

9,0 —
4. SPIN MEASURES ON M, ,.

4.1. Canonical Euler form. The bundle £, , — MZ{’;“ possesses a canonical
Euler form e(E, ). Its construction uses a canonical Hermitian metric on Eg ,,
defined similarly to the construction of the Weil-Petersson metric. We first define
the Weil-Petersson metric and its Kahler form, the Weil-Petersson form. This will
help to make the similarities clear.
For [C] € M, the deformation theory of a curve and Serre duality give
TieyMg,n = H'(C, Te(=D)) = HY(C,wg?(D))".
Instead, one can avoid the need for poles by using twisted curves €,
TigMP) = H' (€, Te) = H(€,w?).

Exercise 5. Prove that H(€,w§?) = HO(C w0 apn (D))
The pairing of cotangent vectors is obtained by integration over ¥ = C' — D. For
m. e € H(C,wg?(D)) = H'(C,Tc(-D))"

define
(13) (771>Tiz> = %
by

where h is the complete hyperbolic metric on . This defines a Hermitian metric on
Tic)Mg.n (or its dual). Its real part is a Kéhler metric, the Weil-Petersson metric,
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and its imaginary part is the Weil-Petersson symplectic form wy p. Its associated
measure expwy p is the Weil-Petersson measure.

We can give a similar construction in the presence of a spin structure to produce
a Hermitian metric on E,,. Let (€, D, £, ¢) be a smooth, genus g, pointed spin
curve. Its coarse curve C' = |€| is equipped with L = p,.L — C which satisfies
L®? 22 %®¥(~NS) = we(R), for D = NS U R. Serre duality applied to the fibres of
Eg., gives

HY(C,LY(~NS))" = H(C,w¥/*(NS)).
The spin structure, which gives a choice of 2/(w)'/? on overlaps of a cover of C,
ensures that 3/2 differentials are well-defined. The 3/2 differentials give the analogue
of holomorphic quadratic differentials used above to define the Weil-Petersson metric.
For
n.& € H(C,w*(NS))

define a Hermitian metric via integration over ¥ = C'— D equipped with a complete
hyperbolic metric h,

(14) ey = [ L

» Vh
where v/l is the hyperbolic metric on the spin bundle Té . The hyperbolic metric
h on ¥ induces the metric vA. In local coordinates simply take square roots
2)|dz|? = /H(2)|dz| = v'h where H(z) > 0 and /H(z) > 0. Alternatively,
the metric v/A can be obtained directly, without requiring a square root, via Hitchin’s
proof of the existence of a hyperbolic metric in a given conformal class [9]. Hitchin’s
construction goes the other way, by first producing a Hermitian metric on the spin
bundle which then induces a hyperbolic metric on the tangent bundle.

4.1.1. Convergence. The Hermitian metric (14) is well-defined because the integral
converges, which uses the following local argument. If 3 is compact the integral
(14) clearly converges. When ¥ is non-compact, i.e. D # &, to see that the integral
exists, consider a local coordinate z with z = 0 corresponding to a point of D and a

jdz?
P (logTen? 2nd

the 3/2 differentials are given by n = f(z)izs/ nd § = M where f(z) and g(z)

fglog|z||dz|?
z|<e [E]

cusp of the metric. Locally, the hyperbolic metric is given by h =

are holomorphic at z = 0. The local contribution to the metric f‘
exists since
log |z €

(15) / Hoglzl] ;2 :/ llogr|drdd = 2rlcloge —¢| < 2r <« €< 1.

lzl<e 2] 0
4.1.2. Characteristic differential form. The bundle E ,, is holomorphic and together
with the Hermitian metric on Eg ,, it uniquely determines the Chern connection, a
metric connection A on E, ,, satisfying 04 = 0 the natural operator defining the
holomorphic structure on Ej,. Then e(E,,) is defined to be the Pfaffian of the
curvature of A via

(16) e(Fyn) = (;T)NpﬂFA)-

The Weil-Petersson form wy p pulls back to MSP’“ under p : MSP;,“ — Mg,
the map that forgets the spin structure. Alternatlvely, it is deﬁned directly via
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Goldman’s symplectic form [8] on the character variety. By abuse of terminology it
is still denoted by ww p.

Theorem 4.1 ([19]). The differential form
= e(Egn) expwwp
defines a finite measure on MZP}L"
Push forward the restriction of this measure to each component via
p7 ./\/lsgli’(i,n - Mgyn
for p7 = p aipin tO get a collection of measures over M, ,,. We further normalise

the measure by €, , = (—1)"29~ 13 (ntlol),
Definition 4.2. For each o € {0,1}", define a spin measure on M, ,, by
Uo = €g,oD7 (1) € Qt"ng)n.

Note that since p is a finite covering map, a top degree differential form pushes
forward to a top degree differential form, which agrees with the natural pushforward
measure.

The Weil-Petersson form can be expressed explicitly in terms of natural coor-
dinates on Teichmiller space, such as Penner coordinates [20] or Fenchel-Nielsen
coordinates [23], as in (18) below.

Exercise 6. Open problem. Express the measure u, in terms of Penner coordi-
nates or Fenchel-Nielsen coordinates.

The total measure defines a volume which coincides with the super Weil-Petersson
volume of the moduli space of super Riemann surfaces [19, 22]. The restriction to
components gives the following collection of measures.

Definition 4.3.
‘79,0 ::/ to, o€ {0,1}"
M

g,mn

Theorem 3 produces calculations of some of these volumes, such as

‘707{1704} = 67, ‘70,{1706} = 3307,

4.1.3. Hyperbolic construction of characteristic forms. The construction of a canoni-
cal Euler form in (16) uses the conformal structure on a hyperbolic surface ¥ via the
appearance of 3/2 differentials. A spin hyperbolic surface may be constructed geo-
metrically by gluing hyperbolic pairs of pants along geodesic boundary components,
or analytically from a discrete faithful representation of its fundamental group into
SL(2,R). In either description, the induced conformal structure is obtained only
through the uniformization theorem and is therefore transcendental in nature.

Here we instead describe a construction of an Euler form entirely in terms of hy-
perbolic geometry, using twisted harmonic 1-forms. Conjecturally this construction
produces the same measure on M3P»

9.0 "
For simplicity, we will consider the case when X is compact. Given a spin

1
structure on X, which gives rise to the associated flat vector bundle 7%, denote the
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1
flat connection on 7y} by Vj,. Since V2 =0, the flat connection defines the twisted
de Rham complex

0 N Va 1 N Va 2 1
0— PETE) — (5, T2) — Q(X,T¢) — 0
The twisted Poincaré lemma identifies the sheaf cohomology of the locally constant

sheaf defined by Té with the cohomology of this complex. In particular:

L ker(Vy: QUELTE) - Q2(S,T2)

(e ) 2 X =)
im(V, : QO(2,T2) = QY(2,T%))

1%

1
The hyperbolic metric on ¥ induces a metric on Ty;. Let V} denote the formal
adjoint of Vj,, and define the twisted Laplacian

Ay =V Vi 4 ViV,

By Hodge theory, every class in H é r(Z, TZ‘% ) has a unique harmonic representative.
Thus ) )

Hip(3,13%) = H' (S, 132)
where

1 3y 1 3 _ 0 _ ol —
HU(S, T2) = {n QYN T2) | Vin =0, Vin= o} - kerAh‘Ql(E’Té).
1
The bundle E, = E, has fibres H'(2,7¢) and naturally sits inside the trivial

1
bundle with fibres Q'(X,7:3). There is a natural connection « on this bundle
obtained by orthogonally projecting the derivative of a local harmonic section back

1
onto the harmonic subspace of Q(Z, T2).
Modify the construction of the Euler form (16) by replacing the connection A
with the connection « to produce a new form.

Definition 4.4. Define a characteristic form on F, by

1

(") )= () pite

Exercise 7. Open problem.
Prove that there exists a differential form n € 94975(./\/1;7”'”,}1%)

e(Ey) — &(Ey) = dn
is exact and hence they defines the same total measure
/ e(Ey) expwwp = / £(Ey) expww p.
M M

4.1.4. Hyperbolic surfaces with boundary. The preceding construction extends to a
compact hyperbolic surface ¥ with geodesic boundary

O = By U---U By

Fix a spin structure and let Té/ ? be the associated flat rank two bundle with flat

connection Vj,. The hyperbolic metric and the metric on Té/ 2 again define the
formal adjoint V; and twisted Laplacian

Ay = VhV;‘; + V;"LVh
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In the presence of boundary, harmonic representatives are obtained by imposing
Neumann boundary conditions [21]. Define

HA(S, TY?) = {n € QU TY?) | Van =0, Vin =0, wilos =0}
By Hodge theory for manifolds with boundary,
1/27 ~ 1/2
Hip(,T5%) = 12, 1/%).

Exercise 8. Let ¥ be a compact Riemannian surface with boundary and let E be a
flat orthogonal bundle. Show, using integration by parts, that if

V=0, V=0, wnlos=0,

then n is a harmonic 1-form satisfying Neumann boundary conditions. Ezplain why
these harmonic forms represent HY (X, E) rather than H*(%,0%; E).

Now fix the geodesic boundary lengths L4, ..., L,. As X varies in the correspond-

ing moduli space of spin hyperbolic surfaces, the spaces H}, (3, T;/ 2) form a vector
bundle

Egn(L1,...,Ln) — MM (L, ..., Ly).

As in the closed case, orthogonal projection of the derivative of a local family of
twisted harmonic forms onto the harmonic subspace defines a connection ay on
Egy.(L1,...,Ly). We therefore obtain the characteristic form

N
f(Eg,n(Lla s 7Ln)) = <41> pf(FaL)'
7r

This gives a construction depending only on the hyperbolic metric, its geodesic
boundary, and the flat bundle determined by the spin structure, and hence avoids
passing through the conformal description by 3/2-differentials. It would be useful
to calculate it for a hyperbolic pair of pants which is the building block of general
hyperbolic surfaces. It is natural to conjecture that this characteristic form represents
the same Euler class, and produces the same measure, as the Euler form obtained
from the holomorphic construction.

4.2. Deformation of the Weil-Petersson measure. There is a natural family
of deformations of the Weil-Petersson measure obtained via deforming cusps to
geodesic boundary components. This was used by Mirzakhani [15] to define and
calculate Weil-Petersson volumes depending on the lengths of the geodesic boundary
components. For L = (Lq,...,Ly,) € RY, let

Mgn(L) = {(2,61,..., Br) | ¥ oriented, genus g hyperbolic surface,
geodesic boundary 9% = Up; of lengths ¢(8;) = Lz}/ ~

The equivalence is up to isometries that preserve the boundary components. A
non-trivial isometry rotates each boundary component non-trivially. When L = 0,
the boundary components are replaced by cusps and

Mg n(0) = Mgp.
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4.2.1. Fenchel-Nielsen coordinates. Let 3 be an oriented surface of genus g with n
labeled boundary components. Choose a pants decomposition

Z:P1U~--UP2g,2+n

where P; = S? — three disjoint disks is a pair of pants. The decomposition is
obtained by cutting along 3¢g — 3 + n disjoint simple closed curves 71,...,V3g—3+n-
Given a hyperbolic structure on 3 with geodesic boundary, each 7; has a unique
geodesic representative of length ¢; > 0. The hyperbolic metric on each pair of
pants is uniquely determined by the lengths of its three boundary components. To
reconstruct the surface, the pairs of pants are glued along boundary components of
equal length. Each such gluing has one additional real parameter 7; € R, called the
twist parameter, which measures the relative displacement of the seams of the pants
on either side.

For fixed boundary lengths L = (L4,...,L,), the resulting length and twist
parameters

(01,71, l3g—34n, T3g—3+n)

give global coordinates on the Teichmiiller space 7, (L). These are the Fenchel-
Nielsen coordinates, giving a diffeomorphism

~ o 39—3+n 3g—3+n
Tgn(L) = RJG xR :

The symplectic form on 7y, (L) is defined by

(18) Wy, 1= Zd& A dT;.

When L = 0, Wolpert [23] proved that (18) defines the Weil-Petersson form wy p,
and in particular, it is invariant under the action of the mapping class group so
descends to My ,,. By doubling along geodesic boundary components, it follows
from Wolpert’s proof that (18) is invariant under the action of the mapping class
group so wr, descends to M, ,(L).

There is a diffeomorphism

oL Mgp — Mg,n(L)

with inverse obtained by grafting a semi-infinite flat cylinder onto each geodesic
boundary component to produce a punctured Riemann surface [16]. Using this, wr,
may be regarded as a family of symplectic forms on the single space M, ,,.

Definition 4.5. Define
W(L1,...,Ly) = ¢pfwr € Q*(M,n).
By construction,

W(O,...,O) =wwp.

4.2.2. Deformation of spin measures. It is straightforward now to insert the de-
formation of the Weil-Petersson symplectic form into Definition 4.2 to produce a
family of measures depending on (L1, ..., L,). Let

(L, ...;Ly) = e(Eg ) expwwp(Li, ..., Ly)

: _ 1
and normalise by €; 5, = (—1)"Tm29-1n+2m,
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Definition 4.6. Define a family of spin measures on Mg 1, by

™ (L, ooy Ly) = €gnmdd (L1, ooy Ln)) € QP My nim

where o = (1™,0™). Each total measure defines the volume

(19) VO (L, L) = /M WO (Ly, o, L),

g,n+m

It is proven in [19] that the measures (™ (L, ..., L,) are finite and the volumes
Vg(zl) (L1, ..., Ly) are polynomial in L, ..., L,. Calculations of Vg(f;f)(Ll, ey L), and

many properties, currently use intersection theory in algebraic geometry, described
in Section 5. A second approach due to Stanford and Witten [22], and described in
Section 4.3, uses supergeometry techniques which follow the method of Mirzakhani’s
calculation of Weil-Petersson volumes [15]. Johnson [12] computes the super volumes
with Ramond punctures in a different way using matrix model techniques. One
aim of this paper is to lay the foundations of a proof using differential geometric
methods.

4.3. Relation to supergeometry. We briefly describe the supergeometric deriva-
tion of the super volumes by Stanford-Witten [22].

4.3.1. Supermanifolds. A locally ringed space (M, F) consists of a topological space
M together with a sheaf of rings F whose stalks are local rings. A fundamental
example is the smooth manifold R™ equipped with its sheaf Cg5. of locally smooth
functions. Its supercommutative analogue is

R™™ = (R™, Ogmin),  Ogmin = 35 ® A*(R™).

A real supermanifold of dimension m|n is a locally ringed space

M = (M, 05)
which is locally is/o\morphic to R™I™. The topological space M is called the reduced
space or body of M.
Similarly, define

C™n = (C™, Ogmin),  Ogmin = Ocm @ A*(CM),

where Ocm is the sheaf of locally holomorphic functions. A complex supermanifold
is a locally ringed space locally isomorphic to C™".

A morphism

(f’ F) : (Mlvoj/w\l) — (M2701/\/[\2)
consists of a continuous map f : M} — M, together with a graded sheaf homomor-
phism
F: OJ/VE — f*oﬁf
A family of supermanifolds is a morphism of supermanifolds
M—s S,

whose fibres are supermanifolds.

It is also useful to describe a supermanifold through its functor of points. Define

AL(R) = A*(RY)

and let
A(R) = lim AL(R).

L—o0
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The Grassmann algebra decomposes into its even and odd parts,
A(R) = A°(R) @ A*(R),
also called its bosonic and fermionic parts. We denote the purely odd superpoint by

AY® = ({pt}, A(R)).

The topological manifold M given by the reduced space of M sits naturally inside
the supermanifold M.

M—— M

| |

Ole
{pt} —— A"

The right-hand vertical map represents a family of points of M parametrised by
the odd superpoint, while the lower left corner recovers the ordinary points of its
reduced space.

For example, the A%'-points of super Euclidean space are

R™MAY®) = { (21, 2m | 61, .. ,00) | z € A°(R), 0; € AY(R)}.

Thus the functor-of-points description replaces the formal odd coordinates of the
locally ringed-space description by odd elements of a Grassmann algebra.

4.3.2. Super hyperbolic surfaces. The supergroup OSp(1]2) is a supermanifold with
reduced space SL(2,R).

SL(2,R) — OSp(1]2)

| |

{pt} —— AJ*.

Its A%"—points may be written

G;,b,C,dEAO, Oé,ﬁeAl

a b «
ad—bc=1+ap

OSp(1]2) = ¢ d g
af — ca bﬁfda‘lfaﬂ
Define the super hyperbolic plane by

o= {(z 1 9) e Clt (Al ‘ Imz# > o}

where z = z# + z,; for zn; nilpotent defines the body 2% of 2.
There is an action of OSp(1]2) on H extending the usual action of PSL(2,R) on
H by Mobius transformations. Explicitly,

az+b vz 49
0
(2] )'_)<cz—|—d (cz +d)?

vz + 4§ 0
cz+d  cz+d)’

where
v =af — ca, 6 =0b8—da.

Taking the body of the even coordinates and setting the odd coordinates to zero
defines the reduced SL(2,R)-valued representation associated to an OSp(1]2)-valued
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representation. A discrete subgroup of OSp(1|2) is called Fuchsian if its image in
SL(2,R) is Fuchsian. A Fuchsian representation

m1(2) — OSp(1]2)

defines a super hyperbolic surface

Y — 5 S=H/m (D)

[

{pt} —— A
with reduced space given by the ordinary hyperbolic surface ¥ = H/m (X).

4.3.3. Super volumes. A supermanifold possesses both even and odd directions,
and integration over the odd directions is defined by Berezin integration. In local
coordinates

(l‘l,...,l‘m | 91,...,9n),
a super measure is locally of the form

w=f(x,0)dxy - -da,, dby - - db,,

where Berezin integration in the odd variables extracts the coefficient of 67 - - - 6,,. The
super volume is obtained by integrating such a super measure over the supermanifold.
In particular, the super Weil-Petersson volumes arise by integrating the natural
super analogue of the Weil-Petersson measure over moduli spaces of super hyperbolic
surfaces.

As in ordinary hyperbolic geometry, super hyperbolic surfaces can be decomposed
into pairs of pants. A super hyperbolic pair of pants is determined by three even
length coordinates together with two odd coordinates

(z,y,2 | a,B).

Stanford and Witten [22, D.44] derived the function D(z,y,z) defined in (1) via
analysing super hyperbolic pairs of pants. They produced a super McShane identity
which they used in an analogous way to Mirzakhani’s methods in [15] to derive
the recursion in Theorem 1. In [10], Huang, Penner and Zeitlin prove a super
McShane identity for (g,n) = (1,1) by a different method, via a generalisation of
Penner coordinates. The odd parameters enter both the super McShane identity and,
through Berezin integration, the corresponding super volume recursion. The same
heuristic argument should extend to general s. To make this argument rigorous, one
must in particular justify the vanishing of the volumes of moduli spaces of hyperbolic
surfaces having positive-length geodesic boundary components of Ramond type,
since such boundary components arise when decomposing into super hyperbolic
pairs of pants.

4.3.4. Volumes of Neveu—Schwarz components. As described in 2.3.2, M;p(’,n C
MEPI s connected except in the Neveu-Schwarz case o = {1"} when it consists
of two connected components denoted even and odd. Each component of M;{’,il“
defines a measure on M, , via pushforward of a natural spin measure, and we
choose to add the measures obtained from the two Neveu—Schwarz components.
Stanford and Witten [22] describe give a matrix model argument to show that these
two components contribute equally to the pushforward measure, i.e. their volumes
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are equal. This is unexpected since for any given genus g hyperbolic surface, there
are 29(2971 + 1) even spin structures, and 29(297! — 1) odd spin structures, of
Neveu-Schwarz type. This defines a degree 29(29~1 + 1), respectively 29(2971 — 1),
cover of M, ,, leading one to expect the even component to have a greater volume
than the odd component. Moreover, in general different components have different
volumes which can be seen via calculation.

Exercise 9. Open problem. Prove that the odd and even Neveu—-Schwarz compo-
nents have the same volume.

A calculation of the volumes of the odd and even Neveu-Schwarz components for
genus one and two is given in 5.3.3.

5. FINITENESS OF VOLUMES AND RECURSION RELATIONS

The finiteness of the spin measures defined in Section 4 is proven by extending the
Weil-Petersson form w7 and the Euler form e(Ey ) to cohomology classes on a
compactification of ./\/lgpln The extension to cohomology classes enables intersection
theory methods to produce proofs of the recursion relations.

To describe Wolpert’s extension [24] of wWF to a representative of a cohomology
class over M, we briefly introduce natural classes in H*(M,, n,(@) There is
a natural line bundle L; = sjwy 57 = for each section Myn =5 U,y of the

universal curve. Define 9; := ¢; (L ) € H2( 9+ Q), and via the forgetful map
mg’nﬂ SN ﬂg,n, define k,, := W*w:lnjll € H*™(M gm Q).

Wolpert [24] showed that wWF extends as a current to M, ,, which defines the
cohomology class

WP = 272Ky € H* (M0, R).

Mirzakhani [15] used Wolpert’s result to produce an extension of w(Ly, ..., L,) to

Mg n.

1 — —
(20) Ly, L)) = 201 + 5 > Lipi € H* (Mg, R).

i=1

We will now describe the extension of e(E, ;) to WZI:: proven in [17].

5.1. Compactification of the moduli space. In Sections 2, 3 and 4, we worked
over smooth pointed curves (C, D), and defined a vector bundle over their moduli
space Eg , — MEP,‘L“, given in Definition 3.4, with fibres

Eyulisy = HO(C,w/*(D)).

A Hermitian metric on E, ,,, defined in (14), together with a holomorphic structure
on E, , produces a Chern connection A with curvature F4, and Euler form e(E)
so that e(Ey ) expwyw p defines a finite measure on MSP‘“ As usual, wy p denotes
both the Weil-Petersson form on M, ,, and its pullback to M;‘f}zﬂ. The proof of
finiteness of the measure uses an extension to the compactification which we describe
next.
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5.2. Extension to the compactification. A stable twisted curve € is a nodal curve
whose irreducible components are twisted curves and whose nodes have non-trivial
isotropy. It is equipped with a morphism which forgets the orbifold structure

p:C—C,

to its coarse curve C' which is a stable nodal curve. We say that C is smooth if its
coarse curve C' is smooth.

A stable twisted curve with group G = Z, has non-trivial isotropy group Z, at
the labeled points p; € € and nodes—corresponding to nodes of the coarse curve.
All other points have trivial isotropy group. The local structure at each nodal point
is described by

{zy = 0}/Zs,

where the Zs-action is given by

(_1) : (xvy) = (_337 _y)-
The moduli space of stable twisted curves with Zs isotropy, denoted by ﬂ_ﬁfi,
parametrises stable curves with a Zs-orbifold structure at their labeled points and
nodes.

Spin structures naturally generalise to twisted curves € using orbifold line bundles,
as described in 2.1.3, now over curves with possible nodes. An orbifold line bundle
F is a locally equivariant bundle over the local charts, such that at each nodal point
there is an equivariant isomorphism of fibres.

Definition 5.1. The moduli space of stable spin curves is defined by

O = {(C,0,p1, Py 0) | 62 02 5 i)

g,mn

where 6 is a line bundle over a stable, twisted curve € with group Zs, each nodal
point and labeled point p; has isotropy group Z-, and all other points have trivial
isotropy group.

As in the smooth case, the orbifold line bundle € induces a representation Zo — Zo
at each p; which produces a natural decomposition into components

(21) Mspin _ |_| mspin

g,n g,0
ce{0,1}n

where o; = 0 if the representation is trivial, or Ramond, and o; = 1 if the represen-
tation is non-trivial, or Neveu-Schwarz.

We again denote by p the natural degree 229~! map obtained by forgetting the
spin structure and the orbifold structure

——spin i
p: Mg,n - Mg’”
and denote by p? its restriction to Mf;’(‘,“.

Denote by £ the universal spin structure defined over the universal curve HZI?: T

spin
g,n

M

. This produces a natural extension of the bundle E,, — MSP".

Definition 5.2. Define the bundle Ej, := —Rm.EV— M.y with fibre H(€,0Y).
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The rank is calculated exactly as in the smooth case (12) using Riemann-Roch
to get:

rankEg Spmf2g 2+n—1R=29—2+ 1(n+|o).

Put E\g’g = Eg)n|ﬂspm and for k =2g — 2+ $(n+ |o|) define

(22) Qo 1= (=1)"2 Ipocn(Ey,p) € H* (Mo, Q).

Finiteness of the measure (™ (L1, ..., L,,) which is a (normalised) pushforward of
e(Eyn) expwwp(Li, ..., Ly,)—see Definition 4.2—is a consequence of the following

expression for its total measure Vg(f,’f)(Ll, ws L) = [, . p™ (Ly, ..., Ly,).
g,n+m

Theorem 5.3. [17]

(23) 17;’7;)(L1, v Ln) = | Qg (1n gmy exp {277 K1+ = Z[Pm}
Mg n+m =1

Proof. We will show that the Hermitian metric (14) on E,, extends smoothly
across the nodes to define a Hermitian metric on E,,. The Chern form of the
Hermitian metric on Ej,, is used to define the Euler class of E ,, Which represents

" the Euler

class is independent of the choice of connectlon on Eg’n, hence we can use ctop(Eg’U).
Integrating its pushforward € r1n gm}, defined in (22), against the extension (20)
of w(Lq,...,Ly,) gives (23). The remainder of the proof gives the extension of the
Hermitian metric which was proven in [17] for Neveu-Schwarz nodes, but easily
extends to allow Ramond nodes.

The proof of the extension of the Hermitian metric at Neveu-Schwarz nodes uses
the same estimate (15) used to prove existence of the integral (14). The point is
that 3/2-differentials have the same pole behaviour at nodes and at labeled points.
This is in contrast to quadratic differentials which have higher order poles at nodes
than at labeled points, leading to divergence of the Weil-Petersson metric on ﬂgm.

The points in the fibre of Egvn given by elements of H?(C, wé/Z(D)) have the
same simple pole behaviour at nodes and at labeled points. The pole at a node
is present if the behaviour at the node is Neveu—Schwarz and removable if the
behaviour at the node is Ramond. Thus the estimate (15) applies also at nodes to
prove that the Hermitian metric on H°(C, wg/ *(D)) is well-defined when C' is nodal.
The conclusion is that the Hermitian metric on E, , extends to a Hermitian metric

the extension of the Euler form e(E, ;). Over the compact space M." gn

on E;/n Furthermore, it extends to a smooth Hermitian metric on E‘;n because
the hyperbolic metric A varies smoothly outside of nodes and has a canonical form
around nodes, and the Hermitian metric is defined via an integral over 1/ Vh times
smooth sections.

At Ramond nodes, the corresponding section is holomorphic, rather than having
a simple pole, at the two points lying over the node, so the convergence estimate is
immediate. U

5.3. Boundary strata. The pushforward of the measure from the components of
MSpin to Mg, is important in the proofs of Theorems 1 and 2. Although it may
seem more natural to work with the measure over szm rather than its pushforward,
the structure of the cohomology classes defined by the extension of the measure is
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better understood on M, ,,, in particular, via a description of its boundary strata
via stable graphs.

Definition 5.4. A stable graph T' of type (g,n) consists of a connected graph with
n labeled legs, together with a genus g(v) > 0 assigned to each vertex v € V(T'),
satisfying
g=h' T+ > g
veV(T)
and the stability condition 2g(v) — 2 + n(v) > 0 at every vertex, where n(v) is the
valence of v, including legs. The set of half-edges is denoted by H(T'), with

v: HT) — V(T)

sending each half-edge to its incident vertex. The n labeled legs are half-edges, and
each edge e € E(I") consists of two half-edges, denoted ey and e_.

Exercise 10. List the stable graphs of type (g,n) = (1,2). Equip the stable graphs
with spin structures in the two cases when the labeled points are Neveu—-Schwarz,
respectively Ramond.

A stable graph I'' determines a closed stratum which is the closure of the locus of
stable curves whose dual graph is I'

MF C Mg,n

with codimension equal to the number of edges of I'. To each vertex v of T’
associate a smooth curve of genus g(v) with n(v) marked points. The marked points
corresponding to the two half-edges of each edge of I" are identified to form a node.
This gives a morphism

H M (v),n Mgnv

veV(T")

with image a finite Aut(I") cover of M.
The forgetful map which forgets the last point

_ R
Mgt — Mg .

acts on stable graphs by removing a labeled edge and contracting any unstable
vertices.

5.3.1. Chiodo classes. The pushforward of the total Chern class of E, , defines
classes for 2g — 2 +n > 0 known as Chiodo classes which define a cohomological
field theory on the vector space C2. Using Chiodo’s calculation [6] of the Chern
character of E; ,, and an expression for the total Chern class in terms of the Chern
character, Janda, Pandharipande, Pixton and Zvonkine [11, Corollary 4] gave the
following formula for the pushforward of the total Chern class as a weighted sum
over stable graphs of type (g,n), denoted Gy .

(24)  pec(Byn) = Y w(l) € H (Mg, Q)
reGyn
929—1— rY(I)

= > Tamm anggi

(pyg)egzg’;;l veV(T) eeE(T)
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where we sum over all o : H(T') — {0,1} satisfying o(es) = o(e_) on each edge
e € E(T), and for any v € V(T')

Z o) = n(v)(mod 2).
{tlv(O)=v}
Each choice of ¢ specifies Neveu—Schwarz or Ramond behaviour at each node and
labeled point. The sum over all extensions o of o(¢;) = o; for each labeled leg ¢;,

gives p.c(Egq).
The vertex, edge and leg functions are:

= exp Z 7m+1 1/2) K (V),

m>1 m + 1)
1—exp m;(%)m*l%[wem — (=)™
gle) = Yoy + 0

and

o TYL+1(U7,/2)
=P Z m(m+ 1) v

where B,, is a Bernoulli polynomlal.

The top degree terms of (24) give an expression for )y ,, defined in (22), as a
sum over weighted graphs. We give some explicit calculations of this weighted sum
in 5.3.3.

5.3.2. Integrability. The behaviour of the pushforward cohomology classes, cor-
responding to the pushforward measure is demonstrated elegantly in the Neveu—
Schwarz case

Ogn

g,m

= Q1) € H? 72 (M, Q).
Write Or := ®U€V(p)@g(v),n(v) € HUEV(F) Mg(v),n(v)- The intersection numbers of
Og,n, which produce the volumes ‘79(32 (Ly, ..., Ly) via Theorem 5.3, are characterised
by four properties [18]:
(i) O4n € H* (Mg, Q) is of pure degree,

(ii) ¢1O4n = Or,

(ili) Ogny1 = VYnt1 T Oyn,

(iv) ©11 £0.
From these properties, the intersection numbers are uniquely determined. This char-
acterisation does not use spin structures, suggesting possible alternative descriptions
of the classes. One such description is given in [5, 14].

The intersection numbers, uniquely determined by (i)-(iv) above, assemble to

produce a tau function of the KdV hierarchy.

Theorem 5.5 (Chidambaram, N.; Garcia-Failde, E. and Giacchetto, A, [5]). The
function

(25) ZBEW (B to,t1,...) = exp Z hg_ . H w;-cj Ht’%‘
j=1

g,m, E
is the Brézin-Gross- Witten tau function of the KdV hierarchy.
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Theorem 5.5 was proven in [5] by showing that the right hand side of (25) satisfies
Virasoro constraints. This was used in [17] to prove Theorem 1 which encodes a
Virasoro-like structure on the collection of volumes. The left and right hand sides of
(25) can both be encoded into topological recursion spectral curves. Via generalised
topological recursion [1, 4] good behaviour of the limit of spectral curves then
produces a second proof of Theorem 5.5.

Theorem 2 was proven via the following generalisation of Theorem 5.5 to al-
low Ramond points, which uses the generalised Brézin-Gross-Witten tau function
depending on a parameter s.

Theorem 5.6 (Alexandrov, N., [2]).

h9—1L © g™ 1m om n )
ZBGW(h757t07tla"') :expz n Z Z Tn"/./\/l Q_E],nll-m)']__[wz"ﬁtki'
g,m ’ : 1=1

kenn m=0 g,n+m

The intersection numbers of Qg}:f:;), defined in (22), are related in (23) to the
volume polynomial in Theorem 2. Then Virasoro structure of ZBEW (h, s,tg,t1,...)
produces the recursion (2).

The methods of proof of Theorems 1 and 2 both rely on intersection calculations
over M, ,. We leave further details to the references above. Essentially the
algebro-geometric methods verify the truth of the statements, but somehow miss
the reason. An explanation for the structure of Theorems 1 and 2 is supplied by
the supergeometric methods, though lacking complete rigour. The next calculations
emphasise this further, where algebro-geometric methods verify symmetry without
giving an underlying reason.

5.3.3. Even/odd symmetry in volume calculations. We will apply the weighted sum
(24) to calculate volumes of the Neveu-Schwarz components in genus one and genus
two, and in the process verify that the odd and even volumes are equal in these cases.
It seems that there is a non-obvious symmetry that is hidden from the calculations
since contributions from various stable graphs lack symmetry.

(g,n) = (1,1)| There are two stable graphs:

@

Fl FQ

Their contributions to p.ci(E1,1) using (24) are

11 1 1 1/ 1 1
wiln) = 20=g3m = gg0) = =55 () 2( 12+24>
Hence
(Bra) = () + () = — o — = = —— = —2710;,(L)
*C =w w - —— = — = — J—
PxC1{L11 1 2 1 I3 16 11

which uses the factor (—1)"2!179=" = —2~1 in the definition of the measure.
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The odd contributions to p.ci(E1,1) have weights

1 1 1/1 1 1
Woaa(I'1) = 1 <—24> , Woad(T'2) = B} (2 ( 12) +0- 24>

This uses the dependence of the weights on the Neveu—Schwarz or Ramond behaviour
at nodes via o : H(I') — {0, 1}. For the calculation above, of the four spin structures
on the family of elliptic curves, two degenerate to a Neveu-Schwarz node and two
degenerate to a Ramond node. In particular, the odd spin structure degenerates to
a Ramond node which does not contribute to the 3(5;) term in w(I'y). Hence

1 1 111 1
Px1(E1.1loda) = Wodd(T'1) + Woaa(T2) = 1 (—24> 3512 = 32

so we see that

Ved(L) = Vrg (L),
A relationship between volumes, known as the dilaton equation [17], allows us to
deduce more generally

V(L oy L) = VE (L, ooy L)

(g,m) = (2,0)| There are five stable graphs:

® 00 (2o (D)

Their contributions to p.ca(E2) using (24) are

121 23 23 179 11
I'y)=— 2 ) = —=—= a2 2 [a) = — -2 2
wly) = =k + 7ok1, w(ls) 36'€2+ g ws) 7t
1 1 19 1
w(ly) = 352 + = 12 w(ls) = —ﬂﬁz + in%
Hence
21 9,
pxca(Ea) = w(Ty) + w(ly) + w(Ts) + w(Ty) + w(ls) = e + Yl
and

~ 3 2
Vo = 2/ puca(Es) exp(wWVF) = 4772/ piCa(Fo)k = o
Mo Mo 64

where the coefficient 2 = (—1)"2971*" comes from the factor in the definition of
the measure.
The odd contributions to p.ci(FE2) have weights

169 11
woad(I'1) = gw(n), Wodd(I'2) = gw(rz), Woda(I's) = BETRCRET K
1 1
wodd(l's) = 12t 6" woad(I'5) =0

SO

Pxc1(E2]odd) = Wodd(I'1) + Wodd(T'2) + woad(I's) + wodd (I'a) + weda(I's)
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and again we see that V94 = Vgven By the dilaton equation and intersection with
a 1 class,

VRdd(Ly, oy L) = VSV Ly, ooy Ly).

Hence the odd and even contributions to the volume are equal in genus one and
genus two which is unexpected from the detailed calculations. In the (1,1) case,
one might expect the even and odd components to contribute 3/4, respectively
1/4, to the volume, and indeed the one vertex stable graph contribution is split
3/4 and 1/4. Similarly, in the (2,0) case, one might expect the even and odd
components to contribute 10/16, respectively 6/16, to the volume, and indeed the
first two stable graph contributions are split 10/16 and 6/16. (If the graph is a tree,
then the Neveu—Schwarz condition is forced on internal edges, and even and odd
components contribute 2971(29 4 1),2971(29 — 1) as expected.) The contributions
from other stable graphs are a sum of contributions over different choices of Neveu—
Schwarz/Ramond behaviour on edges, and it is entirely non-trivial that the final
even and odd component contributions turn out to be equal.
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